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Abstract. This paper is a trial to prove Riemann hypothesis according
to the following process. 1. We make the infinite number of infinite series from
one equation that gives {(s) analytic continuation to Re(s) > 0 and 2 formulas
(1/24+a+bi, 1/2 — a — bi) which show zero point of ((s). 2. We find that the
value of F(a) (that is the infinite series regarding a) must be zero from the
above infinite number of infinite series. 3. We find that F'(a) = 0 has the only
solution of a = 0. 4. Zero point of {(s) must be 1/2 £ bi because a cannot
have any value but zero.

1. Introduction

The following (1) gives Riemann zeta function ¢(s) analytic continuation to Re(s) > 0.
i R ” means infinite series in all equations in this paper.

1— 275 + 375 o 478 + 5*5 _ 6*5 4 — (]_ —_ 2178)4.(5) (1)

The following (2) shows the zero point of the left side of (1) and also non-trivial zero
point of ¢(s).

So=1/2+a+bi 2)

The range of a is 0 < a < 1/2 by the critical strip of {(s). The range of b is b > 14 due
to the following reasons. And i is v/—1 .

1.1 [Conjugate complex number of Sp] = 1/2+ a — bi is also zero point of {(s). There-
fore b > 0 is necessary and sufficient range for investigation.

1.2 The range of b of zero points found until now is b > 14.

The following (3) also shows zero point of ((s) by the functional equation of ((s).
S1=1-S=1/2—a—bi (3)

We have the following (4) and (5) by substituting Sp for s in the left side of (1) and putting
both the real part and the imaginary part of the left side of (1) at zero respectively.

_cos(blog2) cos(blog3)  cos(blog4) cos(blogh)

ol/24a 31/2+a 41/2ta pi/24a T (4)
_sin(blog2) sin(blog3) = sin(blog4) sin(blog5) 5
T 9l/2ta  3l/2+a + 41/2+a gi/2+a T (®)
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We also have the following (6) and (7) by substituting S; for s in the left side of (1)
and putting both the real part and the imaginary part of the left side of (1) at zero
respectively.

_cos(blog2)  cos(blog3) = cos(blog4) cos(blog5)

91/2—a 31/2—a 41/2—a 51/2—a 7 (6)
_sin(blog2) sin(blog3)  sin(blog4) sin(blogh)
T 9l/2—=a 31/2-a 41/2—=a glj2—a 77 (7)

2. Infinite number of infinite series
We define f(n) as follows.

1 1
f(n) = nl/2—a ~ pi/2+a >0 (n=2,3,4,5,------ ) (8)

We have the following (9) from (4) and (6) with the method shown in item 1.1 of [Ap-
pendix 1: Equation construction].

0 = f(2)cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5)cos(blogb) +------ 9)

We also have the following (10) from (5) and (7) with the method shown in item 1.2 of
[Appendix 1].

0 = f(2)sin(blog2) — f(3)sin(blog3) + f(4)sin(blog4) — f(5)sin(blogh) 4 ------ (10)

We can have the following (11) (which is the function of real number x) from the above
(9) and (10) with the method shown in item 1.3 of [Appendix 1]. And the value of (11)
is always zero at any value of x.
0 = cos z{right side of (9)} + sin {right side of (10)}
=cosx{f(2) cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5) cos(blogh) + «----- }
+ sinz{ f(2) sin(blog 2) — f(3) sin(blog 3) + f(4)sin(blog4) — f(5)sin(blog5) +------
=f(2) cos(blog2 — ) — f(3) cos(blog3 — ) + f(4) cos(blog4 — z)
— f(5) cos(blogh — x) + f(6) cos(blogb —x) — -+ (11)
We have the following (12-1) by substituting blog 1 for x in (11).

0 =f(2)cos(blog2 — blog1) — f(3)cos(blog3 —blog1) + f(4) cos(blog4 — blog1)
— f(5)cos(blog5 —blog1) + f(6) cos(blogb —blogl) —------ (12-1)

We have the following (12-2) by substituting blog2 for x in (11).

0 =f(2) cos(blog2 — blog2) — f(3) cos(blog3 — blog2) + f(4) cos(blog4 — blog 2)
— f(5) cos(blogb — blog 2) + f(6) cos(blog6 — blog2) —------ (12-2)

We have the following (12-3) by substituting blog3 for z in (11).

0=f(2)cos(blog2 — blog 3) — f(3) cos(blog3 — blog 3) + f(4) cos(blog4 — blog 3)
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— f(5) cos(blog5 — blog 3) + f(6) cos(blog6 — blog3) —------ (12-3)

In the same way as above we can have the following (12-N) by substituting blog N for x
in (11). (N =4,5,6,7,8,------ )

0 =f(2) cos(blog2 —blog N) — f(3) cos(blog3 — blog N) + f(4) cos(blog4 — blog N)
— f(5) cos(blog5 — blog N) + f(6) cos(blog6 — blogN) —------ (12-N)
3.  Verification of F(a) =0
We define g(k, N) as follows. (k=2,3,4,5,------ )
g(k, N) = cos(blogk — blog 1) + cos(blogk — blog2) + - - - 4+ cos(blogk — blog N)

= cos(blog1 — blogk) + cos(blog2 — blogk) + - - - + cos(blog N — blog k)
= cos(blog1/k) + cos(blog 2/k) + cos(blog3/k) + - - - + cos(blog N/k)  (13)

We can have the following (14) from the equations of (12-1), (12-2), (12-3), ------ , (12-N)
with the method shown in item 1.4 of [Appendix 1].
0 =f(2){cos(blog2 — blog 1) 4 cos(blog2 — blog2) + --- + cos(blog2 — blog N)}
— f(3){cos(blog3 — blog 1) + cos(blog3 — blog2) + - -- + cos(blog3 — blog N)}

+ f(4){cos(blog4 — blog1) + cos(blog4 — blog2) + - - - + cos(blog4 — blog N)}
— f(5){cos(blogh — blog 1) + cos(blog5 — blog2) + - - - + cos(blog5 — blog N)}
+ ......

= /(2)g(2.N) ~ F(3)9(3.N) + [(4)g(4, N) ~ [G)a(5.N) - (14)

Here we define F(a) as follows.

Fla)=f2) = fB)+ f4) = f(5) + f(6) =+ (15)

We can have the following (16) by dividing the above (14) by g(2, N). Because g(2, N) #
0 is true in Ny < N as shown in [Appendix 2: Proof of ¢g(2, N) # 0]. Ny is the large
natural number that holds (29) in [Appendix 2].

fB)gB,N)  f(4)g(4 N) _ f(5)9(5N)

0=f(2) — + — I Ny <N 16
S TORY 9(2,N) 9(2,N) o =) 1o
We can have the following (17) from the above (16) by performing N — oo. Because
Ngnoozgz ]]:f[; =1 (k=3,4506,7----- ) is true as shown in [Appendix 3: Proof of
. g(k, N)
| =1].
: fB)gB,N) | f(4)g4,N)  f(5)g(5,N)
=1 2) — S A e LA
O=m VR Te N T ey T e T

g
=f(2) = fB)+f(4) = FB)+ f(6) =+ =F(a) (No<N) (17)
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4. Conclusion

F(a) = 0 has the only solution of a = 0 as shown in [Appendix 4: Solution for
F(a) = 0]. a has the range of 0 < a < 1/2 by the critical strip of {(s). However, a
cannot have any value but zero because a is the solution for F'(a) = 0. Due to a = 0 non-
trivial zero point of Riemann zeta function ((s) shown by (2) and (3) must be 1/2 + bi
and other zero point does not exist. Therefore Riemann hypothesis which says “ All
non-trivial zero points of Riemann zeta function ((s) exist on the line of Re(s) = 1/2.”
is true.

Appendix 1. : Equation construction

We can construct (9), (10), (11) and (14) by applying the following Theorem 1[1].

~ Theorem 1 B\

On condition that the following (Series 1) and (Series 2) converge respectively, the
following (Series 3) and (Series 4) are true.

(Series 1) =ay +as +az+ags+as+------ =A
(Series 2) = by +bo + b3+ by + b5+ -+ =B
(Series 3) = (a1 + b1) + (a2 + b2) + (a3 +b3) + (ag + ba) +------ =A+B
(Series 4) = (a1 — b1) + (a2 — ba) + (ag — b3) + (aga —ba) +------ =A-B

S J

1.1. Construction of (9)
We can have the following (9) as (Series 4) by regarding (6) and (4) as (Series 1) and
(Series 2) respectively.

cos(blog2)  cos(blog3) = cos(blog4) cos(blogh)

(Series 1) = 91/2—a 31/2-a 41/2—a si/2—a =1 (6
i cos(blog2) cos(blog3) cos(blogd) cos(blogh)

(Series 2) = Sate 31t e~ gimre ot =1 (4

(Series 4) = f(2) cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5) cos(blog5)
+ ...... = 1 — 1 = 0 (9>

Here f(n) is defined as follows.
1 1

f(n) = ~oms ~ iata >0 (n=2,3,4,5,----- ) (8)

1.2. Construction of (10)
We can have the following (10) as (Series 4) by regarding (7) and (5) as (Series 1)
and (Series 2) respectively.
. sin(blog2) sin(blog3) sin(blog4) sin(blogbh)
(Series 1) = ol/2—a  31/2-a + 4l/2—=a pl/2-a T =0 (7)
_sin(blog2) sin(blog3)  sin(blog4) sin(blogh)

(Series 2) = 51/2ta  ~  3i/2ta + 1/2ta  pijZta R =0 (5)
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(Series 4) =£(2) sin(blog2) — f(3) sin(blog3) + f(4)sin(blog4) — f(5) sin(blog5)
4o —0-0 (10)
1.3. Construction of (11)

We can have the following (11) as (Series 3) by regarding the following equations as
(Series 1) and (Series 2).

(Series 1) = cos z{right side of (9)}
=cosz{f(2) cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5) cos(blog5)
4o } =
(Series 2) =sin x{right side of (10)}
=sina{f(2)sin(blog2) — f(3)sin(blog3) + f(4)sin(blog4) — f(5) sin(blog5)

I } =
(Series 3) =£(2) cos(blog2 — x) — f(3) cos(blog3 — x) + f(4) cos(blog4 — x)
— f(5)cos(blogh —z) +------ =0+0 (11)

1.4. Construction of (14)
1.4.1 We can have the following (12-1*2) as (Series 3) by regarding (12-1) and (12-2) as
(Series 1) and (Series 2) respectively.

(Series 1) =f(2) cos(blog2 — blog 1) — f(3) cos(blog3 — blog1)

+ f(4) cos(blog4 — blog 1) — f(5) cos(blogb — blog1)

+ f(6) cos(blog6 — blog1l) —------ =0 (12-1)
(Series 2) =f(2) cos(blog2 — blog2) — f(3) cos(blog3 — blog 2)

+ f(4) cos(blog4 — blog2) — f(5) cos(blog b — blog 2)

+ f(6) cos(blog6 — blog2) — - ----- =0 (12-2)
(Series 3) =f(2){cos(blog2 — blog 1) + cos(blog2 — blog 2)}

— f(3){cos(blog3 — blog 1) + cos(blog3 — blog2)}

+ f(4){cos(blog4 — blog 1) + cos(blog4 — blog 2)}

— f(5){cos(blogh — blog 1) + cos(blog5 —blog2)}

TR =040 (12-1%2)

1.4.2 We can have the following (12-1*3) as (Series 3) by regarding (12-1*2) and (12-3)
as (Series 1) and (Series 2) respectively.

(Series 2) =f(2) cos(blog2 — blog 3) — f(3) cos(blog3 — blog 3)
+ f(4) cos(blog4 — blog 3) — f(5) cos(blogb — blog 3)
+ f(6) cos(blog6 — blog3) —------ =0 (12-3)
(Series 3) =f(2){cos(blog2 — blog 1) + cos(blog 2 — blog 2) + cos(blog2 — blog 3)}
— f(3){cos(blog3 — blog 1) + cos(blog 3 — blog2) + cos(blog3 — blog 3)}
+ f(4){cos(blog4 — blog1) + cos(blog4 — blog2) + cos(blog4 — blog 3)}
— f(5){cos(blogh — blog 1) + cos(blog 5 — blog2) + cos(blog5 — blog 3)}
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I =040 (12-1*3)

1.4.3 We can have the following (12-1*4) as (Series 3) by regarding (12-1*3) and (12-4)
as (Series 1) and (Series 2) respectively.

(Series 2) = f(2) cos(blog2 — blog4) — f(3) cos(blog3 — blog4)
+ f(4) cos(blog4 — blog4) — f(5) cos(blogb — blog4)
+ f(6) cos(blog6 —blog4) — ------ =0 (12-4)
(Series 3)
= f(2){cos(blog2 — blog 1) + cos(blog2 — blog2) + - - - + cos(blog2 — blog 4)}
— f(3){cos(blog3 — blog 1) + cos(blog3 — blog2) + - -- + cos(blog3 — blog4)}
+ f(4){cos(blog4 — blog1) + cos(blog4d — blog2) + - - - + cos(blog4 — blog4)}
— f(5){cos(blog5 — blog 1) + cos(blog5 — blog2) + - - - + cos(blog5 — blog4)}
TR =040 (12-1%4)

1.4.4 In the same way as above we can have the following (12-1*N)=(14) as (Series 3)
by regarding (12-1*N-1) and (12-N) as (Series 1) and (Series 2) respectively.
(N=5,6,7,8-+--- ) g(k, N) is defined in page 3. (k=2,3,4,5,------ )

f(2){cos(blog2 — blog1) + cos(blog2 — blog2) + - - - + cos(blog2 — blog N)}

— f(3){cos(blog3 — blog 1) + cos(blog3 — blog2) + - -+ + cos(blog3 — blog N)}
+ f(4){cos(blog4 — blog1) + cos(blogd — blog2) + - - - + cos(blog4 — blog N)}
— f(5){cos(blogh — blog 1) + cos(blog5 — blog2) + - -- + cos(blog5 — blog N)}

= f(2)9(2,N) = f(3)9(3,N) + f(4)g(4, N) — f(5)g(5, N) + f(6)g(6,N) — ------
=0+0 (12-1*N)

Appendix 2. : Proof of g(2,N) # 0

2.1. Investigation of g(k, N)
2.1.1 We define G and H as follows.

. 1 1 2 3 N
G= ]\}51100 N{cos(blog N) + cos(blog N) + cos(blog N) + -+ cos(blog N)}
1
= / cos(blog z)dx (20-1)
0

.1 1 . 2 ) 3 ) N
J\}E}noo N{sm(blog N) + sin(blog N) + sin(blog N) + -+ +sin(blog N)}

1
= / sin(blog x)dz (20-2)
0

T
Il

We calculate G and H by Integration by parts.

G = [zcos(blogx)]y +bH =1+ bH
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H = [zsin(blogz)]} — bG = —bG

Then we can have the values of G and H from the above equations as follows.

1 —b
¢ 14 b2 1402 (21)

2.1.2 We define as follows.

cos(blog +) + cos(blog 2 ) + cos(blog &) + - - - + cos(blog &)

7 — G =E.(N)
(22-1)

sin(blog +) + sin(blog %) + S]i\l;l(blog 2)+ - +sin(blog §) CH— B
(22-2)

From the definition of (20-1), (20-2), (22-1) and (22-2) we have the following (23).

lim E.(N)=0 lim Ey(N) =0 (23)

N —o00 N —o0
2.1.3 From (13) we can calculate g(k, N) as follows.

g(k,N) = cos(blog 1/k) + cos(blog 2/k) + cos(blog 3/k) + - - - + cos(blog N/k)

= N%{cos(blog %%) + cos(blog %%) + cos(blog %%) -+ cos(blog %%)}

= N%{cos(blog% + blog %) + cos(blog% + blog %) + cos(blog% + blog %)
SRR +cos(blog% +blog%)}

= N%{cos(blog %)}{cos(blog %) + cos(blog %) + cos(blog %) + -+ cos(blog %)}

1. N ) 1 ) 2 ) 3 . N
- Nﬁ{sm(blog —)}Hsin(blog N) + sin(blog N) + sin(blog N) + -+ +sin(blog N)}
cos(blog &) + cos(blog &) + - - - + cos(blog &)

= N{cos(blog — )}G + N{cos(blog — )}{ ~ -G}

~ N{sin(blog ?)}H ~ N{sin(blog ?)}{sin(blog L)+ sin(blogN%) + - +sin(blog &) —m
(24-1)

= N{cos(blog %)}G + N{cos(blog %)}EC(N)
— N{sin(blog %)}H — N{sin(blog %)}ES (N) (24-2)

= N{cos(blog %)} e + N{cos(blog — k )}E (N)
+ N{sin(blog %)}ﬁbb2 — N{sin(blog ?)}ES(N) (24-3)

_ Nsin(blog N/k + tan~!1/b)

+ N{cos(blog %)}EL(N) — N{sin(blog %)}ES(N)
(24-4)

V14 b2
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_ Nsin(blog N/k + tan™"'1/b) _ N 1 E.(N
— N — N\/E.(N)2 + E,(N)2sin{blog 5 —tan BN
(24-5)
= NR(1)sin{blog N/k +6(1)} — NR(2) sin{blog N/k — 6(2)} (24-6)
= NR(3)sin{blog N/k +6(3)} (24-7)

2.1.4 From (22-1), (22-2) and (24-1) we have (24-2). From (21) and (24-2) we have
(24-3).

2.1.5 We define as follows. From (24-5), the following (26-1) and (26-2) we have (24-6).

R(1) =1/v/1+b2 0(1) = tan= " 1/b (26-1)
R(2) = /E.(N)2 + E,(N)? 0(2) = tan™* gg?\g (26-2)

2.1.6 We can calculate the following (27-1) and (27-2) from the following (FIgure 1).
R(3) can be calculated by Cosine theorem. We have (24-7) from (24-6), (27-1) and

(27-2).

R(3) = \/R(l)2 + R(2)?2 —2R(1)R(2) cos{0(1) + 0(2)} (27-1)

L R()sin6(1) + R(2)sin0(2)

03) = tan ™ B cosf(1) = B(2) cos B2) (27-2)

Im(s)
Figure 1: R (3)sin{slogN/k + & (3)}
0@
a = blogN/k R(2)eitw02) RO

=
B
>
. 3.
_R(2)efte-ot) 8 ép
o 7@ =
a-0(2

e R@)sin(o- 6 (2))

R(3)sin{a+ 6 (3)}

Re(s)
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2.1.7 The condition of R(3) = 0 is as follows.

R(1) =1/V1+b2 = \/E,(N)2 + E,(N)2 = R(2) (28-1)
0(1) =tan~ ' 1/b= —tan~ ' E.(N)/Es(N) = —0(2) (28-2)

There is the large natural number Ny that holds the following (29) because of
Jim VE:(N)2 + E,(N)2 =
— 00

1/V14+02 > VE(N2+E(N)2>0 (Ny<N) (29)
From the above (28-1) and (29) the following (30) holds.

R(3) #0 (No < N) (30)

2.2.  Verification of sin{blog N/2 4+ 6(3)} # 0
2.2.1 If we assume the following (31) is true, the following (32) is also supposed to be
true.

sin{blogN/2+60(3)} =0 (N =3,4,5,6,7,------ ) (31)
blog N/2+6(3) = Knr (K =2,3,4,5,6,----- ) (32)
The range of b is 14 < b as shown in page 1. We have log 3/2 = 0.405 and —7/2 <

0(3) < /2 from (27-2). Then we have K > 1.3 from [14%0.405—7/2 = 4.09 < K.
Therefore (K =2,3,4,------ ) holds.

2.2.2 We define as follows.

Typel irrational number : Irrational number which consists of singular or plural
irrational terms such as 2\@/6, \/§/e+ V3, \@/eJr V3+
\/5, etc.

Type?2 irrational number : Irrational number which has the formation of (rational
number)+(typel irrational number) such as 1+ v/2, 2+

2\/5/6 +3, 3+ 2\@/6 +3+ V5, ete.
2.2.3 The above (32) holds in the following cases.

Casel : blogN/2=Ar 6(3)=Bnr A+B=K A,B: (rational number )
Case 2 : blogN/2 = (A+ C)w 0(3)=(B-O)r C: (typel irrational
number) A+ C: ( type2 irrational number )
2.2.4 From blog N/2 = D we have the following (33).

__ blog N/2

™

D (33)

The formation of D becomes (typel irratioal number) regardless of the formation
of b as follows.
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Case 3 : b =(rational number)

log N/2
™

D = (rational number) = (typel irratioal number-1)

Case 4 : b =(typel irrational number)

log N/2
7T

D = (typel irrational number-2) = (typel irratioal number-3)

Case 5 : b =(type2 irrational number)=(rational number)+(typel irrational num-
ber)

log N/2
D ={(rational number)+(typel irrational number—4)}M
T

=(typel irrational number-5)+(typel irratioal number-6)

=(typel irrational number-7)

2.2.5 As shown in the above item 224 D is not (rational number ) or
(type2 irrational number ) but (typel irrational number). Therefore (case 1) and
(case 2) do not hold i.e. the above (32) does not hold. Now we can confirm the
following (34).

sin{blog N/2 + 6(3)} # 0 (N =3,4,5,6,7, ) (34)

2.3.  Verification of g(2, N) # 0
We have the following (35) from (24-7) in item 2.1.3, (30) and (34). We can confirm
that g(2, N) does not have the value of zero in Ny < N.

g(2,N) = NR(3)sin{blog N/2+0(3)} #0 (Ng < N) (35)

) g(k,N)
Appendix 3. : Proof of lim ——=
NSoog(2,N)

From (24-4) in item 2.1.3 we have the following (36).

g(k, N)
9(2,N)
sin(b lo, c+tan—1 1/b .

_ N~‘ (blog jl/%t ) 4 N{cos(blog M)} E.(N) — N{sin(blog X)} E4(N)
Mein(blos B2 ttan U0 1 N{cos(blog §)}Ec(N) — N{sin(blog §)} Es(N)
sin(blog & + tan™" §) + v/1 + b*{cos(blog I ) E.(N) — sin(blog &) Es(N)}

~ sin(blog T +tan~! 1) + V1 + b2{cos(blog §)E.(N) — sin(blog §)E,(N)}

n(blog N)Es(N)}

B sin{%ﬂ(blog T +tan™! )} + V1 + b?{cos(blog ) E.(N) — sin
sin(blog & + tan! 1) + v/1 + b*{cos(blog § ) E.(N) — sin(blog T)Es(N)}
(36)
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We can have the following (37) from the above (36), the following (38) and the following

k,N
(23) shown in item 2.1.2. Then we can confirm lim 9(k, N) =1
N —o00 g(27 N)

g(k,N) _ sin(blog % +tan~11)

1 =
N—oog(2,N)  sin(blog & + tan~! 1)

~1 (No < N) (37)

blog & + tan! 3 ) 1*1fggz]\€/+t1nl;g11v/b
Nlm blog ¥ 11 ]\;lm log 2 tan—11/b =1 (38)
—00 og;—i—tan 5 Hoo]__logN_’_ hlog N
Jim B (N) =0 lim E,(N)=0 (23)
Appendix 4. : Solution for F(a) =0
4.1. Preparation for verification of F'(a) > 0
4.1.1. Investigation of f(n)
1 1
) =i~ e 20 (1=23,45,0) ®)
Fa) =f(2) = fB3)+ f(4) = f(5) + f(6) —----- (15)

a = 0 is the solution for F(a) = 0 due to f(n) = 0 at a = 0. Hereafter we define the
range of a as 0 < a < 1/2 to verify F(a) > 0. The alternating series F'(a) converges due
to lim f(n)=0.

n—oo
We have the following (51) by differentiating f(n) regarding n.

df(n) 1/2+a 1/2—a 1/2+a 1/2—a, o,
dn_ net3/z  p3iz-a na+3/2{ —(1/2+a)n h

(51)

The value of f(n) increases with increase of n and reaches the maximum value f(nmqz)

at n = Nypae. Afterward f(n) decreases to zero with n — 00. Nypas is one of the 2

1
consecutive natural numbers that sandwich (}gfg)ﬂ (Graph 1) shows f(n) in various

value of a. At a =1/2 f(n) does not have f(nmqz) and increases to 1 with n — oo due
to Nypae = 00.
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Graph 1: f{n) in various a

1.2

1
0.8 /
0.6 ///
0.4 /
0.2

o

2 5 8 11 14 17 20 23 26 29 32 35 38 41 44 47 50 53 56 59 62 65 68 71 74 77 80 83 86 89 92
a=0.05 a=0.1 a=0.2 a=0.3 a=0.4 a=0.45 a=0.5

4.1.2.  Verification method for F(a) > 0
We define F(a,n) as the following (52).

Fla,n) = f2) = @)+ f(4) = fO) + -+ (=1)"f(n)  (n=2,3,4,5----- ) (52)

nli_}n;oF(a, n) = F(a) (53)
F(a) is an alternating series. So F'(a,n) repeats increase and decrease by f(n) with
increase of n as shown in (Graph 2). In (Graph 2) upper points mean F(a,2m) (m =
1,2,3,- - ) and lower points mean F'(a,2m +1). F(a,2m) decreases and converges to
F(a) with m — co. F'(a,2m + 1) increases and also converges to F'(a) with m — oo due
to nlgr;of(n) = 0. We can have the following (54).

lim F(a,2m)= lim F(a,2m+1) = F(a) (54)

m—r o0 m—0o0

Graph 2: F(0.1,n) from 1st to 100th term

0.12 J Fazm |
o1 *7? "'00000!
oon P?P2%990090c92000e PPPPPP900090
006 LAARA]
0.08 UYL
002 IV I
o [IRANND |
-0.02 ] A 7 [ S REIESIGEIS A %lﬁii;li’?ﬁ*lmi*lﬂi& lablﬁlgié
-0:04 et ) ""'"""""‘"".\ |—L|
0.06 \| Fla,2m+1) | L/t |

We define F'1(a) and F1(a,2m + 1) as follws.

Fl(a) ={f2) = fB)} +{f/ (1) = fO)} +{f(6) = f(D} + -+ (55)
Fl(a,2m +1) = {f(2) = fB)} +{f(4) = fG)} +--- +{f(2m) = F2m + 1)}
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=fQ) - fB)+f(4) = f(B) +---+ f2m) - fF2m +1) = F(a,2m + 1) (56)
w}i_{nooFl(a, 2m+1) = F1(a) (57)

From the above (54), (56) and (57) we have F'(a) = F1(a). We can use F1(a) instead of
F(a) to verify F(a) > 0.

We enclose 2 terms of F'(a) each from the first term with { } as follows. If n,,4, is p or
p+1 (p: odd number) , the inside sum of { } from f(2) to f(p) has negative value and
the inside sum of { } after f(p+ 1) has positive value.

F(a) = £(2) ~ F(3) + F(8) ~ £5) + £(6) ~ F(T) + -+
={f@) - +{f@-rE}+--+{fle-H - f@ I +{fl+1D) - flo+2)}+--
(inside sum of { }) < 0 +—|—(inside sum of { }) > 0
(total sum of { }) = —B +—|—>(total sum of { }) = A

We define as follows.
[the partial sum from f(2) to f(p)]=—-B <0

[the partial sum from f(p+ 1) to f(oc0)] = A >0
F(a)=A-B (58)
So we can verify F(a) > 0 by verifying A > B.
4.1.3. Investigation of {f(n) — f(n + 1)}
We have the following (59) by differentiating {f(n) — f(n + 1)} regarding n.
df(n) df(n+1) 1/2+a N 324 1/2—a n 3/
_ _ 1— ay _ 1 (2 a
dn dn n3/2+a{ (n+1) } n3/2*“{ (n+1) !
= C(n) — D(n) (59)

When n is a small natural number the value of {f(n)— f(n+1)} increases with increase of
n due to C(n) > D(n). With increase of n the value reaches the maximum value {gmnaz }
at C(n) = D(n). (n is a natural number. The situation cannot be C(n) = D(n).) After
that the situation changes to C(n) < D(n) and the value decreases to zero with n — oo.
(Graph 3) shows the value of {f(n) — f(n+ 1)} in various value of a. (Graph 4) shows
the value of {f(n) — f(n+1)} at a = 0.1. We can find the following from (Graph 3) and
(Graph 4).

4.1.3.1 When %) becomes the maximum value |f(n) — f(n + 1)| also becomes the max-
imum value at same value of a. From (Graph 1) we can find that ‘% becomes

the maximum value at n = 2. Therefore the maximum value of |f(n) — f(n + 1)|
is {f(3) — f(2)} at same value of a as shown in (Graph 3).

4.1.3.2 With increase of n the sign of {f(n) — f(n + 1)} changes from minus to plus at
N = Nmazr (M= Nmaz + 1) When ny,q, is even(odd) number as shown in (Graph 4).

4.1.3.3 After that the value reaches the maximum value {¢nq.} and the value decreases
to zero with n — oo as shown in (Graph 4).
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0.02

Graph 3: [f(n)-f(n+1)] in various a
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4.2.  Verification of A > B (n4s is odd number.)
Nmaz 15 0dd number as follows.

Fa)=f(2) = f(3)+ f(4) = f(5) + f(6) — -+

:{f(Q)_f(g)}+{f(4)_f(5)}+"'+{f(nmaw_3)_f(nmaz

- 2)} + {f(nmaw - 1) - f(nmaac) }

+{f<nmaz + 1) - f(nmaw + 2)} + {f(nmaw + 3) ~ f(Nimae + 4>} + {f(nmaz + 5) - f(”maw + 6)} +-

We can have A and B as follows.
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4.2.1. Condition for B
We define as follows.
{ }: the term which is included within B.
{{" "} : the term which is not included within B.
We have the following (60).
f(maz) = f(2) = { f(tumaz) = f(maz = 1) } +{ f(tmaz = 1) = f(Amaz = 2) } +{ f(maz —2) = f(mes — 3) }
o+ {f(7) = £(6) } + {{f(6) = (5) } + { /(5) = F(4) } + {S(&) = JB) } + { FB) - F(2) }  (60)
And we have the following inequalities from (Graph 3) and (Graph 4).
{FB)=12) } > {J@ = fG) } > { () = f(4) } > {{#(6) = FG) } > { F(7) = F(6) } >------
> { f(maz =2) = f(maa = 3) } > { f(tmaz = 1) = f(tmaa = 2) } > { f(nimaa) = f(rmas = 1) } >0
From the above (60) we have the following (61).
f(nmaz) = f2) +{ £3) = (2) }
={70)=F@) }+{FE) = F) +{F(T) = F6) } + - +{ f(maz = 2) = f(maz = 3) } +{ f(Mmaz) = f(Mmea = 1) }

I A A A <Value comparison— A
HIG) =@} +{ @) = fB) }+ {f6) = FB) } + - +{ f(maz = 3) = f(Pmaz =4) } + { f(Wmaz = 1) = f(Mmaz = 2) }
> 2B (61)

Due to [Total sum of upper row of the above (61) = B < Total sum of lower row of (61)]
we have the following (62).

f(maz) = F2) +{f(3) = f(2)} > 2B (62)

4.2.2. Condition for A ({@maz} is included within A.)
We abbreviate {f(nmaz + ¢) — f(Mmaz + ¢ + 1)} to {q} for easy description.
(g=0,1,2,3,------ ) All {¢} has positive value as shown in item 4.1.2.
We define as follows.
{ }: the term which is included within A.
{I_ '} : the term which is not included within A.
{@maz} has the maximum value in all {¢}. And {gmas} is included within A. Then
value comparison of {¢} is as follows.

{1}<{2}<{3}<”.<{qm’“_3}<{qm‘w_2}<{qWM7_1}<{qmaz}>{qmaz‘l'l}>{qmaa:+2}>{Qmaz+3}> """
We have the following (63).

f(nmaw + 1) = { f(nmaa: + 1) - f(nmaw + 2) } + { f(nmam + 2) = f(nmaac + 3) } + { f(nmax + 3) _ f(nmax n 4) }
+{ f(Mumag +4) = f(Mimag +5) 4+

:{1}+{2}+{3}+{4}+"'+{Qmaz_3}+{Qmaz_2}+{Qmax_1}+{Qmaw}+{Qmaw+1}+{Qmax+2}+{%naw+3}+
(63)



16 T. ISHIWATA

From the above (63) we have the following (64).

f(nmaw+1)_{Qmam_1}
:{1}+{2}+{3}+{4}+"'+{Qmaz_3}+{Qma:c_2}+{Qmax}+{Qma1+1}+{Qmaz+2}+{qmaav+3}+ """ (64)
% ................ Range 1 ............... 4>|H ............ Range 2 ............

(Range 1) and (Range 2) are determined as above. In (Range 1) value comparison is as
follows.

{1}<{2}<{3}<{4}<"'<{Qmaz_4}<{Qmaz_3}<{Qmaz_z}
And we can find the following.
Total sum of {  }= {1} 4+ {3} 4+ {5} +{T}+ 4+ {tmaz — 4} +{ Gmaz — 2}

\Y \Y \Y \Y, V  «+Value comparison
Totalsumof{ }: {2}+{4}+{6}+"'+{Qmaa:_5}+{Qmaz_3}
Therefore [Total sum of {  } > Total sum of {{ }] holds.

In (Range 2) value comparison is as follows.

{qm‘”}>{qma5'3+1}>{qma1+2}>{Qmaz+3}>{qmaz+4}>{qmaz+5}>{qmuz+6}> """

And we can find the following.

Totalsum of {  } = {Gmaz } +{ Gmaz T2} + { Gmaz +4 } + { Graz +6 } +- -+
\% \% \% \% +Value comparison

Total sum of { }:{qmax‘l'l}+{Qmaz+3}+{qmax+5}+{qmaz+7}+ """

Therefore [Total sum of {  } > Total sum of {{ }] holds.
In (Range 1)+(Range 2) we have [Total sum of { } = A > Total sum of {{ }].
We have the following (65).

f(nmaz + 1) - {Qmaz - 1} < 2A (65)

4.2.3. Condition for A ({@maz} is not included within A.)
We have the following (66). {gmas} is not included within A.

Flmaz +1) = { fumaz +1) = fonaz +2) } + { fonaz +2) = Fmaz +3) } + { f(maz +3) = (maz +4) )
+{ f(nmaz + 4) - f(nmaz + 5) } N

:{1}+{2}‘l'{3}+{4}+"'+{qmaz_3}+{qmaz_2}+{qmaz_1}'I'{qmaz}+{qmaw+1}+{qmaz+2}+{qmaw+3}+ """
(66)
From the above (66) we have the following (67).

f(nmaw+1) _{qmaz}
:{1}+{2}'l'{3}+{4}+"'+{anI_3}+{Qmam_2}+{QWaw_1}+{qmaw+1}+{qmaz+2}+{%aw+3}+ """ (67)
e Range | _>|(_ ......... Range? .........

(Range 1) and (Range 2) are determined as above. In (Range 1) value comparison is as
follows.

{1}<{2}<{3}<{4}<'”<{Qmaz_4}<{qmaz_3}<{qwmz_2}<{qmaz_1}
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And we can find the following.

Total sumof {  }={1}+{3}+{8}+{7}+ +{tnaw =3} +{nas -1}
\% \% \% \% V  «Value comparison
Total sum of { '} = {2} +{4}+{6}+ -+ { dmar—4} +{ tmax -2}

Therefore [Total sum of {  } > Total sum of {{ }] holds.
In (Range 2) value comparison is as follows.

{qm‘”-l—l}>{qm01+2}>{qmaz+3}>{qmaz+4}>{qmaz+5}>{qmaz+6}>{qmaz+7}> """

And we can find the following.
Total sum of {  } = { gmaz + 1 } +{ Gmaz +3 } +{ Gmaz +3 } +{ Gmaa + 7} +----+-

\% \Y \Y \Y +Value comparison
Total sum of {77} = { gmaz +2 } + { Gmaz +4 } + { Gmaz +6 } + { Gnaa +8} +---- -

Therefore [Total sum of {  } > Total sum of {{ }] holds.
In (Range 1)+(Range 2) we have [Total sum of {  } = A > Total sum of {{  }].
We have the following (68).

f(nmaz + 1) - {Qmaz} < 2A (68)

4.2.4. Condition for A > B
From (65) and (68) we have the following inequality.

f(nmaz + 1) - [{Qmam} or {qm,n - 1}] < 2A

As shown in item 4.1.3.1 {f(3) — f(2)} is the maximum in all |f(n) — f(n + 1)|. Then
the following holds.

{f3) = f(2)} >[{dmaa} or {@maz — 1}]
{f(3) - f(2)} >f(nmaac) - f(nmam + 1)

We have the following inequality from the above 3 inequalities.

2A > f(nmaz +1) = {gmaz} or {gmax — 1}] > f(mas +1) ={F(3) = f(2)}
>f(nmaz) ={F3) = F2)} ={fB) = fF(2)} = [ (maa) = 2{f(3) = f(2)}  (69)

We have the following (70) for A > B from (62) and (69).
24> f(nmaz) = 2{f(3) = f(2)} > f(maz) — F(2) +{f(3) = F(2)} > 2B  (70)
From (70) we can have the final condition for A > B as follows.

(4/3)f(2) > f(3) (71)

(Graph 5) shows (4/3)(2) — £(3) = (4/3) (37— ~ 5777 — (375 — 3757%)-
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Graph 5: (4/3)/(2)-f(3)
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Table 1 : The values of (4/3)f(2) — f(3)

a 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

(4/3)f(2)-(3) 0{ 0.001903{ 0.003694] 0.005257] 0.00648] 0.007246| 0.007437] 0.006933| 0.005611] 0.003343 0

(Graph 6) shovxis [differelntiated {(4/3)f(2)1— f(3)} regarding a] i.e. (4/3)f'(2) — f'(3) =
(4/3){log 2(5175=a +31727a)} — {log3(3173= + 317274 ) -

0.06

Graph 6: (4/3)/'(2)-1'(3)
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Table 2 : The values of (4/3)f"(2) — f'(3)

a

0 0.05

0.1 0.15 0.2 0.25 03

0.35

0.4

0.45

0.5

(4/3F(2)-F(3)

0.038443] 0.037313

0.033921| 0.02825] 0.020277] 0.009967{ -0.00272

-0.01785

-0.03547

-0.05567

-0.07852

From (Graph 5) and (Graph 6) we can find [(4/3)f(2) — f(3) > 0in 0 < a < 1/2] that
means A > Bie F(a)>0in0<a<1/2.
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4.3.  Verification of A > B (nnae is even number.)
Nmae 1S €ven number as follows.

F(a)=f(2) = f(3)+ f(4) = f(5) + f(6) — -+
= (1) = F} +{F8) = F)} + -+ {Funa = 4) = oz = 3} + {f unaz = 2) = ez = 1)}
H fmaz) — f(maz + D} + {f (maz +2) = F(maz +3)} + {F ez +4) = F(Rmaz +5)} +---- -

We can have A and B as follows.

B={f3) - F}+{f6) = FA} +{ (D) = FO)} + -+ {F(maz = 3) = f(maz = D)} +{F (maz = 1) = f(Pmaz = 2)}
A = { f(nmax ) - f(nmam + 1)} + {f(nmam + 2) - f(nmax + 3)} + {f(nmax + 4) - f(nmam + 5)} Foeeees

Flmaz) = { Fmaz) = F(inaz+ 1)} +{f (e + 1) = F(maz + 20} +{f (g +2) = fnaz +3)}
+{f (Mmaz +3) = F(maz + )} + -+
= {03+ {2+ B+ {4+ {mae = 3} {Gmar = 2} + {Gmaz = 1+ {Gmaz} + {Gmaz + 11+ {Gmaz + 2+ {Gmae +3} 4+

After the same process as in item 4.2.1 we can have the following (72).
f(mae —1) = F2) +{f(3) = f(2)} > 2B (72)

As shown in item 4.1.3.1 {f(3) — f(2)} is the maximum in all |f(n) — f(n + 1)|. Then
the following holds.

{f3) = f(2)} >[{dmaz} or {gmaz — 1}]
f(nmaa:) >f(nmaz - 1)

We have the following (73) from the above inequalities and the same process as in item
4.2.2 and item 4.2.3.

24 >f(nmaw) - [{q"mw} or {Qmaw - 1}] > f(”mtw) - {f(3> - f(2)}
>f(Mmae —1) = {f(3) = f(2)} (73)

We have the following (74) for A > B from (72) and (73).
24> f(Nmaz — 1) = {f(3) = f(2)} > f(max — 1) = f(2) +{f(3) = f(2)} > 2B (74)
From (74) we can have the final condition for A > B as follows.
(3/2)f(2) > f(3) (75)

In the inequality of [(3/2)f(2) > (4/3)f(2) > f(3) > 0], (3/2)f(2) > (4/3)f(2) is true
self-evidently and in item 4.2.4 we already confirmed that the following (71) was true in
0<a<1/2

(4/3)f(2) > f3) (71)

Therefore the above (75) is true in 0 < a < 1/2. Now we can confirm F(a) > 0 in
0<a<1/2
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4.4. Conclusion
As shown in item 4.2 and item 4.3 F(a) = 0 has the only solution of a = 0 due to
0<a<1/2],[F(0)=0] and [F(a) >0in0<a < 1/2].

4.5.  Graph of F(a)

We can approximate F'(a) with the average of {F(a,n — 1) + F(a,n)}/2. But we
approximate F'(a) by the following (76) for better accuracy. (Graph 7) shows F(a),
calculated at 3 cases of n = 500, 1000, 5000.

F(a,n—1)+F(a,n) + F(a,n)+2F(a,n+1)

s - Fla), (76)

Graph 7: F(a), at 3 cases
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

n=500

n=1,000 n=5,000

Table 3 : The values of F(a), at 3 cases

a 0 0.05 0.1 0.15 0.2 0.25 0.3 (.35 04 045 0.5
n=500 0] 0.01932876) 0.03865677| 0.05798326| 0.0773074| 0.09662832 | 0.11594507) 0.13525658 | 0.15456168 | 0173859041 0.19314718
n=1,000 0[ 0.01932681) 0.03865282 0.05797725| 0.0772993| 0.09661821] 0.11593325) 0.13524382 | 0.15454955 | 0.17385049 0.19314743
n=5,000 01 0.01932876) 003865676 0.05798324 0.07730738| 0.09662829 | 0.11594504] 0.13525655 | 0.15456165) 017385902 0.19314718

3 line graphs overlapped. Because F'(a),, calculated at 3 cases of n = 500, 1000, 5000 are

equal to 4 digits after the decimal point. The range of a is 0 < a < 1/2. a = 1/2 is not

included in the range. But we added F'(1/2),, to calculation due to the following reason.

[f(n)ata=1/2]is (1—1/n) and F(1/2) fluctuates due to lim f(n) = 1. But the value of
n— oo

the above (76) converges to the fixed value on the condition of li_>m {f(n+1)=f(n)} =0.

The condition holds due to f(n+1) — f(n) = 1/(n + n?).

F(a) is a monotonically increasing function as shown in (Graph 7). So F(a) = 0 has
the only solution and the solution must be a = 0 due to the following facts. Therefore
Riemann hypothesis must be true.
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4.5.1 In 1914 G. H.Hardy proved that there are infinite zero points on the line of Re(s) =
1/2.

4.5.2 All zero points found until now exist on the line of Re(s) =1/2.

Data availability
The datasets generated during and/or analysed during the current study are available
from the corresponding author on reasonable request.
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