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The Morbid Equation of Quantum Numbers ∗
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The quantum model of valence electron generation orbital penetration of alkali metal elements
with unique stable structure is investigated. The electric field outside the atomic kernel is usually
expressed by the Coulomb field of the point charge mode, and the composite electric field in atomic
kernel can be equivalent to the electric field inside the sphere with uniform charge distribution or
other electric fields without divergence point. The exact solutions of two Schrödinger equations for
the bound state of the Coulomb field outside the atom and the binding state of the equivalent field
inside the atom determine two different quantization energy formulas respectively. Here we show that
the atomic kernel surface is the only common zero potential surface that can be selected. When the
orbital penetration occurs, the law of conservation of energy requires that the energy level formulas
of the two bound states must have corresponding quantum numbers to make them equal. As a result,
there is no solution to the quantum number equation, indicating that the two quantum states of the
valence electron are incompatible. This irreconcilable contradiction shows that the quantized energy
of quantum mechanics cannot absolutely satisfy the law of conservation of energy.

Keywords: Coulomb field; equivalent field; Schrödinger equation; quantized energy; incompatible
quantum states.

PACS number(s): 03.65.Ta—Foundations of quantum mechanics; 03.65.Ge—Solutions of wave
equations: bound states; 03.65.Ud—Entanglement and quantum nonlocality; 03.65.-w—Quantum
mechanics.

1 Introduction

In a broad sense, the so-called quantization law is es-
sentially the discrete law of the motion and change of
matter. It is generally believed that the macro discrete
law is different from the microscopic discrete law. So
do they have a common description method? Although
the answer is usually considered negative[1], the problem
deserves extensive and in-depth study. The key lies not
only in whether it is interesting, but also in whether it
can become a breakthrough point to reveal the essence
of quantum mechanics. This is a very interesting ques-
tion that deserves extensive and in-depth study Quan-
tum mechanics has achieved great success in describing
the law of micro motion, and quantum theory has been
developing continuously. However, the scope of quantum
theory has not been clearly defined[2], and the essence of
quantum mechanics has been perplexing us. This is one
of the reasons for the slow progress of the quantization
theory of macro interaction. It is generally believed that

quantum mechanics is the most accurate physical theo-
ry with perfect mathematical deduction. However, when
we try to reveal the essence of quantum mechanics, we
will come to a different conclusion.

It may be the key to reveal the essence of quantum
mechanics that some difficult problems of quantum the-
ory are solved. For example, according to Bohr Som-
merfeld quantization condition, the minimum nontrivial
angular momentum of the hydrogen atom should be ~[3].
However, according to the square eigenvalue

L2 = l (l + 1) ~2

of angular momentum in quantum mechanics, the min-
imum nontrivial angular momentum of the hydrogen
atom is

√
2~[4]. If the angular momentum can be mea-

sured experimentally, is the minimum nontrivial angular
momentum of the hydrogen atom observed experimen-
tally ~ or

√
2~? This is the most intuitive difficult prob-

lem of quantum mechanics. However, the Bohr model of
the old quantum theory and the Schrödinger equation
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of quantum mechanics respectively need these two con-
tradictory angular momentum values to derive the same
energy level formula of the hydrogen atom[5], which is
consistent with the experimental observation. Perhap-
s abstract and vague knowledge such as the so-called
semiclassical quantum theory can easily be chosen as
the reason to avoid the above contradiction, but in fact,
the minimum non-zero angular momentum of hydrogen
atom is exactly ~. It is very difficult to solve the above
difficult problem of minimum nontrivial angular momen-
tum from the essence of quantization. The seemingly
accurate and complete theory of quantum mechanics ac-
tually hides various more subversive logical inconsistent
factors. Only by discovering and eliminating the log-
ical contradictions hidden in scientific theories can we
promote the correct development of theories. The uni-
tary principle[?] is a universal principle to test the logical
self consistency of natural science theories, the content
is as follows: different metrics can be used to describe
natural laws, and there is a certain transformation re-
lationship between them. The natural laws themselves
do not change because of the different metrics. The re-
sults of the transformation from different mathematical
forms of natural laws expressed in different metrics into
the same metric must be the same as the inherent form
under this metric, 1 = 1, which means the transforma-
tion is unitary. Bohr quantization angular momentum
and quantum mechanics quantization angular momen-
tum constitute two metric, but they do not meet the
unitary principle.

Based on the unitary principle, we propose the morbid
equation of quantum numbers derived from the quantum
model of valence electron orbital penetration of alkali
metal elements. When the valence electron moves out-
side the atom kernel, the effective charge[7] of the atomic
kernel is equivalent to the point charge, and the interac-
tion force between the valence electron and the atomic
kernel is described by the Coulomb force. In the case of
orbital penetration, if the valence electron moves in the
atomic kernel, the effective charge of the atomic kernel
should not be equivalent to the point charge, otherwise
the singularity will cause infinite electric field force and
violate the natural law. Because in theory, valence elec-
trons can reach the center of the atomic kernel, just as
there is a particle in the center of a star. Although the
electric field in the atomic kernel is complex, the charge
of the atomic kernel can be equivalent to the spherical
charge with uniform distribution. The formula of inter-
action force between the valence electron and the atomic
kernel is similar to Hooke’s law. The quantum behavior
of valence electrons outside and inside the atomic kernel
is described by two Schrödinger equations[8], and two dif-
ferent forms of quantized energy level formulas are given.
Considering the conservation of energy, two kinds of cor-
related quantum states have at least one specific quan-
tum number respectively, which makes the two kinds of
quantized energy equal, resulting in the morbid equation
of quantum numbers without any real number solution.

Briefly speaking, when a particle moves between two d-
ifferent fields, two correlated quantum states constitute
two metrics. However, the two quantized energy does
not conform to the unitary principle, which means that
the law of conservation of energy is broken.

2 The Morbid Equation of Quantum Num-
bers

If an isolated star body with uniform mass distribu-
tion has a straight hole through the center of the sphere,
and a particle emits into the hole, the particle will move
back and forth along the straight line where the hole is
located. When a particle is outside the sphere body, the
formula of the interaction force between the particle and
the star is the universal gravitation between the particle
and a mass point whose mass is equivalently concentrat-
ed at the center of the ball. It is the inverse square law.
In the sphere, the interaction between the particle and
the star is directly proportional to the distance from the
particle to the center of the ball, similar to the spring
force.

The Coulomb force is similar to gravitation, and it
is also the inverse square law. Suppose that there is a
charged sphere with uniformly distributed charges, and a
particle with opposite charge moves through the sphere.
The electric field force on the particle outside the sphere
is the Coulomb force, and the electric field force in the
ball is proportional to the distance from the particle to
the center of the ball. Alkali metal element is a stable
structure with an atomic kernel and an extra valence
electron in its outer layer. The atomic kernel can be
regarded as a sphere with uniform charge distribution,
and the valence electron motion may occur orbital pen-
etration. The ratio κ between the radius of the atomic
kernel and the minimum radius of the atom satisfies the
inequality 0 < κ 6 1. The quantum number describ-
ing the quantization energy of the valence electron in
the electric field inside the atomic kernel is a non neg-
ative integer l, and the quantum number n describing
the quantization energy of the valence electron in the
Coulomb field outside the atomic kernel is a positive in-
teger. When the orbital penetration occurs, the energy
is still conserved, and the two quantized energy formulas
must be equal, which gives the algebraic equation(

3− κ

n2

) √
κ

2l + 3
= 1 (1)

Where 0 < κ 6 1, n > 1, l > 0.

However, no matter what the quantum numbers n
and l take, equation (1) does not hold in the domain of
definition. The equation (1) is transformed into a cubic
equation about κ expressed by the quantum numbers n
and l, (√

κ
)3 − 3n2

√
κ + (3 + 2l)n2 = 0 (2)
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Cubic equation (2) has a real root and two imaginary
roots. According to Fontana-Cardano formula[9, 10], the
real number root is

κ=2n2+

2
2
3 +n4

[
(3+2l)2−2n2+(3+2l)

√
(3+2l)2−4n2

] 2
3

2
1
3

[
(3+2l)2−2n2+(3+2l)

√
(3+2l)2−4n2

] 1
3

(3)

The definition domain of the quadratic radical in the
above formula is (3 + 2l)

2 > 4n2, that is, the two quan-
tum numbers must satisfy the relation n 6 l + 3/2. Be-
cause κ is not only the increasing function of n, but
also the increasing function of l. In order to find the
minimum value of κ, when n takes the minimum value, l
should also take the minimum value. Take the minimum
quantum number n = 1 and l = 0 to get the minimum
value of κ

κmin = 2 +

(
7

2
+

3
√
5

2

) 1
3

+

(
7

2
− 3

√
5

2

) 1
3

(4)

Namely, κmin = 4.425988757. The result is inconsistent
with the domain κ ∈ (0, 1] .

Equation (1) is called the morbid equation of quan-
tum numbers. It shows that when the same microscopic
particle enters from one field to another, the quantized
energy of two different bound states describing the same
particle does not have the same value, even at the in-
terface of two fields. In short, the quantized energy of
quantum mechanics violates the unitary principle and
destroys the law of conservation of energy. This is a
logical contradiction. This contradiction is irreconcil-
able within the existing framework of quantum mechan-
ics theory, and may need a new theory to solve it. The
morbid equation of quantum numbers reveals that the
great success of quantum mechanics has always implied
sharp contradictions which must be corrected.

3 Derivation of morbid equation of quan-
tum numbers

The effective charge number of alkali metal and oth-
er elements is represented by Z∗, and the elementary
charge is represented by e. According to the description
in the previous section, the electric field in the atomic
kernel is equivalent to that of the positive charge Z∗e u-
niformly distributed in the sphere with radius δ. When
the electron moves outside the atom kernel, the alkali
metal atom forms the hydrogen like atom model. The
radius δ of the atomic kernel does not exceed the Bohr
radius a0 = ε0h

2
/
πmZ∗e2 of the hydrogen like atom.

Where ε0 is the dielectric constant, h is the Planck con-
stant, mm is the mass of the electron, 0 < κ 6 1. The
radius of the atom kernel is expressed asδ = κa0, and its
concrete form is

δ =
κε0h

2

πmZ∗e2
(5)

The effective charge density of the uniformly dis-
tributed effective charge of the equivalent sphere is ρ =

Z∗e
(
4πδ3

/
3
)−1

, and the effective charge of the concen-

tric sphere with r 6 δ is q = ρ
(
4πr3

/
3
)
= Z∗er3

/
δ3.

According to the Gauss theorem of electrostatic field,
the electric field inside the atomic kernel of r 6 δ is
E1 = Z∗er

/
4πε0δ

3, and that of the atom with r > δ is

E2 = Z∗e
/
4πε0r

2. The electric field force on the elec-
tron is F = eE, and its direction points to the center of
the sphere. Considering the penetration of valence elec-
tron orbit, let the common zero potential surface outside
and inside the atomic kernel be a concentric sphere sur-
face with r = ac. according to the definition of potential
energy U =

∫ ac

r
F·dr, the potential energies of the elec-

tron and the atomic kernel are calculated as follows

U1 =
Z∗e2r2

8πε0a3c
− Z∗e2

8πε0ac
(r 6 δ)

U2 =
Z∗e2

4πε0ac
− Z∗e2

4πε0r
(r > δ)

(6)

When the velocity of the valence electron arriving at the
sphere surface of atomic kernel (r = δ) is v, it is obtained
according to the energy conservation law of classical me-
chanics

1

2
mv2+

Z∗e2δ2

8πε0a3c
− Z∗e2

8πε0ac
=

1

2
mv2+

Z∗e2

4πε0ac
− Z∗e2

4πε0δ

This formula is simplified to obtain 2a3c − 3δa2c + δ3 = 0,

that is, (ac − δ)
2
(2ac + δ) = 0, is obtained by simplifi-

cation. This cubic equation has two equal positive roots
ac = δ and one negative root ac = −δ/2. The solu-
tion satisfying the physical meaning ac > 0 is ac = δ.
Therefore, the zero potential energy surface can only be
selected on the equivalent sphere surface of the atomic
kernel. Thus, the two potential energy expressions (6)
are transformed into

U1 =
Z∗e2r2

8πε0δ3
− Z∗e2

8πε0δ
(r 6 δ)

U2 =
Z∗e2

4πε0δ
− Z∗e2

4πε0r
(r > δ)

(7)

The wave functions ψ1 and ψ2 are used to describe
the quantum states of valence electrons in and out of
the atomic kernel respectively. The Schrödinger wave
equations for ψ1 and ψ2 are respectively as following(

− ~2

2m
∇2 +

Z∗e2r2

8πε0δ3
− Z∗e2

8πε0δ

)
ψ1 = E1ψ1 (r 6 δ)(

− ~2

2m
∇2 +

Z∗e2

4πε0δ
− Z∗e2

4πε0r

)
ψ2 = E2ψ2 (r > δ)

(8)
The first equation is the Schrödinger equation of three-
dimensional like harmonic oscillator, and the second e-
quation is the Schrödinger equation of three-dimensional
like hydrogen atoms. The natural boundary condition is
ψ (r → ∞) = 0, |ψ| (0 < r <∞) ̸= ∞. The exact so-
lutions of the two wave equations satisfying the natural
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boundary conditions determines that the corresponding
energies in the equations are quantized, and the two en-
ergy eigenvalues[11-13] are respectively

E1 =

(
l +

3

2

)
h

2π

√
Z∗e2

4πε0δ3m
− Z∗e2

8πε0δ
(l = 0, 1, · · ·)

E2 =
Z∗e2

4πε0δ
− mZ∗2e4

8n2ε20h
2

(n = 1, 2, · · ·)

(9)
These two quantized energy expressions of alkali met-
al elements are different from the common expressions
in textbooks, and both have a constant term. This is
because the classical law of conservation of energy de-
termines that the common zero potential energy surface
can only be selected on the surface of the atomic kernel
when the orbital penetration occurs.

When the valence electrons of an atom in a certain
energy state switch between the outer and inner atomic
orbits, the quantized energy is bound to be conserved.
The simplest model is that when the valence electron
is on the surface of the atom, the two quantized ener-
gies must be the same, that is, E1 = E2. According to
formula (9), the equation is obtained

(
l +

3

2

)
h

2π

√
Z∗e2

4πε0δ3m
=

3Z∗e2

8πε0δ
− µZ∗2e4

8n2ε20h
2

(10)

By substituting formula (5) into the above formula, we
can get

2l + 3√
κ3

=
3

κ
− 1

n2
(11)

In other words, the morbid equation of quantum num-
bers (1) is obtained.

In mathematics form, the limit cases of κ = 1, l = 0
and n → ∞ can make equation (1) hold, but the so-
lution of this limit case does not conform to the phys-
ical meaning. The two forms of quantized energy are
monotone increasing functions of n and l, and they are
conserved. The two forms of corresponding energy are
equal. When n → ∞, there must be l → ∞. However,
n → ∞ is beyond the atomic range, and l → ∞ cannot
be explained. Moreover, only whenn → ∞ and l = 0,
there is a limit solution κ = 1 in mathematical form.
These are all contradictory. Therefore, the limit cases
of n → ∞, l = 0 and κ = 1 are not special solution-
s of equation (1) in accordance with physical meaning.
This detail also indirectly reminds us that there may
be some differences between physical mathematics and
pure mathematics that are usually ignored. On the oth-
er hand, when 0 < κ < 1, the left side of equation (1)
is the fraction while the right side is natural number 1,
which is obviously contradictory. Therefore, equation
(1) has no physical solution in the domain of definition.
If there is a sphere with uniformly distributed charges,
the quantum behavior of a particle with opposite charge
passing through the uniformly charged sphere also has

various quantum morbid equations. The quantum mor-
bid equation shows that the Schrödinger equations of the
different bound states of the microscopic particles in the
sphere and outside the sphere are incompatible, which
naturally includes the Dirac equation.

The law of conservation of quantized energy requires
that there is a corresponding quantum number l for any
quantum number n, which makes equation (1) hold.
In fact, there is no set of quantum numbers n and
l that have physical significance to satisfy this equa-
tion. The morbid equation of quantum numbers in one-
dimensional motion is different. In addition, considering
that the values of the two wave functions on the real
surface of atoms should be equal, the morbid equation
of wave functions can be derived. If there is a sphere of
uniformly distributed charges, the quantum behavior of
a particle with opposite charge passing through the uni-
formly charged sphere also has various quantum morbid
equations. The quantum morbid equation shows that
the Schrödinger equations of the different bound states
of the microscopic particles in the sphere and outside
the sphere are incompatible, which naturally includes
the Dirac equation[14-16]. In fact, the Dirac equation of
harmonic oscillator has been avoided. The mathemati-
cal derivation methods of all kinds of quantum morbid
equations are the same. If the morbid equation of quan-
tum numbers is solved, other problems will not exist. All
in all, only the morbid equation of quantum numbers is
introduced here.

4 Conclusions and comments

The unitary principle is of great significance to test
and establish scientific theory. A complete physical the-
ory not only conforms to the unitary principle locally,
but also conforms to the unitary principle in the w-
hole domain. Using the unitary principle, we can find
many important problems hide in modern physics the-
ory. The difficulties of quantization angular momen-
tum and the morbid equation of quantum numbers show
that the conservation law of energy is destroyed because
of quantized energy. These are actually computation-
al problems rather than philosophical speculative prob-
lems. Quantum mechanics is a computational science,
and its paradoxes should be expressed by mathematical
equations. It is not helpful for the progress and develop-
ment of physics theory to express the questions of quan-
tum mechanics abstractly or to limit the philosophical
speculation to weaken the logical difficulties of quantum
mechanics. Physical logic difficulties inevitably contain
new physics mysteries, which need to be discovered by
scientific calculation. Quantum mechanics has puzzled
some great physicists. Feynman famously declared “I
think I can safely say that nobody understands quan-
tum mechanics.”[17-19] Einstein put forward the theory of
light quantum, but evaluated quantum mechanics “God
does not play dice with the universe.”[20] Nevertheless,
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the success of quantum mechanics is undeniable. Almost
all physics problems are interrelated. If one of the most
basic physics problems is solved, other physics problem-
s can be solved well. Over the past 30 years, we have
devoted ourselves to the discovery and solution of the
difficult basic problems in theoretical physics. We have
learned that the effective breakthrough of physical the-
ory must come from the discovery and solution of the
contradictions implied in the past theories that can not
be reconciled logically. There must be systematic so-
lutions to seemingly intractable physical problems. It

seems that quantum mechanics is often misunderstood.
Some reports on the progress of quantum theory are even
based on metaphysical thinking and tend to develop to-
wards metaphysics. The main reason is that the essence
of quantum mechanics has not been known. It is one of
the effective breakthroughs to reveal the essence of quan-
tum mechanics and realize the unification of macroscopic
and microscopic quantization theories by eliminating the
logical difficulties of quantum mechanics such as the in-
consistency of quantization angular momentum and the
morbid equation of quantum numbers.
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