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Abstract. We give some series for Pi

Recall that

π

4
= 1 -

1

3
+

1

5
-

1

7
+

1

9
-

1

11
+ ... (1)

π

4
= tan-1

1

2
+ tan-1

1

3
(2)

where tan-1(x) is the arctangent function.

In this note we give some formulas for Pi.

Some series for Pi

Entry 1. For u = 13 + 4 2 - 2 2 - 1 2 , we have

π = 16 
n=0

∞

un+1

k=[n/2]

n (-1)k

2 k + 1


2 k + 1
2 n - 2 k + 1

 (3)

Entry 2. 

π = 8 
n=0

∞

(-1)n u2 n+1

k=0

[n/2] 1

2 n - 4 k + 1


2 n - 2 k
2 k

 (4)

where

u = -
1

2

a - 2

3
+

1

2
-

4

3
-
a

3
+ 4

3

a - 2
(5)

a = 91 + 6 267 
1/3

- 11 91 + 6 267 
-1/3

(6)

Entry 3. For u = 1 + 5 - 2 + 2 5 2 2  , we have

π = 8 
n=0

∞

u2 n+1

k=0

[n/2] 24 k

2 n - 4 k + 1


2 n - 2 k
2 k

 
2 n - 4 k
n - 2 k

 (7)

Entry 4. 
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π = 8 u 
n=0

∞

(-1)n un  2 n
n

 
k=0

[n/2] 2-4 k

2 n - 4 k + 1

n

2 k
 

2 n - 4 k
n - 2 k


-1

(8)

where

u =
1

4
2 + a -

1

4
4 - a +

4

2 + a
(9)

a =
1

3
135 - 6 249 

1/3
+

1

32/3
45 + 2 249 

1/3

(10)

Entry 5.

π = 8 
n=0

∞

u2 n+1


k=1+
n-1

2


n (-1)k

2 k + 1


2 k + 1
2 n - 2 k


(11)

where

u =
1

2

2 + a

3
-

1

2

4 - a

3
+ 4

3

2 + a

(12)

a = 89 - 6 159 
1/3

+ 89 + 6 159 
1/3

(13)

Entry 6.

π = 8 1 + u2
n=0

∞

(-1)n u2 n+1

k=0

n


m=0

k 1

2m + 1

k + m
k - m

 
n - m
n - k

 (14)

where

u =

2  2 - 1

3
+

1

3

2

-121 + 89 2 + 4 8 2 - 9
3
+ 89 2 - 121

2

-1/3

+

8 2 - 9

3

2

-121 + 89 2 + 4 8 2 - 9
3
+ 89 2 - 121

2

1/3
(15)

Entry 7. For u = 1 + 3 1 + 3 1 + ...
333

 , we have

π = 2 3 1 -
n=0

∞

(-1)n u-n-2

k=[n/3]

[n/2] (-1)k

6 k - 2 n + 3


k
n - 2 k

 (16)

remark: u = 1+i 3

2

1/3

+
1+i 3

2

-1/3

.

Entry 8. 

π = 2 3 1 -
n=0

∞

u-n-2

k=[n/3]

[n/2] (-1)k

6 k - 2 n + 3


k
n - 2 k

 (17)

where
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u = 3 -
1

3 -
1

3-...

=
1 - i 3

2

1 + i 3

2

1/3

+
1 + i 3

2

2/3

(18)

Entry 9.

π = 8 
n=0

∞

un+1

k=0

[n/2] (-1)k

6 k - 2 n + 1


4 k - n
n - 2 k

 f (n - 2 k, k) (19)

where

f (k, n) = 
1 0 ≤ k ≤ n
0 k > n (20)

u = 2 - 1 +  2 - 1  2 - 1 +  2 - 1  2 - 1 + ...
3


3

(21)

remark: u3 -  2 + 1 u + 1 = 0 .

Entry 10.

π = 8 u -
8

3
u3 - 8 u4 +

8

5
u5 + 8 u6 + 8 

n=6

∞

un+1

k=[n/3]

[n/2] (-1)k

6 k - 2 n + 1


4 k - n
n - 2 k

 (22)

where

u = 2 - 1 +  2 - 1  2 - 1 +  2 - 1  2 - 1 + ...
3


3

(23)

remark: u3 -  2 + 1 u + 1 = 0 .

Entry 11.

π = 6 
n=0

∞

(-1)n u2 n+1

k=0


2 n+1

3


(-1)k

2 n - 2 k + 1


2 n - 2 k + 1
k

 (24)

where

u =
1

32/3

3 3 + 39

2

1/3

-
2

3 3 3 + 39 

1/3

(25)

Entry 12.

π = 2 
n=0

∞

u-2 n-1 
2 n
n


2-2 n

2 n + 1
+
k=0

n


2 k
k

 
n + k
n - k


2

2 k + 1
(26)

where

u =
7

3
+

262

27
+

172

27

1/3

+
262

27
-

172

27

1/3

(27)

Entry 13.

π = 16 u + 16 
n=1

∞

(-1)n un+1


k=
n-1

4


[n/2] (-1)k

2 k + 1


2 k + 1
n - 2 k


(28)

where
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u =
1

2
-

1

2
1 - 4

2 - 2 + 2

2 + 2 + 2

1/2

(29)

Entry 14.

π =
n=0

∞

2-3 n 
2 n
n


k=0

n (-1)k

2 k + 1

n
k
 

2 k
k


-1

2k+1 + 2-k-1 (30)

π =
16

5
×
n=0

∞

5-2 n

k=0

n (-1)k 22 k

2 k + 1


2 n
2 n - 2 k

 (31)

π = 2×
n=0

∞

6-n 
k=0

[n/2] (-1)k 22 k

2 k + 1


2 n - 2 k
n - k

 
n - k
k

 
2 k
k


-1

(32)

π = 3 
n=0

∞

(-1)n 2-2 n

k=0

[n/2] 1

2 n - 4 k + 1


2 n - 2 k
n - k

 
n - k
k

 
2 n - 4 k
n - 2 k


-1

(33)

π = 3×
n=0

∞

2-4 n 
2 n
n


k=0

n (-1)k 22 k

2 k + 1

n
k
 

2 k
k


-1

(34)

π =
18

5

n=0

∞

(-1)n 50-n  2 n
n


k=0

n 2k×32 k

2 k + 1

n
k
 

2 k
k


-1

(35)

π =
2

3
×
n=0

∞

6-2 n 
2 n
n


k=0

n (-1)k

2 k + 1

n
k
 

2 k
k


-1

22 k 22 k+2 + 1 (36)

π =
2

3
×
n=0

∞

6-2 n

k=0

n (-1)k

2 k + 1


2 n - 2 k
n - k

 32 k×2-k 22 k+2 + 1 (37)

π =
9

4
×
n=0

∞

2-4 n 
2 n
n


k=0

n 1

2 k + 1

n
k


3

2

2 k

(38)

π =
n=0

∞

2-3 n-1

k=0

n (-1)k

2 k + 1


2 n - 2 k
n - k

 22 k+2 + 1 (39)

Entry 15.

π = 4 
n=0

∞

(-1)n 2-2 n

k=0

n (-1)k 5-k

2 k + 1


2 k
k

 
2 n - 2 k
n - k

 2-2 n+2 k-1 + 2-k×3-2 n+2 k-1 (40)

Entry 16.

π = 2 2 
n=0

∞ 2 - 2

4

n


k=0

[n/2] (-1)k

2 k + 1


n
n - 2 k

  2 + 1
2 k

(41)

π = 2 3 
n=0

∞

(-1)n
2 3 - 3

6

n


k=0

[n/2] (-1)k

2 k + 1


n
n - 2 k

 2 + 3 
2 k

(42)

Entry 17.

π = 9×
n=0

∞

2-4 n-1

k=0

n


2 n - 2 k
n - k

 2k
(-1)k

3 k + 1
-

2k

6 k + 3
(43)

Entry 18.
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π = 4
5 - 1

2
+ 4 

n=1

∞ 5 - 1

2

n+1



k=
n-1

4


[n/2] (-1)k

2 k + 1


2 k + 1
n - 2 k

 (44)

π = 6
2 3

3 + 9 + 12 3

+ 6 
n=1

∞ 2 3

3 + 9 + 12 3

n+1



k=
n-1

4


[n/2] (-1)k

2 k + 1


2 k + 1
n - 2 k

 (45)

π = 8
4 2 - 3 - 1

2
+ 8 

n=1

∞ 4 2 - 3 - 1

2

n+1



k=
n-1

4


[n/2] (-1)k

2 k + 1


2 k + 1
n - 2 k

 (46)

Entry 19.

π =
5

2

n=0

∞ 5 - 1

2

2 n


k=0

n (-1)k 2-2 k

(1 - 2 k) (2 n - 2 k + 1)


2 k
k

 
2 n - 2 k
n - k


-1

(47)

Entry 20.

π = 4 
n=0

∞

(-1)n
5 - 1

2

n+1


k=0

[n/2] (-1)k

2 k + 1


n
n - 2 k

 3
1

2

n+1

+ 3-2 k-1
3

5

n+1

(48)

Entry 21.

π = 8 
n=0

∞

(-1)n u2 n+1

k=0

[n/2] (-1)k

2 n - 2 k + 1


2 n - 2 k + 1
2 k

 (49)

where

u =
1

2

2 + a

3
-

1

2

4 - a

3
+ 4

3

2 + a

(50)

a = 89 - 6 159 
1/3

+ 89 + 6 159 
1/3

(51)

Entry 22.

π =
8

3

n=0

∞ 2

9

n


k=0

n (-1)k 2-k

2 k + 1


2 n
2 n - 2 k

 (52)

π =
96

29
×
n=0

∞

29-2 n

k=0

n (-1)k 122 k

2 k + 1


2 n
2 n - 2 k

 (53)

π =
560

169
×
n=0

∞

13-4 n

k=0

n (-1)k 702 k

2 k + 1


2 n
2 n - 2 k

 (54)

Entry 23.

π =
n=0

∞

2-n (2 + (-2)-n) 
k=0

[n/2] (-1)k

2 k + 1


n
n - 2 k

  2 - 1
n-2 k

(55)

π = 2 
n=0

∞ 2

5

n+1

(2 + (-1)n) 
k=0

[n/2] (-1)k 2-2 k

2 k + 1


n
n - 2 k

 (56)

π = 3 
n=0

∞ 2 - 3

4

n


k=0

[n/2] (-1)k 24 k

2 k + 1
(57)
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π = 3 
n=0

∞ 2 - 3

4

n


k=0

n (-1)k

2 k + 1

n

n - k
 (58)

Entry 24.

π = 4 
n=0

∞

(-1)n 12-n
k=0

n 22 k

2 k + 1


2 n - 2 k
n - k

 (59)

π = 3×
n=0

∞

2-4 n

k=0

n (-1)k

2 k + 1


2 n - 2 k
n - k


16

3

k

(60)

π = 2×
n=0

∞

6-n
k=0

n (-1)k 2k

2 k + 1


2 n - 2 k
n - k

 (61)

Endnote
Entry 25. For 0 < p < q , 0 < θ <

π

4
 , we have

π

2
+ θ = tan-1

p

q
+ 2 tan-1 exp

p2 + q2

q

n=0

∞

(-1)n
(tan θ)n+1 - (p /q)n+1

n + 1

k=0

[n/2]

(-1)k
p

q

n-2 k


2 k
k

 2-2 k
(62)

where  exp(x) = ⅇx .

Example 1: p = 1 , q = 2 , θ = π /6  :

π =
3

2
tan-1

1

2
+ 3 tan-1 exp 5 

n=0

∞ (-1)n

n + 1
2 3 

-n-1
- 4-n-1 

k=0

[n/2]

(-1)k  2 k
k

 (63)

π = -
12

5
tan-1

1

3
+

24

5
tan-1 exp 5 

n=0

∞ (-1)n

n + 1
2 3 

-n-1
- 4-n-1 

k=0

[n/2]

(-1)k  2 k
k

 (64)

Example 2: p = 1 , q = 3 , θ = π /6 :

π =
3

2
tan-1

1

3
+ 3 tan-1 exp 10 

n=0

∞ (-1)n

n + 1
3 3 

-n-1
- 9-n-1 

k=0

[n/2]

(-1)k  2 k
k

 (3 /2)2 k (65)

π = -
12

5
tan-1

1

2
+

24

5
tan-1 exp 10 

n=0

∞ (-1)n

n + 1
3 3 

-n-1
- 9-n-1 

k=0

[n/2]

(-1)k  2 k
k

 (3 /2)2 k (66)

Example 3: p = 2 - 1 , q = 1 , θ = π /6 :

π =
48

13
tan-1 exp 4 + 2 2 

n=0

∞ (-1)n

n + 1
 6 + 3 

-n-1
-  2 + 1

-2 n-2
 
k=0

[n/2]

(-1)k  2 k
k

 2 2 - 2
-2 k

(67)

Example 4: p = 1 , q = 4 , tan θ = 1 /2 :

π =
4

3
tan-1

1

3
+

4

3
tan-1

1

4
+

8

3
tan-1 exp 17 

n=0

∞ (-1)n

n + 1
2-3 n-3 - 2-4 n-4 

k=0

[n/2]

(-1)k  2 k
k

 22 k
(68)

Example 5:

π =
3

2
tan-1

1

2
+ 3 tan-1

5 - 1

2
exp 5 

n=0

∞ (-1)n

n + 1
2 3 

-n-1

k=0

[n/2]

(-1)k  2 k
k

 (69)

π = -
12

5
tan-1

1

3
+

24

5
tan-1

5 - 1

2
exp 5 

n=0

∞ (-1)n

n + 1
2 3 

-n-1

k=0

[n/2]

(-1)k  2 k
k

 (70)
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