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Abstract

In this paper, we analyze a fundamental Ramanujan identity and obtain new possible
mathematical connections with the Cosmological Constant value in quantum space-
time and some parameters of Theoretical Physics.
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With regard the Dark Energy and Cosmological constant, we know that
fundamental are the following results: 2.846 * 10*** and 0.3516 * 10'%

A=3H%=2p(H/hp)*> =2p(lp/ Ly)?
= (2.846 = 0.076) 107122 m,?2

Ao =3Hg?=dp(hp/H) =Lp (Ly/ 1p)?
= (0.3516 % 0.094) 10'22m,2

(New Quantum Structure of the Space-Time - Norma G. SANCHEZ - arXiv:1910.13382v1
[physics.gen-ph] 28 Oct 2019)

From:

The man who new infinity: a life of the genius Ramanujan - Robert Kanigel -
Copyright © 1991

We have that:

This second paper went back to two striking identities he had discov-
ered sometime before 1913 and later shown to Hardy. (An identity is an
equation true for all values of the variable. So that whereas x~2=3 1s
an ordinary equation, true only for x=5, (x—2) (x+2) = x*—4 is true
for every value of x.) One of them was
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In this paper, we study in more detail the above Ramanujan’s identity.

For q =8, we obtain, from the left-hand side:
1+8/(1-8)+(8"4)/((1-8)(1-8"2))+(8"9)/((1-8)(1-8"2)(1-8"3))
Input

8 g* 8’

1+ + +
1-8 (1-8)(1-8% (1-8)(1-8%)(1-8%

Exact result

132156865
225351

Decimal approximation
~586.4489840293586449583094816530656620117061827992775714330089504

-586.448984029...
And, from the right-hand side:

1/((1-8) (1-8M4) (1-876) (1-8M9) (1-8"11) (1-8714) (1-8716) (1-8719))
Input

1
(1-8)(1-8%(1-8°(1-87)(1-8")(1-8M)(1-8'%)(1-8")

Exact result

1/
1545607834 683264031 320606556 246611906812684 783871043615763 742",
996985311225



Decimal approximation

6.4609464997531309563419487504443142418531834611884160211845... x
10°73

6.469946499753....%10"

We have that:

[1+8/(1-8)+(8"4)/((1-8)(1-8"2))+(8"9)/((1-8)(1-8"2)(1-8"3))] X = [L/((1-8) (1-8"4)
(1-876) (1-8"9) (1-8”11) (1-814) (1-8"16) (1-819))]

Input

8 g* g’
+ + - + - - x=
1-8 (1-8)(1-8% (1-8(1-8%)(1-8%
1

(1-8(1-8%(1-8°%)(1-8%)(1-8")(1-8")(1-8%)(1-8")

Exact result

132156865 x
225351
1/
1545607 834683264 031320606556246611 906812684 783871043 615763 742",
0965985311 225

The study of this function provides the following representations:

Plot
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Alternate form

132156865 x

225351
1545607 834683264031 320606556 246611906812684 783871043615

763 742996985311225 =0

Solution

X =

-1y
006420144357 817 104 634961 337 522346900 950235691 297 574 399 659202 "
112026497 253375)

=(1/
006420144 357817104634 961 337522346900 950235691 297574399 ",
650202112 026497253375) (ireducible)

Decimal approximation
~1.10324114730314449736880069973010986505760162074234338018... x
ID—?E

-1.1032411473...*107°

Indeed, we obtain:

-1.1032411473031444973688*107-75 [1+8/(1-8)+(8"4)/((1-8)(1-8"2))+(89)/((1-
8)(1-8"2)(1-8"3))]



Input interpretation

~1.1032411473031444973688 - 10"
8 g g8’
1+ + - + - -
1-8 (1-8){1-8%) (1-8)(1-82%)(1-8%

Result
6.4699464997531309563419446468841939907078291199062795372552. .. X
10773

6.469946499.. *10"

We have also:

[1+8/(1-8)+(8"4)/((1-8)(1-8"2))+(8"9)/((1-8)(1-8"2)(1-8"3))] = [L/((1-8) (1-8"4) (1-
876) (1-8"9) (1-8"11) (1-8"14) (1-8"16) (1-8*19))] X

Input

8 gt g8’

+ + +
1-8 (1-8(1-8%) (1-8(1-8%)(1-8%
1

(1-8)(1-8%){1-8°%(1-8%)(1-8")(1-8")(1-8')(1-8")

1

X

Result

132156865

225351
x/
1545 607 834 683 264 031 320 606556 246611 906 812 684 783871043 615 763 742 -
996985311 225

The study of this function provides the following representations:

Plot



— __ 132156 BES
225351
- X
< : 1545607 834683 264031 320606 556246
611906812684 7836871 043615763742

996985 311225

Alternate form

—(x/
1545607 834 683264031 320606 556246611906 812684 783871 043 -,
132156865
615763 742096985311225) - ——————— =0
225351
Solution
X =

-906420144 357817 104634961 337 522 346900950 235691 297 574399659202
112026497 253375

Result
~0.0642014435781710463496133752234690095023569129757439965920211202",

6497253375 % 107"
-9.06420144357...%10™

Dividing the two previous expressions, we obtain:

9.0642014435781710463496133752234690095023569129757439965920211202649
7253375x10774 ((-1.1032411473031444973688*107-75 [1+8/(1-8)+(8"4)/((1-8)(1-
8"'2))+(8"9)/((1-8)(1-8"2)(1-8"3))]))

Input interpretation



-9.0642014435781710463496133752234690095023569129757439965920211202",

6497253375 - 107 | -1.1032411473031444973688 - 10~

8 g* g’
1+ + +
1-8 (1-8)(1-8%) (1-8(1-8%(1-8%)

Result
—586.4489840293586449583091096981100041092572657278190486457893957

-586.448984029.....
For g =0.8, we obtain:

1+0.8/(1-0.8)+(0.8"4)/((1-0.8)(1-0.8"2))+(0.8"9)/((1-0.8)(1-0.8"2)(1-0.8"3))
Input

0.8 0.8* 0.8”
1+ + +
1-08 (1-08)(1-08%) (1-0.8)(1-0.8%)(1-0.8%

Result
14.508837887067395264116575591985428051001821493624772313296903460

14.508837887....
And:

1/((1-0.8) (1-0.8"4) (1-0.8"6) (1-0.8"9) (1-0.8"11) (1-0.8"14) (1-0.8”16) (1-0.8"19))

Input



1
(1-0.8)(1-0.8%(1-0.8%(1-0.8°)(1-0.8")(1-0.8")(1-0.8")(1-08Y

Result
15.837408650805593083158865862378517502176377643354122928331114622

15.83749865.....

We have:

((1+0.8/(1-0.8)+(0.84)/((1-0.8)(1-0.8"2))+(0.8"9)/((1-0.8)(1-0.8"2)(1-0.8"3))))*x =
((1/((1-0.8) (1-0.8"4) (1-0.8"6) (1-0.8"9) (1-0.8"11) (1-0.8"14) (1-0.8"16) (1-
0.8"19))))

Input

0.8 0.8% 0.8°

+ + +
1-08 (1-08)(1-0.8%) (1-0.8)(1-0.8%)(1-0.8%
1

(1-0.8)(1-0.8%(1-0.8%(1-0.8%)(1-08")(1-0.8")(1-0.8")(1-08")

X =

Result
14.5088 x = 15.8375

Plot

— 14 5088 »

— 15.8375

Alternate form
14.5088 x — 15.8375 =0



Alternate form assuming x is real
14.5088 x + 0 = 15.8375

Solution
x = 1.09158

1.09158

Indeed:

((1+0.8/(1-0.8)+(0.8"4)/((1-0.8)(1-0.8"2))+(0.8"9)/((1-0.8)(1-0.8"2)(1-0.8"3))))*(=! -
2-3/n-m)

where (n! - 2 - 3/ - ) = 1.09158

Input

0.8 0.84 0.8°

1+ + - + - - (H!—E———H]
1-08 (1-08)(1-08% (1-0.8)(1-0.8%)(1-0.8% T

n!is the factorial function

Result
15.8373. ..

15.8373....

The study of this function provides the following representations:

Alternative representations
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0.8 0.8* 0.8
1+ + +
1-08 (1-08)(1-08%) (1-0.8)(1-0.8%(1-0.8%

3
[HT—E———H]=
T

3 0.8 0.8* 0.8
[—2—:r+1“|{1+:r]|——] 1+ — + +
4y 02 0.2(1-08%) 02(1-0.8%)(1-0.8%

0.8 0.8 0.8
1+ + +
1-08 (1-0.8)(1-0.8%) (1-0.8)(1-0.8%)(1-08%

3
[:rT—?.———;r]=
m

3 0.8 0.8* 0.8°
[—2—“(1%——] 1+ — + +
T 02 02(1-08% 02(1-0.8%)(1-0.8%

0.8 0.8* 0.87
1+ + +
1-08 (1-08)(1-08% (1-0.8)(1-0.8%)(1-0.8%
3
[JTT —2--= :r] =
n
3 0.8 0.8* 0.87
[—2—:r+1"(1+:r,[}]|——] 14—+ +
n 02 o02(1-08*) 02(1-0.8%)(1-0.8%

Series representations

0.8 0.8% 0.8° 3
1+ + + [JTT—E—_—JT]DC
1-0.8 (1-08)(1-08%) (1-0.8)(1-08%)(1-08% fr

65
-29.0177 - - 14.5088 7 +

¥
o

-1-2k
; T B
145088 " 1/ * " exp| | =227 for o o n
H2+6k+4K
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0.8 0.8* 0.8°
1+ + +
1-08 (1-08)(1-08%) (1-0.8)(1-0.8%(1-0.8%

3
[JTT—.?.— ——:r]=
T

np)* T (1 + ng)
k!

5 iy
-29.0177 — - 14.5088 1 + 14.50552

T k=0

for ((ny & £ orng = 0) and iy = )

0.8 0.8* 0.8°
+ + + [JTT -2--- rr] o
1-08 (1-0.8)(1-08%) (1-0.8)(1-0.8%)(1-08% n

5 I
~14.5088 7 + 14.5088¢ " 1" V2r +

=29.0177 -
kil
2k -k -k
14.5088 ¢ " nl-wmiz CU' 27 7 Dagjuw
i=a (Jj+ k)
for (o v mand Dy j=(=1+m)((-2+m) D 3, m 1 T} 1.m il and
land Dy =(=1+m)!and Dy ; =0) form=-1+3]

. it .
By is the n ' Bernoulli number

£ is the set of integers

Integral representations

0.8 0.8* 0.8
1+ + +
1-08 (1-08)(1-08% (1-0.8)(1-08%)(1-0.8%

3 43,5265 "1 1
[m —2- = rr] = -29.0177 - ~14.5088 7 + 14.5033] l{}g’r[—]dt
T T 0 t

0.8 0.8* 0.8
1+ + +
1-08 (1-08)(1-08% (1-0.8)(1-0.8%)(1-0.8%

3 5
[J'rT —2--= JT] = =29.0177 - = 145088 m +

Fl bl "

a0 o (=1
145088 | ¢ tTdt+ 14.5[}882—
1 k=u(1+k+njkr
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For g =0.6, we obtain:
1+0.6/(1-0.6)+(0.6"4)/((1-0.6)(1-0.6"2))+(0.6"9)/((1-0.6)(1-0.6"2)(1-0.6"3))
Input

0.6 0.6 0.6”
1+ + - + - -
1-0.6 (1-0.6)(1-0.6% (1-0.6)(1-0.6%)(1-0.6%

Result
3.0564617346938775510204081632653061224489795918367346938775510204

3.0564617346.....
And:

1/((1-0.6) (1-0.6"4) (1-0.6"6) (1-0.6"9) (1-0.6"11) (1-0.6"14) (1-0.6"16) (1-0.6"19))
Input

1
(1-0.6)(1-0.6%)(1-0.6%(1-0.6°)(1-0.6")(1-0.6")(1-0.6')(1-0.6")

Result
3.0580058932413726370246885719568042623998107586475526448637182406

3.058005893....

We have:

((1+0.6/(1-0.6)+(0.64)/((1-0.6)(1-0.6"2))+(0.6"9)/((1-0.6)(1-0.672)(1-0.6"3))))*x =
((1/((1-0.6) (1-0.6"4) (1-0.6"6) (1-0.6"9) (1-0.6711) (1-0.6"14) (1-0.6"16) (1-
0.6"19))))

Input

13



0.6 0.6% 0.6°

1+ + - + ; ;
1-06 (1-0.6)(1-0.6%) (1-0.6)(1-0.6%)(1-0.6%)
1

(1-0.6){1-0.6%)(1-0.6°(1-0.6°)(1-06")(1-0.6")({1-06")(1-0.6")

Result
3.05646 x = 3.05801

The study of this function provides the following representations:

Plot

1.5 1.0 0.5 | 0.5 1.0 1.5

Alternate form
3.05646 x — 3.05801 = 0

Alternate form assuming x is real
3.05646 x + 0 = 3.05801

Solution
x = 1.00051

1.00051

Indeed:

((1+0.6/(1-0.6)+(0.6"4)/((1-0.6)(1-0.6"2))+(0.6"9)/((1-0.6)(1-0.6"2)(1-
0.6"3))))*(e”n-10m+7log(m)+tan™(-1)(n))

14



where (e"n-10m+7log(w)+tan”(-1)()) = 1.00051

Input

0.6 0.6" 0.6"
1+ + +
1-06 (1-0.6)(1-0.6%) (1-0.6)(1-0.6%)(1-0.6%)
(¢" = 107 + 7log(x) + tan'lirrj_‘j

logix) is the natural logarithm

tan_ (X} is the inverse tangent function

Result
3.05800...

(result in radians)

3.058....

The study of this function provides the following representations:

Alternative representations

[ 0.6 0.6% 0.6°
1+ + +

1-0.6 (1-0.6)(1-0.6%) (1-0.6)(1-0.6%)(1-0.6%

(¢" - 107 + 7log(m) + tan'linj_‘j =(-10m+ tan (1, m) + 7 log(m) + ")

[ 0.6 0.6" 0.6”
1+ — + +
04 04(1-06%) 04(1-06%(1-0.6%

0.6 0.6* 0.6°
1+ + +
1-06 (1-06)(1-06% (1-0.6)(1-0.6%)(1-0.6%
(¢" = 107 + 7log(m) + tan'ltnj_‘j =(-10m+ tan (1) + 7log,(m + &")
[ 0.6 0.6 0.6°
1+ — + +
04 04(1-0.6% 04(1-0.6%(1-0.6%

15



[ 0.6 0.6* 0.6”
1+ + +
1-06 (1-06)(1-06%) (1-0.6)(1-06%(1-0.6%

(¢" - 107 + 7log(x) + tan'lim_‘j =(-10m7+ tan () + 7 log(a) log, (m) + ")
[ 0.6 0.6+ 0.6 ]

1+ — + +
04 04(1-06* 04(1-06%(1-0.6%

Series representations

[ 0.6 0.6* 0.6”
1+ + +
1-06 (1-0.6)(1-0.6%) (1-0.6)(1-0.6%)(1-0.6%
(¢ = 107+ 7log(x) + tan " (1)) = 3.05646 ¢” — 30.5646 1 +

S (-1f =14m7F
3.05545tan‘1(;r;+21.3952|og(—1+;;;_21_39522'i ) ik )

k=1

0.6 0.6" 0.6”
1+ + +
1-06 (1-06)(1-06% (1-0.6)(1-0.6%)(1-0.6%
(¢" - 107 + 7logix) + tan'li.rrj_] =

. 1.52823 n° (-1
3.05646 ¢” — 30.5646 7 + 21.3952 log(m) + ———— ~ 3.05646 )

0.6 0.6" 0.6"
+ + +
1-06 (1-06)(1-0.6%) (1-0.6)(1-0.6%)(1-0.6%
(¢ =107+ 7log(n) + tan” (1)) = 3.05646 ¢” — 30.5646 7 +

1

1+2k

[-%]lk P R

pr—
an?

1+.|.|II 1+ 5

21.3952 log(m) + 3.05646 )

= 1+2k

) th _. )
Fy isthe n ' Fibonacci number

Integral representations
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0.6 0.6" 0.6°
1+ + +
1-06 (1-06)(1-06% (1-0.6)(1-0.6%(1-0.6%
(¢" - 107 + 7log(x) +tar1'1|:;rrj_] =

3.05646 ¢" — 30.5646 7 + 3.05545::]
0 1+x2t?

*1

dt +21.3952log(m)

0.6 0.6 0.6°
1+ + +
1-06 (1-0.6)(1-06%) (1-0.6)(1-0.6%)(1-0.6%
(¢" - 107 + 7log(x) + tan_lirrj_] =
-:[21.3952 3.05646 (-1 +m) ] r
[

+
t 1-2m+n°(2-2t+t%

3.05646 " — 30.5646 1 + J
1

0.6 0.6" 0.6"
1+ + +
1-06 (1-0.6)(1-0.6°) (1-0.6)(1-0.6%)(1-0.6%)

(€" = 107 + 7log(m) + tan ™ (1)) = 3.05646 ¢" — 30.5646 1
0.764115i [ricoty

'\,I"; =i ooty

21.39521og(m) for O

1
(1+47)° r[i - s]m ~ 5 T(s) ds +
|

Continued fraction representations
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0.6 0.6% 0.6°

1+ + +
1-06 (1-06)(1-06%) (1-0.6)(1-0.6%)(1-0.6%
(€7 =107+ 7log(n) + tan(m)) =

1
3.05646 | ¢" + 7Tlog(m) + 1|10+ ——— || =
1+ K bl
k=1 142k
x 1
3.05646| e + 7logim) + 7| =10+ 2
1+
- 47
o, 97 _
?+15n2
O+...
0.6 0.6% 0.6°

1+ + +
1-06 (1-06)(1-06%) (1-0.6)(1-0.6%)(1-0.6%
(¢ = 107+ 7log(m) + tan ' (m)) =

HS

3.05646 | ¢" = 9 + 7 log(m) - —
5 o {1+{—1]]+&+k]2n'2

k=1 3+2k

3+

3.05646 [¢" — 9m + 7 log(m) -

3+
S+

18



0.6 0.6° 0.6"
1+ + +
1-06 (1-0.6)(1-0.6%) (1-0.6)(1-0.6%)(1-0.6%
(¢ = 107 + 7log(m) + tan”~ ' (m)) =

_ T J(=1+m)
3.05646 ¢ - 107 + = 2 2 + ke |
1+ K o -lem | o
k=1 142 l+kI§1 1+k
) - 7(=1+m)
3.05646 |¢" — 107 + + 1
1+ = b —i
2 2+ =17
L. ¥, S g, 2 (=1+m)
c HE 4 (=1+m)
+—L2 4+ 5y
74 16
Q...

Ims

ag /by is & continued fraction

For q=0.5, we obtain:

1+0.5/(1-0.5)+(0.5"4)/((1-0.5)(1-0.572))+(0.5"9)/((1-0.5)(1-0.5"2)(1-0.5"3))
Input

0.5 0.5" 0.5°
1+ + +
1-05 (1-05)(1-05% (1-0.5)(1-0.5%)(1-0.5%

Result
2.1726190476190476190476190476190476190476190476190476190476190476

2.172619047619....

And:

19



1/((2-0.5) (1-0.5™) (1-0.5"6) (1-0.5"9) (1-0.5*11) (1-0.5"14) (1-0.5"16) (1-0.5"19))
Input

1
(1-0.5)(1-0.5%({1-05%)(1-05%)(1-05")(1-05")(1-05")(1-05"

Result
2.1726675477422058600063216676361027318162871506464208227850377724

2.172667547742....

We have:

1+0.5/(1-0.5)+(0.5"4)/((1-0.5)(1-0.572))+(0.529)/((1-0.5)(1-0.5"2)(1-0.5"3)) *x =
1/((1-0.5) (1-0.5"4) (1-0.5"6) (1-0.5"9) (1-0.5"11) (1-0.5"14) (1-0.5"16) (1-0.5"19))

Input

0.5 0.5% 0.5°

1+ + - + - -
1-05 (1-05)(1-05%) (1-0.5)(1-0.5%)(1-05%
1

(1-0.5)({1-05%(1-05°(1-05%)(1-05")(1-05"){1-05")(1-05")

X =

Result
0.00595238 x + 2.16667 = 2.17267

The study of this function provides the following representations:

Plot

20



- 1.0 | — [.00595238 x +2 16667

200 100 | 100 200 — 2.17267

Alternate forms
0.00595238 x — 0.00600088 = 0

0.00595238 (x + 364) = 2.17267

Solution

X = 1.00815

1.00815

Indeed:

1+0.5/(1-0.5)+(0.5"4)/((1-0.5)(1-0.522))+(0.5"9)/((1-0.5)(1-0.5"2)(1-0.5"3)) *
((log(81/4) - 2))

where ((log(81/4) - 2)) =~ 1.00815

Input
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0.5 0.5 0.5 81
+ + + [log[—]— ]
1-05 (1-05)(1-05% (1-0.5)(1-05%(1-0.5% 4
logix) is the natural logarithm

Result
2.17267...

2.17267....

The study of this function provides the following representations:

Alternative representations

0.5 0.5 (tog( %) - 2J 05°

+ + +
1-05 (1-05)(1-05% (1-953(1-052j(1-u.53)
( 2+ lt}gr[ )]059

0.5 0.5%
1+ —+ +
05 05(1-05% 0.5(1-05%(1-0.5%)

0.5 0.5 (tog( %) - 2J 0.5°

- - +
1-05 (1-05)(1-05%) (1-0.5)(1-05%)(1-05%
[ 2 + log(a) loga( ]] 0.57

0.5 0.5"
1+ —+ +
0.5 05(1-05%  0.5(1-0.5%(1-05%

0.5 0.5 (tog( %) - 2J 05°

+ + +
1-05 (1-05)(1-05%) (1-[}5;(1-052](1-0.53)
[2 Lll[l— ]]059

0.5 0.5"
+ +
05 05(1-05% 0.5(1-05%(1-0.5%)

Series representations
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0.5 0.5% (1‘35( &)-2)o0s°

+ + + ] =
1-05 (1-05)(1-05% (1-0.5)(1-0.5%)(1-05%

o (-3
77
k

k=1

77
2.15476 + 0.00595238 l{}g[ :] -

0.5 0.5% [1‘35( &)-2)0s°

+ + + =
1-05 (1-05)(1-0.5% (1-0.5)(1-0.5%)(1-05%

arg[ﬂ - x]

+ 0.00595238 log(x) -

2.15476 + 0.0119048 § :rl
a2m

o 0 (8 -xf -

D.DDSQSEBBZ for x < 0
k=1 k
o) -2)os”

+ + + =
1-05 (1-05)(1-05%) (1-0.5)(1-0.5%)(1-0.57

81
g% -
215476 + 0.00595238 | ———

‘ l{}g[—] + 0.00595238 log(zg) +
Zp

2

ko
arg[E —z.]] (1) [% —z.;.] 25k

0.00595238 log(zg) — 0005952332

2 = k
Integral representations
81 o
0.5 0.5 (tog( %) - 2J 05

+ + + =
1-05 (1-05)(1-0.5% (1-0.5)(1-0.5%(1-05%
81

1
2.154?5+D.DD5?5238] ¢ t—;n
1
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05 0.5 [log[i—l] - 2] 0.5°

+ + r + - -
1-05 (1-05)(1-05% (1-0.5)(1-05%(1-05%

LAk 2
0.00297619 j}[] F(=s)2 (1 +5)
!IH —i =k ]._|:l - 5_:|

2.15476 + ds

Hence, the identity is verified the more q tendsto 0 (q=8,q4=0.8,g=0.6,q=0.5,
...., and so on)

Now, we analyzing in more detail the below identity:

1+0/(1-0)+(a"4)/((1-0)(1-9"2))+(q"9)/((1-0)(1-0"2)(1-9"3)) = 1/((1-0) (1-9"4) (1-
q"6) (1-9"9) (1-g"11) (1-9"14) (1-9"16) (1-9™19))

Input

q q* q’

1+ + + =

l-q¢ (1-@(1-¢*) 1-9(1-¢*)(1-¢%
1

A-@(1-g*)(1-¢°)(1-¢°)(1-q")(1-q")(1-q"°)(1-¢")

Real solutions

q=0

q =~ -1.15616

Complex solutions
24



q = =1.02475 - 0.02369

q ~ —1.02475 + 0.02369 i

q=-097872-0.16104 ¢

q=-0.97872 + 0.16104 {

q ~ -0.96193 - 0.29400 i

Integer solution

q=20

Numerical solution

q = - 1.15615784536085...

Subtracting the right-hand side to the left-hand side, we obtain the following
expression:

1+9/(1-9)+(9™4)/((1-0)(1-9"2))+(0"9)/((1-a)(1-0"2)(1-9"3)) - ((1/((1-q) (1-g™4) (1-
q"6) (1-9"9) (1-g"11) (1-9"14) (1-9"16) (1-q*19))))

Input
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4 9

l+q+ g + g -

l-q (-q1-¢*) a-@(1-¢*)(1-q%
1

- (1-¢*")(1-q°)(1-¢")(1-q""){1-q")(1-q"°)(1-q")

The study of this function provides the following representations:

Plots (figures that can be related to the open strings)

q

5; | (g from =1.4 to 1.8)

T—— -H-WG:qﬁm19Em9E

S )
\.\\\
\'\.
Alternate forms
q q°
(q-12@q+D (@-13@q+D)(@+q+1)
1
+ q +1

(@-1(g*-1)(¢°-1)(¢" - 1) (" - 1)(g" - 1) (g"°-1)(¢¥-1) 1-¢
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_[[qlﬁ[qﬁ?+q64+q62_q53_q56_q55_2q53_2q51_qEﬂ_Sqﬂﬂ_l‘_qii?_q%_
q45+q4—4_q43+2q42+q41+qﬂﬂ+3q39+4q3?+q36+q35+3q3-4+
31%32.+2%29_%q23;5q2?ﬁq26ﬁ2q2;_3?q23gq2.24_2%2.1_zzqzﬂ_
qQ -3¢ -qQ -q -qQ +q +q +q +q +q +q +q +1))/

(q-1°@+D* (" + 1) (¢* - q+1) (¢ +q+ 1) (¢* + 1) (¢ + T + 1)
(" - +q" -+ -q+1)(°+ T +q" + @ + " +q+ 1)
[q3+lj(qm+q9+q3+q?+q6+q5+q4+q3+qz+q+1)
[q13+q1?+q16+q15+q14+q13+q12+q11+q1ﬂ+

T+ +q +¢°+q +q +q +q" +q+1)))

3 2 q -52q-19 1
1 _485[q2+q+1}2+255[q2+1]_35[q2—q+1]
7(24q+ 79 1 qz —q6 - qz —q5 - qz
2915[q2+q+1]_255[q2+1]2_32[q4+1]+a[q3+1]+9[q‘5+q3+1}

—2¢°+ @i -1 2¢°+q° -2q*-2q+1
14[q6—q5+q4—q3+qz—q+1}+98[q6+q5+q4+q3+q2+q+1}
s 7 6 5 4 3 2
-0 -2¢°-¢°-¢* - ¢’ -¢*~29-1
11(q0+@° +q*+q" +®+ @+ ¢* + P +q* +q + 1)

+

+

14629339 271 739 26662 281473
+ - -
5096577024 (g -1) 14336(g+1) 30579462144 (q - 1)2
1949 585 437 19
258048 (q+ 1)* 4257792(q-1)° 43008(q + 1)°
2508965 1 40811
- + -
485388288(q- 1)* 86016(g+ 1)* 60673536(q - 1)°
533 1 1

+

+ -
8667648(q-1)° 280896(q-1) 10112256(q- 1)
[2q1?+2q16_2q14_4q13_zq'lz_qll_Sqlﬂ_4q9_2q3_2q]’_2q6_

4q5_5q4_q3_2q2_4q_2}/[19[q13+q1?+q16+q15+q14+q13+
g +q +q g g g g T g 1)) -2
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Derivative
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i1+ 1 + q4 + q9 -
dg\ 1-q Q-g@1-¢*) -9(1-¢*)(1-4%
1
A-9(1-g)(1-¢%)(1-¢°) (1-q") (1-¢*) (1- ') (1- %))
i lgqlﬂ
-9 (1-¢*)(1-¢°)(1-¢°) (1 -g")(1-q") (1 -¢*) (1- ")
164"
-9 (1-¢*)(1-¢°)(1-¢°) (1 -q") (1-q") (1 - P (1-¢")
14 g"* .
(- (1-g*)(1-¢°)(1-¢°)(1-q"") (1= q"*)* (1-¢"°) (1-¢"%)
31’.]'11 . quﬂ
A-9(1-@)1-¢F -9(1-@P1-¢°)
114" X
(- (1-g*)(1-¢°)(1-¢°) (1= " (1-q") (1-q"*) (1-q")
o 8
q . 9¢ B
1-@*(1-¢*)(1-¢°) -@(1-¢*(1-¢°
94° B
1-q(1-g*)(1-¢°)(1-¢°f (1-q")(1-q")(1-¢"®)(1-¢")
E-qﬁ
tl—qJ[l—q‘*)[l—q"”}zil—qgh[l—q“}[l—ql‘*)[l—ql"”)[l—qwh+
2¢° . ¢ P
1-9(1-¢*)* 1-9*(1-¢*) a-g@(1-¢%
4q° .
- (1-g*P(1-¢°)(1-¢°) (1-q")(1-q") (1-q"*) (1-q")
q 1
1-q? 1-q

1
1-9*(1-¢%)(1-¢°)(1-¢") (1 -q") (1 -q")(1-q"*){1-¢"

Forq=0.5, from:
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3 2 q -5q-19 1

T 486 (g% +q + 1) ’ 256 (g + 1) ) 36(q% - q +1) ’
7(24q+ 79 1 qz —qﬁ—qz —qE—qz
2916(q2 +q+1) 256(g>+1 32(q* +1) i 8(q® +1) i 9(q° +q* +1) i
—2¢°+q -1 2¢°+q° -2q*-2q+1

14[q5—q5+q‘*—q3+q2—q+l_l+ 98(q°+q* +q*+q* +q* +q+1) ’
- -2¢"-¢-q¢-¢-¢-2¢-1
ll[qm+q9+qg+qT+q6+q5+q4+q3+q2+q+ l_‘,l

14629339 271 739 26662 281473
+ —-— —-—
5096577024 (g -1) 14336(g+1) 30579462144 (q - 1)2
1949 585 437 19
258048 (¢ + 1)* 4257792(q-1)° 43008(q + 1)°
2508965 1 40811
—-— + —-—
485388288(g - 1)* 86016(g+ 1)* 60673536(q - 1)°
533 1 1

+ — = +
8667648(q-1)° 280896(q-1) 10112256(q- 1)
[2q1?+2{]'16—2{]'14—4{]'13—2{]'12—{]11—5{]10—471]'9—2{]'5—2{]'?—2{]6—

4q5_5q4_q3_2q2_4q_2”r[19[q13+q1: +q16+q15+q14+q13+

02+ +q°+ "+ 40+ "+ gt P P g 1) -2

g3 - 972 - /(486 (g2 + q + 1)"2) + (-5 q - 19)/(256 (92 + 1)) - 1/(36 (g2 - q +
1)+ (7 (24 g + 79))/(2916 (9”2 + q + 1)) - 1/(256 (9”2 + 1)"2) - g"2/(32 ("4 + 1)) +
(-9"6 - 9"2)/(8 (9”8 + 1)) + (-g"5 - q"2)/(9 (@6 + g"3 + 1)) + (-2 "5 + g"3 - 1)/(14
(% -9"5+gM-g"3+g2-q+1))+(2g"5+g"3-29"2-2q+1)/(98 (q"6 + "5
+qM+gN3+g"2+q+1)+(-g"9-9"7-29"6-09"5-9qM-g"3-9"2-2q-1)/(11
(M0 +g"9+q"8+g"7+g6+ g5+t + g3 +q"2+q+1))-q-
14629339271/(5096577024 (q - 1)) + 739/(14336 (q + 1)) -
26662281473/(30579462144 (q - 1)2) - 1949/(258048 (q + 1)"2) - 585437/(4257792
(q - 1)"3) - 19/(43008 (q + 1)"3) - 2508965/(485388288 (q - 1)4) - 1/(86016 (q +
1)) + 40811/(60673536 (q - 1)"5) - 533/(8667648 (q - 1)6) + 1/(280896 (q - 1)7)
- 1/(10112256 (q - 1)"8) + 2 q"17 +2 16 - 2 g4 - 4 g3 -2 M2 - g1 -5
qM0-49M9-2gM8-20°7-20M6-40°5-5q™M -q"3-2g™2-4q-2)/(19 (q™18 +
grl7 +g™l6 + gM5 +gqM14 +gM13 +gM12 + M1+ g0+ g9+ g8 + g7 + g6 +
Q5 +gM+gM3+q2+q+1))-2

We divide the above hard expression as follows:
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-0.5"3 — 0.5%2 — 0.5/(486 (0.5%2 + 0.5 + 1)*2) + (-5*0.5 - 19)/(256 (0.5"2 + 1)) -
1/(36 (0.5%2 — 0.5 + 1)) + (7 (24*0.5 + 79))/(2916 (0.5°2 + 0.5 + 1))

Input
0.5
~0.5° - 05" - — S+
486(0.5% + 0.5 + 1
~-5:05-19 1 7(24 < 0.5 + 79)

- +
256(0.5+1) 36(0.5-05+1) 2916(0.5%+0.5 +1)

Result
~0.354731941644970745499846028946558047087147616248145348674449203

- 1/(256 (0.5°2 + 1)72) — 0.572/(32 (0.5"4 + 1)) + (-0.5"6 — 0.5"2)/(8 (0.5"8 + 1)) +
(-0.55 — 0.5%2)/(9 (0.5"6 + 0.5"3 + 1))

Input interpretation

~0.35473194164497 - ——————— -
256(0.5% + 1)

0.5% -05°-05*  -05°-05°
+ +
32(05%+1) 8(05%+1) 9(05°+05%+1)

Result
~0.425056073056502685138444269557937774544816060852143213236469898

-0.4250560730565+(-2*0.5"5 + 0.573 - 1)/(14 (0.5"6 — 0.5"5 + 0.5"4 — 0.5"3 + 0.52
— 0.5+ 1)) + (2¥0.5%5 + 0.5%3 — 2*0.572 — 2*0.5 + 1)/(98 (0.56 + 0.5"5 + 0.5 +
0.5"3 + 0.5"2 + 0.5 + 1))

Input interpretation
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~2205%+05° -1
~0.4250560730565 + — +
14(0.5° - 0.5 + 0.5* - 0.5% + 0.5 - 0.5 + 1)

205 +0.5" =205 ~2x05+1
98(0.5% + 0.5° + 0.5* + 0.5 + 0.5* + 0.5 + 1

Result
~0.526330789132272020411526632260668413126100101274716075772920411

-0.5263307891322729204+ (-0.5"9-0.5"7-2*0.5"6-0.5"5-0.5"4-0.5"3-0.5"2—
2*0.5-1)/(11(0.5"10+0.5"9+0.5"8+0.5"7+0.5"6+0.5"5+0.5"4+0.5"3+0.5"2+0.5+1))

Input interpretation

~0.5263307891322729204 +
~05°-05 -2.05°-05 -05%'-05"-054-2.05-1

11(0.5'% + 0.5 + 0.58 + 0.5” + 0.5° + 0.5° + 0.5 + 0.57 + 0.5 + 0.5 + 1

Result
~0.640466775276075380763281076519962694852777901141359861438024603

-0.64046677527607538-0.5-14629339271/(5096577024(0.5-
1))+739/(14336(0.5+1))-26662281473/(30579462144(0.5-1)2)-
1949/(258048(0.5+1)"2)

Input interpretation

14629339271
- 0.64046677527607538 — 0.5 — +
5096577024 (0.5 - 1)
739 26 662281473 1949
14336(0.5+1) 30579462144 (0.5 — 1)2 258048 (0.5 + 1)2

Result
1.1437846514844017842644101569192073229945688870779374817247276172
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1.14378465148440178-585437/(4257792(0.5-1)"3)-19/(43008(0.5+1)"3)-
2508965/(485388288(0.5-1)4)-1/(86016(0.5+1)"4)+40811/(60673536(0.5- 1)"5)-
533/(8667648 (0.5-1)"6)+1/(280896(0.5-1)7)

Input interpretation

585437
1.14378465148440178 — -
4257792 (0.5 - 1)°
19 2508 965 1
- - +
43008(0.5 +1)° 485388288(0.5 - 1)*  86016(0.5 + 1)*
40811 533 1

- +
60673536(0.5 - 1)° B8667648(0.5 - 1)°  280896(0.5 - 1)7

Result
2.1350145456291351060198757274780666593532000608113999926865423041

2.1350145456291351- 1/(10112256 (0.5 - 1)"8) + (2*0.5"17 + 2 0.5716 - 2 0.5"14 -
405"3-205M2-05M1-505M0-405"9-205"8-205"7-20.5"6-4
0.5"5-505M-05"3-2052-405-2)/(19 (0.5"18 + 0.5"17 + 0.5"16 + 0.5"15
+0.5"14 + 0.5713 + 0.5"12 + 0.511 + 0.5710 + 0.5"9 + 0.5"8 + 0.5"7 + 0.5"6 +
05" +0.5M+05"3+05"2+05+1))-2

From the terms highlighted in red, we obtain:

Input

19(05% + 057 +05° + 05" + 05 + 057 + 057 + 05" + 05"+
k) 8 7 i 3 4 3 2
0.5 +05 +0.5 +0.5 +05 +0.5 +0.5 +05 +0.5+1)

Result
37.999927520751953125

Thence:

2.1350145456- 1/(10112256 (0.5 - 1)A8)+(2*0.5/17+2 0.5°16-2 0.514-4 0.5/13-2
0.5%12-0.5"11-5 0.5*10-4 0.5%9-2 0.5"8-2 0.5°7-2 0.5"6-4 0.5"5-5 0.5"4 -0.53-2
0.5%2-4 0.5-2)/ 37.99992752075-2
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Input interpretation

1
+
10112256 (0.5 - 1)8
(24057 42205 -2x05"% -4 05" -

2.1350145456 -

37.99992752075 _
2.052%_-05"-5.05%_-4.05"-2.05°-2.05 -

2.05°-4.05"-5-05"-05"-2-05"-4-05-2)-2

Result
~0.000048500152386869515925762251037719116967629259294018015924260

-0.000048500152386869515925762251037719116967629259294018015924260

Inverting the above expression, we obtain:

-1/((2.1350145456- 1/(10112256 (0.5 - 1)"8)+(2*0.5/17+2 0.5°16-2 0.5"14-4
0.5%13-2 0.5%12-0.5"11-5 0.5*10-4 0.5%9-2 0.5"8-2 0.5"7-2 0.5"6-4 0.5"5-5 0.5"4 -
0.5%3-2 0.5"2-4 0.5-2)/ 37.99992752075-2))

Input interpretation

1 1
+
10112256(0.5 - 1)¥  37.99992752075
(2057 +2x05"° ~2x05"-4.05% -2.05" -
05" -5.05"-4.05 -2-05°-2-05 -2-05°-

= [l .-"ll (2.135[}145455 =
!

405 -5-05 -05 -205 -4-05-2)- 2]]

Result
20618.491917784794007395180476396258996437665586843513151741932271

20618.4919177....

From which:

-1/12*1/((2.1350145456-1/(10112256(-0.5)"8)+(2*0.5"17+2 0.5"16-2 0.5"14-4
0.5"13-2 0.5812-0.5~11-5 0.5"10-4 0.5"9-2 0.58-2 0.5"7-2 0.5"6-4 0.5"5-5 0.5"4 -
0.5%3-2 0.5"2-4 0.5-2)/37.99992752-2))+11-1/5
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Input interpretation

1

1 1
-—x1 /(2.135[1145456 -
12 /

+
10112256 (-0.5)® 37.99992752
(22057 +2.05°-2.05"-4.05"-2.05%-05" -
10 g 8 7 & 5
5057 =405 =2x05° =2x0.5 =2x05°-4x05 -

1
5.0.5%-0.5"-2.05°-4 D.E—E]—2]+ll—§

Result
1729.0075653949317582793599797626440002934549595684645077342928170

1729.0075653949.....

This result is very near to the mass of candidate glueball f,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8* * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

(-1/12/((2.1350145456-1/(10112256(-0.5)"8)+(2*0.5°17+2 0.5°16-2 0.5/ 14-4
0.5%13-2 0.5%12-0.5"11-5 0.5°10-4 0.5%9-2 0.58-2 0.5"7-2 0.5"6-4 0.5"5-5 0.5"4 -
0.5%3-2 0.5"2-4 0.5-2)/38-2))+11-1/5)*1/15

(we have approximated the value 37.99992752 to 38)
Input interpretation

1
+
10112256 (-0.5)
1
2 2 0.5 +2x05'°-2x05"-4-05" -

(— (l / (12 (2.135[}145455 -
!

2.05%2-05"-5.05%-4.05" -2.05%-
205 -2-05°-4.05 -5-05%-0.5" -

1
205" -4 D.S—E._]—E]]]+ ll—g]"(lﬁlEj
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Result
1.6443957066059530186155876090591828509339276844917439102115313460

2

1.6443957....=({(2) = - = 1.644934 ... (trace of the instanton shape)

(1/27(-1/12/((2.13501454-1/(10112256(-0.5)"8)+(2*0.5~17+2 0.516-2 0.5"14-4
0.5"13-2 0.5812-0.5"11-5 0.5"10-4 0.5"9-2 0.5"8-2 0.5"7-2 0.5"6-4 0.5"5-5 0.5"4 -
0.5"3-2 0.5"2-4 0.5-2)/38-2))+11-1/5))"2-47

Input interpretation

1
+
10112256(-0.5)%

1 ;
=2 057 +2-05°-2.05"-4.05" -2

(z—l? (—(lf.f(12(2.135ﬂl454 -

052 05" _5.05%_4.05 -2.05°% -
205 -2-05°-4-05 -5-05%-05" -

20.5% -4 D.5-2)-2]]]+ 11 - é]]z—dr?

Result
4096.45192431970854251 737068284841 86690354688236789280230136308211

4096.451924319.....~ 4096 = 64°
From the same expression, we obtain also:

(-1/12/((2.1350145456-1/(10112256(-0.5)"8)+(2*0.5A17+2 0.5°16-2 0.5°14-4
0.5"13-2 0.5%12-0.5"11-5 0.5°10-4 0.5%9-2 0.5"8-2 0.5"7-2 0.5"6-4 0.5"5-5 0.5"4 -
0.5"3-2 0.5°2-4 0.5-2)/38-2))+11-1/5)"38
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Input interpretation

1
[— [1/[12 [2.1350145455— +
10112256(-0.5)%

1
2 2 0.5 +2:05" -2+05" - 405" -

2.05%-05"-5.05%-4.05 -2.05%-
205 -2+05°-4-05 -5-05"-05° -

2 1 38
2205 -4 D.5—2]—2]]]+ll—§]

Result
1.3292617063074873247778652207776984523483764460576262018891 ... x
10 123

1.329261706307... x 10*%

From this last result, in conclusion, we obtain:
(1.329261706307 x 10"123)*1/((2 e"7 1og™8(2))/(log"12(3)))
where

2¢" log®(2)

= 37.80607804326
log!?(3)

Input interpretation

123, 1
2.7 log®(2)
log"4(3)

(1.329261706307 ~ 10

logix) is the natural logarithm

Result
3.516000006059... x 102!

0.3516...*10" = Aq
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The observed value of p, or A today is precisely the classical dual of its quantum
precursor values pg , Ag in the quantum very early precursor vacuum Uq as
determined by our dual equations

The study of this function provides the following representations:

Alternative representations

1.3292617063070000 - 10’  1.3202617063070000 - 10'%

2¢7 log®(2) 2¢7 logi(2)
log'2(3) log213)

1.3202617063070000 - 10'%  1.3202617063070000 - 10'%

267 log(2) zr?{lng{a]lnga{.'lﬂs
[._-,512.[33 {logia) logﬂ{SJ]lz

1.3292617063070000 - 10'2  1.3292617063070000  10'%

267 log®(2) 2¢” (2coth™! (3
log'%(3) (2coth (2)12

Series representations

1.3292617063070000 - 10'%

2¢” log®(2)

log'2(3)

o 3— k kL —ky12
5.545308531535mmx10122(2f;r[”—"ﬂﬁj+|og(x;- A ]

k

T

i

1k ook -.Ic]B
k=1 k

e’ (zr';r[arn{z'ﬂj + log(x) - Z“" (=1) {-x £
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1.3292617063070000 - 10" 122
= | b.6463085315350000 = 10
2¢” log®(2)
10512{3]
o -k 12
arg(3 - zg) —Zo]l Zp
loz+{—Jln[]loz] /
[ §(Zp) P g 8(2p) Z

k=

k=
o k
arg(2 — zg) 2 Zol" 2
s 522 £ - £ 25
0

1.3292617063070000 - 10" 122
= | 6.6463085315350000 x 10

2¢7 lq:-n-E (2
lnnlz 3
3 12
n—arg[—]—arg(zﬂj @ 13-z kz—k
2 st k
2 ]
- arg[g] - argizg) k(2= gk zak

7 ,
e |2im

o (=1)
1 _
s [roma - 3

Integral representations

1.3292617063070000 - 10'23  6.6463085315350000 % 10'22 ( [3 1 dt)"?
B [3

2¢ log®(2) e’ ([ —dt}
12 1
log™ =13

1.3292617063070000 - 10'%

2¢” logh2)
log!2(3)

i = 2 12
_ -3

7.4 4 U*:Nﬂr ri-5% ril+s .:IS]E

[ .
=i oty rl-s
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From the previous result

1
+
10112256(0.5 - 1)®
(220574205 -2.05"-4.05" -

2.1350145456 -

37.99992752075 ]
2.05%-05"-5.05%-4.05"-2.05"-2.05 -

205 -4.05-5.05"-05-2.05-4.05-2)-2

integrating, we obtain:

integrate(2.1350145456- 1/(10112256 (0.5 - 1)"8)+(2*0.5"17+2 0.5°16-2 0.5"14-4
0.5"13-2 0.5"12-0.5*11-5 0.5*10-4 0.5"9-2 0.5"8-2 0.5"7-2 0.5"6-4 0.5"5-5 0.5"4 -
0.5"3-2 0.5%2-4 0.5-2)/ 37.9999275-2)x

Indefinite integral

1 1
+
1011225605 — 1)®  37.9999275
(2-0574+2.05°-2.05%-4.05"-2. 05"-
05'-5 05%-4 05°-2 05%-2 05" -2 05°-

h[(2J350145455—

4.05 -5 05-05 -2 05 -4 D.s—zj—z]

xdx = -0.0000242501 x°

The study of this function provides the following representations:

Plot of the integral

¥

—— I

1.0 0.5 &l .5 1.0
AN
#0.000010 | ~,

;’f |]_|]|]|]I]'_5§ \“\1 [x from -1.2 to 1.2)
/' ~0.000020 | h
;f 0.000025 | x\
/ 0.000030 | \

0.000035 |
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Alternate form assuming X is real
0 - 0.0000242501 x°

Definite integral after subtraction of diverging parts

j L (=0.0000485002 x - =0.0000485002x)dx =0
0

Forx=1.2:
-0.0000242501 x~2
(-0.0000242501 * 1.22)

Input interpretation
~0.0000242501 - 1.2*

Result
—0.000034920144

-0.000034920144

From which:
-((1/4 10og(4/w)))1/(-0.0000242501 * 1.272)-2/5
Input interpretation

1 4 1 2
Ll )
4 T 0.0000242501 - 1.2* S

41

logix) is the natural logarithm



Result
1729.0063511772062329628200528274913793576008641317095995347051512

1729.0063511772....

This result is very near to the mass of candidate glueball fy,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8* * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

The study of this function provides the following representations :

Alternative representations

~log(?) 2 2 log, (%)
(-0.0000242501  1.2%)4 5 5 4(-0.0000242501 1.22)

~log(?) 2 2 log(a) log, ()
(-0.0000242501 - 1.22)4 5 5 4(-0.0000242501 - 1.22)

~log(?) 2 2 Liy(1- %)

el — el

(-0.0000242501 - 1.2%)4 5 5 4(-0.0000242501 - 1.2%)
Series representations

~log(?) 2 2 o (-DF(-14 %)

z - S =-Z-715919) -

(-0.0000242501 - 1.2%)4 5 5 P k
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~log(?)
(-0.0000242501 - 1.22) 4

2 2
= - ==—-+143184inx
) ) 2w

arg(? - x}‘
— |+

o (~DF (# - x)f x
7159.19 log(x) - 7159.19 ) I or x < 0
k=1 k

~log(?)
(- 0.0000242501 - 1.22) 4

2
5

2 arg(* - zo) 1
- -+ 7159.19| — log[—] + 7159.191og(zg) +
3 2 Zp

arg(£ - o o V(4= o) 5
7159.19 | ———— | log(zy) — 7159.19 -
2m 8(Z0) ; k
Integral representations
~log(*) 2 2 =
: ——=——+?159.191’—dt
(-0.0000242501 - 1.2%)4 5 5 1t
~log(?) 2
(-0.0000242501 - 1.2%) 4 5
9 3579.6 picsy(—1+ ) T(=5)2T(1+5)
- j = ds5 to L
5 im =i sty I'l-s)

And again:

((-((1/4 log(4/m)))1/(-0.0000242501 * 1.272)-2/5))*1/15

Input interpretation

1 4 1 2
{Gul E
4 T 0.0000242501 ~ 1.2% 5

logix) is the natural logarithm
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Result
1.643816. ..

2
1.643816....~({(2) = % = 1.644934 ... (trace of the instanton shape)

Now, performing the following calculations, we obtain also

(2.1350145456- 1/(10112256 (0.5 - 1)8)+(2*0.5~17+2 0.5716-2 0.514-4 0.5/13-2
0.5%12-0.5711-5 0.5710-4 0.5%9-2 0.5°8-2 0.5A7-2 0.5"6-4 0.5"5-5 0.5"4 -0.53-2
0.5%2-4 0.5-2)/ 37.9999275-2)dxdy

Input interpretation

. - l l
11[2.1350145455— +
10112256(0.5 - 1)®  37.9999275
(2057 4+2:05°-2.05"-4.05"-2.05"-
05 -5.05%-4.05"-2.05%-2.05 -2.05°-

4.05-5-05-05-2.05"-4.05-2)- E]cixdy

Result
~0.0000485002 x ¥

The study of this function provides the following representations :

3D plot (figure that can be related to a D-brane/Instanton)

.
AR
L

0.00005 ,
0.00000),

0.00005 4 g e
1.0 e, Fo0
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Contour plot

1.0

=-1.0 L L L N A
-1.0 -0.5 0.0 0.5 1.0

Indefinite integral assuming all variables are real
~0.0000242501 x> y + constant

Definite integral over a disk of radius R

jj ~0.0000485002d y dx = - 0.000152368 Rz
24y <R

Definite integral over a square of edge length 2 L
LoL 2

J J ~0.0000485002d x d y = —0.000194001 L
_LJoL

From

—0.0000485002 x y
Forx=y=0.5:
-0.0000485002 (0.5*0.5)

Input interpretation
~0.0000485002 (0.5 ~ 0.5)
Result

~0.00001212505

-0.00001212505
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From which:
-1/48 1/((-0.0000485002 (0.5*0.5)))+11-1/5

Input interpretation

1 1 1
-— - +11- -
48 | 0.0000485002 (0.5 - 0.5) 5

Result
1729.0059730337881768185148377395007305811797330667327832325000068

1729.005973033....

This result is very near to the mass of candidate glueball fy,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8* * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

((-1/48 1/((-0.0000485002 (0.5*0.5)))+11-1/5))*1/15

Input interpretation

1 1
1{/— — (— ]+ 11- -
48\ 0.0000485002 (0.5 ~ 0.5) 5

Result
1.643816. ..

2
1.643816....~({(2) = % = 1.644934 ... (trace of the instanton shape)

From the initial identity, we have also:

1(1+a/(1-0)+(a™4)/((1-9)(1-0"2))+(a"9)/((1-a)(1-¢"2)(1-"3)))*2 - L/(((1/((1-q) (1-
q™4) (1-9"6) (1-9"9) (1-q"11) (1-q"14) (1-9*16) (1-q"19))))"2 - 2
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Input

1

4 9 B
[1+3—+ L — 4 L 3}2
I-q  (1-q(1-g%) (1-q{1-g"){1-q")
1

V2

2
1
[fl—qi{1—q4]{1—qﬁ]{1—qg]{1—4"]{1—4'4]{1—4'61{1—4'9]]

Exact result

1

4 Q

[ . 2 + 2 3 +
(1-g)(1-q%) (1-q)(1-¢")(1-g7) 1-¢
El_qJZ (1 _q4}2(1_q6}2 (1 _q?}?.(l_qll}zlil_qlﬂsz (1 _qlﬁjz (1 _qlg‘}z _ ﬁ

The study of this function provides the following representations :

Plots
¥
! i
Le1e? | 4 12 10 o8 |
2><I{I1[§ | (g from =1.5 to -0.7)
. 21|
Ix 107 |
4x10%! | |
5% 102
¥
- i
3 [ -2 1 N 7
2% 105 |
4% 105 | (g from -3.1 to 0.9)
' 6 10% |
Bx 108 |
131052 |
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Forq=0.9:

[-(1/(0.974/((1-0.9)(1-0.972))+0.99/((1-0.9)(1-0.9/2) (1-0.9/3))+0.9/(1-0.9)+1)"2-
(1-0.9)"2 (1-0.974)2 (1-0.96)2 (1-0.979)"2 (1-0.9711)"2 (1-0.9714)"2 (1-
0.9716)72 (1-0.9719)"2 - \(2))]

Input

1

4 9
( 0.9 N 0.9 _ .00, l]z
(1-0.9)(1-09%)  (1-0.9)(1-097%)(1-09%) 1-09

(1-0.97(1-09%(1-09°(1-09)

(1-0.9")(1-09"(1-0.9")(1-09") -V2

Result

1.4141574042682931870059825723498918095179877244903520919112810599

1.414157404. .. ~\2

V2 = 1.41421356

From which:

4+([-(1/(0.974/((1-0.9)(1-0.92))+0.979/((1-0.9)(1-0.92) (1-0.973))+0.9/(1-
0.9)+1)"2-(1-0.9)"2 (1-0.9°4)"2 (1-0.976)"2 (1-0.979)"2 (1-0.9°11)"2 (1-0.9714)"2
(1-0.9716)"2 (1-0.9M19)72 - N(2))]) 24

Input
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1

Al 4 9 N
0.9 0.e 0.c
{11-0.91{1-0.92] (1-0.9) (1-0.9%)(1-0.8%) T los T 1]2
(1-0.9)(1- 09" (1-09°(1-0.9°(1-0.9")
(1-0.9")7(1-09") (1-09") -v2
Result
4096.098. .

4096.098....~ 4096 = 64°

And:

27sqrt(4+([-(1/(0.974/((1-0.9)(1-0.92))+0.979/((1-0.9)(1-0.9°2)(1-0.9/3))+0.9/(1-
0.9)+1)"2-(1-0.9)"2(1-0.974)"2(1-0.9"6)"2(1-0.99)"2(1-0.9/11)"2(1-0.9r14)"2(1-
0.9716)72(1-0.9719)"2-V(2))])"24)

Input
1
27 |[4+]|- - - -
0.9 0.8 0.9
{1 1-0.9) (1-0.97) ! (1-0.91(1-0.9%){1-0.5%) Tl " ]2
(1-0.9%(1-0.9%(1-0.9°?(1-0.9°)* (1-0.9")
] ] o
(1-09")(1-09") (1-09") V2
Result
1728.021...
1728.021....

This result is very near to the mass of candidate glueball fy,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8> * 3%) The number 1728 is one less than the Hardy—Ramanujan

number 1729 (taxicab number)
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(27N(4+([-(1/(0.974/((1-0.9)(1-0.92))+0.979/((1-0.9)(1-0.942)(1-0.9/3))+0.9/(1-
0.9)+1)"2-(1-0.9)"2(1-0.974)"2(1-0.9"6)"2(1-0.99)"2(1-0.9/11)"2(1-0.9r14)"2(1-
0.9716)"2(1-0.9°19)"2-N(2))])24)) /15

Input
1
27 |14 +|- - - -
0.9 0.9 0.9
(.1_0.9111 092|+ (1-0.9)(1-0.97){1-0.97) - 109+l]2

(l—DQJLl—DQle—DQ l—DQ l—DQ

(1-0.9")7(1-0.9")*(1-0.9" “ ” (1/15)
Result

1.6437531424732865011148769780390370501815474588905938137738588345

2
1.6437531424...~((2) = % = 1.644934 ... (trace of the instanton shape)

We obtain also:

V(6(27N(4+([-(1/(0.974/((0.1)(1-0.972))+0.979/((0.1)(1-0.972)(1-
0.973))+0.9/(0.1)+1)"2-(0.1)*2(1-0.974)*2(1-0.976)"2(1-0.979)"2(1-0.9r11)"2(1-
0.9714)72(1-0.9716)"2(1-0.9719)"2-V(2))])24))*1/15)

Input

1 f
6|27 ||4+]- - - ~0.1%(1-0.9%
0.9 0.9 0.9 '
== 41
(0.1{1_0.92] T 011097 (1-09%) T 01 "

(1-0.9°%(1-0.9° (1-0.9")*(1-09")

(1-09" (1-09") V2 || ||~ /15
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Result
3.14046475. .

3.14046475....=x
And:

27(6(27V(4+([-(1/(0.9”4/((0.1)(0.19))+0.979/((0.1)(0.19)(1-0.913))+0.9/(0.1) +1)"2-
(0.1)72(1-0.974)"2(1-0.946)"2(1-0.979)"2(1-0.9711)"2(1-0.9214)"2(1-0.9716)"2(1-
0.9719)72-V(2))])*24))"1/15)*1/0.99964

Input

1
2 16127 |[|4+]|- -

4 9
( 09t 09 — 4 09 . 1]2
0.1:019  0.1.0.19(1-0.9%] 0.1
0.1*(1-09% (1-09°) (1-0.9°) (1-09")
(1-09")(1-09")(1-09") -

Va2 ~(1/15)
' 0.99964

Result
6.2831914517397751199348853501215925133681386290053347821337718494

6.28319.... =2xnr , where r=1/0.99964 = 1.00036012964.... = 1.0036

From:

1+0/(1-0)+a"4/((1-0)(1-9"2))+q"9/((1-0)(1-9"2)(1-0"3))
Input

51



4 o

l+q+ q + g

l-q (-q1-¢*) a-@(1-¢*)(1-¢°)

The study of this function provides the following representations:

Plots (figures that can be related to the open strings)

S = . - q

(g from =1.4 to 1.8)

1 .l'lr
¥
1000 |
\h 500 |
_‘_m'____ gl from -9.5 to 9.8)
5 | | TEe 0
500 | ™~
[ .,
1000 | A

Alternate forms

-+ +q - -’41
(q-1(q+1(g>+q+1)

cP+q -1
(q-1%(q+1)(g*+q+1)
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_qg—q?+q5+q4—q3—qz+l

(q-Dlg*-1)(qg* - 1)

Real root

q~-1.15616

Complex roots

q = =0.73396 - 0.55718

q = =0.73396 + 0.55718

q = -0.38103 - 0.90502 §

q = —0.38103 + 0.90502

q = 0.81070 - 0.76843 i

Series expansion at q=0

1+q+qz+q3+2q4+o[q5}

[Tavlor series)
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Series expansion at q=oo

ol

[Tavlor series)

Derivative

i 4 2

1+ : * . o * 4 2 3 ]=
dg\  1-q (1-g1-¢*) A-@(1-¢*)(1-4°)

392 -2¢"1+5¢°410¢° +6¢° -4q -30°+20° +q* +2¢° + P+ 2q+ 1
(q@-D*g+1%(q? +q+ 1)

Indefinite integral

4 9
j[1+ q + q ot qz 3]:£q=
1-¢ (1-9(1-¢*) Q-9(1-¢*)(1-¢%)
= |-18q*-24¢° - 36 +4log(g® +q+1)-144q+ oI
7g 1847240 - 367 aloglq g+ 1) =144 T T
2 1
233 log(1 - q) + 9 log(q + 1J+Bﬁtan‘1[ 1% ]—42] constant
V3
[assuming a complex-valued logarithm)
ran"' (X} is the inverse tangent function
logix) is the natural logarithm
Local maximum
4 9
max{1+ q + q o+ q B ; }x—lﬂ.DES
1-¢ 1-9(1-¢°) A-@(1-¢)(1-q°)
at q = 1.6989
Local minimum
4 9
min{1+ q + q ot q 2 3 }g[}.?zt}ﬁ?
-9 a-g(1-¢) a-@(1-¢)(1-q’

at g = -0.49748
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From

d q q q

—|1+ + B + B .

dg\ 1-q9 (1-g@(1-¢*) A-@(1-¢*)(1-¢°)

~3¢”%-2q"+5q¢"+10q° +6¢° ~4q" -3¢°+2¢° + gt +2¢  + P+ 2gq + 1
(@-D*g+ 1% (q>+q+ 1)

For q =8, we obtain

(-38M2-28M1+58M0+1080+68"8-48"7-386+28"5+8M +28"3+
8"2+28+1)/((8-1)" (8+1)"2(8"2+8+1)"2)
Input

(-3-8%-2.8"+5.8"+10-8 +6-8-4.8-3.8+
28 +8"+2.8 487 +2:8+1)/(B-1 B+ 1 (8" +8+ 1))

Exact result

216535853999
1036389249

Decimal approximation
~208.9329411781653863914213567840667555979249645805617576413126223

-208.932941178......

From:

q q* q

+

1+ +
1-¢ (a-q1-¢*) a-@(1-¢*)(1-g%

we calculate the second derivative
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Derivative

d [1 + g + ¢ + i ]z
dg*?l  1-9 (1-@(1-¢*) a-@(1-¢*)(1-¢)
8q° 2 ] 4 gt 4¢° 2q* 8¢ 124°
[{1-q2]3 * (1-¢%f 1 N 4({1-@2 * l—q]q . 1-g° T i1-g? T 1q .
¢ 9 3¢* 2q
2 5t P 32 © 212 3 | *
Q- 1-q/{(1-¢)(1-¢") (1-q7)](1-q)
8q° .2 fq 18 4%
12¢° LS ol G Ll Y o ¢
(1-g* P (1-¢*F 1-¢* 1-¢
+
l-q

24° . 18¢° 7247
il-g*  (1-9° 1-q 29 2

+ +
(1-¢%)(1-¢°) (1-q° (1-q)7?

The study of this function provides the following representations:

Plots (figures that can be related to the open strings)
¥
| |
) | 20] f
RH Illl I,D |'I
R g @ from -3.2 to 2.7)
i 2 1-1 [ 1 2
| 10|
| 20 —
| 30l /

(g from =17.8 to 17.4)
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Alternate forms

2(q +5) 2(q +2)
27 a2 364~
9(g*+q+1) 3(q*+q+1)
233 1 9 2 5
+ -

36(q - 13 4(q + 1) B 2(q- 1) : (q - 1)°

~((2(3¢"” +4q"-5¢" -17¢"* -8q" +34q"" + 704" + 604" +
129" -9¢°+9¢° +24q" +21¢° + 13¢° + 4q + 1))/
l(q - 1)° (g +1)° [qz+ q+1)°))

Expanded form

12 g* 8q° 4q° 2q*
q 2 + q 2.3+ E.q 2.E'.+ Sq 2 +
1-@(1-¢7) A-@l-¢7)] Q-9 (1-¢7) Q-g(1-¢
18 ¢* 8q° 18¢"3
2,2.+ 2 2 + 2 33+
1-@(1-¢*)7 A-9°(1-¢°) (1-@(1-¢°)(1-¢°)
lquz . Bqll X
A-(1-¢*P1-¢* a-p(1-¢¥’(1-¢%
'5"[]'11 4q1ﬂ
+ -
1-@*(1-¢*)(1-¢*F a-g@*(1-¢*(1-¢)
60q'° 2q° 38q°
+ - -
1-(1-¢3)(1-¢*F a-9*(1-¢})(1-¢°) a-9(1-¢**(1-¢°
184" 729" 24 2

+ + +
1-@*(1-¢*)(1-¢*) a-@(1-¢*)(1-¢°) a-¢* a-g?

Real root

q ~-1.33518

Complex roots

q = —0.86736 - 0.34540
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q = —0.86736 + 0.34540

q ~ —0.84597 - 0.876264i

q ~ —0.84597 + 0.876261i

q ~ -0.38856 - 1.17497 i

Series expansion at q=0

2+6q+24q°+40q° +90q" +0(q°)

[Tavlor series)

Series expansion at q=co

sl

[Tavlor series)
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Indefinite integral

12¢°  Bg° 2q*
2 N 2q N 1-q * (1-g1° * (1-q°
Jla-9* a-¢? 1-q*
ag® gt 127  18¢5 24’ 4[ 8¢° 2 ]
4q(1—q a q ] . 1-g * (1-q) * (1-g* N 1 (1-¢%P ’ (1-¢% ]
(1-¢%? (1-¢%)(1-¢°) 1-q
9¢° ¢ 3¢° 2q
2 * 2 2 32 * 7,2 3 | *
l-¢ - )\(1-¢°)1-¢°) (1-¢)(1-q)
cr2 2 qu4 N 6gq
¢ 12¢° l-q” 1-q22r2 LS 1 Sl
TS 1-¢*
1q =
1-gq ™

[—Squ —Equ + 11ql':I + 1Dq9 - E-qB— 15q:'r +3q6 +26q5 + ?q4—
10q° - 11¢* +2q + 7)/((q- 1% (q+ 1% (q¢° +q+ 1)) + constant

Local maximum

8g 2 ] 4 ( ] 'S 1249
+ q T + > +
[{1—q2]3 (1-g*f RACE _gi? q L 0 q] (1- qn 1-q

T - 212 1- g

o
q 9q 3q° 2q
2 + + +
Ll—qﬁ 1- Q]h 1-¢)(1-¢*fP (1-¢*fP(1-¢)
gt 3 g, 1844
124° 1q23 g’ | 0P 0P o9
{1—:12]2{1—@312 1-¢° 1-¢* q

1-q
247 188 7247
q -+ q2 L 29
(1-g°  (1-q 1-q 2q

+ +
(1-g%)(1-¢°) (1-q)° tl—qﬁ}

~ =20.022 at q ~ 2.5544
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Local minimum

8q° 2 4 3 4 3 2
(325 + ]4 45 atL)g 205, a0 1

_(\1-g’f  (1-¢%f 1-g2 " 14 1-g°® ~ (1-g*  1-q
min + P + 2 +
1-q (1-q°) 1-q
9 8 2
2[ q + 24 ][ 34 + 24 ]+
1-¢* 1-gJ{(1-¢*)(1-¢")* (1-¢**(1-¢°
sg¢ 32 6g _ _18q*
12¢° 0P 0P 0P 0P |0
(1-g°F (1-¢*F 1-g° 1-g* 1
+
1-q
2q” 18q°  72q’
(1-q0° * i1-q% * 1-q 2q

+ + ~ 1.5385 at q =~ —0.16739
(1-¢*)(1-¢%) (1-q)° il—qf’"}

From the following alternate form:

2(q+5) 2(q+2)
2 2 3 6q -
9> +q+ 1" 3(g*+q+1)
233 1 9 2

+ - - ~2
36(q-1° 4(q+1° 2(q-1* (g-1°

For q =8, we obtain:

(2(8+5))/(9(B82+8+1)"2)-(2(8+2))/(3(8"2+8+1)"3)-68-233/(36 (8 -
D3+ 1/(4(8+1)"3)-9/(2(8-1)M)-2/(8-1)"5-2

Input
2(8 +5) 28+2 . o
o(e2+8+1)* 3(82+8+1)°
233 1 9 2

+ - - -2
36(8-1° 4(8+1° 21-1* (B-17

Exact result

238413009935 042
. 4766354156151
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Decimal approximation
~50.01999476420966583134539960094959520675966553664949493609679772

-50.0199947642......

Calculate the third derivative of:

4 9
1+q+— q + q

l-q (a-g1-¢*) a-@(1-¢*)(1-¢%

Derivative
P ¢ ’
dq -9 a-@(1-¢°) A-@(1-¢7)(1-¢°)

249 489° ] 4 ( 2g* 8q* 12@2]
+ 6 + +
[{1-q2]3 {1-‘12]4 q N {1—q]3 {1—q]2 1-g q

1-q (1-¢)°

6g* 249  36q° 249

3 ¢ + i ][ L + = ]+ ig* " 1g’ ' 1g” " 1q
(1-9* 1-gqJ\(1-¢* (1-¢*? 1-¢
5 2q° . 18¢° +?2q3"][ 3q° . 2q .
1-9° -9 1-q){(1-¢*)(1-¢)P (1-¢)P(1-¢)
o 8
q 99
3 +
(1-q)* 1—Q]
8q° . —2 6 18g%
12¢° N (1-g%F * (1-¢*P . (1-¢°F  (1-9°p
(1-¢**(1-¢%) 1-¢° 1-¢?
8¢° 2 ]z 24q 48¢°
1 r‘L"-'[{l—q‘?]?‘ Thgr )l N P " 1g?f
1-q (1-¢%? 1-¢°
10843 6 1624° [ 69 18¢* ]
uq¥+nqw+u$f+ qu+u$Fq'f+
1-¢° (1-¢%)
6g° 544° zlﬁq?+5u4qf'
-g* * (1-g*  (1-g)% 1-q N 6q . 6
(1-¢*)(1-¢° 1-g* (1-¢7°
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Plots (figures that can be related to the open strings)

-3 =2 -1 1 2 \
(g from =3.7 to 2.8)

15 -10 -5 = 5 10 15

-5.85
.40 (g fram -16.6 to 15.7)
-5.495

A ~—

—ﬁ."JS

Alternate forms

4-2q(q(q(q+8)+6)—4) 233 3 18 10

+ - + + - b
3(qg? +q+1)* 12(g-1* 4@+1* @-1° g-1°
6q 2 2(2q-1)
(@2 +q+1)* 3(¢>+q+1)p (¢?+q+1)
233 3 18 10
+ + -6

12(g-1* 4(@+D* (@-1° (q-1°

[5[—q13 —Equ +ql‘5 + Bqlﬁ + 12q14 + 15q13 + 55q12 + 164 qu +
204" +380q¢° + 372" + 276" + 174 ¢° + 148¢° + 132¢" +
84:13 + 35q2+ 10q + 1}}/[[11 -1t (q+ ' [qz +q+ 1}4}
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Expanded form

1629 108q" 72q" .
1-9(1-¢*)(1-¢%" a-p(1-¢P1-¢)P a-9(1-¢’(1-¢*)
54 g 48 g X
1-@*(1-¢)(1-¢*)P a-g(1-¢*)*(1-¢
3612 . 504 q12 .
1-@*(1-¢*P(1-¢)P a-q@(1-¢*)(1-¢*
24 g™ 18q*
+ +
1-@*(1-¢*P(1-¢°) a-g*(1-¢*)(1-¢*
378q"! 12¢"°
+ +
A-(1-¢?P(1-¢P a-9*(1-¢*P(1-¢)
240q"° 180q"" 6q°
+ + +
1-9(1-¢3*(1-¢%) a-9*(1-¢})(1-¢*)PF a-9*(1-¢)(1-¢%
114q° 816q° 54 ¢°
+
1-9*(1-¢*)P(1-¢°) a-g(1-¢*)(1-¢f a-9*(1-¢*)(1-¢)
486 q° 2169’ 48q’
+

+
(1-g)(1-¢**(1-¢%)

1-g*(1-¢*)(1-¢°

1-q(1-¢*)°

504 q° 24 ¢° 12q°
+ +
1-@(1-¢)(1-¢°) a-9*(1-¢*)° a-¢*(1-¢°)
120q° 6q° 54q° 24 q°
+ +
1-9(1-¢*} a-9*(1-¢*) a-9*(1-¢** a-9*(1-¢)
96 q° 36 q° 24q 6q 6

(1-q)(1-¢*)?

Real roots

q ~ -0.167388
q =~ 2.55444
Complex roots

q = —1.4460 - 0.4247 §

q = —1.4460 + 0.4247

63

+ + +
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q = =0.94237 - 0.62521§

q = =0.94237 + 0.62521

q = -0.7864 - 1.3517 i

Series expansion at q=0

6+48q +120¢” + 360¢° + 630q" + 0(q”)

[Taylor series)

Series expansion at q=oo

18 96 118
—5+—4+ —5+D[[—] ]
q q q

(Laurent series)
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Indefinite integral

24q3

6q4

24 3692
249 369

B 6q +1—q (1-q°

1-q°

1-q*

+
Jla-¢9* -9 1-q*

8q° 5044°

216g°  54q° 6q°

2
E-q(uq +

2q4 ]
-9 (1-g*  (1-q° 1-q

(1-g® = (1-¢*  (1-q*

43q3

(1-¢%)(1-¢")

4

Q[_z + _23] 3
(1-¢°f " (1-4%) +3[4q
l1-gq

4 8q° 2
! z][ qzs+ zz]+
Q- Jl(1-¢*) (1-¢°

3¢* 2q

7

72
o
1-q
4Bq3 24q

+ + 2¢° ][ +
1-92 a-q3J\(1-¢%)(1-¢%

[1—q212[1—q3)]+

+
1 o (1-g*F  (1-¢*F

a( 8q° 2
gq[uff+ﬂﬂ¥]

1-q 1-q°

1624° . 1084° 6
(1-¢°) * (1-¢°

(1-¢%

184%

MRTIE N
1-q°

12¢°

69
5q[{1—q3]3 +{1—q312] N

(1-¢%?
8g° 2
(1-g%p * (1-¢*F

8 g
3[9‘1’ | ]
l-q (1-¢q

18g% g

1°F (1°P
1-q*

dq =

B(g+5) 24(q+2)

(1-¢*) (1-¢%)

1-¢q°

233 9

1

— - - 216qg -
36 [[-;1r2+q+1)‘:‘I (q‘:*'+q+1)3 1
162 T2

q@-1* (q-1°

constant

(qg-1)°

4 -
(q+1)°
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Local maximum

24 4843
(2% + 2% )’
(1-¢°F  (1-¢%f*
+
l1-gq
2% 8g° 1242 6ot 244% 369 24
5(@3+ q2+q]q 94 q3+ q2+_c1
i1-q) {1-q) 19 . i1-q) {1-q) {1-q) 1-q

(1-¢*) 1-¢°
4

q 4q3][ 8¢ 2 ]
3 + + +
1-q* 1-qJl(1-¢%)} (1-¢*?

H}[{

2q° 184" ?Eq?][ 3q° 2q

+
(1-q° (1-¢* 1-¢

o ]
o[- 2

(1-q° 1-¢

8¢ | _ 2 6g , 18¢°
12¢° . (1-g2P © (1-g%P . (1-g°F ~ (1-¢°]
(1-¢*)*(1-¢*f 1-g° 1-¢
8¢° 2 ]z 244 48¢*
1 9[{1—q2]3 T )t iR e

+
1-q (1-¢°) 1-¢°

108¢° 6 162g° 69 184% ]
1-¢F " 1gF  gf [{1—q312 Tk

+
1-¢° (1-¢*)

6q° . 54g°  2169°  504q°
-g*  (1-g®  (1-q® 1-q 64 6 }

+ +
(1-¢%)(1-¢) 1-g* (1-gq°
~5.9664 at q = -2.9866
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Limit

24q  369°  24q°  6q°
+ + +
lim 6 . 64 L (1-g® ~ (1-¢*  (1-q*
g | (1-qF  (1-¢q* 1-¢°

lzqz qu zq4 EMqﬁ 216qF 5'4'?5 qu
E-q( g " ag?’ fl—ql3] L Fae? T ae g
-0y (1-¢%)(1-q)
4[43-:}3 N 2449 ]
U e 3[4"-13 q ][ 8q° 2 ]
+ + N .
1-q 1-q a-@*)\(1-¢*)° (1-¢*)?
72q° 18¢° 2q° 3 g 5
3[ a, 180, qg][ 3¢ 2 3]+
l-q 1-¢9° Q-9 J\1-q)(1-¢) (1-¢°)(1-¢q")
1 | i T f L \e?F T P
+
gt | g (1-g’f

162¢° | 108> 6 [ 18¢* 69 ]
I R A L T s

+
1-¢° (1-¢%?
Eq2+ 2
3['9q3 X q’ ] 12¢° L (1P " (g
1-q -2 (1-¢**(1-¢*) 1-¢°

+

18¢°* . 54
(1-¢°F * (1-¢°f

1-q

From the following alternate form, for q = 8

4-2q(q(q(q+8)+6)—4) 233 3 18 10
+ - + +
3(q?+q+1)* 12(g-1)* 4@+1* (@-1° (g-1°

-6

we obtain:

(4-28(8(8(8+8)+6)-4))(3(8"2+8+ 1)) +233/(12 (8- 1)) - 3/(4 (8 +
1)7) + 18/(8 - 1)°5 + 10/(8 - 1)"6 — 6
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Input

4-2-8(B(B(B+8)+6)-4) 233 3 18 10

+ - + + - b
3(82+8+1)* 128-1% 4@+1* (B8-1° (8-1°

Exact result

43775689876970 974
7306820921379483

Decimal approximation

=5.991071951535715492953350851334978756746082877819817069426204753

-5.9910719515357.....

In conclusion, we calculate the fourth derivative of

q q* 7

+

+ +
l-¢ a-9(1-¢*) A-9(1-¢*)(1-¢°)

1
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Derivative

d* [1+ q q q‘? ]:
a*l T1-q" a- ql[l ) a-p (- (1-¢)

q
3
12 2 [162.q 1084 6 ]
1 [{1 2r g ]3]-:1 f T gf TR ) N

1-q (1-¢% (1-¢%?
3844° zssq 24 19444° 1944q 360q2
1-F T @f T g@F 0 F e (1qf
+ +
1-¢° 1- ¢
8q° 2 18¢* 6
5[ qzs+ zz][ q33+ qsz] q9+
1-¢7) (1-¢°)°)\(1-¢°) (1-q°)
384¢* 28847 24 ] 4 6"  24¢°  36q7 249
[{1—:12]5 FlgF g )1 N ({an‘* Yae® Tt l—q]q
l-q (1-¢%)?
4 3 2
24q ELT + 1444q + %6 q a4

+ + =2
24q +{1—q]5 -g*  (1-g*  (1-g® 1

+
|:l _ qjﬁ 1- qz
24¢°  2169° Bedg’  20164° . 30249°
-gp®  (-g*  d-g®  (1-g? 1-g

(1-¢°)(1-¢%

q* 4q¢*\( 48¢° 244
4 2+ ][ o + 23]+
A-@* 1-qJi{1-¢7) (1-q°

2q* aq° 12¢° 8q° 2

6 q 3+ q 2.+ q ][ qEE + 2.2]+
(1-q) tl—ql 1-qJ\(1-¢*) (1-¢°
6q° 54 q° 215q 5D4q ]

4 i
(1-q) El q? ( - q) l-gq

3 2 o 9 8
zq + E,E'.q 3 ]+4[ q 2+ q ]
(1-¢7)(1 q} (1-9°)°(1-q’) 1-q* 1-9¢
(5l i
(1-g*f qu}z (1-g°p {1q3]2 +{1q2]“ {1—q2]3+
(1-¢%° (1-¢* 1-¢°

lﬁzq + li]Eq + &
(1-¢°f (1. (1¢°F 5[ 2q° 18q° ?zq?]
+ + +
1-q? 1-q° (1-q* 1-¢

qu + 2 llixq4 + 6q
12¢4° (1-¢°F ~ (1-¢*F  (1-¢*P (14"} 24
+ + +
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The study of this function provides the following representations:

Plots (figures that can be related to the open strings)

(g from -4.2 to 1.2)

iq

T 510 T (g from -14.8 to 11.8)
3 f B

s — == S

Alternate form

~((24(3q"7 +29q"° + 138q" + 425¢"* + 935¢"* + 1652¢'* + 2426q"" +
2922 " +2915q" + 2605q" + 2132q" + 1516¢° + 917q” +
5DDq4 + 2301]3 + ??qz +16q+2))/((q- 1y’ (q+ 1)° [qz +q+ 1)°))

Partial fraction expansion

24 (q + 2) B(q+8)
+

(g% +q + 1]5 3(g>+q+ 1]3
24 (q + 3) 233 3 o0 60

- -+ - —
(+q+1)* 3(q-1° (@+1° @-1° (q-1)
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Expanded form

1-9(1-¢*)(1-¢*° a-9(1-¢P1-¢)" a-9(1-¢@1-¢)
648" X 576 q'4 )
(l_qJE[l_qz)[l_quﬂr (1—qJ[1—q2]4[1—q3]2
432q" 7776 ™ 384 ¢"
+ + +
233‘113 215q13
+ +
(l_qu[l_qu[l_quz (l—qjs[l—qz]l[l—qE]S
4968 q" 192 q*
+ +
il—qi[l—qzj"‘[l—qus (l—qu[l—qzj4[l—q3j
1444 N 3168 ' .
(l_qjs[l_qzjz[l—quz (l—qj[l—qzjs[l—quz
2376 q" . 964"! . 2016¢"! )
1-9?(1-¢*)(1-¢*P a-9°(1-¢*P(1-¢*) a-g9(1-¢*)*(1-¢°
72¢"! N 1512q" X
':1—1114[1—-:12)[1—-;;3]2 (l—qu[l—qz_]z[l—quz
12024 ' 48q"° 960 g°
2 3 4 2)2 T 2 213 5 *
1-9(1-2)1-¢P a-9*(1-¢*P1-¢°) a-9*(1-*’(1-¢
7209 . 7248q"" X
':1—QJ3[1—q3]|[1_q3]3 (l—qj[l—qz]z[l—qs_‘]z
24¢° 456¢° 4344 q°
+ + N
1-9°(1-¢*)(1-¢°) 1-9*(1-¢**(1-¢°) a-91-¢*)(1-¢’)
3264 q° 216" 1044 ¢°
+ + +
A-9?(1-¢*)(1-¢*) a-9*(1-¢)(1-¢°) A-g*(1-¢*(1-¢’)
BBSEH’.IE N 284 qE‘ N 864 q?' X
A-9(1-¢)1-¢F a-o(1-¢F a-9*(1-¢)(1-¢)
4896q 192q’ 20164°
+ + +
A-@1-¢*f(1-¢*) a-9*(1-¢*)* a-9*(1-¢*(1-¢%
96 q° N 1056 ¢° N 3024 q° X
':l—i]'JS[l—qz_]S El—qJ[l—qu El—qj[l—qzj[l—qu
48¢° 480¢° 24¢* 216¢*
4q 22 * zq 23 T Eq ot Eq ot
1-g*(1-¢** a-9*(1-¢* (-9°(1-¢*) -9*(1-¢%
l.r_l—qj[l_qz:ls ':l_qj-q-[l_qz'] [l_qJZ[l_qZ]z (l—qjs [l—qzl]
336q° 96 q 24q 24 24

+ + + +
1-@(1-¢*f -¢*(1-¢*) 1-¢° a-g@(1-¢*) a-g¢°
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Real root

q ~ —2.98658

Complex roots

q=-1.5721-2.1641i

q=-1.5721+2.1641i

q =~ -1.13293 - 0.66444 i

q =~ -1.13293 + 0.66444 i

q = =0.79254 - 0.46536 ¢

Series expansion at =0

48 + 2409 + 1080q° + 2520q" + 6720q" + 0(q°)

[Tavlor series)

Series expansion at =oo

e ¢ ¢

[(Laurent series)

72 480 1800 5040 1Y
— + 0

q° q
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Indefinite integral

96 14492 96g° 244%
24 + ‘!2 + ‘!3 + q -+ 9 -
24 24q . 1-qg  (1-q%  (1-p®  (1-p*  (1-q

+
1-q* (1-9° 1-¢*

24 360> 24g° 6qt
!3(;[[—_tl + q2 + q3 + 4 4]
1-q  (l-q (1-q) (1-q)

(1-¢%?
3024¢°  20164° N 864q°  2164° . 244"
1-q ﬂ—qu 1’1—q13 {1—q34 {l-q35
(1- 41[1—4”
4 384q% 288¢° 24
q [{1—q2]5 R {1—q2]3]
1-q
4q° 4 48q° 24
4 q + q z][ qz 3 + 33]+
1-¢ a-g¢*)\(1-¢*)" (1-¢°)

6 12qz+ 8¢’ . 24" ][ 8q° L2 ]+
1-¢ (-9 a-¢*)l(1-¢2)} (1-¢*°
s04q® 21697 544° 6q°
¢, q2+ q3+ q 4]
1-q (l—q) (1-q) (1-q)

3¢° zq ]+
(1-g*)(1-¢** (1-¢**(1-¢%

4393 qz[ aq® 2 ]
(1- qz]“ {1 -q ]3 (1-g*F ~ (1-¢7F
4 + P +
1- q (1-g? (1-¢°)
1624° 'll)Bq [ 15.94 69 ]
g F " ep e q3)2 64 1-2°F * (14°F

+
1-¢° (1-¢%
729° 18¢° 2q°
5[ ¢, qz_+ q 3]
1-q (1-q (1-q)

8q° 2 18¢* 4+ 54
12¢° . (1-¢*P ~ (1-¢°F N (1-¢°F ~ (1-¢°F
(1-¢F (1-¢*)? 1-¢° 1-q°
384" 2884° 24 z[ 484° 244 ]
L g?F F gt w¥F+uq 1-aF * (1gF
1-q 1-¢° (1-¢%?
19444° N 19444° . 3604° [ 1624° 103q 6 ]
(1-¢*F ~ (19’ (1-¢%P N - q3J“ (1- q3]3 (1977
1-¢*
84" 2 ][ 18q
6 + ,-_fq' =
(1-¢* (1-¢PN\1-¢°)P (1-¢%
2-4q 2 6q
- +
(@ +q+1) 3(¢>+q+1)? [qz+q+1}4 lZ(q—l)4
3
s
4(g+1)*
18
+
(q-17°
10
constant
(q-1)°
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From the following alternate form

Ixy

~((24(3q"7 +29q"° + 138q"° + 425q¢"* + 935¢" + 1652q'* + 2426q"" +
2922q'" + 2915q” + 2605 ¢° + 2132q” + 1516¢° + 917¢" +
500q° +230q° + 77" + 160 +2)) /((q- 1) (q+ 1) (q* + ¢ + 1)°))

For q =8, we obtain:

-(24(3 8"17+29 8/16+138 8/ 15+425 8/ 4+935 8/ 3+1652 8/12+2426 8A11+2922
8710+2915 879+2605 878+2132 8"7+1516 8"6+917 8"5+500 8"4+230 8"3+77
872+16 8+2))/((8-1)"7 (8+1)5 (8"2+8 +1)5)

Input

I

—((24 (38" +29-8" + 1388 + 425 8" + 935 8" + 1652 8% +
(124 ]

2426 8" + 2922 . 8! £ 2015 . 87 + 2605 8% + 213287 4+

1516 8% + 917 8" + 500~ 8" + 230 8% + 7782 + 164 8+ 2))/

(B-1)7 (8+1)° (8% +8+1))) i

Exact result

178357 997 181 664 784
33604069417424 242317

Decimal approximation

~0.005307630899285767368449970143878952336696393686453601513726296

-0.00530763089......

From the algebraic sum of the four results highlighted in red, after some calculations,
we obtain:

-1/4*[(-208.932941178-50.0199947642+5.9910719515357+0.00530763089)-Pi]

74



Input interpretation

£ | =

(=208.932941178 - 50.0199947642 + 5.9910719515357 + 0.00530762089) — )

—

Result
64.0245372533. ..

64.0245372533.... ~ 64 = 8°

(-1/4*[(-208.932941178-50.0199947642+5.9910719515357+0.00530763089)-Pi])"2-
Pi

Input interpretation

(_

((=208.932941178 - 50.0199947642 + 5.9910719515357 + 0.00530763089) -

2
rrj] -

| =

Result
4095.99977785...

4095.99977785.... ~ 4096 = 64°

The study of this function provides the following representations:

Alternative representations

1
(;r ((—208.9329411780000 - 50.01999476420000 +
2
5.99107195153570000 + 0.00530763) - m) (- lj] -

1 2
T=-180"+ (— ; (—252.957 - 180 "’J]
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1
[4— ((~208.9329411780000 — 50.01999476420000 +
2
5.99107195153570000 + 0.00530763) = m) (= 1]] -

1 2
r=ilog(-1)+ [— 2 (=252.957 + i log(— 1]]]

1
[4— ((-208.9329411780000 - 50.01999475420000 +
2
5.99107195153570000 + 0.00530763) - m) (— 1]] -

-1 1 -1 2
m=-cos (-1)+ [— " (-252.957 - cos (- 1]}]

Series representations

1
[4— ((—208.9329411780000 - 50.01999476420000 +

2
5.99107195153570000 + 0.00530763) = m) (= 1_’1] -

T = 3999 19+1zz4?3i 1" + i (-1*
N ) ' S1e2k |S1+2k

1
[4— ((~208.9329411780000 — 50.01999476420000 +

2
5.99107195153570000 + 0.00530763) - m) (- 1]] -m=

zj;c +i 22;:
[k] H[k]

fal
0.25|15752.8 + 242.957 E
k=1
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1
[4— ((~208.9329411780000 - 50.01999476420000 +

2
5.99107195153570000 + 0.00530763) - m) (- 1]] -n=

o —k —k
E- +50k) B+ 50k
0.0625 | 63087, + 480,013 E E E (= )

=0 [k]

Integral representations

1
[4— ((-208.9329411780000 - 50.01999476420000 +

2
5.99107195153570000 + 0.00530763) - 7) (- 1]] -n=

o 1 w1 2
0.25 [15 006.8 + 244, 95?‘[ dt + U .:H'] ]
0 1+t2 0 1+t2

1
[4— ((~208.9329411780000 - 50.01999476420000 +

2
5.99107195153570000 + 0.00530763) - 7) (- 1]] -n=

oo 5iN(L) oo 5iN(H) 2
0.25 [15 006.8 + 244.95'?‘[ . dt + [J : :It] ]
0 0

1
[4— ((-208.9329411780000 - 50.01999476420000 +

2
5.99107195153570000 + 0.00530763) - m) (- 1]] -n=

g | 1 2
3999.19 + 122.4?8] V1t ¢£r+U Vi1t :It]
0 0
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27*(-1/4*[(-208.932941178-50.0199947642+5.9910719515357+0.00530763089)-
Pi])+1/3

Input interpretation

1
27 (— ; ((—=208.932941178 - 50.0199947642 +

(SN

5.9910719515357 + 0.00530763089) - F!'J] +

Result
1728.99583917. ..

1728.99583917....= 1729

This result is very near to the mass of candidate glueball fy(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8% * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

The study of this function provides the following representations:

Alternative representations

27
: (=1)((—208.9229411780000 - 50.01999476420000 + 5.99107195153570000 +

1 1 27
0.00530763) - m) + 5 = 5 - I (—=252.957 - 1807)

27
: (=1)((—208.9229411780000 - 50.01999476420000 + 5.99107195153570000 +

1 1 27
0.00530763) - m) + 5 = 5 = I (=252.957 + ilog(~1))
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27
: (—1){(—208.9329411780000 - 50.01999476420000 + 5.99107195153570000 +

1 1 27 1
0.00530763) - m) + — = — - — (-252.957 - cos™ (- 1))
3 3 4 :
Series representations
27
" (- 1) ((—208.9329411780000 — 50.01999476420000 + 5.99107195153570000 +

(- 1)F
1+2k

1 £
0.00530763) - 71) + — = 1707.79 +2?Z
3 k=0

27
: (=1)((-208.9329411780000 - 50.01999476420000 + 5.99107195153570000 +
k

()

1 fisl
0.00530763) — ) + 3= 1694.29 + 13.5 Z
k=1

27
: (=1)((-208.9329411780000 - 50.01999476420000 + 5.99107195153570000 +

0.00530763 L 170779 + 6.75 o 2 (=6+50K)
. )=+ 2 = 79 + 6. ; [3k]
) k

Integral representations

27
: (—1){(—208.9329411780000 - 50.01999476420000 + 5.99107195153570000 +

1
0.00530763) - m) + E = 1707.79 + 13.5‘[ it

[
0 14t2

27
: (=1)((-208.9329411780000 - 50.01999476420000 + 5.99107195153570000 +

1 *1
0.00530763) - m) + E = 1707.79 +2?J V1- t dt
1]
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27
I (—=1)((—208.9329411780000 - 50.01999476420000 + 5.99107195153570000 +

“eo SN

dt

1
0.00530763) - m) + 5 = 1707.79 + 13.5‘[ :
0

(27*(-1/4*[(-208.932941178-50.0199947642+5.9910719515357+0.00530763089)-
Pi])+1/3)1/15

Input interpretation

=

((—208.932941178 - 50.0199947642 +

o

1
5.9910719515357 + 0.00530763089) - ?rj] + 5] ~(1/15)

Result
1.643814965026. ..

7'[2 .
1.643814965026..... = {(2) = == 1.644934 ... (trace of the instanton shape)

Now, from

q q q

+

+
l-¢ a-@(1-¢*) A-9(1-¢*)(1-¢%

1+

we perform the following integrations:

integrate((1+a/(1-0)+q"4/((1-0)(1-q"2))+q"9/((1-0)(1-a"2)(1-9"3))))
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Indefinite integral

" 4 9
J[1+ q + q o+ q ) 3 ]dq:
l-¢ (1-@(l-q°) Q-gl-¢°)(1-¢q’)

" |-18q* - 243 - 3647 + 41 (q* 1) - 144 > °

— |- - - +41lo +q+1)- + + -

s (18972400367 loglq g 1) - ddh g ST
2q+1

233[0g(1—qj+9[0g(q+lj+8ﬁtan'1[ a+ ]—42] constant

V3

(@ssuming a complex-valued logarithm)
tan  (X) is the inverse tangent function

logix) is the natural logarithm

The study of this function provides the following representations:

Plots of the integral (figures that can be related to the open strings)

f,a-"' Y \ (g from -2.6 to 2.1}
e f \
10| N real part
' \ imaginary part
1000 | |
C10 <5 | B 10
S ~1000 \
llf." -2‘:”:":'5 \‘-. (g from =14.1 to 13.6)
f ~3000 \
/ : \ real part
/ -4000 | imaginary part
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Alternate forms of the integral

1 6((q(3q®-2q*+q+16)-35)q% +q + 15
—[4log[q‘°‘+q+1‘1— ((q(3¢° -2¢° +q+16)-35)q° +q j—233[0g(1—
72 - (q-1)°
qJ+9[og(q+lj+8ﬁtan'l[2q+1]] “onstant

constant

e
¢ ¢ ¢ 1 > V3 tan!
—— - — - — 4+ — 4] 1) - 233 log(1 - | 1)+8v3 tan
. 3 2+?2[ oglqg”+q+1) ogil-q)+9log(g+ 1)+ an [
2g+1 3 1
_42_2q+ + constant

VE} 4(q-1) 12(g-1)°

4 3 2
1 3 1 233
_q—_q—_q—+—log[qz+q+1}—2q+ + - log(1 -
4 3 2 18 : 4(q-1) 12(q_1J2 72
. :‘log(l—r—q—{i{h] :‘log(1+l—q—{i§h] 7
q)+ —logiqg+ 1) + - - — + constant
8 63 63 12
Expanded form of the integral
4 3 20 3 1 233
_q——q——q—+—lng[qz+q+1‘j—2q+ + - log(1 -
4 3 2 18 : 4(q-1) 12(;_]'_1_]2' 72
-1(24+1
o L@ an”(T) 4
+ —log(q+ 1)+ ————— - — + constant
P g o8 3V3 12

Series expansion of the integral at g=-1

9(g+ 1)
16

1
22 (54 log(q + 1) - 83 7+ 279 - 1398 log(2)) + +0((g+ 1))

(Puiseux series)
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Series expansion of the integral at g=0

[ x 5] ¢ ¢ q°

~=l+ge =+ =4 =4 0(q")
18v3 4 3 4 @

[Taylor series)

Series expansion of the integral at g=1

1 3
+ +

12(g-1)* 4(q@-1)

1 695(q - 1
— (-6991og(1 - q) + 8 V3 m - 792 + 3log(41 472)) - %5 @G- +
216 : 144

(generalized Puiseux series)

ofiq-17)

Series expansion of the integral at gq=-(-1)"?

3 3—
[ ?"—arg{qu"—l ’
i)

o)
Y [?2[1+ v-1)
[4 (-1)*? log[—iﬁ[q+ 12fa"'—_l]]+ de’—_llog[—iﬁ(q+ 13»"'—_1]]+
4 ng[—r‘ VE) (q + 12-‘a"'—_l]] +8(-1)"° V3 log(q + £ 77 -
4V-1 V3 log(g+ " ™)+ 4i V3 log(q + " ™) -
233(-1)** log(3+i V3 ) - 466 V-1 log(3 +i V3 ) -
23310g(3+i V3 ) -4(-1)"° V3 log(3)+ 2V -1 V3 log(3) -
2i V3 log(3) + 233 (- 1)*° log(2) + 466 v -1 log(2) +
23310g(2) + 2(-1** V3 14+ 4V-1 V3 1+ 2V3 1~
6(-1" 743V -1 n-3ix+222(-1* +12V-1 - 204)+

[;‘[21;'—?3%’—_1+ 105(- 1) + 743 31V -1 v3 - 40(-1)2° ﬁ]
[q+%"—_l]]/[5[1+ﬁ3¢"—_1]3[i+ﬁj[—3:‘+ﬁ}]+D[[qwzul"—_l]z]
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We calculate the double integrate of

4 9

1+q+ d + 9

l-q¢ (1-@(1-¢*) -@(1-¢*)(1-¢°)

Input

(1 q q q
””1+ 1-q tl—qiil—qz)+ '21—m[l—qz)[l—qg}]dq]dq

Exact result

1| 18¢°
—[——q—6q4—12q3—?2q2+4qlng[qz+q+ 1)+
72 5 -
tan (22!
21og(q” + q+ 1) - 12 lll::tg|:-;]‘j‘+-;]'+ 1) - K +174q -

)
1" 9qlogiq + 1)+ 233 (1 - q) log(1 - q) + 54 logig - 1) +
q_

~1{2q+1 1(2gq+1
9log(g+ 1)+ 8V 3 gtan 1[ ]+41J3 tan [ ]
V3 v 3

tan  (X) is the inverse tangent function

logix) is the natural logarithm

The study of this function provides the following representations:

Indefinite integral

_— 4 9
jj[l+ q + q B + qz 3]:!(]:!(]':
-9 a-9(1-¢°) Q-9(1-g7)(1-¢")
1

— [36[}1:1 q- 18-:;5 - 3[)-;;4 - E-Dq3 - 35qu +20q ll::rg[.q:'l +q+1)-

360

20
leDg[qz +q+1)+870q - —1+ 45qlog(g+ 1) - 5(233q - 287)
) q-

2 1
log(l-q)+45log(g + 13+4Dﬁ(q+ ljtan'l[ j: ]]+Cz
3
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tan (X} is the inverse tangent function

logix) is the natural logarithm

Series expansion of the integral at g=-1

(555 + %}} +0((q+1?))((270 - 270(q + 1) + O((q + 1)?)) Im(q) < 0

(i +log2) - L7 + 0[(q + 1)) +

270 (i 7 + log(2) - 5 + 0((q + 1?)) +

2
) (2(~1167 + 2330 log(2)) - 3 (~135log(q + 1) + 6990 log(2) +
20V3 7 - 2718) (g + 1)+ O(g + 1)°)) )

i' i i L [y Eerv1se )
Sm:(115?:+ETDH—ZE'-DD:IDEEEJH432 (g+1) 1erwi

(54 log(q + 1) - 8V 3 x + 225 - 1398 log(2)) + O((q + 1)°)

Series expansion of the integral at g=1

2 67 log(2)

1 3
—— +| ~logig-1)+

+— +
12(g-1) |4 9y3 60 4
1
516 (4~ D(-699log(1-q) + 83 x-93+3log(41472)) + 0((q - 1)%)
[generalized Puiseux series)
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Series expansion of the integral at g=-(-1)

1/3

- +D[[q+w3.f"—_l]2] +

F_argﬁq;r]”(_mf_—l)n n(q+ ¥=T)

3vV3 3vV3

e

[—20(

* log(- V"_(q+“\"'_]] 4Dwzf"—_llog[—fﬁ[q+w3f—_1]]—

20lg(~i V3 (q+ V=1))+20 V=T V3 log(g +¢" ™) +
20i V3 log(q + ¢ ™) + 1165 (- 1)** log(3 + i V3 + 2330 V-1

log(3+iV3)+ 1155[0g[3+fﬁ}+2?[}"¢3 ~1 log(-3-iV3)+

270log(-3 - i V3 ) - 10V—-1 V3 log(3)- 10i V3 log(3) -
1165 (- 1)*? log(2) - 2600 V=1 log(2) - 1435 log(2) - 10(- 1P V3 r+
10V3 715V -1 n-15in- 1218 (- )*° — 900 v — 1 +348) +

(e

1}5"'Sﬁlog[—fﬁ(q+v"—_l]]+4u’—_lﬁ

log[—r‘ﬁ[q+w3.f'—_l]]—4fﬁlﬂg[—fﬁ[q+ﬁ3f—_l]]+
12(-1)" log(~i V'3 (g + %’—_1]] +
24"-3.""—_log[—r‘"u"_[q+ﬁ3f'—_]]+121{>g[—fﬁ[q+w3f—_1]]+
24 (-1)"%V3 log[q+f{”]3} 12Y-1v3 log[q+f””]"'3}+
12i V3 log(q + ¢ ™) + 12(-1)*° log(q + € 7°) +
24%-'"_ log[q+f”"]"'3}+12 loglq +f“’ﬂ"'3}+
466 (-1)°° V3 log(3+iV3)-233V -1 V3 log(3+iV3)+
233iV3 log(3+iV3)-699(-1)" log(3+iV3) -
1398#"_log[3+w"_} 6991log(3 +iV3) -

56\"—[{:@ +5\r'"—_\r'"_log )-6iV 3 log(3) -
5( 1)*% log(3) - 125,1’_1 log(3) - 6 log(3) -
466 (-1)*° V3 log(2) + 233V -1 V3 log(2) - 233i v 3 log(2) +
699 (- 1)** log(2) + 13?8\33"—_1 log(2) + 699 log(:a} '
312 V3 rs6V_1V3x+3V3 7-30(-
15V -1 7—15i7+302(- EGv’_—zgav’_\a’_—
zw’_+510(—1}2~3+?14u’—_+222][q+u’__]]/

[3|a3[1+~?£a’—_1]2 (i+V3)(-3i+V3))+0|[g +\3f’—_1]2]]

argiz) is the complex argument
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|x] is the floor function

Now, we perform the various integrations of :

4 o

l+q+ 9 + 9

1-q (1-q1-¢*) A-@(1-¢*)(1-¢%

Indefinite integral

: 4 9
j[l+ 1 ., 1 oo+ qz 3]-:“1=
1-¢ (1-¢(1-¢) Q-@(1-¢*)(1-4%

: 18q* - 24 ¢ - 364" + 4 log(q* 1) - 144 g+ — 6
— |- - - +4lo +q+1)- + + -
s (18972400367 loglq g 1) - ddh g ST
2q+1
233|Dg(l—q1+910g(q+lJ+B'~i3tan'l[ i+ ]_42] constant
V3

(@ssuming a complex-valued logarithm)

1/72 (-18 8"4 - 24 8"3 - 36 8"2 + 4 log(8"2 + 8 + 1) - 144 8 + 54/(8 - 1) + 6/(8 - 1)"2
- 233 log(1 - 8) + 9 log(8 + 1) + 8 sgrt(3) tan™(-1)((2 8 + 1)/sqrt(3)) - 42)

Input

1 54
?—2[—15 8'-24.8° 368 +4log(8"+8+1)-144 84 — 1+

6 f2+8+1
~ —233log(1 - 8)+9log(8+ 1)+ 8V3 tan - 42
(8-1) V3

Exact Result

17
~ 233 (log(7) +im + 9log(9) + 4 log(73) + 8 Va3 tan'l[F]]
3

1 4385802
72 49

(result in radians)

Decimal approximation
— 1248.64256650851788933573112582881830931688102477756746820831189..,

10.1665428928669697855804987264461690558047287507555507817661401...

(result in radians)
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Polar coordinates
r = 1248.7 (radius), @ = -3.1335 (angle)

1248.7

The study of this function provides the following representations:

Polar forms
[
— 5428977 +
72
4385802 2 17
-~ ——— =233 log(7) + 9log(9) + 4 log(73) + 8v3 tan | — Cos
49 Y
_R’_
. 233 7
tan +
_ % — 233 log(7) + 9 log(9) + 4 log(73) + Bﬁtan*(%]

isin|-m - tan'1

233w

- 252 233 10g(7) + 9 log(9) + 4 1og(73) + 8V 3 tﬂﬂ'l(%]

Approximate form

1 2
— 542891 +
72

4385802 o 17
~ ———— - 2331log(7) + 9log(9) + 4log(73) + 8 V3 tan | —
49 Va3
expli|-m - tan~'
233 7
- 52 _ 2331og(7) + 9log(9) + 4 log(73) + Bﬁtan‘l(%]
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Alternate forms

1
——|-4385802- 11417 ix - 11417 log(7) +
3528

17
441 log(9) + 1961og(73) + 302+ 3 tan'l[—]]
VEY

~4385802 - 11417 log(7) + 441 log(9) + 196 log(73) + sgzﬁtan‘l[%]

3528
233im

72

1
= i|11417 7+ i |882log(3) -~ 11417 log(7) +
— [as21og )

17
2(98log(73) - 2192901) + zgzﬁtan'l[—]]]
VE)

-1 17
730967 log(3) 233 log(73) @0 (ﬁ]
- - - (log(7) + im) + +
588 4 72 18 3v3

Expanded form

730967 233im  233log(7) log(9) log(73)
- - - + + +
588 72 72 8 18 313
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Alternative representations

1 4 3 2 2 >4 )
—|-18 8 -24 8 -36 8 +4log(8”+8+1)-144 B+ + -
72 ' B-1 (8-1)°

2.8+1
233 log(1 - 8) + 9 log(8 + 1J+Bﬁtan‘1[ ]-42]:
'E)

1 .. 54
= ~1194 - 233 log(-7) + 91log(9 + 4 log(9 + 87 + -

6 17
36 8°-24 8 -18 8'+ — +8tan |1, —|V3
7 VE)

1 4 3 2 2 >4 6
—|-18 8" -24 8 -36 8" +4log(8°+8+1)-144 B+ + -
72 : 8-1 (8-1)°

2.8+1
233 log(1 - 8) + 9 log(8 + 1;+8ﬁtan‘1[ ]-42]:
3

1 .. 54 )
— ~1194 - 233 log(-7) + 910g(9) + 4 log(9 + 8 }|+?—35 8° —

24.8°-18 8+ — +4illogl1- —|-log|l1+ —||V3
7 V3 V3

54 6
+ -
8-1 (8-1)7

1
E[—IB 8'-24 8°-36 8 +4log(8°+8+1)-144 8+

2841
2331log(1 - 8) + 9 log(8 + 1;+Bﬁtan‘1[ ]-42]:
'E)

1
- [— 1194 - 233 log(a) log, (- 7) + 9log(a) log,(9) + 4 log(a) log, (9 + Bz_] +

7 V3

54 6 17
?—35 8 -24 8 -18 8‘*+—+8tan‘1[—]ﬁ]
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Series representations

1 54 6
—|-18 8*-24 8°-36 8" +4log(8”+8+1)-144 8+ + -
' 8-1 (8-1)°
2:8+1
2331log(1 - 8) + 9log(8+ 1)+ 8V 3 tan'l[ ]—42] =
V3
an}(1Z)
730967 233im Vi) 233log6) log(8)
- - + - + +
588 72 3v3 72 8
I “1-k 14k ky ik
log(72) Z 72715 (4+ 91 233 12%)e
—_— + —
18 A k
—|-18 8 -24 8 -36 8 +4log(8”+8+1)-144 B+ +
72 : 8-1 (8-1)2

2 8+1
2331og(1 - 8) + 9log(8 + 1J+8ﬁtan'1[ ]-42]:
3
730967 233ix tan'lizﬂj 233log(6) logi8) log(72)
- - + - + + +
588 72 3v3 72 8 18

] 2373 [—lj_1+k 2—3—5: 3—2.—5: (= 1J—1+F: 8—1—5:

Z k * k ’

k=1
. - kg “ky( 17 k
(- 1)1+ 9-1-3k g1k . i(=(=i-29)™ + (i - 2p) }[ﬁ? - zﬂ.]
k 6v3 k
for (izg e Ror(inot1<izp<oe)andnot—se<sizgs-1)))

91



1 4
—[—18 8°-24 8 -36 8" +4log(8°+8+1)-144 8+ +

2.8+1
233 log(1 - 8) + 9log(8 + 1J+aﬁtan‘1[ ]-42]:

v 3
730967 233ir tan (zp) 233log(6) log(8) log(72)
- - + - + + +
588 72 33 72 8 18

114k 114k 5 1-3E

9
Z k ! k k y

k=1

i(~(—i - 20) ™ + (i - 20)*) (£ - z.]]"

V3
6vV3 k

for (izgp e R or ((not 15§ zp<ee) and (not —ee< i zps-1)))

Integral representations

1 4 3 2 2 >4 6
—|-18 8 -24 8 -36 8 +4log(8”+8+1)-144 B+ + -
72 : 8-1 (8-1)2
2:8+1
233 log(1 - 8) + 9 log(8 + 1J+Bﬁtan‘1[ ~42|=
V3
730967 233ix 17 1 1 " 233log(7) log(9) log(73)
- - + — —— dt - + +
588 72 3 Jo 34280¢2° 72 8 18
—|-18 8'-24 8 -36 8 +4log(8"+8+1)-144 B+ + -
: 8-1 (8-1)°

2.8+1
233 log(1 - 8) + 9 log(8 + 1J+aﬁtan‘1[ ]-42]:
'E)

730967 233im j-rs 1 17 12 5295+ 672t "
- = + — = — ¢
588 72 1 216 3+zaw-1+nz t BB+ 19t 4+ t2
5184
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1
5[-18 8'-24 8°-36 8" +4log(8”+8+1)-144 84—+

2 8+1
2331log(1-8)+ 9log(8+ 1)+ 8V 3 tan 42| =
v 3
1 RO |
— —43858D2—-1141?in=bIQQQEL[ —dt +
3528 0 34 289¢2

voory £27030 971 (44910 2233 127) (-5 T(1 + 5)
3528] - '

—f{v\'|+}r J'rl_[l - SJ
0 ] ] 0

We perform the double integrate of

4 o

1+q+ q + 9

l1-q (1-q1-¢*) a-@(1-¢*)(1-¢%

4 9

(r q q q
JU[“ 1-q tl—qitl—q"‘)+ 'il—m[l—qz)[l—qg}]dq]dq

we obtain:

1| 18¢°
—[——q—6q4—12q3—?2q2+4qlng[qz+q+ 1)+

72 3
tan (2L
21og(q” + q+ 1) - 12 lll::tg|:-;]‘j‘+-;]'+ 1) - K +174q -
P NG

6
1" 9qlogiq + 1)+ 233 (1 - q) log(1 - q) + 54 log(q - 1) +
q_

~1{2q+1 1(2gq+1
olog(q+ 1)+ 8v3 gtan 1[ ]+4ﬁtan [ ]
V3 V3

After the following calculations, considering g =8 :
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(-(18 875)/5 - 6 8”4 - 12 8"3 - 72 8"2 + 48 log(8"2 + 8 + 1) + 2 log(8"2 + 8 + 1) - 12
(1/2 10g(8™2 + 8 + 1) - (tan(-1)((2 8 + 1)/sqrt(3)))/sqrt(3)) + 174 8

Input
1, 5 4 3 2 f ol
—ELlB 8)-6+8 -12+8 -72:8 +4-8log(8” +8+1)+

tan_l[z E+1)

o et ) 05

0g|8” +8+1)=12| —log(8" +8+1)- +174 -8
2 V3

Exact Result

-1 A7
759504 log(73) @0 [ﬁ)
- + 34 log(73) - 12 -

5 vE)

(result in radians)

Decimal approximation
~151770.4877944167936094179133936978823826277901579682525797686088

(result in radians)

-6/(8-1)+98log(8+1)+233(1-8)log(1-8)+541log(8-1)+91log(8+1)+8
sqrt(3) 8 tan™(-1)((2 8 + 1)/sqrt(3)) + 4 sqrt(3) tan”(-1)((2 8 + 1)/sqrt(3)))

Input

6
5oy F98log8+ 1)+ 233(1- 8)log(1-8) + 54log(8 - 1) +

]+4ﬁtan'1[2 84 l]

E]

2:8+1

9log(8+1)+8YV3 Etan'l[
3

logix) is the natural logarithm

tan (x)is the inverse tangent function

94



Exact Result

6 4 17
~— + 54 log(7) - 1631 (log(7) + i m) + 81 log(9) + 68 V3 tan ! ——
7 V3

(result in radians)

Decimal approximation
~ 2718.53345622526370684034019989033489505074133065962688457619840. .

5123.937618004952771932571356812886920412558329038079759401013463... i

(result in radians)

Polar coordinates
r = 5800.4 , f=-2.0586

Thence, in conclusion, we obtain:

1/72(-759504/5 - 12 (-(tan”™(-1)(17/sqrt(3)))/sqrt(3) + log(73)/2) + 34 log(73)-6/7 +
68 sqrt(3) tan™(-1)(17/sqrt(3)) + 54 log(7) - 1631 (i m + log(7)) + 81 log(9))

Input

+34log(73) - - +

et

~1f 17
1| 759504 tan (ﬁ] log(73)
— |- ~12]- +
72 5 NEY

17
683 tan'l[F]+ 54 log(7) — 1631 (i w + log(7)) + 81 log(;u]
3
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Exact Result

1 5316558
?—2 - T + 54 log(7) ~ 1631 (log(7) + i m) + 81 log(9) +

17 log(73) tan”( )
34 log(73) + 68V 3 tan‘l[—]— 12 - 3
V3 2 V3

(result in radians)

Decimal approximation
—~ 2145.68085070336190717025352213316968441220182623094277033812232. ..

71.16580025006878684990634910851231833906331012552888554723629809... i

(result in radians)

Polar coordinates
r=2146.9 (radius), @=-3.1084 (ancle)

2146.9

The study of this function provides the following representations:
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Polar forms

1 2
— [|2660161x" +
72

[ 5316558 17

~ 1577 log(7) + 81 log(9) + 28 log(73) + 72V 3 tan'l[F]]z]
3

1 5316558
cos|—-m—tan |(1631 ;rrj/ - T = 1577 log(7) + 81 log(9) + 24 log(73) +

-1{ 17
17 log(73) @0 (T]
E-Bﬁtan'l[—]—lz B J— L +
VEY 2 VEY
, 1 5316558
isin| -7 —tan (1531;rrj/ —T—IE??log(?HBl log(9) + 34 log(

=14y 17
17 log(73) 0 (T]
73) + 68+ 3 tan_l[—]—lz g73) V3

V3 2 V3

Approximate form

1 2
2660161 7" +
72

[ 5316558 17

- 1577 log(7) + 81 log(9) + 28 log(73) + 72V 3 tan'l[F]]z]
3

5316558

- - 1577 log(7) + 81 log(9) +

exp|i |-m—tan ™’ (1531;:;/ -

log(73) tﬂ“_l[ %]

2 V3

17
34 log(73) + 68 V3 tan'l[—] -12
'E)

Alternate forms

1
——|=5316558 = 570857 - 55195 log(7) +
2520

17
283510g(9) + 980 log(73) + 2520V 3 tan'l[F]]
3
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~5316558 — 55195 log(7) + 2835 log(9) + 980 log(73) + 2520 v/ 3 tan'l[%]

2520
1631im

72

- i|57085v3 7+
252Dﬁ[

i [ﬁ (56701og(3) - 55195 log(7) + 2(490log(73) — 2658279)) +

f 17
7560 tan [ﬁ]]]

886093 9log(3 3 log(7 1631
- + &l J+ 4 J— - (log(7) +im) +

420 4 4
117 a7
1?log(?33+1?ta“ (ﬁ]Jrl tan (=) log(73)
36 6V3 61 W3 2

Expanded form

886093 1631ixm 1577log(7) 9log(9) 7log(73)
- - - + +
420 72 72 8 18

+v3 tan'l[i]

YE)

Alternative representations

tan”'( = |
1 759504 VI log(73) B
— |- -12]- + +34log(73) - -+
72 5 ﬁ 7
af 17 .
68V 3 tan | — |+ 54 log(7) - 1631 (i 7 + log(7)) + 81 log(9) | =
')
1 759504
E 54 log(7) = 1631 (i m + log(7)) + 81 log(9) + 34 log(73) - - -

tan'l[l, 17

17
i +68tan'1[1, —]ﬁ
V3

3

B log(73
° 1 73] B
2 VE)
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tan [
1 750504 log(73
[_ 9 _12[_ (ﬁ]+ 0g(73)

B
— ]+ 34 log(73) - - +
72 5 V3 7

17
68V 3 tan'l[F] + 54 log(7) = 1621 (i m + log(7)) + 81 log(f;l']] =
3

1
E [54 log(a) log,(7) = 1631 (i 7 + log(a) log,(7)) +

759504 E

81log(a) log,(9) + 34 log(a) log,(73) -

5 7
tan~ (&
1 V3 o 17
12| - log(a) log,(73) - ———— | + 68tan [—]ﬁ
[2 ’ V3 VE)

-1{ 17
tan
1 759504 y log(73
[_ 9 _12[_ [ 3]+ 0g(73)

§]
— ]+ 34 log(73) - -+
72 5 V3 7

17
68V 3 tan'l[F] + 54 log(7) - 1631 (i & + log(7)) + 81 log(‘;r]] =
3

1
E [54 log(a) log,(7) - 1621 (i 7 + logia) log, (7)) +

759504 6
81 log(a) log,(9) + 34 log(a) log,(73) - - ; -
=1 17
tan |1, —
1 ; 17
12| - log(a) log,,(73) - ﬂ + 5Btan‘1[1, —]"u' 3
2 V3 V3
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Series representations

tan [
1| 759504 (ﬁ log(73)
— | = =12(- + + 34 log(73) - =
72 5 NEY 2
o 17 .
68V 3 tan | — |+ 54 log(7) - 1631 (i 7 + log(7)) + 81 log(9) | =
3
886093 1631 17 | 1577log(6) 9log(8
- - ”r+"s;"?ta[1'1 - gH+ & ]+
420 72 NEY 72 8
7log(72) & 72717F(28+ 9 — 1577 12%) K7
i -
18 & k
~1f 17
1| 759504 tan (ﬁ log(73)
— |- -12]- + + 34 log(73) - =
72 5 V3 2
17
53ﬁtan‘1[—]+ 54 log(7) - 1631 (i 7 + log(7)) + 81 log(9) | =
3
886003 1631 1577 log(6)  9log(8
- - il +ﬁtan'1[zﬂj— 8(0) + & }+
420 72 72 8
7log(72) | 1577(-1) Rk gk
02 | 5| 177D .
18 “ k
9(—1) kg lk gLk g13k  golk
+ +
k k
. —ky 17 k
w'_[ (=i = 2p)~ +(r—zﬂjk)[ﬁ—zu]
2k
for (izgp g Roriinotlsizg<o) andinot—esizgs-1)))
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-1f 17
1| 759504 tan [rg ) log(73) 6
— |- -12|- + 2 +34lﬂg(?3]—;+

72 5 V3

17
B8 ﬁ tan'l[—

3
886093 1631 1577 log(6 9 log(8
- iH+\|'I'_tEl[1_1 ull ]l+ g( ]+

- Zo) =
420 72 (Z0) 72 8

1414k L\+k 5 1-3k
7 log(72) +i 9(-5)" X ?(—9] 2 1577 (-1) K 273k g2k
18 &k k k

i V3 (—(—i-z2p)" +(r‘—zuj‘k][%—zu]k

]+ 54 log(7) = 1631 (i m + log(7)) + 81 log(9) | =

+

2k

for(izpgRor((notlsizp=o)and(not-w=izg=s-1))

Integral representations

-1 17
1| 759504 tan”( 3] log(73) 6
— |- ~12]- + +34log(73) - - +
72 5 NE 2 7
o 17
68v 3 tan | — |+ 54 log(7) = 1631 (i m + log(7)) + 81 log(9) | =
3
886093 1631ix j-?s 1 51 28 81 1577 |
-_ - + —_— — — —
420 72 1 72|g, 80c1a? b 8+t 114t
5184
-1/ 1
1| 759504 tan- r] , log(73)
— |- ~12]- + 34 1og(73) - =
72 5 V3 2
68 3 tan [ ]+ 54 log(7) — 1631 (i w + log(7)) + 81 log(9) | =
886093 1631ix _I 4y 157700g(7)  9log(9)  7log(73)
- —_— + +
420 72 0 3+280¢2 72 8 18
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ta“_l(%] log(73)

1| 759504 6
— |- -12(- + +34log(73) - = +
72 5 NEY 2 7
f 17
683 tan | — |+ 54 log(7) - 1631 (i w + log(7)) + 81 log(9) | =
V3
1 1
—— |-5316558 - 57085 1 + 12852[}‘[ ———— dt + 2520
2520 0 3+289t2
ooty 127473597179 (28 4 925 1577 127 T(-5)* T(1 + 5)
- - id5s
J—fnﬂ}r mI(l-5s)

[(x)is the gamma function

Continued fraction representations

ta“_l(%] )

12
72 5 NE)

6
+ 34 logi(73) - = +

17
683 tan'l[F] + 54 log(7) — 1631 (i w + log(7)) + 81 log(9) | =

3
886093 1631im 1577log(7) 9log(9) 7log(73) 17
- - - + + + =
420 72 72 8 18 o 289K
1+kI=(1 142Kk
886093 1631im 1577log(7) 9log(9)
- - - + +
420 72 72 8
7 log(73) 17
+
18 14 289
3 |24 1156
867
3 5+?+ 4624
3(9+...)
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-1f 17
tan”!( 3 ) log(73) 6
-12]- + 2 + 34 log(73) - ; +

72 5 V3

17
68V 3 tan'l[F] + 54 log(7) - 1631 (i x + log(7)) + 81 log(9) | =
3

[3 (—~6649358 - 5708517 - 55195 log(7) + 2835 log(9) + 980 log(73)) +

(-=5273718 - 57085 - 55195 log(7) + 2835 log(9) + 980 log(73))

o 2 (14 (- 4 k) o E(14+ (-1 4 k)2
K = /2520 3+ K - =

=1 3+2k k=1 3+2k

3(-6649358 - 570857 - 55195 log(7) + 2835 log(9) + 980 log(73)) +

(=5273718 - 57085 - 55195 log(7) + 2835 log(9) + 980 log(73))

867 / 867
2520(3+
4 1156 54 1156
F225 7225
3|7+ 3|7+
[ 3[9+ 4624 ]] [ 3[9+ 4624 ]]
3(11+...) 3(11+...)

103




-1{ 17
1 | 759504 tan (ﬁ] log(73)

B
— -12]- + +34log(73) - - +
72 5 NE] 2 7
f 17 ,
683 tan” | — |+ 54 log(7) - 1631 (i x + log(7)) + 81 log(9) | =
V3
886093 1631im 1577log(7) 9log(9) 7log(73)
- - - + + +
420 72 72 8 18
17 886093 1631imx  1577log(7) 9log(9)
= - - - + +
oo 289 11 9k 420 72 72 8

_r =
1+ K —
k=1 —E{—T3+143k]

710g(73) | 17
18 14 289
3|23+ YN s
5| 1424 14161
NPT

ko
K ag /by is a continued fraction
=Ky

In conclusion, we perform the triple integral of

4 o

1+q+ g + 1

l-q (-g@1-¢*) a-g@1-¢*)(1-¢%

Input

4

(rf r q q q
JUU[“ 1-q 1-q(1-¢% ! 'il—tﬂ[l—qzhil—qgh]dq]dq]dq
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Exact result

360
45
~3¢°-6¢"-15q¢" - 120¢° + 705¢" + ;qz log(q + 1) + 10q” log(q” + q + 1) -

2 > 2
20qlog(q” +q+1) - 2[233-:] ~ 466 q + 353) log(1 - q) -

201og(q” + q + 1) - 855q + 270q log(q — 1) + 45 q log(q + 1) +

45 129 +1
— log(q + 13+20ﬁ(q+23qtan [ ]]
2 VEY

The study of this function provides the following representations:

Indefinite integral

q* q’

oo ]
1+ + + dgqdqdqg =
jj” 1-¢ (1-q(1-4¢? il—m[l—qz_‘lil—qg_‘l]
1

— [30(12.:1 +47)q% + 720, q + 720¢3 - 6q° - 12q° - 30q" -

24Dq3 +20(q-2)q log[qz+ qg+1)- 4Dng[qz +q+1)-
17109 = 5(233q - 574)qlogil - q) +45(q + 2)q log(g + 1) -

2 1
1765 log(1 - q) + 45 logiq + 13+4Dﬁ(q+2than'l[ j,: ]]
3

tan (X} is the inverse tangent function

logix) is the natural logarithm

Series expansion of the integral at g=0

1
— Im(q) < 0

([(6D+ %)q + (9D+ %]qz +390q° +210q* + 147" + D[qﬁj] +
(5409 +0(¢")) (i —q - R
2

&
+
]
-

[=}]
—
—

1 , T 5
E[EH (2v3 +81 fj.rrjq+(3“? - E)q +
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Series expansion of the integral at g=1

o0 (-1501log(1 - q) + 135log(q — 1) + 10 /3 x - 147 — 15log(3) + 45 log(2)) +
2 11 log(2)
+ — +

V3 30 4

3
(q-1) ;log(q—lu +
1
sea 9 1)* (~1398log(1 — q) + 16 V3 7+ 513 + 24 log(3) + 54 log(2)) -
695

—(g-17+0(g-1*
EFME-:I > +0((g-1)7)

:;IEI'IEI'E'IEEC' Puiseux series)

106



Series expansion of the integral at gq=-(-1)"?

%—arg[q+{’—1]“_{’—1 [—2+$.|'"—_1]:r

27 6V3 '
[ l+\|"'_] [q+\f"_] [q+\3f"—_1]2 3
3\.!"_ E-ﬁ +D[[q+"v"—_1]4] +

[?;—D[ZD(—I]E‘"S log[—fﬁ[q+\3f"—_1]]+4[}\3;"'—_llﬂg[—fﬁ[q+ﬂz#"—_l]]—
40 l{}g[—r‘ V3 [q + \33"—_1]] ~40(-1)"° V3 log(q + ") -
20 V=1 V3 log(q + ") - 1165 (-1)% log(3 + i V3 ) - 2330 V -1
lﬂg[SHﬁ]—l?ﬁElﬂg[SHr} 540 V-1 log(- —r\-"'_]
1)*° V3 log(3) + 10V -1 V3 log(3) + 1165 (- 1)°" log(2) +
2B?Du’_log(2 )+ 176510g(2) + 10 (-1)¥° V3 7-20V -1 V3 7+
30(-1)"° 7+ 15V -1 71— 15i7+ 1398 (-1 ]2*3+1?4Dv"—_—245]
((20(-1)*° V3 log[- 'v’_[q+x3f’_]]+znw’_log[ 'v’_[q+w3f’_]]
5D“u'"_lﬂg[ w"_[q+v"_]] EDlog[ w"_[qwu"'_]]
60(-1)"° V3 log(q+ " ™) + 603 log(q + " ™7) -
60V -1 log(q + " ™7) + 60 log(q + " ™) -
1165 (-1)"° V'3 log(3+iV3) - 1165i V3 log(3 +iV3 ) +
3495y —1 log(3+iV3)+3495log(3 +iV3)-
270iV 3 log(-3-iV3)+810log(-3-iV3)+
30(-1)"® V3 log(3) - 30i V3 log(3) + 30v —1 log(3) -
301log(3) + 1165 (- 1" V3 log(2) + 1435iV 3 log(2) -
3495V —1 log(2) - 4305 log(2) - 15V -1 V3 7+
15V3 7+ 75(- 1) n—75ixr-60(-1)"° V3 +
1325’—_1ﬁ+35w’_—444|:—1:|“—233m’—_1—1315]
[q+*5;"—_1]]/[18D[f+ﬁ}[—3r‘+ﬁ}}+
[[—12fﬁlﬂg[dﬁ[q+ﬂzf—_l]]+12[0g[—fﬁ[q+~3d’—_l]]+
12i V3 log(q + ¢ ™) + 36 log(q + £ ) + 699 V3
log(3 +i V'3 ) -6991log(3+iV3)-6iV3 log3) - 18log(3) -
699V 3 log(2) + 69910g(2) - 3V 3 m-27ix+202(-1)"° V3 +
255’—_1ﬁ+155fv’_—242(—12~3+35v’—_+588]
[q+“3u'"—_1]2]/[18[r‘+ﬁ}z[—3f+ﬁ}2]+
[4[-102+5245’—_—23?(-1)2*"3-4aw’_—24?5’—_1ﬁ+
124(—1}5-"6v’_][q+5’_3]/
[2?[f+ﬁ} (- 3r+\f_}3]+o[[q+\f_] ]]
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argiz) is the complex argument

From the above result

360
45
~3¢°-6q"-15¢" -120¢” + 705¢* + qu log(q + 1) + 10q> log(q” + q + 1) -

>
20qlog(q” +q+ 1) - 5(233 q” - 466q + 353) log(1 - q) -
20 log[qz +q+1)-855q+270qlog(q - 1)+ 45qlog(q + 1) +

45 1(2g+1
—log(g + 1) + EDﬁ(q+ 2) g tan [ ]]
2 V3

for g =8, we perform the following calculations:

(-3 876 - 6 875 - 15 874 - 120 83 + 705 872 + 45/2 8”2 log(8 + 1) + 10 8”2 log(8"2
+8+1)-208log(8"2 + 8 + 1)

~3x8° - 68" - 158" - 1208% + 705 8" +
45
5 8% log(8 + 1) + 10 8” log(8” + 8+ 1) - 20 - 8log(8” + 8 + 1)

logix) is the natural logarithm

Exact result
~ 1060800 + 1440 log(9) + 480 log(73)

Decimal approximation

~1.0555765760768846163468174814660926255365800458279321146999. ., x
10°
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- 5/2 (233 8”2 - 466 8 + 353) log(1 - 8) - 20 log(8"2 + 8 + 1) - 855 8 + 270 8 log(8 -
1) +458log(8 + 1) + 45/2 log(8 + 1) + 20 sqrt(3) (8 + 2) 8 tan™(-1)((2 8 +
1)/sqrt(3)))

5
-3 (233 8% - 466 - 8 + 353) log(1 - 8) -

20 log(8” + 8 + 1) - 855 » 8 + 270 « 8log(8 — 1) + 45 8log(8 + 1) +
28+ 1]

V3

45
S log®+ 1)+ 20V3 (8 +2) atan‘ll

log(x) is the natural logarithm

tan (X} is the inverse tangent function

Exact Result

57685
~ 6840 + 2160 log(7) -
765 log(9)

(log(7) + im) +
17
- 2010g(73) + 1600y 3 tan ' | —
V3

(result in radians)

From the previous partial results, we obtain in conclusion:

360

45
—Ba;]"s - 5q5 - 15q4 = lEIIZI'q3 + ?Dqu - qu log(g+ 1) + quz ll:}g[q2 +q+1)-

5
20qlog(q” +q + 1) - 5[233 q° - 466 q + 353) log(1 - q) -
20 log(qz +q+ lj - B855q+ 270qlog(g-1)+45qlog(q + 1) +

45 2 1
Elog[q+ lJ+ZDﬁ(q+23qtan'1[ qt ]]
3

1/360 (-1060800 + 1440 log(9) + 480 log(73)-6840 + 2160 log(7) - 57685/2 (log(7) +
im) + (765 log(9))/2 - 20 log(73) + 1600 sqrt(3) tan™(-1)(17/sqrt(3)))

Input

1
ﬁ} ~1060800 + 1440 log(9) + 4801og(73) - 6840 + 2160 log(7) -

57685 1 (17
(log(7) + i m) + = (765 10g(9)) — 20 log(73) + 1600 V'3 tan ‘| —
2 2 'E)

logix) is the natural logarithm
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tan (X} is the inverse tangent function
i is the imaginary unit

Exact Result

5
~1067640 + 21601og(7) - (log(7) +im) +

360

3645 log(9) 17

+ 460 1log(73) + lﬁﬂﬂﬁtan'l[—]]
V3

(result in radians)

Decimal approximation
~ 3081.97766090173417203320142304550815890342921931951688954082242. .,

251.698294753232254112107754950664060937380162226323582337416220... i

(result in radians)
Polar coordinates
r = 3092.2 (radius), €= -=3.0601 (angle)

3092.2

The study of this function provides the following representations:

Polar forms

1
m \/[133 102359?!’2 + [—42?[}56 - 10673 log(7) +

17
729 log(9) + 184 log(73) + Mﬂﬁtan'l[—]]l]
VEY

53365log(7) 3645 log(9
[cas[—:r—tan'l[ES?’ﬁBEHJ/[Z[—1[)5?54[}— g': ) . g': ) &

460 log(73) + 1600 V'3 tan” [ ]]]]]

. 1 53355[
isin|—m—tan (5?585:rj/ 2|=-1067640 -« ——

36451 17
iﬁ” + 460 log(73) + 1600 ﬁtan'l[—]]]]]]
2 V3
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Approximate form

1
E \/[133 102369 7° + [—42?[)55 - 10673 log(7) +

17
729 log(9) + 184 log(73) + Mnﬁtan‘l[—]]z]
VEY

_1 53 365 log(7)
expli|-m - tan (5?585m/ 21-1067640 - ———— +

36451 17
iﬁj + 460 log(73) + 1600 V3 tan [—]]]]]]
2 V3

Alternate forms

1
E [— 427056 - 11537im - 10673 log(7) +

17
729 1og(9) + 184 log(73) + Mnﬁtan‘l[—]]
Vel

= (427056 - 10673 log(7) + 72910g(9) + 164 log(73) + 640 V'3 tan”}| —
— | = - 0 + O + o + dan — |-
" 8(7) 2(9) §(73) Ve
11537inm
144

1
- E i [11 S37m+i [1458 log(3) - 10673 log(7) +

17
8(23 log(73) — 53382) + 640V 3 tan‘l[—]]]
V3
-1( 17
8897  81log(3) 11537 23 log(73) 40 tan (f?]
- + + 6log(7) - (log(7) +im) + +
’ ; 144 18 3V3
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Expanded form

1z
8897 11537im 10673log(7) 8llog(9) 23log(7) +0tan (75)
- - - + + +

3 144 144 16 18 3v3

Alternative representations

1
ﬁ [— 1060800 + 1440 log(9) + 480 log(73) - 6840 + 2160 log(7) -

57 685 765 log(9 17
(log(7) +im) + 7057080) _ 20 log(73) + 1annﬁtan'1[—]] —
2 V3

1 57 685
ﬁ ~1067 640+ 21601log(7) - (im+log(7)) +

3645 log(9 17
36451059 +4601og(73) + lﬁDDtan'l[l, F]ﬁ]

3

1
ﬁ [— 1060800 + 1440 log(9) + 480 log(73) — 6840 + 2160 log(7) -

57 685 765 log(9 17
(log(7) + i m) + TEH ~ 20 log(73) + 1ﬁnnﬁtan'1[—]] =

V3

3645 log(9)
— 4+

1 57 685
— |-1067640+ 2160log(7) - (i m+log(7)) +

360
17§ 171§
460 log(73) + 80O i [log[l - —] - lﬂg[l + —]] ﬁ]
V3 E)

1
ﬁ [— 1060800 + 1440 log(9) + 480 log(73) — 6840 + 2160 log(7) -

57 685 765 log(9 17
(log(7) + i m) + 75 1080) _ 5 log(73) + 1ﬁnnﬁtan‘1[—]] -
2 VEY

1 57685
ﬁ [— 1067 640+ 2160 log(a) log, (7) - (i m+ log(a) log, (7)) +

3645 af 17
— log(a) log,(9) + 460 log(a) log,(73) + 1600tan | — V3
2 VEY
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Series representations

1
ﬁ =1060800 + 1440 log(9) + 480 log(73) — 6840 + 2160 log(7) -

57 665 765 lo 17
(log(7) +im) + 7957080) o5 log(73) + 1500ﬁtan‘1[—]] -
2 V3
40tan”'( =)
8897 11537ix V3! 106731og(6) 81log(8)
- - - + +

+
3 144 3v3 144 16
23log(72) & 273K (210673 (—4)f + 184 (- 1) 4 (- 1)F 35
E—

18 k=1 k

1
ﬁ ~1060800 + 14401og(9) + 480 1og(73) — 6840 + 2160log(7) -

57685 765 log(9 17
(log(7) + im) + 705080) o, log(73) + 1ﬁnnﬁtan‘1[—]] -
2 V3
8897 11537im 40tan '(zp) 10673log(6) 81log(8)
- - + - + +
3 144 3v3 144 16
2310g(72) i 81 (1) 1+ g4-3K
— + —
18 & k
10673 (- lj_1+k 2—4—5: 3—2.—5: 23 I:—lj_1+k 2—1—35( 9—1—.5{
+ +
k k
. - kg “ky (17 k
200 (—(—i— 2g) ™" + (i - Zg) j[h@ —z.].]
3V3 k
or (izp & R or ((not 12§ zg < =) and (not <fzg=-1)))

113



1
ﬁ [— 1060800 + 1440 log(9) + 480 log(73) - 6840 + 2160 log(7) -

57685 765 log(9 17
(log(7) + i m) + 705°080) log(73) + 1600 V'3 tan'l[—]] _
2 V3
8807 11537in 40tan '(zp) 10673log(6) 81log8) 23log(72)
- - + - + + +
3 144 33 144 16 18

114k 5 1-3k
5 + — :
P k k k

204 (~ (i - 20) ™ + (i - 29)*) £ - z.]]IC

V3
3v3 k

or (fzp ¢ R or (inot 1§ zp < =) and (not <fizZps-1)))

Integral representations

1
ﬁ ~1060800 + 1440 log(9) + 480 log(73) — 6840 + 2160 log(7) -

57685 765 log(9 17
(log(7) + i m) + 705 1080) _ o log(73) + 1ﬁnnﬁtan‘1[—]] -
2 V3
8897 11537im 680 1 1 10673 log(7)
- - + j dt = —————— +
3 144 3 Jo 3+289¢2 144
8llog(®) 23log(73)
+
16 18
1
- [— 1060800 + 1440 log(9) + 480 log(73) — 6840 + 2160 log(7) —
57 685 765 log(9 17
(log(7) + i m) + 7951080) o5 log(73) + 1ﬁnnﬁtan‘1[—]] -
2 V3
8897 11537ix j-rs 1 680 276 2187 32019 |
3 144 1 216|,, BocLn? |t 2(8+t) 2242t
5184
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1
E [— 1060800 + 1440 log(9) + 480 log(73) - 6840 + 2160 log(7) -

57 685 765 log(9 17
(log(7) + i m) + Tgu ~ 20 log(73) + 1ﬁnnﬁtan'1[—]] -

V3

1 "1 1
— | -427056 - 11537 im + 32540] —dt +
144 0 3+289¢2

ety £277735 97190184 4 93 210673 12°) T(—-5)" T(1 + 5)
144 - :
AT(1-5)

= caty

["(x)is the gamma function

From the sum of the three obtained results
3092.2 + 1248.7 + 2146.9 =6487.8

after some calculations, we obtained:

(6487.8)"32 * (((15 e*2)/n"5))
where

15 &2

= (0.36218523314
T

Input interpretation
15 &>

JTE

6487.8°2

Result
3.51600... x 1012

0.351600...¥10"% = Aq

The observed value of p, or A today is precisely the classical dual of its quantum
precursor values po , Ag In the quantum very early precursor vacuum Ugq as

determined by our dual equations
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The study of this function provides the following representations:

Alternative representations

6487.8%2(15¢%)  6487.8% (15 exp’(z))
- = - ] |

n 7

6487.8% (15¢%) 15 6487.8% ¢?

i (180 °)°

6487.8%(15¢%)  6487.8% (15 exp’(z))
7 - (1805

Series representations

120 [ L1142
6487.6% (15¢%)  142203x10 [zkzﬂa]

JTE ( ] {_l'k]5
k=0 1+2k
6487.8%2 (15 ¢2) 1.42203 % 10"
a0 _(Zm {_l-k]ﬁ( o =1F )2
k=0 1+2k k=0 k!

242
6487.8% (15 ¢) 142208 x 10120 y0 , (SLEE )

=k
" (2 s
k=0 142K
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Integral representations

6487.8% (15¢%)  4.55051x 10'%! ¢2

7 (f= 5 at)’

14t

6487.8% (15¢%)  1.42203x 10" ¢*

n (Jﬂlm dt]ﬁ

6487.8% (15¢%)  4.55051x 10! ¢?

& (

per SIOLE] a
b a:.ft_]

We obtain also:
sqrt((Pi(6487.8)))*12+16

Input interpretation
V< 6487.8 <12+ 16

Result
1729.19...

1729.19.....

This result is very near to the mass of candidate glueball fy,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8* * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)
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Series representations

|

ol S TS

V76487.8 12416 =16+12V -1 + 6487.8 7 Z(— 1+ 6487.8m) " [
k=0

@ (~1F (~1+6487.8m) 7 (-
Vr6487.8 12+ 16 = 16+ 12V ~ 1+ 6487.87 ) | ”

k=0

e

1
2

o (~1f (-2
V76487.8 12+ 16 = 16+ 12#302 2

k=0

), (6487.8 1 — 25)* 25"
k!

(1/27(sqrt((Pi(6487.8)))*12+16))"2-5-0

Input interpretation

1 2
[— (Vi 6487.8 <12+ 15]] ~5-®
27
i is the golden ratio conjugate

Result
4096.01. ..

4096.01....~ 4096 = 64°

(sqrt((Pi(6487.8)))*12+16)*1/15

Input interpretation

1{/ Vo H487.8 © 12+ 16

Result
1.64383. ..
_ T

2
1.64383...~{(2) = — = 1.644934 ... (trace of the instanton shape)
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