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1.Introduction

In this paper we deal with set theory NC# based on gyper infinitary logic with
Restricted Modus Ponens Rule [1]-[3].
The main goal of this paper is to present basic analysis on non Archimedean field R%.
The non Archimedean field R% consist of Cauchy hyperreals.The non Archimedean
field R% is obtained as generalized Cauchy completion of non Archimedean field Q*
or *Q.In order to obtain such completion we deal with external hyper infinite Cauchy
sequences {Xn} ne# {XnJ nepny-
Note that analysis on a non-Archimedean field R# is essentially different in comparison
with analysis on non Archimedean field *R [4]-[5] known in literature as nonstandard
analysis, see for example [4]-[5].
Remind that Robinson nonstandard analysis (RNA) many developed using
set-theoretical objects called superstructures [5]. A superstructure V(S) over a set Sis
defined in the following way:

Vo(S) = SVna(S = Va(S U (P(Va(9),V(S = | J V(9. (1.1

neN

Superstructures of the empty set consist of sets of infinite rank in the cumulative
hierarchy and therefore do not satisfy the in...nity axiom. Making S = R will suffice for
virtually any construction necessary in analysis.
Bounded formulas are formulas where all quantifiers occur in the form

UX(XEY = ¢+¢),IXXEY = + ). (1.2

A nonstandard embedding is a mapping
*x . V(X) - V(Y) (1.3
from a superstructure V(X) called the standard universum, into another superstructure
V(Y), called nonstandard universum, satisfying the following postulates:
1.Y=*X
2. Transfer Principle.For every bounded formula ®(xy,...,Xn) and elements
ai,...,an € V(X),the property @ is true for as, ...,a, in the standard universum if and
only if it is true for *as,...,*a, in the nonstandard universum:
(V(X),e) E ®(ay,...,an) = (V(Y),e) E O(*ag,..., an). (1.4

3.Non-triviality.For every infinite set A in the standard universum, the set
{*ala € A} is a proper subset of *A.



Definition 1.1.[5].A set x is internal if and only if x is an element of *A for some
element A of V(R). Let X be a set with A = {A;},_, a family of subsets of X. Then

the collection A has the infinite intersection property, if any infinite subcollection

J < | has non-empty intersection. Nonstandard universum is x-saturated if whenever
{Ai},is a collection of internal sets with the infinite intersection property and the

cardinality of | is less than or equal to K,nAi + J.

ie
Definition 1.2.[2]-[3].A set S c *Nis a hyper inductive if the following statement
holds

N(@eS=a"€9), (1.5
ac*N

where a* £ o + 1.0Obviously a set *N is a hyper inductive.As we see later there is

just one hyper inductive subset of *N,namely *Nitself.

In this paper we apply the following hyper inductive definitions of a sets [2]-[3]

EISV,B|:ﬂeSc> /\(aeS:>a+eS):|, (1.6)

O0<a<p

We extend up Robinson nonstandard analysis (RNA) by adding the following
postulate:

4.Any hyper inductive set Sis internal.

Remark 1.1.The statement 4 is not provable in ZFC but provable in set theory NC%,

see [2]-[3].Thus postulates 1-4 gives an nonconservative extension of RNA and we

denote such extension by NERNA.

Remark 1.2.Note that NERNA of course based on the same gyper infinitary logic with

Restricted Modus Ponens Rule as set theory NC¥ [1]-[3].

Remind that in RNA the following induction principle holds.

Theorem 1.1.[6]. Assume that S c *N is internal set, then

(Le S AVXx € S= x+1] = S=*N. (1.7)

In NERNA Theorem 1.1also holds.

Remark 1.3.It follows from postulate 4 and Theorem 1.1 that any hyper inductive
set Sis equivalentto *N : S= *N.

Remark 1.4. Note that the following statement is provable in NC# [2-3]:

4'Axiom of hyper infinite induction

VS(SC*N){V,B(IJE*N)[ N\ (@ e S= a*eS):| :>S=*N}. (1.8

O0<a<p

Thus postulate 4 of the theory NERNA is provable in NC%,.

Remark 1.5. Note that *N is an model related to hypernaturals N* which we introduce
axiomatically in [3], see subsection 2.1.

The paper is structured as follows.

In Sec. 2 set theory NC*,is formulated as a system

of axioms based on bivalent hyper infinitary logic L*, with restricted modus ponens
rule [1]-[3],[9].In Subsec.2.1.Axiom of nonregularity and axiom of hyperinfinity is
formulated.

In Sec.3 nonstandard arithmetic A” related to hypernaturals N* [2-3] is formulated
axiomatically.



In Sec.4 hyper inductive definitions in general case is considered.

In Sec.5.Fundamental examples of the hyper inductive definitions is considered.
In Sec.6.Nonstandard arithmetic A* is formulated by using finitary logic.

In Sec.7 defining hyperintegers Z# and hyperrational @* numbers are given [2].
In Sec.8 Cauchy hyperreals R¥ via generalized Cauchy completion is formulated.
In Sec.9 Extended Hyperreal Number System R% is considered.

In Sec.11 Basic analisys on external non Archimedean field R% is considered.

2.Set Theory NC*, Based on Bivalent Gyper Infinitary

Logic with Restricted Modus Ponens Rule.

Set theory NC?; is formulated as a system of axioms based on bivalent hyper
infinitary logic 2L*, with restricted modus ponens rule [1]-[3],see Appendix A. The
language of set theory NC¥, is a first-order hyper infinitary language L¥, with equality

=, which includes a binary symbol €. We write  x #= yfor - (x =y) and x ¢ y for

—(x € y). Individual variables x,y,z, ... of L%, will be understood as ranging over classical
sets. The unique existential quantifier 3! is introduced by writing, for any formula
@(X),3xp(x) as an abbreviation of the formula Ix[p(X) & Vy(p(y) = x = y)].L%, will also
allow the formation of terms of the form <{X|p(x)}, for any formula ¢ containing the
free variable x. Such terms are called non-classical sets; we shall use upper case
letters A,B, ... for such sets. For each non-classical set A = {X|p(x)} the formulas
VXX € A <= ¢o(X)] and VX[x € A < ¢(x,A)] is called the defining axioms for the
non-classical set A.

Remark 2.1.Remind that in logic 2L, with restricted modus ponens rule

the statement a A (¢ = f) does not always guarantee that

a,0 = [ +rvp B (2.1
since for some a and S possible

a,0 = [ Hrvp B (2.2
even if the statement a A (¢ = f) holds [1].

Abbreviation 2.2.We often write for the sake of brevity instead (2.1) by

a =s f (2.3
and we often write instead (2.2) by

a =w . (2.4
Remark 2.2.Let A be an nonclassical set.Note that in set theory NC* .the following
true formula

JAVX[X € A < o(X,A)] (2.5

does not always guarantee that



xe Axe A= o(XA) Frup @(X,A) (2.6)
even if X € A holds and (or)

o(XA),p(X,A) = X € Arrup X € A (2.7)
even ¢(x,A) holds, since for nonclassical set A for some y possible
yeAyeA= oV,A) trur ¢(y,A) (2.8)
and (or)
oY, A), o(y,A) =y Arrup Y € A (2.9
Remark 2.3.Note that in this paper the formulas
Javx[x € a <= p(X) AX € U] (2.10)

and more general formulas
Javx[x € a < o(x,a) A X € U] (2.13)

is considered as the defining axioms for the classical set a.
Remark 2.4.Let a be a classical set. Note that in NC*,: (i) the following true formula

Javx[x € a <= ¢(x,a) AX € U] (2.12
always guarantee that
Xeaxea= @pa) Frvp @(X) (2.13
if x € a holds and
@(X),p(X) = X € atrvp X € & (2.14)

if p(x) holds;

In order to emphasize this fact mentioned above in Remark 2.1-2.3,

we rewrite the defining axioms in general case for the nonclassical sets in the
following

form

JAVXX € A =5 oAV X € A S o(%A)] (2.15)

and similarly we rewrite the defining axioms in general case for the classical sets in
the
following form

VXX € a =s p(X,a) A(X e u)]. (2.16)
Abbreviation 2.2.We write instead (2.15):
VX{[x € A =sw o(XA)]} (2.17)

Definition 2.1. (1) Let A be a nonclassical set defined by formula (2.17).

Assum that: (i) for some y statement ¢(y) and statement ¢(y) = y € A holds and
(i) o). 0(y) = ye Arrr Yy e Ay e Ay e A= oY) #rup @(Y).

Then we say that y is a weak member of non-classical set A and abbreviate y €,y A.
Abbreviation 2.3. Let A be a nonclassical set defined by formula (6.1) or by formula
(6.2). We abbreviate x s A if the following statement x s AV X €y A holds, i.e.

Definition 2.2.(1) Two nonclassical sets A,B are defined to be equal and we write
A =Bif VX[X €sw A <5 X €sw B]. (2) Ais a subset of B, and we often write A ¢, B, if



VX[X €esw A =5 X €sw B].(3) We also write Cl. Set(A) for the formula

JuVX[X € A < X € u]. (4) We also write NCI. Set(A) for the formulas

VX[X €sy A <=sy o(X)] and VXX esy A <=syv 0(X,A)].

Remark 2.5.CL.Set(A)) asserts that the set A is a classical set. For any classical set

it follows from the defining axiom for the classical set {x|x €s U A ¢(X)} that
CL.Set({X|x €s UA @(X)}).

We shall identify {x|x s u} with u, so that sets may be considered as (special sorts of)
nonclassical sets and we may introduce assertions such as u cs A,u S A, etc.
Abbreviation 2.4.Let ¢(t) be a formula of NC* .

(i) Vxp(x) and ¥V txp(x) abbreviates Vx(CL.Set(x) = ¢(X))

(i) Ixp(x) and Itxp(x) abbreviates Vx(CL.Set(x) = ¢(X))

(i) VXp(X) and VNCL Xo(X) abbreviates VX(NCL.Set(X) = ¢(X))

(iv) IXe(X) and INCL X (X) abbreviates IX(NCL.Set(X) = ¢(X))

Remark 2.6.If Ais a nonclassical set, we write 3x € A p(X,A) for Ix[x € AA p(X,A)]
and Vx € Ap(x,A) for Vx[x € A = p(X,A)].

We define now the following sets:

1.{ug,Uz,...,.Un} = XX =U1 VX =U2 V...VX = Un}.2. {A1,A2,...,An} =

= {XX=A1VX=AV...VX = An}.3.UA = {X]3y[ly € AA X € y]}.

4NA = {XVyly e A= xe y]}.5LAUB ={Xx € AV x € B}.

5ANB ={xx e AAXxeB}.6,A-B={xxe AAX ¢ B}.7.u* = uU {u;}.
8.P(A) = {Xx € A}.9.{x € Alp(x,A)} = {XIx € AA p(X,A)}.10.V = {X|: X = X}..
11.0 = {X|X = X}.

The system NC?, of set theory is based on the following axioms:
Extensionalityl: YUVV[VX(X € U< X € V) = U = V]

Extensionality2: VAVB[VX(X € A <=sw X € B) = A = B]

Universal Set: NCL. Set(V)

Empty Set: CL. Set(J)

Pairingl: Yuvv CI. Set({u,Vv})

Pairing2: VAVB NCI. Set({A,B})

Unionl: Yu CL. Set(Uu)

Union2: VA NCL. Set(UA)

Powersetl: Vu CL. Set(P(u))

Powerset2: VA NCI. Set(P(A))

Infinity 3a[& € aA VX € a(x™ € a)]

Separation1vu;Vuy,...Vu,vaiCl. Set({X €s alp(X,u1,Uz,...,Un)})
Separation2Vu;iVuy,...VYupNCI. Set({X esw Alp(X,A; U1, U2,...,Un)})
ComprehensionlVui;Vuy,...VU,dAVX[X esw A <=sw @(X;U1,U2,...,Un)]
Comprehension 2 YuiVuy,...VUJAVXX esw A <=sw ¢(X,A;U1,U2,...,Un)]
Comprehension 3 YuiVuy,...Vuydavx[X €s a <s (a < U1) A (X, & u1,Uz,...,Un)]
In particular:

Comprehension 3' Yudavx[x €s a < (a < U) A ¢(X,a;u)]

Hyperinfinity: see subsection 2.1.

Remark 2.7.Note that the axiom of hyper infinity follows from the schemata
Comprehension 3.

Definition 2.3. The ordered pair of two sets u, v is defined as usual by



(u,v) = {{u},{u,v}}. (2.19
Definition 2.4. We define the Cartesian product of two nonclassical sets A and B
as usual by

Definition 2.5. A binary relation between two nonclassical sets A,B is a subset

R Csw A xsw B. We also write aRsyb for < a,b >e5,v R. The doman dom(R) and the
range ran(R) of R are defined by

dom(R) = {XBy(XRswY) },ran(R) = {y : IxX(XRswy)}- (2.21)

Definition 2.6.A relation Fs,, is a function, or map, written Fun(Fs), if for each

a sy dom(F) there is a unique b for which aFsyb. This unique b is written F(a) or Fa.

We write Fsy : A — B for the assertion that Fs,, s a function with dom(Fs,) = A and

ran(Fsw) = B.In this case we write a » Fsy(a) for Fsya.

Definition 2.7.The identity map 14 on Aisthe map A - Agivenby a ~ a. If X Sgw A,
the

map X ~» X : X - Ais called the insertion map of X into A.

Definition 2.8.If Fsy, : A > Band X Ssy A, the restriction Fg,|X of Fsy, to X is the map

X - Agiven by x » Fsw(X). If Y Ssw B, the inverse image of Y under Fy is the set

FawlY] = {X €sw A : Fsw(X) €sw Y}. (2.22
Given two functions Fsy : A - B,Gsw : B - C, we define the composite function

Gsw © Fsw : A - Cto be the function a » Gsw(Fsw(@)). If Fsw : A > A, we write F2,,

for Fsw o Fsw, F3y for Fsw o Fsw o Fsw €tc.

Definition 2.9.A function Fsy : A - B is said to be monic if for all

XY €sw A Fsw(X) = Fsw(y) implies x =y, epi if for any b esy B there is a esy A for
which b = Fsw(a), and bijective, or a bijection, if it is both monic and epi. It is easily
shown that

Fsw is bijective if and only if Fsy has an inverse, that is, a map Gsw : B - A such that

st o GS,W = 13 and Gsw o Fs,w = 1A-

Definition 2.10.Two sets X and Y are said to be equipollent, and we write X =gy Y, if

there is a bijection between them.

Definition 2.11.Suppose we are given two sets I,A and an epimap Fsy : | - A. Then

A = {Fsw()|i € I} and so, if, for each i esy |, we write a; for Fsu(i), then A can be

presented in the form of an indexed set {a; : i esw I}. If Ais presented as an indexed

set of sets {Xi|i esw I}, then we write | J,_, Xi and [),_, Xi for UA and NA, respectively.

Definition 2.12.The projection maps 71 : Axsw B - Aand 72 : Axsw B > Bare

defined to be the maps < a,b >~ a and < a,b >~ b respectively.

Definition 2.13.For sets A, B, the exponential BA is defined to be the set of all
functions

from A to B.

2.1.Axiom of nonregularity and axiom of hyperinfinity

Axiom of nonregularity
Remind that a non-empty set u is called regular iff YX[x # & - (Ay € X)(xNy = D)].



Let's investigate what it says: suppose there were a non-empty x such that
(Vy e x)(xNy + ). For any z; € x we would be able to get z, € z; N x. Since z; € X we
would be able to get zz € z N x. The process continues forever:
...€ Zni1 € Zn...€ s € Z3 € Zp € 71 € X. Thus if we don’t wish to rule out such an infinite
regress we forced accept the following statement:

XX+ T - (Vy e X)(XNY = D)]. (2.23

Axiom of hyperinfinity.

Definition 2.14.(i) A non-empty transitive non regular set u is a well formed non
regular

set iff:

(i) there is unique countable sequence {u,} ., such that

...€ U1 €E Up...€ Ug € U3 € Uz € U1 E U, (2.29)
(ii) forany n e Nand any Un1 € Up :
Un = Ui, (2.25
where a* = aU {a}.
(ii) we define a function a*Minductively by a* = (a*kl)*
Definition 2.15. Let u and w are well formed non regular sets. We write w < u iff for
any
neN
W € Un. (2.26)

Definition 2.16. We say that an well formed non regular set u is infinite (or hyperfinite)
hypernatural nuber iff:

(I) For any member w € u one and only one of the following conditions are

satified:

(i) w e Nor

(ii) w = u, for some n € N or

(i) w < u.

(I Let <u be a set .u = {7z < u},then by relation (- < ) a set <u is densely ordered
with no first element.

(N c u.

Definition 2.17. Assume u € N* then uis infinite (hypernatural) number if u € NN,
Axiom of hyperinfinity

There exists unique set N* such that:

()N c N*

(i) if u € N*\N then there exists infinite (hypernatural) number v such that v < u

(iii) if u € NA\N then there exists infinite (hypernatural) number w such that u < w
(v) set NN is patially ordered by relation (- < -) with no first and no last element.

3.Hypernaturals N#,

In this section nonstandard arithmetic A* related to hypernaturals N* is considered
axiomatically.



Axioms of the nonstandard arithmetic A* are:

Axiom of hyperinfinity

There exists unique set N* such that:

()N < N*

(i) if uis infinite (hypernatural) number then there exists infinite (hypernatural)
number v such that v < u

(iii) if u is infinite hypernatural number then there exists infinite (hypernatural)
number w such that u < w

(iv) set N\N is patially ordered by relation (- < ) with no first and no last element.

Axioms of infite w-induction

(i)
VS c N){[A(nest n*eS):| =5 SzN}. 3.1
(i) Let F(x) be a wiff of the set theory NC¥,, then
[/\(F(n) =g F(n+)):| =5 Vn(n € o)F(n). 3.2

Definition 3.1.(i) Let B be a hypernatural such that g € N*\N. Let [0,8] < N* be a
set such that Vx[x € [0,8] < 0 < x < ] and let [0,) be a set [0,8) = [0,B8]\{B}.
(i) Let B € NN and let B, < N*be a set such that

Vx{X € B» < TFk(k > 0)[0 < x < B}, (3.3)

Definition 3.2.Let F(x) be a wff of NC* ,with unique free variable x. We will say that
a wff F(x) is restricted on a classical set Ssuch that S &5 N* iff the following condition
is satisfied

Vala € NA\S = —F(a)]. 3.9

Definition 3.3.Let F(x) be a wff of NC* ,with unique free variable x. We will say that

a wff F(x) is strictly restricted on a set Ssuch that S &s N* iff there is no proper subset
S < Ssuch that a wff F(x) is restricted on a set S.

Example 3.1.(i)Let fin(a),a € N*be a wff formula such that fin(a) <s a € N.
Obviously wff fin(a) is strictly restricted on a set N since Va[a € NN =g —fin(a)].
Let hfin(a),a € N*be a wif formula such that hfin(a) << a € NY\N since

Va[a € N =¢ —hfin(a)].

Definition 3.4. Let F(x) be a wff of NC?.with unique free variable x. We will say that a
wif F(x) is unrestricted if wff F(x) is not restricted on any set Ssuch that S & N,
Axiom of hyperfinite induction 1

V(S Ss [0,8DVB(B €s N¥) N\
{Va(a €s [O,ﬁ))[ N\ (@esS=a" & S)J =s S= [O,ﬁ]}- €9

0<a<p

Axiom of hyperfinite induction 1’



VS(S S [0,8-DVB(B € N¥) \,

{Va(a € [0,,800])|:0</\ﬂ (a e S=a" e S):| = S= [O,ﬂw]}. (3.3
Axiom of hyper infinite induction 1
V(S s N#){Vﬁ(ﬁ e N#)|:O</\ﬁ(a €s S= at e S):| = S=¢ N#}. (3.6)
Definition 3.5.A set S s N¥is a hyp;r inductive if the following statement holds
/\#(a €s S=sa’ € 9). (3.7
aeN

Obviously a set N* is a hyper inductive. Thus axiom of hyper infinite induction 1
asserts that a set N* this is the smallest hyper inductive set.

Axioms of hyperfinite induction 2

Let F(x) be a wff of the set theory NC?*, strictly restricted on a set [0, 3] then

[Vﬁ(ﬁ € [O,ﬁ])[k/\ﬁ(lz(a) =s F(a)) | | =s Va(a € [0,])F(a). (3.9)

Let F(x) be a wff of the set theory NC?, strictly restricted on a set [0, 3..] then

[Vﬁ(ﬂ € [O,ﬁw])[ A (F@) =s F(a")) | | =s Va(a € [0,-]))F(a). (3.9

O0<a<fo

Axiom of hyper infinite induction 2
Let F(x) be anrestricted wff of the set theory NC*, then

[Vﬁ(ﬂ € N#)[ /\ﬂ(F(a) =s F(d*))}} =5 V(B € N )F(B). (3.10

O<a<

4.Hyper inductive definitions in general.

A function f : N¥* - Awhose domain is the set N* is colled an hyper infinite sequence
and denoted by {f,} .+ or by {f(n)} .+ The set of all hyperinfinite sequences whose
terms belong to A is clearly AY; the set of all hyperfinite sequences of n € N*\N terms
in Ais A". The set of all hyperfinite sequences with terms in A can be defined as

{R < N*x A (Risafunction) A\/ _,(Dom(R) = n)}, (4.1)

where Dom(R) is domain of R. This definition implies the existence of the set of all hyper
finite finite sequences with terms in A. The simplest case is the hyper inductive definition
of a hyper infinite sequence {p(n)} .+ (With terms belonging to a certain set 2)
satisfying  the following conditions:

(a)
9(0) = z,9(n") = e(p(n),n), (4.2)
where z € Z and eis a function mapping Z x N* into Z.
More generally, we consider a mapping f of the cartesian product Z x N* x A into Z and
seek a function ¢ € ZN*A satisfying the conditions :
(b)
9(0,a) = g(a),p(n",a) = f(p(n,a),n,a), (4.3)



where g € ZA. This is a definition by hyper infinite induction with parameter a ranging

over the set A. Schemes (a) and (b) correspond to induction “from nto n* = n+ 1”,i.e.

o(n*) or p(n*,a) depends upon ¢(n) or p(n,a) respectively. More generally, ¢(n*) may

depend upon all values ¢(m) where m < n (i.e. me n*). In the case of induction with

parameter, ¢(n*,a) may depend upon all values ¢(m,a), where m < n; or even upon all

values ¢(m,a), where m < n* and b € A. In this way we obtain the following schemes
of

definitions by hyper infinite induction:

(©  ¢(0) =z9(n") = h(pn*,n),

d) 0@ =9, o¢0",a)=-H|n" xA),na).

In the scheme (c), ze Zand h € Z&Y, where Cis the set of hyperfinite sequences

whose terms belong to Z; in the scheme (d), g € Z* and H € Z"N*A where T is the

set of functions whose domains are included in N* x A and whose values belong to Z.

It is clear that the scheme (d) is the most general of all the schemes considered
above.

By choice of functions one obtains from (d) any of the schemes (a)-(d). For example,

taking the function defined by H(c,n,a) = f(c(n,a),n,a) fora € A,n € N¥,c € ZN*A as H

in (d), one obtain (b). We shall now show that, conversely, the scheme (d) can be

obtained from (a). Let g and H be functions belonging to Z» and Z™V*A respectively,

and let ¢ be a function satisfying (d). We shall show that the sequence ¥ = {¥n}

with ¥, = ¢|(n*,A) can be defined by (a).Obviously, ¥, € T for every n € N*. The first

term of the sequence YW is equal to ¢|(0*,A), i.e. to the set: z* = {{((0,a),9(a))la € A}.

The relation between ¥,, and W+ is given by the formula:¥,- = ¥, U ¢|({n*} x A),

where the second component is

{n%,a),p(n*",@))la € A} = {(n*,a),H(¥n,na)la € Aj. (4.4

Thus we see that the sequence V¥ can be defined by (a) if we substitute T for Z,z* for z

and let e(c,n) = cU {(n*,a),H(c,n,a)la € A} forc e T.

Now we shall prove the existence and uniqueness of the function satisfying (a).

This theorem shows that we are entitled to use definitions by induction of the type (a).

According to the remark made above, this will imply the existence of functions
satisfying

the formulas (b), (c), and (d). Since the uniqueness of such functions can be proved in

the same manner as for (a), we shall use in the sequel definitions by induction of any
of

the types (a)-(d).

Theorem 3.1. If Zis any set z € Zand e € ZZV, then there exists exactly one

hyper infinite sequence ¢ satisfying formulas (a).

Proof. Uniqueness. Suppose that {p1(n)} .+ and {p2(n)} . Satisfy (a) and let

K ={nn e N* A p1(n) = p2(n)} (4.9
Then (a) implies that K is hyperinductive. Hence N* = K and therefore ¢1(n) = @2(n).
Existence. Let ®(z n,t) be the formula e(z,n) = t and let ¥(w, z,Fr) be the following
formula:
(Fn is a function) A (Dom(F) = n™) A (F(0) = 2) A /\men O(Fn(m),mFa(m*)).  (4.6)

In other words, F is a function defined on the set of numbers < n € N* such that



F(0) = zand F(m*") = e(F(m),m) for all m < n € N*,
Assumption 3.1.We assume now (but without loss of generality) that predicate
Y(w,zF,) is unrestricted on variable n € N* see Definition 3.3.
We prove by hyper infinite induction that there exists exactly one function F, such that
Y(n,zFp).
The proof of uniqueness of this function is similar to that given in the Theorem 3.1.
The existence of F, can be proved as follows: for n = 0 it suffices to
take {(0,2)} as Fp; if n € N* and F, satisfies ¥(n,zF,), then Fp=

Fn U (", e(Fn(n),n))}
satisfies the condition W(n*,z Fn+).
Now, we take as ¢ the set of pairs (n,s) such that n e N*,s € Zand

AF[¥Y(n,z F) A (s= F(n))]. 4.7

Since F is the unique function satisfying ¥(n,zF), it follows that ¢ is a function.
For n = 0 we have ¢(0) = Fo(0) = z if n € N*, then ¢(n*) = Fn+(n*) = e(Fn(n),n) by
the definition of F,; hence we obtain p(n*) = e(¢(0),n). Theorem 3.2 is thus proved.
Remark 3.1.Note that Assumption 3.1 is not necessarily,see Appendix B.

We frequently define not one but several functions (with the same range 2) by a
simultaneous induction:

@(0) = z,o(n*) = f(p(n),y(n),n),y(0) = t,y(n") = gle(n),y(n),n) (4.8)
where zt € Zand f,g € ZZZV,

This kind of definition can be reduced to the previous one. It suffices to notice that the
hyper infinite sequence 9, = (p(n),y(n)) satisfies the formulas:

90 = (z,1), 9 = &(9n,N), (4.9)

where we set

e(u,n) = (f(K(w), L), n), g(K(w), F(w),n)), (4.10)
and K, L denote functions such that K({x,y)) and L({X,y)) = y respectively. Thus the
function 9 is defined by hyper infinite induction by means of (a). We now define ¢ and
y by

p(n) = K(9n),w(n) = L(9n). (4.11)

Remark 3.2.We assume now that predicate ¥(w, z F,) is restricted on variable n e N#,
on a set [0,8] U® c N* see Definition 3.2, then there exists exactly one hyperfinite
sequence ¢ satisfying formulas (a). Note that is a case if and only if f,g € ZZZ0£1U,

5.Fundamental examples of the hyper inductive definitions.

1.Addition operation of hypernatural numbers

The function +(m,n) 2 m+n : N* x N¥ » N* is defined by
Mm+0=mm+n*=(m+n)".

This definition is obtained from (b) by seting Z = A = N* g(a) = a,f(p,n,a) = p*.
This function satisfies all properties of addition such as: for all m,n, k € N*
@(m+0=m(@i)m+n=n+m(i) m+(n+k) = (m+n) +k

2.Multiplicattion operation of gypernatural numbers

The function x(m,n) 2 mx n : N* x N¥ » N* is defined by
mxl=1mxnt=mxn+m



()mxl=21(Gi))mxn=nxm{(i) mx (nxk) = (mxn) xk
4 .Distributivity with respect to multiplication over addition.
mx (n+K) =mxn+mxKk.

5.Let Z= A= XX g(a) = Ix,f(u,n,a) = uoain (b). Then (b) takes on the following form

¢(0,a) = Ix,p(n%,a) = p(n,a) o a.
The function ¢(n,a) is denoted by a" and is colled n-th iteration of the function a :
a’(x) = x,a"(x) = a"(a(x)),x € X,a € XX,n e N*,
6.Let A= (N#)N#,g(a) = ap,f(u,n,a) = u+ ay+-. Then (b) takes on the following form
¢(0,a) = ag,p(n*,a) = p(n,a) +an
The function is defined by the Eqgs.(5.3) is denoted by

n
2.4
i=0
7.LetA = (N#)N#,g(a) = ap,f(u,n,a) = ux ay+-. Then (b) takes on the following form
¢(0,a) = ag,p(n*,a) = p(n,a) x an+
The function is defined by the Eqgs.(5.5) is denoted by
n
[Ta
i=0
Theorem 5.1. The following equalities holds for any n,ki,l; € N* :

(1) using distributivity
b x Z a = Z b x g
i—0 i-0

(2) using commutativity and associativity
n

Zn:ai izn:bi = Z(ai +bi)
i—0 i—0

i—0
(3) splitting a sum, using associativity
n i n
Zai = Zai + Z a;
i=0 i=0 i=j+1

(4) using commutativity and associativity, again

ki |1 l1 kg
PIDIETEDIDILT
i=ko j=lo j=loi=ko

(5) using distributivity

(izn;ag X (_Zn:bJ) = znzzn:ai x by

(f)-() i

(6)

(7)

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)



(ﬁai>m = lﬂla{“ (5.13
i=0 i=0

Proof. Imediately by hyper infinite induction principle.

6. Nonstandard arithmetic A¥.

Addition Operation of Hypernatural Numbers N*

There is a unique binary operation +(-,-) : N* x N* » N#

such that

(1) +(m,0) = mfor all m e N*

(2) +(m,n+ 1) = +(m,n) + 1 for all m,n e N*,

This definition satisfies all properties of addition such as

@) m+0=ga@)m+n=n+miii)m+(n+k) = (Mm+n)+k

Multiplication Operation of Hypernatural Numbers N*

There is a unigue binary operation x(m,n) £ mx n : N* x N¥ - N#

such that

mxl=1mx(n+1)=mxn+m.

(mx1l=21(Gi))mxn=nxm{(i) mx (nxk) = (mxn) xKk

Inequalities

The usual total order binary relation < on hypernatural numbers N* defined as
follows, assuming O is a hypernatural number:

For all a,b € N# a < b if and only if there exists some ¢ € N* such that a+ ¢ = b.
This relation is stable under addition and multiplication: for a,b,c € N* , if a < b,
thenia+c<b+c,andaxc<bxc.

Proposition 6.1. (a) For any natural or hypernatural number k € N*,

-V x=m) osx<k (6.1)
O<msk
(@') For any natural or hypernatural number x € N* and any wff B(x) unbounded on
variable x
- /\ B(m) <5 VX(X < k = B(X)), (6.2
0<mek
ie.
- Vk(k € N#)|: /\ B(m):| =5 VK(k e N)Vx(X < k =5 B(X)). (6.3)
0<msk
(b) For any natural or hypernatural number k € N* such that k > 0,
= \/(x:m—l):»sx<k. (6.4)
1<m<k

(b') For any natural or hypernatural number k € N* such that k > 0 and any wff B(x)
unbounded on variable x
- /\ B(M) <5 VXX < k =5 B(X)). (6.5)
O<mek-1
(c) For any wff B(x) strictly restricted on a set [0,y) and any wff E(x) strictly restricted
on a set N¥\[0,y)



F (VXX <Y =s B(X))) A (VXX >y =5 E(X))) =s VX(B(X) V E(X)). (6.6)

Proof. (a) We prove \/ (X = m) <5 x < k by hyperfinite induction in the
0<mek
metalanguage on k. The case for k = 0, x = 0 &5 x < 0, is obvious from the
definitions. Assume as inductive hypothesis that
V x=m =sx<k (6.7)
o<mek

Now assume that

|:V(x=m):|\/(x=k+1). (6.8)

0<m=k

But+x=k+1=s x < k+1and, by the inductive hypothesis,

V x=m). (6.9)
O<mek
Also+ X <k =s x < k+ 1. Thus, x < k+ 1. So,
-V x=m) =sx<k+l (6.10
O<m=k+1
Conversely, assume x < k+ 1. Thenx =k+ 1V x < k+ 1. If x =k + 1, then
\/ (X = m). (6.11)
O<m<k+1

If X < k+ 1, then we have x < k. By the inductive hypothesis,

\/ (X =m) (6.12)
0<m=k
and,therefore,
\/ (X = m). (6.13)
0<m=k+1
Thus in either case,
\/ (x = m). (6.14)
O<m<k+1
This proves
FXx<k+1=s \/ (X =m). (6.15)
0<m=k+1

From the inductive hypothesis, we have derived
V x=m =sx<k+l (6.16)
O<mek+1

and this completes the proof to part (a).Parts (a’), (b), and (b’) follow easily from
part (a). Part (c) follows almost immediately from the statement

t+r =5 (t<r)V(r<t), using obvious tautologies.

Proposition 6.2. (a) For any natural or hypernatural number k € N* and any wff B(x)
unbounded on variable x

- vk(k € N)YmM(0 < m < K)B(M) <5 YKk € N)YX(X < k =5 B(X)).  (6.17)



Proof. It follows from (a') and definition of hyper infinite conjunction

/\ B(m),see Appendix A.

0<mek

Proposition 6.3. (a) Axiom of hyperfinite induction (3.5) can be expressed by usual
set theoretical language in the following form

V(s [0,B)VB(B € N*){Va(0 < a < B)[(z € S= a* € S)] = S=[0,5]}. (6.18)

(b) Axiom of hyper infinite induction (3.6) can be expressed by usual set theoretical
language in the following form

VIS cs N){VB(B e N)Wa(0<a < B)[(a € S=sat € S] =s S=N}.  (6.19

Proof. (a)-(b) It follows from Proposition 6.3 and definition of hyper infinite
conjunction, see Appendix A.

There are several stronger forms of the hyper infinite induction principles that we can
prove at this point.

Theorem 6.1.(Complete hyperfinite induction 1) (i) Let S < [0,], then

Vx(x € [0,BD[VZ(z< X =sZ2€sS) = X €5 §] =5 S=[0,4] (6.20)
(i) Let S [0,B-], then
VX(X € [0,B.])[VZ(z< X =5Z€sS) = X s S| =5 S=[0,B] (6.27)

Theorem 6.2.(Complete hyperfinite induction 2) (i) Let B(x) be a wff of the set theory
NC?, strictly restricted on a set [0,8] = NN, then

VX(X € [0,8])[VZ(z < X =s B(2)) =s B(X)] =s VX(X € [0,B])B(X) (6.22
(i) Let F(x) be a wff of the set theory NC*, strictly restricted on a set [0, 8], then
VX(X € [0,B%])[VZ(z < X =5 B(2)) =s B(XX)] =s VX(X € [0,8-])B(X) (6.23)

Theorem 6.3.(Complete hyper infinite induction 2) Let B(x) be anrestricted wff of the
set theory NC*, then

VX(x € NH)[Vz(z < X =5 B(2)) =s B(X)] = VX(X € N¥)B(X) (6.24)

In ordinary languagel consider a property B(x) such that, for any x, if B(x) holds for all
hypernatural numbers less than x, then B(x) holds for x also. Then B(x) holds for all
natural and hypernatural numbers x e N*.
Proof.Let E(x) be a wff Vz(z < X =5 B(2)).
(i) 1.Assume that Vx(x € N¥)[Vz(z < X =s B(2)) =s B(X)],then
2.[Vz(z < 0 =5 B(2)) =s B(0)] it follows from 1.
3.z« 0,then
4.Vz(z < 0 = B(2)) it follows from 1,
5. B(0) it follows from 2,4 by MP
6. Vz(z < 0 = B(2)) i.e.,E(0) holds it follows from Proposition 6.1(a’)
7.VX(x € NH)[Vz(z < x =5 B(2)) =5 B(x)] + E(0) it follows from 1,6 by MP
(i) 1.Assume that: Vx(x € N¥)[VZ(z < x =5 B(2)) =s B(X)].
2.Assume that: E(x) = Vz(z < X =5 B(2)),then
3.Vz(z < x* =5 B(2)) it follows from 2 since z< x = z < x*.
4.Vx(x e NH)[Vz(z < X" =5 B(2)) =5 B(x")] it follows from 1 by
rule A4:if tis free for x in B(x), then VxB(x) + B(t).
5. B(x*) it follows from 3,4 by MP rule.



6.z< X" =5 z< X"V z=x"itfollows from definitions.

7.z < X" =5 B(z) it follows from 3 by particularization rule (PR),

see Appendix A.

8. z=x" = B(2) it follows from 5.

9. E(x") = VZ(z < x* =5 B(2)) it follows from 6,7,8,rule Gen.

10.Vx(x € NH)[VZ(z < X =5 B(2)) =s B(X)] + VX(X € N¥)[E(X) =s E(X")]

it follows from 1,9 by generalized deduction theorem,rule Gen.

Now by (i), (ii) and the induction axiom, we obtain D + Vx(x € N*)E(x) that is
D + Vx(X € N¥)[Vz(z < x = B(2))], where

D = Vx(x € N¥)[Vz(z < X =5 B(2)) =s B(X)].

Hence, by rule A4 twice, D + X < X = B(X). But - x < x. So,D + B(x) , and, by
Gen and the generalized deduction theorem (see Appendix A),

D + Vx(x € N¥)B(X).

Remind that.

Theorem.(Complete w-induction)

VIS c N)VX[VZ(z< X =s2€s S) = X5 §] =s S=N. (6.25

Theorem.(N,<) is a well-ordered set.

Proof. We will prove by reductio ad absurdum using complete o-induction (6.25).
Let X be a nonempty subset of N. Suppose X does not have a < -least element.
Then consider the set A = N\X.

Case 1. N\\X = &. Then X =N and so O is a < -least element. Contradiction.

Case 2. \\X = &. There exists an n € N\X such that for all k < n,k € N\X.

Note tat such n necessarily exists because 0 € N\X, else 0 € X and would be a

< -least element of X.

Since we have supposed that A = N\X does not have a < -least element, thus

n ¢ X.Thus we see that for allk < n,k € A =5 n € N\X,i.e. a set A has a property

VN[Vk(k < n =s kes A) = n eg A] (6.26)

Using complete o-induction (6.25) we can conclude that n e N\\X for all n € N.

Thus N\X = N.But M\X = N implies X = &.This is a contradiction to X being a

nonempty subset of N.

Remark 6.1.Let X be a nonempty subset of N*. Suppose X does not have a < -least
element. Then consider the set A* = NAX + &.There exists an n e N*\X such that for
all k < n,k e NAX. Note tat such n necessarily exists because 0 € NA\X, else 0 € X and
would be a < -least element of X. Since we have supposed that A* = N*\X does not
have a least element, thus n ¢ X.

Therefore we see that for all k < n,k € A* =5 n e NA\X.i.e. a set A* has a property

vn[Vk(k < n = k es A*) = n s A*]. (6.27)

But in contrast with (6.26) we can not conclude from (6.27) that n e N*\X for all n e N,
For example let X be a set N\N. Thus A* = N and (6.27) is satisfied but N = N*,
Obviously N“\N does not have a < -least element.
Definition 6.1.A sequence {un} ., un € N*\N is a blok corresponding to
gyperfinite number u = up € NN iff there is gyperfinite number u such that
...€ U_(ns1) € Up...€ U4 € U3 € U2 € U1 € Uand the following conditions are

satisfied



...€U (1) €EUn...€Ug€EUzEU2EU]EUEU EUpE...€ Uy € Upsy ... (6.28)
where for any n € N : U_n1) € U-n, Where un = U’ ).
Thus beginning with an infinite integer u € N*\N we obtain a block (8.20) of infinite
integers.However, given a “block,” there is another block consisting of even larger infinite

integers. For example, there is the integer u+ u, where u+ k < u+ ufor each k e N. And
vV = U+ uis itself part of the block:

L<V=3<v-2<v-1l<v<v+l<v-2<... (6.29

Of course, v < v+ u < v+V, and so forth. There are even infinite integers u x u and uY,
and so forth.Proceeding in the opposite direction, if u € NN, either u or u + 1 is of the
form v+ v. Here v must be infinite. So there is no first block, since v < u. In fact, the
ordering of the blocks is dense. For let the block containing v precede the one containing
u, that is,

v-2<v-l<v<v+l<.<.<U-2<u-1l<u<u+1lx... (6.30)

Either u+vor u+v+1can be written z+ zwhere v+ k < z< u—1for all k,I € N.

Remark 6.2. Note that N* consists of N as an initial segment followed by an ordered
set of blocks. These blocks are densely ordered with no first or last element. Each block
is itself order-isomorphic to the integers

...=3,-2,-1,0,1,2,3,... (6.31)

Although N\N is a nonempty subset of N#, as we have just seen it has no least
element and likewise for any block.

7.Hyperrationals Q*,

Now that we have the hypernatural numbers N#, defining hyperintegers and

hyperrational numbers is well within reach [2].

Definition 7.1. Let Z¥ = N* x N¥. We can define an equivalence relation ~ on Z¥

by (a,b) ~ (c,d) if and only if a+ d = b+ c. Then we denote the set of all hyperintegers

by 7*# = Z¥| ~ (The set of all equivalence classes of Z¥ modulo =).

Definition 7.2. Let Q¥ = 7*# x (z* - {0}) = {(a,b) € 7* x 7#|b # 0}. We can define an

equivalence relation ~ on Q* by (a,b) ~ (c,d) if and only if ax d = b x c. Then we
denote

the set of all hyperrational numbers by Q* = Q'/ ~ (The set of all equivalence classes
of

Q'modulo ).

Definition 7.3. A linearly ordered set (P,<) is called dense if for any a,b € P such that

a < b, there exists ze Psuchthata< z< b.

Lemma 7.1. (Q* <) is dense.

Proof. Let x = (a,b),y = (c,d) € @* be such that x < y.Consider z = (ad + bc, 2bd) e
Q*.

It is easily shown thatx < z<y.

8.Cauchy hyperreals R# via Cauchy completion
Definition 8.1. A hyperinfinite sequence of hyperrational numbers (or for the sake of



brevity simply hyperrational sequence) is a function from the hypernatural numbers N*

into the hyperrational numbers Q*. We usually denote such a function by n - an,or by

a: n - ap,so the terms in the sequence are written {ai,az,as,...,an...». To referto
the

whole hyperinfinite sequence, we will write {an}";,0r {an} .+, or for the sake of
brevity

simply {an}.

Definition 8.2. Let {a,} be a hyperrational sequence. Say that {a,} #-tends to O if,

given any ¢ > 0,¢ ~ 0,there is a hypernatural number N € NAN, N = N(¢) such that,

after N (i.e.for all n > N), [an|< €. We often denote this symbolically by a, -4 0.

We can also, at this point, define what it means for a hyperrational sequence #-tends

to any given number q € Q* : {a,} #tends to q if the hyperrational sequence {a, - q}

#tendstoOi.e.,an—q -# 0.

Definition 8.3. Let {a,} be a hyperrational sequence. We call {a,} a Cauchy

hyperrational sequence

if the difference between its terms tends to 0. To be precise: given any hyperrational

number ¢ > 0, = O,there is a hypernatural number N = N(¢) such that for any

mn >N, l|a,—amk &.

Theorem 8.1. If {a,} is a #-convergent hyperrational sequence (that is, a, —# q for

some hyperrational number g € Q¥), then {an} is a Cauchy hyperrational sequence.

Theorem 8.2. If {an} is a Cauchy hyperrational sequence, then it is bounded or hyper
bounded,;

that is, there is some M € Q# such that Ja,|< M for all n € N*,

Definition 8.4. Let Sbe a set . A relation x ~y among pairs of elements of S

is said to be an equivalence relation if the following three properties hold:

Reflexivity: for any s € S s~s.

Symmetry: for any st € S if s~t then t~s.

Transitivity: for any s,t,r € § if s~t and t~r, then s-~r.

Theorem 8.3. Let Sbe a set, with an equivalence relation o~ o on pairs of elements.

For s e Sdenote by cl[s] the set of all elements in Sthat are related to s. Then for

any s,t € Seither cl[s] = cl[t] or cl[s] and cl[t] are disjoint.

The hyperreal numbers R% will be constructed as equivalence classes of Cauchy

hyperrational sequences. Let & 4+ denote the set of all Cauchy hyperrational

sequences of hyperrational numbers. We define the equivalence relation on & .

Definition 8.5. Let {an} and {bn} be in F 4+ Say they are #-equivalent if

an—bn—-# Oi.e., if and only if the hyperrational sequence {a, — b,} tends to 0.

Theorem 8.4.Definition 3.4 yields an equivalence relation on & .

Proof. We need to show that this relation is reflexive, symmetric, and transitive.

Reflexive: a, — a, = 0, and the sequence all of whose terms are 0 clearly

#-converges to 0. So {an} is related to {an}.

Symmetric: Suppose <{an} is related to {b,}, so an — b, -4 O.

But b, — an = —(an — bn),and since only the absolute value |a, — bn|= |bn — an| comes

into play in Definition 8.2, it follows that b, — a, —# 0 as well. Hence, {b,} is related

to {an}.

Transitive: Here we will use the ¢/2 trick we applied to prove Theorem 3.1. Suppose

{an} is related to {b,}, and {b,} is related to {c,}. This means that a, — b, -4 0 and



bn — cn »# 0.To be fully precise, let us fix ¢ > 0, ~ 0; then there exists an N € N* such

that for all n > N, |an — bnl< €/2; also, there exists an M such that for all n > M,

[bn — cnl< /2. Well, then, as long as n is bigger than both N and M, we have that

[an — cnl= |(@n — bn) + (bn — cn)|< [an — bnj+|on — Cnl< €/2 + €/2 = &.

So, choosing L equal to the max of N, M, we see that given w > 0 we can always
choose

L so that for n > L, Jan — cnl< €. This means that a, — ¢, -4 0 —i.e. {an} is related to
{Cn}.

Definition 8.6. The hyperreal numbers R¥ are the equivalence classes cl[{an}] of

Cauchy sequences of hyperrational numbers, as per Definition 3.5. That is, each such

equivalence class is a hyperreal number.

Definition 8.7. Given any hyperrational number q € Q*, define a hyperreal number g*
to

be the equivalence class of the sequence g* = (9,9,9,0,...) consisting entirely of g.

So we view Q* as being inside R¥ by thinking of each hyperrational number q as its

associated equivalence class g”. It is standard to abuse this notation, and simply refer
to

the equivalence class as g as well.

Definition 8.8. Let s,t € R%, so there are Cauchy sequences {a,},{bn} of
hyperrational

numbers with s = cl[{an}] and t = cl[{bn}].

(a) Define s+t to be the equivalence class of the sequence {a, + bn}.

(b) Define sx t to be the equivalence class of the sequence {a, x bn}.

Theorem 8.5.The operations +, x in Definition 3.8 (a),(b) are well-defined.

Proof. Suppose that cl[{an}] = cl[{cn}] and cl[{bn}] = cl[{dn}]. Thus means that

an—Cnh »# 0and b, —dy »# 0. Then (a, + bn) — (ch + dn) = (an — Cn) + (bn — dn). Now,

using the familiar /2 trick, you can construct a proof that this tends to 0, and so
cl[{an + bn}] = cl[{cn + dn}].

Multiplication is a little trickier; this is where we will use Theorem 3.2. We will also use
another ubiquitous technique: adding 0O in the form of s— s. Again, suppose that
cl{(an)] =cl[(cn)] and cl[{bn}] = cl[{dn}]; we wish to show that
cl[{an x bn}] = cl[{cn x dn}], Or, in other words, that a, x b, — ¢, - dn »# 0.Well, we add
and subtract one of the other cross terms, say
bnxch:anxby—chxdy=anxby+(bpxch—byxcp)—cChxdy=

= (apnxbp—bpnxcn) +(bnxch—cChxdn) =bnx(@n—cn)+Cnx (bp—dp).

Hence, we have |an x by — Cn x dn|< [bn|x]an — Cnl+|cn|x|bn — dn|. Now, from Theorem 3.2,
there are numbers M and L such that o< M and [cn[< L for all n € N#, Taking some
number K which is bigger than both, we have

[an x bn—cn x dnl< |bnlx |an — Cal+Cnlx [bn — dn|< K(Jan — CnlHbn — da).

Now, noting that both a, — c, and b, — d, tend to 0 and using the &/2 trick (actually, this
time we’ll want to use ¢/2K), we see that a, x by —Cn x dn »# 0.

Theorem 8.6. Given any hyperreal number s = 0, there is a hyperreal number t such

thatsxt = 1.

Proof. First we must properly understand what the theorem says. The premise is that
s is nonzero, which means that s is not in the equivalence class of {0,0,0,0,..}. In
other words, s = cl[{an}] where a, — 0 does not #-converge to 0. From this, we are to



deduce the existence of a real number t = cl[{bn}] such that sx t = cl[{an x bn}] is the
same equivalence class as cl[{1,1,1,1,..}]. Doing so is actually an easy consequence
of the fact that nonzero rational numbers have multiplicative inverses, but there is a
subtle difficulty. Just because s is nonzero (i.e. {an} does not tend to 0), there’s no
reason any number of the terms in {a,} can’'t equal 0. However, it turns out that
eventually, a, # 0.

a

n,

That is,

Lemma 8.1. If {an} is a Cauchy sequence which does not tend to O, then there is an
N e N* such that, for n > N,an # 0.

Definition 8.9. Let s € R%. Say that s is positive if s # 0, and if s = cl[{a,}] for some
Cauchy sequence of hyperrational numbers such that for some N € N* a, > 0 for all
n > N. Given two hyperreal numbers s, t, say that s > t if s—t is positive.

Theorem 8.7. Let s,t be hyperreal numbers such that s > t, and let r € R%. Then
S+r >t+r.

Proof. Let s = cl[{an}],t = cl[{bn}], and r = cl[{cn}]. Sinces>ti.e.,s—t> 0, we
know that there is an N € N* such that, for n > N, a, — b, > 0. So a, > b, forn > N.
Now, adding cn to both sides of this inequality (as we know we can do for
hyperrational numbers), we have a, + ¢, > b, + ¢, for

n> N, or (a, + cn) — (bn + cy) > O for n > N. Note also that

(an + ¢n) — (bn + cn) = an — by does not #-converge to 0, by the assumption that

s—t > 0. Thus, by Definition 8.8, this means that

s+r=cl[{an+cCn}] > cl[{bn+cCn}] =t+r.

Theorem 8.8. Let s,t > 0 be hyperreal numbers.Then there is m € N* such that
mxs>t.

Proof. Let s,t > 0 be hyperreal numbers. We need to find a natural number m so that
mx s > t. First, recall that, by min this context, we mean cl[{m,;m,mm,...}]. So,
letting s = cl[{an}] and t = cl[{bn}],what we need to show is that there exists mwith
cdl{mmmm,...}] x cl[{ai,az,a3,a4,...}] = cl[{mxai;,mxa;,mxas,mxaa,...}] >

> Cl[{bl, b2, b3, b4, . }]

Now, to say that cl[{mx an}] > cl[{bn}], or cl[{mx a, — by }] is positive, is, by
Definition 8.9, just to say that there is N € N* such that mx a, — b, > Ofor alln > N,
while mx a, — b, »4 0. To be precise, the first statement is:

There exist m,N € N* so that mx an > by for all n > N.

To produce a contradiction, we assume this is not the case; assume that

(#) for every mand N, there exists an n > N so that mx a, < by.

Now, since {b,} is a Cauchy sequence, by Theorem 3.2 it is hyperbounded — there is

hyperrational numbers Q#, given any hyperrational number ¢ > 0,¢ = 0, there is an

m € N* such that M/m < &/2. Fix such an m. Then if mx a, < b,, we have

an < bp/m < M/m < ¢/2.

Now, {a,} is a Cauchy sequence, and so there exists N so that for

k> N, |an —ak< €/2.

By Asumption (#), we also have an n > N such that mx a, < bn, which means that

an < ¢/2. But then for every k > N, we have that ax — a, < &/2, so

ax<an+el2< €l2+¢€l2 =¢. Hence, ax < ¢ for all k > N. This proves that ax —# O,

hyperrational number M € Q* such that b, < M for all n. Now, by the properties for the



which by Definition 8.9 contradicts the fact that cl[{a,}] = s> O.

Thus, there is indeed some m € N so that mx a, — b, > 0 for all sufficiently infinite

large n € NA\N. To conclude the proof, we must also show that mx a, — b, » 0.

Actually, it is possible that mx a, — b, - 0 (for example if {a,} =<1,1,1,...} and

{bn} = {mm,m,...}). But that's okay: then we can simply choose a larger m. That is:

let m be a hypernatural number constructed as above, so that mx a, — b, > 0

for all sufficiently large € N*N. If it happens to be true that mx a, — b, » 0, then the

proof is complete.

If, on the other hand, it turned out that mx a, — b, — 0, then take instead the integer

m+ 1.Since s = cl[{an}] > 0, we have a n > O for all infinite large n, so

(m+1) xapn— by = mx a,—bn+an > a, > 0for all infinite large n, so m+ 1 works just
as

well as mdid in this regard; and since mx a, — b, - 0, we have

(m+1) xan—by = (Mmxa,—by)+an » 0since s= cl[{a,}] > 0(so a, » 0).

It will be handy to have one more Theorem about how the hyperrationals Q* and

hyperreals R#% compare before we proceed. This theorem is known as the density of
Q*in

R#, and it follows almost immediately from the construction of the R¥ from Q.

Theorem 8.9. Given any hyperreal number r € R, and any hyperrational number
£>0, ¢=0,thereis a hyperrational number q € Q* such that |r — g< «.

Proof. The hyperreal number r is represented by a Cauchy hyperrational sequence
{an}.

Since this sequence is Cauchy, given ¢ > 0,¢ = 0, there is N € N#so that for alll
m,n > N,

lan — aml< €.Picking some fixed | > N, we can take the hyperrational number q given by

g = cl[{a,a,a,...}]. Then we haver - q = cl[{an — a/}+], and
q-r = c[{a — an} el

Now, since | > N, we see that for n > N,a, —a < ¢ and a — a, < &, which means by

Definition 8.9 thatr —q < eand q—r < ¢; hence, | — gk ¢.

Definition 8.10.Let S & R% be a non-empty set of hyperreal numbers.

A hyperreal number x € R% is called an upper bound for Sif x > sforallse S

A hyperreal number x is the least upper bound (or supremum supS) for Sif x is an
upper

bound for Sand x < y for every upper bound y of S

Remark 8.1.The order < given by Definition 8.9 obviously is <-incomplete.

Definition 8.11. Let S & R be a nonempty subset of R% We we will say that:

(1) Sis <-admissible above if the following conditions are satisfied:

(i) Sbounded above;

(ii) let A(S) be a set Vx[x € A(S) < x> S]then for any ¢ > 0,6 = Othere exsta € S

and g € A(S) suchthat f—a < e~ 0.

(2) Sis <-admissible belov if the following condition are satisfied:

(i) Sbounded belov;

(ii) let L(S) be a set VX[x € L(S) < x < §]then forany ¢ > 0,6 ~ Othere exsta € S

and f € L(S suchthata—-p < ¢ =0.

Theorem 8.10. (i) Any <-admissible above subset S c R¥ has the least upper

bound property.(ii) Any <-admissible below subset S — R# has the greatest lower



bound property.

Proof. Let S c R¥ be a nonempty subset, and let M be an upper bound for S. We are

going to construct two sequences of hyperreal numbers, {u,} and {l,}. First, since S

is nonempty, there is some element s € S Now, we go through the following

hyperinductive procedure to produce numbers up,us, Uy, ... ,Un,... and l1,l2,13,...,In,...

(i) Setup = Mand lg = so.

(i) Suppose that we have already defined u, and I,,. Consider the number

m, = (un + |1n)/2,the average between u, and .

() If my is an upper bound for S define un.1 = My and lpa = In.

(2) If my is not an upper bound for S, define up.1 = Uy and I = In.

Since sp < M, it is easy to prove by hyperinfinite induction that {u,} is a
non-increasing

sequence: Un1 < Un,n € N*and {l,} is a non-decreasing sequence I, > In,n € N,
This

gives us the following lemma.

Lemma 8.2. {un} and {l,} are Cauchy sequences of hyperreal numbers.

Proof. Note that each I, < M for all n € N*. Since {l,} is non-decreasing, it follows
that {l,} is Cauchy. For {u,}, we have u, > 0 for all n € N¥, and so —u, < —sp. Since
{Un}

is non-increasing, {—un} is non-decreasing, and so as above, {-u,} is Cauchy. It is
easy

to verify that, therefore, {u,} is Cauchy.

The following Lemma shows that {u,} does tend to a hyperreal number.

Lemma 8.3. There is a hyperreal number u such that u, —# u.

Proof. Fix a term u, in the sequence {u,}. By Theorem 8.9, there is a hyperrational

number g, such that |u, — gnl< 1/n. Consider the sequence {qi1,02,093,---,dn, ...} Of

hyperrational numbers. We will show this sequence is Cauchy. Fix ¢ > 0,6 = 0. By the

Theorem 8.8, we can choose N € N* so that 1/N < /3. We know, since {un} is
Cauchy,

that there is an M e N* such that for n,m> M, Ju, — um|< /3. Then, so long as

n,m > max{N,M}, we have [gn — dm}= |[(gn — Un) + (Un — Um) + (Um — gm) [<

< |dn — UnHun — UmH-|um — Om|< €/3+ €/3 + €/3 = €.

Thus, {gn} is a Cauchy sequence of hyperrational numbers, and so it represents a

hyperreal number u = cl[{q.}]. We must show that u, — u -4 0, but this is practically

built into the definition of u. To be precise, letting g;, be the hyperreal number
cl{{gn,dn,qn, - - . }], We see immediately that g, — u —# O (this is precisely

equivalent to the statement that {q,} is Cauchy). But u, — g;; < 1/n by construction;

it is easily verify that the assertion that if a sequence g}, > uand u, — q;; - 0, then

Un —»# U.So {un}, @ non-increasing sequence of upper bounds for S tends to a
hyperreal

number u. As you've guessed, u is the least upper bound of our set S To prove this,
we

need one more lemma.

Lemma 8.4. |, -4 u.

Proof. First, note in the first case above, we have that
Un + In Un —In

Un+1_|n+l:mn_|n—T_|n: 2



In the second case, we also have

Up + | Up — |
Un+1_|n+l:Un_mn:Un_ n2 o = n2 n-

Now, this means thatu; — 11 = 2 (M—s), andsouz — 2 = S (U1 —11) = 2—12(L— S),
and in general by hyperinfinite induction, u, — I, = 2™"(L - ). Since L > sso
L-s> 0, and since 2™ < 1/n, by the Theorem 3.8, we have for any ¢ > 0 that
2"(L - s) < ¢ for all sufficiently large ne N*. Thus, u, — I, < 2"(L - s) < ¢ as well,
and so u, — I, -4 0. Again, it is easily verify that, since u, -4 u, we have I, -4 u
as well.

Remark 8.2.Note that assumption in Theorem 8.10 that Sis <-admissible above
subset of R% is necessarily, othervice Theorem 8.10 is not holds.

Theorem 8.11.(Generalized Nested Intervals Theorem)

Let {In} e = {[@n,bn]} s [@n, bn] = RE be a hyper infinite sequence of closed
intervals satisfying each of the following conditions:

Mh=2lh2132..21h2...,

(i) bh —an »# 0as n » o,

Then N%; I, consists of exactly one hyperreal number x € R%. Moreover both
sequences {an} and {b,} #-converge to x.

Proof.Note that: (a) the set A = {aj|n € N*} is hyperbouded above by b;and

(b) the set A = {an|n € N*} is <-admissible above subset of R%.

By Theorem 8.10 there exists supA. Let & = supA.

Since |, are nested,for any positive hyperintegers mand n we have

am < amin < bmin < bp,so that & < by, for each n € N*. Since we obviously have a, < &
for each n € N*,we have a, < & < b, for all n € N*, which implies & € N, I.. Finally, if
&n e NZ 1y, with & < 7, then we get 0 < 7 — & < b, — an,for all n e N*,so that
0<n-¢& <infg¢lbn—an| =0.

Theorem 8.12.(Generalized Squeeze Theorem)

Let {an},{cn} be two hyper infinite sequences #-converging to L,and {b,} a hyper
infinite sequence. If vn > K,K € N* we have a, < b, < ¢y, then {b,} also
#-converges to L.

Proof. Choose an ¢ > 0,s =~ 0. By definition of the #limit,there is an N; € N* such
that for all n > N; we have |a, — L< &, in other words L — ¢ < a, < L + &.Similarly, there
is an N2 € N* such that for all n > N, we have L —¢ < ¢, < L +¢. Denote

N = max(N1,N2,K). Thenforn> N,L —¢ < a, < by < ¢, < L +¢, in other words

[bn — Lk &.Since ¢ > 0,6 = 0 was arbitrary, by definition of the #-limit this says

that #-lim__«b, = L.

Theorem 8.13.(Corollary of the Generalized Squeeze Theorem).

If #lim . «|Jan|= O then #Ilim__+a, = O.

Proof.We know that —|a,|< an < |an| We want to apply the Generalized Squeeze
Theorem.We are given that #lim,,__+|an|= 0.This also implies that

#lim, . «(—ljan)) = 0.So by the Generalized Squeeze Theorem, #lim,_+«an = 0.
Theorem 8.14. (Generalized Bolzano-Weierstrass Theorem)

Every hyperbounded hyperinfinite sequence has a #-convergent hyper infinite
subsequence.



Proof. Let {wn} .+ be a hyperbounded hyperinfinite sequence. Then, there exists an
interval [az,b;] such that a; < wy < by for all n e N*,
Either [ay, 242 | or [ 242 by | contains hyperinfinitely many terms of {w,}. That

is, there exists hyperinfinitely many nin N* such that a, is in |:a1, al%bl] or there exists
hyperinfinitely many nin N* such that a, is in [ 242 by |. If [ a1, 252 ] contains

hyperinfinitely many terms of {w,}, let [a2,b2] = [al,al%bl]. Otherwise, let
(ao.ba] = [ 2]
Either [ az, 222 | or [ 222 b, | contains hyperinfinitely many terms of {Wn} . If
[ a2, 222 ] contains hyperinfinitely many terms of {wy}, let [as,bs] = [ az, 242 ].
Otherwise, let [as,bs] = |:a2+b2,b2:|. By hyperinfinite induction, we can continue this
construction and obtain hyperinfinite sequence of intervals {[an,bn]} .+ Such that:
(i) for each n € N*,[a,, bs] contains hyperinfinitely many terms of {wn} .+,
(ii) for each n € N#, [an;1,bni1] < [an,bn] and
(iii) for each n € N* by1 — ans = 5 (bn — an).
Then generalized nested intervals theorem implies that the intersection of all of the
intervals [an, bn] is a single point w. We will now construct a hyper infinite
subsequence of {wn} . Which will #converge to w.
Since [az,b1] contains hyper infinitely many terms of {wn} ., there exists k; € N*
such that wy, is in [ai,b1]. Since [az,bz] contains hyper infinitely many terms of
{Wn} o there exists kz € N# kz > ki, such that w, is in [az,b2]. Since [as, bs] contains
hyper infinitely many terms of {wn} .+, there exists ks € N* ks > k», such that w, is in
[as,bs]. Continuing this process by hyper infinite induction, we obtain hyper infinite
sequence {W, }.+ such that wg, € [an,ba] for each n € N¥. The sequence {w, } .+ IS
a subsequence of {wn} .+ since kn1 > kn for each n € N*. Since a, »# w, and
an < Wy < by, for each n e N#, the squeeze theorem implies that wy, —»» w.
Definition 8.12. Let {a,} be a hyperreal sequence i.e.,a, € R, n € N*. Say that {a,}
#-tends to O if, given any ¢ > 0, ~ O,there is a hypernatural number N € NN,
N = N(e)
such that,for all n > N, |an|< €. We often denote this symbolically by a, —# 0.
We can also, at this point, define what it means for a hyperreal sequence #-tends to
a given number g € R% : {a,} #tends to qif the hyperreal sequence {a, — q}
#tendstoOi.e.,an—q -# 0.
Definition 3.13. Let {a,},n € N* be a hyperreal sequence. We call {a,} a Cauchy
hyperreal sequence if the difference between its terms #-tends to 0. To be precise:
given any hyperreal number ¢ > 0,& = 0,there is a hypernatural number N = N(¢)
such that for any mn > N, |an — am|< €.
Theorem 8.15. If {a,} is a #-convergent hyperreal sequence (that is, a, —# b for
some hyperreal number b € R¥), then {a,} is a Cauchy hyperreal sequence.
Theorem 8.16. If {a,} is a Cauchy hyperreal sequence, then it is hyper bounded;
that is, there is some M € R% such that |an< M for all n € N*.
Theorem 8.17. Any Cauchy hyperreal sequence {an} has a #limit in R i.e.,there
exists
b € R# such that a, - b.
Proof.By Definition 8.13 given ¢ > 0,e = 0,there is a hypernatural number N = N(¢)



such that for any n,n" > N,
lan —a, < e. (8.1)
From (8.1) for any n,n" > N we get
a,—&<ap<an+e. (8.2
The generalized Bolzano-Weierstrass theorem implies there is a #-convergent
hyper infinite subsequence {a,, } < {an} such that a,, -4 b for some hyperreal

number b e R% Let us show that the sequence {a,} also #-convergent to this b € R%.
We can choose k € N* so large that ng > N and

lan, — b| < €. (8.3
We choose now in (8.1) n' = nx and therefore
|a.n — ank|< E. (8 4)

From (8.3) and (8.4) for any n > N we get
|(ank — b) + (an — ank)l = |a.n — bl < 28. (85)
Thus a, »# b as well.

9.The Extended Hyperreal Number System R?

Definition 9.1.(a) A set S c N* is hyperfinite if card(S) = card({x|0 < x < n}),

n € N*N. (b) A set S = N* is hyper infinite if card(S) = card(N¥)

Notation 9.1. If F is an arbitrary collection of sets, then U{SS € F}is the set of all

elements that are members of at least one of the sets in F, and N{SS € F} is the set

of all elements that are members of every set in F. The union and intersection of
finitely

or hyperfinitely many sets S,0 < k < n € N* are also written as U} 5 Sc and N} S.
The

union and intersection of an hyperinfinite sequence S,k € N of sets are written as

U Sor U Sand Ny Sor N, Scorrespondingly.

A nonempty set Sof hyperreal numbers R# is unbounded above if it has no hyperfinite

upper bound, or un bounded below if it has no hyperfinite lower bound. It is
convenient

to adjoin to the hyperreal number system two points, +wo* (Which we also write more

simply as «*) and —o#,and to define the order relationships between them and any

hyperreal number x € R% by —o < x < oo,

We call —o* and «* points at hyperinfinity. If Sis a nonempty set of hyperreals, we

write supS = o«* to indicate that Sis unbounded above, and infS = —o” to indicate that

Sis unbounded below. i

#-Open and #-Closed Sets on RE.

Definition 9.2.1f aand b are in the extended hyperreals and a < b, then the open

interval (a,b) is defined by (a,b) £ {xjJa < x < b}.

The open intervals (a,+*) and (-«o*,b) are semi-hyperinfinite if aand b are
hyperfinite,

and is the entire hyperreal line.

Definition 9.3.1f xo € R% is a hyperreal number and ¢ > 0,¢ ~ 0 then the open interval



(Xo — €,Xo + ¢) is an #neighborhood of x,. If a set S R# contains an #-neighborhood
of Xo, then Sis a #-neighborhood of xo, and Xo is an #-interior point of S The set of
#-interior points of Sis the #-interior of S denoted by #Int(S).

(i) If every point of Sis an #-interior point (that is, S = #-Int(S) ), then Sis #-open.

(i) A set Sis s-#-open if (a) Sis #-open and (b) R#\Sis #-open.

(i) A set Sis w-#-open if (a) Sis #-open and (b) Sis not s-#-open.

(iv) A set Sis #-closed if S = R#\Sis #-open.

Example 9.1. An open interval (a,b) is an #-open set, because if Xo € (a,b) and

e <min{Xo—ab—Xo}, then (xo—&,X0 +¢) < (a,b)

Remark 9.1.The entire hyperline R% = (—oo*,0%) is #-0pen, and therefore & is
#-closed.

However, & is also #-open, for to deny this is to say that & contains a point that is not

an #-interior point, which is absurd because & contains no points. Since & is #-open,

lR# is #-closed. Thus, IR# and @ are both #-open and #-closed. They are the only
subsets

of R# with this property.

Definition 9.4.A deleted #-neighborhood of a point Xo is a set that contains every point

of some #-neighborhood of xo except for Xo itself. For example, S= {x|0 < [x—Xo| < &},

where ¢ = 0, is a deleted #-neighborhood of xo. We also say that it is a deleted

&-#-neighborhood of Xo.

Theorem 9.1.(a) The union of #-open sets is #-open:

(b) The #-intersection of #-closed sets is #-closed:

These statements apply to arbitrary collections, hyperfinite or hyperinfinite, of #-open

and #-closed sets.

Proof (a) Let L be a collection of #-open sets and S= U {G|G € L}.

If Xo € S then xo € Gp for some Gy in L, and since Gq is #-open, it contains some

g-#-neighborhood of xo. Since Gy < § this e-#-neighborhood is in S which is

consequently a #neighborhood of xo. Thus, Sis a #neighborhood of each of its points,

and therefore #-open, by definition.

(b) Let F be a collection of #-closed setsand T = N{H|H € F}. Then T® = U{H°H € F}

and, since each H¢ is #-open, T¢ is #-open, from (a). Therefore, T is #-closed, by

definition.

Example 9.2. If —o* < a < b < «*, the set [a,b] = {X|Ja < x < b} is #-closed, since

its complement is the union of the #-open sets (—wo*a) and (b,«*). We say that [a,b]

is a #-closed interval. The set [a,b) = {x|Ja < X < b} is a half-#-closed or half-#-open

interval if —o* < a < b < o, asis (a,b] = {XJa < x < b} however, neither of these sets

is #-open or #-closed. Semi-infinite #-closed intervals are sets of the form

[a,0%) = {x]a < x} and (—o*,a] = {x|]x < a},where ais hyperfinite. They are #-closed

sets, since their complements are the #-open intervals (—»# a) and
(a,o"),respectively.

Definition 9.5. Let She a subset of @ﬁ = (—o*,0%). Then

(a) xo is a #limit point of Sif every deleted #-neighborhood of xo contains a point of S



(b) %o is a boundary point of Sif every #-neighborhood of x, contains at least one point

in Sand one not in S, The set of #boundary points of S is the #-boundary of S
denoted

by #-0S. The #-closure of S denoted by #S, is SU #0S.

(c) xo Is an #-isolated point of Sif xo € Sand there is a #-neighborhood of xo that
contains

no other point of S

(d) xo is #-exterior to Sif Xo is in the #-interior of S¢. The collection of such points is the

#-exterior of S

Theorem 9.2. A set Sis #-closed if and only if no point of S° is a #limit point of S

Proof. Suppose that Sis #-closed and xo € S. Since S is #-open, there is a

#-neighborhood of xo that is contained in S* and therefore contains no points of S

Hence, X cannot be a #-limit point of S. For the converse, if no point of &

is a #limit point of Sthen every point in S* must have a #-neighborhood contained

in S°. Therefore, S° is #-open and Sis #-closed.

Theorem 9.3.

Corollary 9.1.A set Sis #-closed if and only if it contains all its #-limit points.

If S is #-closed and hyper bounded, then inf(S) and sup(S) are both in S

Proposition 9.1. If Sis #-closed and hyper bounded, then inf(S) and sup(S) are both

inS

#-Open Coverings

Definition 9.6.A collection H of #-open sets of R% is an #-open covering of a set Sif
every point in Sis contained in a set H belonging to H; that is, if S < U{F|F € H}.
Definition 9.7.A set S < R¥ is called #-compact (or hyper compact) if each of its
#-open covers has a hyperfinite subcover.

Theorem 9.3.(Generalized Heine—Borel Theorem) If H is an #-open covering of a
#-closed and hyper bounded subset Sof the hyperreal line R¥ (or of the R#",n € N#)
then Shas an #-open

covering H consisting of hyper finite many #-open sets belonging to H.

Proof. If a set S in R#" is hyper bounded, then it can be enclosed within an n-box

To =[—a,a]" where a > 0. By the property above, it is enough to show that Ty is

#-compact.

Assume, by way of contradiction, that To is not #-compact. Then there exists an hyper

infinite open cover C_+ of Ty that does not admit any hyperfinite subcover. Through

bisection of each of the sides of Ty, the box Ty can be broken up into 2n sub n-boxes,

each of which has diameter equal to half the diameter of To. Then at least one of the
2n sections of To must require an hyper infinite subcover of C_+, otherwise C_: itself
would have a hyperfinite subcover, by uniting together the hyperfinite covers of the
sections. Call this section T;.Likewise, the sides of T; can be bisected, yielding 2n
sections of T4, at least one of which must require an hyper infinite subcover of C_.
Continuing in like manner yields a decreasing hyper infinite sequence of nested n-boxes:
To> T1 D T2 ..o Tk o...,k e N¥, where the side length of Ty is (2a)/2¥, which
#-converges to 0 as k tends to hyper infinity, k - «*. Let us define a hyper infinite
sequence {Xx} .+ such that each xx : xk € Tk. This hyper infinite sequence is Cauchy,
S0 it must #-converge to some #-limit L. Since each Tiis #-closed, and for each k the



sequence {Xk} .+ is eventually always inside Ty, we see that L € Ty for each k € N*,
Since C_» covers Ty, then it has some member U € C_» such that L € U. Since U is
open, there is an n-ball B(L) < U. For large enough k, one has Tx < B(L) < U, but then
the infinite number of members of C_» needed to cover Tk can be replaced by just one:
U, a contradiction.Thus, Tg is #compact. Since Sis #-closed and a subset of the
#-compact set Ty, then Sis also #compact.

As an application of the Generalized Heine—Borel theorem, we give a short proof of
the

Generalized Bolzano—Weierstrass Theorem.

Theorem 9.4.(Generalized Bolzano—Weierstrass Theorem) Every hyper bounded
hyper

infinite set S — R¥ has at least one #-limit point.

Proof. We will show that a hyper bounded nonempty set without a #-limit point can

contain only finite or a hyper finite number of points. If Shas no #-limit points, then Sis

#-closed (Theorem 9.) and every point x € Shas an w-#-open neighborhood Ny that

contains no point of Sother than x. The collection H = {Ny|x € S} is an w-#-open

covering for S. Since Sis also hyper bounded, Theorem 9.3 implies that Scan be

covered by finite or a hyper finite collection of sets from H, say Ny,,...,Nx,,n € N*,

Since these sets contain only xy, ... X, from S it follows that S = {Xk} ;,,N € N*. .

10.Cauchy hyperreals R# axiomatically.

A model for the Cauchy hyperreal number system consists of a set R%, two distinct
elements 0 and 1 of R%, two binary operations + and x on R* (called addition and
multiplication, respectively), and a binary relation < on R*, satisfying the following
properties.

Axioms:

I.(R% +, %) forms a field i.e.,

() For all x,y, and zin R*, x+ (y+2) = (X+y)+zand xx (yx2) = (Xx V) x Z

(associativity of addition and multiplication)

(i) Forall xand y in R*, x+y =y+xand xxy = y x X.

(commutativity of addition and multiplication)

(iijFor all x,y, and zin R* xx (y+2) = (XxY) + (X x 2).

(distributivity of multiplication over addition)

(iv)For all xin R¥, x + 0 = x.

(existence of additive identity)

Ois not equal to 1, and for all x in R#, xx 1 = x.

(existence of multiplicative identity)

(v) For every x in R#, there exists an element —x in R#, such that x + (-x) = 0.

(existence of additive inverses)

(vi)For every x # 0in R* there exists an element x— 1 in R#, such that x x x—1 = 1.

(existence of multiplicative inverses)

Il.(R# <) forms a totally ordered set. In other words,

(i) For all xin R#, x < x. (reflexivity)



(i) For all xand y in R*, if x < yand y < x, then x = y. (antisymmetry)

(iii)For all x,y, and zin R*, if x < yand y < z then x < z (transitivity)

(iv)For all xand y in R*, x < y or y < x. (totality)

The field operations + and x on R# are compatible with the order <. In other words,

(V)For all x,y and zin R*, if x <y, then x+z < y+ z (preservation of order under
addition)

(vi) For all xand y in R*, if 0 < xand 0 <y, then 0 < x x y (preservation of order under

multiplication)

[1I.Non-Archimedean property

Q* c R*i.e.,R*¥ is non-Archimedean ordered field.

Remark 10.1.Here a hyperrational is by definition a ratio of two hyperintegers.
Consider

the ring Qf,, of all limited (i.e. finite) elements in Q*. Then Qf,, has a unique maximal

ideal 1%, the infinitesimals or infinitesimal numbers are quantities that are closer to
zero

than any real number from the field R, but are not zero.The quotient ring Qf /1% gives
the

field R of real numbers.

Definition 10.1. An element x € R* is called finite if [x] < r for somer € Q, r > 0.

As we shall see in a moment in bivalent case,

Theorem 10.1.Every finite x € R* is infinitely close to some (unique) r € R in the sense

that [x — r| is either O or positively infinitesimal in R¥. This unique r is called the
standard

part of x and is denoted by st(x).

Proof. Let x € R* be finite. Let D1, be the set of r € R such that r < x and D the set
of

r' e R such that x < r'. The pair (D1,D;) forms a Dedekind cut in R, hence determines
a

unique ro € R. A simple argument shows that |x — ro| is infinitesimal, i.e., st(x) = ro.

Notation 10.1.We usually write x = 0iff x € %,

Definition 10.2. A hypersequence of hyperreal numbers is any function a : N¥ - R¥,

Often hypersequences such as these are called hyperreal hypersequences,

hypersequences of hyperreal numbers or hypersequences in R* to make it clear that
the

elements of the sequence are hyperreal numbers. Analogous definitions can be given
for

sequences of hypernatural numbers, hyperintegers, etc.

Notation 10.2.However, we usually write a, for the image of n € N* under a, rather
than

a(n).The values a, are often called the elements of the hypersequence (Xn) nent-

Definition 10.3. We call x € R* the limit of the hypersequence (Xn) v if the following

condition holds: for each hyperreal number ¢ € R* such that ¢ ~ 0,¢ > 0, there exists a

hypernatural number N € N* such that, for every hypernatural number n > N, we have

[Xn — X< €.

Definition 10.4.The hypersequence (Xn) o IS Said to #-converge to the limit x,

written X, - X,n - «* or lim,__+(X,) = X. Symbolically, this reads:




Ve[(e = 0) A (e > 0)][AN € N¥(WVn e N¥(n > N =[x, — Xk ¢))]. (10.1

If a hypersequence (Xn) .+ CONverges to some limit, then it is convergent; otherwise it
is #-divergent. A hypersequence that has zero as a limit is sometimes called a null
hypersequence.
Limits of hypersequences behave well with respect to the usual arithmetic operations.
If a, - a,n » «* and b, -» b,n - «©* , then a, + by, - a+b,n » «* and
an x by, - ax b,n - «* if neither b, or any b, is zero, a, x by -» ax b,n » oo,
The following properties of limits of real hypersequences provided, in each equation
below, that the limits on the right exist.
The limit of a hypersequence is unique.
1.lim, «(@nxbp) = lim,+anxlim,, by
21lim +«(cxan) = cxlim, +an
3.lim_«(an x bn) = (lim,_#an) x (lim,_,.«bn)
4.lim,+(an/bn) = lim,_ +an/lim,, b, provided lim,__+«b, + O
5.lim,.+ah = [lim,_, «an]P
6. If an < b, where n greater than some N, then lim,__+an < lim,__+bn
7. (Squeeze theorem) If a, < ¢y < by, and lim,_.» an = lim,__«b, = L, then
lim,,.«Cnh = L.
Definition 10.5.A hyper infinite sequence (X,) is said to tend to hyperinfinity, written
Xn = oo or lim,_«xn = o, if for every K € R¥, there is an N e N* such that for every
n > N; that is, the hypersequence terms are eventually larger than any fixed K.
Similarly, x, - —oo* if for every K € R#, there is an N € N* such that for every n > N,
Xn < K. If a hypersequence tends to infinity or minus infinity, then it is divergent.
However, a divergent hypersequence need not tend to plus or minus hyperinfinity
Definition 10.6.A hypersequence (Xn),+Of hyperreal numbers is called a Cauchy
hypersequence if for every positive hyperreal number ¢, there is a positive
hyperinteger
N e N* such that for all hypernatural numbers m,n > N : [xn — Xn|l< &, where the vertical
bars denote the absolute value. In a similar way one can define
Cauchy hypersequences
of hyperrational numbers,etc. Cauchy formulated such a condition by requiring
[Xm — Xn| = 0 i.e., to be infinite small for every pair of infinite large m,n € N*,
Definition 10.7.Let R% be the set of Cauchy hypersequences of hyperrational
numbers.
That is, hypersequences (xn),.+ Of hyperrational numbers such that for every
hyperrational ¢ > 0O, there exists an hyperinteger N € N*\N such that for all hypernatural
numbers m,n > N, [xm — Xn|< &. Here the vertical bars as usial denote the absolute
value.
Definition 10.8. A standard procedure to force all Cauchy hypersequences in a metric
space to converge is adding new points to the metric space in a process called
completion. R is defined as the completion of Q* with respect to the metric [x —y|, as
will be detailed below.
Definition 10.9. Cauchy hypersequences (Xn) v+ and (Yn) .+ Can be added and
multiplied as follows:

(Xn) nen# + (Yn) nent = (Xn + Yn) nents (10.2



and

(Xn) nen# X (Yn) nent = (Xn X Yn) pent- (10.3

Definition 10.10. Two Cauchy hypersequences are called equivalent if and only if the

difference between them tends to zero. This defines an equivalence relation that is

compatible with the operations (10.2)-(10.3) defined above, and the set R% of all

equivalence classes cl[(Xn)y#] Can be shown to satisfy all axioms of the hyperreal

numbers.

We can embed Q¥ into R# by identifying the rational number r € Q* with the
equivalence

class of the hypersequence  (rn) o With rp = r for all n e N*,

Remark 10.2.Comparison between hyperreal numbers is obtained by defining the

following comparison between Cauchy hypersequences:

(Xn)nent = (Yn) nent (10.4

if and only if x is equivalent to y or there exists an hyperinteger N € N* such that
Xn 2 Yn

foralln > N.

Remark 10.3.By construction, every hyperreal number x € R¥ is represented by a
Cauchy

hypersequence of hyperrational numbers. This representation is far from unique;
every

hyperrational hypersequence that converges to x is a representation of x. This reflects

the observation that one can often use different hypersequences to approximate the

same hyperreal number.The equation 0.999... = 1 states that the hypersequences

(0, 0.9,0.99,0.999,...)and (1, 1, 1, 1,...) are equivalent, i.e., their difference
#-converges

to O.

IV.The field R* is complete in the following sense:

Definition 10.11.Let S & R% be a non-empty set of hyperreal numbers.

A hyperreal number x € R% is called an upper bound for Sif x > sforallse S

A hyperreal number x is the least upper bound (or supremum supS) for Sif x is an
upper

bound for Sand x < y for every upper bound y of S

Remark 10.4.The order < given by Eq.(3.4) obviously is <-incomplete.

Definition 10.12. Let S ¢ R¥ be a nonempty subset of RZ. We we will say that:

(1) Sis <-admissible above if the following conditions are satisfied:

(i) Sbounded above;

(ii) let A(S) be a set Vx[x € A(S) < x> S]then for any ¢ > 0,6 = Othere exsta € S

and g € A(S) suchthat f—a < e~ 0.

(2) Sis <-admissible belov if the following condition are satisfied:

(i) Sbounded belov;

(ii) let L(S) be a set VX[x € L(S) < x < §]then forany ¢ > 0,6 ~ Othere exsta € S

and f € L(S suchthata—-p < ¢ =0.

Theorem 10.2.(i) Every <-admissible above subset S & R% has a supremum supS.

(i) Every <-admissible belov subset S ¢ R¥ has infinum infS,

Proof.Let S & R% be a nonempty subset of R%, and let M € Q* be an hyperrational



upper bound for S. We are going to construct two hypersequences of hyperrational
numbers, (Un) @nd (In) . First, since Sis nonempty, there is some element

S € S
We can choose a hyperrational number L € Q* such that L < so. Now, we go through
the following hyperinductive procedure to produce hyperrational numbers up,us, Uz, ...
and |o,|1, |2,|3,... .
(i) Setupo =Mandlo = L.
(i) Suppose that we have already defined u, and I, n € N*,
Consider the number m, = (u, + 11)/2,i.e.,the average between u, and .
() If my is an upper bound for S define un1 = My and I = In.
(2) If my is not an upper bound for S, define up.1 = Uy and I = M.
Since lp < M, it is easy to prove by hyperinfinite induction that (un) o IS @
non-increasing hypersequence, i.e.un1 < U, and (In) ¢ IS @ non-decreasing
hypersequence, i.e. |1 > |n.
Remark 10.5. Note that in the first case above, we have that

Un+1—|n+1:mn—|n:unT+|n—|n: Ungln. (10-5)
In the second case, we also have that
Un+1_|n+1ZUn_ngUn_ ungln = ungln. (106)

Now, this means thatu; —l; = 2(M-L)andsouz —l2 = 3 (u1—l1) = 2—12(M L),
and in general by hyperinfinite induction one obtains
Up—lp=2"(M-L). (10.7)

Since M > Lso M -L > 0, and since 2™ < n~! we have for any ¢ > 0,¢ ~ O that
2"(M - L) < ¢ for all sufficiently large n e NAN. Thus, un — I, < ¢ as well, and so
lim.#(un—14) = 0. (10.8)
This defines two hypersequences of hyperrationals, and so we have hyperreal
numbers
I = (In) vt @nd U = (Un) p#- It is €asy to prove, by induction on n € N* that:
(i) un is an upper bound for Sfor all n € N*and
(ii) In is never an upper bound for Sfor any n € N*,
Thus u is an upper bound for S To see that it is a least upper bound, notice that the
#-limit of (Un — In)pen# 1S 0, @and so | = u. Now suppose b < u = | is a smaller upper
bound
for S Since (In) n# 1S MoONotonNic increasing it is easy to see that b < |, for some
n e N*.
But |, is not an upper bound for Sand so neither is b. Hence u is a least upper bound
for S

11.Basic analisys on non Archimedean field RZ.
11.1.The #-limit of a function f : R% - R%

Definition 11.1.The (g,6) definition of the #limit of a function f : D — R# is as follows:
Let f be a R%-valued function defined on a subset D — R# of the Cauchy hyperreal



numbers. Let ¢ be a limit point of D and let L be a hyperreal number. We say that
#limy., o f(X) =L (11.1
if for every ¢ ~ 0,6 > O there exists a 6 ~ 0,6 > 0 such that, for all x € D, if
0 < x—=ck 4, then [f(x) — Lk &, symbolically:
limy, f(X) =L < (Ve(e = OAe > 0)35(0 ~ OAJd > 0)Vxe D,0< [x—ck o =

11.2
fX) - L| < e. (11.2

Definition 11.2.The function f : RZ - R¥ is #-continuous (or micro continuous) at
some

point c of its domain if the #limit of f(x), as x #-approaches c through the domain of f,

exists and is equal to f(c) :

#limy.,, f(X) = f(c). (11.3

Theorem 11.1.If #limy., x, f(X) exists; then it is unique that is; if
#limy, x, f(X) = L1 and #limy., x, f(X) = L2, then L1 = L.
Theorem 11.2. If #limy., x,f1(X) = L1 and #limy., x,f2(x) = L2 then

#-lim Xoru xo[fl(x) +f(X)] = L1 £ Lo,

#‘liqu# xo[fl(x) X fz(X)] = Ll X L2, (11'4)
Xt f1(x) _ L1
# ||mx_># Xo fz(x) == L2 ,L2 * 0.

Definition 11.3.(a) We say that f(x) #-approaches the left-hand #-limit L as x

#-approaches xo from the left,and write #-lim,.x,- f(x) = L, if f(x) is defined on some

#-open interval (a,Xo) and, for each ¢ > 0,6 = Othereisa ¢ > 0,0 ~ 0 such that

[f(X) —L|<eif Xo—0 < X< Xo.

(b) We say that f(x) #-approaches the right-hand #-limit L as x #-approaches xo from
the

right, and write #limy., x,. f(x) = L,if f(x) is defined on some open interval (xo,b) and,
for

each ¢ > 0, thereisad > 0,6 = Osuch that [f(x) - L|< &,& > 0,6 = 0if Xo < X < Xo + 0.

Left- and right-hand #-limits are also called one-sided #-limits. We will often simplify
the

notation by writing #limy.,, x,- f(X) = f(Xo —) and #lim.., x,+ f(X) = f(Xo +).

Theorem 11.3. A function f has a #-limit at X, if and only if it has left- and right-hand

#-limits at xo; and they are equal. More specifically; #limy., x, f(x) = L if and only if

f(xo+) =f(xo—) =L.

Definition 11.4. We say that f(x) approaches the #limit L as x approaches «# , and

write #lim,,, ..+ f(x) = L,if f is defined on an interval (a,«") and, for each ¢ > 0, = 0,

there is a number g such that [f(x) = L| < ¢ if x > .

Definition 11.5. We say that f(x) approaches «* as x approaches xo from the left,

and write

#-limy., x,- f(X) = oo® or f(xg —) = oo (11.5

if f is defined on an interval (a,Xo) and, for each hyperreal number M, there is a
0 ~ 0,0 >0suchthatf(x) > Mifxo—0 < X < Xo.



Similarly we define: #lim .y, f(X) = —oo®, #lim ., x,+ f(X) = —00o® #limy., xo1 F(X) = 0¥,

Example 11.1. (i) #limy., x,- X2 = —o® (i) #limy., xoe XL = +00,

(iii) #lim # X2 = #lim # X2 = oof,

Remark 11.1. Throughout this paper, #lim., x, f(x) exists” will mean that
#limy., x, f(X) = L, where L is finite or hyperfinite.

To leave open the possibility that L = +o0#, we will say that

#-lim,.x, f(X) exists in the extended hyperreals.

This convention also applies to one-sided limits and limits as x approaches +owo* .

X—y4 —00 X3 00

11.2.Monotonic Functions f : R¥ - R%,

Definition 11.6.A function f : RZ — R# is nondecreasing on an interval | — R if

f(x1) < f(x2) (11.6)
whenever x; and x, are in | and x; < Xz, or nonincreasing on | if
f(x1) > f(x2) (11.7)

whenever x; and x; are in | and x; < X.

In either case, fis on I.If < can be replaced by < in (11.6), fis increasing on I. If >
can be replaced by > in (11.7), f is decreasing on I. In either of these two cases, f is
strictly monotonic on I.

Theorem 11.4. Suppose that f(x) is monotonic on (a,b) and define

a = infaxn f(X) @and B = supwn f(X). Suppose that 3a and 35,then:

(a) If fis nondecreasing, then f(a+) = a¢ and f(b-) = B.

(b) If f is nonincreasing; then f(a+) = pand f(b-) = a.

Here a += —o* if a = —o0o” and b += ¥ if b = oo,

(c) If a < xo < b, then f(xo +) and f(xo —) exist and are finite or hyperfinite;
moreover, f(Xxo +) < f(xo) < f(Xo —) if f is nondecreasing, and f(xo +) > f(Xo) > f(Xo0 —)
if f is nonincreasing:

Proof (a) We first show that f(a+) = a. If M > a, there is an Xo in (a,b) such that
f(xo) < M. Since f is nondecreasing, f(x) < M if a < x < Xo. Therefore, if , & = —0*,
then f(a+) = —o”. If .a > —0o”, let M = a + ¢, where ¢ = 0, > 0.

Thena <f(x) <a+¢, so (i) [f(x)—a| < eifa< X< Xo.

If a = —o¥, this implies that f(—o*) = a,. If a > —*, let § = xo —a. Then (i) is
equivalent to [f(x) — a| <¢ if a < X < a+ ¢,which implies that f(a+) = «a.

We now show that f(b+) = . If M < B, there is an X in (a,b) such that f(xo) > M.
Since f(x) is nondecreasing, f(x) > M if xo < x < b. Therefore, if p = o, then

fb-) = 0™ If B < oo®, letM = B—¢, Wwhere e ~ ¢ > 0. Then p—¢ < f(x) < B,

so (ii) [f(x) — Bl < e if Xo < X < b,

If b = 0¥, this implies that f(o*) = B. If b < 0™ | let § = b—Xo. Then (ii) is
equivalent to f(x) <if b— 6 < x < b,which implies that f(b-) = .

(b) The proof is similar to the proof of (a).

(c) Suppose that f(x) is nondecreasing. Applying (a) to f(x) on (a,Xo) and (Xo,b)
separately shows that f(Xo —) = SUpax<x, f(X) and f(Xo +) =iNfx b f(X).

However, if X3 < Xp < X2, then f(x1) < f(Xo) < f(Xx2) and hence, f(Xo —) < f(Xo) < f(Xo +).



11.3. #Limits Inferior and Superior

Definition 11.7.We say that: (i) f is bounded on a set S c R if there is a constant
M e R,M < o such that f(x) < M for all x € S (ii) f is hyperbounded on a set S< R%
if f is not bounded on a set Sand there is a constant M € R%/R,M < «# such that
f(x) <Mforallxe S
Definition 11.8. Suppose that f is bounded or hyperbounded on [a,Xp), where xo may
be finite or hyperfinite or oo®. For a < x < Xo, define (i) S(X;Xo) = SUptx, f(t) and
(i) T1(X; X0) = infyaex, f(1).
Then the left #limit superior of f(x) at X is defined to be
My, x-f(X) = limy., x,- S(X; Xo0) (11.8)
and the left limit inferior of f(x) at Xo is defined to be
lim, . fX) = limyx., x- 11(X; Xo0). (11.9

If Xxo = oo, we define xo — = oo

Theorem 11.5. If f(x) is bounded or hyperbounded on [a,Xo), then B =limy., x,-f(X)
exists and is the unique hyperreal number with the following properties:

(@) Ife > 0,e = 0, there is an a; in [a,Xp) such that

() f(X) < B+eifa; < X< Xo

(b)If e > 0,6 ~ 0and a; isin [a,X0), then

f(X) > B — ¢ for some X € [a,Xo).

Proof. Since f(x) is bounded or hyperbounded on [a,Xo), S(X; Xo) iS nonincreasing
and bounded or hyperbounded on [a,Xo). By applying Theorem 11.4(b) to &(X; Xo),
we conclude that g exists finite or hyperfinite.

Therefore, if ¢ > 0,6 = 0, there is an ain [a,Xo) such that

(i) B—el2 < S(X;X0) < B+ el2ifa <X < Xo.

Since S(X;Xo) is an upper bound of {f(t)|x <t < Xo},f(X) < S(X;Xo). Therefore,

the second inequality in (ii) implies the inequality (i) with a; = a. This proves (a).

To prove (b),let a; be given and define x; = max{ai,a}. Then the first inequality in
(i) implies that (i) S(x;Xo0) > B — &/2. Since S(X; Xo) is the supremum of

{f(H)|x1 <t < Xo}, there is an X in [X1,Xo) such that

f(X) > S(X;%o0) — &/2.This and (iii) imply that f(X) > g — &/2. Since X s in [a1,Xo), this
proves (b).

Now we show that there cannot be more than one hyperreal number with properties
(a) and (b). Suppose that 81 < 2 and B2 has property (b); thus, if ¢ * 0,6 > 0and a3
is in [a,Xp) there is an X in [a1,Xo) such that f(X) > B2 — ¢ . Letting € = 2 — 1, we see
that there is an X in [a1,b) such that f(X) > 2 — (82— B1) = B1S0 1 cannot have
property (a).Therefore, there cannot be more than one hyperreal number that satisfies
both (a) and (b).

Theorem 11.6. If f(x) is bounded or hyperbounded on [a,Xo), then a = lim,_, f(x)
exists and there is the unique hyperreal number with the following properties:

(@) If ¢ = 0,6 > Othereis an a; in [a,Xo) such that

f(x) > a—¢ifair < X < Xo.

(b) If e ~ 0,6 > 0and a; isin [a,Xp), then

f(X) < a + ¢ for some X € [a,Xo).

Theorem 11.7. If f(x) is bounded or hyperbounded on [a,Xo), then



(l) li—mx—># xo—f(x) < mX—w;e Xo—f(x);

(i) li—mx—v# xo—f(_x) == WX—*# xo-T(X);

(iii) WX—’# xo—f(=X) = — ”—mx—># xo—f(x);

(iv) im,., ,,_f(X) =Timy., x,-f(X) if and only if limy., x,- f(x) exists, in which case

limy., x-f(X) = li—mx—»# xo—f(x) = mX—w;e xo-f(X)

Theorem 11.8.Suppose that f(x) and g(x) are bounded or hyperbounded on [a,Xo) .

Then: (i) imy., x,-(F+ @) (X) < My, - F(X) + IMyx,-g(x);

(ii) lim, ., ,, (F+9)(X) = lim,., x, f(x) +lim,, ,, 9(X).

Theorem 11.9.The a = limy .4, f(X) exists i.e.,a is finite or hyperfinite

if and only if for each ¢ ~ 0,6 > Othereisad ~ 0,6 > 0

such that [f(x1) — f(X2)| < € if Xo — 0 < X1,X2 < Xo.

Theorem 11.10.(i) Suppose that f(x) is bounded or hyperbounded on an interval
(Xo,b],

then lim,_, ,.f(X) = limx., x.f(X) if and only if limy.x,. f(X) exists, in which case

Iiqu# Xo+ f(X) = li—mx—v# x0+f(x) = mx—># Xo+f(x)'

(i) Suppose that f(x) is bounded or hyperbounded on an open interval containing Xo,

then limy., x, f(X) exists if and only if

My, xo-f(X) = TiMye, % F(X) = lim

f(x) = lim f(x).

X=4 Xo—

11.4.The #-continuity of a function f : R# - R%,

Definition 11.9. (i) We say that a function f : R¥ — R%. is #-continuous at X if f is

defined on an open interval (a,b) containing Xo and limy.,, x,- f{(Xo) = Xo.

(i) We say that f is #-continuous from the left at X, if f is defined on an open interval

(a,%o0) and f(xp —) = f(Xo).

(iii) We say that f is #-continuous from the right at xo if f is defined on an open interval

(Xo,b) and f(xp +) = f(Xo).

Theorem 11.11. (i) A function f is #-continuous at Xo if and only if f is defined on an
open

interval (a,b) containing xo and for each ¢ ~ 0,6 > Othereisa é = 0,6 > 0 such that

If(x) — f(Xo)| < € (11.10

X—=># Xot+

whenever |x — Xo| < 0.

(ii) A function f is #-continuous from the right at Xo if and only if f is defined on an

interval [Xo,b) and for each ¢ ~ 0,6 > Othereisa o ~ 0,6 > 0 such that (11.10) holds

whenever xo < X < Xg + 6.

(iii) A function f is #-continuous from the left at X, if and only if f is defined on an

interval (a,xo] and for each ¢ ~ 0,6 > Othereisaé =~ 0,6 > 0 such that (11.10) holds

whenever xo — 6 < X < Xo.

Note that from Definition 11.9 and Theorem 11.8, f is #-continuous at xo if and only if

f(xo +) = f(xo —) = f(Xo) or, equivalently, if and only if it is #-continuous from the right

and left at Xo.

Definition 11.10. A function f : R% » R% is #-continuous on an open interval (a,b) if it
is

#-continuous at every point in (a,b). If, in addition,

f(b—-) = f(b) (11.11



or
f(a+) = f(a) (11.12
then f is #-continuous on (a,b] or [a,b), respectively. If f is #continuous on (a,b) and
(11.11) and (11.12) both hold, then f is #-continuous on [a,b]. More generally, if Sis a
subset of dom(f) consisting of finitely or countably or hyper finitely or hyper infinitely
many disjoint intervals, then f is #-continuous on Sif f is #-continuous on every interval
inS
Definition 11.11. A function f : R%Z - R¥ is piecewise #-continuous on [a,b] if
(1) f(xo +) exists for all xo in [a,b);
(i) f(xo —) exists for all xo in (a,b];
(i) f (o +) = f(xo —) = f(Xo) for all but except finitely or hyper finitely many points xo
in (a,b).
If (iii) fails to hold at some X in (a,b), f has a jump #-discontinuity at xo. Also, f has a
jump #-discontinuity at aif f(a+) = f(a) or at b if f(b —) # f(b).
Theorem 11.12. If f and g are #-continuous on a set S then so are f + g, and
fg. In addition, f/g is #-continuous at each X in Ssuch that g(xo) # O.
By hyper infinite induction, it can be shown that if Vn € N* f,(x) are #-continuous on a
set S then so are an(x).Therefore, vn,m € N* any rational function
1<n
r(x) = Zaixilz bix',b; # 0 is #-continuous for all values of x except those for which
I<n I<m
its denominator vanishes.

11.5.Removable #-discontinuities.

Definition 11.12.Let f(x) be defined on a deleted #-neighborhood of xo and
#-discontinuous (perhaps even undefined) at Xo. Then we say that f(x) has a
removable #-discontinuity at X if  limy.x, f(Xo) exists. In this case, the function

f(x) if x e dom(f) and x # Xo
9(x) = (11.13
limy.x, f(Xo) if X = Xo

is #-continuous at Xg.

11.6.Composite Functions f : R% - R%,

Definition 11.13. Suppose that f : R% - R# and g : R% —» R% are functions with
domains dom(f) and dom(g) correspondingly. If dom(g) has a nonempty subset T
such that g(x) € dom(g) whenever x € T, then the composite function fo g : R% - R
is defined

on T by (fog)(x) = f(g(x))

Theorem 11.10. Suppose that g is #continuous at Xo,g(Xo) is an #-interior point of

dom(f) and f is #-continuous at g(Xo). Then f o g is #-continuous at Xo.

Proof. Suppose that ¢ » 0, > 0. Since g(Xo) is an #-interior point of dom(f) and f(x) is

#-continuous at g(xo), thereis a 1 ~ 0,61 > 0 such that f(t) is defined and

(i) If(t) — f(gxo)| < & if t— g(x0)| < 1.

Since g(x) is #-continuous at Xo, thereisa 6 = 0,0 > 0 such that g(x) is defined and



(i) [a(x) —g(Xo)| < J1 if [x—Xo| < 0.
Now (i) and (ii) imply that [f(g(x)) — f(g(Xo0))| < ¢ if [Xx—Xo| < €. Therefore, fo gis
#-continuous at Xo.

11.7.Bounded and Hyperbounded Functions f : R¥ — RZ.

Definition 11.14. (i) A function f : R¥ » R% is bounded below on a set S c R¥ if

there is a finite or hyperfinite hyperreal number m € R¥;, | such that f(x) > mfor all

x € SIfin this case the set V = {f(x)|x € S} has infimum a, we write a = infysf(X).

If there is a point x; € Ssuch that f(x1) = a,, we say that « is the minimum of f(x)

on S and write @ = Minksf(X)

(i) A function f : R% - R¥ is bounded above on S c R¥ if there is a finite or hyperfinite
hyperreal number M € R%;,, such that f(x) < M for all x € S If in this case, V has a
supremum f, we write f = supesf(x).If there is a point x; € Ssuch that f(x2) = g,
we say that g is the maximum of f(x) on Sand write a = maXesf(X).

(iii) If f is bounded above and below on a set S we say that f is bounded on S

Theorem 11.11. If f is #-continuous on a finite or hyperfinite #-closed interval [a, b],
then f is bounded on [a,b].
Proof. Suppose that t € [a,b]. Since f is #-continuous at t, there is an open interval
I+ containing t such that
[f(x) = f(t)] < Lifx € It N [a,b] (11.19
To see this, set ¢ = 1in (11.10), Theorem 11.11. The collection H = {l;fa <t < b}
is an open covering of [a,b]. Since [a,b] is #-compact, the generalized Heine—Borel
theorem implies that there are hyper finitely many points ty,t5, ... ,ty,n € N* such that
the intervals Iy, l+,,...,lt, cover [a,b]. According to (11.14) with t = t;,
[f(x) —f(ti)| < 1if x € Iy, N [a,b]. Therefore,

f(x) = [(FC) = f(ti) + f(ti) | < [FO<) — f(ti) |+ [f(t)] < 1+ [f(ti)| (11.19
if x e I, N [a,b]. Let M = 1+ maxi<i<n[f(ti)]- Since [a,b] < LnJ(Iti N [ab]),
i=1

(11.15) implies that [f(x)| < M if x € [a,b].
Theorem 11.12. Suppose that f is #-continuous on a finite or hyperfinite closed
interval [a,b].Let Vap = {f(X)|x € [a,b]} and let

a = INfVap = infasep f(X) @and f = supVap = SUpexeb F(X). (11.19

Then a and g are respectively the minimum and maximum of f on [a, b]; that is
there are points x; and xz in [a,b] such that a = f(x1) and B = f(x2).

Proof. We show that x; exists. Note that the set V. is admissible below (above),
since f is #-continuous on [a, b]. Suppose that there is no x; in [a,b] such that
f(x1) = a,. Then f(x) > o, for all x € [a,b]. We will show that this leads to a
contradiction. Suppose thatt € [a,b]. Then f(t) > a, so f(t) > [f(t) + a]/2 > a.
Since f is #-continuous at t, there is an open interval | about t such that

f(x) > f(t)% (11.17)

if x € [tN[a,b]. The collection H = {l{fa<t<b} isan open covering of [a,b].
Since [a,b] is #-compact, the generalized Heine—Borel theorem implies that there are



hyper finitely many points t4,t»,...,t, such that the intervals I, I+, ...,lt, cover [a,b].
n

Define a1 = mini<i«[f(ti) + a]/2.Then, since [a,b] < | (I, N [a b]), (11.17) implies that
i=1

f(t) > a1,a <t < b.But a1 > a, so this contradicts the definition of a. Therefore,
f(x1) = a , for some x; € [a,b].

11.8. Generalized Intermediate Value Theorem.

The next theorem shows that if f is continuous on a finite closed interval [a, b],
then f assumes every value between f(a) and f(b) as x varies from ato b.
Theorem 11.13.(Generalized Intermediate Value Theorem) Suppose that f is
#-continuous on [a,b], f(a) = f(b) and f(a) < u < f(b) Then f(c) = u for

some c € (a,b).

Proof. Suppose that f(a) < u < f(b). The set S= {X[(a < x < b) A (f(X) < u)}

is bounded and nonempty. Note that the set Sis admissible above, since f is
#-continuous on [a,b] and therefore supSexists. Let ¢ = supS. We will show that
f(c) = . 1ff(c) > p,

then ¢ > a and, since f is #-continuous at c, there is an ¢ > 0, ~ 0 such that

f(x) > nif c— e < x < c. Therefore, cis an upper bound for S which contradicts
the definition of ¢ as the supremum of S If f(c) < u, then ¢ < b and there is

an e > 0,e = Osuch that f(x) < uforc < x < c—-¢g, so cis notan upper bound for S
This is also a contradiction. Therefore, f(c) = u. The proof for the case where

f(b) < u < f(a) can be obtained by applying this result to —f(x).

Lemma.l11.1.If f is #-continuous at xo and f(xo) > u, then f(x) > u for all x in some
#-neighborhood of xo.

11.9.Uniform #-Continuity.

Definition 11.15. A function f is uniformly #-continuous on a subset Sof its domain
if, for every &> 0,6 ~ Othereisa é > 0,6 ~ 0 such that [f(x) — f(x')| < ¢ whenever
x-x]<dandx,x € S

We emphasize that in this definition § depends only on and Sand not on the
particular choice of x and x', provided that they are both in S

Theorem 11.14. If f is #-continuous on a #-closed and bounded or hyperbounded
interval [a, b], then f is uniformly #-continuous on [a, b].

Proof. Suppose that ¢ > 0,& ~ 0. Since f is #continuous on [a,b], for each t € [a,b]
there is a positive number ¢, such that

If(x) — f(t)| < &/2 (11.18

if x—t|<drand x € [a,b]. If I; = (t—J,t+ dt), the collection H = {Ii|t € [a,b]}

is an open covering of [a,b].Since [a,b] is #-compact, the generalized Heine—Borel
theorem implies that there are hyper finitely many points t4,t,...,ty in [a,b] such that
lt,,lt,,...,lt, COvVer [a,b]. Now define

5 = min{64,,8 ¢, ...t - (11.19
We will show that if
x—x'| < & andxx € [ab] (11.20

then [f(x) — f(X')| < &.From the triangle inequality one obtains:



[FO) = O = [(F(x) = f(tr)) + (F(te) = Fx)) | < (O = f(to)] + [f(t) — (x| (11.22)

Since Iy, ly,,...,lt, cover [a,b], x must be in one of these intervals. Suppose that
X € Iy, that is,
[X—tr] < o,. (11.22
From (11.18) with t = t,,
[fOx) —f(tr)| < % (11.23
From (11.20), (11.22), and the triangle inequality,
K —tr] =X =x)+ (X=t)| < X = X|+ x—tr| < § + S, < 264,. (11.29
Therefore, (11.18) with t = t, and x replaced by X’ implies that
f<) = f(to)] < 5 (11.25

Thus (11.25),(11.21) and (11.23) imply that [f(x") — f(t,)| < &/2.
11.10. Monotonic External Functions f : R¥ - R%,

Theorem 11.15. If f is monotonic and nonconstant on [a,b], then f is #-continuous
on [a,b] if and only if its range range (f) = {f(X)|x € [a,b]} is the #-closed interval with
endpoints f(a) and f(b).

Theorem 11.16. Suppose that f is increasing and #-continuous on [a,b] and let

f(a) = cand f(b) = d. Then there is a unique function g defined on [c,d] such that

g(f(x)) =xa<x<b, (11.26
and

fla(y)) =y.c<y<d. (11.27)
Moreover, g is #-continuous and increasing on [c,d]:
The function g of Theorem 11.16 is the inverse of f, denoted by f . Since (11.26)
and (11.27) are symmetric in f and g, we can also regard f as the inverse of g, and
denote it by g*.

11.11. The #-derivative of a R¥-valued function f : D - R%,

A function f : D - R%,D < R% is differentiable at an interior point xo € D of its domain
D < R{ if the difference quotient
f(X) — f(xo)
X—Xo
approaches a #-limit as x approaches Xo, in which case the #-limit is called the
#-derivative
of f at Xo, and is denoted by f#(xo) or by f #(xo) or by d*f(xo)/d*x i.e.,

A(x0)IdPX 2 (o) = #liMc., xp g 10K0). (11.29

X # Xo (11.28

If f is defined on an open set S c R%, we say that f is #-differentiable on Sif f is

#-differentiable at every point of S If f is #-differentiable on S, then f'# is a function on
S

We say that f is #-continuously #-differentiable on Sif f #(x) is #-continuous on S If f is

#-differentiable on a #-neighborhood of xo, it is reasonable to ask if f #(x) is

#-differentiable at xo. If so, we denote the #-derivative of f# at xo by f #(xo). This is



the
second #-derivative of f at X, and it is also denoted by f®#(x,). Continuing inductively,
|f f(n—l)#
is defined on a #-neighborhood of xo, then the n-th #derivative of f at xo, denoted by
fW#(x0), where n e N* or by d™f(xo)/d*x" is the #-derivative of f("™D#(x) at xo. For
convenience we define the zeroth #-derivative of f to be f itself; thus f©O# = f,
Examplell.l If n € N¥\N is a positive hyperinteger and f(x),= x" then

fX) —f(xo)  X"—x}  x—x L
x—xoO = X% = X=X Ext-kzz;)x“ ). (11.30
n-1
Thus f"#(Xo) = #-lim ., x, Ext-D_ X1 = nx™L,
k=0
Lemma 11.2. If f is #-differentiable at xo; then
f(x) = f(xo) + [ f#(x0) + E(X) ] (x— o), (11.31)

where E(x) is defined on a #-neighborhood of xo and #-limy., x, E(X) = E(Xo) = O.
Proof. Define
f(x) — f(xo0)

=% f#(x0) x € Dom(f) and x # Xo

E(x) = (11.32

0 X = Xo

Solving (11.32) for f(x) yields (11.31) if x # Xo, and (11.31) is obvious if X = Xo.
Definition 11.29 implies that #-lim,.x, E(x) = 0. We defined E(xo) = 0 to make E(x)
#-continuous at Xo. Since the right side of (11.32) is #-continuous at Xo, S0 is the left.
This yields the following theorem.
Theorem 11.17. If f is #-differentiable at xo; then f is #-continuous at Xo.
Theorem 11.18. If f and g are #-differentiable at xo,then so are f + g and fg with
(@) (F+9g) (x0) = f#(x0) + g *(Xo);
(b) (f-g) "(x0) = f*(x0) — g #(Xo);
(c) (fg)*(x0) = f*(x0)g(%o) + f(x0)g “(Xo);
(d)The quotient f/g is #-differentiable at xo if g(Xo) # O with
(i) " xg) = 1700)G00) =  *(x0)f(X0)
g) " [9(%0)]? |

n
(e) If n e N* and fi,1 <i < n are #-differentiable at xo,then so are Ext-Y_ f; and
i=1

i=1
() 1fneN*and f™#(xq),g ™M¥(xo) exist, then so does (f x g)™*(xo) and

(fg)(n)#(Xo) = EXt-f:( ? ) f(i)#(xo)g (n_i)#(Xo).
i—0

Proof. For the statements (a)-(d) the proof is straightforward. For the statements
(e) and (f) immediately by hyper infinite induction.

Theorem 11.19. (The Chain Rule) Suppose that g is #-differentiable at xo and f

is #-differentiable at g(xo). Then the composite function h = f - g defined by

h(x) = f(g(x)) is #-differentiable at xo with h #(x) = f#(g(x0))g *(Xo).

Definition 11.16.If f(x) is defined on [Xo,b), the right-hand derivative of f(x) at xo is

n I# n
(Ext-Zfi(xo)> = Ext-Y_f"(xo).
i=1



defined to be

, | 00 — f
£(X0) = #liMye, s TOG 100 (11.33

if the #-limit exists, while if f is defined on (a, xo], the left-hand derivative of f(x) at xo is
defined to be

f(x) — f(x0)

f_l#(Xo) = #' ||m X—# Xo— X — XO y (11 34)

if the #-limit exists.

Remark 11.2. Note that f(x) is #-differentiable at xo if and only if f#(xo) and f#(xo)
exist and are equal, in which case f #(xo) = f/#(x0) = f*(Xo).

Definition 11.17.We say that f(Xp) is a local extreme value of f(x) if thereisa é > 0,
0 ~ 0 such that f(x) — f(xo) does not change sign on

(Xo — 6xo + &) N dom(f). (11.39
More specifically, f(xo) is a local maximum value of f(x) if
f(x) < f(xo) (11.36

or a local minimum value of f(x) if

f(x) > f(xo) (11.37)
for all x € (Xo — 0Xo + 6) N dom(f). The point Xo is called a local extreme point of f(x),
or, more specifically, a local maximum or local minimum point of f(x).
Theorem 11.20. If f(x) is #-differentiable at a local extreme point xo € dom(f)
then f#(xo) = 0
Theorem 11.21. (Generalized Rolle’s Theorem) Suppose that f is #-continuous on
the #-closed interval [a,b] and #-differentiable on the #-open interval (a,b) and
f(a) = f(b). Then f #(c) = 0 for some c € (a,b).
Theorem 11.22. (Intermediate Value Theorem for #-Derivatives) Suppose
that f(x) is #differentiable on [a,b], f'#(a) = f#(b) and f #(a) < u < f"#(b). Then
f'#(c) = u for some c € (a,b).
Theorem 11.23. (Generalized Mean Value Theorem) If f and g are #-continuous on
the #-closed interval [a,b] and #-differentiable on the open interval (a,b), then

[9(b) — g(@)]f *(c) = [f(b) —f(a)lg *(c) (11.38
for some c € (a,b).
Theorem 11.24.(Mean Value Theorem) If f is #-continuous on the #-closed
interval [a,b] and #-differentiable on the #-open interval (a,b), then

£9(c) = f(b) f(a) (11.39
for some c € (a,b).

Theorem 11.25. If f #(x) for all x € (a,b), then fis constant on (a,b).

Theorem 11.26. If f #(x) exists for all x € (a,b) and does not change sign on (a,b),

then f(x) is monotonic on (a,b) increasing, nondecreasing, decreasing, or

nonincreasing as: (i) f #(x) > 0,(ii) f #(x) > 0,(iii) f #(x) < 0,(iv) f #(x) < 0,

respectively, for all x € (a,b).



Theorem 11.27. If | #(x)| < M,a < x < bthen
[f() — f(x)] < Mjx— X, (11.40)
where x,x' € (a,b).
Definition 11.18.A function that satisfies an inequality like (11.40) for all x and x' in
an interval is said to satisfy a Lipschitz condition on the interval.
Theorem 11.28. (Generalized L'Hospital’s Rule) Suppose that f and g are
#-differentiable and g # has no zeros on (a,b). Let #lim,., p-f(X) = #limy., b-g(X)
or #lim., b f(x) = +o*and #-lim., - g(Xx) = +w*and suppose that

#— liMye, b f/z(x) - L, (11.41)
g"(x)
where L € R# or L = +o”. Then
fx)
liMmy., b —% 900 =L, (11.42
As we saw above in Lemma 11.2 if f is #-differentiable at Xo; then
f(x) = f(Xo) + T #(X0) (X — X0) + E(X)(X — Xo), (11.43

where #-limy., x, E(X) = 0.To generalize this result, we first restate it: the polynomial
P1(x) = f(Xo) + f #(X0) (X — Xo) which is of degree < 1 and satisfies P1(xo) = f(Xo),
Pll#(x) = f #(Xo), approximates f(x) so well near xo such that

f(x) — P1(x)

#-limy., x, —x= X0

- 0. (11.44)

Now suppose that f has n #-derivatives at xo and Pn(x) is the polynomial of degree
n € N*\N such that

Prq)#(xo) _ f(r)#(Xo),O <r<n. (11.4H
Since Py(X) is a polynomial of hyperfinite degree n,it can be written as

Pn(X) = Ext-En]ai (X=Xo)' (11.46
i=0

where ao, ...,a, € R¥ are constants. Differentiating (11.46) gives PY*(x0) = ra,
0 <r < n,so (11.45) determines a uniquely as a, = f V#(xo)/r!,0 < r < n.Therefore,

(n#
Py(X) — EXt- Z ) (11.47)
We call Py(x) the n-th Taylor hyper polynomial of f(x) about xo
Theorem 11.29.1f f ™W#(x,) exists for some hyper integer n e NN and P(x) is
the n-th Taylor hyper polynomial of f about xo, then
a f(x) —Pn(x) _

#-1im ., x X" 0. (11.48
Theorem 11.30. (Generalized Taylor's Theorem) Suppose that f (™% (x)
exists on an #-open interval | about xo, and let x € |. Then the remainder
Rn(x) = f(X) — Pn(X) can be written as

f (L)
Ra(x) = ~—©) (11.49

GEE] ————(X—X%o0)",



where ¢ depends upon x and is between x and Xo.

11.12.The Riemann integral of a RZ-valued external

function f(x).

The Riemann integral is defined as #-limit of Riemann hyperfinite sums of functions
with respect to tagged partitions of an interval [a,b] = R% A tagged hyperfinite partition
P of a closed interval [a,b] on the real line is a hyperfinite sequence

a=X St1 <X <t <X <..<Xn1 < th < Xp = b, (11.50

where n € N\N. This partitions the interval [a,b] into n sub-intervals [xi_1,xi] indexed by

i € N*, each of which is "tagged" with a distinguished point tj € [xj_1,Xi]. Thus, any set of
n+ 1 e NN points satisfying (11.50) defines a partition P of [a,b], which we denote by
P = {Xo,X1,...,Xn}.A Riemann hyperfinite sum of a function f with respect to such a
tagged hyperfinite partition is defined as

I = D104, (1.2
i1

where n € N\N.thus each term of the sum (11.2) is the area of a rectangle with height
equal to the function value at the distinguished point of the given sub-interval, and width
the same as the width of sub-interval, A; = xi — xi_1. The mesh(P) of such a tagged
partition is the width of the largest sub-interval formed by the partition, max_1_nAi.

Definition 11.1. The Riemann integral of a function f over the interval [a,b] is equal to
| if

for every ¢ > 0,e =~ Othere exists 6 > 0,0 = 0 such that for any partition with
distinguished

points on [a,b] whose mesh is less than .

Upper and Lower Integrals.

Definition 11.2. f is bounded on [a,b] and P = {Xo,X1,...,Xn} iS & hyperfinite partition

of
[a,b],let
M = SUpy o F(X) (11.3
and
my = infy <y f(X) (11.9
The upper external hyperfinite sum of f over P is
SP) = Ext-jzn;M,-(xj %1) (115

and the upper external integral of f over [a,b], denoted by
Ext-| f(x)d*x (11.6)

is the infimum of all hyperfinite upper sums.
The lower external hyperfinite sum of f over P is

s(P) = EXt-_Z;mj(Xj — Xj-1) (11.7)
=

and the lower external integral of f over [a,b], denoted by



Ext-[ F(x)d*x (11.9)

is the supremum of all lower hyperfinite sums. If m < f(x) < M for all x € [a,b], then
m(b—-a) < s(P) < §P) < M(b-a) (11.9
for every hyperfinite partition P; thus, the set of upper hyperfinite sums of f over all
partitions P of [a,b] is bounded, as is the set of lower hyperfinite sums. Therefore,

Theorems 1.1.3 and 1.1.8 imply that: if the quantity (11.6) and (11.8) exist then both are
unique, and satisfy the inequalities

m(b - a) < Ext-[" f(d* < M(b - a) (11.10
and
m(b-a) < Ext-[ f(x)d*x < M(b - a). (11.11)

Theorem 11.1. Let f be bounded on [a,b], and let P be a hyperfinite partition of [a,b].
Then (i) The upper hyperfinite sum S(P) of f over P is the supremum of the set of all
hyperfinite Riemann sums of f over P.

(ii) The lower hyperfinite sum s(P) of f over P is the infimum of the set of all hyperfinite
Riemann sums of f over P.

n
Proof (a) If P = {Xo,X1,...,Xn}, then S(P) = Ext->_ M;(X; — Xj-1) Where
i1

Mj = supq oy f(X).
An arbitrary hyperfinite Riemann sum of f over P is of the following form
o = Bxt- 207 f(e) (X — %j-1), (11.12
where xj-1 < ¢; < X;.Since f(cj) < M;, it follows that ¢ < S(P).Now lete > 0,6 = 0
and choose Tj € [Xj-1,X;] so that

f(g)) > M; —m (11.13

where 1 < j < n € N¥\N. The hyperfinite Riemann sum & produced in this way is

o = Bxt- 3 f©) 04 —%-1) > Ext-Z}Ll[Mj - Jo(,- -x1) = SP)-&.  (11.14
(X — Xj-1)

Now Theorem 1.1.3 implies that SP) is the supremum of the set of hyperfinite

Riemann sums of f over P.

The Riemann-Stieltjes Integral of a R#-valued external

function f(x).

Definition 11.3. Let f and g be defined on [a,b]. We say that f is Riemann-Stieltjes
integrable with respect to g on [a,b], if there is a number L € R¥ with the following
property: For every ¢ > 0,e = O, thereisa é > 0,6 = 0 such that

n
Ext- > f(c)[9(4) - g(x1)] -L| < & (11.15
j=1
provided only that P = {xo,X1,...,Xn},n € N\ is a hyperfinite partition of [a,b]
such that ||P|| < ¢ and x;-1 < ¢j < X;,j € n.In this case, we say that L is the external
Riemann-Stieltjes integral of f with respect to g over [a,b], and write



b
Ext-jf(x)d#g(x) - L. (11.16

a

11.10 Existence of the integral of a RZ-valued external

function f(x).
Lemma 11.1 Suppose that
| f)] <M,a<x<b (11.17

and let P' be a hyperfinite partition of [a,b] obtained by adding r € N*\N points to a
partition P = {Xo,X1,...,Xn},n € N\ of [a,b]. Then

S(P) > S(P') > S(P) — 2Mr||P|| (11.18
and
s(P) < s(P') < s(P) + 2Mr||P]||. (11.19
Theorem 11.2. If f(x) is bounded on [a,b], then
Bxt-J" f(x)d*x < Ext-| fo0dx. (11.20

Theorem 11.3. If f is integrable on [a,b], then
[P ty _ Bt [P ty _ Ext [P #
Ext j_af(x)d X = Ext ja f(x)d*x = Ext ja f(x)d*x. (11.22)

12.Hyper infinite sequences and series

12.1.Hyper infinite sequences

An hyper infinite sequence (or hypersequence) of R%-real numbers is a R%-valued
function
defined on a set of hyperintegers {njn e N* A n > k € N}. We call the values of the

function the terms of the hypersequence. We denote a hypersequence by listing its
terms in order; thus, {sn}‘;’# = {Sk,Sk:1, ... We often write {s,},+0r simple {s,} for a
shot.
Definition 12.1. A hyper infinite sequence {sn}‘;’# converges to a limit s € R if for
every ¢ ~ 0,¢ > Othere is an hyperinteger N € N*\N such that
|sn—s| <eifn=N (12.1)
In this case we say that {s,} is #-convergent and write
#lim, +Sh=s (12.2)
A hyper infinite sequence that does not #-converge diverges, or is #-divergent.
Theorem 12.1. The #-limit of a #-convergent hypersequence is unique:
Proof. Suppose that #lim, +sy = s and #lim_ S, = s;.We must show that
s=¢s.Let ¢~ 0,6 > 0. From Definition 10.1, there are hyperintegers N; and N, such



that | ss—s1| < eif n> Ny,and | sy — s2| < ¢ if n > N2. These inequalities both hold if

n > N = max(N1,N2),which implies that: |s; — S;| < 2¢. Since this inequality holds for
every ¢~ 0,6 >0and |s;1 — S| is independent of ¢, we conclude that |s; — S| = 0; that
iS, S1 = Sp.

Definition 12.2.A hypersequence {s,} is bounded above if there is a hyperreal
number

b € R# such that s, < b for all n € N*; bounded below if there is a real number a € R¥

such that s, > afor all n € N*;or bounded if there is a real number r € RZ such that

|sn] <r for all n e N*,

Theorem 12.2. Any #-convergent hypersequence {s,} is bounded or hyperbounded.

Proof. By taking ¢ = 1in Eq.(12.1), we see that if #lim s, = s, then there is an

hyperinteger N € NN such that | s, — s| < 1if n > N.Therefore,

Sh=|(Sh—=S)+9| < [sn—95|+|s]< 1+ |g]if n > N;and

Sn < max{(maxi<isn-1{|So|, |S1], - - - s|Sn-1]}), 1 + [s]} for all n € N¥, so {s,} is bounded.

Definition 12.3.(Sequences Diverging to +o*). We say that

#—|imn_,# w#Sn = +oof
if for any hyperreal number a,s, > afor any n > N e NAAN. Similarly,
#lim,., ., #

if for any hyperreal number a, s, < afor any n > N € N\N. However, we do not regard

{sn} as #-convergent unless #lim., .«Sy

is finite or hyperfinite, as required by Definition 12.1. To emphasize this distinction,

we say that {s,} diverges to co®(—o®) if #lim,, ,»Sn = 0% (—o0").

Theorem 12.3. Assume that a nonempty set S < R¥ of real RZ-numbers has a

supremum sug(S),then supSis the unigue hyperreal number g € R¥ such that

(@ x< pforallxe S

(b) if ¢ > 0, ~ 0 (no matter how infinite small) there is an Xo € Ssuch that

Xo > f—¢.

Proof. We first show that g = sup Shas properties (a) and (b). Since g is an upper

bound of S it must satisfy (a). Since any hyperreal number « less than  can be

written as a = — e with e = f—a > 0, (b) is just another way of saying that no

number less than g is an upper bound of S. Hence, 8 = sup Ssatisfies (a) and (b).

Now we show that there cannot be more than one hyperreal number with properties

(a) and (b).

Suppose that g1 < B2 and B, has property (b); thus, if ¢ > 0, thereisan xo € S

such that xo > f2 — ¢. Then, by taking ¢ = 2 — 1, we see that thereisan xo € S

such that xo > B2 — (B2 — f1) = P1,S0 B1 cannot have property (a). Therefore, there

cannot be more than one hyperreal number that satisfies both (a) and (b).

Definition 12.4. A hypersequence {sn} .+ iS nondecreasing if s, > s,-1 for all n € N¥,

or nonincreasing if s, < sp1 for all n € N¥. A monotonic hyper infinite sequence is a

hyper infinite sequence that is either nonincreasing or nondecreasing. If s, > Sy1

for all n € N#, then {sy} .+ is increasing, while if s, < sy-1 for all n € N¥, {sp} . iS
decreasing.

Theorem 12.4.(a) If {sn} .+ IS Nondecreasing and there exists sup{s,|n € N*} then

#lim .., .+ Sn = sup{snn € N*}.
(b) If {sn},# is NONincreasing and there exists inf{s,|n € N*} then

#Sn = —00



#lim ., .+ Sn = inf{sy|n € N*}..
Proof. (a) Let B = sup{sn|n € N*}. . If B < +0¥, Theorem 12.3 implies that if ¢ > 0 then
B —¢ < sy < B for some hyperinteger N € NN . Since sy < sy < Bif n > N, it follows
that B —¢ < sy < Bif n > N.This implies that s, — | < ¢ if n > N, so #lim sy = B,
by definition of the #-limit. If B = +oo*
and b is any hyperreal number, then sy > b for some hyperinteger N . Then s, > b for
n>N, so #lim,, Sy = +o0o”.
Theorem 12.5.(Generalized Nested Intervals Theorem)
Let {In} ¢ = {[an,bn]}\#b€ @ hyper infinite sequence

Proof.

Theorem 12.6.(Generalized Bolzano-Weierstrass Theorem) Every bounded

hyperinfinite sequence {s\},.+ has a #convergent subhypersequence.

Proof.Let {sn} .+ be a bounded hypersequence. Then, there exists an interval
[a1,b1] such that: (i) a1,b1 € Q* and (i) a; < sn < by for all n e N*,

Either [a, 242 | or [ 242 by | contains hyperinfinitely many terms of {Sn} .

That is, there exists hyperinfinitely many n € N* such that a, is in |:a1, al%bl]

or there exists hyperinfinitely many n e N* such that a, is in [ 25, b, ].

If [ a1, 2422 | contains hyperinfinitely many terms of {sn} ..+, let [az,bz2] = [az, 252 .

Otherwise, let [az,by] = [ 2524, by ].

Either [ a, 222 | or [ 222 b, | contains hyperinfinitely many terms of {sn} .

If [ @, 2222 | contains hyperinfinitely many terms of {sn} .+, let [as,bs] = [ a2, 252 .

Otherwise, let [as,bs] = [ 252, b, ].

By hyperinfinite induction, we can continue this construction and obtain a

hypersequence of intervals {[an, bn]} .+ such that:

(i) for each n € N*, interval [an, bn] contains hyperinfinitely many terms of {sn} .+,

(ii) for each n € N#, [an;1,bni1] < [an,bn] and

(iii) for each n € N* by1 — ans = 5 (bn — an).

The nested intervals theorem implies that the intersection (1 [an,bn] of all of the

neN#

intervals [an,bn] is a single point s. We will now construct a subhypersequence of

{Sn} nen# Which will #-converge to s.

Since [as,b1] contains hyperinfinitely many terms of {s,} .+, there exists k; € N*

such that sy, is in [a1,b1]. Since [az, bz] contains hyperinfinitely many terms of

{Sn} s there exists kz € Nk, > ki such that s, is in [az,b2]. Since [as, bs] contains

hyperinfinitely many terms of {s,} .+ there exists ks € N¥ ks > kz such that sy, is in

[as,bs]. Continuing this process by hyperinfinite induction, we obtain a hypersequence

{Ske } nen# SUCh that sy, € [an,bn] for each n € N¥. The hypersequence {sy, } . iS @

subhypersequence of {sn} .+ since kn.1 > ky for each n € N*.Since #lim_«a, = s
and

#lim, b, = sand a, < s, < b, for each n e N*, the squeeze theorem implies that
that



#lim,, . #Sh = S.

12.2.Hyper infinite external series of constant.

Definition 10.1. If {an}"k“# is an hyper infinite external sequence of Cauchy hyperreal
numbers, the symbol

#

Ext- 3 an (12.3)
n=k

is an hyper infinite series, and a, is the n-th term of the hyper infinite series.

o

We say that Ext->_ a, #-converges to the sum A € R¥, and write
n=k
ot
Ext-Y an = A (12.4)
n=k

if the hyper infinite sequence {An}f# defined by
i=n
A, = BExt-) an (12.5
ik

ot

n € N*¥ #converges to A. The hyperf inite sum A, is the n-th partial sum of Ext- >_ an

n=k

ot

If {An}‘[f# diverges, we say that Ext->_ a, diverges; in particular, if lim,,_«A, = oo® or
n=k
#

—00

Iid

we say that Ext- >_ a, diverges to «* or —o*, and write

n=k
OO# OO#
Ext- Y_ an = o or Ext- ) an = —o*. (12.6)
n=k n=k

A divergent hyperinfinite series that does not diverge to +oo* is said to oscillate, or be
oscillatory.
Example 12.1 Consider the hyper infinite series

#

Ext-30r-1<r<1. (12.7)

n=0
Here a, = r",n > 0,n € N* and

An=1+r+r2+...+r“=11_—_”:1 (12.8)

which #-converges to 1 = 1/(1-r) as n - ¥ ; thus, we write

#

Ext-> r"=1/(1-r),-1<r< 1
n=0
An hyperinfinite series can be viewed as a generalization of a gyperfinite sum

N
An = Ext-)_ a, Therefore, #limy_.«An = A.

n=k

Theorem 12.1. The sum of a #-convergent hyper infinite series is unique:



# #

Theorem 12.2. Let X" a, = Aand )_ b, = Bwhere A and B are hyperfinite.Then

n=k n=k
n=k
and
ot
Ext-D (cxan) =CxA (12.10
n=k

if c € R¥ is a constant.
Theorem 12.3. (Cauchy’s #-convergence criterion for hyperinfinite series) A hyper

infinite series Ext-Z:jk an #converges if and only if for every ¢ > 0,6 = O there is an
gyperinteger N € N\N such that

|Ext->""an| < ¢ (12.11)
ifm>n>N.
Corollary 12.1. If Eth::k an #-converges; then #limy_+an, = 0.
Corollary 12.2. If Ext-Z:# an #-converges; then for each ¢ > 0,6 = O there is an
gyperinteger K € NN such that |Ext-2f1°jk an| < ¢if k> K, thatis

#—Iimkﬁw#<Ext-Z::kan> - 0. (12.12)

12.3.Hyper Infinite Series of Nonnegative Terms.

ot

The theory of series Ext-Z an with terms that are nonnegative for sufficiently large
n=k
n € N*\N is simpler than the general theory, since such a series either #-converges to
a
finite or hyperfinite #-limit or diverges to «* , as the next theorem shows.

ot

Theorem 12.4.1f a, > 0 for n > k, then Eth an #-converges if its partial sums are

n=1
bounded or hyper bounded, or #-diverges to «* if they are not. These are the only
o n
possibilities and, in either case, Ext-) _ a, = {Aaln > k}, where A, = Ext-) _ a;.
n=k i=k
Theorem 12.5.(The Comparison Test) Suppose that
O<an<bynn=>k (12.13

Then
(@) Ext-)  an < oo if Ext-)_ by < oo*. (b) Ext-) _ &y = oo if Ext-) _ by = oo’
n=k n=k n=k n=k

Theorem 12.6.(The Integral Test) Let
cn = f(n),n > Kk, (12.19
where f is positive; nonincreasing; and locally #-integrable on [k,«*). Then



o
Ext- ) a, < oo (12.15
n=k

if and only if

ot

Ext- j f(x)dx < oo, (12.16)
k

ot

Example 12.1. The integral test implies that the hyper infinnite series Ext-Z n—P
n=k
converge if p > 1 and diverge if 0 < p < 1, because the same is true of the

ot

integral Extj xPd¥x,a > 1.

a
The next theorem is often applicable where the integral test is not.
Theorem 12.7.Suppose that a, > 0 and b, > 0 for n > k. Then

# #

(8) EXt-) an < oo if Ext-D | by < oo* and Fim,,_ g™ < oo
n=k n=k n
OO# E}Q#

(b) EXt-) S an = oo* if EXt-) | by = o* and #-lim .+ £ > 0.
n=k n=k n

Corollary 12.3. Suppose that a, > 0 and b, > 0 for n > k, and #Ilim_ .+ % = L.
n

# #

o8]

where 0 < L < o* Then Ext-) _ a, and Ext-) _ by #converge or #-diverge together.

o0

n=k n=k
Theorem 12.8.Suppose that a, > 0,b, > 0, and
B bbL:l. (12.17)
Then (a) Ext-) _ an < oo if Ext-)_ by < 0%, (b) EXt-Y_ @ = oo if Ext-) _ by = oo,
n=k n=k n=k n=k
Theorem 12.9.(The Ratio Test) Suppose that a, > 0 for n > k. Then
OC# OO#
(@) EXt-D_ an < oo if FIm ..+ T0L < 1.(b) EXt-D @ = oo if #:lim o S2L > LIf
n=k n=k
#lim, .25t <1< Flim,,.,» 5L (12.18

ot

then the test is inconclusive; that is, Ext-Z an may #-converge or #-diverge.

n=k
Proof.(a) If #lim .« aa”:1 < 1, there is a number r such that 0 < r < 1and
- . . 1
% < r for n e N* sufficiently large. This can be rewritten as % < rn:
n n r

Since Ext-) 1" < w*Theorem 12.8 (a) with b, = r" implies that Ext-) | an < oo,
n=k n=k

b) If #lim oot el 1,there is a number r such thatr > 1 and Sl sy for
n a, a
n n

n e N* sufficiently large. This can be rewritten as aaL;l >

rrH'l

o .Since




Ext-Zrn = wo*Theorem 12.8 (b) with b, = r" implies that Ext-Z an = oo,

n=k n=k
To see that no conclusion can be drawn if (12.18) holds,consider hyper infinite
series

Ext-D_a, = Bxt- ) n. (12.19
n=k n=k
This series #-converges if p > 1 or #-diverges if p < 1,however,
#1im .+ ag;l = FTim,,, ag;l =1 (12.20)

Corollary 12.4.Suppose that a, > 0for n > kand #lim_ aa'{;l = L.Then
(@) Ext-) " an < oo if L < 1.(b) Ext-)_ @, = oo* if L > 1.
n=k n=k
The test is inconclusive if L = 1.
Theorem 12.10.(Generalized Raabe’s Test) Suppose that a, > 0 for large n € NN,

Let M = #—Iimn%#<aaL;1 - 1) and m = #—Iimn%o#< aa'{;l - 1>.Then

# #

(@) Ext-) " an < oo if M < —1.(b) Ext-) _ an = oo if m > —1.
n=k n=k
The test is inconclusive if m< -1 < M.
Theorem 12.11.(Generalized Cauchy’s Root Test)bSuppose that a, > 0 for
n > k e NN, then

#

o0

#

o0 o0

(@) Ext-) " an < oo if #Tim .« @ < 1.(b) Ext-)  an = oo if #Iim e ya@y > 1.
n=k n=k
The test is inconclusive if #Ilim .+ ga, = 1.

12.4.Absolute and Conditional #-Convergence.

oot

Definition 12.2.A series Eth an #-converges absolutely, or is absolutely
n=k

o

#-convergent if Ext-Z|an| < oo,
n=k

oot

oot

Theorem 12.12. If Eth an #-converges absolutely; then Eth ap #-converges.
n=k n=k
Theorem 12.13. (Dirichlet’s Test for Hyper Infinite Series) The hyper infinite series

ot

Ext-Z anby, is #-converges if the following conditions are satisfied
n=k

@) #lim+an = 0,

(ii)

ot

Ext- ) Jan — an| < oo (12.21)
n=k

and



(iii) for all n > k

n
Ext-3 an < M (12.22
i=k

for some constant M.
Proof. Let Bn,n > k be the partial sum

n
Bn = EXt'an (12'239
i=k

ot

Let us consider the partial sums S,,n > k of Ext-Z anbn,where
n=k

S = (12.24

12.5.Double Hyper Infinite Sequences.

Definition 12.3. A double hyper infinite sequence of hyperreal numbers R% (complex
numbers C# = R% +iR¥%) is a R%-valued (C#-valued) function s : N* x N* - R¥ or

s N* x N* > C%. We shall use the notation s(n,m) or simply Spm.

Definition 12.3. We say that a double sequence (s(n, m)) converges to a € C and we

write

lim n,m-o s(n, m) = a, if the following condition is satisfied: For every > 0,
there exists N = N() € N such that

12.6.Double Hyper Infinite Series.

12.7.Interchanging the order of summation of hyper

infinite sum.
Theorem 12..Assum that

Ext-Z(Ext-kZ:|ajk|> < of, (12.)
i=1 =1

Then



Ext-Z<E>¢-2|a,-k|> = Ext-Z<E>¢-2|a,-k|> (12.)
i=1 k=1 k=1 =1

Proof.

13.Hyper infinite sequences and series of R%-valued
functions.

13.1.Uniform #Convergence

If fx, fiea, ... .fn, ... ,n € N* are RZ-valued functions defined on a subset D < R# of the
hyperreals, we say that {f,} .+ is an hyper infinite sequence of functions on D. If
the sequence of values {fn(X)}, .+ #converges for each x in some subset Sof D,
then {f,} .+ defines a #limit function on S The formal definition is as follows.
Definition 13.1. Suppose that {f,} . iS @ hyper infinite sequence of functions on
D < Rf and the hyper infinite sequence of values {f,(X)} .+ #-converges for each x
in some subset Sof D. Then we say that {f,} .+ #converges pointwise on Sto the
#-limit function f, defined by

f(x) = #lim_ «fn(X),x € S (13.1)

Definition 13.2.Let f be a function defined on S « R% and there exist sup.s|f(x)|,then
we set

Il s = supesff(x)|. (13.2)
Lemma 13.1. If g and h are defined on S then |[g+hl|g< |lglls+ IIhllg
and ||g x h|[g< |lgllg x Ih|ls. Moroever if either g or h is bounded on S, then
lg—hlis> llglls— lIhlls
Definition 13.2. A hyper infinite sequence {f,} .+ of functions defined on a set S
#-converges uniformly to the #limit function f on Sif #lim | f, —f||5 = 0.

Thus, f, #-converges uniformly to f on Sif for each ¢ > 0,¢ = 0, there is an integer
N e N*\N such that

Ifo—fll < eif N> N, (13.3)

Theorem 13.1. Let f,,n € N be hyper infinite sequence defined on S Then

(a) fn #-converges pointwise to f on Sif and only if there is, for each ¢ > 0, ~ 0,
and x € S an integer N € NN which may depend on x as well as ¢ such that

[fn(x) —f(X)| < eifn>N;

(b) fn #-converges uniformly to f on Sif and only if there is for each ¢ > 0,6 ~ 0, an
integer N € N*AN which depends only on and not on any particular x in Ssuch that
[frn(x) — f(x)| <¢ for all x € Sif n > N.

Theorem 13.2. If f, #-converges uniformly to f on § then f, #-converges



pointwise to f on S The converse is false; that is pointwise #-convergence does
not imply uniform #-convergence.

Theorem 13.3. (Cauchy’s Uniform #Convergence Criterion) A sequence

of functions f, #-converges uniformly on a set Sif and only if for each ¢ > 0,e = O,
there is an integer N € N*\N such that

Ifn = fmll g < if n,m> N. (13.4)

Theorem 13.4. If f, #-converges uniformly to f on Sand each f, is #-continuous

at a point Xxo € S then so is f. Similar statements hold for #-continuity from the right
and left.

Theorem 13.5. Suppose that f,, #-converges uniformly to f on S = [a,b]. Assume
that f and all f, are #-integrable on [a,b]. Then

b b
Ext- j f(x)dx = # |imm#<Ext- j fn(x)d#x>. (13.5)

Proof. Since

b
< Bxt- [[f0) — a0 ld*x < (b-a) [~ fall s (13.6)

a

b b
Ext- j f(x)d*x — Ext- j fo(X)d*x

a

and #lim .« [f - || s = 0,the Eq.(13.5) follows.

Theorem 13.6. Suppose that f,(x) #-converges pointwise to f and each f,(x) is
#-integrable on [a,b].Then

(a) If the #-convergence is uniform, then f(x) is #-integrable on [a,b] and (13.5) holds.
(b) If the sequence ||fn]| rab] is bounded and f(x) is #integrable on [a,b], then

(13.5) holds.
Theorem 13.7. Suppose that fn'(X) is #-continuous on [a,b] for all n € N* and
1# .
{fn }neN# #-converges uniformly on [a,b] Suppose also that {fn(Xo)} .
#-converges for some xp € [a,b]. Then {fn(X)} . #-converges uniformly on [a,b] to
ne
a #-differentiable #-limit function f(x) and
f#(x) = #-lim . +fn (X),X € (& b), (13.7)

while

f*@) = #lim . fn"(@+),f4(0) = #lim,_ +fn (b -). (13.9)

13.2.Hyper Infinite Series of Functions.

Definition 13.3. If {f; (x)}li‘iT< is a hyper infinite sequence of R#-valued functions defined
on a set D < R¥ of hyperreals, then

Ext- 3,00 (13.9)
=k

oot

is an hyper infinite series of functions on D. The partial sums of , Ext->_f;(x) are
j=k

defined by



Fn(X) = Ext-znjf,-(x),n e N*, (13.10
i=k

If Fn(X) #-converges pointwise to a function F on a subset S < D, we say that
n

Ext-D_ fj(x) #-converges pointwise to the sum F(x) on S, and write
j=k

F) = Bxt- S (%). (13.11)
=k

n

If Fn(x) #converges uniformly to F(x) on S we say that Ext-Y_ fj(x) #converges
j=k

uniformly to F(x) on S

Example 13.1. The functions fj(x) = xJ,j € N* define the hyper infinite series

14.1.Hyper Infinite Power Series.

Definition 14.1. A hyper infinite series of the form

#

Ext-ian(x—xo)n (14.1)
n=0

where xo € R% and a, € R n e N*is called a hyper infinite power series in (X — Xo).
The following theorem summarizes the #-convergence properties of hyper infinite
power series.

Theorem 14.1.In connection with the hyper infinite power series (14.1) define Rin
the extended hyperreals by

% = #1lim,__+f/fan| (14.2)

In particular, R = 0 if #1im . +g]as| = o, and R = oo if #1lim __+4[an] = 0.Then

the hyper infinite power series #-converges:

(@) only forx = xpifR=0

(b) for all x e R% if R = o#, and absolutely uniformly in every bounded set;

(c) forx € (Xo — R X0+ R) if 0 < R < 1, and absolutely uniformly in every closed

subset of this interval.

The series #-diverges if [x — Xo| > R. No general statement can be made concerning
#-convergence at the endpoints X = Xo + Rand x = Xo + R : the series may #-converge
absolutely or conditionally at both; #-converge conditionally at one and #-diverge at the
other; or #-diverge at both.

oot

Theorem 14.2. The radius of #-convergence of Ext->_an(Xx—Xo)" is given by
n=0

1 _ ; an1
= = #lim .| e

if the #-limit exists in the extended hyperreals.
Example 14.1. For the hyper infinite power series

(14.3)




OC#
Ext-Y >r<]—|” (14.4)
n=0 "™

one obtains that
anil | _ oy n! ETANT 1 _ y
ol | = #lim TR = #lim o~ = 0. (14.4)
Therefore, R = «o* ; that is, the series #-converges for all x € R%, and absolutely
uniformly
in every bounded set.
Theorem 14.3. A hyper infinite power series

#-lim Nooo’

#

f(x) = Ext-ian(x—xo)n (14.5
n=0

with positive radius of #-convergence R is #-continuous and #-differentiable in its
interval of #-convergence; and its #-derivative can be obtained by #-differentiating term
by term; that is;

#

f#(x) = Ext-Y_ nan(X— Xo)"* (14.6)
n=0
which can also be written as
f#(x) = Ext->_(N+ L)ana(X—Xo)" (14.7)
n=0

This hyper infinite series also has radius of #-convergence R.
Theorem 14.4. A hyper infinite power series

#

f(x) = Ext-ian(x— Xo)" (14.8)

n=0
with positive radius of #-convergence R has #-derivatives of all orders in its interval of
#-convergence, which can be obtained by repeated term by term #-differentiation thus,

#

f (W#(x) = Ext-in(n— 1) -+ «(n—k+D)an(x—Xo)" =
n=k

ot n (14.9
= Ext2|:<Ext H j)an(x—xo)”:|.
n=k

j=n—k+1

The radius of #-convergence of each of these hyper infinite series is R.
Corollary 14.1. (Uniqueness of hyper infinite Power Series) If

# #

Ext-3 an(x—Xo)" = Ext-3_ ba(X—Xo)" (14.10
n=0 n=0
for all x in some interval (Xxo —r,Xo + r) then
an = bn,n 2 O (1411)
Corollary 14.2. If
of
f(x) = Ext-D_an(X—X0)", X —Xo| < R (14.12
n=0

then



(n)#
oy = _O) (14.13

Theorem 14.5. If x; and x; are in the interval of #-convergence of

#

f(x) = Ext-D_an(X—Xo)" (14.14
n=0
Then
il a + +
Ext- j f(x)dfx = Ext-nizg) 20 [ (x2 — X0)™ = (X1 = X0)" ] (14.15

X1
that is, a hyper infinite power series may be integrated term by term between any
two points in its interval of #-convergence.
Theorem 14.6.Suppose that f(x) is hyper infinitely #-differentiable on an interval |
and

#-limm#g—T [f @0, =o. (14.16)
Then, if xo € 1°,the hyper infinite Taylor series
o £ (n)#
Ext-3 1 I(x) (X=Xo)" (14.17)
n=0 n:
#-converges uniformly to f(x) on I, = I N [Xo —r,Xo + r].
Theorem 14.7.If
of
f(x) = Ext-D_an(X—Xo0)", X — Xo| < Ry (14.18
n=0
and
g(x) = Ext-3_ ba(x— X0)", X~ Xo| < Re (14.19
n=0
and a and p are constants, then
o
af(X) + Bg(X) = Ext- Y (@an + Bbn)(X—Xo)", X — Xo| < R, (14.20
n=0

where R> min{Ry,Rz2}.
Theorem 14.8.1f f(x) and g(x) are given by Eq.(14.19) and Eq.(14.20) correspondingly,
then

#

f(x)g(x) = Ext-D cn(X—X0)", X —Xo| < R, (14.21)
n=0
where
Cn = Ext'zajbn_' = Zan_jbj, (1422)
=0 =0

n € N* and R> min{Ry,Rz}.
Theorem 14.9.(Generalized Abel’s Theorem) Let f be defined by a hyper infinite
power series



#

f(x) = Ext->_ an(x—X0)", X = Xo| < R (14.23
n=0

with finite or hyperfinite radius of #-convergence R € R%.
(a) If #-converges, then

(14.24
(b) If #-converges, then

(14.25

14.2.The RE-valued #-exponential Ext-exp(x)

We define the #-exponential Ext-exp(x) function as the solution of the differential
equation

f#0) = f(x),f(0) = 1. (14.26
We solve it by setting
o ot
f(x) = Ext-D_anx",f#(x) = Ext->_ nanx". (14.27)
n=0 n=0

14.3.The R#-valued Trigonometric Functions Ext-sin(x),
Ext-coqy).

15.#-Analytic functions f : C% - C%.

15.1.C%-valued #-analytic functions f : C# - C%.

The class of #-analytic functions is formed by the complex functions of a complex
variable z € CZ = R% + iR% which possess a #-derivative wherever the function is
defined. The term #holomorphic function is used with identical meaning. For the
purpose of this preliminary investigation the reader may think primarily of functions
which are defined in the whole plane C%.

The definition of the #-derivative can be written in the form



f%(2) = #limn., o

f(z+ h) —f(2)
— (15.1)

As a first obvious consequence f(2) is necessarily continuous. Indeed, from
f(z+h) — (20 = hx (f(z+ h) — f(2))/h one obtains #-limn., o(f(z+ h) - f(2)) =

0 x f"#(2) = 0.If we write f(2) = u(2) +iv(2) it follows, moreover, that u(z) and v(2)
are both #-continuous.

Remark 15.1. When we consider the #-derivative of a C#-valued function, defined on a
set Ac C¥ in the complex plane C%, it is

of course understood that z € A and that the limit is with respect to values

h such that z+ h € A. The existence of the #-derivative will therefore

have a different meaning depending on whether zis an interior point or a
#-boundary point of A. The way to avoid this is to insist that all #-analytic
functions be defined on open sets.

Definition 15.1. A C¢-valued function f(z), defined on an open set Q,

is said to be C#-analytic in Q if it has a #-derivative at each point of Q.

And more explicitly that f(z) is #-analytic function. A commonly used synonym is
#-holomorphic function.

Definition 15.2.A function f(z) is #-analytic on an arbitrary point set A if

it is the restriction to A of a function which is #-analytic in some open set
containing A.

Remark 15.2. Note that the real and imaginary parts

of an #-analytic function in Q satisfy the generalized Cauchy-Riemann equations

o*u _ o*v . o%u _ _ o*v 15.2
o*x oy’ oty ox (15.9

Conversely, if u and v satisfy these equations in Q, and if the partial

derivatives are #-continuous, then u + iv is an #-analytic function in Q.

Theorem 15.1. An #-analytic function f in a region QQ whose #-derivative vanishes

identically must reduce to a constant. The same is true if either the real part, the

imaginary part, the modulus, or the argument is constant.

15.2.The C%-valued #-Exponential Ext-exp(z).

We define the #-exponential Ext-exp(z) function as the solution of the differential
equation

f*(2) = 1(2),1(0) = 1. (15.3)
We solve it by setting
f(z) = Ext->_anz",f #(2) = Ext-D_na,z". (15.4)
n=0 n=0

If Eq.(15.4) is to be satisfied, we must have a1 = nan,n € N* and the initial condition
gives ap = 1. It follows by hypee infinite induction that a, = 1/nl.

Abbreviation 14.1. The solution of the Eq.(15.4) is denoted by Ext-e? or Ext-exp(z).
Thus finally we obtain

OC#
Ext-exp(z) = Ext-Zﬁ—T. (15.5)
n=0 "™



15.3.The C#-valued Trigonometric Functions Ext-sin(z),
Ext-cogz).
The C%-valued trigonometric functions Ext-sin(z), Ext-cogz) are defined by
Ext-sin(z) = %(Ext- exp(iz) — Ext- exp(—iz))
and
Ext-cogz) = %(Ext- exp(iz) + Ext-exp(-iz)).
Substitution (14.)-(14.) in (14.) gives that
Ext-sin(z) =
and
Ext-cogqz) =
From (14) we obtain generalized Euler’s formula
Ext-exp(iz) = Ext-cogz) + i(Ext-sin(z))
and as well as the identity
(Ext-sin(z))? + (Ext-cogz))? = 1.

15.4. The periodicity of the #-exponential Ext-exp(iz).
Definition 15.4.We say that f(z) has the period cif f(z+ ¢) = f(2) for all z € C%.

(15.6)

(15.7)

(15.8)

(15.9)

(15.10)

(15.11)

Thus a period of Ext-e* satisfies Ext-e*¢ = Ext-e%, or Ext-e® = 1. It follows that ¢ = i®
with real o € R% we prefer to say that o is a period of Ext-€'2. We shall show that there

are periods, and that they are all integral multiples of a positive period wo.From

(Ext-sin(y))"” = Ext-cogy) < 1 and Ext-sin(0) = 0 one obtains Ext-sin(y) < y fory > 0,

either by integration or by use of the generalized mean-value theorem. In

the same way (Ext-cogy))"” = —Ext-sin(y) > —y and Ext-cog0) = 1 gives
Ext-coqy) > 1 - y?/2, which in turn leads to Ext-sin(y) >y — y3/6 and finally to
Ext-coqy) < 1-y?/2+y*/24. This inequality shows that Ext-cos(y3) < 0, and

therefore there is a yo such that 0 <y, < /3 and Ext-cogyo) = 0. Because

(Ext-sin(yo))? + (Ext-cogYo))? = 1,we have Ext-sin(yo) = *1, that is, Ext-e'¥o = +i,

and hence Ext-e*Yo = 1. We have shown that 4y, is a period. Actually, it is the
smallest positive period. To see this, take 0 < y < yo.

Then Ext-sin(y) > y(1 - y?/6) > y/2 > 0, which shows that Ext-cogy) is

strictly decreasing. Because Ext-sin(y) is positive and

(Ext-sin(y))? + (Ext-cogy))? = 1it

follows that Ext-sin(y) is strictly increasing, and hence Ext-sin(y) < Ext-sin(yo) = 1.

The double inequality 0 < Ext-sin(y) < 1 guarantees that Ext-e" is neither + 1 nor

+i. Therefore Ext-e*®Y = 1, and 4y, is indeed the smallest positive period.We denote

it by wo.Consider now an arbitrary period wo. There exists an integer n such
that nwo < o < (n+ 1)wo. If w were not equal to nwo, then o - nwoe would be a
positive period < wo. Since this is not possible, every period must be an integral
multiple of wo.

Abbreviation 15.2.The smallest positive period of Ext-€Z is denoted by 27 4.
Remark 15.3.Note that st(zx) = .



15.5.The C#-valued Logarithm.

Together with the exponential function Ext-e'Z we must also introduce its inverse
function, the C#-valued logarithm. By definition, z = Ext-logw is a root of the equation
Ext-eZ = w. First of all, since Ext-€Z is always = 0, the number 0 has no logarithm.
For w = 0 the equation Ext-e*V = w is equivalent to

Ext-€'Z = |w|, Ext-e¥ = ﬁ (15.12

The first equation has a unique solution x = Ext-logjw|, the R#-valued logarithm of

the positive number |w| € R%. The right-hand member of the second equation (15.12)
is a complex number in C% of absolute value 1. Therefore, as we have just seen, it has
one and only one solution in the interval 0 <y < 2r4. In addition, it is also satisfied by
all y that differ from this solution by an integral multiple of 2zx. We see that every
complex number other than 0 has hyper infinitely many logarithms which differ from
each other by multiples of 2z 4i.

The imaginary part of Ext-logw is also called the argument of w, Ext-argw, and it is
interpreted geometrically as the angle, measured in radians, between the positive real
axis and the half line from O through the point w. According to this definition the
argument has hyper infinitely many values which differ by multiples of 274, and

Ext-logw = Ext-logjw| + i argw. (15.13
Remark 15.4.The addition property of the exponential function Ext-€'Z implies

Ext-log(z1 x z2) = Ext-logz; + Ext-logz,,

(15.19
Ext-arg(z; x zp) = Ext-argz; + Ext-argzy,
but only in the sense that both sides represent the same hyper infinite set of
complex numbers.The inverse of Ext-cogz) is obtained by solving the equation
Ext-cogz) = %(Ext-e‘% Ext-e?) = w. (15.15
This is a quadratic equation in Ext-e’ with the roots
Ext-€Z =w=+ Jw? -1 (15.196

and therefore
z = Ext-arccogw) = —i (Ext-log(wi m>> (15.17)

or in the form
Ext-arccogw) = i (Ext-log<w+ M)) (15.18

The hyper infinitely many values of Ext-arccogw) reflect the evenness and periodicity
of Ext-cogw). The inverse sine is most easily defined by formula

Ext-arcsin(w) = % — (Ext-arccogw)). (15.19

16.Complex Integration of the C#-valued function f(t).

16.1.Definition and basic properties of the complex

integral.
If f(t) = u(t) +iv(t) is a #-continuous function, defined in an interval (a,b), we set by



definition

b b b
Ext-jf(t)d#t - Ext- j u(t)d?t + i (Ext- j v(t)d#t) (16.1)

This integral has most of the properties of the real integral. In particular, if c = a +if
is a complex constant we obtain

b b
Ext- [ cf(t)dt = c(Ext- | f(t)d#t>. (16.2)

a a

The fundamental inequality

b
< Ext- j IF(t) [dt. (16.3)

a

b
Ext-ff(t)d#t
a
holds for arbitrary C#-valued function f(t).
We consider now a piecewise #-differentiable arc y with the equation
z=z(t),ast<h
If the function f(z) is defined and #-continuous on y, then f(z(t)) is also #-continuous
and we can set

b
Ext-jf(z)d#z - Ext- j f(z(t))Z*#(t)dt. (16.4)
Y a
The most important property of the integral (16.4) is its invariance under a change of
parameter. A change of parameter is determined by an increasing function t = t(r)

which maps an interval a < 7 < fonto a < t < b; we assume that t(r) is piecewise
#-differentiable. By the rule for changing the variable of integration we get

b B
Ext- j f(z(t))2*(t)d*t = Ext- j f(z(t()))Z* (1)t (r)dz. (16.5)

We defined the opposite arc—y by the equation z = z(-t),-b < t < —-a.We have thus

Ext- [ f()d’z = -| Ext- [f(2)dz |. (16.6)

The integral (16.4) has also a very obvious additive property. It is clear what is meant
by subdividing an arc y into a finite or hyperfinite number of subarcs. A subdivision can
be indicated by a symbolic equation:y = y1 + 2 +...+yn,n € N*, and the corresponding
integrals satisfy the relation

Ext- j f(z)d#z=Ext-Zn: Ext-jf(z)d#z . (16.7)

Y1ty 2t dyn =1 7i

Finally, the integral over a closed curve is also invariant under a shift of parameter.
The old and the new initial point determine two subarcs y1,y2, and the invariance
follows from the fact that the integral over y1 + v is equal to the integral over y2 + y1



In addition to integrals of the form (16.4) we can also consider line integrals with
respect to z. The most convenient definition is by double conjugation

Ext- j f(2)d"z = Ext- j f(2)d"z (16.8)
Y Y

Using notation (16.7), line integrals with respect to x or y can be introduced by

E)d-jfd#x= % Ext-jfd#z+Ext-jfd_#z ,

14 14 14

(16.9
Mgty = L | td#7 — Ext- [ 195
Ext jfdy_ 1| Ext jfdz Ext jfdz
Y Y Y
With f = u+ iv we find that the integral (16.4) can be written in the form
Ext- I(ud#x— vd?y) +i| Ext- I(ud#y+ vd#x) |. (16.10
Y Y
Of course we could just as well have started by defining integrals of the form
Ext- j (pd*x + qd*y), (16.11)
Y
in which case formula (16.10) would serve as definition of the integral (16.4).
An essentially different line integral is obtained by integration with
respect to arc length. Two notations are in common use, and the definition is
Ext- [ fd*s = Ext- [ f(2)|d"z] = Ext- [ f(z(t) 2D [d*t (16.12)

14 14 14

This integral is again independent of the choice of parameter. In contrast to (16.6)
we get

Ext- [ f(2)[d"2) = Ext- [ f(2)|d"2], (16.13

while (16.7) remains valid in the same form. The inequality

Ext-jf(z)d#z < Ext- j If(2)| |02 (16.14)
14 14
is a consequence of (16.3).
Remark 16.1.For f = 1 the integral (16.12) reduces to jy |dz| which is by definition

the length of y. As an example we compute the length of a circle. From the
parametric equation z = z(t) = a+ p(Ext-e), 0 < t < 2z4r, of a full circle we obtain
Z#(t) = ip(Ext-e!) and hence



21y 2my

j|z’#(t)|d#t - j pdft = 274p (16.15
0

0
as expected.

16.2.Line Integrals as Functions of Arcs.

Remind that the length of an arc can also be defined as the least upper bound of all
hyperfinite sums

n
Ext- ) Jz(t) — (i), (16.16)
i=1
n e N*/N, where a =ty < t; <... <ty = b. If this least upper bound is finite or
hyperfinite we say that the arc is rectifiable. It is quite easy to show that piecewise
#-differentiable arcs are rectifiable, and that the two definitions of length coincide.
It is clear that the sums (16.6) and the corresponding sums

Ext- D IX(t) — X(tia) [, Ext- D _ly(t) - y(tis)l, (16.17)
i=1 i=1

where z(t) = x(t) +iy(t),are bounded or hyperbounded at the same time. When the
latter sums are bounded (or hyperbounded), one says that the functions x(t) and y(t)
are of bounded (or hyperbounded) variation. An arc z = z(t) is rectifiable if and only if
the real and imaginary parts of z(t) are of bounded (or hyperbounded) variation.

If v is rectifiable and f(z) #-continuous on y it is possible to define integrals of type
(16.12) as a #-limit

Ext- j fd#s = #lim .+ (Ext- > fzZt))le(t) - z(ti1) |>. (16.18)

k=1
14

General line integral of the form Ext-fy(pd#x+ qd*y) can be considered as functional

of the arc y. It is then assumed that p and g are defined and #-continuous in a region

Q and that y is free to vary in Q. An important class of integrals is characterized by the

property that the integral over an arc depends only on its end points. In other words, if

y1 and y» have the same initial point and the same end point, we require that

Ext- | yl(pd#x + qdy) = Ext- | yz(pd#x + qd*y). (16.19

To say that an integral depends only on the end points is equivalent to saying that the

integral over any closed curve is zero. Indeed, if y is a closed curve, then y and —y

have the same end points, and if the integral depends only on the end points, we
obtain

Ext- [(pd*x + qdfy) = Ext- [ (pd*x+ qay) = - Ext- [ (pdix + ad*y) (16.20
Y v Y

and consequently jy(pd#x+ qd*y) = 0. Conversely, if y; and y, have the same end

points, then y; — v is a closed curve, and if the integral over any closed curve
vanishes, it follows that Ext-fy (pd¥x + qd*y) = Ext-jy (pd*x + qd*y).
1 2
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The following theorem gives a necessary and sufficient condition
under which a line integral depends only on the end points.
Theorem 16.1.The line integral Ext-fy(pd#x+ qd®y), defined in Q, depends only

on the end points of y if und only if there exists a function U(x,y) in Q

with the partial #-derivatives 6*u/o*x = p,o0*ulo*y = q.

The sufficiency follows at once, for if the condition is fulfilled we can write, with the
usual notations,

b
# / # /

Ext- I(pd#x+ qd?y) = Ext- I[ %x#(t) + %y#(t) Jd#t =

Yb 2 (16.21)
EXt_[ g—;U(X(t),Y(t))d#t = U(x(b),y(b)) — U(x(a),y(a)).

and the value of this difference depends only on the end points. To prove the
necessity we choose a fixed point (Xo,Yo) € Q, join it to (X,y) by a polygon v,
contained in Q2, whose sides are parallel to the coordinate axes (Pic.1) and define
a function U(x,y) by

U(x,y) = Ext- j(pd#x + qd*y). (16.22)
Y

Since the integral depends only on the end points, the function is well defined.
Moreover, if we choose the last segment of y horizontal, we can keep y constant and
let x vary without changing the other segments. On the last segment we can choose x
for parameter and obtain

U(xy) = Ext- j p(x,y)d*x + congt. (16.23

the lower limit of the integral being irrelevant. From Eq.(16.23) it follows at once that
o*U
%X
o*U
oty
an expression pd*x + qd*y which can be written in this form is an exact #-differential.

= p. In the same way, by choosing the last segment vertical, we can show that

= g. Itis customary to write d*U = (6*U/o*x)d*x + (6*U/o*y)d*y and to say that



Thus an integral depends only on the end points if and only if the integrand is an
exact differential. Observe that p,q and U can be either real or complex. The function
U, if it exists, is uniquely determined up to an additive constant, for if two functions
have the same partial #-derivatives their #-difference must be constant.
When is f(z)d*z = f(z)d*x + if(z)d*y an exact #-differential? According to the definition
there must exist a function F(z) in Q with the partial #-derivatives

0*F(2) 0*F(z2) .

W = f(Z),a—#y = |f(Z). (1624)
If this is so, F(2) fulfills the generalized Cauchy-Riemann equation

0*F(z) . 0"F(2)
= | s
07X o'y

since f(2) is by assumption #-continuous F(z) is #-analytic with the #-derivative f(z).
The integral Ext-fy fd#z, with #-continuous f, depends only on the end points of v if

(16.25

and only iff is the derivative of an analytic function in Q2. Under these circumstances
we shall prove later that f(2) is itself #-analytic.
As an immediate application of the above result we find that

[@-ayrdiz=0 (16.26
Y

for all closed curves y, provided that the integer n € N* is > 0. In fact,
(z—a)" is the #-derivative of (z— a)™/(n+ 1), a function which is
#-analytic in the whole plane C%. If n is negative, but # -1, the same
result holds for all closed curves which do not pass through a, for in the
complementary region of the point a the indefinite integral is still #-analytic
and single-valued. For n = -1, Eq.(16.26) does not always hold. Consider
a circle C with the center a, represented by the equation z = a+ p(Ext-e'!),
0 <t < 274 We obtain

21y

# . .
ﬁ - { id#t = 274, (16.27)
14

This result shows that it is impossible to define a single-valued branch of Ext-log(z— a)
in an annulus p1 < [z— a| < p2. On the other hand, if the closed curve y is contained in
a half plane which does not contain a, the integral vanishes, for in such a half plane a

single-valued and #-analytic branch of Ext-log (z— a) can be defined.

16.3.Generalized Cauchy’s Theorem for a Rectangle.

We consider, specifically, a rectangle R < C# defined by inequalities a < x < b,

c <y < d. Its perimeter can be considered as a simple closed curve consisting of
four line segments whose direction we choose so that R lies to the left of the directed
segments. The order of the vertices is thus (a,c), (b,c),(b,d), (a,d). We refer to this
closed curve as the boundary curve or contour of R, and we denote it by 6*R



(a,d) (b, d)
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Pic. 2.Bisection of rectangle.

Theorem 16.2. If the function f(2) is #-analytic on R, then

Ext- j f(z)d*z = 0. (16.28
"R
Proof. The proof is based on the method of bisection. Let us introduce the notation
n(R) = Ext- j f(z)d*z. (16.29
"R
If Ris divided into four congruent rectangles R, R® R® R® we get
n(R) = n(R®) +n(R®) + n(R®) + n(R®). (16.30

for the integrals over the common sides cancel each other,see Pic.1.It follows from
Eq.(16.) that at least one of the rectangles R®,k = 1,2, 3,4, must satisfy the
condition [p(R®)| > [n(R)J/4.This process can be repeated inductively, and we obtain
a hyper infinite sequence of nested rectangles R > R; © Ry...D Ry...D...

with the property [7(Rn)| > 4™"[n(Rn-1)|,n € N*.Thus

n(Ra)| = 4" n(R)|. (16.31)

The rectangles R, converge to a point z* € Rin the sense that R, will be contained
in a prescribed neighborhood |z— z*| < § as soon as n € N*\N is sufficiently large.
First of all, we choose o so small that f(z) is defined

and analytic in |z— z*| < §,6 = 0.Secondly, if ¢ > 0, = 0 is given, we can choose
o such that

% _tty] <, (16.32
and therefore
f(2) - f(z") - (z— ) *(z") | < elz—Z*]. (16.33

for |z— z*| < 6. We assume that § satisfies both conditions and that R, is contained in
|z—z*| < 6. We make now the observation that
Ext- | d'z=0Ext- | zd'z=0 (16.39)
0*Rn 0*Rn

By virtue of the equations (16.34) we are able to write



R = Bxt- [ [i@) - 1(z) - (- 2)f *(z")

0"Rn

d*z (16.35)

and it follows by (16.33) that

In(Rn)| < 6<Ext- [ z-z1x |d#z|>. (16.36)
0"Rn

In the last integral [z— z*| is at most equal to the length d, of the diagonal of Ry.

If L, denotes the length of the perimeter of R, the

integral is hence < dnL,. Butif d and L are the corresponding quantities

for the original rectangle R, itis clear thatd, = 2"dand L, = 27"L.

By (16.36) we have hence

n(Rn)| < 4™"dLe (16.37)
and comparison with (16.31) yields
n(R)| < dLe. (16.39

Since ¢ ~ 0is arbitrary, we can only have n(R) = 0, and the theorem is proved.
Theorem 16.3.Let f(2) be #-analytic on the set R’ obtained from a rectangle R by
omitting a finite or hyperfinite number of interior points ¢; If it is true that

#1lim .., (- ¢;)f(2) = Ofor all j e N*, then Ext- ja#Rf(z)d#z = 0.

Proof. It is sufficient to consider the case of a single exceptional point ¢, for evidently
R can be divided into smaller rectangles which contain at most one £;. We divide now
R into nine rectangles, as shown in Pic.2, and apply Theorem 16.2 to all but the
rectangle Ry in the center. If the corresponding

equations (12) are added, we obtain, after cancellations,

Ext- j f(z)d*z = Ext- j f(z)d*z (16.39
"R 0*Rg
i i
| |
| |
| |
———————— ' |-—————__._.
of
________ | A—
| |
| |
| |
! E
Pic. 3.

If ¢ > 0,6 = 0 we can choose the rectangle R so infinite small that [f(z)| < ¢|z— {]



on 0*Ro. By (17) we have thus

Ext- I f(2)d*z

"R

B ] |d¥z]
_ g(Ext BJRO |Z§|> (16.40

If we assume, as we may, that Ry is a square of center {, elementary estimates show
that

|d*z]
Ext- < 8. 16.
| =g (16)
0"Ro
Thus finally we obtain
Ext- j f(z)d*z| < 8. (16.)
"R

and since ¢ is arbitrary the theorem follows.
We conclude that the hypothesis of the theorem is certainly fulfilled if f(z) is #-analytic
and bounded or hyperbounded on R'.

16.4.Generalized Cauchy’s Theorem in a Disk.

It is not true that the integral of an #-analytic function over a closed curve is always
zero. For example
d¥z
lz—a|
C

Theorem 16.4.1f f(2) is #-analytic in an open disk A, then
Ext-jf(z)d#z -0 (16.)

4

for every closed curve y c A.
Proof. We define a function F(z) by

F(2) = Ext-jf(z)d#z, (16.)
where o consists of the horizontal line segment from the center (o, Yo) to (X,yo) and
the vertical segment from (x,Yyo) to (x,y); it is immediately seen that 6*F/6%y = if(z).On
the other hand, by Theorem 2 ¢ can be replaced by a path consisting of a vertical
segment followed by a horizontal segment. This choice defines the same function
F(2),and we obtain 6*F/o%x = f(z). Hence F(z) is #-analytic in A. with the #-derivative
f(2), and f(2)d?zis an exact #differential.

Theorem 16.5. Let f(2) be #-analytic in the region A’ obtained by omitting a
finite or hyperfinite number of points {; from an open disk A. If f(z) satisfies the
condition #lim_., ¢,(z- ¢;)f(2) = O for all j, then (18) holds for any closed

curve y < A'.
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The proof must be modified, for we cannot let rr pass through the
exceptional points. Assume first that no {j lies on the lines x = xo and

y = Yo. Itis then possible to avoid the exceptional points by letting o
consist of three segments (Pic.4). By an obvious application of
Theorem 3 we find that the value of F(2) in (18) is independent of the
choice of the middle segment; moreover, the last segment can be either
vertical or horizontal. We conclude as before that F(z) is an indefinite
integral of f(z), and the theorem follows..

16.5.Generalized Cauchy’s integral formula.

Through a very simple application of the generalized Cauchy’s theorem it becomes
possible to represent an #analytic function f(z) as a line integral in which the variable
z € R% enters as a parameter. This representation, known in classical case as
Cauchy’s integral formula,has numerous important applications. Above all, it enables
us to study the local properties of an #-analytic function in full detail.

Lemma 16.1. If the piecewise #-differentiable closed curve y does not pass

through the point a, then the value of the integral

d?z
e (16.)

Y
is a multiple of 27 4i.
Definition 16.1.We define the index of the point a with respect to the curve y by the
equation

#
n(y.a) = 5ot [ . (16.)

Y
The index (16.) is also called the winding number of y with respect to a. It is clear that

n(—y,a) = —n(y,a). The following property is an immediate consequence of Theorem

(i) If y lies inside of a circle, then n(y,a) = 0O for all points a outside of the same circle.
As a point set y is #-closed and bounded (or hyperbounded). Its complement is
#-open and can be represented as a union of disjoint regions, the components of the
complement. We shall say, for short, that y determines these regions.

If the complementary regions are considered in the extended plane, there



is exactly one which contains the point at infinity. Consequently, y determines one and
only one unbounded region.

(i) As a function of a the index n(y,a) is constant in each of the regions determined by
y, and zero in the unbounded region.

Any two points in the same region determined by y can be joined by a polygon which
does not meet y. For this reason it is sufficient to prove that n(y,a) = n(y,b) if y does
not meet the line segment from ato b. Outside of this segment the function
(z—a)/(z-b) is never real and < 0. For this reason the principal branch of

Ext-log[(z— a)/(z— b)] is #-analytic in the complement of the segment. Its derivative is
equal to (z—a)™ - (z—b)™1, and if y does not meet the segment we get

Extj(rla - ?1b>d#z -0 (16.)
Y

hence n(y,a) = n(y,b). If lal is sufficiently large, y is contained in a disk |z| < p < |q|
and we conclude by (i) that n(y,a) = 0. This proves that n(y,a) = 0 in the unbounded
region.

We shall find the case n(y,a) = 1 particularly important, and it is desirable to formulate
a geometric condition which leads to this consequence.

For simplicity we take a = 0.

Lemma 16.2. Let z1,z, be two points on a closed curve y which does not pass through
the origin. Denote the subarc from z; to z; in the direction of the curve by y1, and the
subarc from z, to z; by y». Suppose that z; lies in the lower half plane and z; in the
upper half plane. If y; does not meet the negative real axis and y, does not meet the
positive real axis, then n(y,0) = 1.

For the proof we draw the half lines L; and L, from the origin through z; and z,

(Pic. 4-5). Let s1,s2 be the points in which L1, L, intersect a circle C about the origin.

If C is described in the positive sense, the arc C; from s; to s, does not intersect the
negative axis, and the arc C, from s; to s; does not intersect the positive axis. Denote
the directed line segments from z; to s; and from z, to s; by 61,62. Introducing the
closed curves 61 = y1+62—C1—61, o2=y2+01 - Cz - 62 we get

that n(y,0) = n(C,0) + n(o1,0) + n(o2,0) because of cancellations. But o, does not
meet the negative axis. Hence the origin belongs to the unbounded region
determined by o1, and we obtain n(c1,0) = 0. For a similar reason n(c2,0) = 0, and
we conclude that n(y,0) = n(C,0) = 1.
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Let f(2) be #analytic in an open disk A. Consider a closed curve y < A. and a point
aeA
which does not lie on y. We apply Cauchy’s theorem to the function

F(2) = f(z) f(a) : (16.)

This function is analytic for z + a. For z = a it is not defined, but it satisfies the
condition #lim .., a[(z— a)F(2)] = #lim ., 4[f(z) — f(a)] = 0,which is the condition of
Theorem 16.5. We conclude that

ext- [ X8 =1@) 47— o, (16.)
14

This equation can be rewritten in the form

Ext-j f(zz)_dsz - f(a)| Ext- j dz . (16.)

Y Y
and we observe that the integral in the right-hand member is by definition 2z4in(y,a).

Theorem 16.6. Suppose that f(z) is #-analytic in an open disk A, and let y be a closed
curve in A. For any point a not on y

f(z)d*z

n(y,a)f(a)zﬁhti Ext-j 2L, (16.)

14
where n(y,a) is the index of a with respect to y.

In this statement we have suppressed the requirement that a be a

point in A. We have done so in view of the obvious interpretation of

the formula (16.) for the case that a is not in A. Indeed, in this case

n(y,a) and the integral in the right-hand member are both zero.

It is clear that Theorem 6 remains valid for any region Q to which

Theorem 16.5 can be applied. The presence of exceptional points {; is permitted,
provided none of them coincides with a.

The most common application is to the case where n(y,a) = 1. We have then



f(z)d*
f(a)=##i Extj (Zzlaz (16.)
Y

and this we interpret as a representation formula. Indeed, it permits us
to compute f(a) as soon as the values of f(z) on y are given, together
with the fact that f(2) is #-analytic in A. In (16.) we may let a take differ-
ent values, provided that the order of a with respect to y remains equal
to 1. We may thus treat a as a variable, and it is convenient to change
the notation and rewrite (16.) in the form

f(&)d*

f(z) = %#. Extj% (16.)
14

It is this formula which is usually referred to as Cauchy’s integral formula. We must

remember thflt it is valid only when n(y,z) = 1, and that we have proved it only when

f(2) is #-analytic in a disk.

The representation formula (22) gives us a tool for the study of the local properties of

#-analytic functions. In particular we can now show that an #-analytic function has

#-derivatives of all orders n € N#, which are then also #-analytic.

We consider a function f(z) which is #-analytic in an arbitrary region Q.

To a point a € Q we determine a §-neighborhood A < Q, and in

A a circle C about a. Theorem 6 can be applied to f(z) in A. Since

n(C,a) = 1 we have n(C,z) = 1 for all points z inside of C. For such z

we obtain by (22)
__1 f(O)d*¢

Provided that the integral in(16.) can be #-differentiated under the sign of
integration we find

woon _ 1 f($)d*¢
f #(Z) = ﬂ(EXt- ! W) (16)
and
ity — 1 f(O)d*¢
f( )#(Z) = ﬂ(EXt-C (é’_z)n > (16)

If the #-differentiations can be justified, we shall have proved the existence
of all #-derivatives at the points inside of C. Since every point in Q lies
inside of some such circle, the existence will be proved in the whole



region Q.
Lemma 16.3. Suppose that ¢({) is #-continuous on the arc y. Then the function

_ 1
P2 = 53 C-2)
Y

is analytic in each of the regions determined by y, and its #-derivative is

F#(Z) = nFn+l(Z).

It is clear that Lemma 16.3 is just what is needed in order to deduce

(23) and (24) in a rigorous way. We have thus proved that an analytic

function has derivatives of all orders which are #-analytic and can be

represented by the formula (24).

Theorem 16.7. (Generalized Morera’s theorem) If f(z) is defined and #-continuous
in aregion Q, and if Ext-jy f(z)d”z = O for all closed curves y in Q, then f(2) is

#-analytic in Q.
16.6.Generalized Liouville’s theorem.

Theorem 16.8. (Generalized Liouville’s theorem) A function f(z) which is #-analytic
and bounded in the whole plane C% must reduce to a constant.

Proof. We make use of a simple estimate derived from (24). Let the radius of C be r,
and assume that [f(z)| < M on C. If we apply (24) with z = a, we obtain

|f ™#@)| < Mnlr (16.)

We need only the case n = 1. The hypothesis means that [f(z)| < M on all circles.
Hence we can let r tend to «o# and (25) leads to f #(a) = 0 for all a. We conclude that
the function is constant.

16.7.Generalized fundamental theorem of algebra.

Liouville’s theorem leads to an almost trivial proof of the generalized fundamental
theorem of algebra.

Theorem 16.9. (Generalized fundamental theorem of algebra) Suppose that P(z) is
external polynomial of degree n e N*. The equation P(z) = 0 must have a root & € CZ.
Proof.Suppose that P(2) is a polynomial of degree n € N*\N. If P(z) were never zero,
the function 1/P(z) would be #-analytic in the whole plane C%. We know that P(z) - oo*,
and therefore 1/P(z) tends to zero. This implies boundedness (the absolute value is
#-continuous on the Riemann sphere and has thus a finite or hyperfinite maximum),
and by Liouville’s theorem 1/P(z) would be constant. Since this is not so, the equation
P(z) = 0 has a root.

17.The local properties of #-analytic function.

17.1.Removable Singnlarities. Taylor's Theorem.

Theorem 17.1. Suppose that f(2) is #-analytic in the region A' obtained by
omitting a point a from a region A. A necessary and sufficient condition

that there exist an #-analytic function in A which coincides with f(z) in A’ is

that #-lim .., a(z— @)f(2) = 0. The extended function is uniquely determined.
Proof. The necessity and the uniqueness are trivial since the extended function



must be #-continuous at a. To prove the sufficiency we draw a circle

C about a so that C and its inside are contained in A. Cauchy’s formula is valid, and

therefore we have

f(¢)d"z

N 214 -z
C

(17.1)

for all z + ainside of C. But the integral in the right-hand member represents an
#-analytic function of z throughout the inside of C. Consequently, the function which is
equal to f(z) for z + a and which has the value

1_ [ f)a*z
zal ¢z (17.2)

for z = ais #-analytic in A. It is natural to denote the extended function by f(z) and
the value (17.2) by f(a). We apply this result to the function F(2) = [f(2) - f(a)]/(z- a).
It is not defined for z = a, but it satisfies the condition #-lim ., a(z— a)F(2) = 0.

The #-limit of F(2) as z »# ais f '#(a). Hence there exists an #-analytic function which
is equal to F(2) for z= a and equal to f #(a) for z = a. Let us denote this function by
f1(2). Repeating the process we can define an #-analytic function f(z) which equals
[f1(2) - f2(a)]/(z— a) for z + aand f,"(a) for z= a, and so on.

The recursive scheme by which f,(2) is defined reads

f(2) = f(a) + (z— a)f1(2
f1(2) = f1(a) + (z— a)f2(2)

(17.3
fr1(2) = fra(@) + (z— a)fn(2).
From these equations which are trivially valid also for z = a we obtain
n
f(2) = f(a) + Ext- Y (z—a)'fi(2),n € N, (17.4)

i=1
Differentiating n times and setting z = a we get
f W% (@) = nify(a). (17.5)
This determines the coefficients fn(a), and we obtain the following form of Taylor’s
theorem.
Theorem 17.2. If f(2) is #-analytic in a region A, containing a, then

n-1

f(2) = f(a) + Ext- )

i=1

f Gy

i|(a) (z—a)' +f(2)(z—a)", (17.6)

where n € N* and f,(2) is #-analytic in Q.

17.2. Zeros and Poles of #-Analytical Functions.



17.3.The Generalized Maximum Principle.

Theorem 17.. (Generalized maximum principle.) If f(2) is #-analytic and nonconstant
in a region Q, then its absolute value [f(z)| has no maximum in Q.

Proof. If wo = f(z) is any value taken in Q, there exists a neighborhood |w—wp| < &
contained in the image of Q.In this #-neighborhood there are points of modulus > wo,
and hence [f(zo)| is not the maximum of [f(2)|.

Theorem 17..If f(2) is defined and #-continuous on a #-closed bounded set E

and #-analytic on the interior of E, then the maximum of [f(z)| on E is assumed

on the boundary of E.

Proof.Since E is #-compact, [f(z)| has a maximum on E. Suppose that it is

assumed at zo. If zy is on the boundary, there is nothing to prove. If zy is an interior
point, then [f(zo)| is also the maximum of [f(2)| in a disk |z— zo| < J contained in E.

But this is not possible unless f(2) is constant in the component of the interior of E
which contains z. It follows by #-continuity that [f(z)| is equal to its maximum on the
whole #-boundary of that component. This boundary is not empty and it is contained
in the #-boundary of E. Thus the maximum is always assumed at a #-boundary
point.

Remark 17.1.The generalized maximum principle can also be proved analytically, as
a consequence of generalized Cauchy’s integral formula. If the formula (22) is

specialized to the case where v is a circle of center zo and radius r, we can write
¢ = 20+ r(Ext-€"?), d*¢ = ir(Ext-€") and obtain for z = zo
21y
_ 1 _aif\\J#
f(20) = 5 { f(zo + r(Ext-€%))d*9. (17.)
The formula (17.) shows that the value of an #-analytic function at the center of a
circle is equal to the arithmetic mean of its values on the circle, subject to the
condition
that the #-closed disk |z— zo| < r is contained in the region of #-analyticity. From (34)
we get the inequality

27'[#

1#i j If(zo + r(Ext-€))[d*6. (17.)
0

f(zo)] < 7
Suppose that [f(zo) | were a maximum. Then we would have [f(zo + r(Ext-€"))| < [f(20)],
and if the strict inequality held for a single value of 6 it would hold, by #-continuity, on a
whole arc. But then the mean value of [f(zo + r(Ext-€"))| would be strictly less than
[f(z0)], and (35) would lead to the contradiction [f(zo)| < [f(zo)|- Thus [f(2)| must be
constantly equal to [f(zo) | on all sufficiently small circles |z— zo| = r and, hence, in a
neighborhood of z,. It follows easily that f(z) must reduce to a constant.



This reasoning provides a second proof of the generalized maximum principle.
Consider now the case of a function f(z) which is #-analytic in the #-open disk |z] < R
and #-continuous on the #-closed disk |z| < R. If it is known that [f(z)| < M on |z|= R,
then [f(2)| < M in the whole disk. The equality can hold only if f(z) is a constant of
absolute value M. Therefore, if it is known that f(z) takes some value of modulus < M,
it may be expected that a better estimate can be given.

Theorem 17..If f(2) is #-analytic for |z| < 1 and satisfies the conditions [f(2)| < 1,

f(0) = 0, then [f(2)| < |z] and [f#(0)| < 1. If [f(2)| = |z| for some z + O, or if [f*(0)| = 1,
then f(2) = czwith a constant ¢ € C¥ of absolute value 1.

Proof.

Part Il. R#-Valued Lebesgue Integral

1.External R#-Valued Lebesgue Measure

Let us consider a bounded interval | = R% with endpoints a and b (a < b).The length of
this bounded interval | is defined by I(I) = b— a. In contrast,the length of an unbounded
interval, such as (a, "), (—0#,b) or (—o*, ), is defined to be gyperinfinite. Obviously, the
length of a line segment is easy to quantify.However, what should we do if we want to
measure an arbitrary subset of R% ? Given a set E c R¥ of gyperreal numbers, we
denote the Lebesgue measure of set E by u(E). To correspond with the length of a line
segment, the measure of a set A c R¥ should keep the following properties:

(1) If Ais an interval, then p(A) = I(A).

(2) If A < B, then p(A) < u(B).

(3) Given A < R¥ and xo € R% , define A+ Xo = {X+Xo : X € A}>. Then

H(A) = H(A+ Xo).

(4) If A and B are disjoint sets, then p(AU B) = H(A) + U(B). If {Ai}y# IS @

hyperinfinite sequence of disjoint sets, then p(| J,.+Ai) = Zlﬁ u(Ai).

1.External R#-Valued Lebesgue outer measure

Definition 1.1. Let E be a subset of R% . Let {I«} = {lx} .+ be a hyperinfinite
sequence
of open intervals such that E < [ J, .« Ax and let X be a set of the all such hyperinfinite

sequences. The external Lebesgue outer measure of E is defined by
. oo
we(E) = infges {0, 1000} (1.2)

Note that 0 < pu*(E) < o*.

Definition 1.2. A set E is #-countable if there exists an injective function f from E to
the

gypernatural numbers N#. If such an f can be found that is also surjective (and
therefore

bijective), then E is called #-countably infinite or gyperinfinite, i.e. a set is #-countably



infinite if it has one-to-one correspondence with the set N*,

Theorem 1.1.The external Lebesgue outer measure has the following properties:

(@) If E1 < Ey, then p*(E1) < p*(E2).

(b) The external Lebesgue outer measure of any #-countable set is zero.

(c) The external Lebesgue outer measure of the empty set is zero.

(d) The external Lebesgue outer measure is invariant under translation, that is,
H*(E+Xo) = p*(E).

(e) Lebesgue outer measure is #-countably sub-additive, that is,

(UL E) < X7 E.
(f) For any interval I, p*(1) = I(l).

Proof. Part (a) is trivial.
For part (b) and (c), let E = {xkk € Z#} be a #-countably hyper infinite set.

(14.2)

Let ¢ > 0,6 = 0 and let g be a hyper infinite sequence of positive numbers such that

Z;flsk = ¢/2.Since E < UZY, (Xk — &k Xk + k), it follows that p*(E) < . Hence,
p*(E) = 0. Since & < E, then p*(g) = 0.

For part (d), since each cover of E by open intervals can generate a cover of E + xo by

open intervals with the same length, then p*(E + xo) < p*(E). Similarly,

H*(E + xo) > u*(E), since E + X is a translation of E Therefore, u*(E + Xo) = u*(E).

For part (e), if ZZ u*(Ei) = ¥, then the statement is trivial. Suppose that

the sum is hyperfinite and let ¢ > 0,¢ ~ 0. For each i € N*, there exists a hyperinfinite

sequence {I¥ of open intervals such that E; < UZ"; and Z;fll(lik) < W*(E) + &/2'.

Now {IK} is a double-indexed sequence of open intervals such that
Ury B < Uz Ui Ifand

ST < X W E) vel2) = 3w E) v e

# OO# .
Therefore, p*(UF1 Ei) < Zi:l u*(Ei) + . The result follows since ¢ > 0, ~ 0 was

arbitrary.

For part (f), we need to prove pu*(I) < I(1) and p*(l) > I(l) respectively.

We can assume that | = [a,b] where a,b € R% .

First, we want to prove pu*(l) < I(l). Let ¢ > 0,6 = 0, we have

lc (ab)U(a-¢ga+e)U(b-¢gb+e).

Thus,u*(1) <I(a,b) +l(a—¢,a+¢) +l(b—¢g,b+¢) =
=(b-a)+2s+2c=b-a+4es.

As ¢ > 0,& = Qs arbitrary, we conclude that u*(1) <b-—a = I(l).

Then, we want to prove that p*(1) > I(l). Let {lx} be any sequence of open
intervals that covers |. Since | is compact, by the generalized Heine-Borel
theorem, there is a gyperfinite subcollection {Ji|1 < i < n},n € N* of I that
still covers I. By reordering and deleting if necessary, we can assume that
aeJ, = (al,bl),bl e Jo = (az,bz), b1 edn = (an,bn),where bni1 < b < bp.
We then can compute that

#

b-ac< bn —a; = EXt-Xn:(bi - bi_l) + (bl - al) < EXt-i'(\L) < EXt-i”(h()

=2 i=1 i=1
Therefore, I(1) < p*(l). We can now conclude that p*(l) = I(l). This proves
the result for closed and bounded intervals.



Suppose that | = (a,b) is an open and bounded interval. Then, p*(l) < I(l)
as above and b—a = p*([a,b]) < p*((ab)) +p*(@ +pu*(b) = p*((a,b)).
Hence I(l) < p*(1). The proof for half-open intervals is similar.

Finally, suppose that | is an hyper infinite interval and let M > 0. There exists
a bounded interval J < | such that p*(J) = I(J) = M and it follows that

(1) > u*(J) = M. Since M > 0 was arbitrary, p*(1) = oo = I(l).

This completes the proof.

14.2.External Lebesgue inner measure

In previous subsection, we have discussed external Lebesgue outer measure. There
is
another external measure named external Lebesgue inner measure. Let’s define the
external inner measure and see some basic properties.
Definition 14.2. Let E be a subset of R* . The external inner measure of E is defined
by
M*(E) = sup{(K) : K < E and K is #-closed} (14.3

iff supremum in RHS of the (14.3) exists.

Recall that external Lebesgue outer measure of a set E uses an infimum of the

union of a sequence open sets that cover the set E, while external Lebesgue inner

measure of a set E uses a supremum of a set inside the set E. Then, it is obvious that

H«(E) < u*(E) (14.4

for any set E. Also, for A < B, u.(A) < u*(B).

Theorem 14.2. Let A and E be subsets of R%.

(i) Suppose that u*(E) < «*. Then E is measurable if and only if p.(E) = p*(E).

(i) If E is measurable and A < E, then p(E) = p.(A) + p*(EWW).

Proof. For part (i), suppose that E is a measurable set and let £ > 0, ~ 0. According

to Theorem 2.9, there exists a #-closed set K such that K < E and H(E\K) < e¢.

Thus,u*(E) > p«(E) > p(K) > U(E) — ¢ = p*(E) — &, which implies that the external
inner

measure and external outer measure of E are equal. Now let’s prove the reverse

direction. Suppose that p.(E) = p*(E). Let ¢ > 0,6 = 0. Then

there exists a #-closed set K and an #-open set G such that K € E < G and

H(K) > < (E) — &/2 and u(G) < u*(E) + ¢/2.Then we find that

H*(G\E) < p*(GK) = K(G\K) = p(G) — i(K) < e.

According to Theorem 2.9, the set E is measurable.

For part (2), let ¢ > 0,6 = 0. There exists a #-closed set K < A such that

H(K) > H«(A) — €. Then, u(E) = u(K) + L(E\K) > p.(A) — e + 1*(E\A)

and it follows that p(E) > p.(A) + u*(E\A). According to Theorem 2.9, there

exists a measurable set B such that E\A € B < E and u(B) = p*(E\A).

Since E\B c A, it follows that p.(E\B) > W« (A). Thus,

H(E) = U(B) + U(E\B) = u*(BE\A) + W(E\B) < " (BE\A) + L. (A).

By combining these two inequalities, we can obtain p(E) = p.(A) + W*(E\A).

14.3.External Lebesgue measure

Definition 14.3. A set E < R is Lebesgue measurable if for each set A < R%,
the equality p*(A) = u*(AN E) + p*(AN EC) is satisfied. If E is a Lebesgue



measurable set, then the external Lebesgue measure of E is its external Lebesgue

outer measure and will be written as u(E).

Since the external Lebesgue outer measure satisfies the property of subadditivity,

then we always have p*(A) < p*(ANE) + u* (AN EL),EL = RAE and we only need to

check the reverse inequality.

Note that there is always a set E that can divide A into two mutually exclusive sets,
ANE

and AN EC. But only when p*(A) = u*(ANE) + p*(AN EC) holds, the set E is
Lebesgue

measurable. The latter theorem will show some properties of measurable sets.

Theorem 14.3. The collection of measurable sets defined on R¥ has the following

properties:

(a) Both @ and R¥ are measurable.

(b) If E is measurable, then EC is measurable,where EC = R#\E.

(c) If u*(E) = O, then E is measurable.

(d) If E1 and E; are measurable, then E; U Ez and E> N E; are measurable.

(e) If E is measurable, then E + xo is measurable.

Proof. For part (a), let A = R% Then

W'(AND) + U (ANDL) = p (D) + P (A) = 0+ P (A) = P (A),

x (ANRE + 1 (ANRE) = p(A) + (D) = B*(A) +0 = W (A).

For part (b), if E is measurable, then for every set A < R¥, such that

H*(A) = i*(ANE) + u*(AN EL). Then,

(AN EC) + p*(AN (EC) = p*(ANEC) + p*(ANE) = p*(A).

For part (c), let A < R% . Since pu*(E) = 0 and ANE < E, then u*(ANE) = 0.

We can obtain that p*(A) > u*(A N E)=pu*(A N E) + u*(A N E),which implies that

p*(A) = u*(AN E) + p*(A N E) by Theorem 14.1 part (e).

For part (d), let A < R% . Note that

AN(E1UE2) = (ANE))UANE2) = (ANE)) UANE1NE2)

Then, by De Morgan Law and Theorem 14.1 part (e), we know that

W (A) = W(ANE) + U (ANEY) =

=W (ANE) + W (ANEINE2) + W (ANE1NE2) > p*(AN(E1UE2)) +

+U* (AN (E1 U Ew)),

showing that E;1U E; is measurable. Since E1 N E; = (E1 U Ez), then the set

Ei1 N E2 is measurable by Theorem 14.1 part (b).

For part (e), let A < R%. Then,

W (A) = B (A=Xo0) = H*((A—X0) N E) +W*((A—x0) N EL) =

L*(((A—X0) N E) +Xo) + M*(((A—Xo) N EL) + o) =

(AN (E+X0)) + 1 (AN (EL + x0)).

Therefore, E + Xo is measurable.

Lemma 14.1. Let E; : 1 <i < n € N* be a gyperfinite collection of disjoint measurable

sets. If A < R%, then

w (UL @ne) =i (an (U7, 5)) - 83 wan e,

Proof. We will prove this by the principle of mathematical induction. When

n = 1, the equality holds. Suppose that the statement is valid for n— 1 disjoint

measurable sets when n > 1. Then, when there are n disjoint measurable sets,



w(an(ULE)) -

“w(an (UL E) nE) +w(an (UL E) NER) -
-wane) e (an (7)) -

— W(ANEp) + Ext-Zi:l W(ANE) = EXt-D " (ANE).
Note that when A = R% p([nJl Ei> = Ext-zn; U(E).

Theorem 14.4. If {E;}%] is a hyper infinite sequence of disjoint measurable sets, then

#

p(U; Ei) - B3 u(E. (14.5)
n n #
Proof. According to Lemma 14.1, Ext->_ u(Ej) = p(U Ei) < p(U_wl Ei)
i—1 i—1 =
for each positive integer n € N*, which implies that Ext->_ W(E;) < p(U_wj Ei).
i=1 =

OO# #
By #-countably subadditive property,Ext->_ u(E;) > p(Uil Ei )
i=1 B

Therefore, EXt.z:; H(E) = p(Ui:l Ei).

The previous theorem shows that if A and B are disjoint measurable sets,
then p(AU B) = u(A) + u(B). If {Ai} o+ IS a hyper infinite sequence of disjoint

of
measurable sets,then u(Uil Ei> = Ext-D_U(A)). As so far, we have already
B i=1

seen that when the sets are measurable, Lebesgue measure satisfies property
(2),(2),(3) and (4). But what kinds of sets are measurable? Certainly every interval is
measurable.

Theorem 14.5. Every interval [a,b] < R% is measurable.

Theorem 14.6. If {E; };_+ is a hyper infinite sequence of measurable sets, then

0

S

i=1

Eiand

0

T

i=1

Ei

are measurable sets.

Definition 14.4. Let f be a function from E c R% into R% U (—oo#,0#). The
function f is (Lebesgue) measurable if



15.External Lebesgue Integral

Let (R,B, 1) be the standard Lebesgue space on R.Our internal starting point
could be the internal measure space (*R, *B, *u). By transfer we can write down
internal Lebesgue integrals

L010] = | O d*u,
where A€ *Bandf: R - R.
15.1.Lebesgue Integral of a R#-valued external function

f(x).
First, in particular, we need external function that can help us distinguish whether
a given value x is in the measurable set A;. We call this function the characteristic
function. The following statement is the formal definition of characteristic function and
introduces the simple function.
Definition 15.1. For any set A, the function

xMw-{l’ xe A (15.1)

0, otherwise

is called the characteristic function of set A. A linear combination of characteristic
functions,

$() = D" aiya (X (15.2)

is called a simple function if the sets A; are measurable.
For a function f : R¥ - R# defined on a measurable set A that takes no more than
gyper finitely many distinct values ay, ...,an,n € N* the function f can always be written
as a simple function
00 = 2, axa ), (15.3
where A; = {x € A|f(x) = a;}.That is a simple function of the first kind.
Therefore, simple functions can be thought of as dividing
the range of f, where resulting sets A; may or may not be intervals.
Let us pause for a second. We want to ask ourselves: is the simple function
#(X) unique? The answer is no. Because we might define different disjoint sets
that have a same function value. The simplest expression is

$() = D" aixa (X (15.4)

where A; = {x € Aj¢(X) = a;}. At this case, the constants a; are distinct, the

sets A; are disjoint and we call that representation the canonical representation of ¢.
Then, for simple functions, we define the Lebesgue integral as follows:

Definition 15.2. If ¢(x) = Zi”:l ai ya; (X) is a simple function and p(A;) is gyperfinite
for all i, then the Lebesgue integral of ¢(x) is defined as

[e900 = 21 aixa ). (15.5)



Definition 15.3. Suppose f : RZ - R¥ is a bounded function defined on a measurable
set E with giperfinite measure. We define the upper and lower Lebesgue integrals if
exist, respectively, as

HOE jE inf{$(x)|¢ is simple and ¢ > f} (15.6)
and
la(f) = | Esup{¢(x)|¢ is simple and ¢ < f}. (15.7)

If (i) the quantity I} (f) and I (f) exist and (i) If(f) = 14 (f), then the function f is called
Lebesgue integrable over set E and the external Lebesgue integral of f over set E is
denoted by I.(f) = IE folx.

The Lebesgue Integral for Simple Functions of the second kind

Let ¢(x) be some simple external function of the second kind which takes on the
gyperinfinitely many distinct values yi, ...,yn,...,n € N¥)y; = y; fori # j.

It is natural to define the integral of the function ¢(x) over the set E by the equation

[c000d*u = 32 ynu{xix € E,p(X) = yn}. (15.8)

Definition 15.4.The simple function ¢(x) of the second kind is called integrable (with
respect to the measure u) over the set E if the gyperinfinite series (15.8) #-converges
absolutely.

If (x) is #-integrable, then the sum of the series (15.8) is called the integral of ¢(x)
over the set E.

Remark 15.1. Note that in definition 15.4 we assume that all the y, are different. One
can, however, represent the value of the integral of a simple function as a sum of
products of the form cu(Bx) and not assume that all the c are different.

Lemma 15.1. Let A = Uk Bk, Bi N Bj = & fori = j, and assume that on each set By the
function f(x) takes on only one value cx. Then

[ 000d*u = 30, cu(By). (15.9)

moreover, the function f(x) is integrable over A if and only if the gyper infinite series
(15.9) #-converges absolutely.

Proof. It is easy to see that every set A, = {X|x € A, f(X) = yn}

is the union of those By for which ¢k = y,. Therefore

Dot Ynit(An) = D0 ynzckzyku(Bk) = > Cktt(Bi). Since the measure is
non-negative,3_ s Vnlu(An) = 22 byl 20, #(BK) = 20 slcklu(Bi).
i.e., the series D . ynu(An) and D, . .lck|u(Bk) both either #converge

absolutely or #-diverge.
Let us consider some properties of the external Lebesgue integral for simple external
functions:

J OO0+ [, g00d" = [, 100 + GO0 ]du (15.10

moreover, from the existence of the integrals on the left-hand side it follows that the
integrals on the right-hand side exist.

To prove this assume that f(x) takes on the values f;, on the sets F; < A, and g(x) the
values gi, on the sets G; < A, since

Ji = [, f00d*u = 3, fin(Fi) (15.11)



and

J2 = [, 900d"u = X, Gi(G)). (15.12)
Then, by the Lemma 14.1 we get
3= [ [0 + g001d*u = 3o, 2ol + GiJu(Fi N Gy), (15.13
where
uFi) = 2w HEFEIN G G = X u(Fi N Gy). (15.14

From the absolute #-convergence of the series (15.11)-(15.12) it follows the absolute
#-convergence of the series (15.13); here J = J1 + Ja.
For any constant k € R#

k j fo)d*u = j [kf() o (15.15
A A

moreover, the existence of the integral on the left-hand side implies the existence of
the

integral on the right.A simple function f(x) which is bounded on the set A — R is

#-integrable over A; moreover, if [f(xX)|<M € R% on A, then

‘ [ . f(x)d#u‘ < Mu(A). (15.16)

15.General Definition and Basic Properties of the external

Lebesgue Integral.

Definition.15.1. We shall say that the function f(2) is #integrable over the set A c R%,
if

there exists a hyper infinite sequence of simple functions f,(z),n € N* which are

#-integrable over A and #-converge uniformly to f(x). We shall denote the #-limit

J=#lim,» j faG0d*u (15.1)

by
| food*p (15.2)

and call it the integral of the external function f : R% — R% over the set A.

This definition 15.1 is correct if the following conditions are satisfied:

1.The #-limit (15.1) for any uniformly #-convergent hyperinfinite sequence of simple

functions which are #-integrable over A exists.

2.This #-limit for a given function f(x) does not depend on the choice of the
hyperinfinite

sequence {fn(X)} o

3.For simple functions the definitions of #-integrability and #-integral are equivalent to

those given in section 14.

Notice that all these conditions are indeed satisfied.

To prove the first it suffices to note that by properties for #-integrals of simple
functions,

] 1000a%u = [ in(0d*u| < u(A) sUpealfa() = (O (15.3



To prove the second condition, we must consider the two hyperinfinite sequences
{fn(X) } pen# @nd {fn(X)} e, @nd use the inequality

‘ [ RUCLE fAfA(x)d#y‘ < u(A)] supealfn(®) ~ (0] + SUpeal 10 ~ )| | (15.9)

Finally, to prove the third condition it suffices to consider the hyperinfinite sequence
frn(X) = f(X).

The basic properties of the external Lebesgue #-integral.

Theorem 15.1.

jA 1.d*u = u(A). (15.5)

Proof. Immediately from the definition of the #-integral.
Theorem 15.2.For any constant k € R%

k j fo)d*u = j [kf() Jd* (15.6)
A A

where the existence of the #-integral on the left-hand side implies the existence of the
#-integral on the right.

Proof. The proof is obtained from property (8.15) by proceeding to the #-limit for an
#-integral of simple functions.

Theorem 15.3. Assume that f(x) and g(x) are #-integrable over A then f(x) + g(x)
#-integrable over A and

J fo0d%u+ [ g0od®u = [ 1100+ g0o1du (15.7)
A A A

Let {fi(x)},,n € N* be a hyperfinite sequence such that any f;(x) is #-integrable over

then Z|n=1 fi(x) is #integrable over A and

> j fi0dfu = j "0 Jd (15.8)

where the existence of the #-integrals on the left implies the existence of the #-integral
on the right.
Proof. The proof of (15.7) is obtained from property A) by proceeding to the #-limit for

an

#-integral of simple functions.
Theorem 15.4. A function f : A - R¥ which is hyperbounded on the set A is

#-integrable

over A.
Proof. The proof is obtained from property C) by proceeding to the limit for an integral

simple functions.
Theorem 15.5. If f(x) > 0, then
j food*u > 0 (15.9)

assuming that the #-integral exists.

Proof. For simple functions this follows immediately from the definition; for the general
case the proof is based on the possibility of approximating non-negative functions by



non-negative simple functions
Corollary 15.1. If f(x) > g(x), then

[ 0007 = [ g0odiu (15.10
A A
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Appendix A. Bivalent Hyper Infinitary first-order logic °L7”,

with restricted rules of conclusion.Generalized Deduction

Theorem.

Hyper infinitary language L”, are defined according to the length of hyper infinitary
conjunctions/disjunctions as well as quantification it allows. In that way, assuming a
supply of k < 8% = card(N*) variables to be interpreted as ranging over a nonempty
domain, one includes in the inductive definition of formulas an infinitary clause for
conjunctions and disjunctions, namely, whenever the hypernaturals indexed hyper
infinite sequence {A;} ;.+ Of formulas has length less than «, one can form the
hyperfinite conjunction/disjunction of them to produce a formula. Analogously, whenever
an hypernaturals indexed sequence of variables has length less than A, one can
introduce one of the quantifiers v or 3 together with the sequence of variables in front of
a formula to produce a new formula. One also stipulates that the length of any
well-formed formula is less than X itself.

The syntax of bivalent hyper infinitary first-order logics 2L*, consists of a (ordered) set
of sorts and a set of function and relation symbols, these latter together with the
corresponding type, which is a subset with less than X} = card(N*) many sorts.
Therefore, we assume that our signature may contain relation and function symbols on
y < X% many variables, and we suppose there is a supply of x < X3 many fresh
variables of each sort. Terms and atomic formulas are defined as usual, and general
formulas are defined inductively according to the following rules.

If ¢,w,{¢o : a < y} (for each y < «) are formulas of L¥,, the following are also
formulas:

(I) /\a<y ¢a1 /\afy ¢a1

(“) Va<7 ¢’1’Va§y ¢’1’

(i) ¢ > v, d Ay, dVy,—¢

(IV) VoeyXq¢ (also written VX, ¢ if X, = {X, : @ < 7}),

(V) JaeyXa¢ (also written 3x, ¢ if X, = {X, : a < y}),

(vi) the statement /\M ¢, holds if and only if for any a such thata < y
the statement holds ¢,,

(vii) the statement \/m ¢, holds if and only if there exist « such that a < y

the statement holds ¢,.

Definition 1.[7]. A valuation of a syntactic system is a function that as signs T (true)
to some of its sentences, and/or 1 (false) to some of its sentences.Precisely, a
valuation maps a nonempty subset of the set of sentences into the set {1, L}.

We call a valuation bivalent iff it maps all the sentences into {1, L}.

Definition 2.[7]. L is a bivalent propositional language iff its admissible valuations
are the functions v such that for all sentences A,B of L,

(@) v(A) € {T,1}

(b) v(=A) = Tiff v(A) = L

(c) v(AAB) = Tiff v(A) =v(B) = T.

(d) by definition of the implication A = B the following truth table holds



Vv(A) v(B) V(A= B)

a1 7 T T
2 T 1 1
3 L T T
4 1L 1 T

Truth table 1.
Remark 1.Note that in the case (4) on a truth table 1
In this case we call implication A = B a weak implication and abbreviate
A=,B 1)

We call a statement (1) as a weak statement and often abbreviate V(A = B) = Ty
instead (1).
Definition 3.[7-8]. Ais a valid (logically valid) sentence (in symbols,  A) in L iff
every admissible valuation of L satisfies A.
The axioms of hyper infinitary first-order logic 2L, consist of the following schemata:
I. Logical axiom
Al.A- [B- A]
A2.[A-[B~-C]~[[A-B]~>[A-C]]
A3.[-B - —-A] - [A - B]
A4 [N JA- AT - [A-> A\ AlaeN
A5. [/\i<aAi] - Aj,a e N*
A 6. [VX[A - B] » [A > VXB]]

provided no variable in x occurs free in A,
A 7. VXA(X) - S(A),
where $(A) is a substitution based on a function f from x to the terms of the
language; in particular:
AT Ux[AX)] = A(t) is a wff of 2L7, and t is a term of 2L”, that is free for x;
in A(xi). Note here that t may be identical with x;; so that all wffs Vx;A = A
are axioms by virtue of axiom (7),see [8].
A 8.Gen (Generalization).
Vv xiB follows from B.
II.Restricted rules of conclusion.
Let Fwir be a set of the all closed wffs of L%,.
R1.RMP (Restricted Modus Ponens).
There exist subsets A1,A> < F s such that the following rules are satisfied.
From Aand A = B, conclude Biff A ¢ A; and (A = B) ¢ Az,where A1,Ar < F .
In particular for any A,B € F s : A = B € Aa.
If A ¢ Arand (A = B) ¢ A, we also abbraviate by A/A = B +rup B.
R2.RMT (Restricted Modus Tollens)
There exist subsets A},A, = F s such that the following rules are satisfied.
P= Q-Qrrur —Piff P ¢ Aland (P = Q) & A}, where A},A, < F .
In particular for any P,Q € Fusr : P =w Q € Aa.
Remark 2.Note that RMP and RMT easily prevent any paradoxes of naive Cantor
set theory (NC), see [1],[9].
lll.Additional derived rule of conclusion.



Particularization rule (RPR)

Remind that canonical unrestricted particularization rule (UPR) reads

UPR: If t is free for x in B(x), then VX[B(x)] + B(t),see [8].

Proof.From Vx[B(x)] and the instance Vx[B(x)] = B(t) of axiom (A7), we obtain B(t)
by unrestricted modus ponens rule.Since x is free for x in B(X), a special case of
unrestricted particularization rule is:vxB + B.

Definition 4.Any formal theory L with a hyper infinitary lenguage L* is defined
when the following conditions are satisfied:

1. A hyper infinite set of symbols is given as the symbols of L. A finite or hyperfinite
sequence of symbols of L is called an expression of L.

2. There is a subset of the set of expressions of L called the set of well formed

formulas (wffs) of L. There is usually an effective procedure to determine whether a
given expression is a Wif.

3. There is a set of wfs called the set of axioms of L. Most often, one can
effectively decide whether a given wiff is an axiom; in such a case, L is

called an axiomatic theory.

4. There is a finite set Ry, ... Ry, of relations among wffs, called rules of
conclusion. For each R;, there is a unique positive integer j such that, for

every set of | wfs and each wiff B, one can effectively decide whether the

given j wiffs are in the relation R; to B, and, if so, B is said to follow from

or to be a direct consequence of the given wifs by virtue of R;.

Definition 5.A proof in L is a finite or hyperfinite sequence By, ...,By,k € N*

of wffs such that for each i,either B; is an axiom of L or B; is a direct
consequence of some of the preceding wffs in the sequence by virtue of one

of the rules of inference of L.

Definition 6. A theorem of L is a wff B of Y such that B is the last wff of some
proof in L. Such a proof is called a proof of B in L.

Definition 7. A wff E is said to be a consequence in L of a set of I" of wffs if and
only if there is a finite or hyperfinite sequence By, ... Bk k € N* of wffs such that
E is Bk and, for each i, either B; is an axiom or B; is in T, or B; is a direct
consequence by some rule of inference of some of the preceding wffs in the
sequence. Such a sequence is colled a proof (or deduction) E from I". The
members of I" are called the hypotheses or premisses of the proof.

We use I' + E as an abbreviation for E as a consequence of T.

In order to avoid confusion when dealing with more than one theory, we write

I' . E, adding the subscript L to indicate the theory in question.

If " is a finite or hyperfinite set {H;} _,_,.,m € N* we write Hy,... ,Hn - E instead
of {Hi} . + E.

Lemma 1.[8]. + B = B for all wffs B.

Theorem 1.(Generalized Deduction Theorem1). If T is a set of wffs and B and E
are wffs, and I',B + E, thenT + B = E. In pticular, if B+ Ethen+ B = E.
Proof. Let Ey,...,En,n € N* be a proof of E form I' U {B}, where E, is E.

Let us prove, by hyperfinite induction on j, thatI' - B =5 Ejfor1 <j <n.

First of all, E; must be either in T or an axiom of L or B itself.

By axiom schema Al, E; =s (B =s E;) is an axiom. Hence, in the first two cases,



by MP, I + B = E; For the third case, when E; is B, we have - B =5 E; by
Lemma 1, and, therefore, I' - B =5 E1. This takes care of the case j = 1.
Assume now that: - B = Ei for all k < j,j € N*. Either E;j is an axiom, or Ej is in
I', or Ej is B, or Ej follows by modus ponens from some E, and En, where | < j,

m < j, and Em has the form E; =5 Ej. In the first three cases, I' - B = E; as in the
case j = 1 above. In the last case, we have, by inductive hypothesis, I' + B = E,
and I' - B =5 (Ei =5 Ej) But, by axiom schema (A2),

FB=s(El =sE) =s((B=sE)=s(B=sE))

Hence, by MP, T + (B =5 E|) =5 (B =5 E;) and, again by MP, ' + B =5 E;.
Thus, the proof by hyperfinite induction is complete.

The case j = n e N* is the desired result. Notice that, given a deduction of E from
I and B, the proof just given enables us to construct a deduction of B = E

from I'. Also note that axiom schema A3 was not used in proving the

generalized deduction theorem.

Remark 3.For the remainder of the chapter, unless something is said to the contrary,
we shall omit the subscript L in +. . In addition, we shall use I',B + E to stand for
I'U{B} + E. Ingeneral, we letI',By,...,Bn + E stand for ' U {Bi} ., - E.
Remark 4.We shall use the terminology proof, theorem, consequence, axiomatic,
etc. and notation I" + E introduced above.

Proposition 1. Every wff B of K that is an instance of a tautology is a theorem of
K, and it may be proved using only axioms A1-A3 and MP.

Proposition 2.1f E does not depend upon B in a deduction showing that

B+ E, thenT + E.

Proof.Let Dy,...,D, be a deduction of E from I" and B, in which E does not
depend upon B.In this deduction, D, is E. As an inductive hypothesis, let

us assume that the proposition is true for all deductions of length less than n e N*
If E belongs to I" or is an axiom, then I" - E. If E is a direct consequence of

one or two preceding wifs by Gen or MP, then, since E does not depend

upon B, neither do these preceding wfs. By the inductive hypothesis, these
preceding wfs are deducible from I" alone. Consequently, so is E .

Theorem 2.(Generalized Deduction Theorem 2).Assume that, in some deduction
showing that ', B + E, no application of Gen to a wff that depends upon B has as
its quantified variable a free variable of B. ThenT" - B = E.

Proof.Let D4,...,D, be a deduction of E from I'" and B satisfying the assumption
of this theorem. In this deduction, Dy is E. Let us show by hyperfinite induction
thatI' - B =5 D; for each i < n e N*. If D is an axiom or belongs to I, then

I' - B=¢ Dj, since D; =5 (B = D;) is an axiom. If D; is B, then

I' - B=5 D, since, by Proposition 1, - B = B.- If there existj and k less

than i such that Dy is + D; =5 Dj, then, by inductive hypothesis, I' - B =5 D;

and I' - B =5 (Dj =5 Di). Now, by axiom A2,

B =s (D; =s Di) =s ((B =s Dj) =s (B =5 Di)).Hence, by MP twice,

I' - B =5 Di. Finally, suppose that there is some j < i such that D; is VxkD;.

By the inductive hypothesis, ' - B =5 Dj, and, by the hypothesis of the theorem,
either D; does not depend upon B or X is not a free variable of B. If D; does not
depend upon B,then, by Proposition 2, I' + D; and, consequently, by

Gen, I' - VxDj. Thus, I' + Dj. Now, by axiom Al, + D; =5 (B =5 Di).



So, I' - B =5 Di by MP. If, on the other hand, xx is not a free variable of B,
then, by axiom A5, + Vx(B =s Dj) =s (B =s VxkD;) SinceI' - B =5 Dj,
we have, by Gen,I' - Vx(B =5 Dj) , and so, by MP,I" - B =5 VXD
thatis, I' - B = D;. This completes the induction, and our proposition is
just the special case i = n.

Appendix B.The Generalized Recursion Theorem.

Theorem 1. Let Sbe a set, c € Sand G : S— Sis any function with dom(G) = Sand
range(G) < S Let WG] € N* x She a binary relation such that:

(@) (1,c) e WG] and

(b) if (x,y) € W[G] then (Sc(x),G(y)) € WIG].

Then there exists a function & : N* » Ssuch that:

(i) dom(F) = N*and range(F) < S

(i) FQ) =c;

(iii) for all x e N*, F(Sc(x)) = G(F (X)).

1.The desired function F is a certain relation W < N* x S|t is to have the
properties:

(i") (1,c) e W;

(ii") if (x,y) € W then (Sc(x),G(y)) € W.

Remark 1. The latter is just another way of expressing (iii), that if

FX) =y (B.1)
then
F(Sc(x)) = G(y). (B.2)

Remark.2.Note that any relation W mentioned above is hyper inductiverelation since
the hyper inductivity conditions (ii')-(iii") are satisfied.
However there are many hyper inductive relations which satisfy the conditions
(ii")-(iii"); on such is N* x S What distinguishes the desired function from all
these other relations is that we want (a, b) to be on it only as required by (ii") and
(iii"). In other words, it is to be the smallest relation satisfying
(ii")-(iii"). This can be expressed precisely as follows:
(1) Let M be a set of the relations W satisfying the conditions (ii’) and (iii’);
then we define

F=[W.

WeM

Hence

(2) whenever W € M then & < W.

We shall now show that we can derived from (1) that & is also one relation in M.

3) (,c) e F.

This follows immediately from the definition of n and the fact that (1,c) € W for
WeM

alWw e M.

4) If (x,y) € F then (Sc(x),G(y)) € F.

Forif (x,y) € & then (x,y) € W for all W € M;hence by (iii')

(Sc(x),G(y)) € W for all W € M so that (Sc(x),G(y)) € F by (1).

We must now verify that & is actually a function, i,e., we wish to show



that for any x,z1,z, € N#, if (x,z1) € & and (x,z2) € &, then z; = z,.

We shall prove this by hyper infinite induction () on x. Let

(5) A = {x}x e N* and for all z;,z, € N*, if (x,z1) € F and (x,22) € F

then Z = Zz}.

We shall show A = N* by applying hyper infinite induction (). First we have
(6)1e A

To prove (6), it suffices to show that for any z, if (1,z) € &F then z = c.

We prove this by contradiction; in other words, suppose to tbe contrary that there
is some zwith (1,2) € & but z # c. Consider the relation W = #\{(1,2)}. Since
(1,c) e F and (1,c) # (1,2), it follows that (1,c) € W. Moreover, whenever (u,y) € W
then (u,y) € F and hence (Sc(u),G(y)) € F but Sc(u) # 1, so (Sc(u),G(y)) * (1,2),
and hence (Sc(u),G(y)) € W. Thus W satisfies both conditions (ii’) and (iii'); in other
words, W € M. But then it follows from (2) that & < W however this

is elearly false sinee (1,2z) € & and (1,z) ¢ W. Tbus our hypothesis has led us to a
contradiction, and henee (6) is proved. Next we show that

(7) for any x € N* if x € Athen Sc(x) € A.

Suppose that x € A, so that whenever (x,z;) € F and (x,z2) € & then

z1 = 2. We must show that whenever (Sc(x),w1) € Fand (Sc(x),wz) € F

then w, = wy. To prove this, it suffices to show that

(8) whenever (Sc(x),w) € F then there exists a zwith w = G(2) and (x,2) € &F.

For if (8) ia true, we would have for the given wi,w, some z; = z, with

w1 = G(z1), Wo = G(22), (X,z1) € F and (x,z2) € &F. Then, sincex e A,z = 2,

and henee G(z1) = G(z2) , that is, w1 = Ws.

Now to prove (8) suppose, to the contrary, that it is not true; in other words,
suppose that we have some w with (Sc(x),w) € F but such that for all

zwhich (x,2) € F we have w # G(2). Consider the relation W = F\{(Sc(x),w)}.

We shall show that W € M. First of all (1,¢) € Fand (1,¢) # (Sc(x),w); hence
(1,c) € W. Suppose tbat (u,y) € W;then (u,y) € F and (Sc(u),G(y)) € F.

Clearly if u # x then (Sc(u),G(y)) # (Sc(x),w),so that in this case (Sc(u),G(y)) € W.
On the other hand, if u = x and (Sc(u), G(y)) = (Sc(x),w), then w = G(y), where
(x,y) € &, contrary to the choice of w henee (Sc(u),G(y)) # (Sc(x),w)), SO again
(Sc(u),G(y)) € W. Thus whenever (u,y) € W, also (Sc(u),G(y)) € W. Now that we
have shown W € M we see by (2) that F < W but this is false since (Sc(x),w) € F
and (Sc(x),w) ¢ W. Thus our hypothesis that (8) is incorrect has led to a
contradiction, and now (8) is proved. Sinee (7) follows from (8), we have

by hyper infinite induction from (6) that A = N*. Hence

(9) &F is a function.

We have still to prove that & satisfies,condition (i); we must show that

for each x € N* there- is ay with (x,y) € F. Since F < N* x S, it will

then follow that dom(F) = N* and range(F) < S Let B = dom(¥F), that is,

(10) B = {x|x e N* and for some y, (x,y) € F}.

We prove now by hyper infinite induction that B = N*. First, 1 € B, since (1,¢c) € F
by (3). Next, if x € B, pick some y with (x,y) € &F; then by (4), (Sc(x),G(y)) € F,
and henee Sc(x) € B.

Thus concludes the first part of the proof, that there is at least one function &
satisfying conditions (i)-(iii).



Part 2. We prove that there cannot be more than one such function.
Suppose that &1 and F, both satisfy the conditions (i)-(iii) we wish to show
F1=F», i.e., that for all x e N¥, F1(x) = F2(x). Thus

is proved by hyper infinite induction on X. By (ii), #1(1) = cand F2(1) = ¢, so
F1(1) = F2(1). Suppose that F1(x) = F2(x); then F1(Sc(x)) = G(F1(X))
and F2(Sc(x)) = G(F2(X)), s0 Fa1(Sc(x)) = F2(Sc(x)).

Theorem 2. Let She a set, c € Sand G : SxN* - Sis a binary funetion with
dom(G) = SxN* and range(G) < S.

Then there exists a function & : N* - Ssuch that:

(i) dom(F) = N*and range(F) < S

(i) FQ) =c;

(iii) for all x e N*, F(Sc(x)) = G(F (X),X).

We omit the proof of the Theorem 2 since it can be given by simple
modification of the proof to Theorem 1.

Appendix C.General associative and commutative laws.

Definition 1. Let (x4,...,X,),n € N*\N be an hyperfinite sequence of elements of RZ.
n n
Then Ext-)_ xx and Ext-[ | x« are defined for any n,m € N* by the recursions

k=m k=m

n n
(i) BExt-D>_xk =0 and Ext-[[x =1ifn<m

k=m k=m

n n-1
(il) EXt-D %k = (Ext-Zxk> +Xn and
k=m k=m
n n
(iii) Ext-] [ x« = %n x (Ext-]_[xk> if m<n.
k=m k=m

The condition (ii) of the above definition is justified by recursive definition, see
Appendix B.

Definition 2. Let (x1,...,X,...)] € N be a countable sequence of elements of R%.
Then w-sum Ext-Y_ xx and o-product Ext-] [ x« are defined for any m € N by

j=m j=m
® n
(iv) Ext-D>_x; = Ext->_yj,where (y1,....Y;,...,Yn),n € N\ is a hyperfinite sequence
j=m j=m
such that x; = yj forallj e Nandy; = Ofor all j € N*N;
(v) Ext-[ [ % = Ext-] [y;,where (y1,...,y;,...,¥n),n € NN is a hyperfinite sequence
j=m j=m
suchthatx; = y; forallj e Nandy; = 1 for allj e NN,
Theorem 1.Let (x1,...,Xn),n € NN be an hyperfinite sequence of elements of R%.
Then we have

n n=m+q
EXt- Z Xk = EXt- Z Xk+m_q (1)
k=m k=m

and



X (Ext-zn:Xk> = EXt-zn:Zx Xk, (2)

k=m k=m
z e RE,
Let (X1,...,Xn),n € N\N be an hyperfinite sequence of elements of R%. Consider now
any infinite nonnegative integers ng,ny,..,N;,...,N;,Nie NN, 1 < i <t, and set

Nn=n1+nNy+...+n. 3)
Given x4, ...,Xn, We can group these as:

le L ’an; Xn1+1, L ,Xn1+n2; Xn1+n2+l, LR ,Xn1+n2+n3; L] -Xn1+n2+...ni+1, L ,Xn1+n2+...ni+1; L] (4)

Here, if nj = 0, the corresponding subsequence is regarded as being empty.
Theorem 1. Let (Xy,... Xk ...) be an hyper infiniie sequence of elements of R%.

Let (n1,...,n;) be a sequence of nonnegalive integers. For eachi = 1,...t € N¥
i-1

let my = Y_njand letn = m; +n.. Then
-1

Ext- Xn: Xk Xt: (Ext Z xm,+k> (5)
k=1 i=1
and
n t n;
Ext- [T = H(En-nxmi+k). (©)
k=1 i=1 k=1

Definition 3. A function F is said to be a permutation of a set Sif it is one-to-one
and dom(F) = range(F) = S

Definition 4. Let [1,n] aset {kk e N* A (1< k< n)}

Theorem 2.Let (xi1,...,Xn),n € NN be an hyperfinite external sequence of elements
of R% Then for any n € N* and any permutalion F of [1,n] following holds

n n
Ext-D %k = BExt-3 X ()
k=1 k=1

The same holds if we replace Ext-Y_ by Ext-[ |.

Proof. The proof is by hyper infinite induction on n € N*. For n = 1t is trivial.
Suppose that it is true for n. Let G be a permutation of [1,n+ 1].Then G(m) = n+1
for a uniqgue m, such that 1 < m< n+ 1. Then by Eq.()

1 m-1 1
Ext-> " Xen = Ext- ZXG(k) + Xn1 + EXt- Y Xeg ()
k=1 k=m+1
and by Eq.()
m-1 1 m-1
Ext- Z XG(k) + Xni1 + Ext- Z Xemk = EXt- Z Xak) + Ext- Z X1 + Xne1z. ()
k=m+1

Thus by Eq.()-Eq.() we obtain



n+1

m-1 n
Ext- ZXG(k) = Ext- 2 Xek) + Ext- Z XGk+1) + Xn+1-
k=1 k=1 =|

k=m

(

To reduce this to the inductive hypothesis, we wish to rewrite the external sum of the

first

n
two terms as Ext-Y_ Xg, for suitable F. Define F by
k=1

Gk) if 1<k<m
F(k) =
Gk+1) if m<k<n
Since all valucs of G(k) for k # m, we have for allk < n
1<Fk)<n
Now we claim that

F is a permutation of [1,n]. ()

By (2), (3) we need only check that F is one-to one. Suppose that F(ki1) = F(ka).

If both ki, k, are < mor both are > m, it lollows from (2) and the fact that G is a
permutation that k; = ko.If, say, ki < m < k,, we have G(k1) = G(kz + 1), hence
ki = ko + 1, which contradicts our assumption. Thus neither this case: nor, by
symmetry, the case ko < m < k; can occur. We have from (1) and (2) that

mH+1 m-1 n n

Ext- Z Xk = Ext- Z Xr) + EXt- Z XF@) + Xn1 = EXt- Z XF(k) + Xni1
P P kem P

by (4) and inductive hypothesis
1

n n
EXt-D_ Xy + Xner = BEXt- D Xk + Xnr1 = EXt- D X
kel =] kel

This equality completes the inductive step and hence the proof of the theorem.
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