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Abstract

Build a special odd tree model according witx3+1) + 2~ algorithm, to depart odd numbers

in different groups.Carry out research into the tree,found thattsoef elements in the tree reduce
and converge downward one by one layer,values of elementemmdownward to 1,and all odd
numbers can appear in the tree only one time.Then prove thel"guess indirectly.At last,find a
logic error of deduction of the tree,and prove 3x+1 guess iteravays,and give a solution for
any odd converge to 1 equation.
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I Prove Some Lemmas
Lemma 1:All odd numbers can be written in one of three forms:6a+1,6a+%@&»=0).

Lemma 2:Transform odd 6a+l:((6a + 1)>< 2%k — 1)+ 3 ,(a>=1,k>=1),generate an infinite data
sequence,which each element is odd,and any element in goersee is 4 times of the previous
element(if exists) plus 1;The No. k odd makg3+1) + 2% (k>=1)transformation get a result
6a+l.

Prove: k=1: (fa+1)x2° ~1)+ 3= (24a+3)+3=8a +1, is odd

k=2: ((6a+1)x2'-1)+3= @6a+15)+3=32a+5,  isodd
Use method of induction,suppos(«{Ga + 1)>< 2% - 1)+ 3=2m+1 m>0, k>=1
Then ((6a+1)x 22*) ~1)+ 3= ((6a+1) x 2% ~1) + 3+ ((6a+1)x 2 x3+ 3

=2m+1+ ((6a +1) x 2% is odd
Hence each element in the sequence is odd.
(6a+1)x 22 1)+ 3))x 4 +1=((6a+1)x 22**Y — 4)+ 3+ 1= ((6a +1)x 22**Y ~1)+ 3
Hence No. k+1 element is 4 times No. k element Plus 1.

With ((6a +1)x 22 1)+ 3 make transformation of(x3+1) + 2% obviously get 6a+1.

Lemma 3: Transform odd 6a+5:((6a +5)x 2241 —1)+ 3 ,(@>=0,k>=1),generate an infinite
data sequence,which each element is odd,and any elemeheiseguence is 4 times of the
previous element(if exists) plus 1;The No. k odd m&k8 + 1) + 2** (k>=1)transformation get

aresult 6a+5.

Prove: k=1: (fa+5)x2 —1)+3= (12a+9)+3=4a+3  isodd



k=2: ((6a+5)x2°~1)+3= (48a+39)+3=16a+13 is odd
Use method of induction,suppos(éGa +5)x 22«1 —1)+ 3=2m+1 m>0k>=1
Then ((6a +5)x 221 —1)+ 3= ((6a+5) x 2%"* ~1) + 3+ ((6a+5) x 2% ' x 3+ 3

=2m+1+ ((6a+5) x 2% is odd
Hence each element in the sequence is odd.
((6a+5)x 22 ~1)+3))x 4 +1=((6a +5)x 22**91 ~ 4)+ 3+1=((6a + 5)x 22"V - 1)+ 3
Hence No. k+1 element is 4 times No. k element Plus 1.

With ((6a +5)x 22 —1)+ 3 make transformation of(x3+1) + 2" obviously get 6a+5.

Lemma 4: Transform odd 6a+3: (6a+3)>< 2% -1 (a>=0,k>=1),data generated can not be

divided exactly by 3.

I Build A Tree Model
Below we build digit tree using Lemma 1--4.

Use 1 as root place in layer O,data sequence generated by traatformof
(1x 2% —1) + 3 ,(k>1) place in layer 1,as up node of 1 in layer 0.Here becaase &=1,

(x4 -1) +3=1,is duplication of 1 in layer 0,remove it from layer 1.
Build layer 2 using layer 1,for every element in layer 1,mak@sformation in order as follow:

Case element is 6a+1: d«Ga + 1)>< 2% - 1)+ 3,(a>0,k>=1),generate an odd sequence place
behind of the sequence last generated in layer 2,as up node-dfi6 layer 1.
Case 6a+5: do ((6a + 5)>< 22K — 1)+ 3 ,(a>=0,k>=1) ,generate an odd sequence place

behind of the sequence last generated
layer 2,as up node of 6a+5 in layer 1. 11 i
|
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Graph 1: 3x+1 odd tree

build a determined unique digit tree,as shown in graph 1.

in order for every element ofven
sequence in one layer ,and geneicd
and node of next layer.Finally wear

Il Prove Some Properties Of The Tree
Below prove some mathematical properties of the tree.
Property 1:All elements in the tree are odd.
According to Lemma 1--4 can get it.And all elements downwardcidation accord to

(x3+1) + 2% (k>=1)algorithm.| call it “3X+1 odd tree”.

Property 2:If a data is an element of the tree,use the data as root build ausieg same



method,then all elements in the new tree are elements in the tree
Property 3:Elemens in random one sequence are arrayed by the order...6a%56b3... first
element is one of three forms.

Prove:We can easily know random one form of 3 forms can appear ifirgteosition of a
sequence as regulation of graph 1.To random layer i sequehne.jk element in the sequence is

6a+1,then no. k+1 element is(6a+1)><4+1= 24a+5=6b+5 ,is form of 6b+5;No. k+2

elementis ((6a+1)><4+1)><4+1= 96a+21=6cC+ 3, is form of 6¢+3.

Similarly we can prove case of first element is 6b+5 or 6¢+3.
We can also prove that the first element of the sequence genebgtentld 6b+5 upward
calculation is 2 times of the first element generated by odd @Gexists) plus 1.

Property 4:Any element(except 1)in the tree do downward calculaf®+1) + 2 ,(k>=1),get

an unique data,drop and only drop one layer.
Property 5:Numbers of elements in the tree diverge upward,reduce and cendemgnward one
by one layer.

Prove:According to Lemma 2--4 and Property 3,each element(eseze8) in one layer build
an infinite sequence in the up layer,on the contrary,one seguiena layer can only build one
element in the down layer.Hence,numbers of elements in tleeré@uce downward one by one
layer.The lowest layer have only one element 1,then numbdrselements converge
downward.Because all elements are generated from 1 upward at&doubne by one layer,all
elements do downward calculation converge to 1.This is tqgathpugh each element does
downward calculation,data generated per time is sometimgsdmnetimes small varying,the
numbers of data it can build reduce per time,data value finalhwverge to 1.

Property 6:If the position of a data is determined in the tree,then the davdwalculation route
of the data is unique.
Property 7:The first element of random one sequence(except sequenceem0ldy can not be

built from an odd (>< 4+ 1) calculation.

Prove:With random layer i sequence j(i>1,j>=1),if no. k elemesr@a+1,the first element of the
corresponding sequence in layer i+1

is (6a+1)x2° ~1)+3= (24a+3)+3=8a+1, (8a+1-1)+4=2a ,is an even hence first

element can not be gotten from odd;If no. k element is 6a+5,teediement of the corresponding
sequence in layer i+1

is (6a+5)x2 -1)+3= 12a+9)+3=4a+3, (4a+3-1)=4a+2 ,can not be divided

exactly by 4.Sequences in layer i+1 can only be built from 6a+@as-5,hence we prove it.This is
to say,the first element can not be written in binary form x01...6d(x>1).
Property 8:If two elements in two sequences are equal,then the first elesmienthe two
sequences are equal,the two sequences are complete eqcivale

Prove:According to Lemma 2--3 and Property 7,if the first eleméndayer i sequence j Ais
aj1,the sequence can be written in binary forn a;:01...01, layer | sequence m can be written in



binary form an1, am101...01, & and an: itself can not be written in binary form x01...01(odd
x>1).1f g1 is equal to @a,then two sequences are complete equivalence.If a certdith.a01 is

equal to a certain®01...01,do (—1)+4= odd calculation separately to them,datas gotten

must be equal.Continue do until can not perform this calauteshould get datajaand ani, aj1=
am1, two sequences are complete equivalence.
Property 9:Elements in same layer are not equal to each other.

Prove:Obviously,elements are not equal to each other in yerd layer 1.To prove elements
in other layers are not equal to each other in same layer,wermdy to prove first elements of
sequences in same layer are not equal to each other.With rarrt and 6b+5,do

(6a+1)x22-1)+3= (24a+3)+3=8a+1,

(60+5)x2 -1)+3=2b+9)+3=40+3 if 8a+1=4b+3,then

4a-1=2h,odd=even,contradict.Hence,first elements of narskmjuences built from 6a+1 and 6b+5
are not equal to each other.If elements are not equal to eaehiottayer i,with all 6a+1 and 6b+5
elements in layer i,do calculations above,get sequencesér i+1,which first elements are not
equal to each other.

Property 10: Elements in different layers are not equal to each other.

Prove:If data a exists in two different layers,there are 3 casehiown in graph 2.

Case A:downward calculation route of a include a.From layerwrdeard,each layer should
have a sequence which is complete equivalence to one sexjuensome one up layer,but
obviously sequence in layer 1 is natomplet ; ; i
equivalence to any sequence in ugyers,becau ‘\-»;\‘ L .
sequence in layer 1 has the binary form 101,1@1L.. ... i e h
sequences in up layers have the form x,x0Xl(od« :
x>1),x itself can not be written in binanform T s 2 Same a1 Dierent Layers
y01...01(odd y>1).Hence,case A is not established.In fact$e éawe even can not use data a to
build a tree(upward,downward,horizontal expand) which coafitdements reduce downdward.

Case B and C: downward calculation routes of a in two differeygrdg intersect in some one
down layer or layer 0.Since each downward calculation getigugnresult,to let two different
routes intersect, one of the two routes must do cross-layerladitmido not accord to Property 4.

Attention,in the proof of Property 9 and Property 10,we use spebiracters of layer 0 and
layer 1,is just to make proof easier,during the procedure of tredembuilding,we only use
Lemma 1--4,this is to say, use any odd number to build a trefegitild also accord to Property
1--10.
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IV Prove3X+1 Guess
Below prove all odds do(x3+1) + 2 calculation must converge to 1.

Prove:lf the data is in “3X+1 odd tree” built above,it must comeeto 1.If exists an odd a do
not appear in the tree,use a build a tree with same methods dt@veall elements in the new tree
do not appear in “3X+1 odd tree”,but the new tree also accorddpdrty 1--10.

Since(ZX + 1) x3+1=6x+4 ,(x>0),to random x>0,k>0(6x + 4) + 2 # 2x +1 ,hence a do



not converge to itself.Suppose with a do downward calculatimmverge to odd b,and b>1,this
case b can continue do(x3+1) +2%  calculation,and layer number reduce for every

calculation,possible datas can be generated are fewer and detilebuild 1,can not continue do
calculation.Hence a must converge to 1,and must exist in-13dd tree”.
Come here,we have proved “3X+1"guess.In fact, “3X+1 odd treglide all odd numbers,and
each odd number appear only one time.
V Some Strong Proof

Proof above | think is enough,although is weak.Below mak&dnger.

Property 11: Use any odd a as root build a “3x+1” odd tree(if a is with form 6b+8,4a+1 as
root),all elements in the tree are different.

Prove:Through Lemma 1--4 and Property 1--10 ,we know if two elesnanthe tree are
equal,their data sequences are equivalence,the first elesheach sequence must be equal.and
we know all first elements of all dada sequences are built fronr y ¢hrough (2x-1)/3 or
(4y-1)/3(a can also be built from odd in its next layer,except 1héytare equal,should have
(2x-1)/3=(4y-1)/3,0r(2x-1)/3=(2y-1)/3,0r(4x-1)/3=(4y-1)/3,the last twanfiaias have no meaning.
If (2x-1)/3=(4y-1)/3, then x=2y,x is even,contradiction.Thieams an element in the tree can only
be built by only one element through only one method,therst @xly one route to produce it,it is
not possible to exist two same data in different routes.

On the other hand,in a normal a root tree,layer 0 has one or temeglts,layer 1 has
n(n=oo0) elements,layer 2 has abotelements,layer 3 has aboutelements...,and elements in
up layer can produce all elements in down layer through on.lstéhere is a loop

a->b->c->d->a->b->c->d->a through{x3+1) + 2 calculation.use a to build a tree,each layer
should has about‘relements,count of elements in each layer are same,thelements produce’n
elements through one stefx3+1) + 2% calculation,this is not possible,because a can produce

b,a01,a0101 can also.

Hence,all elements in the tree are different.

We can also find, if a normal tree do not expand downward and haakthe second layer
from bottom has only one data sequence,although it still hisite elements, its elements are
equivalence to do downward calculation. 1 root tree also hiagptioperty.Hence any odd a>1 can
do downward calculation,never repeat,layer number reducevieny ecalculation,possible datas
can be generated are fewer and fewer,until build 1.

VI Some More Strong Proof

Above proof I have found a logic error. Although all elements of the
tree model built using above way are different, we can not get conclusion
that there is not exist a loop, because if elements are in the same
layer, they could form a loop'here give an example.

if odd x don times (x3+2y+1)+2“ (y>1)calculation can build back to

X, we get:
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We can also use above way to build an odd tree,but this tinre,thést many loops!

For example with 13 do(x3+11) + 2* calculation,have:

1300 - 2501 - 43[F - 350F - 2901 - 49— 79F - 31MF - 13

These datas can form a loop,because they are in the same dayerdsatisfy up-down
hierarchical structure,they produce themselves in the sanee.ddlyer datas which do not form a
loop(including 1 layers,this is to say x->x) can according vatbpertys of the tree,and should be
converged.

Continue to research this normal case, we suppdsex do n times (x3+2y+1)+ 2
(y>1)calculation can build 2y+1,which is the nature root ofx3+2y+1)+2
calculation,because to any 2y{{2y +1) X3+ 2y +1) + 2° = 2y +1.Then:

3'x+ (2y+]) x(sn‘l +3ﬂ‘2 szl +3}—3 x QP+ ._|_3xzpl+p2+...+nq-2 +2Q_+p2+..:i-pn_1) — (2y+]) X PPzt

3'x should be divided by (2y+1),this is to say,only if x is multigienes of (2y+1),it is
possible to converge to 2y+1,other case converged to otb&s,oo form a loop.

Below research(x3+1) + 2.

Suppose odd x do n time§x3+1) + 2* calculation can build 1,then have:

X+ 4T xR 4F XAz 43 QT2 ot R Equation (1).

Below prove this equation always has solution.Do deformaticahis equation:
PR+ 432 PPl f B oPt P2 4 Iy PPITP P2 opit Pt Py _ Pt P2t Poy

— 2p1+p2+---+ Pn-1 (2pn _1)

right side of equation should be divided exactly by 3,obvigesly if p,= 2K ,or p. is even.let

2P —1=3p, ,bnis odd,then above equation become:

3nX + 3n—1 + 3n—2 X 2pl + 3n—3 X 2pl+ p2”'+ 3x 2p1+p2+...+ Pn-2 :2p1+ P2 +.. 4 Ppo x3bn

Both side divided by 3:

3ﬂ—1x+ 3ﬂ—2 + 3n—3 % 2p1 +3n—4 x 2p1+p2."+ 3)( 2p1+p2+---+pn_3 - 2p1+p2+...+pn_2 X (2pn—1bn _1)

Same way, let 2°mb, —1=3h _, , bs1 is odd,this is easy to meetbecause.3b1 is



even,then can be divided b2""*h .if bn.1 is determined,p. and b is also unique determined.if

bn is determined, b; and p-1 have infinite solutions.
Do this continue.finally we have:

Fxx+3=2"x(27h,-1),
Let 2”2b, -1=23b, by is odd,then have:
3 xx+1=2Mh,, this is also easy to meet, because x is @&k X +1 is even, then can

be divided by 2™h, ,and p and b has unique soliution.Here should attention,x can be any

odd,there is no any other limit.This is to say any odd is pdssdconverge to 1.
Through above,as long as we let

3 xx+1=2Mh,,2"ph,-1=3p,...2"mh -1=3n ,,2" -1=3p ,calculate back,we
can get solution.In the last ste@™ —1=3b,, b should be with binary form 101,101...01,if is

not ,can continue do(x3+1)+2* calculation,until get solution,because hereimp..pn are
flexible if x is flexible,to one defined x,we can always find a gpon,p,pz...pn  to satisfy the
Equation (1).And with each middle ste®2”th, —1=3b _, ,there is no any limit to next step
data h,it can be any odd in formula level.To ongthere exists infinite number of nhand p.1in

formula level,this enlarge the opportunity of finding solutiand (x3+1) +2% has not any

other root,because i Xxx3+1) + 2¢ =x ,only get solution x=1.And if there exists a data x form

a loop,there should not be any possible to produce 1,is diaobtd above proof.Here we can not
get a general formula solution of B,p...pn,because with each x,the converge route is different.
Thus, we prove 3x+1 guess.

VI A Solution For Any 0dd ConvergeTo 1 Equation

We know 1 do random n steps (x3+1)+2® can converge to 1,have:

P+I+IEx P2+ 43T 12222 =

Below we use it to prove and search for solution for any odd x cayingrto 1. Here we
suppose n>4,because case n<=4 can be easily vertified gigegipose:

X+ +I XM +F xR 4B QI Z optt e PRt =0 Formula (2)

With x do reform x=a,_ x3" +a,_, x3™" +...+a, x3+a,,an...a=0,1,0r 2.Then:

3"'x=3"x(a,x3"+a_, x3" +..+a x3+a)=(2a+1)x3"



If am>1 or a=1 and (g, X3"™ +..#g x3" +3,x3") > @™ +3"™? x2..+3'x22™) make
x=3"-3"+a  x3" +. . +a x3+a, or:
x=3"-2x3"+a _,x3" +...+3 x3+4q,

Here supposen&l and (g,, X3"™ +..#3 x3" +g,x3)<@"™ +3"" x2. 43 x2A™),
Build equation:

UM L P22 4 PN P 4 AN A2 A —( Formula (3)

If x can converge to 1,Formula (2) and Formula (3) should be etpnea.Below we reform
Formula(3) to form of Formula (2).
First let:

t= (3n+m—l +3n+m—2 X 22...+3n X 22(m—1)) _ (am_l ><3n+m—1 + .+ 31 ><‘r-_;,’n+1 + ao X3n) =tn X3n ,
because x is odd,this is odd minus evesiiould be odd.becomgtb binary form and let:
t x(2+)x3"+3"x 22" -3 =t x3"" this is just with 3 part multify (2+1)

become 3! part,and plus corresponding part in Formula (3),minus corredipgrpart in Formula
(2),from now t.1 become even.Continue:

t,, X (2+1)x3+3"2x22™2 —32x 2P =t x3"? and let 2! equal to minimum

bit of even part.and here, td, , X (2+1) ,odd part add 1 or 2 bits, if add 1+ 2°™? should be

operate in MSB bit, if add 2,+ 2°™2 should be operate in MSB-1 bit. Continue:

t,XR+DYx3IP+3Xx 2™ _FEx 22 =t x3"° | and let 212 equal to

minimum bit of even part,because LSB bit no. of odd part ofdrease continuouslly,this is easily
to finish.

Watch t,during iteration,the count of succession 1 in high part sthdaé unchanged or
increased.Why?Because if is with form 10...,0bviously, count of succession 1 in high gart

unchanged or increased. ifitis with form 111...,after do X (2+1) ,should become 101...,

+22™2 pecome 111..., count of succession 1 in high part is also umggthor increased.Other
cases can be proved easily.Some cases can increase,for exdrnplées with form 110110...,it

become 1110...
Do this iteration continuously, count of succession 1 in hdrt of odd part of itis
unchanged or increased,LSB no. is also increased,henchly,fin@an become form of 11...,just

2"x(2' -1) form.Stop here,do not dox (2+1) again,it is already converge to 1.do

— 24 it should be operate in MSB+1 bit,because MSB 2% is forever equal to MSB+1
of t.1,which is the previous item.Hence minus result can be equat®™"™ thus prove 3x+1



guess and get solution of Formula (2).
Below give a specific example,x=7.

We know,to 7 do (x3+1) + 2 have:

7001100 - 1707 - 13MF - 5F - 1

Suppose:

FXT+F 437X +F QU2 13 QT TIE R _DRItR i ()
Ix7=Fx(2x3+]) =3 x(F -3+ =32 -3 +3’

Build:

F? 434+ xZ 43I X2 43X + 27 - =(

I X2+ -F = (P +)xF

“(2+1) and +2. (B +)x+)x3*+2'x3? =P +2+2 +)x3™

3 (P+2+2 +#)x3 - = (P +2+2)x3

"(2+1) and +8: (P +Z +2xR+)x3 2 +2E xF2 =2 +P +2' + 2+ 2 +2)x3?,

Let p1=1,and delete item 2(2' +2 +2' + 2 + 2 +2-2x3 2 = (2" + P +2' + 2 +2)x3™
‘2+1) and +8 (2 +2+2+2+2)x(2+)xF2+2xF2 = (P + P+ + 2 +2)x3F
Let p1+p2=2,and delete iten¥2 (P +2 +2 +2' +2 -2)x3° = (P + 2+ 2P +2)x3™°
"(2+1) and +2% (P +2 +2 +2)x 2+ x3™* + 23 = (A1 420+ +2 + 2)x3

Let p1+p2+p3=4,and delete itertt 2 +2°+ 2 +2 +2* —2)x3™* =(21+2°+2 +2)x3™
"(2+1) and +22% (242942 +2')x (2+1) 30 +22x3 = (23 + 22+ 21+ 2')x3

Let p1+p2+p3+p4=7,and delete iterh 22°+2°+2+2 -2 )x3° =(2*+22+2)x3"°

Now become 111...,iteration finished,steps n=5.And
213 + 212 + 211 _ 2(2x5+4) — _211 — _2pl+_,,+p5 )
Thus we have proved 3x+1 guess strictly.During the middle phoeof iteration,we may
estimate the value of steps n through some estimating models



