Algebraic Arithmetic

Hajime Mashima

Abstract
The more difficult the problem, the more limited the path.
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1 introduction
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1.1 9 L xyz
Proposition 1
ple ,plyz = p'lz (n22), P '|L
Proof 2
Py —2P=0=p|(x+y—2)?
£oT pl(z—y) LEITB, —MHAIC

a? = (2 —y) (py”‘1 + (p_p;)myp‘Q(z —y) ot ll(ppil)!y(z )P+ (2 - y)”‘1>
o = (L) (R)

(p_p;)!myp—2(2_y)+...+u(ppil)!y(z—y)p_2+(z—y)p_1

R=py’~" +
P’ | R=plyPt&RoTULES D
P IR (1)

7z, p BERSELICEALT

Definition 3 p | abc
o (1) &V z—y=prla?
e 2) kD z—ax =0
e 2) kW arty=cF
(z—x)—(x+y) = —c
(z—y)—2x=b —c"=0 modp
plLEp|RIEDT, Alald p? | b — P

pPlaP — 22 = —c? =0 mod p?

P’z (3)
- . . ,
(0= Gy =2 = e G-+ gt e g )
! ) )
--+ﬁx(2—y)” —(z—y)

2P =(z—vy) pa? LEE, ERIZRAT S,

(z+y—2)f=(z-y) <pa” - (pp!l)!ux”‘l +o u(pp!l)!:c(z —y)P = (2 y)”‘1>



! !
K = pa? — S~ N 7)'33(2 —y)P 2 — (2 —y)Pt

(p— 1! 1(p—1)!

(3) &V z=p’aa LiEIFHDT

(r—-(z=y)'=(-y K
(p*ac — p” taP)P = pPlaP K
Wala—p ta ) =y 0K
2pap( aP~ l)p — ppflapK
p+1( aP~ 1)p =K

pt | K TRIFNIER S0,

£oT
Pl = pP ' (z—y)
— R
plle (nz2)=p" 2P = p"L
(—G-y))l=>r-y- K
(p aa — pP"~ 1ap)p:pp 1P K
(p"a(a—p e ) = p el K
pPraP (o — pPn 1-n,p— 1)p:pp 1P K
pla—p" T = K
(a,pn(Pfl)*lapfl) J_p
pIK
7

ry—z=z—(:—y)

z+y—z=paa — pP" laP

T4y —z=p"(ac — p"PH1gP)

Pty —=z



1.1.1 pl=

x =pTaa z—y=pl"laP
y=>bp z—x =10
z=cy r+y=cP
p L aayzS 2146

Proposition 4 z+z—y=p"aS , 6|S = § Layz
Proof 5
pn—1

r+z—y=plaa+p a?

_ pna(a +p(pfl)nflapfl)

pa? =R=py" ' + (2 —y)(...)
R=py?' moda
pyPt La
ala
§5|1S ,0laRolFPET S, £oT
0 Lx
2t=(+y—2)+@+z-y)
belaxty—z
x L be
§|bebiXd | 20 THRIFNIZRSTFET S, £oT
0 L be
S| B5IES|x+2
r=-—z mod§
2P = —2P mod §
2P 4+2P=0 mod
2P —2P =y?P =0 mod § DT
P + 2P — (2P —2P) =0 mod §
22 20 mod §

£oT 0L p
Sy , 0|z—yRoXFBRIZ

2 —yP + (2P +¢yP) =0 mod ¢
227 20 mod ¢
XoT 0L~y



r=a«a z—yza’p
y="bp z—x =107
2=y x+y=c"?
pLlddS(Xplz—z+y) 2146

Proposition 6 z+z—y=4ad'S" |, §|5 = § L ayz
Proof 7
r+z—y=dd +a"?

:a/(a/_i_alpfl)

a? =R=py" '+ (z—y)(...)
R=py* ! mod d
py L

518" 6|d BHIEFETS, £oT
0Lz

2v=(z+y—2)+(@+z-y)

Ve |z +y—2
z Lbd
S|V m61E6 | 22 TRIFNIERSTFET S, £oT
§ LY

S|B wolXd|x+2
x=-—z modd
2P =—2P mod ¢
2P 4+2P=0 mod
P —2P=yP =0 mod 6 %%DT
P + 2P — (2P —2P) =0 mod §
227 20 mod §
£oT oLp
S|y, 8| x—y R SIXFERIC
2P —yP + (2P +9y) =0 mod
222 20 mod §
£oT oL~



Theorem 8 (Fermat’s Last Theorem)
HRE n OFIZDOWT, UTOERE W29 x,y, 2 O HARBIRIZFEL W,
2" +yt £ O<z<y<z, n=3)
LN EFAETH 5,
P HyP AP (p23, x,y, 2 EF—DOMEHRTHWIZE)

1.2 EHEZ#:

Definition 9
01 xyz

01 zyz 51X, TOYWTLHEETEIDOTUTDLSICRT I ENTE S,

P +yP =2z mod¥f
sz~ 4t =uyP™t mod @
szP7totaPml = aPy? mod 6
stzP~1 =ay? mod 0
taP~touyP™t = yPzP mod 6
tuaP~1 =yzP mod 6
s2P~louyP™t = 2PzP mod 6
suyP~! =2Pz mod 6

szP7hotaPTluyPTl = 2PyP2P mod 6

stu =axyz mod @



s2P71 4 taP™t = uyP™! mod 6

tu- 52?7+ PuaP ! = tuyP"t mod 0
(8) &b

zyz? + tPurP™t = tu*yP~! mod 0
zy(2? +yP) + tur? ™! = tu*y?~' mod 0
2Py + oyP T 4 PugP! = tu®yP"! mod 6
xp+1y + PugPl = tu2yp_1 — myp+1 mod 6@
2Pty 4 2uaP~t = P (e — 2y?) mod 0
tl‘P—l(xp-‘rly +t- tuxp—l) = yp—l(t2u2xp—1 _ ny . t.’l?p_l) mod 0
(6) &b
taP~ (2P Ty 4 ty2P) = yPH (tu - y2P — taPy?) mod 6
taP~ (2P Ty 4 ty2P) = yP (tuz? — tzPy) mod
teP~t = yP i 51X
2Py + ty2P = tuzP — taPy  mod 6
2Py + taPy = tuz? — tyz? mod 0
2P (zy + ty) = 2P (tuz — tyz) mod 6
2P (szy + sty) = s2P 7 (tuz — tyz) mod @

xP = s2P7 L 5K
sy(x +t) =tz(u—y) mod 6

sy(aP 4 taxP~ ) = taP 1 2(u —y) mod
sy(a? +yP) = yPz(u —y) mod
syz =yPz(u —y) mod 0

5Pt =yP N (u—y) mod 6

P =yP H(u—y) mod (9)



Eif=3e

s2P7t ptaP = wyP~! mod 0

$2t2P7 4 ost?aP 7l = st uyP™t mod @

s2t2P71 4 st?2P7l = 22yP mod 6

s2t2P1 4 st?2P™ = 12(2P — 2P) mod 0

$2tzP7 4 st?aPt = 2Pt — 2Ptz mod 0
2Pz 4 st22P = 22PT — %2271 mod 6
2PN (2?2 + st?) = 22PN — s%2P71 mod @

2P (5w 2P 4§22 2P = 5P (w2P T — 5. st2P7) mod 0

(5) &9
2P (s2?2P 4 st - ayP) = 52PN (@2PT — szyP)  mod 6
2P (sx2P + styP) = s2P 1 (2P — s2yP)  mod 0
aP = s2P7 L 5
sxzP + sty = 2P — szyP mod 6
sty? + szy? = x2PT — szzP mod 6
yP L (sty + sxy) = 2P(xz — sz) mod

uy? " (sty + sxy) = 2P (uxz — suz) mod 0

uyP~l = 2P 51K
sy(t+z) =ux(z —s) mod

( ) = ux(2f —s2P7') mod 0

2Pyt 4+ x) = ux(zP — 2P) mod 0

:L'pfly(t +x)=uy® mod 0
(t+z)=u

2Pt 4 2) = 2" mod @ (10)



Eif=3e

2Pt ptaP = uyP~t mod 0

sSPuzP 7t 4 su-taP ! = suyP"t mod @

s2uzP! 4 yza? = suyP”! mod @

2Pt fyz(2P — o) = suyP™' mod @

SPuzPl 4 y2Pt — Pl = su?yP™! mod 6

SPuzP 4 y2Pt = su?yP 7t + P2 mod 6

P72 u + y2?) = su’yP "+ 4Pz mod 6

P72y FuyP2?) = wyP (u - suyP T+ yPT2) mod 6

(7) &b

P N (suxPz + uyP2?) = uyP H(uaPz 4+ yPT1z) mod

2P (sua? + uyPz) = uy? ' (uaPz + yPT'z) mod

P =uyP i 5IE

p+1

sux? +uyPz =uaPz+yP7 2z mod 6

suz? —uaPz = yPTlz —wyPz mod 0
2P (sux — urz) = yP(yz — uz) mod 0

taP~ (sux — uxz) = yP(tyz — tuz) mod 0

taP~t =P i 5 1F

uyPla(s — 2) = tz(y? —uyP™') mod
2Pa(s —z) =tz(y? —2P) mod 0
P e(s —2) = —ta? mod 0
27 Hs —2) = —t2P~' mod



1.3 fROFH
0 Lxyz 751X, TOETLIPFELETEDOTUTOLIIIRT I ENTE S,

2 +UzP"1 =Ty?"! mod 6

P —yP + U7 = Ty?™' mod 0
P+ U7 = P4+ Ty mod 6
PN+ U) = yPHy+T) modd (12)
PN yz+yU) = y-yP ' (y+T) mod 6
yz=UT mod 0 = (13)

P HUT +yU) = yP(y+T) mod @

<

UL Y T+y) = y?(T+y) modh
[FIFRIC
22PNz +U) = yP Hyz+2T) mod 6
Pz4+U) = P HUT +2T) mod 6
PU+2) = Ty ' (U+2) mod @

o THRDBEMIZLATD 2380 TH 5,

UzP~'=y? mod 6
TyP~™' = 2P mod

or (14)
UzP~'=—2P mod 0

TyP~'=—y? mod @

10



0 Layz 725X, ZOHITLWFAETDDTURDLSITERT I ENTE S,

—U'2P7 4P = —T'2P~1 mod 6

—T'zP~1 mod @

_y'zr-1 Y

—U'2P7 42 = 2P —T'2P71 mod 6
7Zp71(U/ o Z) = l‘pfl(x — T/) mod 0 (15)
_Zp—l(U/x_xZ) = x.xp_l(x—T/) mod 6
zz=U'T" mod 6§ = (16)
—P N U'e ~U'T) = aP(x~T') mod @
U2 Yo —-T) = 2P(x—T') mod 6
[FlRRIZ
2PN U —2) = 2’ ez —T'2) mod
—2P(U' —2z) = 2P7'(U'T' —T'z) mod 0
PU —2) = ~T'a?"'(U'~2) modd

& o THRDBERITILATD 280 TH B,

—U'2P" 1 =22 mod 6

—T'zP71 =P mod 6

or (17)
~U'2P"' = -2 mod ¢
—T'2P~1 = -2 mod @

11



0 Layz 725X, ZOHITLWFAETDDTURDLSITERT I ENTE S,

—UyP~t — TP =27 mod 0

_Uwyp—l _ T”.’I}p_l

P — T”éfp_l

2 +y? mod 0
y? +Uy?~1 mod 6

—a? Nz +T7) = y* ' (y+U") mod ¥ (18)
—a? ey +T7y) = y-y" "'y +U") modd
zy=U"T" mod 0 = (19)
ST +T7y) = Py +U7) mod 0
=T N U7 +y) = yPy+U) modf
Az
—z-a? M@+ T7) = " Ney+2U”) mod 0
@+ T) = T +al”) mod 0
ez +17) = —U"y"Y(I” +z) mod g

Lo TIHRDBEMIILLT D 2380 TH 5,

—U’yP" 1 =2P mod @
—T72zP~' =y mod 6

or (20)
~U"y* ' =yP mod 6

—T7zP~ 1 =zP mod 6

Il
<

12



1.4 fpREZH

Proposition 10 7 =)V~ —D7ESM: & 1%,

zyz L 0
ryz = stu mod 0
zyz = (u—y)(z—s)(t+x) modb

B L OMOEM %72 U, (9)(10)(11) & b AR ISR T FMEEED K D D2 E DT
H5,

szP7t 4 taP ™t = uyP™t mod @
=
(w—y)y? '+ (z—s)P P = (t+2)2"' mod @

141 z—y=-z modd

o 2P —yzrP~l = —z2P~1 mod §
o xyP~t —yP = —zyP~! mod §
o 2P 1 —yzP = _2P mod§
ERZ2WOEZ 2,
2P —yaxP~' = —za2P~' mod & (21)
—zyP~t +yP =zy?"! modé (22)
—z2P71 4yzr! =27 mod 6 (23)
P N = (t+x)zP"' mod §
(u—y)y?~! +yP =uy’"! mod ¢
5277t H(z—8)2P71 =2P mod 4
zyz Lo
xyz = stu mod §
xyz = (u—y)(z — s)(t+x) mod ¢
R A I B RAN [ S B
s = —xz modd
t = —y modd (24)
u = 2z modd

13



s2P7lo(t 4 2)aP ™ = 2P2P mod §
s-(t+x)
—z-(—z)=xz modd
(u— gy 2P
(u—y)-t=2y modd

zz mod §

zPy?  mod ¢

(—x) - —y =2y mod ¢
(z—8)2P7 - uyP™t = yP2P mod §
(z—8)-u=yz modd

(y)-z2=yz mod ¢
(13)(16)(19) & b (24) IXED S B & VFEEZEHZ G723

P +yP = 2P mod
=4
2P 4yzP~! = 2zyP"! mod §
—zzP7t +yP = —z2P"' mod ¢
—zyP™t —yzP~! =2P mod 6

142 z+4+z=y modd
o 2P + zzP~ !l = y2P~! mod 6
o zyP ! + 2P~ =¢P mod §

o 22P7 1 4 2P =92P~! mod§

ERZWOEZ 2,
2P 4zazP~! =yzP"! mod
—zyP 1 +yP =zy’"! modé
yzP7l —zzP71 =2 mod 6
aP +taP~1 = (t+x)zP"' mod §
(u—y)yP! +yP =uy?"! mod &
52771 4(z—8)2P"! =2 mod§

Proposition 11

(14)(17)(20) & D, (24) ¥ 2 HOMAMI DR BHIZA T TH 5,

s = y modd
t = 2z modd
u = x modd

14
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(26)
(27)
(28)



1.4.3 H@
(21)(25) & b

(22)(26) & b

(23)(27) & 0

L

ZxP—1. yxp_l

(@)

_Zyp—l . xyp_l
(1)’

yzP7l P

yzP~ . Pt

C

yzP~1  mod

yP2zP mod ¢

0

y?"12P71 mod &

=zy?"' modé

zP2P  mod &

_gpp—1l,p—1

=2z’ mod

2Py?  mod §

= PPt

15

mod §

4]

mod 9

(30)

(31)



(29)(30)(31) &£ v

— (@ V=)’ = (") mod s

0 =)’ =)’ = = NET P 4 (PN mod 6
0 =@ )+ (1) =@+ )@ -y (yP1)?) mod §
0

= (m”_l)3 + (zp_1)3 = (2P 4 2P ((@P 2 — 2P (2P7H2) mod 6

a® —b* = (a—b)(3ab+ (a —b)?)
B = a3+ (a )
0Lab

2P +yP = 2P mod 3
3layz=x+y=2 mod3 (Fermat’s little theorem)
r=41 mod3
y==+1 mod3
z=F1 mod 3
0 #3

£oT

L=0 modd R#0 modd
or
R=0 modd L#0 modd

1.44 L=0 mod?/d
(12)(15)(18) & b

Uzt =y? mod 6
Ty?~' =27 mod 6

—U'2P"1 =22 mod 6

—T'zP" 1 =2 mod 8

—U’yP =2 mod @
—T72P~1 =y mod 6

16



1.4.5 R=0 mod/
(P )2+ (P N2+ (212 =0 mod §
(P~ 1)2 — PPt _ P lyp=l = mod §
2Pl — 2P P =0 mod§
2Pt —yP =P mod §
o 2P — xyP~l = 22P~1 mod §
o zxP~l — zyP~1 = 2P mod 6

o yxrP~ !l — 9P =yzP~! mod 4

2P —axyP "l = 2271 mod §

—2yP" ' =y? mod &

2P =27 mod § =
PyP L §72DT
—xZy modd
r# 2z mod J

zaP™t — zyP7 = 2P mod §

2271 =27 mod § =

yP L5 BRDT
zZx mod §
—ya2P "l 4P = —y2P"! mod §
—yxP~t = 2P mod § =
P L ORDT
—yZx modd
£ o T (28) Id S & Wi 727,
P P ZzP mod §
<
2P —zzP! =zyP"! mod§
—zyP™l 4z2P7! =P mod §
yzP~1 +yP =yzP"! mod§

17
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(32) & 1

—z2P7 Pt = yP2P mod 6
—2?=yz mod§
z2=—yz mod ¢
(29) &0
(xp_1)2 =yP712P71 mod §
(1'2)1)71 =P 1271 mod §
(—yz)P ' =P 2Pt mod §
yP 1Pt = P17l mod 6
N EM2TET2 9,
(34) &b
yzP~loyaP™t = 2P2P  mod &
y* =z mod §
(30) &b
(yp’l)2 = 27712771 mod §
(y2)p_1 = 2P P71 mod §
(zz2)P"' = —2P712P71 mod &
P 1Pt = PPl mod §
T § L ayz DETRIZKT 5,
(33) &b
—zyP™l . zaPTl = 2PyP mod 6§
—22 =2y mod
22 =—zy mod ¢
(31) &9
(zp_1)2 = 2P 1P~ mod §
(2:2)1771 = —2P 1yt mod ¢
(—zy)? ' = —2P" 1P~ mod &
2P hyP = P lyPl mod §

ZHE § L ayr DETHRIZKT 5,

£oTéd=2

18



146 2|z , 2 Llyz

S=2kpr &
T+ z—y=pa2®

ol =2 =y = (2 =)y’ + (- y)(- )

2| L=prnla?
2| a

21 R=pa?
21«

42—y =pla(a+pP " el
2k — o 4 pP=Dn=1gP=1 = dq
20 =1

L2 U, a4p®~Dn=lgp=l > 1 2D TFET 5,

S =2kpr &
z4+z—y=a2F

=2 =P =(z—y)py" "+ (z—y)(..)

2| L=a"”
2|d
21 R=a"”
21dad

r+z—y=d( +adPh)
oF = o/ +aP! = odd
20=1
UL2U, o +aP7 L >1RDTHET 5,
2y ,21lzzDeERy+z2z—2
‘2]z, 2LayDeEF 24y I THROFEREZR D,

£oT
2P +yP #£ 2P mod§
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