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Abstract. The Laplace limit is the maximum value of the eccentricity for which a solution to
Kepler’s equation, in terms of a power series in the eccentricity , converges. It is
approximately A = 0.66274341 ...

Introduction
Given real numbers M and ¢, || < 1, the accurate solution of Kepler’s equation:
M=E—¢sinE
is critical in celestial mechanics.

If M is not a multiple of  , then Kepler’s equation has a unique solution , here given as a
power series in € ( via the inversion method of Lagrange ):

E=M+Zans”
n=1

where
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]
1
an = i Y (D (1) (n = 20" sin((n — 200M)

k=0
The power series diverge for |e| > 0.662 ... as evidently first discovered by Laplace.

In fact , the power series for E converges like a geometric series with ratio
€

————— exp |1+ &2

1+V1+¢e? P ( )

The value 4 = 0.662743 ... for which f(4) = 1 is called the Laplace limit.

f(e) =

In this note we give some formulas for 4 .

Sequences for Laplace limit constant
Entry 1.
1

Xnp1 = ———F—— , Xo=0,limx, =41
sinh/1 + x3 n-o



Entry 2.

JV1+x2
Xnt1 =~ ——=
" cosh /1 + x2

Xo=0,limx, =41
n—-oo

Entry 3.
_ 2
tner = (141423 e R =0, lim x, = A
n—-oo
Entry 4.
Xn41 = cothx, , Xo=1,limx, =1+ 22
n—-oo
Remark:
v 1+ A? = coth(coth(coth(...coth 1)))
A = csch(coth(coth(coth(...coth 1))))

Entry 5.

Xps1 =1+ (1 +x,)e %, xXo =0, lim x, =1+ A2

n—->0o
Entry 6.
) (1 + xn) 0 L A2
Xpe1 =exp| — ) xXo =0, lim x,, =
T 1=y P e 2 2 4 2V 22
Remarks:
u= A2 = g—2V1+2A? 1= 2vu
2+ 22+ 2V1 + A2 1-u
1+x, 4

T | 4 |

e VI — oxp| 2 — |

4 I

1—exp| 22— /

4
1-— exp (2 - 1_—)

Entry 7.

2

= — = i = 2
Xn+1 = iz, —1 Xo 0,7111_r>£10xn 1+22 -1

2



Entry 8.

coshx
xn+1:Sinh_1< x n) ) Xo =1, lim x, =1+ 22
n n—>oo
Entry 9.
Xp41 = 2 tan~1(e~Sec*n) xo =0, lim x, =tan™1 1
n—->oo
Entry 10.
. 1\° 3 1
Xp+1 = Sinh 1+(x—) , xo=E,r]ll_r)rc>1oxn=i
n
Entry 11.
_ N14xE 3 i 1
T Sinhtx, 0 0T 2 nbe T A
Entry 12.
coshx
Xn+1 = —lntanh( 2 n) ) Xo = O';li—r&xn =sinh™1 1
Entry 13.
. ecothxn .
Xp41 = sinh™* (m) ) xXo =1 %l_r)glo Xp =41+ 2%
Entry 14.
» eCSC¥n . » 1
s = () o=t fim e = e g
Entry 15.
X 2
Xp41 = sinh™! (2 (cosh 7") e‘COthn> ;o X =0,limx, = sinh™* 2
Entry 16.
3+ 2x
Xny1 = = , X=0,limx, =2
2 + 3sinh /1 + x2 n-oo
Entry 17.

1+x,
X = Xo =0 ,limx, =1+ A2
n+l 1 + tanh Xn 0 n—oo



Entry 18.

Entry 19.

Entry 20.

Entry 21.

Remark:

Entry 22.

Entry 23.

Entry 24.

Remark:

Entry 25.

3+x _
1 =TT sy, 0 070 dma = VL

3x, + 7 cothx
Xn+1 = = 10 z ) Xo=1,limx, =+1+ A2
n—->0o
Xp.1q = sin~t (tanh( )) xo=1,limx, = tan‘11
i sinx,, /) ’ 0 "o 1
2coshx,  _ .
xn+1=ln(x—+exn) , Xo=1,limx, =1+ A2
n n—-oo
2 . -
i1 = T gamawy, x°=2'rlll_r>§ox”=1+‘/1+’1

—a(1—-1 "1 -1
14++J1+42= 2<1—ez_4(1_82 *a=) >

Xn+1 = cosh™1(coth(coshx,)) , xo =0, lim x,, = sinh™1 1
n—>0oo

Xn41 = cos”'(tanh(secx,)) , x, =0 , lim 20, = tan"1 A
T -1 —2X . 2
Xn+1 = COt(Z—tan (e ”)). xo=1,limx, =v1+2
T n —1(,-2...
2 — - -1 -2 Cot(——tan (e ))
J1+422 = cot (4 tan (e 7 ))

1
Xp4+1 = tanh (E cosh(Iln xn)> , Xo=1,limx,=v1+22-21
n—->oo



Remark:

Entry 26.

Entry 27.

Entry 28.

Entry 29.

Entry 30.

Entry 31.

Entry 32

we have

1 1 1
s =41+ 12 — 1 = tanh (E coshln tanh (E coshln tanh (E - )))

1=35(5-9)
—2\"°
1
xn+1=xn+(x——tanhxn> , x0:1']imxn:,/1+/’[2
n n—oo
Xn+1 = sinh™*(csch(coshx,)) , %, =0, lim x,, = sinh™* A
n—-oo

- /1+x2 -2 /1+x2 )
Xps1 = 2€ "+x,e ", x0=O,TllLr)£10xn=/1

X 1
" __ sinh! (—), xo=1,limx, =2
xn

Xn+1 =
J1+x2 n-eo

1

2
xn+1=<_—> , xo =0, lim x, = 12
sinh /1 + x, n-o

2

: / 1 : 1
Xp41 = | sinh 1+Z , x0=1,7111_r)130xn=ﬁ

.Forc,=1,and

n

2k—1
Cp = chn—k ,n= 1,2,3,
k=1

Cn

A= lim
n-ow (Cpyq

some values



3 37 1031 5569 3761419 }
"8°144° 576044800 43545600 "

2
Cn _{2 4 54 1480 72170 5413068 579258526 }
~17373771031°50121° 3761419 402471917 ™

Related series

1L _
Entry 33. For A = 2(\/W \/W) , we have

1=3W+EW2+EW3+EW4+"'=3W+ OOE * wht?
3 5 7 02n+3
n=

and (via inversion of series)

1 4 N 52 188 4 15164 27076
Y =37 81710935 413343 ' 279006525 3945949425
301123364

* 339331920802875

Entry 34. For @ = e 2V1*4*  we have

where

2n—6)a,_1 — (n—2)a,_
Cln=( ) n—1 ( ) n-2 ,n=21314l"'; a0=1'a1=_4
n

and (via inversion of series)

N . N 4 4(28 +e?) 4(304 + 12e? —e*)
¢ T4+e? (4+e2)? 3 +ed)y 3(4 + e2)7
4(18112 + 544e? — 184e* — 7e%) N
15(4 + e?)°
Integrals
Entry 35. For
x(xe“”"2 - 1)

h =
O = 1) —x



we have

Entry 36. For

1
h(x)=ix +——
sinhv1 — x2
we have
2T lelx
w _L h(elx)
2T
A= [——1
w
Remark: i =+v—1.
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