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Abstract

It is declared that the aim of simplifying representations of coefficients of power
series of classical statistical mechanics is to simplify a process of obtaining estimates of
the coefficients using their simplified representations.

The aim of the article is: to formulate criteria for the complexity (from the above
point of view) of these representations and to demonstrate their application by examples
of comparing Ree-Hoover representations of virial coefficients (briefly — Ree-Hoover
representations) and such representations of power series coefficients that are based on
the conception of the frame classification of labeled graphs.

To solve these problems, mathematical notions were introduced (such as a base
product, a base integral, a base linear combination of integrals, a base linear combi-
nation of integrals with coefficients of negligible complexity, a base set of base linear
combinations of integrals with coefficients of negligible complexity); and a classifica-
tion of representations of coefficients of power series of classical statistical mechanics
is proposed. In this classification the class of base linear combinations of integrals
with coefficients of negligible complexity is the most important class. It includes the
most well-known representations of the coefficients of power series of classical statistical
mechanics.

Three criteria are formulated to estimate the comparative complexity of base linear
combinations of integrals with coefficients of negligible complexity and their extensions
to the totality of base sets of base linear combinations of integrals with coefficients of
negligible complexity are constructed. The application of all the constructed criteria is
demonstrated by examples of comparing with each other of Ree-Hoover representations
and of such power series coeflicients representations, which are constructed on the
basis of the concept of frame classification of labeled graphs. The obtained results are
presented in the tables and commented.



1. The article discusses thermodynamic equilibrium one-component systems of classical
particles, both enclosed in a bounded set A of v-dimensional real Euclidean space R” and
enclosed in v-dimensional real Euclidean space R”. It is assumed that these particles interact
through central forces, characterized by the potential of pairwise interaction ®(r), where
r = (r(l),r@), ...,7™) € R”. Tt is also assumed that the potential of pairwise interaction
®(r) is a measurable function, and the interaction (pairwise interaction) satisfies the stability
condition [24, 17, 49] and regularity condition [24, 17, 49].

As usual, we denote Mayer function

fij = exp{—=BP(r; —1;)} — 1, (1)

where i # j, r;,r; € R”, f = 1/kT is inverse temperature, k is the Boltzmann constant, T is
absolute temperature. By f;; we denote Boltzmann function [24, 49|, assuming

fii = 1+ fij = exp{—B®(r; — r;)}. (2)

In the case, when such a system of particles is enclosed in a limited set A, the dependence
of the pressure p(A) on the density p in such a system can be presented in two forms: in
the form of virial expansion of pressure p(A) in powers of density ¢ and in parametric form,
i.e. as two equations expressing the dependence of the pressure p(A) and the density o(A)
on the parameter z, called activity [23, 24, 44, 49|.

The virial expansion is:

=871 Bu(B,A)e" (3)

n=1

Below we will omit the argument 3 of the coefficients B,, for simplicity. In this expansion,
the coefficients B, (A) are called virial coefficients. The virial coefficient B;(A) is 1, and for
n > 1 virial coefficients are defined by the formula:

B =T Y / [T ). (@
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where |A| is the measure of the set A, 9B, is the totality of all doubly connected labeled
graphs (blocks) with the set of vertices V, {1 2,...,n}, X(B) is the set of all edges of

block B; (dr), = drydrs . ..dr,, dr;=dr “>d 2 -dr§”>

Here and in what follows, follovvlng [25, 28] we assume that every graph G, by definition,
has neither multiple edges nor loops.

Hereinafter in the text, we assume that the vertices of edges and of graphs are labeled
with natural numbers. Therefore, throughout the article, we identify vertices of graphs with
their labels. In the same way, we identify the vertices, incident to edges, with their labels.

These representations of virial coefficients were obtained by J. Mayer. He also noticed
that for n > 2 the virial coefficients B,,(A) quickly tend to their limit B,, as A grows. This
makes it possible as an estimate of the limit of the coefficient B,,(A) to take the value of the
virial coefficient B,,(A) where the set A is not very large.

He also found a parametric representation of the pressure dependence p(/3,A) on the
density o(f5, A):

=871 ba(B, M) (5)



A) = " nba(B,A)2". (6)

Below we will omit the argument 5 of the coefficients b, (5, A) for simplicity. In expansions
(5) and (6) in degrees of activity z the coefficients b, (A) are called, like virial coefficients,
Mayer coefficients. Unlike virial coefficients, we will call them Mayer coefficients in the
degrees of activity z. And in those cases where their meaning is uniquely determined by the
context, we will briefly call them Mayer coefficients.

Mayer coefficient b;(A) is 1, and for n > 1 the Mayer coefficients b,(A) are defined by

the formula:
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where G,, is the totality of all connected labeled graphs with the set of vertices V,, =
{1,2,...,n}, X(G) is the set of all edges of the graph G.

However, it was subsequently noticed that these representations have very unpleasant
property, thanks to which they are practically unsuitable both for the calculation of virial
coefficients (except for the first three) and for the theoretical analysis of the behavior of the
higher coefficients. For the first time this property of Mayer representations of the coefficients
of power series of classical statistical mechanics was pointed out by L.I. Ivanchik. In his works
[1, 30|, he was the first to qualitatively describe this property and called it an asymptotic
catastrophe. What is the manifestation of an asymptotic catastrophe? The fact is that
Mayer representation of the n-th coefficient of the power series contains a factor that is the
sum of integrals. Such sums of integrals have the following feature: even with not very large
values of n a significant part of the integrals of such a sum with large accuracy mutually
cancel out as values of opposite signs.

Relatively small the remainder remaining after such a mutual annihilation is, for n — oo,
an infinitesimal quantity compared to with the number of terms in the sum traditionally
determining this coefficient. This "remainder" of primary interest becomes inaccessible for
direct research even for small n.

Further, the author of this article in the book [17] gave a rigorous mathematical definition
of the asymptotic catastrophe. For the convenience of the reader, we present this definition
here.

Definition 1. In representations of power series coefficients there is the asymptotic
catastrophe phenomenon if for any B > 0 the number of terms in the sum, representing the
coefficient of the variable to the power of n, for n — oo grows faster than the value (n!)2B".
|

The meaning of this definition is that it enables to separate those representations of the
coefficients of the power series, where already for relatively small n the number of terms is
too large, from representations, in which the number of terms grows significantly slower.

When trying to estimate the coefficients of Mayer expansions, based on those representa-
tions where the phenomenon of an asymptotic catastrophe is present, it is almost inevitable
that with an increase in n, a catastrophically rapid increase in the estimation errors of these
coefficients takes place.

Over the past few decades, the efforts of a number of scientists have been directed towards
to simplify representations of coefficients of power series of classical statistical mechanics and
their estimation.



The aim of simplifying the representations of the coefficients of these power series was
to simplify the process of obtaining estimates of these coefficients using their simplified
representations. For brevity, a complexity of the process of obtaining an estimate of a
given coefficient by means of this representation, we will call the complexity of the given
representation of this coefficient.

The most famous results in simplifying the representations of the virial coefficients are
apparently Ree-Hoover representations [46], [47], [48]. In these representations, for each
n > 4, the virial coefficient B, (A) is represented as a linear combination of integrals, the
integrands of which are labeled with complete labeled graphs. In every integral, which is a
term of such a linear combination, the integrand is the product of Mayer and Boltzmann
functions. And the set of all Mayer and Boltzmann functions included in this product, is
in one-to-one correspondence with the set of edges of the graph, labeling the integrand of
this integral. Moreover, each edge of this graph labeled with Mayer function corresponds to
Mayer function that is a label of this edge. And each edge labeled with Boltzmann function
corresponds to Boltzmann function that is a label of this edge. So the virial coefficient
B,(A) is represented as a linear combination of integrals, in each of which the integrand is
the product of Mayer and Boltzmann functions, total number of which is n(n — 1)/2. These
representations are called Ree-Hoover representations.

Using Ree-Hoover representations of virial coefficients, a number of scientists have cal-
culated [50] estimates of the virial coefficients B, (A) (for n = 4,8) for a number of different
values temperatures. Later, on a graphical computer, the estimates of the virial coefficients
B,.(\) were calculated [51] for n = 6.9 for the Lennard-Jones potential for different tempera-
tures. At that the previously calculated estimates of the values of these coefficients were made
precise. Moreover, estimates of the values of these coefficients were calculated for n = 10, 16
for several (from one to four) temperatures. By the way, the fact that for n = 10, 16 it was
possible to find estimates for the value of the virial coefficient B,,(A) at no more than four
different temperatures, indicates that for n > 9 the calculations volume required to estimate
one of the values of the virial coefficient B, (A) by Ree-Hoover method is so large that these
calculations require a very considerable time even when working on a modern computer with
high performance. However, the question remains: are the Ree-Hoover representations free
from the asymptotic catastrophe?

A different approach to simplifying the representations of the coefficients of power series
of classical statistical mechanics is developed by the author of this article. It is based on
a concept of classification of labeled graphs. This concept is developing by the author
[2-9, 13-20, 31-34, 37-39]. We will call it the frame sum method.

Within the bounds of this method, he obtained the avoiding the asymptotic catastrophe
representations: of Mayer coefficients of expansions of pressure and density in powers of
activity, of coefficients of expansion of m-partial distribution function in powers of activity,
of coefficients of expansion of the ratio of activity to density in powers of activity and of
virial coefficients [3, 4, 6-9, 15, 17, 31-34, 37, 39].

The advantage of these representations is that they are free from asymptotic catastrophe
[9, 11, 15, 17, 36, 37, 39]. Using these representations, it was possible to obtain [9, 10, 12,
17, 35, 39| an upper bound for the radius of convergence of Mayer expansions in degrees of
activity (for non-negative potential). And also it was possible, using these representations,
on a personal computer calculate, fairly accurately, the estimates of the thermodynamic
limits of the 4th, 5th and 6th virial coefficients at one of the temperature values.

3. The purpose of the article is: to define criteria for estimation of a complexity of repre-



sentations of coefficients of power series of the classical statistical mechanics; to demonstrate
application of these criteria with examples of comparison of Ree-Hoover representations of
virial coefficients and such power series coefficients representations that are based on the
concept of frame classification of labeled graphs.

It is obvious that even for comparison in the complexity of two different representations of
a given coefficient of a certain power series you must have a criterion. This kind of criterion
is all the more necessary if the task is set to compare the complexity of given representations
of given coefficients of a variable in a power n of two different power series.

The creation of such criteria facilitates the fact that many well-known representations of
the coefficients of power series of classical statistical mechanics are linear combinations of
multidimensional integrals, the integrands of which are labeled with labeled graphs, in which
each edge is labeled with either Mayer or Boltzmann functions. In every integral that is a
term of such a linear combination, the integrand is the product of Mayer and Boltzmann
functions (such are, for example, proposed by Ree and Hoover [46, 47, 48] representations
of virial coefficients).

In the article [39], a classification of the representations of the coefficients of power series
of classical statistical mechanics is made. The most important class of this classification
contains obtained by the frame sums method the virial coefficients representations in the
thermodynamic limit and the representations of the thermodynamic limits of Mayer coethi-
cients of the pressure and density expansions in the degrees of activity . These representations
are linear combinations of multidimensional integrals described in the previous parbox.

To estimate the comparative complexity of the included in this class representations of the
coefficients of power series, in [39], for the first time, three criteria were constructed, ordered
by their accuracy. Also, in [39], three criteria were constructed, ordered by their accuracy, for
a comparative estimation of the complexity of polynomials in linear combinations included
in the above mentioned class of representations of the coefficients of power series of classical
statistical mechanics.

In the given article, this class is extended so that this extension includes many well-known
representations of the coefficients of power series arising in the investigations of thermody-
namic equilibrium one-component systems of classical particles as enclosed in v-dimensional
real Euclidean space R”, and those enclosed in bounded the set A contained in the space
RY. This article introduces the concept of comparable linear combinations belonging to
this extension and constructs criteria for a comparative estimation of the complexity of com-
parable linear combinations. Also proposed criteria for comparative estimation of complexity
of polynomials in linear combinations included in this extension.

To describe these criteria, the mathematical concepts introduced in [39] and some prop-
erties of these concepts are used. For the convenience of readers, all these mathematical
concepts and their properties are given in this article. In those cases when the proofs of
theorems and lemmas taken from [39] were not clear enough, or not detailed enough, they
were replaced by clear and detailed proofs with references to sources and used formulas.

The application of these criteria is demonstrated by examples of the estimates of the
comparative complexity of Ree-Hoover representations of the virial coefficients and of the
power series coefficients representations based on the concept of frame classification of labeled
graphs.

3. Before proceeding to the description of the proposed classification and the proposed
criteria of the complexity of representations of the coefficients of power series, we will give
definitions of the mathematical concepts necessary for their descriptions, and dwell on some



properties of these concepts.

First of all, we will slightly expand the concept of an edge of a labeled graph, introducing
the following

Definition 2 [39]. An unordered pair {i,j} of different natural numbers is called an
edge. B

In this article, we will consider only the sets of pairwise distinct edges without mention
this circumstance. Wl

Definition 3 [39]. We will say that a set of edges X; = {{i,j}} defines the set
F = {fi;} of Mayer functions, if any Mayer function f;; belongs to the set F if and only if
the edge {7, j} belongs to the set X;. At that, the set of edges X will be called a set of
Mayer edges with respect to this set F' of Mayer functions. B

Definition 4 [39]. We will also say that a set of edges X7 = {{7, j'}} defines the set

F= { fz 'y '} of Boltzmann functions if any Boltzmann function fl 1y = fiy +1is contained in
the set F if and ouly if the edge {¢',j'} belongs to the set X7 At that the set X7 will be

called a set of Boltzmann edges with respect to this set F of Boltzmann functions.
|
Let’s introduce the notations:

PE,E) =11 11 fifer (8)

fijeF f:/]vleﬁ

is the product of all Mayer functions belonging to a set of Mayer functions F', and all
Boltzmann functions belonging to a set of Boltzmann functions F. It is obvious that the
product P(F, F ) is a function of sets F" and F. For brevity, we will omit the arguments F and
F of the product P. The product P will be called a product of Mayer and Boltzmann
functions.

X = {Xy, X7} is an ordered pair of disjoint sets: a set of edges X = {{i,j}} and a set
of edges X7 = {{i',j'}}.

V(Xy) is the set of ends (vertices) of all edges from the set X;.

V(X7) is the set of ends (vertices) of all edges from the set X.

V(XU V(Xf)‘ is the cardinality of the sum of sets V/(X;) and V/(X7).

we will also consider such ordered pairs X = {Xf,Xf} of disjoint sets, in which the
second set is empty, that is pairs of the form X = {X¢, 0}.
Definition 5 [39]. If disjoint sets of edges X and X7 satisfy the condition

VX)) JV(Xp =Va={12,...,n}, (9)

where

n=|vixnJvixp)|. (10)

then the ordered pair X = { Xy, XJ;} of these sets will be called a canonical pair of sets,
and the number n will be called the order of this canonical pair of sets. In a canonical pair
of sets X = { X, Xf}, the first set X; will be called a set of Mayer edges, and the second
set Xz will be called a set of Boltzmann edges.

By X,, = {X = (Xj, Xj)} we denote the totality of all canonical pairs of sets of order n.
Note that in a pair X = (Xf,Xf), included in the totality X,,, the set of Boltzmann edges
X 7 can be empty.



To each canonical pair of sets X = (X, Xf~) of order n we assign the product of Mayer
and Boltzmann functions P, (X) defined by the formula

PX)= ] I fifer (11)

{i.greXr(X) {@",5' e X #(X)

Obviously, the product of Mayer and Boltzmann functions P, (X) is the restriction to the
set X, of the function P(F, F), defined by formula (8).

Definition 6 [39]. We will say that a canonical pair of sets X = (Xy, X7) of order
n defines the product of functions P,(X) and call this product of functions a canonical
product, and number n is order of this product. l

By B, = {P: P = P,(X), X € X,,} denote the set of all canonical products defined by
canonical pairs of sets from the totality X,,.

From the definitions of the totality X,,, of the set 3,, and of the product P,(X) by formula
(11) it follows that the correlation

P = P,(X) (12)

between the elements X € X,, and P € 33, is a mapping of the totality X,, = {X} onto the
set B, = {P}.

Note that the mapping P,: X,, — ‘B, is a one-to-one mapping of the totality X, onto
the set *3,,. Since each functions product P from the set 3, under the mapping P, has,
and, moreover, the only one, preimage X = (X, X]-;) in the totality X,,, then this preimage
can be taken as the label of this product and this product can be considered labeled with
the canonical pair of sets X = (X, Xf). At that, any canonical pair of sets X = (Xf,XJf;)
from the totality X,, turns out to be the label of the canonical product of functions, which is
included in the set 3,, and is uniquely defined by this pair of sets by formulas (12) and (11).
Other methods of labeling the canonical products of functions will be described below. All
these methods have found their application in this article.

Let us denote by &, = {G(V,; Xy, X7)} a set of all labeled graphs with the vertex
set V,, = {1,2,...,n} and an edges set X, which is the union of two disjoint sets: a set
Xy ={{i,j}} and aset X;= {{7, j'}}, is forming a canonical pair of sets (X, X7) € X,,.

For graphs belonging to the set &, = {G(V,; Xy, X7)}, we introduce the notation:
X;(G) = Xy, X7(G) = X5 where G = G(Vy,; Xy, X7) € 6,. The edges set X¢(G) will be
called the set of Mayer edges of the graph G € &,,, and the set XJ*;(G) will be called
the set of Boltzmann edges of the graph G € &,,.

We define a mapping A,, of the set &,, onto the set X,,, setting

An(G) = (X4(G), X3(G)), (13)
where G € &,,. The mapping A, defined by formula (13) is a one-to-one mapping of the set
®,, onto the set X,,.

Recall that the mapping P,, defined by the formulas (11) and (12), is a mapping of the
set X,, onto the set B,,. Hence, there is the mappings composition P, o A,, which is a map of
the set &,, onto the set B,,. Since the mappings A, and P, are one-to-one, their composition
P, o A, is also |22, 40] one-to-one.

Remark 1 [39]. Each product of functions P from the set 3, under the mapping P, 0 A,
has, and moreover unique, preimage in the set @,,. This means that this preimage can be
taken as a graph-label of this product and this product can be considered labeled. Moreover,



any graph G(Vn;Xf,Xf’T) from the set &,, turns out to be a label of a functions product,
which we will denote Py,,(G). This product is included in the set 9, and is uniquely defined
by this graph according to the formula

Prn(G) = (Po 0 An)(G) = Bu(An(G)) = Pul((X4(G), X3G)))

7 =

I1 I fifer (4
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Since the product Py, (G) is included in the set B, then the definition of this set implies
that the product Py, (G) is canonical.

Based on Remark 1, we formulate the following

Definition 7 [39]. If a graph G(Vi,; Xy, X7) belongs to the set &,, then the canonical
functions product Py, (G) defined by formula (14) will be called the product labeled with
the graph G = G(V,; Xy, Xf), and the graph G = G(V,,; Xy, XJ—;) will be called the graph-
label of this product of functions. W

Let us consider a graph G = G(V,,; Xy, Xf), belonging to the set of graphs &,,. We denote
by R(G) = (V,,; X) the graph with the set of vertices V,, and the set of edges X;. The graph
R(G) is a subgraph of the graph G. By definition, the set of edges of the graph R(G) is
the set X;(G) of Mayer edges of the graph G. This set of edges defines the set of Mayer
functions included in the functions product P, (G). But the graph R(G), by definition, does
not contain, unlike the graph G, the set Xf(G) of Boltzmann edges. By Definition 4 this set
X7(G) of Boltzmann edges defines the set of Boltzmann functions included in the functions
product Pi,(G). Therefore, we will call subgraph R(G) of graph G insufficient label of
the functions product Py, (G) labeled with the graph G.

Definition 8[39]. Product of functions P € *B,, will be called base product of order
n, if its graph-label G € &,, satisfies the condition: the subgraph R(G) of the graph G is a
connected graph. If the subgraph R(G) of the graph-label G € &, is not connected, then
the product of functions P labeled with the graph G will be called pseudobase product.
|

Let’s introduce the notation: B, = { P} is the set of all base products, belonging to the
set P,; By, is the set of all graphs that are graphs-label of base products belonging to the
set P,

Definitions 7 and 8 and Remark 1 imply

Corollary 1. The sets Py, and By, are in one-to-one correspondence.

Lemma 1 [39]|. If the subgraph R(G) of a graph-label G € &,, is connected, then, firstly,
each edge from the set Xf(G) connects two non-adjacent vertices of the graph R(G) and,
secondly, the canonical product Py,(G), which is labeled with graph G, is a function of n
variables r1,ro, ..., T,.

Proof. Since any edge from the set Xf(G) belongs to the graph G by the definition of
this graph, then both vertices incident to this edge belong to the set V,,. Therefore, these
vertices belong to the graph R(G) by its definition. From the conditions of the lemma by
Definition 8 it follows that the graph G belongs to the set &,,. From here by the definition of
this set it follows that the sets X 7 and Xy have no common edges and form a canonical pair
of order n. This means that the set X; does not contain an edge connecting two vertices
incident to some edge from the set XJ-;(G). Hence, each edge from the set X'+ connects two
non-adjacent vertices of the graph R(G). The first assertion of the lemma is proved.



Let us now prove the second assertion of the lemma. Let ¢ be a vertex belonging to the
set V,,. As the subgraph R(G) = (V,; Xy) of the graph G is connected, then in the set of
edges X ¢(G) there exists an edge connecting the vertex ¢ with some vertex j € V,,. Hence, by
the definition of the product Py, (G) by formula (14), it follows that the Mayer function f;;
is included in this product. And since the Mayer function f;; by the definition is a function
of the variables r; and rj, then these variables are included in the set of variables of the
functions product Pp,(G). Thus, for any i € V,, the variable r; is a variable of the function
that is the functions product Py, (G).

On the other hand, if i ¢ V,,, then 7 is not a vertex of the graph G and cannot be a vertex
incident to any edge of this graph. Therefore, it follows from the definition of the product
P1,,(G) that the variable r; is not a variable of any of the functions, included in this product.
The results obtained imply the second assertion of the lemma. »

Lemma 1 implies the following.

Corollary 2 [39]. A base product P € By, is a function of n variables ry,ra, ..., 1,
where n is the number of vertices of the graph-label G.

Definition 9. If the integrand of an integral is a base product P € 3;,, of order n, and
the integration domain of this integral is either real space (R”)"!, or a connected bounded
Lebesgue measurable set contained in the space (R”)™, then this integral will be called a
base integral, and the number n will be called its order. B

Let G € &,,, and U be a connected bounded Lebesgue measurable set contained in the
space (RY)™. Let’s introduce the notation:

I1(G, U):/UPln(G)(dr)n (15)

Q) = 1@ = [ Au@dian (16)

where (dr);,—1 = dradrs...dr,.

Theorem 1. If the potential of the pairwise interaction ®(r) is a measurable function,
the pairwise interaction satisfies the conditions of stability and reqularity, and the graph G
belongs to the set &y, then the following statements are true:

Ay) the function Py, (G) is integrable over the space (R¥)"™', and the integral I(G) con-
verges and does not depend on the value of the variable rq;

Ay) the function Py, (G) is integrable on any connected bounded Lebesgue measurable set
U contained in the space (R”)", and the integral I(G,U) converges.

Proof. First of all, note that the regularity of the pairwise interaction means that the
Mayer function f(r) at some C' > 0 satisfies the inequality

/V |f(r)|dr < C. (17)

Recall that this article considers only systems of particles with a pairwise interaction. In
such systems, the interaction is stable in if and only if there is a number B > 0 such that
for all n > 1, the inequality

> @(r;—r;)>-nB. (18)

1<i<j<n

takes place. In particular, for n = 2, the inequality

O(ry —ry) > —2B. (19)

9



takes place. Therefore, the Boltzmann function f(r) satisfies the inequality

7(x) < exp(28B). (20)
It follows that the Mayer function f(r) for some D > 1 satisfies the inequality
|f(r)] < D. (21)

From the definition of the function P;,(G) by the formula (14) and from the inequalities
(20) and (21) it follows that the function Py, (G) for some E > 0 satisfies the inequality

|P1,(G)| < E. (22)

for all (r),, € (R")".

Since the potential of pairwise interaction ®(r) is measurable function, and Boltzmann
function J?by its definition is a continuous function of this potential ®, then, by the prop-
erties of measurable functions [21], Boltzmann function f is also measurable. Hence, by the
properties of measurable functions [21] it follows that the Mayer function f(r) is measurable.

By Lemma 1, the function Py, (G) is a function of the n variables ry,ry, ..., r,. And
according to its definition by formula (14), this function is the product of a finite number of
functions, which, as we have already established, are measurable.

So, the function Py, (G) is a product of a finite number of measurable functions and is
defined in real space (R")". Hence, by the properties of measurable functions, it follows that
the function Py, (G) is a measurable function in the space (R”)". From this and from the
inequality (22) by the properties of integrable functions it follows that the function Py, (G)
is integrable on any connected bounded Lebesgue measurable set U, contained in the space
(R”)™ and the integral I(G,U) converges.

It follows from the conditions of the theorem that the graph R(G) is connected. Therefore,
there is a tree t(G), which is a subgraph of the graph R(G). Therefore, the integrand Py, (G)
of the integral I(G) can be present as follows

Pln(G) - Q(r>n H y(rz - I'j), (23)
{i.7YeX((G))

where

Q(r), = 11 fuwi—r)  JI  Foyleo —xp), (24)

{1} e[Xp (G\X(U(G))] {17 eXF(1(@))

y(r) = f(r). (25)
From the inequalities (17) and (21) and from the definition (25) of the function y(r) it follows
that the function y(r) also satisfies inequalities

/V ly(r)|dr < C. (26)

and
ly(r)| < D. (27)

From the definition of the function Q by the formula (24) and from the inequalities (20)
and (21) it follows that the function (r),, for some E’ > 0 the inequality

(), < E (28)

10



satisfies.

Since Mayer function f(r) is measurable, then by the properties of measurable functions
[21] it follows that the function y(r), defined by the formula (25) is also measurable in the
space R”.

The function Q(r),, defined by the formula (24), is a product of a finite number of
functions, which, as we have already established, are measurable in their definition domain.
Hence, by the properties of measurable functions [21], it follows that the function Q(r),, is
measurable in the space (R”)". From the definition of the function Q(r), by the formula
(24) it follows that this function is a translationally invariant function [17], |24], |49].

So, the integrand Py, (G) of the integral I(G) is represented by the formula (23), where
the measurable function y(r) satisfies the inequalities (26) and (27), and the measurable
function Q(r),, satisfies the inequality (28) and is a translationally invariant function. Hence,
by Theorem 3 from Chapter III of [17], it follows that the function P;,(G) represented by
the formula (23) is a function integrable over the space (R”)"~! and the improper integral
I(G) converges and does not depend on the value of the variable r;. Theorem 1 is proved.
| 4

Remark 2. Since the article deals only with particles systems satisfying the conditions
of Theorem 1, then every improper integral I(G), taken over the space (R”)"! and labeled
by a graph G € &,;,, and every integral of the form I(G,U), labeled by a graph G € &,
and taken over any connected bounded Lebesgue measurable set U contained in the space
(R)", satisfy conditions of Theorem 1 and are convergent by Theorem 1. B

Definition 10 [39]. An Integral of a pseudobase product of functions will be called a
pseudobase integral. B

Definition 11. If in a linear combination L of convergent base integrals of order n all
integrals have one and the same integration domain U(L), and the coefficient for each of the
integrals included in it is a real number and is defined by the graph labeling the integrand
of this integral, then the linear combination L is called a base linear combination, the
number n is called its order, and the integration domain U(L) is called a set, associated
with the given linear combination L. B

Remark 3. Definition 11 implies that any base integral of a given base linear combination
is completely defined by the set, which is associated with a given linear combination, and
by its integrand, which, being the base product P € ;,, is defined by the graph-label
G € B, of this base product. Hence, any base integral of a given base linear combination
is completely defined by the set associated with the given linear combination and by the
graph-label G of the base product, which is its integrand. B

Definition 12. If in a linear combination of integrals of products of Mayer and Boltz-
mann functions at least one integral is not convergent base integral, then this linear combi-
nation of integrals is called a pseudo-base linear combination. B

Example 1 Consider Ree-Hoover representation [48]| of a virial coefficient B,(A) for
n > 2. It was stated above that this representation is a linear combination of integrals. In
each of these integrals, the integrand is a product of Mayer and Boltzmann functions. The
definition of Ree-Hoover representation of the virial coefficient B,(A) implies that in this
linear combination each integral is labeled (in sense Ree-Hoover [48]) with some complete
graph G(V,; Xy, X7). Moreover, the edges set X by Definition 3 defines the set F' = {f;;}
of Mayer functions included as factors in the integrand of the integral, labeled with the
graph G(V,; Xy, Xf); and the edges set X7 by Definition 4 defines the set I’ = {firj} of
Boltzmann functions included as factors in this integrand.
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From the definition of the Ree-Hoover representation of the virial coefficient B, (A) it
follows that the sets X; and X 7 of the graph G are disjoint and form a sets canonical pair
X = (Xy, X7) of order n. Two conclusions follow from this: 1) by Definition 6, the integrand
of the integral labeled (in sense Ree-Hoover) with the graph G, is the canonical product
P,(X) of order n, defined by the sets canonical pair (X) = ((X;, X7)) accordung to formula
(11); 2) the graph G(V,,; X¢, X7) belongs to the set &, by the definition of this set.

From conclusion 2) by Definition 7, it follows that the graph G(V,,; Xy, Xf) is the graph-
label of the functions product Py, (G), which is the product labeled by this graph, is uniquely
defined by this graph according to formula (14) and, by Remark 1, belongs to the set B,,.

From the definition of the product of functions Py, (G) by formula (14) it follows that
this product is the canonical product P(Xy, Xf~) of order n, which is the integrand of the
integral included in considered Ree-Hoover representation and labeled (in sense Ree-Hoover
48]) by the graph G. Since in this case the subgraph R(G) of the graph G(Vi; Xy, X7)
is, as is known [48], doubly connected graph, then by Definition 8 this integrand is a base
product of order n. This base product belongs to the set B, by the definition of this sets.
And the graph-label G of this base product belongs to the set &, by the definition of this
set.

So, the integrand of any integral, that is included in Ree-Hoover representation of the
virial coefficient B,(A), is a base product labeled by the complete graph belonging to the
set By, and labeling (in sense Ree-Hoover) this integral. This integrand is defined by the
formula (14), where G is the above graph. From the formula (14) it follows that the number
of Mayer and Boltzmann functions included in the canonical product labeled by a complete
graph with n vertices is equal to the number n(n — 1)/2 of edges of this graph.

In [48], Ree and Hoover considered systems of particles enclosed in a bounded volume A
and obtained representations of the virial coefficients B,(A) for a case of a bounded volume
A as integrals linear combination in which all integrals have the same domain of integration
A™. We can hold that Ree-Hoover representations are integrals linear combinations, in each
of which all integrals have the same integration domain, completely defined by this linear
combination.

In what follows, we will assume that the set A™ is connected, bounded, and Lebesgue
measurable. Since in this case the integrand of each integral of this linear combination is a
base product of order n, then, by Definition 9, each integral in the linear combination that
is Ree-Hoover representation of a virial coefficient B,,(A) is a base integral of order n.

So, under the above conditions, the Ree-Hoover representation of the virial coefficient
B,(A) has the following properties: 1) this representation is a linear combination of the
integrals whose domain of integration is the connected bounded and Lebesgue measurable
set contained in space (R”)"; 2) the integrand of each integral of this linear combination is
a base product whose graph-label belongs to the set &,,.

This article deals only with thermodynamic equilibrium one-component systems of classi-
cal particles with pair interaction [24, 49|. In this case, it is assumed that the pair interaction
satisfie the conditions of stability and regularity, and the pair potential ®(r) is a measurable
function. Under these restrictions and for n > 2, the integrands of all integrals included in
the Ree-Hoover representation of the virial coefficient B,,(A), by Theorem 1, are integrable
on any connected, bounded and Lebesgue measurable set U, contained in the space (R")",
and all these integrals converge.

So, in the case when systems of particles enclosed in a bounded volume satisfy the
conditions listed above in this example, for n > 2 the Ree-Hoover representation of the virial
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coefficient B, (A) is a linear combination of converging base integrals.

As is known [48], the integrals linear combination, which is Ree-Hoover representation of
the virial coefficient B, (A), satisfies the condition: the coefficient of each integral included in
this linear combination is a real number and is defined by the graph labeling (in sense Ree-
Hoover) this integral. Based on this fact and the fact that everyone included in this linear
combination integrals are convergent base integrals of order n, having the same domain of
integration, we come to the conclusion: by Definition 11, this linear combination is a base
one of order n. So, in the cases considered in this example, Ree-Hoover representation of
the virial coefficient B, (A) for n > 2 is a base linear combination of order n.

According to Remark 3, each integral in this linear combination is completely defined by
its integrand and the set, associated with this linear combination. It has been established
above that this integrand is a base product of order n belonging to the set 33, C B, and
labeled with the labeled graph G belonging to the set &;,. By Corollary 1, this base product
is uniquely determined by its graph-label G € &;,,. Therefore, each integral in this linear
combination is completely defined by the set, associated with the given linear combination,
and by the graph-label of the base product, which is the integrand of this integral. »

Let’s introduce the notation:

& (L) is the set of all graphs serving as graphs-labels of such the base products that are
the integrands of the integrals included in the base linear combination L;

R(B(L)) = {R(G): Ge&(L)). (29)

Definition 13. If L is a base linear combination, then the set of graphs &(L) will be
called the set of graphs-labels of this base linear combination, and the number of integrals
included in it will be called the length of this linear combination and denote by ¢(L). B

There are often cases when for labeling a canonical product of functions P € 3, it is
easier to use other graphs rather than the graph-label of such a product of functions. For
example, to use the graph G(V,,, Xr), where X; is the set of Mayer edges with respect to
the set I of all Mayer functions, included in this canonical product of functions P € B,,.

The graph G(V,,, X;) makes it possible directly to define only Mayer functions included
in the functions product P(Xy, X7). To define the Boltzmann functions included in such a
product, in some cases it is preferable, bypassing the definition of the graph-label of such
a product, directly to specify the set Xf of Boltzmann edges with respect to the set F
of all Boltzmann functions, included in this canonical product P € ‘B, or to specify a
constructive method for constructing this set. This gives the ability to directly define the
Boltzmann functions included into the functions product labeled with the graph G. The set
X5 complements the set of edges of the graph G to the set of edges of the graph-label of this

product. Let’s call this set complementary and denote by X,q(G), setting X.q(G) = X7

We denote by B, = {é}, where n > 3, a finite set of pairwise distinct connected labeled
graphs that have the set V,, as their set of vertices and satisfy the condition: for each graph
from this set it is definded the complementary set X,q(G), that is put in correspondence to
this graph, and does not intersect with Mayer edges set X f(é) and forms with it a canonical

pair (X;(G), Xoa(G)) € X,.
Definition 14 [39]. Graphs from a set &,, will be called completed. B
Let’s introduce the notation:

X(8,) = {(X(G), Xaa(@)): G € 8,}
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PB(6,) = P,(X(6,)) is the image of the set of canonical pairs X(6,) C X, under the
map P,: X, = P; B
Ps. =D |3€(€5n) is the restriction of mapping P, on the subset X(8,,) C X,,.

By definition, the mapping Bg is the one-to-one mapping the set %(@5n) on the set

B(S,).
We define a mapping Ag of the set &, to the set X(&,,), letting that

Ag, (G) = (X;(G), Xua(@)), G € 6, (30)

The mapping Ag defined by formula (30) is the one-to-one mapping of the set ®,, on the
set X(B,).

Remark 4. Since the definition domain of the mapping Fg is the same as the values
domain of the mapping A&ﬁ then the composition of the mappings Fg o A@n exists and is
the mapping of the set &, on the set PB(&,,).

Since the mappings Ag : &, — X(6,) and Py X(6,) — P(S,) are the one-to-one
mappings, then their composition Py o Ag L B, — S}3( n) 18 [22, 40] the one-to-one mapping
of the set &, to the set PB(5,). W

Remark 4 implies

Corollary 3 [39]. When mapping Pg o Ag, , each functions product P from the set

‘B(én) has, and at that the only, preimage in the set @n This means that this preimage
is a graph, which can be taken as a label of this product, and this product can be considered
labeled with this graph. At that, every graph G from the set Q5 turns out to be the label of the
functions product, which is the tmage of this graph when mappmg Pg oAg L B, — m( n)-

Tmage of the graph G € &,, under the mapping Py oAg LB, — ‘B( ) denote P~ (G)
Based on Remark 4 and Corollary 3, we formulate the followmg
Definition 15 [39]. The functions product P~ (G), which is the image of a graph

G(Vn,Xf) € &, under the mapping Py oAz : &, — ZB( ), we will call the product

labeled with the graph G = CN}’(Vn,Xf), and the graph G(Vn,Xf) is the completed
graph-label of this product. B B

Lemma 2 [39]. If a graph G(V,,, X¢) belongs to the set &,,, then the functions product
ﬁ@n(é) labeled with this graph is a canonical product of order n. In this case this product is
represented by the formula

Ps. @)= ]I II il (31)

{i.5}eX(G) {i/ .5/} €Xaa(G)

Proof. Let us first prove that the functions product ]Bén(é) is a canonical one of order

n. From the definition of the set ‘B(én) it follows that this set is a subset of the set 3, of
canonical products of the order n. From this and Remark 4 it follows that the set of values
of the mapping Py o Ag @ &, — P(&,,) is a set of canonical products of order n. Therefore,

whatever a graph CNJ(Vn, Xy) € ®,, its image ]3~ (G) under mapping Py 0Ag L B, — q3(~ ®,,)
is a canonical product of order n. By Deﬁmtlon 15, the product P~ (G) is a product labeled
with the graph G. So, it is proved that the functions product P~ (G) labeled with the graph

G e Qin is a canonical product of order n.
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Let us now prove that the functions product ]5~ (é), which is labeled with the graph
G e ®n, is represented by formula (31). From the deﬁmtlon of the functions product
P~ (G) the definitions of the mapping FPg : X(6,,) = PB(&,,), the definitions of the mapping
Pn. X, — B, by formulas (11) and (12) and the definitions of the mapping Ag, B, —
X(&,) by the formula (30) it follow that

Py (G) = P, o Ag, (G) = Py (A, (G)) = P ((X4(G), Xaa(G) =
Po((X7(G), Xaa(@)) =[] I fifer 32

{i.J}eX4(G) {i' .5’ }EXaa(G)

Hence formula (31) follows. Lemma 2 is completely proved. »

Theorem 2. If the gmph G(Vn,Xf) belongs to the set Qﬁn and to it has assigned the
complementary set Xad(G) then the following assertions are true:

Ay. The graph G(Vy; Xf(CNJ), X.a(Q)) belongs to the set B, and is the graph-label of the
product ﬁén(é)

As. The graph G is the image of the graph-label G(V,,: Xf(CNJ), X.a(@)) under the map-
ping R.

As. The product ﬁgn(é) of Mayer and Boltzmann functions is a base product of order
n, and the graph G is its completed graph-label.

Proof. By the definition of the set 6 &, the Complementary set, Xad(G) forms with the
edges set Xf(G) a canonical pair (Xf(G) X.a(@)) € X,..

Hence it follows that the graph G(V;; Xf(é), X.a(G)) belongs to the graphs set &, by
the definition of this set. By Remark 1, the functions product P;,(G), which is labeled
with this graph G, belongs to the set 3, and is canonical by the definition of this set. By
Definition 7, the functions product Py, (G) is defined by formula (14), which in this case has
the form

Pin(G) = (Po 0 A,)(G) = Pu(An(G)) = Pu((X(G), Xaa(@))) =

I1 T fifer 33

{i.5}eX(G) {¢/ 'Y€ Xaa(G)

By Lemma 2, the functions product P~ (é) is canonical and is defined by formula (31).
From formulas (33) and (31) it follows that

Pi(G) = Py, (G). (34)

Hence, by Definition 7 it follows that the graph G/(V,,; Xf(G), X,a(G)), is the graph-label
of the product P~ (G)

Since the graph G(Vp; Xf(é), X.a(G)) belongs to the graphs set &, then it belongs to
the definition domain of the mapping R by the definition of this mapping. Assertion A,
follows from the definitions of the graphs GG and G by the conditions of Theorem 2 and from
the definition of the mapping R. B B

By the conditions of Theorem 2, the graph G belongs to the graphs set &,, and, there-
fore, is a connected graph by the definition of this set. Since in this case the graph
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G(Vns Xf(é), X.a(@)) is the graph-label of the product ﬁén(é), then Assertion Ay by Def-
inition 8 implies that this product is the base one of order n. Hence it follows that its
graph-label G(V,,; X((G), Xaa(G)) belongs to the graphs set &, by the definition of this
set. Statement A; is completely proved. o

From the conditions of Theorem 2 it follows that by Definition 15 the product Py (G)

is the product labeled with the graph G = CNJ(Vn,Xf) and the graph G is the completed
graph-label of this product. The Assertion Aj is proved. Theorem 2 is completely proved.
>

For each graph G € &,, let’s define the integrals I(G) and I(G,U), setting

(&= P @ (35)

i) = / By (G)(dr)., (36)

where U is a connected, bounded and Lebesgue measurable set, contained in the space (R¥)".
Remark 5. If the graph_ G(Vn, X¢), to which the complementary set Xad(G) has been
assigned, belongs to the set Qﬁn, then by Theorem 2, the functions product P (G), defined

by the formula (31), is a base one of order n, and the graph G(V,,; Xf(G), Xad(G)), belongs
to the set &;, and is the label of this product. . L

Hence, it follows that, by Definition 9, the integral /(G) and integrals of the form I(G,U),
defined by the formulas (35) and (36), respectively, are base integrals of order n. Their
integrand is the base functions product ﬁ@n(é) of order n. W

Theorem 3. Let us the potential of a pairwise interaction ®(r) be a measurable function,
the pairwise interaction satisfies the conditions of stability and regularity, and the graph
G(Vy, Xy), to which the complementary set X,q(G) is putted in correspondence, belongs to
the set Q;n Then the product of functions ﬁén(éL defined by formula (31) has the following
properties: L

Ay) it is inlegrable over the space (R¥)"™, and its integral I(G) is a base convergent
integral of order n that does not depend on the value of the variable rq;

Ay) it is integrable on any connected bounded Lebesgue measurable set U contained in the
space (RY)", and the integral 1(G,U) is a base convergent integral of order n.

Proof. By Theorem 2, the product of functions ﬁgn(é’), defined by the formula (31),

is a functions base product of order n, the graph G(V,; Xf(é), X,a(G)) belongs to the set
®;, and is the label of the product ﬁgn(é), that is equality (34) holds.

By Remark 5, the integral T(é) is a base integral of order n. By Remark 5, the integral
f(é, U) is also a base integral of order n for any connected bounded Lebesgue measurable
set U contained in the space (R”)". This and the conditions of Theorem 3 by Theorem 1
imply Assertions A;) and As) of Theorem 3. Theorem 3 is completely proved. »

Theorem 4. Let the potential ®(r) of a pairwise interaction be a measurable function,
the pazrwzse inleraction salisfies the conditions of stability and regularily, and a non- emgoty
subset B of the graphs set &,, satisfies the condition: for each graph G(Vn,Xf € B!
coefficient c(G), which corresponds to this graph and is a real number, is been defined.

Then the following statements are true:
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A,. The linear combination

L= Y oGIG), (37)
Gea)
of the integrals over the space (R”)""!, where every integral ]N(é) is defined by the formula
(35), is a base linear combination of order n.
Ay. For any connected bounded Lebesgue measurable set U contained in the space (RV)",
the linear combination

L= Y oGIGU), (38)
Gea®
of the integrals of the form (36) over the set U is a base linear combination of order n.

Proof. It follows from the conditions of Theorem 4 that every integral in the linear
combination L, and every integral included in the linear combination L, by Theorem 3 are
converging base integrals of order n. Hence, from this and the conditions of Theorem 4 by
Definition 11 it follows both statements of Theorem 4. »

Let’s denote by &(L) the set of all graphs serving as completed graphs-labels of such
base products that are integrands of integrals, included in the base linear combination L.

Definition 16. If L is a base linear combination, then the set of graphs &(L) we will
call the set of the completed graphs-labels of this base linear combination. B

Remark 6 [39]. For the purpose stated in the article, we have enough to establish a
criterion for the comparative complexity of representations of the coefficients of a power
series only for the case when such representations are base linear combinations, and the
complexity of the estimation of the coefficient of any of the integrals included in such a
linear combination is negligible. In what follows, such base linear combinations will be
called base linear combinations with coefficients of the negligible complexity. B

4. The article proposes criteria for comparing the complexity of such base linear combi-
nations with coefficients of negligible complexities that satisfy the condition: their associated
sets coincide with each other.

First, let’s give the following

Definition 17. Two base linear combinations L and L; with negligible complexity
coefficients are called comparable if their orders are equal and U(L) = U(L,). B

Let U C (R”)™ be a connected bounded measurable set.

Let’s introduce the notation:

£(n, U) is the set of all linear combinations that are base linear combinations of order n
with coefficients of negligible complexity and have as an associated set the set U;

£(n) is the set of all base linear combinations of order n with coefficients of negligible
complexities and with associated sets that are connected bounded measurable sets contained
in the space (R")";

£(n,(R¥)"1) is the set of all base linear combinations of convergent improper base
integrals of order n over space (R”)"~! with coefficients of negligible complexity.

Obviously, the set £(n, (R”)"!) consists of pairwise comparable base linear combinations
of order n with coefficients of negligible complexity.

Remark 7 [39]. Of all the computer time spent on calculations performed to estimate
the base integral, the overwhelming majority are the time spent on calculating the values
of Mayer and Boltzmann functions included in the representation of the integrand of this
integral. Remaining within the framework of the roughest comparison (so to speak, "in
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the first approximation"), we can hold that of the two basic converging integrals whose
integration domains coincide, more complicated is the estimate of the integral, of which the
integrand representation includes a greater number of Mayer and Boltzmann functions. If
the representations of the integrands of both integrals include equal number of Mayer and
Boltzmann functions, then we will hold that the estimates of these integrals in complexity
are negligibly differ from each other, and we say that the complexity of these estimates
approximately are equal. B

Thus, remark 7 contains the criterion of the complexity of estimating of base integrals.
All criteria proposed in the article are based on just this criterion.

The simplest such criterion is length ¢(L) of a base linear combination L. We denote this
criterion C'rq by setting Cri(L) = q(L). Its definitional domain is denoted by D(C'ry). This
domain is defined by the formula

D(Cry) = [Us ]U[Us (R)"" 1)]. (39)
n>2 n>2
This criterion is applicable in cases where the compared base linear combinations differ from
each other in length, while integrals included in them and their coefficients differ negligibly
from each other in their complexity. It follows from the definition of the criterion Cry that
its value depends only on the length of a linear combination and does not depend on set
associated with this linear combination .

As another criterion, it is proposed the sum of all edges of all graph-labels from the set
(L), where L is a given base linear combination. This criterion will be denoted by Cra(L).
It is defined by the formula

Cra(L) = Y (1X4(6)] + | XH(©)

Ge®(L)

), (40)

where | X;(G)| is the cardinality of the set X¢(G) of Mayer functions; )XJ';(G)‘ is the cardi-

nality of the set X7G) of Boltzmann functions. Its domain of definition coincides with the
set D(Cry).

From the definition of the criterion Cry by formula (40) it follows that its value on a
linear combination included in its domain of definition depends only on the set &(L) of the
graphs serving as labels for the integrands of integrals included in this linear combination,
and does not depend from the set associated with this linear combination.

One more, more precise, criterion can be proposed. It can be applied in the case when
an equivalent probabilistic model is used to estimate each integral from the estimated linear
combination.

In this probabilistic model, the estimated integral is a mathematical expectation of a
product of Mayer and Boltzmann functions of linear combinations of independent random
variables taking values in the v-dimensional real Euclidean space R”.

Moreover, each of these random variables is distributed with a density, equal to the
normalized modulus of Mayer function. And the number of such random values is equal
to the number n — 1. Thus, the problem of estimating the base integral, whose integrand
is labeled with the graph-label G € &,, is reduced to the estimation the mathematical
expectation of the product of Mayer and Boltzmann functions of the linear combinations of
independent continuous random variables. This product includes | X¢(G)| —n+1 Mayer and

X f(G)‘ of Boltzmann functions.
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The only known way to estimate the mathematical expectation of this product is the
construction of an approximating discrete stochastic model, which is obtained from the
above probabilistic model by substitution in place of all continuous random variables by
discrete random variables approximating them. As a result, the problem of an estimation
the base integral is reduced to an estimation mathematical expectation of the product of
Mayer and Boltzmann functions of linear combinations of discrete random variables.

Of all the computer time spent on calculations performed to estimate this mathematical
expectation, the overwhelming majority is the time spent on calculating the values of Mayer
and Boltzmann functions whose number N;(G) is determined by the formula

Ni(G) = IX4(G)] = n+ 1+ | XAG)| . (41)

Therefore, the value N;(G) defined by the formula (41) can serve as a modernized criterion
of the complexity of estimation the improper base integral, whose integrand is
labeled with the graph G, where G € &,.

Definition 18. In the case Ni(G) = 0, we will say that the complexity of the estima-
tion the improper convergent base integral, whose integrand is labeled with the graph G,
according to the modernized criterion for the complexity of estimating an improper conver-
gent base integral is negligible. Otherwise, we will say that the complexity of estimating
the integral, whose integrand is labeled with the graph G, is considerable according to the
modernized criterion for the complexity of estimation an improper convergent base integral.
|

Example 2. Consider the graph G = G(V3; Xy, X7), where X; = {{1,2},{2,3}},
Xy = . The graph G belongs to the set &3 by the definition of the set &,,. As its subgraph
R(G) = G is connected, then the canonical product Py, (G) labeled with the graph G, where
n = 3, is a base one by Definition 8 and belongs to set B,3 by the definition of this set.
And the graph G belongs to set ;3 by the definition of this set. Hence, by Definition 9, it
follows that the defined by formula (16) integral I(G), whose integrand is labeled with the
graph G, is an improper base integral of order 3. In the case when particles systems satisfy
conditions of Theorem 1, this integral is, by Remark 2, a convergent one.

Using the criterion N; for the complexity of estimating an improper convergent base
integral, we estimate the complexity of this improper integral I(G). From the definition of

the sets Xy and X7 it follows: |X;| =2,

X};‘ = 0. From here by formula (41) we obtain
N (G) = 0. (42)

From (42), by Definition 18, it follows that the complexity of the estimation of the integral
I(G) is negligible according to the modernized complexity criterion N;(G). »

The proposed third, more precise, criterion for the complexity of base linear combinations
of improper convergent base integrals is denoted by Crs(L), and its definitional domain is
D(Crs). This domain is defined by the formula

D(Crs) = ] &(n, R")™). (43)

n>2

The criterion C'rs, is based on the complexity criterion N1(G) of the estimation improper
convergent base integrals. As such a criterion there is proposed the sum over all the integrals,
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which are included in a given base linear combination, of the complexity estimates of these
integrals. This sum is defined by the formula

07“3([/): Z NI(G)7 (44)

Geo(L)

where N;(G) is defined by formula (41).

From the definition of the criterion Cr3 by the formulas (41) and (44) it follows that its
value on a linear combination included in its definition domain depends only on the set of
the graphs-labels of the integrands of the integrals included in this linear combination, and
does not depend from the set associated with this linear combination.

Definition 19. Let L and L; be two comparable base linear combinations of integrals
with the negligible complexity coefficients. And let these two linear combinations belong to
the domain of definition of a criterion Cr;, : = 1,2,3. We will hold that by the criterion
Cr;, the base linear combination L; is considerably more complicated than the
base linear combination L, if Cr;(Ly) > Cry(L). If Cri(Ly) = Cr;i(L), then we will
hold that by criterion Cr; the complexity of one of these two base linear combinations is
equal or negligibly different from complexity another of them, and say that according
to the criterion C'r; the complexity of one of them is approximately equal to another’s
complexity.

If it is known that the base linear combination L, is more complicated than the base
linear combination L, and Cr;(L,) = Cr;(L), then we will suppose that according to the
criterion Cr;, the linear combination L; is negligibly more complicated than the linear
combination L. Hl

The proposed criteria of the complexity of base linear combinations with coefficients
of the negligible complexity are constructed so, that they, with some exceptions, satisfy
the principle: if, according to this criterion, one of the two base linear combinations is
considerably more complicated than the other one, then in fact the estimation of the value
represented by this base linear combination is considerably more complicated than estimation
of the value represented by the other base linear combination. And in the case when,
according to this criterion, the complexity of one of the two base linear combinations is
negligibly different from the complexity of the other of them, then in fact the estimation
complexity of the value represented by one of these two base linear combinations, negligibly
differs from the estimation complexity of the value represented by the other base linear
combination.

In the case when the conclusions drawn on the values of one of the criteria are in conflict
with the conclusions, based on values of another, more precise, criterion, preference should
be given to conclusions drawn on the basis of the values of a more precise criterion.

Example 3. Let L and L; be two linear combinations belonging to the set £(3, (R")?).
In this case, the linear combination L; includes two improper convergent integrals I(G) and
I(Gy), whose integrands are labeled by the graphs G and G respectively; these integrals
are defined by the formulas (23) and (14). Here G is the graph considered in Example 2,
and the graph Gi = G1(Va; Xp1, X7) has a set Xy = {{1,2},{1,3}} of Mayer edges and
the set X7, = {{2,3}} of Boltzmann edges. The linear combination L contains only one
integral /(G ), whose integrand is labeled with the graph-label G;. Moreover, in both linear
combinations, the coefficients of the base integrals /(G) and I(G;) are defined and equal to
1.
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Graph G = G1(Vs; Xf,l,ijl) belongs to the set B3 by definition of the set &,,. Since
its subgraph R(G) is connected, then the canonical product Pi3(Gy) labeled with the graph
(31 is a base product by Definition 8 and belongs to set B;3. And the graph G belongs to the
set &3 by its definition. From this, by Definition 9, it follows that the integral I(Gy), the
integrand of which is labeled with the graph-label GGy, is an improper base integral of order
3 over the space (R”)2. In the case when particle systems satisfy conditions of Theorem 1,
this integral is, by Remark 2, converging and belongs to the set £(3, (R”)?) by its definition.

The linear combination L contains only one integral I(G1). In the above case this integral
is a convergent base one, and its coefficient is given and therefore no effort is required at all
to calculate this coefficient. Hence, by Definition 11 and Remark 7 follows that the linear
combination L is a base linear combination of order 3 with the coefficient of the negligible
complexity and belongs to the set £(3, (R”)?) by its definition.

In Example 2, it was proved that the integral I(G), whose integrand is labeled with
the graph G, is a convergent base integral. Thus, both the integrals included in the linear
combination L; are convergent base ones, and the coefficients of these integrals are given
and therefore no effort is required at all to calculate these coefficients. This implies that, by
Definition 11 and Remark 7, the linear combination L is also a base linear combination of
order 3 with coefficients of the negligible complexity and belongs to the set £(3, (R")?) by
its definition.

Using the criterion Crs, we estimate the complexity of linear combinations L and L.
Note, that the base linear combination L, besides the integral labeled with the graph Gy,
also contains one base integral, whose integrand is labeled with the graph G. Therefore, it is
natural to be of opinion that base linear combination L, is more compllcated than the base
linear combination L.

Using the definition of the complexity criterion of the estimation an improper convergent
base integral by formula (41), let us find the value of this criterion for the integral labeled
with the Graph Gi:

Ni(Gh) = | Xp(Gy)| -3+ 1+ ’XJ;(Gl) — 1. (45)

The value of this criterion for the integral labeled with graph G, was found in example 2
(see formula (42)).

Based on the definition of the criterion Cry by formula (44) and using formulas (42) and
(45), we find the values of this criteria for the base linear combinations L and L; of improper
integrals:

From formula (46) by Definition 19 it follows that according to the criterion Cr3 the base
linear combination L, is negligibly more complicated than the base linear combination L. »

From the definition of the criterion Crs and Definition 19 it follows

Corollary 4. Let L and Ly be two base linear combinations of improper integrals with
coefficients of the negligible complexity that belong to the set £(n,(R¥)" 1) and satisfy the
conditions:

1. The length of the linear combination Ly is greater than the length of the linear combi-
nation L.

2. Fach integral included in the linear combination L s included and also into the linear
combination L.
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Suppose that among the improper base integrals included in the linear combination Ly and
not included in the linear combination L, there is at least one integral such that graph-label G
of its integrand satisfies the inequality N1(G) > 0. Then, according to the criterion Crs, the
base linear combination Ly is considerably more complicated than the base linear combination
L. Otherwise, the base linear combination Ly is negligibly more complicated than the base
linear combination L.

Proof. Suppose that among the improper base integrals, which are included in the
linear combination L; and are not included in the linear combination L, there is at least
one integral having a nonzero value of the complexity criterion Crs of its estimation. Then
by the definition of the criterion Crs by the formula (44) from the conditions of Corollary
4 the inequality Cr3(Ly) > Crs(L) follows. From this, by Definition 19, it follows that by
the criterion Crs the base linear combination L; is considerably more complicated than the
base linear combination L. In other words, the base linear combination L is considerably
simpler than the base linear combination L.

Let us now consider the opposite case, when every integral included in the linear combi-
nation L; and not included in the linear combination L is such that the graph-label G of its
integrand satisfies the equality N1(G) = 0. In this case, by the definition of the criterion Crs
by the formula (44) from the conditions Corollary 4 the equality Cr3(Li) = Crs(L) follows.
Hence, by Definition 19, it follows that the base linear combination L; is negligibly more
complicated than the base linear combination L. »

Definition 20 [39]. A base product P(G) is called complete if its graph-label G is
complete. Otherwise, the base product is called incomplete. B

Definition 21. The base integral is called complete if its integrand is a complete
base product. The base integral is called incomplete if its integrand is an incomplete base
product. W

Definition 22. A base linear combination is called complete if all the integrals in-
cluded in it are complete. Otherwise, the base linear combination is called incomplete.
|

From the definition of the Ree-Hoover representations 48], Example 1 and Definitions
20, 21 and 22 follow

Corollary 5. For any n > 1, Ree-Hoover representation of of the virial coefficient B,, is
a complete base linear combination of order n with the negligible complexity coefficients.

Definitions 20 and 21 and Remark 7 imply the following

Remark 8. Let one of the two convergent base integrals be complete, and the other
incomplete, and let the integrands of both of these integrals are labeled with graphs with the
same set of vertices, and let their integration domains of both of these integrals coincide with
each other. Then the estimate of the complete integral is considerably more complicated
than estimate of the incomplete integral. Bl

Remark 8 implies

Corollary 6 Let Ly be an incomplete base linear combination with the negligible complez-
ity coefficients, and Lo be a complete base linear combination with the negligible complexity
coefficients. And let these two linear combinations be comparable. And let the number of the
integrals in the linear combination Ly be at most the number of the integrals in the linear
combination Lo.

If all the integrals included in these base linear combinations are improper integrals, then,
according to Remark 8, the linear combination Lo is considerably more complicated than the
linear combinations L1 by the criteria Cry and Crs. If all the integrals included in these
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base linear combinations are proper, then, according to Remark 8, the linear combination Lgy
s considerably more complicated than linear combination Ly by the criterion Cry.

5. Within the framework of the frame sums method, two approaches can be distinguished.

For the exposition of the first of them, we need to introduce the definition of a tree sum.
In order to simplify the exposition and without striving for maximal generality, we will give
this definition in the sense, although not the most general, but sufficient for the purposes
that set out in this article.

For this, we introduce the following definitions:

T, = {t} is a set of all labeled trees with the set of vertices V,,, where n > 1, and with
the root 1;

X¢(t) = {{u,v}} is the set of edges of a tree t € T);

Xaa(t) = {{u,v}} is the set of admissible edges [9, 13, 17] of a tree t € T);

I(t) :/( . H fuv H (1 + faw)(dr)1n-1, (47)

{u,v}eX;(t) (U5} X qa(t)

I(t,A) ]A\/ H Juv H (14 faw)(dr)y,, (48)

{u,v}eX;(t) (U5} X qa(t)

where t € T, and A is a connected, bounded and Lebesgue measurable set contained in the
space R”.

Let T be a non-empty subset of the trees set T;,, where n > 1; and to each tree t € T" is
assigned the set X 4(¢) of admissible edges.

Let us introduce the notation:

c(t|T), cr(t | T') is real functions defined on the trees set T”.

L(T") = et | T)I), (49)

teT”’

where for each ¢ € T" the integral I(¢) is defined by the formula (47).

L(T',A) = ai(t | T)I(t, A), (50)

teT’

where for each ¢ € T” the integral I(¢,A) is defined by the formula (48).

Definition 23. Linear combinations L(7") and L(7",A), where 7" C T,, and n > 2 is
called tree sums. H N

Remark 9. From the definition of the set of admissible edges X,4(t) it follows that this
set does not intersect with the edges set X;(t) of the tree ¢t € T, and consists of pairwise
distinct edges, each of which connects two non-adjacent vertices of the tree t. l

Theorem 5. Let the potential ®(r) of a pairwise interaction be a measurable function,
the pairwise interaction satisfies the conditions of stability and regularity. Then the tree sums
L(T") and L(T', A), defined by the formulas (49) and (50), where T" C T,, and n > 2, are base
linear combinations of the order n, and each tree t € T' is the completed graph-label of the
integrand of the integral I(t) in the tree sum L(T"), and this tree is the completed graph-label
of the integrand of the integral 1(t,\) in the tree sum L(T’,\). Moreover, to each such tree
t is assigned, as a complementary set, the set of admissible edges Xoq(t) = {{u,v}}.

Proof. Definitions of integrals () and I(¢, A) by the formulas (47) and (48) respectively
mean that for each tree ¢ € T" is defined the finite set )zad(t) of admissible edges that is put
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in correspondebce to this tree. By Remark 9, this set does not intersect with the set X ()
and consists of pairwise distinct edges, each of which connects two non-adjacent vertices of
the tree t. From the definition of the integrals I(¢) and I(¢,A) by the formulas (47) and
(48) it follows that for each tree ¢ € 1" these integrals have the same integrand, which is a
product of Mayer and Boltzmann functions.

Moreover, the set of edges X;(t) of the tree ¢ labeling the integrand of integrals I(t)
and I(t,A), defines the set F' of all Mayer functions of this product and is, by Definition
3, the set of Mayer edges with respect to the set I of Mayer functions. And by Definition
4, the set of admissible edges X,q(t) defines the set F' of all Boltzmann functions of this
product and is the set of Boltzmann edges with respect to the set F of Boltzmann functions.
Thus, by the definition of a complementary set, the set X,q(t) is a complementary set put
in correspondebce to the tree t. The sets Xy(¢) and Xoa(t) form an ordered pair X =
(X7, Xaalt))-

By the definition of the trees set T,,, every tree t € T, is a connected graph with vertex
set V, and, hence, the equality V(X;(¢)) = V,, holds. This and Remark 9 imply the equality
V(X)) UV(X f~) = V,,. From this equality, by Definition 5, it follows that an ordered pair
of sets X = (X, X7) is canonical. It follows from the results obtained that any tree ¢ € T,

belongs to the set én by its definition.
Hence, by Definition 15 and Lemma 2, it follows that each tree ¢t € T" is the completed

graph-label of the canonical product of functions Pg (t), which is labeled by this tree, is of
order n and is represented by formula

ﬁén(t) = H H fij]?i/j" (51)

{igreXs (@) {7",5' e Xaa(?)

The right-hand side of the formula (51) coincides with both the integrand of the integral I(¢)
and the integrand of the integral (¢, A). Therefore, the functions product ﬁ@n (t) labeled by
the tree t is the integrand of the integrals I(¢) and I(¢,A); and the tree ¢ is the completed
graph-label of the integrand of the integrals I(¢) and I(¢,A).

Hence, by Remark 5, it follows that the integrand of the integrals I(¢) and I(¢,A) is a
functions base product of order n. And the integrals I(¢) and I(¢, A) by Definition 9 are
base integrals of order n. By Theorem 3, for any connected bounded Lebesgue measurable
set A contained in the space (R”), this functions product is an integrable function on the
set A", and the integral (¢, A) of this functions product converges; moreover, this functions
product is an integrable function over the space (R”)"~!, and the integral I(¢) of this product
converges and does not depend on the value of the variable ry.

Recall that functions ¢t | 7") and ¢ (¢ | 7") are defined on the trees set 7", and take real
values on the trees of this set. For each t € T”, the value ¢(t | T7") is the coefficient of the
integral () belonging to the tree sum L(7”). In exactly the same way, for each t € T", the
quantity c1(¢ | T") is the coefficient of the integral (¢, A) belonging to the tree sum L(T”, A).

From the results obtained, it follows by Theorem 4 that the tree sums L(7") and L(T", A)
defined by the formulas (49) and (50), where 7" C T,, and n > 1, are base linear combinations
of order n. Theorem 5 is completely proved. »

If the tree sum is a base linear combination of order n, then we will call the number n
order of this tree sum.

6. As an example of representing the coefficients of power series by tree sums, one
can cite the representations of Mayer coefficients b, (A) obtained by the author [3, 9, 17|,
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free of asymptotic catastrophe. These representations were obtained for the case when
the thermodynamic equilibrium one-component system of classical particles with pairwise
interaction [24, 49| is enclosed in a bounded volume A, which is connected, bounded and
Lebesgue measurable set contained in the space R”. It was assumed that the pairwise
interaction satisfies the conditions of stability and regularity, and the pair potential ®(r)
is measurable function. For all n > 2, each of the representations of Mayer coefficient
b,(A) obtained by the author under these conditions is a tree sum, which is a base linear
combination of order n with coefficients of insignificant complexity and with an associated
set A" C (R")™.

Initially, were obtained such representations, in which the coefficient b, (A) was expressed
as the product of the number 1/n! by the sum of all integrals, whose integrands are labeled
with labeled trees with n verteces |25, 28, 9, 17] and with the root vertex labeled with 1 [3].
Moreover, to each labeling tree ¢ was assigned the set of admissible edges X,q(t) = {{u, v}}.
By Definition 23, such a sum is a tree sum. In this sum coefficient of each integral included
in this sum is equal to unity. Therefore, no calculations are required to determine the values
of the coefficients of the integrals included in this sum. Hence, by Theorem 5 and Remark
6, it follows that this tree sum is a base linear combination of order n with the coefficients
of the negligible complexity.

Subsequently, these representations were simplified [9, 17]. For this purpose, a binary
relation of maximal isomorphism of labeled rooted trees was introduced. This relation has
the properties of reflexivity, symmetry and transitivity, that is, it is a relation of equivalence
[21] and decomposes the set {T},}, consisting of all labeled trees with the verteces set V,, =
{1,2,...,n} and rooted vertex 1 into classes of maximally isomorphic trees. These classes
have a very useful property: in the above representation of Mayer coefficient b, (A) by the tree
sum are equal all integrals whose integrands are labeled with maximally isomorphic trees. In
the works |9, 17] is introduced a constructive definition of such the subset T'R(n) C T, that
satisfies the condition: a) no two trees belonging to the set T'R(n) are maximal isomorphic,
b) the cardinality of the set T'R(n) is equal to the number of classes of maximal isomorphic
trees, belonging to the set T,.

Using the representation of coefficients b,,(A) as the sum of all integrals, whose integrands
are labeled with the labeled trees with the verteces set V,, = {1,2,...,n} and with the rooted
vertex 1, decomposition of the set of rooted labeled trees with the verteces set V,, and with the
rooted vertex labeled 1 into classes of maximally isomorphic trees, and the above property
of maximally isomorphic trees, the representation of Mayer coefficient b,(A) by the tree sum
was obtained in the form:

b(A) = —— S |TI®)| 1t 0. (52)

|
’ ‘ | teTR(n)

Here T'1(t) is the set of the trees belonging to the set T,, and maximally isomorphic to the
tree t; |T'1(t)| is cardinality of the set T'I(t); I(t, A) is the integral defined by formula (48).
Passing in the representations of Mayer coefficients b,(A) by the formula (52) to the
thermodynamic limit, it was possible to obtain [9, 17] Mayer coefficients representations in
thermodynamic limit as tree sums. For short, the thermodynamic limit of Mayer coefficients
b, (A) will be called the limiting Mayer coeflicient and denoted b,,. These representations

are such: )
by = — > ATIW)| (). (53)

" teTR(n)
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From the definition by the formula (52) of Mayer coefficients b,(A) representations and the
definition by the formula (53) of representations of limiting Mayer coefficients b, it follows:
at all n > 2 the set of trees T'R(n) is the set of all trees that are graphs-labels labeling both
the integrands of the integrals, included in the tree sums representing Mayer coefficients
b,(A), and the integrands of the integrals, included in the tree sums representing limiting
Mayer coefficients b,,.

The number of the trees in the set T'I(t) is completely defined by the tree ¢ according to
the formula

H(t)—1 _, pHG-1) )
]TI(t)\z(n—l)!( I n(t,i)!) I (d(t,z’)—l)!) . (54)

Here H(t) is height |9, 17, 5] of the tree ¢; n(t,i) is the number of vertices of the tree ¢
located at height i; d(t,7) is degree of the i-th vertex from the set of all vertices of the tree
t located at the height H(t) — 1.

Lemma 3. For n > 2 the representation of Mayer coefficient b,(A\) by the tree sum
according to the formulas (52) and (48) and the representation of limiting Mayer coefficient
b, by the tree sum according to the formulas (53) and (47) are base linear combinations of
order n with coefficients of negligible complexity.

Proof. The sum on the right-hand side of equality (52) and the sum on the right-hand
side of equality (53) have the following properties: 1) the set of trees TR (n) is a subset of
the set T),; 2) the integrals included in the first sum are defined by formula (48), and the
integrals included in the second sum are defined by formula (47); 3) the coefficient of each
of these integrals is the number of trees that are maximally isomorphic to the tree ¢ labeling
the integrand of this integral; this number is defined by the tree ¢ according to formula (54).
Hence, by Definition 23, it follows that these sums are tree sums. By Theorem 5, these tree
sums are base linear combinations of order n.

From the definition of the coeflicients of these tree sums by formula (54) it follows that the
complexity of the calculation of these coefficients is negligible. Therefore, these tree sums
are base linear combinations of the order n with coefficients of the negligible complexity.
Lemma is proven. »

The number of trees in the set TR(n) is calculated by the formula

ITR(n)| =1+ (2" —1) +
n—1

! 2 %gﬂ(;i;fu?__&?!ﬂ{[n@—l)}"(”}- (55)

H=3 neN(H, n—1)

Here N(H, k) = {(n(1),n(2),...,n(H))} is the set of H -dimensional vectors whose compo-
H
nents are natural numbers, and the vectors themselves satisty the condition: > n(i) = k.

i=1

The results of the calculations by formula (55) are shown in Table 1. This table lists the
cardinalities of the sets T'R(n) for all n satisfying the inequalities 2 < n < 10.

Recall that the set TR(n) is the set of completed graphs-labels of the integrands of all
integrals included in a base linear combination that is a representation of the thermodynamic
limit b,, of Mayer coefficients b, (A) as a tree sum according to the formulas (53) and (47). The
set T'R(n) is also the set of completed graphs-labels of the integrands of all integrals included
in the linear combination representing Mayer coefficient b,,(A) as a tree sum by formulas
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(52) and (48) for any volume A that is a connected, bounded and Lebesgue measurable set
contained in the space R”. All of these representations are base linear combinations of the
same length equal to the cardinality of the set TR(n), and differ only in their associated
sets. Therefore, on all these representations the complexity criterion C'r; takes the same
value equal to the cardinality of the set TR(n).

Let us now compare the complexity of the representations of Mayer coefficients b,,(A)
according to the formulas (52) and (48) with the complexity of Ree-Hoover representations
of the virial coefficients by the criterion C'r; in the case when thermodynamic equilibrium
one-component system of classical particles with pairwise interaction [24, 49] is enclosed in a
bounded volume A, which is a connected, bounded and Lebesgue measurable set contained
in the space R”. In this case, it is assumed that the pairwise interaction satisfies stability
and regularity conditions, and the pair potential ®(r) is Lebesgue measurable function.
Under these conditions, Ree-Hoover representation of the virial coefficient B, (A) is defined
for all n > 2 and is a base linear combination of order n with coefficients of negligible
complexity and with an associated set A" C (R"”)". In this case, by definition 17 the
considered representation of Mayer coefficient b,(A) and Ree-Hoover representation of the
virial coefficient B,(A) are comparable for any n > 2 and for any A satisfying the above
conditions.

In the simplest case, when n = 2, both Mayer coefficient bo(A), and the virial coefficient
By(A) are represented by the same integral and their representations differ only in sign.
There is nothing to simplify here.

Further, from Table 1 it is clear that for n = 7,8,9,10, the representation of Mayer
coefficient b,(A) by formula (52) contains a smaller number of summable integrals than
Ree-Hoover representation of the virial coefficient B,(A). Therefore, for these values of n
according to the criterion Cry the Ree-Hoover representation of the virial coefficient B, (A)
is considerably more complicated than representation of Mayer coefficient b,(A) as a tree
sum according to formulas (52) and (48).

Now let’s see what result is obtained according to the criterion Cr,.

From the definition of the set X.4(¢) = {{u,v}} of the admissible edges of the tree ¢
it follows that for any n > 2, the tree sum defined by formulas (52) and (48) satisfies the
condition: in this sum only one integral, labeled with the star [25, 28], all edges of which are
incident to its root, is a complete base integral; while everyone else the integrals in this sum
are incomplete base integrals. Hence, by Definition 22 and Lemma 3, it follows that for any
n > 2 representation of the Mayer coefficient b,(A) by the tree sum according to formulas
(52) and (48) is an incomplete base linear combination of order n with coefficients of the
negligible complexity.

On the other hand, by Corollary 5, Ree-Hoover representation of the virial coefficient
B,(A) is a complete base linear combination of order of n with coefficients of the negligible
complexity.

From the above, by Corollary 6 it follows that for the values n = 7,8,9,10 Ree-Hoover
representation of virial coefficient B,(A) is considerably more complicated by the criterion
C'ry than represention of Mayer coefficient b, (A) by the tree sum defined according to for-
mulas (52) and (48).

Note that for n = 8,9,10, the number of integrals in the sum representing according
to Ree-Hoover method, the virial coefficient B,,(A) greatly exceeds the number of integrals
in the sum representing Mayer coefficient b,(A) by formulas (52) and (48). Therefore, by
Corollary 6, for these values of n, the representation of Mayer coefficient b, (A) by formulas
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(52) and (48) is considerably simpler than the representation of the virial coefficient B, (A)
by Ree-Hoover method.

However, for n = 3,4, 5,6 the comparing representations do not satisfy the conditions of
Corollary 6. Hence, for these values of n this corollary cannot be applied for such comparison.
At that for these values of n according to the criteria C'r; and Cry representation of Mayer
coefficient b,(A) by formulas (52) and (48) is more complicated than the representation of
the virial coefficient B,(A) by Ree-Hoover method.

7. Another example of a represention of power series coefficients in the form of tree sums
is the representation of the coefficients a,, of the expansion of the ratio of the activity z |23,
24, 44, 49| to the density o(z) in a series in degrees of activity z:

z/o(z) =1— Znanznfl. (56)

This expansion was considered by Lieb [41] and Penrose [45].
Penrose proposed two methods for finding the coefficients a,: either in a very compli-
cated way using the Kirkwood-Salzburg equations; or in a simpler way, proceeding from the

relations
n—1

nby = Y (q+ g1 (n — q)bng (57)
g=1
between these coefficients and Mayer coefficients b,,.

In [4, 31, 9, 17], it was proposed to represent the coefficients a, as a sum of integrals
whose integrands are labeled with trees. For this purpose, it was defined the set T'(n,0)
consisting of all trees belonging to the set T,, and satisfying the conditions:

a) any layer of a tree, with the exception of the zero and, perhaps, the last, consists of
at least two vertices;

b) except for the zero layer, a tree has no layer, in which only the highest vertex has a
degree, greater than one.

This made it possible to obtain [4, 31, 9, 17] free from asymptotic catastrophe represen-
tations of the coefficients a,, as the sum of all integrals whose integrands are labeled with
trees from the set 7'(n,0):

1
an=— Y1), (58)
teT (n,0)
where I(t) is the integral defined by formula (47).

Subsequently, these representations were simplified [9, 17]. For this purpose, the set
TR(n,0) =TR(n) NT(n,0) was defined [9, 17].

From the definition of the maximal isomorphism relation of rooted labeled trees and the
definitions of the sets T'(n,0) and T'R(n,0) it follows that the set T'(n,0) decomposes into
classes T'I(t) of maximally isomorphic trees, where ¢ is the tree that is a label of a class
TI(t) C T(n,0) and belongs to the set TR(n, 0). And the set T'R(n,0) consists of all trees ¢
that are labels of the included in the set T'(n,0) classes T'I(t) of maximally isomorphic trees.

Using the representation of the coefficients a,, by formula (58), the concept maximal iso-
morphism of labeled rooted trees, decomposition of the set T'(n,0) into classes of maximally
isomorphic trees and properties of maximally isomorphic trees, the author proposed simpler
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representations of the coefficients a,, free from asymptotic catastrophe:
= 3 TIO|10). (59)
teTR(n,0)

Here, as in formula (58), I(t) is the integral defined by formula (47); |T'I(t)| is the defined
by formula (54) number of trees in the set T'/(t), labeled with the tree ¢.
The number of trees in the set T'R(n,0) is calculated by the formula

/ n(2 1]!
TR0 =1+ ({[Ti(i) - 1(]')n(2)] B 1) "

H-1

n(H)+n(H —1)
> (G - I 6-0r0 -y, @

H=3 n 1=

where N = [(n—1)/2] is the smallest of those integers that is at least (n—1)/2, and the sym-
bol 3" in formula (60) means summation over all H-dimensional vectors (ny,na, ..., n,)

whose components are natural numbers, and the vectors themselves satisfy the conditions:
H

a) n; >2, i=12...,H—1; b) n, >1, ¢c) > n(i)=n-—1
i=1

Lemma 4. Let the potential of the paired interaction ®(r) is a measurable function, and
the pair interaction satisfies the conditions of stability and regularity. Then the representation
of the coefficient a,, by the tree sum according to the formulas (59) and (47) for n > 3 is a
base linear combination of order n with coefficients of negligible complexity.

Proof. The sum on the right-hand side of equality (59) has the following properties:
1) the trees set TR (n,0) is a subset of the set T,,; 2) the integrals included in this sum are
defined by formula (47); 3) the coefficient for each of these integrals is the number of trees,
maximally isomorphic to the tree ¢ labeling the integrand of this integral; this number is
defined by the tree ¢t by formula (54). Hence, by Definition 23 it follows that this sum is a
tree sum.

By Theorem 5, this tree sum is a base linear combination of order n.

From the definition of the coefficients of this tree sum by formula (54) it follows that the
complexity of the calculation of these coefficients is negligible. Therefore this tree sum is a
base linear combination of order n with coefficients of the negligible complexity. The lemma
is proved. » _

Remark 10. From the definition [4, 31, 9, 17] of the set X,4(¢) = {{u,v}} of admissible
edges of a tree ¢ it follows that for any n > 3, the tree sum defined by formulas (59) and
(47) satisfies the condition: in this sum only one integral, whose integrand is labeled with
the star, all edges of which are incident to its root, is a complete base integral; and everyone
else the integrals in this sum are incomplete base integrals. Hence, by Definition 22 and
Lemma 4, it follows that for any n > 3 representation of the coefficient a,, by the tree sum
according to formulas (59) and (47) is an incomplete base linear combination of order n with
coefficients of the negligible complexity. H

From representation (53) of Mayer coefficients b, and from representation (59) of coef-
ficients a, it is obvious that by = as. The indicated representations of these coefficients
coincide and have the same complexity.
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And from the definitions of the sets TR(n) and T'R(n,0) for n > 2 it follows that the set
TR(n,0) is a proper subset of the set TR(n). This has two corollaries:

1. for any n > 2, the length of the base linear combination, which is a tree sum repre-
senting Mayer coefficient b,, by formulas (53) and (47), is more the length of the base linear
combination, which is the tree sum representing the coefficient a,, by formulas (59) and (47).

2. for any n > 1, each integral included in the sum representing by formulas (59) and
(47) the coefficient a,, is also included in the sum representing by formulas (53) and (47) the
Mayer coefficient b,,.

The definition of the set of trees TR(n) implies that the set TR(3) consists of two trees,
which are the graphs G and (1, introduced in examples 2 and 3, respectively. Further, from
the definition of the trees set T'R(n,0) it follows that the set T'R(3,0) consists of one tree,
which is the graph G;. From the results obtained in example 3, it is clear that the base
linear combination, which is the tree sum representing Mayer coefficient b3 by formulas (53)
and (47), is negligibly more complicated than a base linear combination, which is the tree
sum representing coefficient az by formulas (59) and (47).

for n > 3, the set TR(n) contains at least one tree, which does not belong to the set
T(n,0) and has a non-empty set of admissible edges. Such trees include, in particular, all
trees from the set TR(n) of height H > 1 that are not a chain and have such layer of vertices,
in which only the highest vertex has degree greater than one. Obviously, the integrals, whose
integrands are labeled with such a trees, have a positive value of the criterion N; of the
complexity of their estimations. They are included in the base linear combination, which
is the tree sum representing Mayer coefficient b, by formulas (53) and (47), and are not
included in the base linear combination, which is the tree sum representing a coefficient a,,
by formulas (59) and (47).

Thus, in the situation under consideration, all conditions of Corollary 4 are satisfied.
From this, by Corollary 4, it follows that according to the criterion C'rs for n > 3 the
base linear combination, which is the tree sum, representing the Mayer coefficient b,, by the
formulas (53) and (47), is considerably more complicated than the base linear combination,
which is the tree sum representing the coefficient a,, by formulas (59) and (47).

Table 3 shows the Crs criterion values calculated for n = 3,4,5,6 for the base linear
combinations that are the representations of Mayer coefficients b,, in the form of tree sums
by formulas (53) and (47), and for base linear combinations that are the representations of
the coefficients a, in the form of tree sums by formulas (59) and (47).

These values are a numerical confirmation of the obtained by a theoretical way of com-
parative estimations of the complication of these base linear combinations.

Hence it follows that for estimation the coefficients a,, the direct method, based on their
representation in the form of tree sums by formulas (59) and (47), is simpler and more
rational than the method proposed by Penrose for estimation the coefficients a,, proceeding
from relations (57), between these coefficients and the Mayer coefficients b,. Relations (57)
are more expedient to use to represent coefficients b,, in terms of coefficients a,,, in order then
to apply these representations both for estimating Mayer coefficients b,,, and to estimate the
virial coefficients B,,.

These conclusions are also numerically confirmed by the C'r; criterion values calculated
for n = 2,10 for base linear combinations, which are representations of limiting Mayer
coefficients b,, in the form of tree sums according to the formulas (53) and (47), and for base
linear combinations, which are representations of the coefficients a,, in the form of tree sums
according to the formulas (59) and (47).
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The value of the C'ry criterion for the base linear combination, which is the representation
of the coefficient a,, by the tree sum is equal to the number of integrals in this tree sum.
From the representation of the coefficient a,, as a tree sum according to the formula (59) it
follows that the number of integrals in this tree sum is equal to the number of trees in the
set TR(n,0), which is calculated by the formula (60).

The results of calculating the cardinality of the set T'R(n,0) for n = 2,10 are given
in Table 1. The data in this table support the conclusions already drawn. According to
these data, for n = 4,10, the number of integrals in the sum representing limiting Mayer
coefficient b,, by formula (53) exceeds the number of integrals in the representation of the
coefficient a,, by formula (59) by more than 2 times. Hence, according to the simplest
criterion, i.e. the length of the base linear combination, the conclusion follows: for n = 4,10
such a representation of the coefficient a,, is several times simpler than Mayer representation
coefficient b,, as a tree sum according to to formulas (53) and (47).

8. Another example of successful application of the frame sums method is the represen-
tations of virial coefficients obtained by this method. Within the framework of this method,
two ways of representing virial coefficients have been developed.

The first is as follows: each virial coefficient is represented as a polynomial in tree sums.
As examples of this way of representing virial coefficients can be given representations of
the virial coefficients free of the asymptotic catastrophe of two types: 1) in the form of
polynomials in tree sums representing Mayer coefficients b,,, and 2) in the form of polynomials
in tree sums representing the coefficients a,,.

Representations of the virial coefficients in the form of polynomials in tree sums repre-
senting Mayer coefficients b,, can be obtained by using the results obtained by Mayer [23, 42,
43, 44]. In [44] is given a representation (in the form of polynomials in Mayer coefficients b,,)
of the quantities 3,, by which the virial coefficients are expressed according to the formula

”;15n_1(A>, n>1. (61)

Bn(A) ==

Let us present this representation, somewhat simplifying the notation and at the same time
correcting noticed a typo. For this purpose, we introduce the notation

M(n) = {m} is the set of (n — 1)-dimensional vectors m = (my,my,..., m,_1) whose
components are whole non-negative numbers satisfying the condition:

n—1
ijj =n—1 (62)
j=1

For each vector m € M(n) define the vector norm, denoting it ||m|| and setting

n—1
Im[[ = " m.. (63)
i=1

In this notation, the quantity 3, is represented as follows:

Bud) === 3 (et [fm]| — 1)1

- [ Dby (W)™ (64

m

“w
=1 I

meM(u+1) J
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Formulas (61) and (64) imply the representations of the virial coefficients as polynomials
in Mayer coefficients b,,:

B =""1 S (ntfjm)l - 2) Hmi—ﬁlbmm)]mﬂz (63

meM(n)

The thermodynamic limit B,, of virial coefficients B,,(A) can be represented in a similar
way in the form of polynomials in limiting Mayer coefficients b,,:

n—1

Ba= i 3 (il =2 [T (66)

meM(n)

Formulas (65) and (66) will be called Mayer formula.

For short, the thermodynamic limit of virial coefficients B,,(A) will be called the limiting
virial coefficient and denoted B,,.

Let Mayer coefficients b, (A) in formula (65) be defined by their representations in the
form of tree sums according to formulas (52) and (48). Then formulas (65), (52) and (48)
are representations of the virial coefficient B,(A) as polynomials in tree sums representing
Mayer coefficients ba(A), bs(A),...,b,(A). Such the representation of the virial coefficient
B,(A) will be called its representation by Mayer formula and formulas (52) and
(48). Similarly, the representation of the limiting virial coefficient B,, in the form of a
polynomial in tree sums representing limiting Mayer coefficients by, bs, ..., b, we will call its
representation by the Mayer formula and formulas (53) and (47).

Further, for the sake of brevity, we will omit the A argument of the virial coefficients B,
where it will not cause difficulties for the reader to understand.

Obviously, the procedure for calculating the estimate a limiting virial coefficient B,, on
base of its representation by Mayer formula and by formulas (53) and (47) has the same
complexity as the evaluation procedure virial coefficient B, (A) on base of its representation
by Mayer formula and formulas (52) and (48).

If the procedure of the calculation of the estimate of a virial coefficient B, (A) is based
on its representation by Mayer formula and by formulas (52) and (48), then, for brevity, the
complexity of this procedure we will call the complexity of representation of the virial
coefficient by Mayer formula and formulas (52) and (48).

The question of interest is: what is the complexity of calculation of the estimates of virial
coefficients using these representations? To answer this question, you need to clearly define
the process of the calculation of these estimates. This article suggests the following scheme
of this process:

Stage 1. The calculation of the estimates of Mayer coefficients included in the represen-
tation of a given virial coefficient according to Mayer formula.

Stage 2. The calculation of the estimate of a given virial coefficient. The calculation is
performed according to Mayer formula, in which instead of Mayer coefficients, the calculated
estimates of these coefficients are substituted.

To estimate the complexity of these the calculations using Mayer formula, we present
this formula in a slightly different, more convenient form for solving this problem.

For this purpose, we introduce the notation:

.

Qn(x;y;m) = H

mi(y]x]) ;) (67)

.
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Let
x;=—bi1(A), 1=1,2,...,n—=1; Db(A) ={ba(A),b3(A),...,0,(A)}; (68)

y=1+1, i=1,2,...,n—1. (69)
In this notations, Mayer formula (65) takes the form

BuN) =" S (ot [l —2)1Qu(x i m). (70)

meM(n)

Condition (62) implies that the norm of any vector m € M(n) satisfies the inequality
[lm|| <n—1. (71)

Remark 11 [39]. From the definition of the function @Q,(x;y;m) by formula (67) it
follows that in the case when the values of the components of the vector y are calculated by
formulas (69), and the values of the components of the vector x are given, to calculate the
value of the function @, (x;y;m) it is required to perform no more than 5||m|| arithmetic
operations.

Also in the case when the values of the components of the vector y are calculated ac-
cording to the formula

y=—1—1, i=12...,n—1, (72)

and the values of the components of the vector x are given, to calculate the value of the
function @, (x;y;m) it is required to perform no more than 5||m|| arithmetic operations.

In the case when all the components of the vector y are equal to the number 1, and the
values of the components of the vector x are given, to calculate the value of the function
Q. (x;y; m) for given values of vectors x and y it is required to perform no more than 3||ml]|
arithmetic operations. H

Remark 12 [39]. From the definition of the sum ) it follows that the number of

meM(n)
terms in this sum is equal to the number of all unordered expansions of the number n — 1
into a sum of natural terms. Following [26, 29], we denote this number by p(n — 1).

The value of p(n) grows with the growth of n rather slow. Its values are given in the
book |26, 29| (see Table 4.2). So, at n = 9 this value takes on the value 30, and at n = 10
this value is 42. W

From Remark 12, from formula (67) and from inequality (71) it follows that for n < 10
to calculate the sum

> (n+|m|| - 2)!Qn(x;y; m),

meM(n)

where x and y are defined by formulas (68) and (69) accordingly, it takes less than 2430
arithmetic operations. From this estimate and Mayer formula, it follows that to calculate
the estimate of the virial coefficient B, according to Mayer formula by use of the known
estimates of Mayer coefficients b, for n < 10 require perform less than 2440 arithmetic
operations.

This is a negligible number of arithmetic operations compared with the number of op-
erations required to obtain an estimate of even the first virial coefficients such as By, Bs,
Bg (and as Mayer coefficients by, bs, bg) by known methods. Indeed, in the procedure for
calculating estimates of these coefficients by Monte Carlo method, about 10'° and more
statistical tests are performed. This implies the following
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Remark 13. In the case when the process of the calculation of the estimate of a virial
coefficient is based on the representation of this coefficient by Mayer formula and formulas
(52) and (48), the complexity of this process is negligibly exceeds the complexity of all the
calculations performed at the first stage of this process. This makes it possible to use the
criterion of the complexity of all the calculations performed at the first stage, as a criterion of
the complexity of the representation of this virial coefficient by Mayer formula and formulas
(52) and (48).

Of course, the complexity of the procedure of the calculation of the estimates of Mayer
coefficients depends on their representations. For brevity, the complexity of the procedure of
the calculation of the estimates of all Mayer coefficients from the set {ba(A), b3(A), ..., by (A)}
with the help of given representations of all these coefficients we will call the complexity
of the given set of the representations of Mayer coefficients.

Based on Remark 13, we will hold that a criterion of the complexity of the representation
of a virial coefficient B, (A) by Mayer formula and formulas (52) and (48) is a criterion of
the complexity of the set of the representations of Mayer coefficients by(A), b3(A), ..., b, (A).
Similarly, we will hold that the complexity criterion of the representation of the limiting
virial coefficient B,, by Mayer formula and formulas (53) and (47) is the complexity criterion
of the set, consisting of representations of the limiting Mayer coefficients by, b3, ..., b,.

In the cases considered below, Mayer coefficients are represented by formulas of the
form (52) and (48). By Lemma 3, these representations are base linear combinations with
coefficients of the negligible complexity.

In order to estimate the complexity of the set of base linear combinations representing
Mayer coefficients by, bs, ..., b,, it is necessary to introduce criteria for the complexity of
evaluating a finite set of base linear combinations with coefficients of negligible complexity.
For this purpose, we introduce the following notation:

£ = {L} is a finite set of base linear combinations with coefficients of negligible complex-
ity;

U(L) ={U(L) : L € £} is the totality of all sets associated with a base linear combina-
tions belonging to the set £.

Definition 24. The totality ${(£) is called the sets totality, associated with the
set £ of base linear combinations. B

Definition 25. The totality of sets {(£) is called ordered if there exists a connected,
bounded and Lebesgue measurable set A C R” such that for any linear combination L € £
its the associated set U(L) can be represented as: U(L) = A*, where k is order of the linear
combination L. In this case, the set A is called conjugate to the set £. B

Definition 26. A linear combinations set £ is called a base set if it satisfies one of
the following two conditions:

1) Each base linear combination of order k belonging to it belongs to the set £(k, (R”)*1);
in this case the space R” is called conjugate to the set £.

2) Each base linear combination of order k& belonging to it belongs to the set £(k), and
the population of sets (L) is ordered. W

Definition 27. The largest of the numbers serving as order of one of the base linear
combinations included to the base set £ is called order of this set. B

Definition 28. The base sets £; and £, are called comparable, if they both have the
same order n and if they both satisfy one of the following two conditions:

1) any base linear combination of order k belonging to at least one of these two base sets,
belongs to the set £(k, (R”)¥~1), where k < n, n is the order of these base sets;
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2) each of these two base sets has a conjugate set, and these two conjugate sets coincide
with each other. l

In what follows, we will consider only such sets of base linear combinations that are base
sets.

In the article are proposed three criteria of the complexity of estimation of a base set of
linear combinations. Each of these criteria is generated by one of the above the criteria of
the complexity of base linear combinations. The criterion generated by the C'r; criterion,
where i = 1,2, 3, we denote C7}.

We define the complexity criterion C7}(£) on all base sets consisting of such base linear
combinations on which the criterion of complexity C'r; is defined.

On each such base set £ = {L}, let’s define the value of the criterion Cr(£), putting

Cri(2) =) _Cri(L), i=1,23. (73)

Since the criteria Cr; and Cry are defined on all base linear combinations, the criteria
Cry and Cry, according to their definition by the formula (73), are defined on all base sets.
And since the criterion Crs is defined only on base linear combinations of base improper
convergent integrals, then the criterion Cr} according to its definition by the formula (73)
is defined on all base sets consisting only of base linear combinations of base improper
convergent integrals.

So, we have defined the complexity criteria C7r}, Cr, and Crj. At this definition the
domain of the complexity criterion Cr] (where ¢ = 1,2,3) is the totality of all finite subsets
of the set of all base linear combinations at which the complexity criterion Cr; defined.

It was noted above that the value of each of the criteria Cry, Cry and Crs on a linear
combination included in its definition domain, depends only on the set of graphs serving
as labels of the integrands of the integrals, which are included in this linear combination,
and does not depend on the associated set of this linear combination. Hence and from the
definition of the criteria Cr}, Cry and Cr} by the formula (73) it follows that the value of
each of the criteria C'r, Cry and C7r4 on a base set included in its definition domain depends
only on the set of graphs serving as labels of the integrands of integrals included in the linear
combinations that belong to this set, and this value does not depend on the conjugate set of
this base set.

Definition 29. Let the criterion Cr’, where i can take the values i = 1,2, 3, is defined
on comparable base sets £ and £; of linear combinations.

We will hold that by the criterion C7l, the base set £, is considerably more com-
plicated than the base set £, if Cri(£,) > Cr;(£). If Cr;(£1) = Cr;(£), then we will hold
that, according to the criterion C7r}, the complexity of one of these two base sets is equal
or negligibly different from complexity another of them, and say that according to the
criterion C7%, the complexity of one of them is approximately equal to the complexity
of the other. If it is known that the base set £; is more complicated than the base set £,
and Cr;(£,) = Cr;(£), then we will hold that by the criterion Cr., the set £, is negligibly
more complicated then the set £. B

Let Ly be a base linear combination with the coefficients of negligible complexity, which
belongs to the domain of the complexity criterion Cr;. Let us put in correspondence to
the linear combination Ly the base set £y = {Lo}, consisting of one linear combinations
Ly. Obviously, the base linear combination Ly and the set £y have the same computational
complexity.
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The set £9, by its definition, belongs to the domain of definition of the complexity
criterion Cr;. Therefore, the value of the complexity criterion Cr} is defined for it. According
to the definition of the criterion Cr} by the formula (73), the following equality holds:

Cri(Lo) = Cri(Ly). (74)

Definition 30. A base set £ and a base linear combination Lq are called comparable
if they both have the same order n, and if any base linear combination L € £ of order n is
comparable to the linear combination L. H

For any ¢ = 1,2,3 this definition, together with equality (74), makes it possible to
introduce a definition that makes it possible to compare the complexity of any basic linear
combination Lg, on which the criterion Cr; is defined, with the complexity of the base set
£ = {L}, which is comparable to the base linear combination Ly and on which the criterion
Cr} has been defined.

Definition 31. Let L be a base linear combination, on which a criterion Cr; is defined,
and £ be a linear combinations base set, comparable with the base linear combination L.
We will hold that according to the criterion C'r; the base linear combination L is
considerably more complicated than the base linear combinations base set £, if
Cri(L) > Cri(L). If Cry(L) < Cri(L), then we will hold that according to the criterion
Cr} the base linear combination L is considerably simpler than the base linear
combinations base set £.

In the case when Cr;(L) = Cri(£), we will hold that according to the criterion C7}
the complexity of the base linear combination L is approximately equal to the
complexity of the base linear combinations base set £, B

Let us denote by £rr(n,A) = {L} the base set of tree sums, each of which is the rep-
resentation of a coefficient from the set of coefficients by ,—1(A) = {ba(A), bs(A), ..., b, (A)}
according to formulas (52) and (48). Following the above, we hold that a complexity crite-
rion of the base set £rg(n, A) of tree sums is a complexity criterion of the virial coefficient
B,,(A) representation according to Mayer formula (65) and formulas (52) and (48).

Lemma 5. Let the potential ®(r) of a pairwise interaction be a measurable function,
and the pairwise interaction satisfies the conditions of stability and reqularity. And let the
set A be a connected, bounded and Lebesque measurable set contained in the space R”. Then
the set £rr(n, N) is a base set of base linear combinations. This set is of order n, and the
set A is the conjugate set of this base set.

Proof. From the definition of the tree sums set £rr(n,A) it follows that any tree sum
belonging to this set is a representation of some Mayer coefficient bi(A) belonging to the
Mayer coefficients set by ,—1(A) = {b2(A),b3(A),...,b,(A)}. From the definition of the set
Lrr(n,A) by Lemma 3 it follows that this tree sum is a base linear combination of order k
with coefficients of negligible complexity. Thus, the set £rg(n,A) is a finite set of all base
linear combinations that are definded by the formulas (52) and (48) and are representations
Mayer coefficients belonging to the set by,_1(A). In this case, the representation of Mayer
coefficient by, (A) € by ,,—1(A) is the base linear combination of order k from the set £rg(n, A).

From the definition by the formulas (52) and (48) of the base linear combinations belong-
ing to the set £rr(n, A) it follows that the set A* is associated to the base linear combination
of order k from the set £rr(n,A). From the conditions of Lemma 5 it follows that for any
natural number k the associated set A* is a connected, bounded and Lebesgue measurable
set [21] contained in the space (R¥)*.
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From this, first, it follows that for any £ = 2,3, ..., n the base linear combination of order
k from the set £rr(n,A) belongs to set £(k) by the definition of this set. Second, from this,
by Definition 25, it follows that the totality of all sets associated to base linear combinations
belonging to the set £7r(n, A), is ordered, and the set A is conjugate to the set £rr(n, A).

From the results obtained, by Definition 26, it follows that the set mathfrakLpz(n,A)
is a base set of base linear combinations.

Any Mayer coefficient b, (A) from Mayer coefficients set b)y,,—1(A) is represented by the
base linear combination of order k£ from the base set £rr(n,A), and this base set contains
only base linear combinations that are representations of Mayer coefficients belonging to the
set by ,—1(A). Therefore, no base linear combination of order more than n belongs to the
base set £rr(n,A). On the other hand, this base set contains a base linear combination of
order n, which is the representation of Mayer coefficient b, (A) belonging to the set by ,—1(A).
Hence, the number n is the largest of the numbers that serve as the order of one of the base
linear combinations included to the base set £rr(n, A). From here by definition 27 it follows
that the number n is order of the base set £rr(n,A). Lemma 5 is completely proven. »

Example 4. Let us consider the set £rg(n,A) of all tree sums that according to
the formulas (52) and (48) are representations of Mayer coefficients, belonging to the set
b1n-1(A) = {ba(A),bs(A),...,b,(A)}. Moreover, we will assume that the conditions of
Lemma 5 are satisfied. By Lemma 5, this set £rr(n,A) is a base set of base linear combina-
tions with coefficients of negligible complexity and has order n, and the set A is the conjugate
set of this base set. The set £rr(n, A) contains only one base linear combination of order
n. Its associated set is the set A”. By Definition 17, this linear combination of order n is
comparable to Ree-Hoover representation of the virial coeficient B, (A). This statement is
based on the analysis of Ree-Hoover representation set out in Example 1, where it is shown
that this representation of the coefficient B, (A) is a base linear combination with coeffi-
cients of negligible complexity and has order n, and the set A" is the associated set of this
base linear combination. From this statement, by Definition 30, it follows that the base set
Lrr(n, A) is comparable to Ree-Hoover representation of the virial coefficient B, (A). Since
the criteria Cry; and C'ry are defined on this Ree-Hoover representation, and the criteria Cr}
and Crl, are defined on the base set £rg(n,A), the complexity of the representation of the
virial coefficient B, (A) by the formulas (65), (52) and (48) was been compared with the
complexity of Ree-Hoover representation of this coefficient at the stated below values of n.
Since the values of the criteria C'r] and Cr} do not depend on the set A conjugate to a base
set, then in examples 4 and 5 the symbol A only denotes that the set A conjugate to a base
set is a connected, bounded and measurable by Lebesgue set contained in the space R”.

Table 4 shows the calculated values of the criterion Cr}(Lrr(n,A)) for n = 2,10. where
Lrr(n,A) is representation of the virial coefficient B,,(A) according to Mayer formula (65)
and formulas (52) and (48). In particular, Cr|(£rg(8,A)) = 857, Cri(Lrr(9,A)) = 3709,
Cri(Lrr(10,A)) = 17756. Comparing these values with the values of the complexity cri-
terion C'r; of Ree-Hoover representations given in Table 4, we see that the values of the
criterion Cry(Lrr(n,A)) for n = 8,9,10 are less than the values of the complexity crite-
rion Cry(Lgru(n,)) (see tables notations) for corresponding Ree-Hoover representations.
Therefore, by Definition 31, at these values of n, the representation of the virial coefficient
B,,(A) according to formulas (65), (52) and (48) are considerably simpler than Ree-Hoover
representation of this coefficient at any bounded volume A C R”. »

Example 5 Let us compare, according to the criterion C7}, the complexity of Ree-
Hoover representations of the virial coefficients B3(A), B4(A), Bs(A), Bs(A) and B7(A) with
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the complexity of their representations in the form of a polynomial in tree sums by formulas
(65), (52) and (48).
Table 5 shows, in particular, the following results:

Cry(Lrr(3,A)) =6, Cry(Lrr(4,A)) =28, Cry(Lrr(5,A)) = 121,
Crl(Srn(6,A)) = 524, Crl(Sra(7, ) = 2406,
Cra(Lan(3) =3, Cro(Lan(4)) =12, Cra(Lus(5)) = 50,
Cro(Lui(6)) = 345, Cro(Lau (7)) = 3591, (75)

Table 5 shows, in particular, that the inequality Cry(Lrr(n) > Cry(Lrm(n)) holds for
n = 3,4,5,6. From this, by Definition 31, it follows that for values n = 3,4,5,6 the repre-
sentation of the virial coefficient B, (A) by the formulas (65), (52) and (48) is considerably
more complicated than Ree-Hoover representation of this coefficient for any bounded vol-
ume A C R”. And for n = 7 the inquality Cry(Lrr(7) < Cra(Lgu (7)) holds. From this
inequality, by Definition 31, it follows that the representation of the virial coefficient B7(A)
by the formulas (65), (52) and (48) is considerably simpler than Ree-Hoover representation
of this coefficient for any bounded volume A C R”. »

9. Let us now turn to representations of limiting virial coefficients B,, in the form of
polynomials in tree sums representing the coefficients a,, by formulas (59) and (47). These
representations of limiting virial coefficients for n > 1 have the form [9, 11, 17, 36, 39]:

Bo= > lmlltep [Jom) i, n>2, (76)

meM(n+1)

where coefficients e, and 7, are defined by the formulas

pn—1
e=m=1 e,=p " Y |l [[m)G+ D)™, p>2 (77)
meM(p) Jj=1
pn—1
= (p—1)! (= [ ) ][O "=+ Dajaa )™ > 2 78
Tu = (1 —1)! [(1 = [lm[)!] mil) " H{=0 + Daj}™. p=>2. (78)
meM(p) Jj=1

According to these formulas, a limiting virial coefficient B,, is represented as a polynomial
in tree sums representing coefficients a,,.

Of interest is the question: what is complexity of the calculation of the estimate of a
limiting virial coefficient B,, using its representation by the formulas (76), (77) and (78)7

To estimate complexity of these calculations, first of all we represent the limiting virial
coefficient B,, and the quantities e,, and 7, in a form more convenient for this purpose.

Namely, using the function Q,(x;y;m) introduced by formula (67), transform the rep-
resentations of the quantities B, e,, and 7, by formulas, respectively (76), (77) and (78) as
follows:

er=1 e,=p" > |mlQu(xy;m), p>2 (79)
meM(u)
where
Tj = Gjy1, Y; = ] + 17 1 S] < 5 (80)
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n=1 7=@-0" Y {p—Im]} Quix—-yim), p>2 (81)
meM(u)

where the vectors y and x are defined by formulas (80), and the vector —y is defined by the
formula

=Y = (=Y, Y25 s —Yp1); (82)
B, = Z ||l e)mQni1(x;y;m), n>2, (83)
meM(n+1)
where the values e; for j = 1.n are defined by the formulas (79),
ri=1;, y;=1 for j=1,n, (84)

and the quantities 7; are defined by formulas (81), where the vectors y and x are defined by
formulas (80), and the vector —y defined by formula (82).

In these transformed representations, the limiting virial coefficient B, also, as in the
representations by formulas (76), (77) and (78), is presented as a polynomial in the tree
sums representing the coefficients a,,.

Further, in order to answer the question posed, you need to clearly define the process of
the calculation of the estimate of the limiting virial coefficient B,,. This article suggests the
following scheme of this process:

Stage 1. A calculation of estimates of the values of the coefficients ak for all k£ = 2, n.
The estimate of the value of the coefficient ay is denoted by a}, k=2, n.

Stage 2. A calculation of estimates of the values of all quantities from the set e, =
{ea,€e3,...,e,}. The estimate of the value of e is denoted by €}.. The calculation is performed
according to the formulas (79) and (80), into which, instead of the coefficients aj, where
k = 2,n, are substituted the their estimates aj, that were calculated at stage 1, and instead
of the quantity ey, is substituted the estimate e} of the value of this quantity.

Stage 3. A calculation of estimates for the values of all quantities from the set 7, =
{72, 73,...,7}. The calculation is performed according to the formula (81) and (80), into
which, instead of the coefficients ay, where k = 2,n, are substituted the their estimates a},
that were calculated at stage 1, and instead of the quantityry, is substituted the estimate 7},
of the value of this quantity.

Stage 4. A calculation of the estimate of the value of the given limiting virial coefficient.
The estimate of the value of this coefficient will be denoted by B),. The calculation is made
according to the formula (83), into which instead of this coefficient the its value estimate B/,
is substituted, and instead of the quantities e, and 7, are substituted the estimates of the
values of these quantities respectively e} and 7j, calculated at stages 2 and 3.

Our immediate goal is to find an upper bound of the number of arithmetic operations
required for the computations performed in stages 2-4. Let’s introduce the notation:

e =(e,ey,....e), T =(1,79...,7), a,={a},ay,...,a,}, n>2

Ei(p,m | a,) is an upper bound of the number of arithmetic operations, which at a given
value of © > 2 and at a given vector m € M(u) are required to calculate the estimate of
the value of the product ||m||!Q,(x;y; m), where the (@ — 1)-dimensional vectors x and y
are defined by the formulas (80), in which instead of the coefficients ay the these coefficients

values estimates calculated at the stage 1 are substituted;
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Ey(p,m | a,) is an upper bound of the number of arithmetic operations that at a given value
of > 2 and a given vector m € M(p) are required to calculate the estimate of the value of
the product u! {[x — ||m|[]! } 7' Q.(x; —y; m), where the (1 — 1)-dimensional vectors x and
y are defined by formulas (80), in which instead of the coefficients ay the these coefficients
values estimates calculated at the stage 1 are substituted, and the vector —y is defined by
formula (82);

a(n,m | e, ) = |m||!'€mQni1(x;y;m), me M(n+1), (85)

where the n-dimensional vectors y and x are defined by formulas (84), in which instead
of the coefficients a; the these coefficients values estimates calculated at the stage 1 are
substituted;

Es(n,m | e,, T,) is an upper bound of the number of arithmetic operations, which at a
given vector m € M(n+ 1) are required to calculate the estimate of the value of the product
a(n,m | e,, T,), where the n-dimensional vectors y and x are defined by the formulas (84),
in which instead of the quantities 7, the these quantities values estimates calculated at the
stage 3 are substituted, and instead of the quantitie e, the this quantitie value estimate
calculated at the stage 2 is substituted;

E(e, | a,) is upper estimate of the number of arithmetic operations required at the stage
2 to calculate the estimate of the value of the quantity e, under all estimates, which belong
to the set a), = {a),a,...,a,} and are calculated at the stage 1;

E(7, | a,) is an upper bound of the number of arithmetic operations required at the stage
3 to calculate the estimate of the value of quantity 7, under all estimates, which belong to

the set aj, = {a},d,...,a,} and are calculated at the stage 1;

E(e, | a,) is an upper bound of the number of arithmetic operations, required at the stage
2 to calculate the estimates of the values of all quantities from the set e, = {e1,ea,...,€,}
under all estimates, which belong to the set aj, = {a},d5,...,a,} and are calculated at the
stage 1;

E(7, | a,) is an upper bound of the number of arithmetic operations required at the stage
3 to calculate the estimates of the values of all quantities from the set 7, = {7, 7, ..., 7.}
under all estimates, which belong to the set aj, = {a},a,...,a,} and are calculated at the
stage 1;

E(B, | ey, T,) is an upper estimate of the number of arithmetic operations required at
stage 4 to calculate the estimate of the limiting virial coefficient B, under the estimates of
the values of all quantities from the population e, = {ej,es,...,e,} and of the values of all
quantities from the set 7, = {7y, 72,...,7,} obtained as results of the calculations at the
stages 1, 2 and 3;

E(B, | a,) is an upper estimate of the number of arithmetic operations required at stage
4 to calculate the estimate of the limiting virial coefficient B,, under the estimates obtained
as results of the calculations at the stages 1, 2 and 3, that is under the estimates of the
values of all coefficients from the set a, = {ai,as, ldots,a,}, under the estimates of the
values of all quantities from the population e, = {ej, €2, ldots, e,} and under the estimates
of the values of all quantities from the set 7, = {71, 72,..., 7.}

Let us find an upper bound for the number of arithmetic operations required at stage 2
to calculate the estimates of the values of all quantities from the set e, = {e,es,...,¢€,}
under all estimates, which belong to the set a/, = {a},d),...,a/,} and have been calculated
at the stage 1.
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From the definition of the vectors set M(pu) it follows that for any p > 2 every vector
m € M () satisfies the inequality
|lm|| < p—1. (86)

From the definition of the estimate F;(u, m | a,), the definition of the function @, (x;y; m)
by formula (67), inequality (86), and Remark 11 it follows that for any u > 2 and any vector
m € M(u) the inequality

Ey(pm | a,) < 7(u — 1) (57)

holds.
From the definition of e, by formula (79), inequality (87), Remark 12 and definitions of
the estimates E(e, | a,) and E;(y, m | a,) implies the estimate

Ele,la,) < Y Ei(pmla,) < Tp(u—1)(u—1). (88)

meM(p)

Using inequality (88) and the monotonic increase of the function p(n), from the definitions
of estimates E(e, | a,) and E(e, | a,) we obtain the inequality

n

Elen|ay) <) Ele,|a) <Tpn—1)) (n—1)=7p(n—1n(n—1)/2.  (89)

u=2 n=2

Let us find an upper bound for the number of arithmetic operations required at stage
3 to calculate the estimates of the values of all quantities from the set 7, = {7, 7, ..., 7}
under all estimates, which belong to the set a/, = {a},d),...,a/,} and have been calculated
at the stage 1.

From the definition of the estimate Es(y,m | a,), from the definition of the function
Qn(x;y;m) by formula (67), from inequality (86) and Remark 11 it follows that for any
i > 2 and any vector m € M(u) the inequality

Ey(p,mlay,) < 7(u—1) (90)

holds.
From the definition of the quantity 7, by formula (81), from inequality (90), from Remark
12 and the definitions of estimates E(7, | a,) and Ey(p, m | a,) the estimate

E(ry|a,) < Y Eax(p.mla,) < 7p(u—1)(n—1). (91)
meM (i)

follows.
Using the inequality (91) and the monotonic increase of the function p(n), from the
definitions of the estimates E(7, | a,) and E(T, | a,) we obtain the inequality

n

E(ry|a,) <> E(r,|a,) <Tp(n—1)) (u—1)=Tp(n—n(n—1)/2.  (92)

p=1 n=2
Let us find an upper bound for the number of arithmetic operations required to calculate
the estimate of the limiting virial coefficient B,, under all estimates, which belong to the set

e, = {e1,es,...,e,} and have been calculated at the stage 2, and under all estimates, which
belong to the set 7, = {7y, 72, ..., 7,} and have been calculated at the stage 3.
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From inequality (86), the definition of the product a(n,m | e,, 7,) by formula (85), the
definition of the estimate F3(n,m | e,,T,), the definition of the function @,(x;y;m) by
formula (67) and Remark 11 it follows that for any n > 2 and any vector m € M(n + 1) the
inequality

Es(n,m | e,,,) <5n (93)

holds.

Definition by formula (83) of the limiting virial coefficient B,, and definition by formula
(85) of the product a(n, m | e,, 7,) implies that the coefficient B,, can be represented by the
sum

B, = Z aln,m|e,, 7). (94)

meM(n+1)

Hence, using the definitions of the estimates E3(n,m | e,,7,) and E(B, | e,,T,), we
obtain the inequality

E(B,|enm)) < Y Es(n,m]|e, ). (95)

meM(n+1)
Hence, by Remark 12 and inequality (93), the estimate follows
E(B, | en, ™)) < 5np(n). (96)

From the proposed scheme of the computation process for the estimate of the virial
coefficient B,, it follows that the sole purpose of all calculations at stages 2, 3 and 4 of
this scheme is to estimate this coefficient by the estimates of the coefficients aq,ao,...,a,
calculated at stage 1. The number of all arithmetic operations required to achieve this goal
is the sum of all arithmetic operations that should be performed on these stages. Hence,
applying the definitions of estimates F(e, | a,), E(T, | a,), E(B, | e,, 7,) and E(B, | a,),
we get the estimate

E(B,|a,) < E(e, |a,) + E(t.| a,) + E(By | e, ™)) (97)
The inequalities (97), (89), (92), and (96) imply the estimate

E(B, |a,) <Tp(n—1)n(n—1)/24 Tp(n — 1)n(n —1)/2 + p(n)dn =
Tp(n — 1)n(n — 1) + dnp(n). (98)

In particular, from formula (98) and Remark 12 it follows that for n < 10 it takes less
than 21000 of arithmetic operations to compute the estimate of the limiting virial coefficient
B,, by the estimates of the coefficients as, as, ..., a, computed at stage 1.

This is a negligible number of arithmetic operations compared to the number of operations
necessary to obtain an estimate of any of the coefficients ay4, as,.... Indeed, it takes about
10'° and more statistical trials to compute estimates of these coefficients by the Monte Carlo
method. This implies

Remark 14. For n > 4 the main difficulty of the calculation procedure of the estimate
of a limiting virial coefficient by means of its representation as the polynomial in the coetfi-
cients a,, according to formulas (76), (77), (78), (59) and (47) consists in complexity of the
estimation procedure of all coefficients from the set {as,as,...,a,}. Moreover, complexity
of the calculation procedure of the estimate of the limiting virial coefficient B,, negligibly

42



exceeds the complexity of the calculation procedure of the estimates of all coefficients a,,
from this set. Hence, the criterion of complexity of representation of this set is a criterion
for the complexity of the given representation of the limiting virial coefficient 5,,. B

Let us introduce the notation:

Lrr(n,0) = {L} is the set of all tree sums, each of which by the formulas (59) and (47)
represents coefficient from the set of coefficients a; ,,_1 = {a2,as,...,a,}, where n > 2;

Lrr(n) = {L} is the set of all tree sums, each of which by the formulas (53) and (47)
represents the limiting Mayer coefficient from the set of coefficients by ,_1 = {b2, b3, ..., b, },
where n > 2.

Lemma 6. Let a pair interaction potential ®(r) be a measurable function, and the pair
interaction satisfies the conditions of stability and regularity. Then the set £rr(n) is a base
set of base linear combinations. This set has order n, and for each k € {2,3,...,n} the base
linear combination of order k belonging to this base set belongs to the set £(k, (R)F1).

Proof. From the definition of the tree sums set £rr(n) it follows that every tree sum
belonging to this set is a representation of some limiting Mayer coefficient b, € by ,,_1, where
1 < k < n. By Lemma 3, this tree sum is a base linear combination of order k with
coefficients of negligible complexity. Thus, the set £rz(n) is a finite set of all base linear
combinations that by the formulas (53) and (47) are representations of the limiting Mayer
coefficients belonging to the set by ,_;. At that, the representation of the limiting Mayer
coefficient by, € by ,_; is a base linear combination of order k from the set £rgr(n).

From the definition of this base linear combination of order k by the formulas (53) and
(47) it follows that the space (R”)*~! is the integration domain of all integrals included in
this linear combination. Therefore, this linear combination of order k belongs to the set
£(k, (R")*1) by the definition of this set. So, the set £rg(n) is a base linear combinations
finite set, in which each base linear combination of order k£ belonging to it belongs to the
set. £(k, (R¥)¥~1). This means that this set is the base set of base linear combinations by
definition 26.

Any Mayer coefficient by, from the set of Mayer coefficients by ,,_; is represented by a base
linear combination of order k from the base set £rr(n), and this base set contains only base
linear combinations that are representations of Mayer coefficients belonging to the set by ;1.
Therefore, no base linear combination of order more than n belongs to the base set £rr(n).
On the other hand, this base set contains a base linear combination of order n, which is a
representation of Mayer coefficient b,, belonging to the set by ,,_;. Hence, the number n is the
largest of the numbers serving as the order of one of the base linear combinations included
to the base set £rr(n). Hence, by Definition 27, it follows that the number n is the order of
the base set £rg(n). Lemma 6 completely proven. »

Lemma 7. Let a pair interaction potential ®(r) be a measurable function, and the pair
interaction satisfies the conditions of stability and regularity. Then the set £rr(n,0) is a base
set of base linear combinations. This set is of order n, and each its base linear combination
of order k belongs to the set £(k,(R”)*1).

Proof. From the definition of the set of tree sums £7r(n,0) it follows that any tree sum
belonging to this set is a representation by the formulas (59) and (47) of a certain coefficient
ay from the coefficients set a;,,—1 = {as,as,...,a,}, where 1 < k < n. By Lemma 4, this
tree sum is a base linear combination of order k with coefficients of negligible complexity.
Thus, the set £rr(n,0) is a finite set of all base linear combinations that by the formulas
(59) and (47) are representations of the coefficients belonging to the set a; ,—1. At that, the
representation of the coefficient a; € a;,_1 is a base linear combination of order %k from the
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set STR(H).

From the definition of this base linear combination of order k& by the formulas (59) and
(47) it follows that the space (R”)*7! is the integration domain of all integrals included
in this linear combination. Therefore, this linear combination of order k£ belongs to the set
£(k, (R)*~1) by the definition of this set. So, the set £7r(n,0) is a base linear combinations
finite set, in which each base linear combination of order k£ belonging to it belongs to the
set £(k, (R¥)¥1). This means that this set is the base set of base linear combinations by
definition 26.

Any coefficient a; from the coefficients set a; ,,—; is represented by a base linear combi-
nation of order k from the base set £rr(n,0), and this base set contains only base linear
combinations that are representations of the coefficients belonging to the set a; ,_;. There-
fore, no base linear combination of order more than n belongs to the base set £rr(n,0).
On the other hand, this base set contains a base linear combination of order n, which is a
representation of the coefficient a,, belonging to the set a;,_;. Hence, the number n is the
largest of the numbers serving as order of one of the base linear combinations included to
the base set £rgr(n,0). Hence, by Definition 27, it follows that the number n is the order of
the base collection £7g(n,0). Lemma 7 completely proven. »

By Definition 28, Lemma 6 and Lemma 7 imply

Corollary 7 Base sets £rr(n) and £rr(n,0) are comparable.

For any k > 1, the set £(k, (R")*"1) is a subset of the set D(Cr3) defined by the formula
(43). The set D(C'rg) is the definitional domain of the complexity criterion Crz. From here
by Lemmas 6 and 7 it follows that for any n > 1 the sets £rr(n,0) and £rr(n) are base sets
containing only such base linear combinations that belong to the set D(C'r3). The set D(C'r3)
is contained in the set D(Cry) that is defined by the formula (39) and is the definitional
domain of the complexity criteria C'r; and Cry. This means that three complexity criteria
are defined on the set £(k, (R*)*71): Cry, Cry and Crs. Hence it follows that for any n > 1
the sets £7r(n,0) and £rr(n) are base sets containing only such base linear combinations on
that three complexity criteria are defined: Cry, Cry and Crs. Therefore, these sets belong
to the definitional domain of complexity criteria: Cr}, Cr} and Cr}, defined by the formula
(73). This makes it possible to compare by these criteria the complexity of the finite set
L1r(n,0) of the tree sums, which are the representations of the coefficients as, as, ..., a,,
with the complexity of the finite set £rr(n) of tree sums, which are the representations of
the limiting Mayer coefficients b, bs, ..., b,.

As an example, for n = 2, 10, the criterion C7/(£) values were calculated for the sets of
the tree sums of the form £rg(n,0) = {L} and for the set £rr(n) of the tree sums. The
results are shown in Table 4. Further, for n = 2,6, the criteria Cry(£) and Cr4(£) values
were calculated for the set £rr(n,0) of the tree sums and for the set £rg(n) of the tree
sums. The results are shown in Tables 5 and 6, respectively.

Comparison the values of criteria Cr}, Cry and Cr} on the sets of tree sums of the
form £rgr(n,0) with their values on the sets of tree sums of the form £rz(n) confirms the
conclusion immediately following from the above results: for n > 3 the base set £7g(n,0) is
considerably simpler than the comparable base set £rg(n). Hence, for n > 3 any function
of negligible complexity of the base set £rr(n,0) is considerably simpler than any function
of negligible complexity of the comparable base set £rgr(n).

10. Using the frame sum method, you can get also representions of power series co-
efficients that are not tree sums. So, by the method of frame sums, the author obtained
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representations of virial coefficients in the form:

B, = —”7;1 S J©). (99)

Here €(n) is the set of ensembles of frame cycles [14-16, 18-20, 37-39] of all doubly connected
graphs with the set of vertices V,, = {1,2,...,n}; C is an ensemble of frame cycles from the
set €(n);

o= [ T e II O e, (100)

" {up}EX(S(C))  {@F}EX04(C)

Where S(C) is the union of all cycles of the ensemble C [14, 15, 19, 37]; X (S(C)) is the set
of all edges of the graph S(C) [14, 15, 19, 37]; X.q4(C) is the set of all admissible edges |14,
15, 19, 37| of the ensemble C; {u,v} is an edge incident to the vertices u and v.

From the definition of integrals of the form J(C) by formula (100) it follows that in
each of the integrals that are terms of the sum on the right-hand side (99), the integrand is
the product of Mayer functions labeled with the edges of the cycles included into the frame
cycles ensemble that labels this integral, and Boltzmann functions labeled with edges from
the set X,4(C) = {{u,v}}. We will call such a sum of integrals a frame sum.

From the definition of the set X,4(C) [14, 15, 19, 37| follows that this set consists of
pairwise distinct edges, and each edge, contained in this set connects two non-adjacent
vertices of the graph S(C).

Theorem 6. If the potential of the pairwise interaction ®(r) is a measurable function
and the pairwise interaction satisfies the conditions of stability and reqularity, then for any
ensemble of frame cycles C € €(n) the integral J(C) is a convergent improper base integral
of order n, and the graph S(C) is a completed graph-label of the integrand of this integral.

Proof. First, we prove that the integrand of the integral J(C) is a base product of order
n.

For this purpose, we first of all prove that the sets of edges X(S(C)) and X,4(C) form a
canonical pair of sets X = (X (S(C)), X,4(C)) of order n. From the definition of the edges
set X(S(C)) it follows that this set consists of pairwise different edges. As noted above,
the set X,4(C) also consists of pairwise distinct edges, and each edge contained in this set
connects two non-adjacent vertices of the graph S(C). Two conclusions follow from this:

1) disjoint sets X (S(C)) and X,4(C) form an ordered pair X = (X (S(C)), Xua(C)) of
sets;

2) the vertices of all edges from the set Xqq(C) belong to the set of vertices of the graph
S(C).

Since C is an ensemble of frame cycles from of the set €(n), then, as is known [19], the
graph S(C) is a doubly connected graph with the set vertices V/,.

Hence, the equality

V(X(S(C))) UV (Xaa(C)) =V, (101)

holds. Here V(X (S(C))) is the set of all vertices of the graph S(C), and V(X,4(C)) is the
set of vertices of all admissible edges of the ensemble C. From equality (101) by Definition
5 it follows that the ordered pair of sets X = (X (S(C), X,4(C)) is a canonical pair of order
n.

From the obtained results it follows that the graph S(C), to which the set X,4(C) is
putted in correspondence, belongs to the set of graphs &,, by the definition of this set.
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_ Hence, by Lemma 2, it follows that the Mayer and Boltzmann functions product
Pg (S(C)) labeled by this graph is a base product of order n and is defined by the for-

mula B B
Py (S(C)) = H H fijfirjr- (102)
{i.5}€X(S(C)) {5/} Xaa(C)

Hence, by Theorem 2, it also follows that the graph S(C) is a completed graph-label of
the product Py (S(C)).

Comparison of formulas (100) and (102) implies that the integrand of the integral J(C)
is identical to the functions base product ﬁgn(S (C)). Therefore, this integrand is a functions
base product of order n, it is labeled with the graph S(C), and the graph S(C) is a completed
graph-label of the integrand of the integral J(C). Hence, by theorem 3, it follows that the
improper integral J(C) is an improper convergent base integral of order n. Theorem 6 is
proved. »

Theorem 6 implies the following

Corollary 8. The frame sum on the right-hand side (99) is, by Definition 11 and Remark
6, a base linear combination with coefficients of negligible complexity.

This circumstance makes it possible to use the proposed in this article criteria Cry, Cry
and Crs for comparison in complexity of representations of the virial coefficients by frame
sums with other base linear combinations with coefficients of negligible complexity.

This circumstance also makes it possible to use the criteria Cr}, Crf and Cr} proposed
in this article for comparison in complexity of representations of limiting virial coefficients
by frame sums with representations of these coefficients by polynomials in base linear com-
binations with coefficients of negligible complexity.

From tables 1, 2, 3, 4, 5 and 6 the conclusions follow.

According to the criteria Cry, Cry and Crs, the complexity of the representation of the
limiting virial coefficient B3 by the frame sum according to the formulas (99) and (100)
differs negligibly from the complexity of the representation of the coefficient az by the tree
sum according to formulas (59) and (47).

According to the criteria C'r; and C'ry, this representation of the limiting virial coefficient
B3 by the frame sum is considerably simpler than the representation of the limiting Mayer
coefficient bg by tree sums according to formulas (53) and (47). But according to the Crs
criterion, these two representations in their complexity differ negligibly from each other.

According to the criteria C'r] and Cr), the representation of the limiting virial coefficient
Bs by the frame sum is considerably simpler than its representation by formula (66) in the
form of the polynomial in tree sums, representing the limiting coeflicients b,, by formulas (53)
and (47); also according to the criteria C'r] and CrY, this representation of the limiting virial
coefficient B3 by the frame sum is considerably simpler then its represention by formulas
(76), (77) and (78) in the form of the polynomial in tree sums representing the coefficients a,
by formulas (59) and (47). But according to the criterion C74, all these three representations
in their complexity differ negligibly from each other.

According to the criteria C'ry, C'ry and Crs, the representation of the limiting virial
coefficient B, by the frame sum according to the formulas (99) and (100) is considerably
more complicated than the representation of the coefficient a4 by the tree sum according to
the formulas (59) and (47).

The complexity of the representation of the limiting virial coefficient B, by the frame
sum according to the criterion C'r; negligibly differ from the complexity of the representation
of the limiting Mayer coefficient by by the tree sum according to formulas (53) and (47).

46



However, according to the criteria Cry and C'rz, this representation of the limiting virial
coefficient B, is considerably more complicated than the above representation of limiting
Mayer coefficient by. Since the criteria Cry and Crs are more accurate, then, apparently,
it should be assumed that the representation of the limiting virial coefficient B, by the
frame sum considerably more complicated than the above representation of limiting Mayer
coefficient by.

Further, according to the criteria Cr} and Cr the representation of the limiting virial
coefficient B4 by the frame sum is considerably simpler then the representatiun of this co-
efficient by the formula (66) in the form of the polynomial in tree sums, representing the
limiting Mayer coefficients b, by the formulas (53) and (47). But according to the Cr} crite-
rion, the first of these two representations of the limiting virial coefficient By is considerably
more complicated than the second one. Since the criterion Cr% is more accurate than the
criteria Cr} and C7), then, apparently, it should be assumed that the given representa-
tion of the limiting virial coefficient B, by the frame sum is considerably more complicated
than the representation of this limiting coefficient as a polynomial in tree sums representing
coefficients b,,.

Finally, according to the criteria C'ry, Cry and Crs, the representation of the limiting
virial coefficient B, by the frame sum according to the formulas (99) and (100) is considerably
more complicated than its representation by the formulas (76), (77) and (78) as a polynomial
in tree sums representing the coefficients a,, by formulas (59) and (47).
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Complexity tables of representations of Mayer coefficients b, and coefficients a,,
by tree sums, representations of virial coefficients by frame sums and
Ree-Hoover representations of virial coefficients

Table 1 of complexity by the criterion Cr;

5 6 7 8 9 10
14 44 157 634 2852 14047

n 4
5
2 5 15 55 239 1169 6213
5
2

07"1 (LTR(TL))
C?"l (LTR(HO))
Cri(Lg(n))
OTl (LRH(TL))

57 - - - - -
5 23 171 2606 81564 4 980 756

S )
[ It

Table 2 of complexity by the criterion Cr,

4 5 6 7 8 9 10
2293 403 1882 9671 54370 329325
11 42 172 804 4330 25930 166666
26 - -

1250 345 3591 72968 2936304 224134020

— = = DD
L W W ot W

Table 3 of complexity by the criterion Cr;

n 2 3 4 5 6 7 8 9 10
Crs(Lrr(n)) 0 1 7 37 183 940 5233 31554 202902
Crs(Lrr(n,0)) 0 1 5 22 97 474 2657 16578 110749
Crs(Lg(n)) 0 1 11 - -

The tables use the following designations:

n is index of Mayer (virial) coefficient;

Lrgr(n) is the representation of Mayer coefficient b,,(A) by tree sum, defined according to
formulas (52) and (48), and the representation of the limiting Mayer coefficient b, by tree
sum, defined according to formulas (53) and (47);

A C R” is the volume containing a particle system;

L7r(n.0) is the representation of the coefficient a, by tree sum, defined according to
formulas (59) and (47);

Lg(n) is representation of the limiting virial coefficient B,, by the frame sum according
to formulas (99) and (100);

Lru(n) is Ree-Hoover representation of the virial coefficient B,,(A).
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Complexity tables of representations of virial coefficients: 1) representations by

means of the Mayer coefficients b,,, presented by tree sums; 2) representations

by means of the coefficients a,, represented by tree sums; 3) representations by
frame sums; 4) Ree-Hoover representation;

Table 4 of complexity by the criterion C7r}

n 2 3 4 5 6 7 8 9 10
Cri(Srr(n)) 1 3 8 22 66 223 857 3709 17756
Cri(Crp(n.0)) 1 2 4 9 24 79 318 1487 7700
Cri(Lp(n)) 1 1 5 57 - - - - -
Cri(Lpp(n)) 1 1 2 5 23 171 2606 81564 4 980 756

Table 5 of complexity by the criterion C7),

4 5 6 7 8 9 10

28 121 524 2406 12077 66447 395772
15 57 229 1033 5363 31293 197959
26 - -

1250 345 3591 72968 2936304 224134020

[ Y Sy Y
W W = O W

Table 6 of complexity by the criterion C7}

n 2 3 4 5 6 7 8 9 10

Cri(Srr(n)) 0 1 8 45 228 1168 6401 37955 240857

Orh(Srr(n,0) 0 1 6 28 125 599 3256 19834 130583
Criy(Lp(n)) 0 1 11 - -

The tables use the following designations:

n is index of virial coefficient;

Lrr(n) is the representation of the virial coefficient B,(A) by Mayer formula (65) as a
polynomial in all tree sums being representations of Mayer coefficients by (A), b3(A), ..., bu(A)
by formulas (52) and (48), and the representation of the limiting virial coeflicient B,, by
Mayer formula (65) as a polynomial in all tree sums that are representations of the limiting
Mayer coefficients bq, b3, . .., b, by formulas (53) and (47);

L1rr(n.0) is representation of the limiting virial coefficient B,, by formulas (79)—(84) as
a polynomial in all tree sums that are representations of the coefficients ao,as, ..., a, by
formulas (59) and (47);

Lr(n) is frame sum representation of the limiting virial coefficient B,, according to for-
mulas (99) and (100);

Lgru(n) is representation of the virial coefficient B,,(A) by Ree-Hoover method,

Note. In Tables 1 and 4, the values of lengths of the base linear combinations that are
Ree-Hoover representations of the virial coefficients B,,, were borrowed from the article [27].
Criterion values Cr, for Ree-Hoover representations of virial coefficients B,, were calculated
based on the definition [46, 47, 48] of these representations and using length values of base
linear combinations given in [27].
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Russian version
CioxkHoCTb npeacTaBjieHuit koedppUIIMEeHTOB
CTEIeHHBLIX PAJIOB B KJIACCHMIECKOI
cTaTUCTI4IecKolli MexaHuke. MIx knaccundpukarms
11 KpUTEePUU CJI0XKHOCTIH.

I'N. KaaMbIKOB

AnaHoTanus

JekmapupoBaHo, YTO IIEJbI0 YIIPOIIEHNH IpeacTaBJIeHIH K03(DDUIIMEHTOR CTEleH-
HBIX PAJI0B KJIACCHIECKONH CTATUCTUIECKON MEXAHUKY ABJISIETCA YITPOCTUTH MPOTIECC MO-
JIY9eHHd OIeHOK 3TUX KO PUIMEHTOB ¢ MOMOIIBIO UX YIPOINEHHBIX IPeICTaBICHHH.

Ilenb crarbu: chopMyIMPOBATH KPUTEPUUM CJAOKHOCTH (C BBIMIEYKA3AHHON TOYKM
3pEeHMsl) MpeICTaBIeHnl KoM MOUITHEHTOB CTECHHBIX PSJIOB KJIACCHIECKONW CTATHCTHYIE-
CKOI MEXaHWKW U [TPOJEMOHCTPUPOBATE UX IIPUMEHEHUE Ha, IPUMEpPaX CPABHEHUS JAPYT
¢ npyrom npexcrtapiaennit Pu-I'yBepa BupuaabHBIX KO3(DUIIMEHTOB 1 IIPEACTABICHNIA
KO DUIUEHTOB CTEIEHHBIX PSJIOB, OCHOBAHHBIX HA, KOHIENIINK KAPKACHOM KJaccudu-
Kallny MOMEYeHHBIX TpadOB.

st perenust 9TUX 3339 BBEJEH DS/l HOBBIX MATEMATWUCCKUX MOHATHH (TaKUX,
Kak 6a30Boe mpom3Beenne, 6a30BLIN MHTErpaJ, Ha30Bas JuHeHAS KoMOuHaIMsT, 6a30-
Basi JuHeiHast KoMOUHAIMs ¢ Ko dUuiimeHTaMn HE3HAYNTETBHON CI0KHOCTH 1 6a30B0€
MHOXKECTBO 0A30BBIX JIMHEHHBIX KOMOMHAINH ¢ KO PUITMEHTAMA HE3HATNTEILHOM CIT0-
JKHOCTH) W TPEJJIOKEHA KIACCHMDUKAIMS TPEJICTaBICHIH KOIDDUINEHTOB CTEEHHbBIX
PSIOB KJIACCUYIECKOH CTATUCTUYECKON MexXxaHwKu. B 3Toit kmaccndukanmm mHambdosiee
BayKHBIM KJIACCOM SIBJISIETCS KJ1acC 0A30BBIX JIMHEHHBIX KOMOWHAIMH ¢ KO uimen-
TaMU HE3HAUYUTEJbHON C/I0KHOCTH. K HEMY OTHOCATCS, B 9aCTHOCTH, TPEICTABICHUS
BUPHAJLHBIX K03(duimeHTor no Meroay Pu-I'yBepa m mpesacraBiieHus MaiiepOBCKHX
KO DUIUEHTOB PA3JIOKEHUI JIABJIEHUs] U [JIOTHOCTH [0 CTEIEHIM aKTUBHOCTH, OCHO-
BAHHBIE Ha KOHIIENINN IPEBECHOM KJIACCUMPUKAINN TTOMEUEHHBIX TPA]OB.

CdopMynupoBaHbl TPU KPATEPUS /I OIEHKHN CPABHATEILHON CI0KHOCTH HA30BBIX
JIMHEWHBIX KOMOUHAIIWI ¢ KO3 DUITMeHTaMy HE3HATNTENBHOMW CJ0KHOCTH U TTOCTPOEHBI
PACIIIHPEHNsT BCeX 3TUX KPUTEPUEB HA COBOKYIHOCTL 0a30BBIX MHOXKECTB HA30BBIX JIM-
HeMHBIX KOMOUHAINH ¢ KoadpunrenTaMn He3HauuTeabHoi ciaoxuoctu. [IOcrpoenmbie
KPUTEPHUH YIIOPAIOIEHbBI 10 HX TOIHOCTH.

ITpumenenne Bcex MOCTPOEHHBIX KPUTEPUER TEMOHCTPUPYETCs Ha IPUMEDPAX CpaBHe-
HIA MeXKTy coboii npeacTapaennii Pu-1'yBepa n Takux mpeacrapiaeHuit K03 uImneHTon
CTENEHHBIX PS0B, KOTOPbBIE MOCTPOEHBI HA OCHOBE KOHIEIIINNA KAPKACHONW KJaaccudu-
KaIluu IIOMEYeHHBIX rpadoB. llogydeHubie pe3ybTaThl MPEACTaBAeHb B TAOIUIAX U
POKOMMEHTHPOBAHBI.

1. B crarpe pacCMaTpUBaOTCA TEPMOJUHAMUYICCKHUE DPAaBHOBECHBLIC OJHOKOMIIOHCHTHDbIC
CUCTEMBI KJIaCCUYICCKUX YaCTHUIL, KaK 3aKJ/JIIOY€HHBbIX B OI'PaHTY€HHOM MHOZKEeCTBE A V-MEpPHOT'O



JIefiCTBATEILHOIO €BKJ/IMJI0Ba IpocTpaHcTBa RY Tak M 3aK/II0YEHHBIX B V-MEPHOM JIeiicTBU-
TeJIbHOM €BKJIMI0BOM npocTpancTBa RY. Ilpeanosaraercs, 9To 9TH YaCTUIBI B3aUMOIEHC-
TBYIOT NMOCPEICTBOM IEHTPAJBHBIX CHJI, XapaKTePU3yeMbIX IIOTEHIMAJIOM HAPHOTO B3AaUMO-
peitcreug ®(r), rae v = (rM @ r0)) € RY. Takuxe upemnoiaraercs, 4To HOTEHIIHA
nmapHoro B3anMmoeiicteus O (r) sBiasgercs naMepumMoit byHKIHEl, a B3anMoaeiicTBre (mapHoe
B3aMMOJIEHiCTBIE) YIOBIETBOPsieT YCJOBUAM ycroifunsoctu [24, 17, 49] w peryasapuoctn |24,

17, 49]. Kax 06br4r0, 0603HAYNM MaiepOBCKY0 (byHKIHIO

fij = exp{—=BP(r; —1;)} — 1, (1)

rae i # j, r;,r; € RY, B = 1/kT — obparnas temueparypa, k — nocrosunas Boabnmana,
T — abcomoTras Temneparypa. depes f;; 0603HaunM GOJBIIMAHOBCKYIO (DYHKIUIO |24,
49|, moaras

fis = 1+ fij = exp{=p®(r; —r;)}. (2)
B cayuae, Korga Takas CUCTEMa YaCTHIL 3aKII0U€HA B OIPAHNYEHHOM MHOXKeCTBe A, 3aBucH-
MOCTb JIaBJIeHUs OT IJIOTHOCTH 0 B 3TOH CHCTEMe MOXKeT ObITh IPEJCTaBJeHa B IBYX BHIAX:
B (bopMe BUPHAIBHOTO PA3jIoKeHus jJaBienus p(A) Ho cTeneHsM IIOTHOCTH ¢ U B apaMeT-
PUYECKOM BUJIE, T.€. B BUJIE JIByX YPABHEHUII, BbIPAKAIOIIUX 3aBUCUMOCTD JaBjienus p(A) u
miorHoct o(A) or mapamerpa z, Ha3bIBAEMOTO aKTHBHOCTHIO [23, 24, 44, 49|. Bupuanbhoe
PA3JIOKEHNEe UMeeT BUJL:

p(A) = B> Bu(B, (A)e" (3)

Huzke MBI Gy/1eM JJist TIPOCTOTHI OMycKaTh aprymenT 3 koadddurmentos B, ((4, LL). B srom
pasznoxenun Kodhburuentsl B, (A) HaspiBatoTcsi BUpHATbHBIME Kodbdunuentamu. Bupu-
anbHbIil Koaddunuent Bi(A) pasen 1, a mpu n > 1 Bupuaibubie KO3bMUIHEHTH OpeTe-
JIAIOTCH (POPMYJIOit:

n—1
Ba(A) = A > /(W 11 )fw(dr)n, (4)

Be®, {uv}eX (B

rae |A| — mepa mHOXKecTBa A, B, — COBOKYIHOCTH BCEX JBYCBSI3HBIX N-BEPITHHHBIX TOME-
qeHHbIX Tpadon (610koB) ¢ MHOKecTBOM Beprine V, = {1,2,...,n}, X(B) — cCOBOKYITHOCTh
Bcex pebep Gaoka B, (dr), = dridry...dr,, dr;= d’rgl)drgz) Cee drgl').

3/ech U B JaTbHENIEM H3JI0KeHnH, caenys [25, 28|, Mbl cautaem, 4to Begkuii rpad G
0 ONpPEeIeIeHUI0 He UMeeT HH KPATHBIX pebep, HU MeTeIb.

31ech U majee MO TEKCTY MBI IOJAraeM, 9YTO BEePIIUHBI pebep n rpadoB MOMeUYeHbl HATY-
pasibHBIMHU YHCaaMu. [[09TOMY BCIOJIY B CTaThe MBI OTOXKIECTBJISEM BEPIIUMHBI IPADOB C UX
METKaMH. TOTHO TaKKe Mbl OTOYKIECTBJISIEM BEPITUHBI, HHIHIEHTHBIE pedpaM, ¢ ©X METKAMHU.

DT npejicTaBIeHNsI BAPUATBHBIX KoddbdunuenTos 6bmu moaydenst 1. Maitepowm [23, 42—
44]. OH ke 3aMeTHI, 9To Ipu N > 2 BupHuajibhble Koabdunuentsr B, (A) 6bcTpo cTpemsaTces
K cBOeMy Ipezeny B, ¢ poctoM A, 9To m1aeT BO3MOXKHOCTH B KA4eCTBE OIEHKH Hpeesa Kodd-
bunuenra B, ucnoib3oBarh 3HaUeHnEe BUPUAILHOIO Ko duuuenra B, (A) npu MmHO)KeCTBE
A He oueHb GOBITION MEPHI.

Maiiep HaIesr u napamMeTpudecKoe MpeJicTaBIeHne 3aBUCAMOCTH faBiaerus p(A) or mwior-
Hoctu o(A):

p(A) =B ba(B,M)2"; (5)

2



0= nby(8,A)z". (6)

Huzke Mbl OyjeM Jiisi IPOCTOTHL OlycKaTh apryment [3 koddduuuenros b, (5, A). B pas-
noxkenusx (5) u (6) mo cremensm akTuBHOCTH 2 KO3 dummentsr b,(A) mazbBaoTcsd, Kak
U BUpHAJIbHBIE KO3 dunuenTsl, Maitepopckumu kodddunuentamu. B ormdane ot Bupuaib-
HBIX KO3(DUIUEHTOB MbI UX Oy/IeM Ha3bIBATh MallepOBCKUMU KOIPMUIIMEHTAMHE 110 CTEIeHIM
AKTUBHOCTH z. A B TeX CJIy4asx, KOTJA MX CMBICJ OJIHO3HAYHO OIPEJIEIsieTCsi KOHTEKCTOM,
OyaeM Ha3bIBATh KPATKO MaiepOBCKHMHU KOdhpUuImeHTaMu.

Maiieposckuit koaddunuent by pasen 1, a npu n > 1 maiteposckue koadbdunuents by, (A)
onpeeasdiorTcs (popMyIoii:

/ I fuldo). (7)

bn(A) |A|7’L'
GeGn {u v}eX(Q)

rie G, — COBOKYIIHOCTBH BCEX CBSI3HBIX N-BEPIIMHHBIX TOMEYEHHBIX I'PadOB ¢ MHOKECTBOM
seprun V, = {1,2,...,n}, X(G) — coBokynnoctsb Bcex pebep rpada G.

OHaKO BIOCTIEACTBUAN OBLIO 3aMEYEHO, 9TO ITH MPEJACTABIEHNST MMEIOT BEChMa HEIpH-
ATHOE CBOHMCTBO, OJiarojiapd KOTOPOMY OHM HPAKTHYECKH HEIPUIOIHLI KaK JIIs BEIYUCICHU
BHPUAJBHBIX KOYDDUIMEHTOB (32 HCKIIOYEHHEM HEePBBIX TPEX), TAK U JIJIS TeOPeTUICKO-
ro aHaJIM3a MOBeJIeHUSA cTapHiux KoddduiumeHTos. Brepsbie HA 9TO CBOMCTBO MailepoBCKUX
npejcTaB/ieHnit KO3(hMOUIUEHTOB CTEIEHHBIX PsSIIOB K/IACCHIECKON CTATHCTUIECKON MeXaHu-
ku obparun sanmanne 1.1, Meanunk. B cBoux paborax [1, 30| on BmepBble KauecTBEHHO
OTMUCAJT ITO CBOWCTBO W HA3BAJ €0 ACUMIITOTUYECKO# KaTtacTpodoii. OHa mposiBisieTcst
B TOM, UTO IIPH MaflepOBCKOM IPeJICTaBJICHIN KOYPPHUIIMEHTOB CTEIEHHOTO Psijia 3HAUUTE b=
Hasl 9acTh CJAAraeMbIX B CYMMe HHTErpajoB, Oompeiesionieil n-blii KoadpdunmenT psia, ¢
OOJIBITION TOYHOCTHIO B3AUMHO COKPAIMAIOTCSA KAK BEJIUIUHDBI MIPOTHBOMOJIOXKHBIX 3HAKOB.

CpaBHETETHEHO HEOOJIBINON OCTATOK, OCTAOIIUIICS TOCTe TAKOIO B3AMMHOTO yHUYITOZKE-
HUSI, SBJISETCS TPU N — 00 OECKOHETHO MAJION BEJIMIMHONW MO CPABHEHWIO ¢ YUCJIOM CJia-
raeMbeIX B CyMMe, TPAIUIIHOHHO OILpeIessiolieil 3ToT KoahdumnueHT. I1or "ocTaTok mpe/i-
CTaBJIMIOMMNI OCHOBHONH HMHTepec, jake IpHU HeOOJBIINX 7 CTAHOBUTCS HEJIOCTYIHBIM JIJId
HEIIOCPEJICTBEHHOTO MCC/IEIOBAHUS.

B nanbreiimem aBrop ganmoii crarou B kuure 17| gaa ¢tporoe MaTeMaTHYeCKOe OIpe/Ie-
JIEHUEe aCUMITOTHYIeCKOi KaTacTpodbl. s ynobcTea duTareneii mpuBeieM 3/1€Ch 9TO OTpe-
JIeJICHHE.

Onpenenenune 1. B npeacraBienugax Ko HUIUEHTOB CTEIEHHOTIO Psiia TPUCYTCTBYET
¢deHOMEH aCHMITOTHIECKON KaTacTpodbl, ectu npu J1ob6oM B > () 9ucI0 claraeMbIX B CYMMe,
npeCcTaBIgoNeil KodMHUIMEHT TPHU TePEeMEeHHO B CTEIIeHN N, TIPU N — 0O pacTeT ObICTpee,
gem Besmanna(n!)?B™. A

3HadyeHue TOro OIpeJieieHIs COCTOMT B TOM, YTO OHO JAeT BO3MOXKHOCTDH OT/IEJIUTD T€
npeJcTaBiaeHus Ko3h OUIUEHTOB CTEIEeHHOTO Psia, Te VKe IIPU CPABHUTEIHLHO HeOOIbIUX 7
YUCIO CIATAEMBIX CJUIKOM BEIUKO, OT MPeJICTaBACHU, B KOTOPBIX YUCIO0 CJIaraeMbIX PacTeT
3HAYUTE/IHHO MeJJICHHEe.

[Ipu monbITKax BbIYuC/AeHUS KOIDDUIUEHTOB MailepOBCKUX Pa3JI0yKeHU, NCXO/Id U3 Ta-
KUX WX TPeJCTaBJIEeHU, T7e MPUCYTCTBYeT (DEHOMEH aCHMITOTHIECKOH KAaTacTpOdbI, Tpak-
THYECKH HEHM30eKHO C POCTOM N HPOUCXOINUT KAaTaCTPpOPUIEeCKH OBICTPHI POCT OIIUOOK BHI-
YUCJIeHnE 3TUX K03bOPUIHeHTOB.



B Teuenue HeCKOJIBKHUX MOCTAETHUX JECATUICTUN YCUIUS PAJIA YICHBIX ObLIM HAIIPABJICHBI
Ha YHPOIIeHHUe IIPpeacTaBIeHuil KodDPUIIUEHTOB CTEIEHHBIX PAI0B KJIACCHIECKON CTaTUCTH-
JecKoi MeXaHUKH M UX BBIYHCICHHE.

Hesibio yupoienuit npejacraBieHnii Ko3(MQ@UIMEHTOB TUX CTEIEHHBIX PIJIOB SABJISIOCH
YIPOCTUTD MPOIECC TOJYUYEHHST OMEHOK 3TUX KOIMDMUITHEHTOB ¢ OMOIIBIO UX YIPOIIEHHBIX
npejcrapienuii. /s KpaTKOCTH CJA0YKHOCTH MPOIECcca MOy YeHus OIEHKHU JAHHOTO KO3 du-
IUEHTa ¢ IMOMOIIBIO JAHHOTO ero IMpeICcTaBIeHus Mbl Oy/JeM Ha3bIBaTh CJIOXKHOCTHIO JIAaH-
HOT'0 TIPEACTaBJEHUd 3TOro Ko3dduiuenTa.

HauboJiee uzBecTHbiMU pe3y/ibTaraMid B YHPOIIEHUU LPEJICTAB/ICHUI BUPDUAJIBbHBIX KO-
dburenToB, MO-BUANMOMY, ABIAOTCS Tpencrasienns Pu-I'ysepa [46], [47], [48]. B srux
MPEJICTaBIEHNSX TPU KaxKJI0M n > 4 BupuaiabHbiii kKoabdumment B,(A) npencrabasercs
JIMHEHHOU KOoMOMHAIEeH CXOAAINIUXCd HHTErPaIoB, MAPKHPOBAHHBIX HOJHBIMH IIOMEYEHHBI-
Mu rpadaMi, B KOTOPBIX KaxKaoe peOpo moMedeHO Jub0 MaiepoBCKOM, OO OOJIBIIMAHOB-
ckoit pyHKIUIME. B KaK10M HHTerpaJie, aBasioneMcs WIeHOM TaKoi JMHeHHOoi KOMOMHA-
IUU, TOJbIHTErPa/IbHASA (DYHKIMS ABJIAETCH TPOU3BEICHUEM MafiepOBCKUX U OOJBIIMAHOBC-
kX (YHKIWA. A MHOKECTBO BCEX MalepOBCKUX U OOJTBIIMAHOBCKUX (DYHKIHI, BXOJIANINX B
9TO MPOU3BEJICHUE, HAXOAUTCHA BO B3aUMHO OJIHOBHAYHOM COOTBETCTBHUHM C MHOXKECTBOM pe-
6ep rpada, MapKUPYIOIIEro 3TOT uHTerpaJ. Ilpu srom Kaxk oMy noMmedeHHOMY MaiiepoBCKO
dyuKImeit pedbpy 3Toro rpacda cOOTBETCTBYET MaiiepoBcKash (DYHKIINA, SBAAIONIAICT METKON
TOro pedopa. A KaxKmoMy pedpy, MOMeIeHHOMY OOJIBIIMAaHOBCKON (DYHKIHEH, COOTBETCTBYET
HoIbIIMAHOBCKas (DYHKIINSA, SABJIAIONIAACS MEeTKO 3roro pebpa. Takum obpa3om, BUpHAIb-
Hbtii kKoaddunuent B, (A) npeacrapiasgercs JTUHERHON KOMOUHATINEH HHTETPATIOB, B KAZKJIOM
U3 KOTOPBIX MOJAbIHTErpaabHasd (DYHKIHUA ABIAETCS MPOU3BEJICHHEM MaiepOBCKHUX M OOJIbII-
MaHOBCKUX (byHKIHA, obmum quciaom n(n — 1)/2 dyuknun. ITu npeacTaBiaeHust Mbl OyaeM
Ha3bIBaTh MpeacTaBaeHnIGMu 1o merony Pu—I'yBepa.

Ucnonb3ysa npeacrasienus Pu—I'yBepa BuUpHaabHBIX KOI(MDMOUIMEHTOB, PAJIOM yUEHBIX
ObLIu BerUKCcenbl [50| onenkn 3uavenuit Bupuasibubix Kodddumuentos B, (npu n = 4,8)
JUIST psiia PA3/IMIHbIX 3HAaYeHuil Temueparyp. [lo3anee, na rpadgpudeckoM KoMIbIoTepe OBLIH
BeraucyeHsl [51] ais morennumana Jlemnapaa-JlxKoHca ONEHKY 3HAYEHUT BUPUATBHBIX KOI(D-
dbunpnenros B, upu n = 6,9 s pasInuHbIX 3HaYeHHil Temmeparyp. B ToM dmcie ObLIx
YTOYHEHBI pAHEe BBIYUCJEHHbIE ONEHKU 3HaYeHuil 3tux Kodddunuentos. Kpome toro, npu
n = 10, 16 Oblin BHIYHUCIEHBI ONEHKY 3HAYeHU 9TUX KO3hDMUIMEHTOB JJIsi HECKOJBKHUX (0T
OJIHOTO JI0 YeThIpex ) 3HadeHuil Temmeparyp. Keraru, To, aro npu n = 10, 16 yaanocs Haiitu
OIICHKY 3HaYeHHUsl BUPHAJILHOTO Koddduimenta B, He OoJiee yeM NPH YeThIPEX Pa3IUIHBIX
3HAYCHUN TeMIeparyp, YKa3blBaeT HA TO, YTO npu 1 > 9 o0beM BbruucaeHuil, HeOOXOMUMBIX
JIJISE OTIEHKU OJTHOT'O U3 3HAYEHU il BUpHaJIbLHOTO Koapg dunuenta 5, no merony Pu-I'yBepa, Tax
BEJIMK, YTO JIJIST 9TUX BBIYUCICHUI TPpeOyeTcsd BechbMa 3HAYUTEJIHLHOE BpeMs JazKe mpu pabore
H& COBPEMEHHOM KOMITBIOTEPE € BBICOKOU HPOU3BOJIUTE/IHLHOCTBIO. OIHAKO, OCTAETCd OTKPbI-
TBIM BOIIPOC: CBOOOIHBI JiU IpejcTaBienus Pu—I'yBepa or acuMITOTHYECKOH KaTacTPOMHI.

Wuoit moaxon K yHPOIINEHUIO HpeacTaBlaeHuil KodhMUIMEeHTOB CTEIeHHBIX PsI0B KJac-
CUYIECKOH CTATUCTUYECKON MEXaHWKH pa3padaTbiBajcsad aBTOPOM HaHHON crarbu. OH OCHO-
BaH Ha Pa3BUBAEMOIl aBTOPOM KOHIIETIUN KAPKACHON KJIACCUMUKAIINN ITOMEYEHHBIX rpadon
[2-9, 13-20, 31-34, 37, 38, 39|. Mbt OyjaeM ero Ha3bIBATH METOAOM KAaPKACHBIX CyMM. B
paMKax 9TOr0 MeTOJa MM OBLIH MOJYYEHBI CBOOOIHBIE OT ACHMITOTHYECKONR KaTacTpOdbI
IpeICTaBICHUST MaiepOBCKUX KOIPPHUITUEHTOB pa3I0KeHU JaBICHAI U IJIOTHOCTH IO CTe-
HeHdIM aKTUBHOCTH, IIpejcTaBieHusd KoM PUIMEHTOB Pa3/ioKeHus Mm-4acTUuIHON (HyHKIUN
pacrpejeseHus B psi/i IO CTEIEHAM aKTUBHOCTHU, MPEACTABICHIA KOIDMUITHEHTOB pa3ioxke-



HUS OTHOINEHNS AKTUBHOCTH K IIOTHOCTH B P4/I IO CTENEHIM aKTUBHOCTHU U MPEICTABICHUS
BHpHUAIBbHBIX Kodddurmentos |3, 4, 6-9, 15, 17, 31-34, 37, 39).

JloCTOMHCTBOM 3TUX MPEJICTABICHUN ABISIETCA TO, YTO OHH CBOOOTHBI OT ACHMIITOTUYEC-
Koit karactpodsl |9, 11, 15, 17, 36, 37, 39]. Vcnoub3yst 9tu npejcTaBieHns, yaagaoch HOJy-
auth [9, 10, 12, 17, 35, 39| onenky cBepxy pajmyca CXOIUMOCTH MaiiepOBCKUX PA3I0KEHHH M0
CTeTIeHsIM aKTHBHOCTH (/711 HEOTPHUIIATEIHHOIO MOTEHIHAA). A TaKKe YAaJI0Ch, NCTOIb3Y S
9TU TIpe/ICTaBIeHUs, HA OBITOBOM KOMITBIOTEPE BBIYUCIUTD, JOBOJIBHO TOYHO, OIEHKU TEPMO-
JIMHAMUYECKUX MpeesaoB 4-0ro, 5-oro u 6-0ro BUPHAJIbHBIX KOIMHUIUEHTOB TPU OJTHOM W3
3HA4YCHUN TeMIIepaTyphl.

2. lleabto cTaThu ABJSETCS: ONPEIETUTH KPUTEPHH JI/Tsi ONEHKHN CJI0KHOCTH MPEe/ICTABIE-
HUl KO(DDUIMEHTOB CTENEHHBIX PAJIOB KIACCUIECKON CTATHCTUIECKON MEeXaHWKW; MTPOJIe-
MOHCTPHUPOBATh WX NPUMeHeHUe Ha MpUMepax cpaBHeHus mpejcrasiaenuit Pu-I'ysepa Bupu-
AJBHBIX K03 UIMEHTOB U IpeacTaBaeHnit Ko3hOUINeHTOB CTeIeHHBIX PSA0B, OCHOBAHHBIX
HAa KOHIENIIN KapKAacHO! KIaCCU(PUKAIINYE TOMEYEHHBIX TPadOB.

OueBHIHO, 9TO JaXKe JJIs CPABHEHHUSI 10 CJIOKHOCTH JBYX PAa3JIUIHBIX MPEICTABICHUH
JIAHHOTO KO3 pUImenTa HEKOTOPOro CTENeHHOro psja HaJ0 uMeTh Kputepuii. Tem 6osee
HEOOXOMM TaKOT'0 POJia KPUTePUil, ec/id IOCTaBIeHa 3a/7a9a CPABHUTD 110 CJIOKHOCTH JaHHbBIE
npeacTaBiaeHnsd KO3DOUIHEHTOB TPU lTepeMeHHOM B CTEMeHN N JIBYX PAa3JTHYHBIX CTETeHHBIX
PAIOB.

Co3anue TaKOro poja KpUTepueB 00Jerdaer To 0OCTOATETHCTBO, YTO MHOTHE M3BECT-
HbIE MPEe/ICTABICHUS KOIMD@PUIMEHTOB CTEMEHHBIX PSIIOB KJIACCUIECKON CTATHCTHIECKONH Me-
XaHUKHU SBJIAOTCA JJHHEHHBIMA KOMOWHANUAMI MHOTOMEDHBIX HHTErDAJIOB, MOJABIHTEIPATb-
Hble (DYHKITMN KOTOPBIX MAapKHPOBaHBI IIOMEYEeHHBIMU I'padaMu, B KOTOPBIX KaxKJI0e pedpo
noMedeHo Jinbo MaitepoBcKoit, b0 GoabIMaHOBCKON (byHkmusiMu. B Kaxkjaom mHTerpaJe,
SIBJISTTOTIEMCST “LJIEHOM TAKOH JIMHEHHOIT KOMOMHAIINY, [TObIHTerPAIbHAS (PYHKIUS ABJISETCS
IPOM3BEIEHHEM MaiiepOBCKUX M OONBIMAHOBCKUX (DYHKIHUiT (TAKOBbI, HANPHMED, IIPEII0o-
xennbie Pu u T'yBepom [46, 47, 48| npejcraBiennst BAPHATBHBIX KOI(DMOUITHEHTOR).

B crarbe [39] mpoussegena kiaccudukanus npeictaBieHuil KoahbGUIUEHTOB CTeleHHbIX
PSIIOB KJIACCHYECKOR cTaTucTudecKoin Mexanuku. Hambosee BarKHBIM KJacc 3TOH KJIACCH-
pukanumu COMEPKUT MOJYIEHHBIE METOJIOM KAPKACHBIX CYMM IIPEJICTAB/ICHUS] B TEPMOMHA-
MIYIeCKOM TIpejiesie BUPHAIbHBIX KOI(DDUIMEHTOB U MPEICTABACHUS B TEPMOINHAMAIECKOM
npejesie MafiepoBCKUX KOIDMUIIMEHTOB Pa3/ioyKeHuil TaB/IeHNs] W TJIOTHOCTH MO CTEMeHSM
AKTUBHOCTH. DTH MPEJICTABIEHUS IBJIAI0OTCH JTUHEHHBIMI KOMOUHAIIMAMEA MHOTOMEDHBIX HH-
TerpaJjioB, ONMHCAHHBIMU B MPeAbIIyIIeM ab3are.

Jlist OlEHKM CPaBHUTE/ILHOW CJIOXKHOCTH BXOJMIIUX B ITOT KJIACC MPEJICTABJICHUN KO-
3 PUIHEHTOB CTENEHHBIX PsIOB B cTaThe |39] BIepBble MOCTPOEHBI TPH KPHTEPHUSI, YIOPs-
JIOYEHHBIE 110 UX TOYHOCTH. TaMm TakzKe MOCTPOEHBI KPUTEPHUH IS CPABHUTEILHOIl OIMEHKN
CJIOYKHOCTH MHOTOYJIEHOB OT JIMHEHHBIX KOMOWHAIINI, BXOJSAIIHAX B BBIINEYIOMAHYTHIH KIaCC
npeacTaBiaeHni KOdhOUIUEHTOB CTENEHHBIX PSJIOB KJIACCHIECKON CTATHCTUIECKON MeXaHU-
K.

B npennaraeMoii BHUMAHWIO 9UTATEISI CTATHE ITOT KJIACC PACIHIHPEH TaK, 9TO B 9TO PaC-
MU PEHIe BXO/ISIT MHOTHE U3BECTHBIE MPE/ICTABICHUST KOI(D(DUIIMEHTOB CTENIEHHBIX PSAIOB, BO3-
HUKAIOIUX IPU HCCIeJOBAHUU TEPMOINHAMUIECKHX PABHOBECHBIX OJHOKOMIIOHEHTHBIX CH-
CTeM KJIACCUYeCKHX YACTHUIl, KaK 3aKJIIOUYEHHBIX B V-MEPHOM JefICTBHTETHHOM €BKJIHIOBOM
mpocTpancTBa RY, Tak W 3aK/TI0OYEHHBIX B OMPAHHIEHHOM MHOMKeCTBe A, comeprKareMcs B
npocrpanctee RY. B 310ii crarbe BBeJeHO NOHATHE CPABHUMBIX JUHEHHBIX KOMOWHAIINIA,
IPUHAJIEZKANAX ITOMY PACIIUPEHUI0 W TTOCTPOEHBI KPUTEPHH JJIsi CPABHUTETBHON OIEHKH



CJIOYKHOCTH CPABHUMBIX JIMTHEWHBIX KOMOWHAIWIL. TaKzKe MpeJIoyKeHbl KPUTEPUU /I CPAB-
HUTEJIbHON ONEHKHU CJIOXKHOCTH MHOTOWJIEHOB OT JIMHEWHBIX KOMOWHAIWI, BXOAANIUX B 9TO
pacIupeHmue.

Jlnst onmcanust STUX KpUTEPUEB MCIOJIB3YIOTCS BBeJeHHbIe B [39] MaTemarndeckue mo-
HSITHsI ¥ HEKOTOPbIE CBONCTBA 3TUX moHsdTuit. [is ynobcrsa anraresieil, Bce 3TH MaTeMaTH-
YeCcKWe TMOHSITHsI W WX CBOWCTBA MPUBEJIEHBI B JAHHON cTaThe. B Tex caydasx, KOTAa JOKa-
3aTebCTBA TEOPEM W JIEMM, 3aMMCTBOBAHHBIX U3 [39], ObLIN HEIOCTATOYHO YETKUMHE, WK
HEJOCTATOYHO TOIPOOHBIMU, OHW 3aMEHEeHBbl YeTKUMHU U JeTAJTbHBIMU JOKA3aTeTbCTBAMUI CO
CCBLJIKAMH HA MCTOYHUKHU W HA, UCIOJIb30BAHHDBIE (DOPMYJIBI.

[Ipumenenne 3TUX KpUTEPUEB MPOJAEMOHCTPUPOBAHO HA MPUMEPAX OIMEHKH CPABHUTEb-
HO¥ CJIOXKHOCTH TipeJicTaBiaenuii Pu-1'yBepa BupuaibHbIX KOI(MD@MUITUEHTOB U MpeICTaBICHUI
KO3 DUITMEHTOB CTEIIeHHBIX PSJI0B, OCHOBAHHBIX HA KOHIENTINN KapKAaCHOH KJaccuduKaIun
OMeYeHHBIX I'pacoB.

3. llpex e, ueM mepeiiTu K OMUCAHUIO TpearaeMoil KaaccupuKalum 1 TpeaaaraeMbIX
KPUTEPUEB CJIOKHOCTH MPEICTABICHUN KOIPDUIUEHTOB CTEMEHHBIX PIOB, A UM OIIpe/ie-
JIEHUSI MATEMATHIECKUX TOHSITHI, HEOOXOIUMBIX TSI UX OMMCAHUSI, U OCTAHOBUMCS Ha HEKO-
TOPBIX CBOMCTBAX 3TUX NMOHATHNA.

[Ipexxie Bcero Mbl HECKOJBKO PACIHIUPUM TOHATHE pebpa MoMedeHHOro rpada, BBedd
CJIeIyIoNTee

Onpegenenne 2. Heynopsimouennas mapa {7, j} pasaudHbIX HATYPAJbHBIX YHCEJ Ha-
3piBaeTcs pedopom. H

B manno#l cTarhe MBI Oy/IeM paccMaTpUBATh TOJHKO MHOXKECTBA MOMAPHO PA3JUIHBIX
pebep, He oroBapuBas 3T0 0OCTOATEIBLCTBO.

Onpepnenenue 3. ByneMm rosoputs, uto MHOXKecTBO pebep X = {{i,j}} onpenenser
muoxecrso = {f;;} maiieposckux dynkuuit, ecin Maiieposckass GyHKuus f;; BXOIUT BO
MHOYKeCTBO F' Torma m TosIbKO TOrzma, Korzpa pebpo {i,j} mpuaamje:kur MHOXKeCTBY X .
ITpu sTom MHOKecTBO pebep Xy OyJieM Ha3pIBATH MHOXKECTBOM MaiiepoBckux pebep mo
OTHOIIIEHUIO K 3TOMY MHO>kecTBY F' maiiepoBckux dpynkmnuii. B

Onpenenenne 4. Byaem TakzKe rOBOPUTH, 9TO MHOKECTBO pebep X 7 = {{7’, 7'} } onpe-

AeJIgeT MHOKECTBO F = { fl i} 60ﬂbHMaHOBCKI/IX dyuxIuii, ecan 60ﬂbHMaHOBCKaH dyHKIMA

fl 1jr = fujy + 1 comep:KuTCS BO MHOZKECTBO F Torfa m TOMbKO Torga, Korga pebpo {i', 7'}
npunaIexKuT Muoxecrsy Xy llpn stom muokectso X7 OyseM HasbiBaTh MHOMKECTBOM

60JIbIIMAaHOBCKNX pebep 110 OTHOIIEHWIO K 3TOMY MHOXKECTBY [’ 60bIIMaHOBCKUX
byukuii. B
Bsenem oboznaueHus:

P(F,ﬁ): H H fz’jﬁ'/j/ (8)

fijeF E/jIEﬁ

— IpoM3BeJieHne BCeX MallepOoBCKUX (DYHKIIHI, MPUHAICZKAIINX MHOXKECTBY MaiiepOBCKUX
dbyaknmit F', n Beex 60JbIMaHOBCKAX (DYHKIMH, TPUHAIEKAITUX MHOKECTBY OOJBIMAHOB-
ckux dbyuknuit F. OueBugano, uro npousseaenne P(F, F') apasercsa dbyukmnueit MEOKecTB F
uF. st KpaTkKoCTH HMUCbMaA Mbl OyJ/IeM OILyCKaTh apryMeHTbl F' u F upoussejenust P. A
npoussejienne P OyjgeM Ha3blBaTh MMPOU3BEJIEHUEM MAaNepPOBCKUX M OOJBIIMAHOBCKHUX
dbyHKIMIiI.

X ={X;X f} — yHops/ioueHHas Hapa HellepeceKaomuXcss MHOXKECTB: MHOXKECTBa, pedep
Xy ={{i,j}} u muoxecrsa pedep X7 = {{i', '} }.

V(Xf) — muoxkecTBO KOHIOB (Bepiini) Beex pebep u3 MHOkeCTBa X f.



V(X7) — MHOXKeCTBO KOHIOB (BepiiuH) Beex pebep u3 MHOKecTBa X 7.
V(X)) UV (X5)| — momuocrs cymmsr muozxkects V(Xy) u V(X5).

Huske Mbl OymeM paccMaTpuBaTh M Takue ynopsgaodenuble napbl X = { Xy, X ]-;} Herepe-
CEKaIOIUXCA MHO2KECTB, B KOTOPbIX BTOPO€ MHO2KCCTBO ABJIACTCA 1IYCTBIM MHOZKECTBOM, TO
ecrb napsl, umetonue sug X = { Xy, 0}.

Onpenenenne 5. Ecan muoxkectsa pebep Xy n X 7 He TePECEKAIOTCS U yI0BIETBOPSIOT
YCJIOBUIO

VX)) JV(Xp =Vu={12,...,n}, (9)
riae
n = ‘V(Xf) UV(XJ?)‘ , (10)

T0o ynopsanodennyio mapy X = {Xy, X f} 9TUX MHOXKECTB OyJ/ieM Ha3blBaTh KAHOHUYECKOM
napoii MHO2KECTB, a YHCJIO N — IMOPAIKOM 3TOH KAHOHUYECKO mapbl MHOXKeCTB. B KaHo-
Huaeckoii mape maoxkect X = { X, X J;} neppoe MHOKecTBO X y Oy/1eM Ha3bIBaTh MHOXKEeCT-
BOM MaliepoBcKux pedep, a BTopoe MHOXKeCTBO X 7 — MHOYKECTBOM 00JIbIIMAHOBCKUX
peodep. B

Tepes X, = {X = (X, X7)} o003HAYMM COBOKYHHOCTb BCEX KAHOHHYECKHX Nap MHO-
JKECTB TOPSIJIKA N. 3aMeTHM, 9TO B mape X = (Xf,XJ;), BXOJIAIIEH B COBOKYNHOCTH X,
MHOKECTBO OOJBIIMAHOBCKUX pedep X 7 MOXKeT OBITH U MYCTBIM.

Kazxoit kanonudeckoii mape muoxects X = (X, X ]7) HOPSIKA 71 IMOCTABHUM B COOT-
BETCTBHE HPOU3BejieHne MaiiepoBckux u GosibimanoBekux dyukiuii P,(X), onpejeniennoe

dopmyJioit N
P,X)= ] I fifis (11)

{i.g3reXr(X) {5 eX #(X)

OueBuIHO, YTO MPOU3BEIEHNe MafiepoBCKUX 1 OosibiiMaHoBCKuX GyHkunit P, (X) sBis-
ercs cyzkenneM Ha MuOXKecTBO X,, dbyuknun P(F, F ), ompeiesienHoit hopmyIioii (8).

Onpepnenenue 6. ByneMm ropopurs, 4To KaHOHHYecKasd napa MHOkecTB X = (X, Xf)
nopsiika n ompexnessier npoussegenune byukmuii P, (X) #u Ha3LBATH 9TO TPOU3BEICHHE
¢yHKINT KAHOHUYECKUM TPOU3BEIEHUEM, & YUCJIO N — MOPAAKOM 3TOr0 IPOU3Beje-
aus. W

Yepes P, = {P: P = P,(X), X € X,,} 0603Ha9IM MHOKECTBO BCEX KAHOHUICCKHUX
IPOU3BE/IEHUN, ONpe/IeIeHHBIX KAHOHMYECKUMH MTapaMHi MHOXKECTB U3 COBOKYMHOCTH X,,.

W3 onpenenenus coBokymaocTH X,,, OPeieIeHUsT MHOKECTBA 3, U ONpeeeHIsT TPOU3-
segenus P, (X) dopmymoit (11) ciaeyer, 9ro cOOTHOIIEHKE

P = P,(X) (12)

Mexk iy ssementamu X € X, u P € P, aBagercsa orobpaxennem copokynuoctu X, = {X}
ra MHoxkectBo B, = {P}.

3aMeTuM, 4TO TaK olpeje/ieHHoe oTobpaxenue P, : X, — B, gaBjgercd B3auMHO OJIHO-
3HAYHBIM 0TOOpazKeHHeM COBOKYHHOCTH X, Ha MHOKeCTBO B,. Tak Kak KaxK1oe IpOu3Beie-
e GyHKIEA P u3 MHOXKecTBa B, Ipu oToOpaykenuu P, WMeeT, 1 IIPU TOM €IMHCTBEHHBIH,
npoobpas X = (X, X7) B copokynnocru X,, To 5T0T 1poodpa3s MOKHO LPHHATD 32 METKY
3TOTO MPOM3BEJEHNs U CIUTATH TO MPOU3BEeHNe TOMEYEHHBIM KaHOHIMYeCKOH Hapoil MHO-
xecrs X = (Xy, X7). IIpu srom Besikast kaHoHnueckast napa Muoxecrs X = (Xy, X7) u3



COBOKYITHOCTH X,, OKazKeTcsd METKON KaHOHHYECKOr'O IIPOou3BeieHus (PyHKIHE, KOTOPOe BXO-
JIAT BO MHOYKECTBO 3, ¥ OJTHO3HAYHO OIPEIEIIAETCs ITOM Mapoil MHOZKeCTB 110 (popMmystam (12)
u (11). Huxke GyayT U3/I0KEHBI W JPYTHE CIOCOOBI MOMETKH KAHOHUYIECKUX MPOU3BEICHUH
dyuKIMil, Hale/AIne CBOE MPUIOKEHUE B JIAHHON CTaThe.

O6oznaunm wepe3 6, = {G(V,,; Xy, Xf)} MHOKECTBO BCEX IIOMEYCHHBLIX rpad OB ¢ MHO-
sectBoM BepruH V,, = {1,2,...,n} u MHO)KecTBOM pebep X, ABISIIOMNMCS 0ObeIHNHEHTEM
JIBYX HellepeceKatonuxcs MHozkecTs: Muozxkectsa X = {{7, j}} u muoxecrsa X7 = {{¢’, j'}},
— 00pa3yoIIUX KAHOHIYEeCKYIo napy MHoxKecTB (X, X f) € X,.

Host rpacbos, upunayexamux muoxecrsy 6, = {G(V,; Xy, X7)}, BBesem obosnade-
mnst: Xp(G) = Xy, X7(G) = X7, rue G = G(V; Xy, X5) € &,. Muoxecrso pebep X (G)
Oy/J1eM Ha3bIBaTh MHOXKECTBOM Maiieposckux pebep rpadpa G € &,,, a MuokecTBO X f(G)
— MHOX>KeCTBOM OoJsibitMaHOBCKuX pebep rpada G € 6,,.

Onpegeanm orobpaxkenne A, MHO)KecTBa &,, Ha MHOXKECTBO X,,, IMoJ1aras

An(G) = (X4(G), X3(G)), (13)
rie G € &,,. Orobpaxkenue A, onpeenentoe dpopmynoii (13) sBisieTcst B3aUMHO 0JJHO3HAY-
HBIM OTOOparkeHHeM MHOxKecTBa &, Ha MHOXKeCTBO X,,.

HanomuumMm, aro orobpazkenne P,, onpenesnennoe popmystamu (11) u (12), saBisiercst 01o6-
pazkeHneM MHOXKecTBa X, Ha MHOXKeCTBO ‘R3,,. SHAUHUT, CYIECTBYeT KOMIIO3UIUS OTOOparKe-
Huii P, o A,,, siBJIsiforieecst 0ToOparkenneM MHOXKecTBa &, Ha MHOXKeCTBO ‘L3,,.

Tax xKak oTobpazkerus A, u P, — B3aUMHO OJHO3HAYHBIE OTOOPAKEHHA, TO U X KOMIIO-
surusi Py, o A, Takxke siBsiercs [22, 40| B3auMHO OJIHO3HAYHBIM OTOOPAYKEHUEM.

Sameuanne 1. Kaxmnoe mpoussenenne dbyuknuii P u3 MHoxKecTBa 3, mpu oToOpazxKe-
aun P, o A, umMeer, u npu TOM €AMHCTBEHHBII, TPooOpa3 BO MHOXKecTBe &,,. 3HAYUT, ITOT
1poobpa3 MOYKHO MPUHSTH 32 rpad-MeTKy 3TOT0 NPOU3BEIEHNUS U CINTATH ITO TTPOU3BEIEHNE
IIOMEYIEHHBIM.

Ilpu srom Beakuit rpad G(V,; Xp, X f) n3 MHOXKecTBa &,, OKaKeTcss MeTKO# Ipou3Bee-
Husi QYHKIWH, KOTOpoe Mbl 0bo3HaunM Pp,(G). 9To mpousBejieHne BXOAUT BO MHOYKECTBO
B, 1 ogHO3HAYHO onpejiessgercd 3TuM rpadom no dopmyiie

Py (G) = (Po o An)(G) = Bu(An(G)) = Pul(X4(G), X3(G))) =
II  fifor (9

{1.7}EX 4 (G) {5 }eX H(G)
|

Tak kak npoussegenne P, (G) BXOIUT BO MHOKECTBO By, TO U3 ONPEJIEIEHHST TOTO MHOZKE-
cTBa cjeayer, 9ro npoussenerne Py, (G) sBiasieTcs KAHOHHYECKHM.

Onupasich Ha 3aMmedanne 1, cOpMyIUpyEM CJIeLYIOIIEe

Ounpepnenenne 7. Ecau rpad G(V,; Xy, Xf) MPWHATEKAT MHOXKECTBY &,,, TO KaHO-
HUYecKoe npoussenenne dyukiwii P, (G), onpenenentoe dopmysioii (14) Gymem Ha3HIBATH
npoussenenueM, nomeueHHeIM rpadom G = G(V,; Xy, X5), arpad G = G(Vy; X, X7)
— rpadoM-MeTKOit 3roro npoussegennsd Gyuknmii. W

Oboznaunm R(G) = (V,,; X) rpad ¢ MHOKecTBOM Bepime V;, 1 MHOKeCTBOM pebep Xy,
apisionuiica noarpadom rpada G = G(V,; Xp, X f), NpHHAIEZKATIETO MHOMKECTBY T'pa-
dbos &,,. MuoxkecrsoMm pebep rpada R(G) no oupenenenuto apisercs MHOxKecTBO X f(G)
MaitepoBckux pebep rpada G. 1o MHOKECTBO pebep OlpeesserT MHOYKECTBO MailepoOBCKUX
dbyukuumit, Bxogsmux B npousseienne dpyuxiuii P, (G). Ho rpad R(G) no oupejenenuio ue
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COMepzKuT, B oTandne or rpada G, MHOKecTBa X f(G) 00JILIIMAHOBCKUX pebep, OIpeJIe Isio-
MIETO0 MHOZKECTBO GOJBIMAHOBCKUX (DYHKIHUIT, BXOAANMX B npousseaenue dyuknuii P, (G).
[Tostomy Oynem naseiBaTh moarpad R(G) rpada G HemocTaTOYHONH METKOI mpou3Bese-
uust byukuii Py, (G), nomedennoro rpadom G.

Onpenenenue 8. Ilpoussenenne dpyukmuit P € B, Oyaem Ha3bBaTHL DA30BBIM HPO-
n3BeJIeHNEeM MOopAaKa 1, ecan ero rpad-merka G € &,, yIOBIETBOPSIET YCIOBHIO: TTOArpad
R(G) rpada G sapasercs csasubiM rpadom. Ecaun xke noarpad R(G) rpada G He sBisiercst
CBSI3HBIM, TO TIpou3BefieHue YyHKImE P OymeM Ha3bIBATH ICEBA00A30BBIM ITPOMU3BEIE-
aHuem. l

Beenem oboznadenus: B, = {P} — MHOKeCTBO Bcex GA30BBIX MPOU3BEICHHN, TPUHAJI-
JIEYKAIAX MHOXKECTBY ,,; By, — MHOKECTBO BCeX TPadOB, ABISIOMMUXCA rpahamMu-MmeTkaMn
6a30BBIX MPOU3BEICHUN, ITPIHAIIEKAIIUX MHOXKECTBY Py, .

U3 onpenenennit 7 u 8 u 3aMedaHus 1 BHITeKaeT

CaenctBue 1. Muooicecmaa Pi, U By, HATOIAMCA 80 830 UMHO 00HOZHAYHOM COOMBEM-
CMeuy.

Jlemma 1. Fcau epag-memra G npunadaescum mmoscecmey By, mo, 60-NEPEvIT, KadHC-
doe pebpo u3 MHONHCECTNBA Xf(G) coedunsem dse necmeschue sepuun epaga R(G) u, o-
emopuix, nomevwennoe epagom G kanonuveckoe npouszsedenue P, (G) asasemes dynxyued
N NEPEMEHHBIT T1,Ta, ..., Tp.

HokazareabcTBOo. Tak Kak J1000e pedbpo u3 MHoXKecTBa X f(G) npuHa,uIeKuT rpady G
0 OTIPEIEJIEHUIO 3TOrO Irpacda, TO 00e HHITNIEHTHBIE eMY BEDITUHBI TPUHAIEKAT MHOYKECTBY
V. CiemoBaresibHO, 9TH BepuiuHbl npuHaiexkar rpady R(G) mo ero ompesenenuto. 13
YCJIOBHI JIEMMBI II0 OmIpejesieHnio 8 ciaeayer, 94To rpad G IpHHAIIEKAT MHOKECTBY &,,.
Orcrofa 10 OIpesEIeHnIo STOT0 MHOKECTBA CJIEAYET, ITO MHOXKeCTBa X7 U Xy He HMEOT
001X pedep u 00pa3yIT KAHOHUYECKYIO IMapy MOPSIAKA 7. JTO O03HAYAET, YTO MHOKECTBO
X He coepKUT pebpa, COeAUHSIONIEr0 JBe BePIINHBI, HHINAEHTHBIE KAKOMY-HUOYIb pebpy
13 MHOKeCTBa, X f(G). 3HaunT, KazK0e pedpo U3 MHOXKeCTBa X 7 COEJMHSIET JIBe HECMeKHbIe
seprmnnl Tpada R(G). llepBoe yTBepkeHne JeMMbI JOKA3aHO.

JlokazkeM Temepb BTOpOe YTBepzKIeHHe JeMMBI. [lycTh ¢ — BeplinHa, TPUHAIIeKAIAT
muoxecrsy V,. Tax xak noarpad R(G) = (V,; X;) rpada G aBisiercss CBA3HBIM, TO BO
muozxecrse pebep X¢(G) cymectByer pebpo, coeIUHAIONIee BEPIHIY ¢ ¢ HeKOeil BepITHHOl
j € V,. Orcrona no onpejenennto npoussenennss P, (G) dopmyoii (14) cremyer, aro maii-
epoBcKag (GYHKIUA f;; BXOAUT B 3TO Mpom3BeJeHne. A Tak KakK MaifepoBckad bYHKIHA fij
ABJIIeTC 1O OIpeleIeHnIo (DYHKIUel MepeMeHHbIX I'; U I'j, TO 3TH IepeMeHHble BXOJAT B
YUCJIO HIePeMEeHHBbIX npoussejenust Gyukiuii P, (G). Takum obpazom, upu Jjwbom i € V,
nepeMeHHas I'; BXOAUT B 9HCJI0 IepeMeHHBIX (DYHKIINN, SIBJIAIOIIEHCS Tpon3BeeHneM (PyHK-
it P, (G).

C mpyroii croponsl, ecau i ¢ V,, To i He aBiagercd BepmuHOl rpacda G U HE MOKET
OBITH BEPIIMHON, MHIUICHTHON KaKoMy-11u00 pebpy storo rpada. [lostromy u3 onpenenenus
npoussenenust Pp,(G) caeayer, 9To mepeMeHHas! I'; He sSIBISeTCs MepeMeHHO# KaKoH-T1ubo
u3 DYHKIHI, BXOJSIMX B 9TO pon3Benenne. V3 mogydaeHHbIX pPe3y/IbTaToB CJIeLyeT BTOPOe
YTBEpXKJIEeHAE JEeMMBbL. P

W3 jgemMbl 1 BBITEKAET CJIeIyOMIee

CuenctBue 2. Basosoe npouseedenue P € B, asasemcea dynxuyueld n nepemerHvr
r{,To,...,T,, 206 N — “UcA0 eepuwun 2papa-memru G.

Onpenenenne 9. Ecan nogsiHTerpaabHoil (DyHKIMEH HWHTErpaja sBJsgeTcs 06a30Boe
npousBesenne P € Py, mopsiaka n, a 00JacTh WHTEIPUPOBAHUS 3TOTO WHTETPAJIA SIBJIAETCS



60 sielicTuTebHbIM npocTpancTBoM (RY)™™1 1160 cBA3HBIM OrpaHHYEHHBIM H3MEPUMBIM
o Jlebery MuoxkecTBOM, copepzxKamumcs B npoctpancrse (RY)™, To sTor mnrterpan Gyaem
HA3bIBATH 6A30BBIM MHTErPAJIOM, a JUCI0 N — ero mopaakoM. Ml

[Iycte G € By,,a U — cBA3HOE, OrpaHWYeHHOE W u3Mepumoe 1o Jlebery MHOXKeCTBO,
cofepzxatieecs B npocrpancTee (RY)™. Bregem obozHauenust:

1(G,U) = / Pro(G)(dr),. (15)

Q) = 1@ = [ Au@dia (16)

rje (dr)y,—1 = dradrs .. .dr,.

Teopema 1. Ecau nomenyuas napnozo e3aumodeticmeus P(r) asasemes usmepumot
dynryued, naproe 8zaumodeticmeue YoosaAemeopaem YCA08UAM YCTNOTUHUBOCTIU U PEYAAD-
nocmu, a epag G npunadsescum muoscecmsy By, , Mo BEPHBL CALIYOULUE YMBEPHCIEHUA:

Ay) pynryua Py, (G) unmezpupyema no npocmparncmey (RY)"™!, a unmezpan I(G) cxo-
duUMeCA U He 3a8UCUM 0M ZHAYEHUA NEPEMEHHOT T ;

Ay) pynruua P, (G) unmezpupyema wa A1060Mm CEAZHOM 02PAHUMEHHOM USMEDUMOM NO
Jlebeey mmuoorcecmee U, codeporcawemesn 6 npocmpancmee (RY)", a unmeepanr 1(G,U) cxo-
dumes.

JlokazaregabCTBO. 3aMeTHM IIPeXKJe BCEro, YTO PEeryJspHOCTH IAPHOIO B3aMMOJIenc-
TBUsl O3HAYaeT, 9T0 MailepoBckast dbyukuus f(r) npu wekoropom C > 0 yIoBIETBOpsieT
HEPABEHCTBY

/Ry F()dr < C. (17)

HamomuanM, 9T0 B cTaThe paccMaTpUBAIOTCA TOJBKO CHCTEMBl YaCTHIL ¢ TAPHBIM B3aNMO-
neficrBueM. B Takmx cmcTeMax B3amMOJIEHCTBHE YCTOWYWBO B TOM W TOJBKO B TOM CJyUae,
ecJIiu CyIecTByeT Takoe ucjao B > (0, uro nupu Bcex n > 1 uMeeT MeCTO HEPABEHCTBO

> @(r;—r;)>-nB. (18)
1<i<j<n
B wactHOCTH, IPH N = 2 UMeeT MEeCTO HePaBEHCTBO
@(I‘l — I'Q) > —2B. (19)

CaenoBarenbHo, 60/biManoBCKas GyHKiust f(r) yIoBJIeTBOPSET HEPABEHCTBY

f(r) < exp(26B). (20)

Orcroga criemyer, 9ro MaiiepoBckast dbyHkius f(r) mpu Hekoropom D > 1 yioBierBopsieT
HEPaBEHCTBY

|f(x)] < D. (21)

U3 onpegenenust ynknuu Py, (G) dopmyioit (14) u u3 nepasencrs (20) u (21) caeayer,
aro dyukius Py, (G) npu zHekoropom E > 0 yaoBIeTBOPSIeT HEPABEHCTBY

|P1,(G)| < E. (22)

upu Beex (r), € (R”)".
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Tak Kak MoTeHIMaJ MapHoro B3amMogeiicteug P(r) apiasgerca uamepuMoit byHKImEd, a
60IbIIMAHOBCKASA (DYHKIHA fno ee OlpeJICJICHHIO ABJIAeTCA HelpepblBHOM dyHKIMeil 3Toro
norernnana $, to, mo cpoiicTBam m3Mepnmbix dyHKwii [21], 6oabrvanosekas GyHKIuA f
TaKzKe gBJIsIeTCst u3Mepumoii. OTcoa no coiicTBaM n3MepuMbix dbyHkImit [21] coemyer, aro
MaitepoBckast pyukrms f(r) u3mepuma.

Oyuxrust Py, (G) mo jgemme 1 sgBiasiercss GyHKIHEH n MePEMEHHBIX Iy, T, ..., T, A 10
ee onpesesennto opmysnoii (14) sra dbyHKIMs SBISETCS TPOU3BEIEHNEM KOHEYHOTO YHCJIa
(yHKIMIT, KOTOPBIE, KAK MBI Y2Ke YCTAHOBUJIU, STBJSIIOTCS W3MEPUMBIMHI.

Urak, dbyuknus Py, (G) aBigercs npon3BeieHneM KOHEYHOTO YUCJIA U3MEPUMBIX (DYHK-
Ui W Olpese/IcHa B JTEHCTBUTEIBHOM ITPOCTPAHCTBE (R”)”. Otcrona 1Mo cBoiicTBaM H3Me-
puMBIX byHKIHI caenyet, uto byuknusa P, (G) — u3mepnmas HYHKIUS B TPOCTPAHCTBE
(R”)"™. Orcrofa u u3 HepaBeHCTBa (22) 1O CBOHCTBAM MHTErpUpyeMbIX (DYHKIWI Ciiejyer,
aro dyukius Py, (G) narerpupyema Ha J0060M CBA3HOM OIPAHHYEHHOM H3MEPUMOM 110 Jle-
Gery mHozxecTBe U, comepkamniemcst B mpoctparctse (RY)", a unrerpan I(G,U) cxoaurces.

U3 ycaosuit Teopempl BoiTeKaet, uTo rpad R(G) aBagercs cessubiM. [losTomy cymect-
ByeT aepeBo t((G), koropoe sBasiercs moarpadom rpada R(G). [losromy moabHTerpagbHyio
dbyuxuo Py, (G) uarerpana [(G) MOXKHO IPEICTABATD CAEAYIONM 00pa3oM

PG =), [ ulwi-r)), (23)

{i,5}eX#(G))
rie B
Q(I‘)n = H fij(ri — I'j) H fi’j’(ri’ — I'j/)7 (24)
{igelXp(GN\X ()] {#5'eX (@)
y(r) = f(r). (25)

U3 uepasencts (17) u (21) u u3 onpenenenus (25) dbynknun y(r) caeayer, 9To OYHKIHS
y(r) Takzke, Kak MailepoBcKasi OyHKIMS, YIOBJIETBOPIET HEPABEHCTBAM

/V ly(r)|dr < C. (26)

ly(r)| < D. (27)

U3 onpejenennst dbyuxipn 0 dopmydoit (24) u u3 nepasencrs (20) u (21) caemyer, 4ro
dbynkmus Q(r), npu zHekoropom E’ > 0 yaoBi1eTBOpsieT HEPABEHCTBY

Q(r).| < E'. (28)

Tax kak MaiiepoBckast GyHKus f(r) sBasieTcst U3MEPUMOii, TO O CBOHCTBAM H3MEPHUMbIX
dbynkmwii [21] caenyer, uro dbyukumst y(r), onpenesentas dhopmynoi (25) Takke W3MepuMa
B mpocTpancTse RY.

Oyukuus Q(r),, onpenenennas dopmymoii (24), aBasgeTcs TPOU3BEIEHUEM KOHETHOTO
qucsaa GYHKIUN, KOTOpbIe, KAK MBI YK€ YCTAHOBUJIU, SIBJISIIOTCS W3MEPUMBIMU B O0JACTH
cBoero onpenenerns. Orcioaa no cBoiicrBam u3MepuMbix dyukuii [21] caeayer, aro dbyHk-
st (r), u3mepuma B npocrpancree (RY)". U3 onpenenenus dyukmun Q(r), dopmymnoi
(24) cremyer, sta DYHKIUSA ABIAETCH TPAHCIANMOHHO-UHBapHanTHO [17], [24], [49].
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Urak, nopbiaTerpasibhas dyukius P, (G) uarerpana [(G) mpencrasiasercs hopmy-
a0it (23), tae usmepumast dbynknus y(r) yaosiaeTBopsieT HepasencTBaM (26) u (27), a us-
mepuMmast dbyHkius €(r), VIAOBIETBOPAET HEPABEHCTBY (28) M SIBISETCST TPAHCJIAIHOHHO-
uHBapuanTHOi. Orcioa o reopeme 3 u3 ruaser 111 kauru [17] caenyer, uro dynknus Py, (G),
npejicrasiennas dbopmyioit (24), unrerpupyema no npocrpancrsy (R”)"1 a necobersen-
HbIii waTerpan [((G) cXoauTes W He 3aBHCHT OT 3HaYeHWsl epeMenHoii ri. Teopema 1 moka-
3aHa. »

3ameuanwue 2. Tak Kak B cCTaTbe PacCMATPUBAIOTCA TOJBKO CHCTEMBI YACTHUII, YIOBJIETBO-
psIOIUe YCJIOBUSIM TeopeMbl 1, 10 Beskuii HecobcrBeHubiit uurerpas [(G) 1o npocrpancrsy
(R¥)"!, nomedennniit rpacpom G € By, u Besakuii nomeuennbiii rpadpom G € &y, unTErpa
suna [ (G, U) no mobomy CBA3HOMY orpaHmdIeHHOMY n3Mepumomy 1o Jlebery muoxectsy U,
cofepzkatieMycst B mpocrpanctse (RY)") yIOBIETBOPSIOT YCJIOBUSM T€OPEMBI | U SIBJISIFOTCS
o TeopeMe 1 cxomgamumucs. l

Onpenenenne 10. Unurerpan or nceBmo6a3oBoro mpousseaenus pyHKIu OyaeM Ha-
3bIBaTh IIceBa00a30BbIM mHTEerpassoM. ll

Onpenenenne 11. Jluneitnas komOmHamusa L cXOaamuxcs Oa30BBIX HHTETPAJIOB IMO-
psijiKa M, B KOTOPOIl BCe MHTerpaJjbl IMEIOT OJHY U Ty ke obacTh unTerpupoanus U(L), a
KOYPUIIMEHT NPH KaXKJI0M U3 BXOIAIIUX B Hee HHTEIPAJIOB sBJISeTCs AefiCTBUTEIbHBIM THC-
JIOM U ompejeaseTcs rpadoM-MeTKO! MOABIHTerpaIbHOl (DYHKIIMKA 9TON0 WHTErpaja, Ha3bl-
BaeTcd 0a30BOIl IMHEITHOI KOMOMHAIE, Y1C/I0 N HA3bIBAETCH ee TOPAAKOM, a 00/1aCThb
uaTerpupoBanust U (L) — MHOKeCTBOM, aCCOUUPOBAHHBIM C JAHHOI JHHEHHOH KOMOWHA-
mueit L. A

3ameuanue 3. 13 onpeenenns 11 BeiTeKaeT, 9To Ja1000it 0a30BBII HHTErpaJI JTaHHON Oa-
30BO# JIMHEHHONW KoMOUHAIUN L TIOJTHOCTBIO ONPEIE/ISIeTCsI MHOYKECTBOM, aCCOIUUPOBAHHBIM
¢ JIAaHHOM JIMHEeHHON KOMOMHAIMEH u ero nojpiHTerpaabHoil (hyHKIueid, kKoropasd, Oyy4un 0a-
30BBIM nipom3BesierHneM P € Py, onpegensercsa rpagom-merkoit G € &, 3T0oro 6a30BOrO
npousseaenns. CiremoBaresbHO, 10001 6a30BBI WHTErpas TaHHON 0a30BO JTMHEHHON KOM-
OMHAIIMM TIOJTHOCTBIO OIIPEIesIseTcss MHOKECTBOM, aCCOIUUPOBAHHBIM C JaHHOW JIMHEHHOMN
kKoMmOuHamueit u rpadom-merkoit G 6a30BOro0 MPOU3BEICHUS, ABISIONIEr0Cs ero MOIbIHTer-
pasbuoit pynkiueit. Wl

Onpenenenune 12. Jluneitnas KOMOMHAINS WHTETPAJIOB OT MPOW3BE/IEHUN MaiiepOBC-
KUX U OOJIBIIMAHOBCKUX (PYHKITUI, B KOTOPO# XOTs ObI OJINH WHTErPaJI He sIBJISeTCs 6A30BbIM,
Ha3bIBaeTCd MCceBaA00a30BoiIl JIuHelHoi komOnHaueir. W

ITIpumep 1 Pacemorpum npencrasienune Pu-I'yeepa [48] supuanbhHoro xkosddurmenrta
B, (A) upu n > 2. Boiiie 6bL10 yKA3aHO, Y4TO 9TO LUPEJACTABJICHUE SIBJISETCs JIMHERHON KOMOU-
Hanuell MHTErpaioB. B KaykK0M 13 3THX WHTErPAJIOB HObLIHTErPaJIbHAsT (DYHKITHS SIBJIAETCS
POW3BEIEHNEM MalepOBCKUX U DOJIbIMAHOBCKUX (byHKIHi. V13 onpenenenns mpeacrasiie-
uust Pu-I'yBepa Bupunanboro koaddunuenrta B, (A) caemayer, 9T0 KaxKIblil U3 STUX WHTEr-
paiop nomeder (B cmbicsie Pu-I'ysepa [48]) nekum nosnbivm rpadom G(Vi; Xp, X7).

Ilpu sTOoM MHOXKecTBO pebep X IO ompeneseHuio 3 ompenenser MHoxecTBo F = {f;;}
MaitepOBCKUX (DYHKIHUH, BXOJSINX MHOXKHUTEISIMHU B MOABIHTETPATHHYIO (DYHKIIUIO HHTEr-
parna, momedensoro rpadom G(V,; Xy, Xf). A mHOXKECTBO pedep X}v 10 onpejeneHnio 4

olpejiesisseT MHOXKECTBO F= {ﬁ/j/} O0JIBIIMAHOBCKUX (DYHKINMA, BXOJANINX MHOKHUTEIAMH B
STY HOJABIHTEIPAJIBHYIO (DYHKITHIO.

U3 oupenesienus npeacrasienusi Pu-I'ysepa Bupuaibnoro kosdpdunuenra B, (A) ciery-
eT, 9T0 MHOKecTBAa Xf n X 7 rpaga G He mepecekarTCs u 00pPa3yIOT KAHOHHYECKYIO MMapy
mHO)kecTB X = (X7, X J,;> nopsgka n. OTcona CaeayoT aBa BbBOAA: 1) 10 ONpeIeTeHHIo
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6 mozbiHTerpasibHast (pyHKIMA HHTerpaaa, nomedeHuoro (B cmbicyie Pu-I'ysepa) rpadom G,
SBJIsIeTCsl KaHOHWIeCKuM ipoussejierneM P, (X) mopsiika n, onpeaeaensbim o popmysie (11)
KaHoHnueckoil napoit muoxkects (X) = ((Xy, X7)); 2) rpad G(Vi; Xy, X7) npunajiexur
MHOKeCTBY &,, 110 OIIPEJEJEHUIO ITOI0 MHOKECTBA.

13 BeIBOZA 2) 1O onpenenenuio 7, caeayer, uro rpad G(V,; Xy, X J,;) aBasseTCsa rpadom-
MeTKO# mpousBeenusi Gyukimii P, (G), KoTopoe SBASeTCst MPOU3BeIeHNeM, TTOMeYeHHBIM
sTuM rpadoM, OJHOZHATHO OHpejiessiercs 3TuM rpadom mo dbopmyste (14) u TpUHAITEKUT,
1O 3aMEYaHUIO 1, MHOXKeCTBY *J3,,.

U3 onpejenenus npousseaenust Gynknuii P, (G) dopmysoit (14) caegyer, 4ro 910 1po-
U3BeJCHNE eCTh KaHonmaeckoe npoussenenne P(Xp, X f) TOPSAIKA 1, ABJAIONIEECS MO IBIHTE-
rpaibHOil dbyHKIMed wHTerpana, momedenHoro (B cmbicae Pu-TI'ysepa) rpadom G. Tak kax
npu sroM moarpad R(G) rpada G(V,; Xy, X f) SIBJISIETCsI, KAK M3BeCTHO [48|, nBycBA3HbIM
rpacdoM, TO IO OUpeJeIeHUI0 8 3Ta MOJAbIHTerpaabHad (PYHKIU SABJIsSeTCs 6A30BBIM ITPOH3-
BeJIEHUEM TMOPSIKa n. ITO 6a30BOE MPOU3BEICHNE MPUHATCKUT MHOXKECTBY P, MO ompe-
JIEJIEHUIO 9TOTO MHOXKecTBa. A rpad-merka GG 9T0r0 6230BOTO MPON3BEIEHUST IPUHAIEKUT
MHOKeCTBY &y, 110 ONPEJIEIEHUIO 3TOTO MHOZKECTBA.

Wrak, noapinrerpaibiagd (pyHKIMS JI000r0 HHTErpaJsia, BXOLIIEro B npejicrapienue Pu-
['yBepa Bupuaabuoro kosddurmenta B, (A), sBiasgercs 6a30BbIM MPOU3BEICHUEM, TOMETCH-
HBIM TOJHBIM IpachoM, MAPKUPYIOIIUM ITOT HHTErPAJ, U onpeensercs dhopmynoit (14), rie
G — npuHajaexkanmii MHOKecTBY By, rpad, KoropeiM tomeden (B cmbicae Pu-I'yBepa) sTor
unTerpaJ. 113 dopmyist (14) ciaemyer, 910 9UCI0 MaiiepOBCKUX i GOIBIMAHOBCKIUX (hyHKIHIA,
BXOJIANIMAX B KAHOHUYECKOE INPOU3BEJICHHE, IOMEYCHHOE IIOJHBIM I'padOM C 71 BePIIMHAMH,
papro uncay n(n — 1)/2 pebep sroro rpada.

B crarne [48] Pu u I'yBep paccMaTpuBaid CHCTEMBI YACTHIl, 3aKJIIOYEHHBIX B OIPAHMU-
4eHHOM OObemMe A, U HOJIydu/in [HpejcTaBieHusl BUpHaJbHbIX KOdbbuiuenros By, (A) as
Caydasi OrPpaHUIeHHOTO 00bema A B Buje JuHEITHONH KOMOWHAINKA WHTErPajoB, B KOTOPOI
BCE WHTErpajbl UMET OJHY U Ty ke objacTh mHTerpupoBanus A". Moxuo canrarh, 91O
npeacrapienus Pu-I'yBepa daBiasgiorcd JUHEHHBIMA KOMOMHANUSAME HHTEIPAJIOB, B KayKI0h
U3 KOTOPBIX BCE HHTErpaJibl MMEIOT OJHY M Ty Ke 00JacTh WHTeIPUPOBAHUS, ITOJHOCTHIO
orpe/jieJisieMy 1o 3To# JiMHeHOl KoMOuHaueii.

Jlajtee mo TeKCTy MBI OyeM mojararTh, ITO MHOXKECTBO A" SBJSIETCS CBSI3HBIM, OTDAHM-
YeHHBIM 1 u3MepuMbiM 110 Jlebery. Tak Kaxk npm 3ToM moAbIHTErpaabHas MYHKIHS KaXKI0T0
UHTerpaJia 3Toi JImHefiHOM KOMOMHAIIMY SB/IdeTcd 0Aa30BbIM MPOU3BEICHUEM IOPsIKa 1, TO,
O OIpeJe/eHu0 9, KaxK/Iplii HHTerpaj B JUHEHHONH KOMOMHAIINU, SBJIAIONICHCS MpeIcTaB-
sennem Pu-T'ysepa Bupuaibnoro kosddunuenra B, (A), sBisiercs 6a3’0BbIM HHTEIDAJIOM
HOPSIIKA 7M.

Urak, npn ykasaHHBIX BhIle yCIoBusx npejacrapienne Pu-T'yeepa [48| Bupnanbroro ko-
spdunuenta B,(A) obnagaer cieayommMu cBoiicTrBaMu: 1) 3TO IpeICTABIEHNE SIBIISIETCS
JIMHEHHOU KOMOMHAIMEHl HHTerpaJioB, 00J1aCThI0 HHTEIPUPOBAHUS KOTOPBIX SIBJIAETCH CBS3-
HOE OTpPaHMYEHHOEe W W3MepuMoe 1o Jlebery MHOMKECTBO, COJepzKalleecss B IIPOCTPAHCTBE
(R”)"™; 2) mogpiHTerpajgbias QYHKIUA KazkKIOTO HHTErpaja 3TOH JHHeHHOH KOMOWHAIMK
sIBJIsIeTCS] 0A30BBIM TPOU3BEIEHIEM, TPpad-MeTKa KOTOPOTO MPWHAIEKUT MHOKECTBY By, .

B nannoii cratbe paccMaTpHBAIOTCS TOJIBKO TEPMOIUHAMUYECKHAE PABHOBECHBIE OJITHOKOM-
IIOHEHTHBIE CUCTEMbI KJIACCHIECKUX YACTHI ¢ MAPHBIM B3aumoaeicreuenm [24, 49]. TIpu srom
HIPEINoIaraeTcss, YTO IMapHOe B3aUMOJEHCTBHE VIOBJIETBOPSIET YCJIOBHSM YCTONYHBOCTH U
pPEeryadapHoOCTH, & NAPHBIA NOTEHIINAJT <I>(r) SIBJISIETCS U3MePUMOil pyHKIIEH.

[Ipu 3Tux orpaHwYeHUAX W OPH N > 2, TOABIHTErPaAJIbHBIE (DYHKIMU BCEX WHTErPAJIOB,
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BXOJISAINMUX B mpejcTaBienue Pu-I'yBepa Bupuaiabaoro koadbdunuenta B, (A), no reopeme 1
SBJIAIOTCS WHTETPUPYEMBIMH Ha JIOOOM CBS3HOM, OTDAHWYEHHOM W U3MepuMoM 1o JleGery
muoxkecTBe U, comeprkamiemcst B mpoctpanctse (RY)", a Bce 9T uHTErpasbl CXOIATCS.

Nrak, B ciaydae, KOIJIa CUCTEMbl YaCTHUIL, 3aK/JII0YEHHBIX B OIPAHUYEHHOM OObeMe, yJ10-
BJIETBOPSIOT TEPEYUCACHHBIM BBIIIE B 9TOM IIPUMEpEe yCJIOBUAM, npejcrasiaenne Pu-I'ysepa
BupranbHOro Kosbduimenta B, (A) npu n > 2 spasiercs JuHEHHOH KOMOHWHAIWEH CXOJ1s-
uxcs 0a30BBIX UHTErPAJIOB.

Kaxk u3BectHo [48], B iuHeHiHON KOMOWHAIIMT WHTEIPAJIOB, ABJSOIIEHCS PeICTaBIeHTeM
Pu-Tysepa Bupuaibuoro kosddunuenra B,(A), ko3DdunuenT npu KaxkaoM BXOJASIIEM B
Hee MHTerpaJie SBJIAeTCsd JIHCTBUTE/IBHBIM YHCJAOM U OIpeJesdercd rpadoM, KOTOPbIM HO-
meveH (B cmbicsie Pu-T'yeepa) sror unrerpas. Uexoast u3 sroro dakra n w3 Toro, 4to BCe
BXOJAINNE B 9Ty JHHEHHYI0 KOMOWHAIIWIO WHTETDAJBl ABISIOTCH CXOAATIAMUCH Oa30BBIMU
WHTerpaJaMu MOPSIKA 1, UMEIOIUMI OJHY U TY Ke 00JacTh WHTerPUPOBAHUS, TPUXOTAM
K BBIBOJY: 9Ta JUHeiHAs KOMOWHAIUS sBJIgeTCs, O onpeaenaennio 11, 6a30Boil mopsaka n.
Nrak, B paccmarpuBaeMblX B JAHHOM NpuMepe ciaydasx mnpejicrasienue Pu-I'ysBepa Bupu-
ajabHOro Kodddunuenrta B, npu n > 2 gjsercs 6a30Boil JuHeiiHON KoMOWHAIMEH TTOPSIIKA
n.

[lIo 3amMedanuio 3, KaxKIblii MHTErpas B 9TOM JIMHEHHONW KOMOMHAIIMK HMOJHOCTBIO OIIpe-
JIeJISIeTCS €r0 MOJABIHTerpaIbHOi (DYHKIIMEH W MHOKECTBOM, ACCOTMHPOBAHHBIM C JTAHHON
JimHeitHoit kKoMOunarueil. Boie OblI0 yCTAHOBJIEHO, YTO 3TA MOJbIHTEIPaJibHAS (DYyHKIMSI
ABJIsgeTcd 0A30BBIM MPOM3BEJCHUEM TOPSIKA 1, NPUHA/IEKAIIIM MHOXKECTBY Py, C B, u
oMe4YeHHbIM TpadoM-MeTKoil G, nmpunaiekamuM MHOKeCTBY By,. [lo ciaegacrsuio 1 3ro
6a30BOE TPOU3BEJCHUE OJHO3HAYHO OlIpejesiercs ero rpadgoM-MeTrkoin G € &y,. [losTomy
KayKJbIii HHTErpas B 3TOil JUHEHHOH KOMOMHAIIMH IIOJTHOCTBIO OMPEIeIsseTcs MHOXKEeCTBOM,
aCCOIMUPOBAHHBIM C JIAHHOM JinHeHHON KoMOuHamueil, u rpadoM-MeTKoi 6a30BOr0 nMpon3Be-
JIGHU S, SBJISIONIEr0Cd MOABIHTEI PAJILHON (DYyHKIIMEH 3TOro nHTerpaJia. »

Benem obosnauenusd:

& (L) — mMHOXKeCTBO BeexX TpadoB, CAyKamux rpadamMu-MeTKaMu TAKUX 0a30BbIX MPO-
U3BeJIeHNU I, KOTOPbIe SABJIAIOTCA MOABIHTErPATBHBIMU (DYHKIIUSIMA WHTETPAJIOB, BXOAANIAX B
0a30ByI0 JIMHEHYI0 KOMOMHAIUIO L]

RG(L) = {R(G): G e L)} (29)

Onpenenenue 13. Eciu L — Ga3oBasd JiuHeliHasg KOMOMHAIMS, TO MHOYXKECTBO I'pa-
o &(L) Oynem HA3BIBATL MHOXKECTBOM rpadOB-METOK 3Toi 6a30BOi JHHEHHONH KOM-
OMHAINHN, & YUCJIO0 BXONANIUX B Hee MHTErpaJoB OyaeM Ha3bIBATH AJUHON 3TOH JTHHEHHOM
koMburamuu u 0603ua4darh ¢(L). W

qaCTO BCTpEYIalOTCA CJay4dan, KOTrda dJd MapKHUPOBKU KaHOHHYECKOTO IPOU3BECACHUA
bynkmuit P € P, npome UCIOAb30BATH HE rpad-MeTKy TaKoro npousseJeHud (pyHKuuii,
a apyrue rpadsl. Hanpumep, rpad G = G(V,, Xy), rme Xy — MHOXKeCTBO MailepOBCKHX
pebep 1O OTHOIMEHWIO K MHOXKeCTBY F Bcex MaiflepoBCKHMX (DYHKINH, BXOIASIINX B JTAHHOE
KaHOHMYECKoe npoussejenne dynknuii P € P,.

I'pad G(V,, Xy) maer BO3MOKHOCTD HEMOCPEACTBEHHO OMPEIEIHTD TOIBKO MAaepPOBCKIe
dbynkimn, Bxoagmue B npoussegenne ¢yuxuumit P(Xy, X f>' s onpenenenus »Ke 0OJIbII-
MAHOBCKHX (DYHKIIHHA, BXOAANINX B 9TO IPOU3BEIEHNE, B psAle CJIYYaeB HpealodTHTeIbHee,
B 00x0Z1, ompesesenns rpada-MeTKH 9TOTO IPOU3BEICHHS, IPAMO YKA3aTh MHOKECTBO X f

DOJILIIMAHOBCKUX pebep IO OTHOIIEHUIO K MHOXKeCTBY F' Bcex OOJILIIMAHOBCKUX (DYHKIIHUA,
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BXOJSINNUX B JIAHHOE KAHOHHYECKOoe Ipou3Besenne ¢pyukmuit P € B, nin ke yKa3arb KOH-
CTPYKTHBHBI# MeTOJ HOCTPOCHH:A 3TOI0 MHOXKECTBA. JTO JaeT BO3MOXKKHOCTbH HEIOCPeJICT-
BEHHO ONPEJeTHTh GOTbIMAHOBCKHE (PYHKINM, BXOAANIAE B IoMedeHHoe rpadom G npouns-
Bejienune pyuknuit. Muoxkecrso X 7 JLOLIOJIHSIET MHOZKECTBO pebep rpada G 10 MHOXKECTBA
peGep rpada-merku sToro npousse/enusd. Hazosem 3T0 MHOXKECTBO HOTIOJHAIOMIAM MHO-
»KeCTBOM, IOCTABJIEHHLIM B COOTBETCTBUE I‘pa(by G n 0003HATUM Xad(G), roJiarast
Xoa(G) = X5 7. L1 KpaTkocTH MHOKECTBO X.a(G) GyemM HA3HIBATD JOTIOIHSIOIM MHO-
2KECTBOM. B B

Obosnauum B, = {G}, e n > 3, KOHEUHOE MHOXKECTBO HOUAPHO PA3JIMYHBIX CBA3HBIX
MOMEIEHHBIX TPahOB ¢ MHOKECTBOM BepPIIHH V;,, KaXKOMy 3 KOTOPBIX IIOCTABICHO B COOT-
BETCTBHC JIOMOHSIONICe MHOKECTBO X oq(G), KOTOpOE He TePeceKaeTCs ¢ MHOKECTBOM X f(G)
MaitepoBcKux pebep u 00pa3yer ¢ HUM KAHOHUYECKYIO 1apy (Xf(G), Xaa(G)) € X,

Onpenenenne 14. I'padbl 13 MHOKECTBA (’N5n Oy/ieM Ha3bIBaTh YKOMILIEKTOBAHHbBI-
vu. l

Beegem obosnavenms:

X(6,) = {(X/(G), Xaa(G)): G € &,} B

P(B,) = P,(X(6,)) -~ obpas MuoKecTBa Kanonmaecknx map X(6,) C X, npu otobpa-
KeHUH Pn: X, — ‘13”; B

Py = |3€ 5 ) — cyzkenme orobpaxkenus P, Ha noamuoxkectso X(8,) C X,.

ITo onpeﬂeﬂeHmo orobpazkenne FPg $BISETCS B3aUMHO OJHO3HAYMHBIM OTOOpaZKeHHEM

muoxkecTBa X(6,) na Muoxkecrso B, (& n)
OmnpenesmM oToOpazKeHue Aén mMHO)kecTBa &,, Ha MHOXKecTBO X, (8, }), nosaras

Aén(G) = (X/(G), Xaa(G)), Ge6,. (30)
Orobpazkenne Ag , onpegenennoe Gopmyitoii (30) stBAsieTCsT B3aMMHO OJHO3HAYHBIM OTOO-

pakennem muoxecrsa &, ma Mmuoxkectso X(®,).
3ameuanne 4. Tak kax 00jacrs oupenenenus orobpaxenns Pg = conajaer ¢ obia-
CTBIO 3HaveHUil oTOOpazkeHns Ag , TO KOMIO3HUIUA 0T06pa>KeH1/m P~ " Ag, CyHIeCTByeT u

SABJISETCS OTOGPAYKEHIEM MHOMKeCTBa &, Ha MHOKECTBO ‘B( n)-
Tak kak orobpaxenns Ag : 6, — X(6,)u Py : X(6,) = PB(B,,) — BIAMMEO OHO3HAT-

HBIe, TO UX Komnosunua Pg o Ag @ &, — &B( ) apisiercd |22, 40| B3auMHO OHO3HATHBIM

oToOpazKeHIeM MHOYKECTBA (’5 na muozkectso P(6,). W
N3 3amevyanus 4 BbITeKaeT
CanencrBue 3. Kasicdoe npoussedenue dynxuyuti P uz muosicecmsa P(B,,) npu omob-

pasicenuu Pg o Ag —umeem, u npu mom eduncmeennvii, npoobpas 6o mmosicecmee &,
SHauUM, 2Mom nPoodpas ABAAEMCH 2paom, KOMOoPwuil MOHCHO NPUHAMD 34 MEMEKY IMO-
20 MPOUSGEIEHUA U CHUTIAMD MO NPOUSEEOCHUE NOMEUEHHLM Imum 2padom. [Ipu smom
scakuti epap G us mnoscecmesa &, okascemea memrotli npouseedenus pynkyud, Komopoe
AsAKeMCA 00pazom smozo epada npu omobpadcenuu Pg o A 16, = B,.

O6pas rpada G € &,, pu 0TOGpaKeHUI Pg o Ag L B, — ‘Bn 0003HaAYNM P~ (G).
Onupasich Ha 3aMedaHue 4 U CJIeJICTBHE 3, C(bOphinHEyeM CIeAyIoIee
Onpenenenne 15. llpoussenenne dpynxuuii Py (G), ABJIAIONIEeCT O OIpeeTeHIIO

obpasom rpada CNJ(Vn,Xf) € &, UpH OTOOpaKeHHH PN 0 Ag L B, — ‘,]3(657), OyaeM Ha-
3bIBATH MIPOU3BEAEHNEM, TOMeIeHHBIM rpadgom G = G(Vme) a rpad G(V,, Xy) —
YKOMILIEKTOBAHHBLIM I'pacdoM-MeTKOol 51oro nponssenenns. W
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Jlemma 2. Ecau epagp G(V,, X5) npunadaescum mroscecmsy B, mo nomewennoe amum

epagiom npoussedenue Pynryud Py (G) aeiiemces KaHOMUMECKUM NPOUsEedenuem NopAIKa
n
n u npedcmasasemes Gopmyrot

ﬁén(é) = H H fijﬁ/j/- (31)

{i.J}X;(G) {¢,j'}€Xaa(G)

HokazarenbcTBo. /lokaxkeMm cHadaja, 9T0 IPOU3BeaeHne (DYHKIIHIA Pﬁ%n(é) SIBJIAETCSI
KaHOHMYECKUM TIPOU3BEJIeHneM nopsaaka n. 13 onpenenenns MHOXKecTBa Pg  ClAeMyer, 4TO
9TO MHOYKECTBO SBJSETCS TTOJMHOXKECTBOM MHOXKeCTBa ,, KAHOHUIECKHUX MPOU3BEIEHUI MO-
paaka n. OTcooa n 13 3amMedanns 4 CJejlyer, 1T0 MHOKeCTBO Pg  3HaueHuil 0ToOpazKeHuns
Pg oAg : Q; — ‘i?n SIBJIIETCS. MHOXKECTBOM KaHOHHUIECKHUX Mpou3BemeHnit mopsaaka n. Cra-
JI0 6I>ITI> KakKoB Obl HH ObL1 rpad G(Vn,Xf) € &,, ero obpas P~ (CNJ) Ipu 0TOOParKeHUU
Pén o A (’5 — ‘Bn SIBJISIETCA KAHOHWYECKUM TpOu3BeeHneM mopsaka n. [lo onpemese-
HUAO 15 HpOI/IBBe,ZLeHI/Ie P~ (G) SBJISIETCS ITPOM3BEJCHUEM, IOMEUYEHHBIM I'PadpoM G. Nrax,

JIOKa3aHO, 9TO IOMeYeHHOe Ipacom Ge Qﬁn npousseJenne Gynknuii Py (G) ABJIETCA Ka-
n
HOHUYIECKHM IPOU3BEIeHHEM TOPSIIKA, 7.
JlokazkeM Temepb, UTO IOMeYeHHOe rpadom G € Q5 npousBeienne (pyHKINA P~ (G)

npencrasisiercs: bopmymnoit (31). 13 OTIPEJICIICHHs PON3BEICIHs dyHKIMi P~ (G), orpe-
aenenns orobpaxenus Py @ X(&8,) — P(& n), OLIpe e/ ICHUST OTO6pa)KeHI/IH P,: X, = B,
dopmynavm (11) u (12) u onpenenenus oTobpazkenus Ag L B, — X(6,) dopuyoii (30)
cejyer

Pg, (G) = Py, o Ag, (G) = Ps (A5, (G)) = Pg ((Xf(G), Xaa(G))) =
P((X4(G), Xaa(G))) 1T I fifer 32

{i.d}eX;(G) {i'.j'}EXaa(G)

Orcrona cepyer dopmyaa (31). Jlemma 2 HOHOCTBIO JIOKA3aHA. P

Teopema 2. Ecau 2pag é(Vn, Xt), KOMOPoMY NOCMABAEHO 6 COOMBEMCMBUE JONONHAIO-
ULee MHONHCECMBO Xad(é), NPUHAOAEHCUM, MHOHCECTNEY an, MO GEPHBL CACIYIOULUE YMBEPHC-
denua: B N

Ay I'pagp G(Vyy; X4(G), Xaa(G)), npunadaesrcum mroocecmsy By, u A6asemes 2pagom-
MeMKOT NPpouseedenus ]Bgn(é)

Ag. I'pagp G asasemes obpazom zpada-memru G(Vy; Xf(CN;), Xad(é)) npU 0MooPasHCceHUU
R. L

As. Ilpouseedenue Pg (G) matieposckur u bosvumMaHo8CkuT Gyrnkyul Asssemcs 6a30-
8bLM NPOU3BEJEHUEM NOPAIKA T, G 2Pah G — ez0 YKOMNAEKMOGAHHBM 2padhom-memKol.

Hoxkazarenbcrso. [lo onpenenennio muoxkectsa &,, ponosHsionee MEOKECTBO X,q(G)
obpa3yeT ¢ MHOKECTBOM pebep Xf(CNJ) KQHOHUYIECKYIO T1apy (Xf(CNJ), Xaa(@)) € X,

Orciona caexayer, aro rpad G(V,; X f(@), Xad(é)) NPUHAIEKAT MHOXKECTBY rpados &,
0 OIpEJEJIEHUIO STOro MHOXKecTBa. 11o 3amedanuio 1, momedeHHOE TUM IrpadOM IPOU3BE-
nenne dbyuknuit Py, (G) OpuHAIIeKAT MHOKECTBY 3, U 10 ONPEIETEHUIO ITOTO MHOKECTBA
siBJisiercsi KanouudeckuM. 1o onpenesnenuio 7 oo onpenensiercst popmyJioii (14), koropas B
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JaHHOM CJiy4da€ UMeEeT BU

Pia(G) = (P 0 4,)(G) = Pu(An(G)) = Pu((X(G), Xoa(@))) =

11 I fifer 33
{i.Y€X1(G) {i".3'}€Xaa(G)
[To tlemme 2 npousBegenue GpyHKITII P@n(é) SABJIAETCH KAHOHUYECKUM U oIrpejesdgercd ¢pop-
myJtoit (31). 13 dopmysn (33) u (31) coemyer paBeHCTBO

P(G) = P; (G). (34)

671

Orciona o onpegereruio 7 caeayer, 9to rpad G(V,; X¢(G), Xaa(G)) asaserca rpadom-
METKOI [POU3BEICHH ﬁln(é’)

Tak kak rpad G(V,; Xf(é), X.a(G)) npunagrexut muoxectsy rpacdos &, T0 O npu-
Ha/JJIEZKAT 0OJACTH ONPE/eTeHAd 0TOOpazkeHus R o onpeeeHuio 3Toro orobpazxkennd. 13
onpejesenus rpahos G u G yCcJIOBUAMH TEOPEMBI 2 U OllpejiesieHus oToOpazkenus R ciemyer
yTBep:KIeHne As. B N

[To ycmoBusm teopembr 2 rpadp G upunayiexur Muoxectsy rpados &, u, caenoBa-
TEJIBbHO, HB’{IHGTCH CEHSHBIM Mo onpejaeseHnuio 93TOoro MHOZKeCTBa. IaK i(aK Ipu 9TOM Fpacb
G(Va; X5(G), Xaa(G)) asngerca rpadbov-merkoii mpoussenenus Py (G), To u3 yTBepze-
"I Ay 1O ompefesieHnio 8 cileyer, 9TO 9TO IIPOU3BeeHNe ABgeTca 6a30BBIM MOPIIKA 1.
Orcrona cienyer, ero rpad-merka G(V,; X;(G), Xaq(G)) npuHaIIeKuT MEOKeCTBY rpadoB
By, 1O ONPEIEJIEHUIO ITOTO MHOXKECTBA. Y TBEpKieHne A MOJHOCTHIO JIOKA3aHO.

[To onpenenennio 15 u3 ycnoBuit TeOpeMbl 2 CAECIYET, 9TO ITO MPOU3BEICHHUE ABIACTCA
npou3sseenneM, noMmedennsiM rpadom G = G(V,,, Xy), a rpad G gBigercs yKOMIIEKTOBAH-
HBIM I'PagOM-METKOR 3TOro MpoM3BeeHus. Y TBepxKaeHne Az nokaszaHo. Teopema 2 moHOC-
ThIO JOKa3aHa. » o o s

st kazxoro rpada G € 8, oupejesum unrerpassl [(G) u I(G,U), noaras

(&= Pa (@ (39)

i) = / By (G)(dr)., (36)

rie U — cBsI3HOE, OTpaHUYEHHOE W m3MepuMoe 1o JleGery MHOXKeCTBO, COeprKallieecs B
npoctpamcrse (R”)".

Bameuanue 5. Eciu rpad G (Vi, X ), KOTOPOMY IOCTABICHO B COOTBETCTBUE JIOMOJIHA-
01llee MHOZKECTBO Xad(é), MPUHAJIEZKUT MHOXKECTBY (’N5n, TO 10 TeopeMme 2 MPOUu3BeJieHNe
byt ﬁ@n(é), onpenesnernoe (opmynoii (31), apagercs 6a3oBbIM HOpPsaKa 1, a rpad
G(Vn; X f(CNJ), Xoa(@)), upnuaIeKUT MEOKECTBY By U ABIAETCS METKOI 9TOrO IPOH3Be-
JIEHUSI. s s

Orciona caenyer, uyro 1o oupegesenuto 9 unrerpan [(G) u unrerpanst Buga [(G,U),
onpegenennsie dopmyaamu (35) u (36) COOTBETCTBEHHO, SBJISIOTCS OA30BBIMU HHTETDAJIA-
MU Topsjika n. VIX mogsiHTErpaabHoil byHkimei spisgercd 6a30Boe MPOU3BEICHUE ﬁén(é)
nopstaka n. M
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Teopema 3. Ecau nomenuyuan naprozo szaumodeticmsus P(r) aeasemes usmepumot
dbyrryued, naproe esaumodeticmeue YooGALTNEGOPAELIN YCAOGUAM YCMOTUMUGOCTIU U PERYAAD-
HOCTU, 2pagﬁ G(Vn, X¢), KOMOPoMY NOCMABAEHO 8 COOMBEMEMEUE dono./mmougee MHOIICE-
cmeo Xad(G), NPUHAOAEHCUM, MHOHCECTNEY Q5n, mo npoussedenue GyYHKUUL P~ (é), onpe-
deaenroe dopmyaot (31), obaadaem caedyrouumu ceoticmeamu:

1) ono asasemca unmezpupyemot Gyrnkyued Ha A1000M CEAZHOM 02DUGHUMEHHOM USME-
pumom no Jlebezy mmuoocecmee U, codeporcawemes e npocmpancmee (RY)", a unmezpan
IN((NJ, U) om amozo npoussedenus Pynruui aeasemcs 6a3068biM CTOOAULUMCA UHMELPAAOM
nopAadka n;

2) ono seasemes unmezpupyemoti dynrkyuet no npocmpancmey (RY)"™1, a unmeepan
f(é) 0Mm IMO20 NPOU3BEOCHUS ABAAEMCA 0G308bIM CTOOAULUMCS UHMEZPAAOM NOPAOKEG N U
HE 3ABUCUM OM 3HAYEHUS NEPEMEHHOT T1. L

HokazarenabcTBo. [lo Teopeme 2 npoussejienne pyHKITII P@n(G), olpejiesieHHoe hop-

mytoii (31), siBastercst 6a3oBbiM, a rpad G(V,; X f(é), Xoa(G)) UPHHAITEKAT MHOKECTBY
Gy, U ABIAETCA METKOH 9TOr0 NPOM3BEJIeHNs, TO €CTh UMEET MECTO PABEHCTBO (34) ITo 3a-
meuanno 5 unrerpan 1(G) ssasercs 6azossiv. [1o sameuanmo 5 unrerpan 1(G, U) raxxe
SIBJIIETCs GA30BBIM IIPH JIIOOOM CBS3HOM OIDAHHYEHHOM H3MepuMoM 10 Jlebery mHoxkKecTBe
U, comepxamemcs B mpoctpanctse (RY)". Otcoga u u3 ycsioBuit Teopemsl 3 o Teopeme 1
CJIeIyIOT 06a yTBepKieHust TeopeMbl 3. Teopema 3 MOTHOCTHIO JOKA3aHA. B

Teopema 4. ITycmv nomenyuan naprozo szaumodeticmsusn P(r) asasemes uzmepumot
pynryued, naproe ezaumodeticmeue y&oe,/zemeopﬂem YCAOBUAM YCMOTMUGOCTIU, U Pe2YAAD-
HOCMU, & HENYCMOE NOOMHONCECTNEO 2pados & mnoosrcecmsa epaghos &, ydosaemeopsem
YCAOBUAM: HG NOOMHOHCECTNEE 2Pado6 & onpedeaena Pynruyusa c(G), npurumawas Ha
NPUHAOAEHCAULUT IMOMY NOOMHOHCECMBY 2padax JeTCMEUMENbHBLE 3HAYEHUA.

Tozda eeprvl caedyrowgue ymeeprcoenus:

A1 aunednas KoMOUHAUUA

L= Y o&I(G), (37)

Gea®

unmezpanoe nopadka n no npocmpancmey (RY)"~1, 2de npu ecex epagax G € B unmeepan
f(é) onpedeasemea popmyaot (35), asasemea 6a3060lU sunelinol Kombunayueld nopadka n.

As. Hpu a10bom ceasmom ozpanudennom usmepumom no Jlebezy mmoocecmee U, codep-
orcawemes 6 npocmpancmee (RY)™, aunetinas xombunayus

L= Y oGIGU), (38)

Gea®

unmezpanos nopadka n euda (36) no mmosicecmsy U asasemes 6a30601 aunelinot kombu-
HAUUET NOPATKa M.

HdokazarenabcTBo. /13 yciioBuii Teopembl 4 BHITEKAET, YTO BCAKUIT HHTErPAJT, BXO/ISTIHIT
B JIMHEHHYI0 KOMOMHAIMIO [, U BCAKHI MHTErpaJi, BXOJAMIINN B JUHEHHYIO KoMOuHaIuio L,
0 TeopeMe 3 SBJSIOTCS CXOMANUMHCS 0Aa30BBIMU WHTETIPAJIOMH Topaaka n. OTciona u u3
ycioBuit Teopembl 4 110 onpejesiennto 11 caeayior oda yrsepxeHus reopemot 4. p

O6o3naunm & (L) MHO)KeCTBO Beex rpadoB, CJIyKAMMUX YKOMILIEKTOBAHHBIMA Ipadami-
METKaMH TaKUX 0a30BBIX NPOU3BEJCHUI, KOTOPBIC ABIAIOTCS MOJBIHTErPATLHBIMEI (DYHKIH-
SIMU MHTEIPAJIOB, BXOAAINX B 6A30BYIO JTHHEHHYIO KOMOUHAIHIO L.
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_ Onpenenenne 16. Ecou L — Gasosag JuHeiiHag KOMOHUHAIU, TO MHOXKeCTBO I'pacoB
& (L) 6yaem Ha3pIBATh MHOYKECTBOM yKOMILIEKTOBAHHBIX IPadOB-METOK T0i 6a30BOi
guneiinoit komounanuu. M

3ameuanue 6. /[jig 1e/u, 10CTaBJICHHONW B CTaThe, HAM JJOCTATOYHO YCTAHOBUTH KPU-
Tepuii CPABHUTEIBHON CJI0KHOCTH MpeACTaBIeHIT KO3 MUINEHTOB CTEIEHHOTO PsIIa JIUIIh
JUTST CJTy9ast, KOTJA TaKnue TTPEJICTABIEHUST SBISIIOTCS 0DA30BBIME JTUHEITHBIMU KOMOWHAIIHSIMHA,
a CJIOXKHOCTb BBIYUCJIeHUs KOdbdunmenTa mpu J0O0M U3 HHTETPATIOB, BXOAANUX B TaAKYIO
JUHENHYI0 KOMOWHAIWIO, He3HAUNTeIbHA. B manbHelimem Takue 6a30Bble JTHHEHHBIE KOMOW-
Hanuu Mbl Oy/ieM Ha3biBaTh 0Q30BBIMY JIMHEMHBIMU KOMOUWHaANUAMHU ¢ KO3dummeH-
TaMU HE3HAYUTEJbHOI ciioxkHocTu. Hl

4. B crarbe mpetaraloTCs KPUTEPHUH JIJIsT CPABHEHHUSI 110 CJIOXKHOCTH TAKUX OA30BBIX JI-
HelfHbIX KOMOWHANUN ¢ KOO PUIIeHTaMI He3HAYUTENbHOW CJI0KHOCTH, KOTOPBIE YIOBIIET-
BOPAIOT YCJIOBHIO: UX aCCOMMUPOBAHBIE MHOYKECTBA COBHAIAIOT APYT € APYTOM.

Jlng navana JaaIuM caeayiorniee

Onpenenenne 17. JIBe 6a3oBbie uHeiinpie KomOuHamun L u Ly ¢ koaddummenramm
HE3HAYNTEJIbHOT CJI0ZKHOCTH HA3BIBAIOTCS CPABHIMBIME, €CJIN UX MOpsiiku pasabl u U (L) =
U(L;). 1

Ilycts U C (RY)" —cBs3HOE OrPaHHYEHHOE H3MEPUMOE MHOZKECTBO.

Bsenem obosnauenus:

£(n,U) — MHO)KeCTBO Bcex 6A30BbIX JIMHEHHbIX KOMOUHAIMI 1Opsaka 1 ¢ Koadhduu-
eHTaMW HEe3HAUYNTETbHON CJI0KHOCTH, AaCCOMUUPOBAHHBIM MHOZXKECTBOM KOTOPBIX SIBJISETCS
muozxecrso U C (RY)™;

£(n) — MHOXKECTBO BCeX TaKUX GA30BBIX JIMHEHHBIX KOMOUHAIHIH TOPsIKa 1 ¢ KOdbdurm-
eHTAMW HE3HAYUTETbHOM CI0KHOCTH, YbW aCCOMMUPOBAHHBIE MHOYKECTBA SBJISIOTCS CBSI3HbI-
MU OIDAHUYEHHBIME U3MEPUMBIMU MHOXKECTBAMU, cojepzkanuMucs B npocrpancrse (RY)™;

£(n, (R”)" 1) — MHOKeCTBO Beex 6a30BBIX JHHEHHBIX KOMOHHAIMI HeCOOCTBEHHBIX 6a30-
BBIX HHTErpaJIoB opsijika n 110 npocrpanctey (RY)"™! ¢ kosdduruentamMn nHesHaunTe LHOL
CJIOYKHOCTH.

OueBunno, aro MEHOKECTBO £(n, (RY)"™1) cocTOMT U3 MOMAPHO CPABHAMBIX GA3OBBIX JIH-
HEHHbIX KOMOMHAIUH 1opsJiKa N ¢ KOIDPUIUEHTAMU HE3HAYUTEIbHOU CJIOZKHOCTH.

3ameuanwue 7. 13 Bcex 3aTpaT MAITUHHOTO BPEMEHN HA BBIYHC/IEHUSI, BHIOJTHIAEMBIE TS
oneHkn 6a30BOTO WHTETpaJsa, MOJABJSIONIee OOJBITIMTHCTBO COCTAB/ISIOT 3aTPAThl HA BHIYUN-
CJIeHWs 3HAUYeHHH MallepOBCKUX W OOJTBIIMAHOBCKHX (DYHKIWI, BXOJANIUX B IIPe/ICTaBICHUE
HNOJBIHTErPAJTBHON (DYHKIUH ITOr0 HHTerpaia. OcraBasch B paMKax caMoro rpyboro cpas-
HeHus (Tak cKas3arb, "B nepBoM npubiuzkennn'), MOAKHO CUMTATD, YTO U3 JABYX 0a30BBIX CXO-
JISATIIXCST HHTETPAJIOB, 001aCTH WHTEIPUPOBAHUST KOTOPBIX COBIIAIAIOT, CJIOZKHEE OITEHKA TOTO
HHTErpaJia, B IPeACTAB/IeHNEe MOABHTEIPAIbHON (DYHKIMHE KOTOPOTO BXOMAUT OOJIBIITEE HUUC-
JI0 MaliepOBCKUX U OOJBIIMAHOBCKUX (bYHKIWH. Ecau B mpeacTaB/IeHns MOIBIHTEIPATbHBIX
dbyHKIN 060X WHTErpaJoB BXOAUT PaBHOE KOJTUIECTBO MailepOBCKHUX W OOJBIIMAHOBCKHAX
dyuKIHMit, TO MBI OyJeM CUYUTATH, YTO ONMEHKH STUX WHTEIPAJIOB MO CI0KHOCTH HE3HAYHU-
TE€JbLHO OTJIUYAIOTCH JPYr OT Apyra, u OyaeM TOBOPUTH, YTO CJAOYKHOCTH ITUX OIEHOK
npuban3uressbHO paBHBI. l

Bce mpennaraeMble B cTaTbhe KPUTEPHH ONUPAIOTCA HA COJeprKaIuiicd B 3aMeYaHHH 7
KPUTEPUil CITOKHOCTH OTEHKH OA30BBIX HHTETIPAJIOB.

[Tpocreiimmv TakuM KpuTepueM siBJsiercs jiauna ¢( L) 6a30Boii muHeiHoit Kombunamu L.
Mbi 0603uaunm sror kpurepuii Cry, nonaras Cry(L) = q(L). MuoxkecTBO €ro onpejeseHust
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oboznaunm D(Cry). OHo onpeensercs (HhopMyIoi

p(Cr) = Jem | U [ULm ®m)H]. (39)

n>2 n>2

DTOT KpUTEpHUii IPUMEHUM B TeX CJIydasdX, KOTJa CPaBHUBaeMble 6a30BbIe JTHHEHHBIE KOMOH-
Halouy OTJIMYA0TCAd APy OT JApyra IO AJIMHE, TO'/Ja KaK BXOJAIIIME B HUX MHTEI'DAJIbl 1 UX
KO3 PUIMEHTH HE3HAYUTETHHO OTJIMYAIOTCA JIPYT OT JIpyra 1o cBoeil cioxkuoctu. M3 ompe-
AeJICHUA KpUTEpHuA CT’l BbITCKaeT, 9TO €TI0 3HaYCeHUdA 3aBUCAT TOJIBKO OT JAJHUHBI JMHEHHO
KOMOMHAIINY U He 3aBHCAT OT €€ aCCOMUUPOBAHHOIO MHOXKECTBA.

B kauecTBe Ipyroro KpuTepHs MpeIaraeTcst CyMMa BeexX pebep BeexX rpadOB-MeTOK u3
muoxkecTBa & (L), KOTOPbIE MAPKUPYIOT MHTEIDAJIbL, SBJSIIOUIMECs] YJIeHAMU JAHHONW 6a30-
BOI JimHeiHON KoMOuHanuu. Dtor Kpurepuii obosuaunm depe3 Cry(L). Ou onpegensercs
dopmyJioit

Cra(L) = > (1X4(6)] + | XH(G))), (40)

Geo(L)

rae | X¢(G)| — momuocts MuHOKecTBa Xf(G); ‘Xf(G)‘ — MomuocTs MHOXKecTBa X 7(G)

boabiManoBekuX byHKIHiE. Ero obracts ompenenenus copnagaer ¢ muoxkecrsom D(Cry).

U3 onpenenenns: kpurepust Cry hopmysnoii (40) BEITEKAET, YTO €10 3HAUEHUE HA JIHHEHHON
KOMOUHAIMY, BXOJAIIEH B 00/1aCTh €ro OlpejesieHusl, 3aBUCUT TOJbKO 0T MHOXkKecTBa B (L)
rpadoB, CJIyXKaIlUX MeTKaMHU IObIHTErPpAJbHbIX (DYHKIUH HWHTErpajoB, BXOAAIIUX B 3TY
JIMHETHYI0 KOMOWHAIIMIO, U HE 3aBUCUT OT ACCOIMUPOBAHHOTO MHOYKECTBA ITOW JIMHEITHOM
KOMOMHAIINH.

Mo:KHO NpeI0KUTh ellle OJuH, OoJiee TOUHBIN, Kputepuit. OH MOXKeT OBITh IMPUMEHEH
B cJiydae, KOrja /i OIEHKH KazK/J0Io MHTerpaJia U3 OlNeHMBAEMON JIMHEeHHON KOMOMHAIMN
UCITOJIB3YeTCsl SKBUBAJEHTHAS €My BEePOSITHOCTHASI MOJIe/ib. B 3Tofl BepogaTHOCTHO# MO1e/1m
OLIEHUBAEMbIi UHTErpaJI SBJISETCS MaTeMaTU4YeCKAM OXKHJaHUeM TPOU3BEJIEHUS MailepoBC-
KUX U O0JbIIMAHOBCKUX (DYHKIMIT OT JTUHEHHBIX KOMOUHAIIMNA HE3aBUCHMBIX CJIYYIAHHBIX Be-
JWYWH, TPUHAMAIOININX 3HAYCHUS B V-MEPHOM JEUCTBUTEJBHOM €BKJIWJIOBOM MPOCTPAHCTBE
RY. Ilpm sToM KazKkaasg W3 S9TUX CJIYIAWHLIX BEJUUWH pacIpeneseHa ¢ IJIOTHOCTHIO, paB-
HOW HOPMHUPOBAHHOMY MOJIY/II0 MailepOBCKOi (DYyHKIHH. A IHCJIO TAKUX CIYyJIalHBIX BEJTUINH
paBHO unciay n — 1. Takum obpaszom, 3aja4da OmeHKH 0a30BOI0 MHTErpaJia, MapKUPyeMOro
rpacdomM-mMeTKOt G € By, CBOAUTCA K OIEHKE MaTeMAaTHYECKOr'0 OXKUJIAHULA IPOU3BEICHU
MaitepoBCKUX U OOJIBIIMAHOBCKHUX (DYHKIIHI OT JIMHEHHBIX KOMOMHAIINN HE3aBHCUMBIX HeEIIpe-
PLIBHBIX CJIydaifHBIX BeuduH. B aro npoussenenue Bxondar | X(G)| —n + 1 maiiepoBekux u
‘X ]';(G)‘ GOTBIMAHOBCKIX (DY HKITHIA.

EanHcTBEeHHBIM H3BECTHBIM CIIOCOOOM OIEHKH MaTeMaTHIECKOT0 OXKHIAHUS 3TOr0 HPOU3-
BEJIEHUS SBJISIETCH IMOCTPOEHUE ANNPOKCUMUPYIOIIENH JUCKPETHON CTOXACTUYECKON MOJE/H,
KOTOpad MOJy4daeTcd U3 ONMUCAHHON BBIIIE BEPOATHOCTHONR MOIEJN 3aMEHON BCEX HEIpPEPhIB-
HBIX CJIYYAHHBIX BEJUYAH ANNPOKCUMHUPYIOIAMU UX JUCKPETHBIMA CAYYANHBIMA BEJIUYUHA-
M. B pesyabrare 3a1a49a olieHKH 0a30BOT0 HHTErPAJIA CBOJUTCS K OIEHKEe MAaTeMaTHIECKOTO
OXKU/IAHUS [TPOU3BE/IEHUsI MailepOBCKUX U DOJIBIIMAHOBCKUX (DYHKIMI OT JTUHEHHBIX KOMOM-
HalUil He3aBUCUMBIX JUCKPETHBIX CJIydaliHbIX BEJIUUNH.

ITpu orenke 3TOr0 MaTEMAaTHIECKOTO OXKUIAHUS B KayKJIOM CTATHCTHYECKOM HCIBITAHWT

IPUXOIUTCH BBIIUCIATE 3Hadenus | X f(G)| —n+ 1 MaitepoBckux u ’XJ;(G)‘ OOTHIIMAHOBCKHIX
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dbyukmmii. VI3 Bcex 3aTpar MAITHHHOTO BPEMEHH HA BLIYHCJCHUS, BBIIIOJTHIAEMbIE JIJIs OTIEHKT
TOr0 MATEMATHYECKOTO OXKHJIAHUS, MOTABJSIONIee OOJIBITHHCTBO COCTABJSIOT 3aTPAThl HA
BBIUUCJICHUST 3HAUYCHNN MaifiepOoBCKUX U OOJbIMAHOBCKUX (byukimit, uncao Ni(G) KOTOPHIX
otpejessgercs GopmyJioit

Ni(G) = IX/(G)] = n+ 1+ | XHG (41)

rie G € By,. [losromy Besmumna Ni(G), onpenenennas dopmyoit (41), MOXKeT CIyKUTH
MO/E€PHU3UPOBAHHBIM KPUTEPUEM CJI0KHOCTHU OIEHKU HECOOCTBEHHOTO CXOISIIIe-
rocg 6a30BOro mHTErpaJsa, mapkupyemoro rpadom G € Gy,.

Onpegenenne 18. B ciayugae Ni(G) = 0 Gymem roBopuTh, 9TO CJIOKHOCThH OIEHKH
HECOOCTBEHHOTO CXOJSIIerocss 6a30BOro HHTErpaJsa, MapkupyeMoro rpadgpom G, 1Mo MOJEpPHH-
3UPOBAHHOMY KPHTEPHIO CJIOXKHOCTH OIMEHKH HeCOOCTBEHHOI'O CXOJSINErocs 6a30BOr0 MHTET-
paJia sdBjisgerTcd He3HAYNTEAbHOMN. B nporuBnom ciiyuae OyjieM roBOPUTH, YTO CJIOZKHOCTD
OIIEHKU WHTerpaJia, MapKkupyemoro rpadom G, 10 MOIEPHU3NPOBAHHOMY KPHUTEPHUIO CJIOKHO-
CTHU OIEHKN HeCOOCTBEHHOTO CXOISAIIErocst 0a30BOT0 WHTErpaJia ABJAAETCI 3HAYUTEJIHLHOIM.
|

IIpumep 2. Pacemorpum rpad G = G(‘/E;;Xf,X]?)7 e X; = {{1,2},{2,3}}, Xp=0.
[Tonp3ysich kpurepueM Ny CIOXKHOCTH OIEHKH HeCOOCTBEHHOI'O CXOMSANIErocs 6a30BOT0 HHTE-
rpajia, OIeHIM CJIOKHOCTH oMedeHHoro rpadom G aecobersennoro nurerpania I (G), oupe-
neqennoro dbopmysoit (16). 'pad G mo ompenenennto npuHaamexuT MHOKecTBY B3. Tak
kak ero nogrpad R(G) = G gBagercs CBA3HBIM, TO ToMedeHHOe rpadhoM G KAHOHUIECKOe
npoussejierue Py, (G) NpHHAIIEKAT MHOXKECTBY Py, & rpad G NIPUHAITIEKUT MHOKECTBY
By, e n = 3. Orciofa 1o oupeaeaeHuo 9 cieayer, 4To moMedeHHbIH rpadom G mHTErpas
I(G) sBasiercss HecobCTBEHHBIM 6a30BBLIM MHTErpPajoM Hopsjika 3 1o npocrpancrsy (RY)2.
B cayuae, korjga cucTreMbl YaCTHUI[ YAOBJETBOPAIOT YCJIOBUAM TeOpPeMbl 1, 3TOT WHTErpaJl
SABJIIETCSA, 0 3aMeYaHNI0 2, CXOIATIIMCS.

3 onpenenenus MuoxkecTs Xy n X7 crenyer: | X¢| =2, ‘Xf’ = 0. Orcroga mo dpopmye

(41) monygaem
N (G) = 0. (42)

13 (42) no onpenenenuto 18 cieayer BHIBOI: CJIOKHOCTD ONEHKYM HHTErPaJa, MOIBIHTerPAIb-
Hasd (PYHKIUS KOTOPOro nomedena rpadoM-MeTkoi (G, IO MOJIEDHU3UPOBAHHOMY KPUTEPHUIO
caoxuoctu Np(G) sBasgercs He3HAYUTEJbHOR. P

[Ipemnaraembrit TpeTuii, OoJjiee TOUHBIH, KPUTEPUI CJIOKHOCTH OA30BBIX JUHEHHBIX KOM-
Ounanun L HecobeTBeHHBIX HHTErpasios obosmadnM Cry(L), a ero MHOKECTBO OIPE/IeTCHUST
— D(C'rs). DT0 MHOXKeCTBO OmpeenseTcs hopMyIIoi

D(Crs) = | J &(n, R)"). (43)

n>2

Kpurepwnii Crs onmpaerca Ha Kputepuit N1(G) CI0KHOCTH OIEHKH HECOOCTBEHHBIX Ha30BBIX
UHTErpaJioB. B KadecTBe TAKOro KpUTEPUs MPEIaraeTcsd CyMMa M0 BCEM MHTETrpaJiaM, BXO-
JIATAM B JTAHHYIO 6A30BYIO JIMHERHYI0 KOMOWHAIIHNIO, OMEHOK CJIOYKHOCTH TUX WHTErPAJIOB.
On onpenensercs (popMyJIoit

C’I"g Z Nl <44)

Ge®(L

rae Ni(G) onpenensierca dbopmyaoit (41).
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U3 onpegenenns kpurepus Crs dopmynamu (41) u (44) BbITeKaeT, 4TO ero 3HaYEHHE HA
JINHeHHOU KOMOMHAIIMM, BXOJSINEH B 00JIaCTh €ro OlpeJie/IeHHs, 3aBUCHT TOJbKO OT MHOKe-
cTBa IpadOB-METOK MOABIHTErPAILHBIX (DYHKIUI HHTErPAIOB, BXOISIINX B 3Ty JHHEHHYIO
KOMOMHAIMIO, ¥ HE 3aBUCUT OT aCCOIMUPOBAHHOIO MHOKECTBA dTOMH JIMHEHHON! KOMOMHAINH.

Onpenenenne 19. Ilycts L u L1 — aBe cpaBHEMBIE 6a30BbIe JTMHEHHBbIE KOMOMHAIINN
MHTErpPaJIOB, MPUHAIeZKAIe 001acTh onpeenieHust Kpurepust C'r;, T/ie © MOYKeT MTPUHUMATH
3nadenus ¢ = 1,2, 3. ByneM cuurarh, uro mo xpureputo Cr;, 6a3oBas JnHelHasd KOMOUHA-
nust Ly 3HAYUTETbHO CJI0XKHee 6a30Boit smueitnoit kKombunamun L, ecau Cr;(Ly) > Cr;(L).
Ecim xe Cr;(Ly) = Cry(L), 10 Oysem cuurarb, 4ro 10 Kpureputo CT; CJIOKHOCTH OJHOMN
13 9TUX JABYX 0A30BBIX JUHEHHBIX KOMOMHAINI PaBHA MM HE3HAYUTEJHHO OTJIUYIAET-
Cd OT CJIOYKHOCTH JIPYTOH M3 HUX, U TOBOPHUTH 4TO 10 Kpureputo Cr; CI0KHOCTH OJHON n3
HUX MPUOJIN3UTEIbHO PaBHA CJIO0XKHOCTU Jpyroii. Eciim usBecTHo, uro 6a3oBas JUHeHHadA
KoMOuHaIMA Ly ciaoxkuaee 6a30Boil uHeiHo# Kombunaruu L, u Cr;(Ly) = Cry(L), To 6y-
JIeM CUHTATh, 9TO 1o KpuTepuio Cr; MuHeitHag KoMOuHaius [ HE3HAYUTEIbHO CJ0XKHEee
auneiinoi komOumanuu L. W

[Tpeutaraembie KpUTEPUN CJAO0XKHOCTH OA30BBIX JIMHEHHBIX KOMOWHAINK ¢ KO3dDdumeH-
TaMU HE3HAYUTEIbHON CJI0XKHOCTH ITOCTPOEHBI TaK, YTOOBI OHU B OCHOBHOM, 32 HEKOTOPBIMHU
UCKJIIOYCHUSMH, VIOBJICTBOPSINA IIPUHITUIY: €CJAN 110 JAaHHOMY KPUTEPHIO OJHA U3 JIBYX Oa-
30BBIX JUHEHHBIX KOMOMHAIIMI 3HAUATEILHO CIOXKHee APYToi, TO U Ha caMOM JeJie OIEeHKA
3HAYEHUSI TIPEJICTAB/ISIEMOI €10 BeJINYNHBI 3HAYUTEIbHO CJIOXKHEe, YeM OIEHKA 3HAUCHHS Be-
JINYWHBI, MPEJICTABISIEMO ApyTroit 0a30Bolt JnHeiiHON KoMOnHANMeH. A B caydae, KOraa 1o
JIAHHOMY KPHTEPHUIO CJIOKHOCTH OJIHON U3 JIByX 6Q30BBIX JTUHEHHBIX KOMOMHAIMH HE3HAUUTE-
JIBHO OTJIMYAETCA OT CJIOXKHOCTH JAPYTO# U3 HUX, TO U Ha CAMOM JIeJie CJIOKHOCTD OIeHKH 3Ha-
YeHUsl BEJUYHMHBI, IPEICTABISIEMOM OJHON M3 3THX JABYX 0Aa30BBIX JUHEHHBIX KOMOMHAIIHIA,
HE3HAYUTETbHO OTJINYAETCS OT CJAOKHOCTH OIEHKHM 3HAYEHUs] BEJUYUUHDI, HPEACTaABIAEMON
JIpyToit 6a30BO# AMHEHHON KOMOUHAIIIe.

B cny4ae, korja BBIBOBI, CAe/IaHHBIE HA OCHOBAHWW 3HAYEHWI OJHOTO W3 KPUTEPUEB
HAXOIATCS B IPOTUBOPEYUHN C BHIBOJIAMHU, C/ICJTAHHBIMU HA OCHOBAHUU 3HAYEHUil Ipyroro, 60-
Jiee TOYHOT'O, KpUTEPHs, NIPEANOUTEHUE CaeyeT OTIATh BHIBOJAM, CACIAHHBIM Ha, OCHOBAHUH
3HaueHuit 0oJjiee TOUHOIO KPUTEPUS.

ITpumep 3. [lycts L w Ly — aBe auneiinble KOMOMHAIAN, IPUHA/JICZKAIIHE MHOKECTBY
£(3, (R¥)?). ITpu 3rom B JuHeiHYI0 KOMOUHAIHMIO L BXOJIAT JBA HECOOCTBEHHBIX CXO/SATIX-
cst uarerpana I(G) u I(Gy), nogpiHTerpaibibie (DYHKIUH KOTOPHIX MoMedeHbl rpadavu G
u G1; 9T wHTEerpabl onpejaesnersl Gopmyaamu (16) u (14). 3necs G — rpad, paccMoTpeH-
HbllE B npumepe 2, a rpadp G = Gl(l/g;Xﬁl,Xﬁl) uMeer MHOXKECTBO MailepoBcKux pedep
Xy1 = {{1,2},{1,3}} n muoxecrso Gonbumanosckux pebep X7, = {{2,3}}. B suneiinyto
KoMOHHAIO L BXOAUT TOABKO oxue wHTerpat I (G1), mogapiaTerpaibiast HyHKIHsT KOTOPOTO
nomedeHa rpadpom-merkoit Gy. [Ipu aTom B 006eux JiMHEHHBIX KOMOMHANTAX KO DUIHEHTH
pu 6a3oBbiX uHTerpanax I(G) n I(G) onpenesnensl U paBHBL 1.

I'pad G = G1(V3; Xy, Xf,1) 0 OTPeJIeJICHUIO TPUHAIEXKAT MHOXKeCTBY B3 1Mo ompeie-
JIEHUIO 3T0ro MHOXKecTBa. Tak Kak ero noarpad R(G1) sBAsieTcs: CBI3HBIM, TO MOMEYEHHOe
rpadom G KaHoHWYeckoe mpouspefenue Pi3(Gq) siBisieTcs Mo onpeneseHuio 8 Ga3’0BbBIM.
Orcroga mo omnpeenennto 9 ciaenyer, uro uarerpas I((G1), mogpiHTerpaibias OyHKIUs KO-
TOpPOro momMedena rpadoM-MeTkoi (G, dBasgeTcs HecOOCTBEHHBIM OA30BBIM IOPSIKa 3 110
npocrpanctey (R”)% B cayuae, Korga CHCTeMBl YACTHI YIOBJIETBOPSIOT YCJIOBUAM TEOpe-
MBI 1, 9TOT HHTErpaJl SIBJIAETCs, 10 3aMEYAHUIO 2, CXOAAIUMCI U IPUHAIIEIKUT MHOKECTBY
£(3, (R¥)?) 1o ero omnpe/ie/ieHuIo.
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B aumeiinyo koMbuHanuo L BXOauT TOIbKO ofauH uHTerpan I(Gi). B manHoM ciydae
STOT MHTErpaJsl siBJIsgeTcs HecOOCTBEHHBIM CXOAANUMCH 0A30BBIM HHTEIPAJIOM MOPSIKa 3, a
KO3 PUIIEHT TpU HEM 3aJIaH U IIOTOMY BOOOINEe He TpebyeTcss HUKAKUX YCUINH JJId ero
Bbluncsenud. [loaromy Jimneiinas komOunanus L 1o ounpejesnenuio 11 u no 3amedanuio 6
gapjsgeTcd 0a30Boil JinHeiHol KoMOuHaIueil mopsika 3 ¢ KoadduiumenraMu He3HAYUTETHHON
CJTOKHOCTH M npuHaAIesknT MEoKecTBY £(3, (R”)?) no ero onpegenenuio.

B npumepe 2 661710 j10Ka3aH0, uTo unTerpan I (G) aBiagercs HecOOCTBEHHBIM CXOISATIAMCST
6a30BBIM MHTErPAIOM HOpsaaka 3 1o npocrpancTsy (RY)?. Takum 06pa3oM, 00a BXOIAIINX
B JIMHEHY10 KOMOMHAIMIO L1 UHTErpaJia SBJIAI0TCH HeCOOCTBEHHBIME CXOASIIUMUCS Oa30BbI-
MU HHTerpajamMmm nopsiaka 3 1o npocrpanctsy (RY)?, a koadbunuenTsl 1pu HUX 3a1aHbl 1
MO3TOMY BOOOIITEe He TpebyeTcss HIKaKUX YCHJIWi 11 uxX Bbiancaennsa. OTcoaa CIemyeT, 9To
JuHeiiHass KomOuHaIus L, 1o ompejenennio 11 u mo 3amedannio 6 TakzKe siBiasieTcs 0a30-
BOIl imHeiiHON KoMOuHanueit mopsaka 3 ¢ KoapdunueHTaMu He3SHAYUTEIHLHON CJI0KHOCTH 1
npuaaLIexRuT Muokectsy £(3, (R”)?) mo ero onpemenenuio.

[Tonb3ysice kpurepuem C7r3, ONEHUM CJI0KHOCTH JHHEHHBIX KoMOnHauit L u L. 3ame-
TUM, 9TO Da30Bas JuHeiHas KomOuHaIus L1 KpoMe WHTerpaJia, moAblHTerpajbHast OyHKIIHS
KOTOPOTro noMedeHa rpadoM-Merkoii G, cofiepzKut emie onut 6a3oBbiii waTerpas I(G), mome-
JeHHbI# rpacdom G. EcTecTBeHHO To/Iararh, 4To 6a30Bas JuHeliHasg KoMmOuHanus L, cloxKHee,
yeM 6a30Bad JnHelHag KoMounamnus L.

Ucnonn3yst onpeiesienne KpuTepusi CJA0XKHOCTH OIMEHKN HECOOCTBEHHOTO CXOIATIErocs Oa-
30BOTO MHTerpasia dbopmymnoit (41), Haiigem 3HAYEHHE 5TOTO KPUTEPUS JJIsl WHTErpaJa, Mmo-
medeHHoro rpadpom Gy:

N1<G1) = |Xf(G1)| —n+1+ ‘Xf(Gﬂ =1. (45)

3Hadenne 3TOTO KpuUTepus JJjisi WHTerpaJia, moMmedeHHOro rpadom G, ObLIO HalmIeHO
B npumepe 2 (cM. dopmyay (42)).
Tax kak obGe juneiinbie kKombunanuu L u L npunajiexar muoxectsy £(3, (RY)?), To,
10 onpeaeseHuo 17, onu cpaBHUMBI 10 Kpurepuio Crs. CpaBHEM HX 110 5TOMY KPHTEPHIO.
Ucxonst u3 onpegesenust kpurepust Cry dbopmyoit (44) u ucnonbsyss dopmyiast (42) u
(45), nmosryaem:
Crs3(L) = Crs(Ly) = 1. (46)

3 dbopwmynsr (46) mo onpenenennto 19 caemyer, uro 6azoBas auHeiinass komounanus Ly mo
kputepuio C'rs He3HAYUTEIbHO CJI0KHee 6a30Boi JnHeHOW KomMOuHanuu L. »

W3 onpenenenus kpurepus Crs u onpenesenns: 19 BeITeKaeT

CaenctBue 4. Ilycmo L u Ly — dee basoswvie aunetinvie KOMOUHAUUU HECOOCTNEEHHDIL
unmezpanos, npunadsescausue muoscecmesy L(n, (RY)"1) u ydosaemeopsarousue yeaosuam:

1. Jlauna aunetnoti kombunavuu Ly 6oavwe daunv, aunetinot xombunayuy L.

2. Kaotcdoli unmeepan, 6xodawutl 6 aunetdnyro kKomounayuro L, exodum u 6 aunetinyio
rKombunauuo L.

onycmum, wmo cpedu HecobcmEEHHBLT bA3068bLT UHMEZPANOE, STOAUUTL 6 AUHETIHYIO
kombunayuto Ly u e sxodaujur 6 asunetinyto xombunayuto L, umeemces xoms odun unmee-
pas, maxot, umo 2pap-memra G e20 nodvinmezparvholl GyHKkuuL Yyodosiemeopaem HEPAEEH-
ecmey N1(G) > 0. Tozda no kpumepuro Crs 6asosas sunelinas kombunayus Ly snavumervrno
caootcHee 6a30601 AuHelHoT Kombunayuy L. B npomustom cayuae 6430645 AUHETHAA KOM-
bunayua Ly He3HauumervHo caoschee 6a30600 Aunetinot xomburayuy L.
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HokazareabcTBo. PaccMoTpuM cHavas a cIydaii, KOrjia Cpejid HHTeIPaJioB, BXOJAMIINX B
JIMHEeHHYIO KOMOUHAIuIO L1 ¥ He BXOJIAIINAX B JUHEHHYIO KOMOUHAIINIO L, nMeeTcd XOTh OJUH
MHTErpaJi, Takoii, aro rpad-merka G ero yaosiaerBopsier HepasencTBy Ni(G) > 0. Torma nmo
onpenesnennto kpurepusi Crs bopmynoit (44) u3 ycaoBuil ciiegcTBus 4 BHITEKACT HEPABEHCTBO
Crs(Ly) > Crs(L). Orciona no oupexnenennto 19 cremyer, aro no kpureputo Cry Gazobas
JuHelHas KoMOnHaNa [ 3HaUNTEIHLHO CJIOXKHee 0Aa30BOI TuHeHON KoMOnHAIYT L.

PaceMorpuM Tenepb MPOTHBOMOJIOXKHBIN CIydail, KOTJIa BCAKUN WHTETpaJs, BXOAAMHI B
JIMHEHHYIO KOMOMHAINIO L1 W He BXOISIIUN B TUHEHHYIO KOMOUHAINIO L, TaKOB, 9YTO I'pad-
merka G ero nogbiHTerpaibHoil dyHkiuu yaosiaersopsier paseuctsy Ni(G) = 0. B srom
ciaydae 1o onpegenenuto kpurepust Cry dopmynoii (44) us ycaosuil ciencTBus 4 BHITEKAET
paBerctBo Cr3(L1) = Crs(L). Orcioga no onpenenennto 19 caemyer, aro 6a3oBasi JuHeRHAs
KoMOuHAIUs [ HE3HAYUTEJHLHO CJA0XKHee 0a30Boil JimHeitHOW KomOuuanun L. Ciencrsue 4
OOJHOCTBIO AOKA3aHO. P

Onpenmeneunne 20. Baszosoe mpomssegenne P((G) Ha3bIBAETCS MOJJHBIM, €CTH €T0
rpad-merka G gBJISETCS MOJHBIM. B mpoTmBHOM ciaydae 0a30BOe NMPOM3BEIECHHE HA3BIBA-
ercad HemoJTHBIM. Il

Onpenenenune 21. Ba3zoBblii HHTEIPaJI HA3BIBACTCS IMIOJTHBIM, €CJIH €r0 MOIbIHTeIPAJIb-
Hast PYHKIU SIBJIAETCA MOJHBIM 0A30BBIM MPOU3BeIeHHeM. Ba30BbIil HHTErpaJs Ha3bIBAeTCA
HEIIOJIHBIM, €CJIH €r0 MOJAbIHTerpaabHasg (PYHKIU SIBAIETCI HEIMOIHBIM 0a30BbIM MPOU3Be-
nenueM. W

Onpenenenue 22. Ba3zoBasg nuHeiiHass KOMOWHAIMsI HA3BIBAETCS IIOJIHOM, ecjin BCe
BXO/IAIINE B HEe UHTEIPAJIbl ABJMIOTCA MOJHBIMU. B mpoTtuBHOM ciiydae 6a3oBasd JIMHeHasd
KoMOnHanua HasbiBaeTca HemoaHoil. Ml

U3 onpenenenus npejcrasiennii Pu-I'ysepa [48], mpumepa 1 u onpegenennii 20, 21 u 22
BbITEKaET

Caenctsue 5. IIpu awbom n > 1 npedcmasaenue Pu-Tysepa supuarvrozo koapduyuen-
ma B, aeasemcsa noanot 6630601 surelinot Kombunayuet nopadka n ¢ koapduyuernmamu
HESHAHUMENDHOT CAOHCHOCTNAU.

N3 onpenenennit 20 u 21 u 3aMedanus 7 BbITEKaeT CJeIyIONIee

3ameuanme 8. Ilycrb ojiuH U3 JABYyX 0A30BBIX CXOJISIIUXCS UHTEIPAJIOB SIBJISIETCS 110JI-
HBIM, & JIPYTrOfi — HEMOJHBIM, IPUYEM MOJAbIHTErpaabHbie (DYHKIUN 0DOUX ITUX HHTEIPAIOB
TITOMEYEHBI FpaCbaMI/I C OJHUM U T€M 2KE€ MHO?KECTBOM BEPIITUH, a UX O6JIaCTI/I NMHTETrpupoBaHuAd
coBnagaoT. Torja mo 3amMevanuio 7 OIEHKa IMOJTHOIO HHTErpasia 3HAYUTE/TBHO CJI0XKHee, YeM
oneHka HenoJtHOro waTerpaa. Ml

N3 zamevanus 8 BoITeKaeT

CaenctBue 6 Ilycmv L1 — nenoanas 6a306aa sunetinas Kombunayus nopadka n ¢ Ko-
APpPurueHmamu He3HAYUMEALHOT CAOHCHOCTIU, G Lo — noanasa 6030644 NUHETHAA KOMOUHA-
yuA nopadra n ¢ Koapduuyuenmamu nesnanumenvnot crooncrocmu. M nycmo npu smom ux
ACCOUUUPOBAHHBLE MHONHCECMEBA COGNAIAIOM, G YUCAO UHMELPAA0E 8 AUHETHOT KOMOUHAGUUL
Ly ne boavwe wucaa unmezpanos 6 Aunetinot xomburayuy L.

Ecau sce unmezpanvs, exodawue 8 amu 6a3068vie AuHeTHE KOMOUHAUUL, ABAAIOMCH He-
cobcmeernbmu, mo, no damevaruro 8 u kpumepuam Cry u Crs, sunelnan xombunayus Lo
BHAYUMENDHO CAOHCHEE AUNEtHoTl Kombunayuu L. Ecau oce ece unmezpanvs, 6xodaujue 6
amu 6a306ble NUHETHBLE KOMOUHAUUL, ABAAOMCA COOCNEEHHBIMU, MO, NO 3AMEUAGHUIO 8 U
rkpumepuro Cry, auretnas Kombunauus Lo 3HAUUMENdHO CA0ACHEE NUHETHOT KOMOUHAUUL
Ll-

5. B pamkax merojia KapKacHBIX CYMM MOKHO BBIJIETUTH JIBa TO/IX0/IA.
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Jlng n3102KeHns IepBoro U3 HUX HaM HOTpebyeTcd BBECTH OIIPEIE/ICHHE JIPEBECHONR CyM-
Mbl. C IeIbIO YIPOIIECHUS U3JI0KEHUS U He CTPEMACh K MAKCUMAJILHON OOIIHOCTH, MBI A, M
5TO OIpeIeIeHAe B CMBICIE, XOTd U HE CaMOM OOIIEeM, HO JTOCTATOYHOM JIJIsl IIEIel, IOCTAB-
JIEHHBIX B 9TOW CTaThE.

Jlist 9TOrO0 BBEJEM CJAEAYIONINE ONPEIC/CHH:

T,, = {t} — MHO)KECTBO BCeX IOMEYEHHBIX JE€PEBHEB ¢ MHOKECTBOM BepiuH V,, rae n > 1,
1 KOpHeM 1;

X¢(t) = {{u,v}} — muoxkecTBO pebep nepesa t € T),;

)Z'ad(t) — MHOKECTBO JonycTumbix pebep [9, 13, 17| mepesa t € T),;

I(t) = H Juw H (1 + faw)(dr)1na, (47)
(Ru)n—l

{uv}eXs(t)  {@5}eXaa(t)
I(t,A) = / II ro I @+ f@i., (48)
A" fuwyeXp(t) (e Xaa(t)

raet € T,, A — cBsA3HOE, OrpaHUYEHHOE U H3MEPHMOE 110 JIebery MHOKECTBO, coJeprKalleecs
B mpocTpancTBe R”.

ITycrs 1" — Hemycroe HOAMHOXKECTBO MHOMKECTBa jAepesbes 1p,, rae n > 1; a KazkaoMmy
nepeBy ¢ € T' mOCTaB/ICHO B COOTBETCTBIE MHOYKECTBO J0IMyCcTHMEIX pebep Xaq(t) = {{u, v}}.
Bsenem oboznauenud:

c(t) m ¢1(t) — dbyHKIMH, OIpeieIeHHbIe HA MHOXKECTBE JIepeBbeB 1’ U MPUHUMAIOIINE HA
IPHHALIEZKAIIX STOMY MHOXKECTBY JIE€PEBbAX NeHCTBUTEIbHBIE 3HAYCHUS.

L(T') =) e()I(t), (49)

teT’

rae npu Kaxkom ¢ € T unrerpan [(t) onpeenen dopmyoii (47).

L(T',A) =) _e(t)I(t,N), (50)

teT’

rae npu KaxkjaoMm t € T" warerpan I(t, A) onpenenen dpopmymoii (48).

Onpegenenne 23. Jluneiinsie komObunanuu uarerpanos L(T") u L(T', A), B KoTOpbIxX
T C T, un > 2, Hazeiatorcd agpeBecHbiMu cymvavn. Wl B

Sameuanne 9. VI3 onpesenenns MHOXKeCTBa TOMYCTUMBIX pebep X,q(t) BbITEKaer, 4To
9TO MHOKECTBO HE IepPeceKaeTcst ¢ MHOykecTBOM X (1) pebep aepesa t € 1), u COCTOUT U3 110-
MapHO PA3JUYHBIX pedep, KazKa0e U3 KOTOPHhIX COeNHSET JBe HeCMeyKHbIe BEPIIHHbBI JepeBa
t. m

Teopema 5. ITycms nomenyuan naprozo szaumodeticmseus P(r) asasemes usmepumot
dynryuet, a naproe ézaumodelicmeue YoosAEMBOPAEM, YCAOBUAM YCMOTMUBOCTIU U De2ly-
aaprnocmu. Toeda dpesecnve cymmor L(T') u L(T',A\), onpedesennvie dopmyaamu (49) u
(50), 2de T" C T, u n > 1, asaatomes 6a3068vmU AUHETHMU KOMOUHAUUAMU NOPATKG N, &
kaosrcdoe depeso t € T' 6 dpesecroti cymme L(T') asasemes ykomniekmosarnuim 2paghom-
memKkot nodviwmezparvhol dynwrkyuu unmeepana I(t), a 6 dpesecrotc cymme L(T',N) —
YKOMNACKMOBAHNBM 2Padom-memrot nodvnmezpasoroti gynkyuu unmeepana 1(t, A). Ilpu
amom Kascdomy maromy depesy t NOCMAGAEHO 6 COOMEEMCINGEUE, 6 KAMECTNEE JOTNONHAIULE-
20 mruoocecmea, muoocecmeo donycmumnt pebep Xaq(t) = {{u,v}}.
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Hoxkazareabcrso. Oupesenenns uurerpanos [(t) u I(t, A) bopmyramu (47) u (48) co-
OTBETCTBEHHO O3HAYAIOT, 9TO J/Id KazKI0ro Jepesa t € T' ompesie/eHo HOCTaBICHHOE eMy B
COOTBETCTBUE KOHEUHOE MHOKECTBO X,q(t) momyctumeix pebep. [lo 3ameuanuio 9 910 MHO-
JKECTBO He IIEPeCceKaeTcs ¢ MHOKeCTBOM X f(1) M COCTOMT U3 MOINAPHO PA3JIMYHBIX pebep,
KazKJ0€e 13 KOTOPBLIX COeJNHACT ABE HECMEezKHbIC BEPIIMHLI JepPeBa t. I/I3 Oolpejaejaenunsd nH-
rerpanos I(t) u I(t,A) dbopmynamn (47) u (48) cieayer, 9TO 3TH MHTEIPATHI UMEIOT OJHY
U Ty 2Ke MOABIHTETPATIbHYI0 (DYHKIUIO, KOTOpas SBJIdeTCS NPOU3BeIeHNeM MaileDOBCKUX U
GosbiManoBekuX dyHknuit. IIpu srom MaOKecTBO pebep X f() nepeBa ¢, MAPKUPYIOIIETO 3TO
HPOU3BE/IEHUE OIIPeJIe/ideT MHOXKeCTBO [’ Bcex MailepoBCKUX (PYHKIUI 3TOTO 1POU3BEIEHU
U SIBJISIETCH, M0 ONMPEJIEJCHHIO 3, MHOXKECTBOM MafilePOBCKUX pebep M0 OTHOEHUIO K MHOKe-
crBy F' MaifepoBckux DyHKIHA. A 10 onpe/iesieHnio 4 MHOKeCTBO J0ycTuMbIX pebep Xaq(t)
ompejiesisieT MHOXKECTBO F Beex 60IbIMAHOBCKAX (byHKIHI 3TOro MpOM3Be/IeHus U ABJIACT-
CS MHOZKECTBOM OOJTBIMAHOBCKHMX pebep 10 OTHOINEHHIO K MHOXKECTBY F' GOJIbIMAHOBCKHX
dbyuknmit. Takum 06pazom, Mo OnpeneeHuno JOTOMHSIIONEr0 MHOYKECTBA, MHOKECTBO X 4q(t)
HBJIHGTCHA:ZLOHOJIHHIOH_[I/IM MHOZKEeCTBOM, IIOCTaBJIEHHBIM B COOTBETCTBHE JACPDEBY t. MHO)KGCTBa
X¢(t) m Xaa(t) obpasyror ynopsnodennyio napy X = (Xy, Xaa(t)).

IIo ompenenenuio MHOXKecTBa JiepeBbeB 1, Besgkoe JepeBo t € T, dBIgeTcd CBA3HBIM
rpadoM ¢ MHOXKECTBOM BepIIHH V,, U, 3HA4IUT, mMeeT MecTo paseHCTBO V(X((1)) = V.
Orciona n u3 samevanus 9 creayer pasencrso V(Xy)JV(Xf7) = V,. Us sroro pasencrea
II0 OLPEAEJICHUIO D CJACAYeT, 9T0 ynopsaodeHnas mapa Muoxkects X = (Xy, X f) SABJISIETCS
KaHOHWYeCKoil mapoii. M3 mosydeHHbIX pesyabTaToB cllelyeT, 4To Beakoe jepeso t € T,
IPUHAIEZXKAT MHOKeCTBY &,, IO ero onpeeeHuo.

Orciona 1o omnpejeneHuio 15 u jieMMe 2 cJIeJIyeT, 9To KaxKjoe JIepeBo t € ~T’ ABJIAETCS
YKOMILTIEKTOBaHHBIM IpadoM-MeTKoli KaHOHHYecKoro npousseienus gynkmmit Py (t), KoTo-
po€ TOMEYEHO ITUM JIEPEBOM, UMEET MMOPSIO0K N U IPEJCTABIIETCS (POPMYJIOit

P, )= 1[ Il fufes (51)

{lvj}eXf (t) {ilzj/}EXad (t)

IIpaBast wacth dopmymasl (51) coBnagaer Kak ¢ HOABITErpadbHON (yHKIHMEHl HHTErpaia
I(t), Tak u ¢ mogsiHTerpaabHOil dyukimeit uarerpana [(t, A). CaemoBareabHo, moMedeH-
HOE JIepeBOM t Mpou3BejeHne (PyHKIMi 156”(15) SIBJIIETCS TOABITETPATbHON (DyHKITHEl Kak
unrerpana I (t), taxk u uarerpasa I(t,A), a nepeso t sSBIsSETCA YKOMILIEKTOBAHHBIM I'PadOM-
MeTKOii moJpIHTerpaabHoil dbyukmn uarerpaios I(t) u I(t, A).

Otrcioga mo 3aMedaHuio 5 cleayer, 9To HoabiTerpaibias GyHKuusg uaTerpasos (i) u
I(t, \) sBasiercst 6a30BBIM TTpou3BeAenueM GyHkIwit nopsiaka n. A uarerpasst [(t) u I(t, A)
0 OIpeIeIEHUI0 9 ABAAIOTCS OA30BBIMU HHTErpaJaMu opsiaka n. [1o Teopeme 3 mpu J1060M
CBSI3HOM OTDAHMYEHHOM U3MEPUMOM 110 Jlebery MHOKecTBe A, COIEPKAIIEMCs B IPOCTPAHC-
tBe (RY), aro npoussenenne QyHKIuil sBAsieTCst HHTErpupyemoii pyHKIHeil Ha MHOXKeCTBe
A", a warerpai I (t, A) or aroro npousse/enus GyHKIUIT CXOAUTCS; KPOME TOTO, ITO IIPOU3BE-
nenne byHKIME gBIgeTCa HHTErpupyeMoil pyrkuueit mo npocrpanctsy (RY)"™1, a uarerpan
I(t) or 3TOro MPOU3BEIEHUsT CXOJAUTCS U He 3aBUCAT OT 3HAYEHUS TEePEeMEHHON Ty

HanmomuuMm, uro Ha MHOXKecTBe JepeBbeB 1" onpesenensl dyukiun c(t) u ¢ (t), npunu-
MAaIoOIIne Ha JEePEBbIX 3TOT0 MHOYKECTBA JIEeHCTBUTENbHbIE 3HadeHudA. [Ipn kaxaom t € T'
pesnanna c(t) seasiercst Kosdduimentom mpn wHTerpase I (), BXOASAIEM B IPEBECHYIO CYM-
my L(T"). Touno takzke mpu kazxaoMm t € T' emmanna ¢ (t) apistercs Kodddumentom npu
unrerpane [(t, A), Bxomstimem B npesecuyto cymmy L(T7, A).
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13 nosydeHHBIX pe3yJbTaToB Ho TeopeMme 4 cieayer, 4to apesechbie cymmbl L(T') u
L(T', A), onpenenennsie dbopmyaamu (49) u (50), tae 77 C T, u n > 1, aBastorcst 6a30BbIMI
JIMHEHHBIMIA KOMOMHAIUAMHY Topsaka n. Teopema 5 MOJHOCTBIO JI0Ka3aHa. B

Eciiu jnpeecnasi cymma siBjisiercs 6a30B0i JinHEHHON KoMOMHAIuel 1opsijika 1, TO Mbl
Oy/ieM Ha3bIBATh YUCI0 N MOPAIKOM 3TOl JApeBecHOil CyMMBbI.

6. B kadecTBe npumMepa mpejcraB/ienns KOIOPUITMEHTOB CTENEHHBIX PSAIOB JIPEBECHBIME
CYyMMaMH MOXKHO HPUBECTH HOJIyYeHHBIe aBropoM |3, 9, 17| mpeicrabienus: MailepOBCKUX
k03bdunmenTon b, (A), cBOOOAHBIE OT ACKMITOTHYECKOH KATACTPOMBI. DTH MpeIcTaBICHHS
ObLJIM TIOJIYYEHbl JIjIsl CJLy4das, KOIJIa TepMOJMHAMUYECKAs PABHOBECHAs OJHOKOMIIOHEHTHAS
cHCTeMa KJIACCHYIeCKUX YaCTHUIl ¢ MApHBIM B3anMmozeiicTsueM |24, 49| 3akiodena B orpann-
JeHHOM 00beMe A\, sIBJISIONEMCST CBA3HBIM, OTPAHUYEHHBIM U U3MEPUMBIM 110 Jlebery MHOKe-
CTBOM, cojiepxkaruMcd B npoctpancTse RY. Ilpu 3ToMm mpesmnosaraaoch, 9To TapHOe B3au-
MO/JIefiCTBUE YIOBIETBOPSAET YCIOBUSIM YCTORNIUBOCTH U PETYJISIPHOCTH, & MAPHBIM TOTEHIHAT
®(r) aBastercsa m3mepumoit pyuknumeii. [Ipu Beex n > 2 kaxka0e U3 MpecTaBIeHuii MaiiepoB-
ckoro Koabdurmenta by, (A), HOIy9IeHHBIX ABTOPOM IIPU ITUX YCJIOBHIX, ABIAETCS JPEBECHON
CYMMO{i, gBJigoleiicss 6a30Boil JIMHEHHOH KoMOUHAIIMEH MOPsIKa N ¢ KOIPDUIIMeHTAMU He-
SHAYUTENbHOIN CJOKHOCTH U € acCOUMUPOBAHHBIM MHOKecTBOM A™ C (RY)™.

Brauase 6bl1i moJydensl [3] Takue npejcraBienns, B KOTOpbix Koddbdunment b, (A) Bbi-
paxkaJcst npousseaenneM uncaa 1/(|A|n!) Ha 6azoByio quHeiHYI0 KOMOUHAIIUIO TOPSIIKA N ¢
aCCONMPOBAHHBIM MHOZKECTBOM A", COCTOSIIIYIO U3 BCEX HWHTEIDAJIOB, YbH MO/IBIHTETPAIbLHBIE
yHKIMH TOMeYeHBl N-BePITUHHBIME KOPHEBBIMH TIOMEUeHHBIME fepeBbamMu |25, 28, 9, 17| ¢
KODHEBOIl Bepinunoit, momedennoit aucaom 1 [3]. Tlpu 9T0M KazKI0My MapKHPYIOIEMY Jie-
peBy ¢ GBLIO MOCTABICHO B COOTBETCTBHE MHOKECTBO JOIYCTHMBIX pebep Xaa(t) = {{u,v}}.
[To ompenenenuto 23 Takas 6azoBas JuHeiiHAs KOMOWHAIMS TOPSIIKA N ABJISETCH JTPEBECHOMN
cymMMoit nopsiyika n. B 31oit cymme koaddunmenT npu KaxkjaoM BXOJMUIIEM B Hee UHTerpaJie
paBen ejgunuiie. [loaromy He TpedyeTcss HUKAKUX BBIYUC/ICHHI J/Is ONPEIE/TeHAsT 3HAYCHU
K03 UIMEHTOB TPU BXOSMNINX B 9Ty cymMMy mHTerpasiax. Orcoa mo teopeme 5 u 10 3a-
MedaHuio 6 cjaeayeT, 9To 3Ta JgpeBecHas cyMMa sBJjseTcs 6a30BOM JuHeiHO# KoMOuHAaIMel
nopsaka n ¢ KodbduueHTaMn He3HAYUTETbHOU CI0KHOCTH.

Buocseacrsuu s1u npejcrapienus oo yuporenst |9, 17]. C 91oit nesibio 6110 BBEIEHO
OUHAPHOE OTHOIIEHNE MAKCUMAIBHOTO N30MOP(U3Ma KOPHEBBIX TOMEYEHHBIX I€PEBBEB. JTO
oTHOIIIeHHe 001a/1aeT cBoicTBAMU pPedIeKCHBHOCTH, CUMMETPUYHOCTH U TPAH3UTUBHOCTH,
TO €CTh SABJFETCs OTHOIIEHIeM SKBUBaeHTHOCTH [21| u pasbuBaer muoxkectso {71}, cocTo-
slee M3 BCeX MOMEYEHHBIX JIepeBbeB ¢ MHOKecTBOM BepmimH V,, = {1,2,... n} u KopHem
1 Ha KJIacChl MAKCHUMAJbHO U30MODPMHBIX JePEeBbEB. DTHU KJIACCH 00JaAI0T OYEHDL ITOJIe3-
HBIM CBOCTBOM: B BBIIIEYIIOMSIHYTOM IIpeJICTaBIeHIN MaiiepoBckoro Kosddummenta by, (A)
JIPEBECHOI CyMMOI paBHBI BCE MHTEI'PAJIbI, MOABIHTEIPAJTbHBIEC (DYHKIIMH KOTOPBIX HOMeYe-
HBbI MaKCAMAJIbHO N30MODPMHBIME JiepeBbaME. DBII0 HallZleHO KOHCTPYKTUBHOE OIIpe ieseHne
takoro nogmuoxecrsa T'R(n) C T, [9, 17|, B KoTopoM HEKaKue JBa JepeBa He sIBJISTIOTCS
MAKCUMAJTbHO U30MOPMHBIME, 8 MOITHOCTH KOTOPOTO PaBHA UMCTY KJIACCOB MAaKCHUMATbLHO
U30MOP(HBIX JEPEBbEB, TPUHAJICZKAIIMX MHOKECTBY 1,.

Ucnonb3ys npeacrabiaenns kKoxddurmenton b, (A) apesecHoit cyMMOii BceX HHTErPAJIOB,
YbU HO/IBIHTErPAJIbHBbIe (DYHKIINN HOMEUeHbI N-BEePIIMHHBIMI KOPHEBBIMU MOMEYEHHBIMU JTe-
pPEBbSAMU € KOPHEBOW BePITUHON, TOMEYEeHHO YnuCIOM 1, pa3/ioyKeHrne MHOYKeCTBAa KOPHEBBIX
MOMEYEHHBIX TePEeBbeB Ha KJIACCHI MAKCUMAJIBHO H30MOPMHBIX JePEBbEB W BBIIIEYTOMSIHYTOE
CBOMCTBO MAKCUMaJIbHO U30MOPMHBIX JIEPEBBEB, YJIAJI0CH HOJLYYUTh IIPeJICTaB/IeHns Maiiepo-
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Bekux Koadunuenrtos b, (LL) apesecabivu cymmamu B Buje |9, 17]:

ba(A) = S [TI@) I A). (52)

|A|n!
teTR(n)

Baecy TI(t) — COBOKYIHOCTH JEPEBBHEB, MPUHAIEKAIINX MHOXKECTBY T, H MaKCUMAIbHO
u30MOPQHBIX JIepeBy t;

|T1(t)] — mommocts MuoxkectBa 1'1(t);

I(t, \) — unrerpas, onpesenennsiii hbopmysioit (48). Ilepexo/ig B IpeICTABIEHUAX Maiie-
poBckux Kodduiuentos b,(A) dbopmymnoit (52) K TepMOIUHAMAYECKOMY HPEJIETY, VIATIOCH
nosyunth |9, 17| mpeicraBieHust JIpeBeCHBIME CYMMaMH MailepoBCKUX KO3(DMUIUEHTOB B
TepMOAMHAMUYeCKOM Tipesiesie. JIis KpaTkocTu TepMOAMHAMUYECKUIl peaes MailepOBCKUX
ko3bburmenToB b, (LL) Mbl OyaeM Ha3bIBATH MPEAETBHBIM MaiilepOBCKUM KO3bDMUIHEHTOM
n 0003HaYATH €ro b,. DTN TpeacTaBJIeHNs UMEIOT BUI:

by :% > TI()]I(1). (53)

" teTR(n)

3 onpenenenus: dopmyioit (52) upejpcraBienns maiiepoBckux koadbdunuentos b,(LL) u
onpenenerns Gopmyoii (53) npencraBienns TpeeIbHBIX MailepoBckux KoabduimuenTos b,
cJIe/lyeT: Ipu BeexX 1 > 1 MHOZKeCTBO jiepeBbeB T R(n) sBJsleTcst MHOZKECTBOM BCEX JIePEBbeB,
ABJISIONIUXCA IpadaMu-MeTKaMH MapKUPYIOMIUMH KaK HHTErPAJIbI, BXOJMIINE B JpeBEeCHbIE
CYMMBI, TIPEICTABIAIONINE MailepoBckue Kodbdunuentot b, (LL), Tak U HHTErPAJIBI, BXOJIsI-
e B JPEBECHBIE CyMMbI, IPEICTABISIONNE IPeIeIbHbIe MaiepOBCKHe KOIPDUIUEHTHI b,,.

Hucsio nepesbes Bo MHOKecTBe T (1) TOMHOCTBIO Onpe/iesieTcs aepeBoM ¢ no Gopmyiie

H(t)—1 n(t,H(t)—1)

1) =0 (I ntean) (T i) - 1)!)_1. (54)

i=1 i=1

-1

Bmech H(t) — Boicota |9, 17, 5] nepesa t; n(t, i) — ducyio BepliuH jgepesa ¢, HAXOSIIUXCS HA
BBICOTE ©; d(t, 1) —CTeneHb (-0l BEPIIMHBI U3 MHOYKECTBA BCEX BEPIIHH JiepeBa t, HaXOIsIIXCs
ua Boicore H(t) — 1.

JIemma 3. ITpedcmasaenus matieposcrozo kosguyuenma b, (A) dpesecroti cymmot no
dopmyaam (52) u (48) u npedcmasaenue npedeavnozo matieposckozo kospduyuenma b, dpe-
secrol cymmots no gopmyaam (53) u (47) npu n > 1 asasromes 6a306vMU AUHETHMU
KOMOUHAUUAMYU TOPAOKA T € KOIPPUUUEHMAMU HEZHANUMEALHOTE CAOHCHOCTIL.

HokazarenbcrBo. Cymma B mpaBoii yactu paBeHcrsa (52) u cymMa B IPABOH 4acTH
paBeHcTBa (53) MMEOT Cjeayrolme CBOHCTBA: 1) MHOKeCTBO JepeBbeB TR (n) siBisiercs
TOJIMHOKECTBOM MHOKecTBa 1),; 2) WHTErpasbl, BXOJAIINE B TIEPBYIO CYMMY, OIPEIeIsIIOTCs
dopmysioii (48), a mHTErpaJbl, BXOJAdAIIHE BO BTOPYI cymmy, — dopmyioit (47); 3) Koad-
bunEenTOM IPKM KaXKIO0M U3 STUX MHTEIPAJIOB SABJILETCA YHCIOM JI€PeBbeB, MAKCHMAJIBLHO
130MOP(MHBIX IePeBY ¢, MAPKUPYIOMIEMY 3TOT MHTEIPAT; 9TO YUCIO ONPEeNCISIeTCS IePEeBOM
t mo dopmyae (54). Orciona no onpeneseHnio 23 CJIeyer, YT0 3TH CyMMBbI SIBJISIIOTCS Jpe-
BECHBIMU CyMMaMH. HO TeopemMe 5 9TH ApPeBEeCHbIE CYMMBI ABJIAIOTCA 6&30BBIMH JINHETHBIMU
KOMOMHAIIMAME HOPSIKA, 1.

U3 onpegenenus: KO3DOUIHMEHTOB TUX JIpeBecHbIX cyMM (opmynoii (54) ciemyer, 9To
CJIOKHOCTDH BBIYUCJICHHA 3TUX KO3(PPUIUEHTOB He3HAYUTENbHA. 1[09TOMY 3TH ApeBecHbIE
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CYMMBI ABJILIOTCA 0Aa30BBIMU JIMHEHHBIMU KOMOMHAIMAMU IOPSIKa N1 ¢ KodbduiumeHTamu
HE3HAYUTEIbHON cJI0KHOCTH. JleMMa jgoKa3aHna. »
Yucno mepesbeB Bo MHOKecTBe T R(n) BRIUnCasieTcs mo (opmyJe

ITR(n)| =1+ (2% -1
" (Z((Zﬂ(iz; ﬁ(g)__li)! H{[n(z‘ — D)"Y, (55)

H=3 neN(H, n—1) i=2

-

Bnecy N(H, k) = {(n(1),n(2),...,n(H))} — mHO)KecTBO H-MEPHBIX BEKTOPOB, KOMIOHEH-

TaMH KOTOPBIX ABJIAIOTCA HaTypPaJibHbIEe YHCJ/Ia, & CaMH BEKTOPBI YAOBJCTBOPAIOT YCJIOBHIO!
H

> on(i) = k.
i=1

Pesyabrarsr Beraucaenuit mo dpopmyie (55) npusenensr B tabane 1.

B s70it Tabnure npuBeeHpl MOMIHOCTH MHOKECTB 1 R(n) A5t BCexX n, yAOBIETBOPSIONTIX
aepaseHcTBaM 2 < n < 10. HamomuuM, 1to MHOKecTBO T'R(n) SIBJIsIeTCST MHOXKECTBOM YKOM-
IJIEKTOBAHHBIX IPadOB-METOK BCEX HHTEIPAJIOB, BXOJSIIUX B THHEHHY IO KOMOMHAIIIIO, SIBJISI-
IOIYOCS TPE/ICTaBIeHIeM TePMOJIMHAMUYECKOT0 1pe/iesia b, mafiepoBckoro koddduimeHra
b,(A) B BHzE npeBecHoil cymmbl 1o dopmyram (53) u (47). MuoxkectBo T'R(n) Takxke siB-
JIZeTCAd MHOYKECTBOM YKOMILIEKTOBAHHBIX I'paOB-METOK BCEX MHTEI'PAJIOB, BXOJLAIINX B JIH-
HelHY10 KOMOHHAIMIO, SBJISAIONIYIOCA TpeJicTaBIeHneM MaiiepoBckoro Koddbdurmenta by, (A)
B BHUJIE JpeBecHOil cymMbl 10 opmysiam (52) u (48) mpu Jio6oMm obbeMe A, ABIAOMEMCS
CBSI3HBIM, OPPDAHUYEHHBIM U U3MEPUMBIM 110 Jlebery MHOXKEeCTBOM, COMEPKAIIUMCS B IIPOCT-
parctBe R”. Bee atu npejcrasiennst sBasiioTCsi 6a30BBIME JIHHEHHBIMI KOMOWHAIUSIMA O/T-
HOM ¥ TOii yKe JUIMHBI, PABHO MOIIHOCTH MHOXKecTBa T R(N), 1 OTJINYAIOTCS TOJBKO CBOMMHE
aCCOIMUPOBAHHBIME MHOXKecTBaMu. CTasio ObITh, HA BCEX 9THX NPEACTABICHUSIX KPUTEpuUit
caoxkaoctr Cr; TPUHAMAET OJHO M TO Ke 3HAYEHHe, PABHOE MOIIHOCTH MHOKecTBa T R(n).

CpaBHEM Telepb CJIOKHOCTH ITUX HPEJACTABICHUH CO CJI0KHOCTBIO TIpejcTaBienuii Pu-
I'yeepa Bupmaabubix koddduiuentos mo kpureputo Cr; B ciaydae, KOI/a TEPMOIMHAMU-
qecKasl pAaBHOBECHAs OJITHOKOMITOHEHTHA CHCTEMa KJIACCHIECKUX JACTHIL C MAPHBIM B3aUMO-
neiicreueM |24, 49| 3aki09eHa B OrpaHUYeHHOM 06beme A, SIBIISIIONIeMCS CBSI3HBIM, OTDAHHU-
YeHHBIM U M3MEPUMBIM 110 Jlebery MuoxKecTBOM, cojepzKainuMmcs B mpocrpanctse RY. Ilpn
TOM IIPEJIIIOIArAeTCs, 9TO HAPHOE B3aUMOJIEHCTBHUE YIOBJECTBOPSET YCIOBUSM YCTONIUBO-
CTH W PeryasipHOCTH, a HapHbil noreHnman P (r) ssiagerca namepumoii dyHknueii. B arux
yeaoBusix npejcrasienne Pu-T'yBepa Bupuanabroro kosbdunmenta B,(A) onpeneneno npu
BCeX n > 2 1 sBjseTcd 6a30BOil JTUHEHHOM KoMOUHAIIEH mopsaaka n ¢ KoddduineHraMu He-
3HAYUTEIbHON CIOKHOCTH U ¢ accormuupoBanubiM MuaokectBoM A C (RY)"™. B sTom corywae
O OTpesieeHno 17 paccMaTpuBaeMoe mpeJicTaBIenne MailepoBcKoro Kodhdunuenta b, (A)
u npejcrasienne Pu-I'yBepa upmanbuoro kosddurmenra B, (A) cpaBHUMBI npH JIOO0M
n > 2 u upu J060M A, yIOBIETBOPSIONIEM YKA3aAHHBIM BBIIIE YCIOBUSIM.

B mpocreiitiem ciydae, Korja n = 2, u MaiiepoBckuit koaddunuent by(A), 1 BUpnaIbHbIT
k03burrerT By(A) mpeacTaBiasioTcs 4epes OUH U TOT YKe HHTErPAJ U WX IPeICTABIeHUs
OTJINYAIOTCS JIUIIb 3HAKOM. YIIPOIATh 3/1eCh HEYero.

Hanee, n3 tadbaunbl 1 sBecrByer, aro upu n = 7,8,9,10 npejcrabienne MaiiepoBCKOTO
ko durmenta b, (A) mo dbopmyse (52) comep:KUT MeHbIee YUCIO0 CIaraeMblX HHTErDaJoB,
yeMm npejcraBienne Pu-I'yeepa Bupuasabaoro kosddurmenra B, (A). CrenoBareabHo, mpu
9TUX 3HAYECHHUAX N 110 Kpurepuio Cry cJI0XKHOCTH mpeacTaBienus Pu-I'yBepa BHpHAJIBLHOIO
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kodbdurmenta B, (A) 3HaAUIHTETHHO GOJIBINE, YeM CJI0KHOCTH MPEICTABIEHUA MailepOBCKOTO
koabdurmenta b, (A) apesecnoit cymmoit mo dopmynam (52) u (48).

[TocMoTpuM Tenepb, Kakoii pe3ysbTaT moaydaercda no kpurepuio Cry. 113 onpenenenns
muOKecTBa Xoq(t) = {{u,v}} momycrumpix pebep gepesa t caemyer, 9To pu JOOOM 1 > 2
onpenenertas dopmyaamu (52) u (48) npeBecHas cymMMa yIOBAETBOPSAET YCJIOBHIO: B 9TOH
CyMMe TOJIbKO OJINH WHTErpas, MapKupyembliii 3Be3zoii [25, 28|Bce pebpa KOTOpOil WHIIN-
JICHTHBI €e KOPHIO, SBJAETCA IMOJHBIM 0a30BBIM HHTErPAJIOM; & BCe OCTAJIbHbIE HWHTEIPAJIBI
B 9TOI CyMMe SBJIAIOTCS HEIIOJHBIMH 0a30BBIMH MHTerpajamu. OTcioma mo ompeaeaeHuo 22
u JeMme 3 cjiejlyer, 4To HpH JII00oM n > 2 npejicrapjieHune MaiepoBcKOro kKoddduiueHra
b, (A) mpesecuoii cymmoii o dopmynam (52) u (48) saBasercs HenosHO 6a30B0ii AHHEHHON
KOMOUMHAIEeH mopsijika N ¢ KodddunueHTaMn He3HAYUTETHHONW CJIOKHOCTH.

C apyroi cTOpoHBI, IO CJAEJACTBUIO D npejcTapiaenne Pu-I"yBepa Bupunaibnoro kodpdu-
nuenta B, (A) aBiasgercs moaHoit 6a30Boi TuHEHHON KoMOUHAIHEH TOPsaKa 1 ¢ Kodbdum-
eHTAMHU He3HAUNTETbHON CJI0KHOCTH.

N3 BBINIEN3102KEHHOTO 110 CJI€/ICTBUIO 6 BhITEKAEeT, YTO Npu 3HadeHusx n = 7,8,9,10 no
kputepnio Cry c0KHOCTH npejicTaBiennst Pu-I'ysepa Bupuanbaoro kosddurmenra B, (A)
3HAYUTEILHO DOJIBIIE, YeM CJI0KHOCTh MpejicTaBIeHus MaiiepoBckoro koadbdunuenta b, (A)
napeBecHoit cymmoii mo dopmynam (52) u (48).

BameruM, uto npu n = §8,9,10 YncI0 MHTErPAJOB B CyMMe, IIPEACTaBISIONIEH Mo Me-
tony Pu-T'ysepa Bupunanbubiii koaddunuent B, (A) CHIBHO MPEBHIIIAET YUCJIO WHTEIPAJIOB
B CyMMe, mpejcrapisioneil maiiepopckuii kosddurment by, (A) no dopmyram (52) u (48).
[TosToMy 110 citejicTBHIO 6 IIpH STHX 3HAYECHULAX N IIPEJCTABICHAE MaiiepOBCKOI0 Ko3ddunm-
ernta b,(A) mo dopmynam (52) u (48) gBiasgercsa BechbMa 3HAYATETBHO GOJIEE TPOCTHIM, UeM
mpejcTaBaenne Bupraabuoro koadduruenta B, (A) mo meroxy Pu-I'ysepa.

Opnako, pu n = 3,4,5,6 cpaBHEBaeMble IPEJICTABICHUSA HE YIOBICTBOPAIOT YCJIOBUSIM
ciaeAacTBus 6. 3HAYAT, MPU STUX 3HAUEHUAX N JAHHOE CJIEJCTBHE HEBO3MOYKHO MPUMEHUTH
Jutst Takoro cpaHerus. A mo xkpurepusm Cr; u Cry mpejcraBieHne MaiepoBCKOTO KO-
dbumnuenta b,(A) mo dbopmyaam (52) u (48) apisiercss 6oee CITOKHBIM, UM HPEICTABICHAE
Bupraabnoro koaddumuenta B, (A) mo meroxy Pu-I'ysepa.

7. dpyrum npumepom npeacraBieHust KO3(MOUITMEHTOB CTENEHHBIX PsJIOB B BUJIE JIPEBEC-
HBIX CyMM SIBJISIETCS TIPEJICTaBAeHIe KOIDDUITHEHTOB a,, PA3JIOKEHUsI OTHOIIEHUST aKTHBHO-
cru z |23, 24, 44, 49| x woTHOCTH 0(Z) B PSiJL IO CTENEHSM AKTHBHOCTH 2:

z/o(z) =1— Znanz"ﬂ. (56)

D10 paszsnoxkenune paceMarpuBasioch Jlubom [41] u Ilerpoysom [45].

[Terpoy3om OBLIO TPEITOAKEHO ABA METOAA HAXO0XKIeHUS KOIMDMUITHEHTOB a,,: OO BeCh-
Ma CJIOYKHBIM IyTeM ¢ MoMoMbio ypasuenuit Kupksymna-3aibidypra; aud6o 60jiee mpocTbiM
IyTEeM, UCXOAA U3 COOTHOITEHN

n—1

nb, = Z(q + agi1(n — )b (57)

q=1

MEeXKTY 9TUMHU KO PHUIIMEeHTaMU U MaliepoBCcKUMHU Koddduimentamu b, .

B pab6orax [4, 31, 9, 17| 6bu10 npeaioxkeno npejcraBienne Ko3bGUIHEHTOB a, B BUje
CYMMbI HHTEIDAJIOB, MAPKUPYEMbIX JepeBbsiMu. C 9T0i Hesbi0 ObIJIO ONPE/IEIEHO MHOKECTBO
T'(n,0), cocrosiiee u3 Bcex JAepeBbEB MHOXKECTBA 1),, YIOBJIETBOPAIOIIUX YCJIOBUSIM:
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a) 110060i CJIOM ITOro JiepeBa, 3a UCKJIIOUEHHEM HYJIEBOIO M, MOXKeT ObITh, MOCJIEIHErO,
COCTOUT He MeHee 4eM M3 JBYX BEpIIHH;

) 3a UCKJIIOYEHHEM HYJIEBOTO CJIOZ, JIEPEBO HE UMEET HU OJIHOTO CJIOS, B KOTOPOM JIUIIh
camasl cTapliias BEpPIINHA UMEET CTelleHb, OOJIBIIYIO YeM €JIMHUIIA.

Do mozBosmsio nonyunth |4, 31, 9, 17| cBoGOAHbIE OT ACHMOTOTHYECKOH KaTaCTPOMbI
npejicrapyienus Ko3pMUIIMEHTOB a,, B BUJIe CYMMBbI BCEX HHTEI'PAJIOB, MAPKUPYEMBIX JIEPEBb-
saMu u3 MHOKecTBa 1'(n,0):

an:% > I, (58)

" teT(n,0)

rae [(t) — marerpan, onpeneneHHblit popmyiaoii (47).

BrocieacrBun stu npejcrasienust O ynporiers |9, 17]. C sroit nenpio 6110 ompe-
neneno muoxecrso T'R(n,0) = TR(n) NT(n,0) |9, 17].

V3 onpeesieHnst OTHOIEHHST MAKCHMATIBHOTO H30MOP(dU3Ma KOPHEBBIX MIOMEYEHHBIX Je-
peBbeB u omnpeenerust Muoxkects 1'(n,0) u T R(n,0) caexyer, aro muoxkectso 1'(n,0) pas-
naraercs Ha kiaaccehl T'1(t) MakcuMaabHO H30MOP(MHBIX JIePEBbEB, MADKUPYEMbIE JIePEBbsIMIE
u3 muoxectsa T R(n,0).

A muoxectBo T'R(n,0) cOCTOUT U3 BCEX JE€PeBbeB t, SBISMIONMXCA METKAMU BXOJSAIIAX
Bo MuOKecTBO T'(n,0) K1accoB T (t) MAKCHMAJIBHO H30MOPDHBIX JI€PEBbEB.

Ucnonb3ys npejacrapienne Ko3hbdUnuenTos a,, Gopmy.noii (58), MOHITHE MAKCHMATHLHOTO
130MOp(hU3Ma KOPHEBBIX [IOMEYEHHbIX JIePEBbeB, pasJoxkenue muoxkecrsa 1'(n,0) Ha KJac-
Chbl MAKCUMAJILHO N30MOPMHBIX JIEPEBbEB U CBOWCTBA MAKCUMAJILHO N30MOP(PHBLIX JIEPEBLEB,
aBTOPOM OBLITN TPE/IJIOYKEHBI O0JIee TTPOCThIE TPeJICTaBIeHusT KOIDMOUIUEHTOB a,,, CBOOOIHBIE
OT ACUMIITOTHIECKOH KaTacTpOMdHI:

an:% ST t). (59)

" t€TR(n,0)

3mech, Kak u B dbopmyne (53), I(t) — munrerpan, onpenenenusiii dopmymnoit (47); |T1(t)| —
qucIIo iepeBbeB Bo MHOKecTBe TI(t), onpenensemoe nepesom ¢ 1o dopmyste (54).
Yucsio gepesbes Bo MHOKecTBe T R(n,0) Bhramciasiercs mo dopmy.ie

/ n(2) +n(l) — 1]!
TREOI=1+3, C[u(l) i 1) §

ol / n(H)+n(H —1) — 1]! e , "
R ([[é(fjtl)(—l]!g(H)!] _1) I (G =01 =1), (60)

H=3 n =2

rie N = [(n — 1)/2] — HamMmeHbIee U3 TeX IEJBIX YHCEJ, KOTOPbIE HE MEHBIIe YhCJIa
/
(n—1)/2, a cumBost Y, B dopmyne (60) o3HaTaeT cyMMHpOBaHHE 1O BCeM H-MepHBIM
n

BEKTOpaM (11, M2, ..., N, ), KOMIOHEHTH KOTOPBIX SBJISIOTCA HATYDAJBHLIME YUCIAMH, & Ca-
MU BEKTOPBI yI0BJIETBOPSIOT YCJIOBUSAM:

ayn;, >2, 1=12,...,H—1; o) n, >1; B) > n(i) =n— 1.
i=1
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JIemma 4. ITycmv nomenyuan naprozo esaumodeticmeusn P(r) aeasemes usmepumot
dynryuet,a naproe s3aumodeticmeaue YIOBAELMBOPACT, YCAOBUAM YCMOTUNUBOCTNU U pe2l-
agaprocmu. Toeda npedemasaenue Kosdduyuerma a, dpesecnoti cymmots no gopmyasam (59)
u (47) npun > 3 asasemcs 6630601 sunetnol Kombunayuet nopadka n ¢ Koadhuyuenmamu
HE3HAUUMEALHOT CAOHCHOCTNU.

HokazarenbcrBo. Cymma B mpapoii yactu paBercTBa (59) uMeeT ceayomnie cBoCTRa:
1) muoxKecTBO JepeBbeB TR (n,(0) ABIsS€TCS MOIMHOKECTBOM MHOXKECTBA T,,; 2) HHTErpaJbl,
BXOJISIIIE B 9TY CyMMYy, onpejesitorcs dopmynoit (47); 3) koadbdunueHToM pu Kazkj10M
U3 9THX MHTErPAJIOB SIBJISIETCS YHCJIO JIEPEBHEB, MAKCUMAIHLHO HU30MOPQHBIX jiepeBy t, Map-
KHPYIOIEMY 5TOT HHTErPaJs; 3T0 YUCI0 oupejensgercs nepesom ¢ mo dbopmyae (54). Orciona
O ONpesesIeHnIo 23 CaeayeT, 9TO 3Ta CyMMa SIBISETCd ApeBEeCHON CyMMOil.

[Io Teopeme 5 3Ta jgpeBecHas cyMMa dABJsgeTcs 0a30BO# JuHeiiHON KoMOUHaNuel mopsii-
Ka n.

U3 onpepenenns koahHuImenToB 310ii apeBecHoii cymmbl (opmynoit (54) cremyer, 4To
CJIOKHOCTH BBIYHC/ICHUS 3TUX KO3 puimenToB neznauutTe/ibHa. [loaromy 3Tta jpesecHas
cymMMa gBjisiercs 0a30Boil JuHeinoit koMOunarueit mopsijika n ¢ koddduiuenTamMn He3HA-
YUTEJTHLHON CJIOKHOCTH. JlemMMa goka3ana. » B

Bameuanue 10. 13 onpenenenus [4, 31, 9, 17| muokectsa X,q(t) = {{u,v}} nomycru-
MBIX pebep JiepeBa ¢ CJIeyer, 9To mpu JroboM n > 3 onpeenentas dbopmynamu (59) u (47)
JIpeBECHAST CyMMa YIOBJIETBOPSIET YCJAOBHUIO: B 3TOI CyMMe TOJBKO OJUH WHTErpaJj, MapKu-
pyeMmblit 3Be3/10il, BCce pebpa KOTOPOil MHIMIEHTHBI €€ KOPHIO, SIBJISIETCS MOJTHBIM 0a30BBIM
HHTEIPaJIoM; & BCe OCTAJIbHbIE MHTErPAJIbI B 9TOH CyMMe sBJLAIOTCS HEMOJHBIMU OA30BbHIMU
uarerpajamu. Orciofa 1o onpejeseHuio 22 u JjeMmme 4 cjaeiayer, 9To HOpU JIodoM n > 3
npejcTapaenne KoxbduimenTa a, apesecHoii cymmoii o dbopmynam (59) u (47) smisiercs
HEIOJ/IHOM 0a30B0# JinHeiTHO KoMOUHAIME OpsiiKa 1 ¢ KO3pDUIreHTaMu He3HAUYUTeTbHON
crnoxuoctu. W

U3 npencrabiaenns (53) maiiepoBckux koadduimenton b, n u3 npeacrabiaenus (59) Ko-
> GUIEEHTOB @, 0YEBUIHO, UYTO by = ao. YKa3aHHBIE IPEJICTABICHHUS YTHX KOYDMDUIIHEHTOB
COBNAJIAIOT ¥ UMEIOT OJHY U TY K€ CJIOKHOCTD.

A u3 onpegenenust muoxects TR(n) u TR(n,0) upu n > 2 ciegyer, 9T0 MHOKECTBO
TR(n,0) saBuserca cOGCTBEHHBIM HOAMHOXKeCTBOM MHOXkecTBa 1 R(n). OTcioga BLITEKAOT
JIBa CJIeJICTBUSI:

1. Ilpu ar0bom n > 2 anuHa 6a30BOi JHMHEHHON KOMOMHAIIMU, SIBJISIONIECS IpeBeCHOM
CYMMOI, mpejicTaBJistionieil MaitepoBcHT by, 110 hopmynam (53) u (47), GoJrbiie JIuHbL 6A30BO
JIMHEHHOM KOMOMHANMY, SIBJISIIONIEiCs IpeBecHO cyMMOil, npejcrapiisiomneit koddduinuen
a, o dopmyaam (59) u (47).

2. Ilpu smobom n > 1 KaxKAblif WHTErpas, BXOAAINI B CYMMY, TPEICTABIAIOINLYIO 1O
dbopmyam (59) u (47) koaddunuenT a,, BXOIAAT U B CYMMY, IPEICTABIAIONLY IO 10 (GOpMyTamM
(53) m (47) maiteposekuit Koabdunuent by,.

U3 onpesenenns MuoxkecTBa gepesbeB 1 R(n) ciaeayer, uro muoxkectBo 1T'R(3) coctont
u3 JBYX JIEePEBbEB, spigomunmMucs rpadamvu G u G, BBeJEHHBIMEI B IpUMepax 2 u 3 COOTBET-
creerno. [anee, u3 onpezenenusi MHOKecTBa fepeBbeB 1T R(n,0) caemyer, 910 MHOKECTBO
TR(3,0) cocrout u3 oHOrO JiepeBa, siBsitorierocs rpadom Gi. V13 pe3yibraTos, MoJIydeH-
HBIX B IpuMepe 3, SBCTBYeT, 9TO 6a30Basd JUHeHHas KOMOWHAIMS, ABJIAIONIASICS IPEBECHOM
CYMMOIi, IpeIcTaBIsoNIel MaiepoBekuit koaddunuent by no dhopmynam (53) u (47), HesHa-
YUTEJbHO CJI0ZKHEee, yeM 0a30oBagd JuHeliHas KOMOMHAIMS, SABJILIONIAACH JIPEBECHON CyMMON,
npejcrasisomneii koaddunuent az mo dbopmyram (59) u (47).
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IIpu n > 3 muO)kecTBO T'R(n) cofep:KuT N0 KpaiiHeii Mepe OHO JIePeBO, KOTOPOe He MpH-
Ha uteKuT MuOXKecTBY 1T R(n,0) 1 nMeeT HemycToe MHOYKECTBO JIOMYCTUMBIX pebep. K Takum
JIEPEBbSIM OTHOCATCS, B YaCTHOCTH, BCE JiepeBbst u3 Muoxkectsa 1'R(n) Boicorst H > 1, me
ABJILAIOIIMECH 1EeIbI0 U UMEKIIMe TaKOU CJION BEpPIIMH, B KOTOPOM JIMIIb CaMas CTapilasd
BEDIINHA HMeeT CTeleHb OOJIBIIYI0 deM eaumHuna. O4YeBHIHO, UTO HHTEIPAJIbI, MApPKUPye-
MbI€ TAaKUMU JE€PEBbAMHA, UMEIOT ITOJIO2KUTEJIbHOEC 3HAYCHNEe MOAECPHUSNPOBAHHOTO KpUTEepUAg
Ni cinoxuoctu ux oneHku. OHH BXOAAT B 0a30BYIO JTUHEHHYI0O KOMOUHAIIUIO, ABJSIONLYIOCS
JIPEBECHOM CyMMOii, Tipe/icTaBsonel Maiieposekuii koaddurment b, mo dpopmyaam (53) u
(47), u He BXOJAT B 0GA30BYIO JIMHEHHYIO KOMOMHAIMIO, SIBJISIONLYIOCS JPEBECHON CyMMOIi,
npejcrasisionei koaddunuent a, no Gopmynam (59) u (47).

Taxum 0Opa3oM, B paccMaTpPUBAEMON CUTYAIMH YIOBJIETBOPSIOTCS BCE YCJIOBHS CJIEJICT-
Busg 4. Orcioa 1o CJIeJICTBUHIO 4 cjeayeT BBIBOI, 4TO IIpU n > 3 6a30Bad JUHEHHAS KOM-
OMHAILIMS, SBJIAIONIASICS JIPEBECHONR CYMMOI, IpeIcTaBsionieii Maitepocknit KoddpuiumenT
b, mo dbopmynam (53) u (47), 3HAUUTESBLHO COXKHee, YeM 6a30Basl TUHeiHAs KOMOHHAIINS,
SIBJISTTOIASICST APEBECHON CyMMOii, ipe/craBsonieii koaddumuent a, no dopmyaam (59) u
(47).

B rabmmre 3 mpuBegeHbl BHUHCIeHHBE Tpu n = 2, 10 3Hauennd xputepua Crs nyd 6a-
30BBIX JIUHEHHBIX KOMOWHAIIMI, SIBJISIONIUXCS HMPEICTABJICHUSIMA IIPEIeIbHBIX MaiiepOBCKHUX
K03hdUIIeHToB b, B BUje JipeBecHbIX cyMM 1o hopmynam (53) u (47), u 1j1st 6a30BBIX JTUHEH-
HBIX KOMOWHAIUH, SIBJISIONIUXCH IPeAcTaBjIeHns MU KOI(PPUIMEHTOB a, B BUJIE JIPEBECHBIX
cymm 1o dbopmynam (59) u (47).

OTHU 3HAYEHUS ABIAIOTCA YUCICHHBIM MO/ITBEPZKICHIEM IOy YeHHON TeOPpeTUIeCKUM IIy-
TeM CPABHUTEJHHOM ONEHKH CJI0XKHOCTH 9TUX 0A30BBIX JUHEHHBIX KOMOMHAIUM.

Otciofa caeayeT BBIBOJ, UTO MPIMOMl MeTOJ OIEeHKH KO3(PMOUINEHTOB a,, OCHOBAHHDIN
Ha WX [PEJCTABICHUHN JPEBECHBIMU cymMMamu 1o dopmytam (59) u (47), npore u panmo-
HaJibHee mpeokeHHoro [lerpoy3om meroma ormeHku KO3MMUIMEHTOB @, UCXOASAIIET0 U3
coorrorennii (57), Mexkty srumn KodbduimenTamu 1 MailepoBCKUMH KobburmenTamu by,.
Coornomutenus ke (57) nesecoobpasHee UCMOTB30BATD JIJIs MPEICTABIEHNs KOIDDUIHEHTOB
b,, uepe3 K03 bULIHEHTH @, YTOOLI 3aTeM HPUMEHUTH 3TH MIPEICTABICHNAS KaK /I OIeHKH
MaitepoBckux KodhGuuueHTon b,, Tak U JJisl OIEHKU BUPHAIbHBIX KOI(DDUIueHToB B,.

9TI/I BBIBOJbI YUCJICHHO IMOATBEPZKAA0OTCA TaK2Ke U IIPpHUBEACHHBIMA B Ta6JH/IHG 1 BbIYUC-
AeHEBIME npu . = 2, 10 3HavenmaMu kputepusa Cr; Ha 6A30BLIX JHHEHHBIX KOMOMHAIHAX,
SABJISIONIUXCS TPEJICTABICHUAME IIPEeIeTbHBIX MallepoBCKUX KO PUIueHToB b, B BUIe ape-
BecHBIX cyMM 10 (opmynam (53) u (47), u 115t 6a30BBIX JHHEHHBIX KOMOHHAIIMI, SIBJISTIO-
HIUXC IPeJACTaBIeHuAME KOIPDUIUEHTOB @, B BUIE JAPEBECHBIX CyMM 1O (hOPMYJIaM (59) u
(47).

Bunauenne kpurepus Cr; Ha 6a30BOH JUHEHHON KOMOWHAINM, SBASAIONIEHCS MPeICcTaB-
JenneM KoddpunuenTa a, ApeBeCHON CyMMON paBHO YHCJIy MHTErPajoB B 3TOI JpeBecHOM
cymme. U3 mpejcrasienust koadbduiuenta a, apeBecHoit cymmoii no dbopmyie (59) ciemy-
eT, YTO YHMCJI0 MHTErpPajJoB B TOH JApeBecHOil cyMMe paBHO UHCJIY AePEeBbeB BO MHOXKECTBE
TR(n,0), koropoe Boraucsiercs: o ¢opmyJe (60).

Pesyabrarhl BeIYHCIEHHST MOITHOCTH MHOXKecTBa T'R(n,0) npn n = 2,10 mpuBesenn B
tabstutie 1. /lanabie 3Toit TabJIMIBI OJKPEIIAIOT Y2Ke C/ieJIaHHble BBIBOIBI. 1[0 3TuM JanHbIM
npu n = 4, 10 9HCI0 HHTETPAJIOB B CyMMe, IPeICTaABIAIONIell MajiepoBcKuit Kosdbdumuent b,
110 dhopmyiie (52) Gostee yeM B 2 pasa GOJIbIINE YUCTIa HHTEIPAIOB B IpeIcTaBieHun Kodhdbu-
nuenTa a, 1no dopmyse (59). Orcioga mo npocrefiieMy KpUTEPHIO, KAKAM sIBISIETCS JIJTHHA
0a30BOil THHEHHON KOMOMHAIINY, cJeayeT BRIBOA: mpu n = 4, 10 Taxoe mpeacrasaene Koad-
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dunuenTa a,, B HECKOJBbKO pa3 IpoIle, YeM IIpejcTapaeHne MaiiepoBckoro koadgdunuenrta b,
napeBecHoit cymmoii mo dopmynam (52) u (47).

8. Eme ognuM mpuMepoM yCIEITHONO MpHMEHEHUsl MEeTOa KapKACHBIX CYMM SIBJISIOTCS
[OJIyY€HHBIE STUM METOJOM IIPEICTABICHUS] BUPUAJILHBIX KO3 dunuentos. B pamkax 3Toro
MeToJia ObLIN pa3paboTaHbl JIBa CrOCODa MpeJICTaBIeHIS BUPHAILHBIX KOIDDUITNEHTOB.

[TepBriit M3 HUX COCTOUT B CJAEAYIOMIEM: KaXKIbIHl BUPHAIbHBIN KOIMDMUIMEHT TpecTa-
BJIIETCSI B BHJE MHOTOYIEHA OT JPEBECHBIX CYMM. B KadecTBe mpuUMepoB TaKOTO CIOCODa
HpEeJICTABICHUST BUPHAJIBHBIX KOI(PMUIMEHTOB MOXKHO MPUBECTH IPEJICTABICHUSA BUPUAIb-
HbIX KO3 duImenToB, ¢cBOOOAHBIE OT ACUMIITOTHIECKOH KaTacTpodbl, AByX BUI0B: 1) B Buje
MHOTOYJIEHOB OT JIPEBECHBIX CYMM, TPEICTABJSIONUX Maiieposckue koadbdunuents by, (A) u
2) B BHJIe MHOTOUYJIEHOB OT JIPEBECHBIX CYMM, MPEACTABISIONIX KOIDDUIIEHTHI a,,.

[IpescraBiaenuss BAUPUAJIbHBIX KOI(MMUIUEHTOB B BIE MHOT'OYJIEHOB OT JPEBECHBIX CYMM,
HPEJICTABIAIONINX MaiiepoBCcKHe KOIPMUITMEHTHI b, MOYKHO MOJYUUTD, UCHOJIb3Ys Pe3yJIbTa-
TBI, oydennsie Maiiepom [23, 42, 43, 44|. B crarwe [44] nano npencrasienue (B Buje MHO-
FOYJIEHOB OT MailepoBCKUX K03bduimentos b,) Beaudnn [, 4epe3 KOTOPbIE BBIPAZKAIOTC
BUpHAJIbHbIE KOIDDUIUEHTs 1o hopmyie

n—l

B,(A) = Br-1(A), n > 1. (61)

[TpuBeseM 5TO IpeCTaBIEHNEe, HECKOJIBKO YIPOCTHB 0O03HAYEHHS W 320/JHO UCIPABUB 3aMe-
qeHHyI0 omedarKy. C 9TOil 1eabio BBeIeM 0003HAYEHHS

M(n) = {m} — mHO)KecTBO (n — 1)-MePHBIX BEKTOPOB M = (M, My, ..., My 1), KOM-
MMOHEHTHI KOTOPBIX SBJSIOTCS TEJBIMH HEOTPUIATETbHBIMA THCTAMHE, YIOBICTBOPSIONTHME
YCJIOBHIO:

n—1
> jmj=n—1. (62)
j=1

st kazkmoro Bekropa m € M(n) oupesenum HOpMYy BekTOpa, 0603Ha4uB ee ||m|| u
moJIarast

n—1
Im[[ = > m. (63)
i=1

B srux obosnadenusx Besmanna [,(A) nmpeacrasisercs cieryomunM 06pa3oM:

B =~y S Gt il =[G+ D)™ (64

|
H meM (u+1) ]'

31ech U najee 11 KPATKOCTH ITNCbMA OIYIIEH apryMenT A y MaiiepoBcKuxX KodbHunueHToB
by,.

13 dopmya (61) u (64) BeITeKaOT MpeCTaBIeHHs BUPUATBHBIX KOI(DMUIHEHTOB B BUIe
MHOTOYJIEHOB OT MailepoBCKUX KO3 PUiuenTon b, :

n—1
n—1 1 e
Bad) == 3 (o =2 TL (=G Dby (63)
]:

meM(n)

AHaJIOrmIHBIM 00pa30M MOXKeT OBITH IPEICTAaBICH W TepMOAMHAMMYECKHH mpenen B,
BHPHAJIHHOTO KO3 (UIMEHTa B BHJE MHOIOYIEHOB OT TEPMOAMHAMMYECKHUX IIPEIeJ0B b,
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MaitepoBcKux K03(huuueHTos:

n—1
By = —— > (n+[m|| =2 ] = (=0 + Dbjua))™. (66)
J=1

m]'
meM(n)

Dopmyaer (65) u (66) Gyaem nasbiBaTh bopmyrnoit Maiiepa.

Jlajiee jyist KpATKOCTH TUChbMa MbI Oy/eM OIyCKaTh apryMeHT A y BUpHAIbHBIX KOIDdDu-
ueHToB B, TaM, rje 3TO He BbI30BET 3aTPY/IHEHUN B TOHUMAHUU § IUTATEIS.

[Tycrb B dbopmyste (65) maitepoBckue koadbdunneHTs by, (A) onpegesstorcst mo dbopmynam
(52) u (48) ux npeacTaBICHAAME B BH/E ApeBecHbIXx cyMM. Torma dopmysst (65), (52) u (48)
SIBJISIIOT COOOM MpeIcTaBIeHusl BUpHaabHoro koadduruenta B, (A) B BUIe MHOTOWIEHOB OT
JIPEBECHBIX CYMM, LPeJCTaB/somux MaiepoBckue kodpdunuentor bo(A), b3(A), ... b, (A).
Takoe npejcraBieHne BupuaabHoro koadbdunuenta B,(A) OyneMm Ha3bBaTh €ro IpeIcTas-
senueM dopwmynoit Maitepa u dpopmynamu (52) u (48). Anamornuno, npejgcTaBieHne
TePMOJIMHAMHIYECKOT0 TIpe/iesia B, BupHaabHOro Koddduimenta B Buie MHOT'OUJIEHOB OT JIpe-
BECHBIX CYMM, IPEJICTABIAIONINX TePMOJIMHAMHYECKHE IIpeaesnl by, bs, . .., b, MailepoBcKux
ko3 dunumeHToB OyaeM Ha3bIBATh €ro npeacraBjienuemM dopmyaioii Maiiepa u dopmy-
aamu (53) u (47). OueBugHO, 9TO MPOIE/YPa BHIYUCAEHHS ONEHKH TEPMOJANHAMUAIECKOTO
npejena B, sBupuaabHOro koddduimenTa, OCHOBaHHAasI Ha €ro MpejcTaBIeHun (HOPMYJIoit
Maiiepa u dopmynamu (53) u (47) uMeeT Takywo Ke CIOXKHOCTh, KAK M HPOIEJIypa Bbi-
GUCJIEHUsT ONEHKH BUPHAIBLHOTO Kodddurmenta B, (A), ocHOBaHHAsI HA €rO MpeJCTABIeHUN
dbopmysioit Maiiepa u dopmynamu (52) u (48).

JI1st KpaTKOCTH CJIOXKHOCTD MPOIEYPhl BBIYHC/IEHUs ONEHKN BUPUAIBHOTO KO dUImen-
ta B, (A), ocHoBarHOii Ha ero npejcrasiennn Gopmyrtoii Maiiepa u dopmynamu (52) u (48)
Oy/jeM Ha3bIBaTh CJIOXKHOCTBIO IIPEJACTABJEHNSA BUPHUAJbHOro KodddumueHra dop-
mysoii Maitepa u dbopmynamu (52) u (48).

[IpencTapiaser nHTEpeC BOIPOC: KAKOBA Ke CJIOKHOCTDH BBRIYUCICHUN OIEHOK BUPHAIBHBIX
KO3 DUIMEHTOB ¢ TMOMOIIBIO 3TUX HpeacTaBaernii? YTo0bl OTBETUTH HA STOT BOIPOC, HY K-
HO YeTKO OIpPeJeTUTh MPOIECC BBIYUCJIEHUH ITHX OIMEHOK. B MaHHON CTaThe MpeIaraercs
CJEYIONAs CXeMa, 3TOTO MPoIlecca;

Oramn 1. Beruncienue oneHok MaiiepoBcKuX Kod(hMUIMEHTOB, BXOAAIINX B MPeICTaBIe-
HUEe JAHHOIO BHpHUAJIbLHOrO Koddduimenta mno (popmysre Maitepa.

Oran 2. Beiuucienue olneHky JaHHOIO BUPHAJIbHOIO Koddp dunuenra. Boraucienue npo-
u3BoAUTC 110 popmysie Maitepa, B KOTOPYIO BMECTO MaiiepOBCKHX KOI(PDUIIUEHTOB T10/ICTaAB-
JISTIOTCST BBIYUCJIEHHBIE OIMEHKH ITUX KOIDPUIINEHTOB.

JL1st OTEHKHU CJIOXKHOCTHU THX BbIYHCIeHHE 110 hopmysie Maitepa npejcraBum 3Ty dop-
MYJIY B HECKOJIbKO MHOM, OoJiee YIOOHOM JI/Isd PelleHus 9Toi 3aJadu BHJIE.

C 3T0il 1menbI0 BBEIEM 0003HAYCHUS:

Qn(x;y; m Hmi ]x]) . (67)

Brecb X = (r1,%9,.. ., Tn-1), Y = (W1,Y2,---Yn_1) H m = (Mg, mo, ..., My 1) —
(n — 1)-MepHBIE BEKTODPbI, TIPHYEM KOMIIOHEHTBI BEKTOPA M SIBJISIOTCS NEJbIMUI HEOTPHIA-
TEJILHBIMU YHUCJIAMH, YIOBJIETBOPSIIONUME YCJA0BHIO (62).

TTonmoxum

2i=—bipi(A), i=1,2,....n—1 b(A) = {by(A),bs(A),....0u(A)};  (68)
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=i+l i=1,2... n—1 (69)
B s1ux obo3nadenusx dbopmyna Maitepa (65) npuHuMaeT BU

BuM)= "1 S (it flml| — 2)1Qu(x v m). (70)

meM(n)

U3 yenoBus (62) BeITEKaeT, 4T0 HOpMa 1106010 BekTopa m € M(n) yaoBiaerBopsier He-
PaBEHCTBY
|m|| < n—1. (71)

Bameuanue 11. I3 onpenenenus dbyukimn Q,(x;y; m) dopmyoii (67) caeayer, 4ro B
cJIydae, KOrJIa 3HAYCeHHsI KOMIOHEHT BEKTOPA y BBIYUCSIIOTCS 110 hopmyaam (69), a 3HaveHust
KOMIIOHEHT BEKTOpa X 3aJIaHbl, JJisl BblYucaenns 3aadenus GyHxmun @, (X; y; m) rpedyercs
npousBectu He Gostee 5||m|| apudmernyecknx omneparnmuii,

Tax:ke u B caydae, KOTJa 3HAUEHUs] KOMIOHEHT BEKTOpPA Y BBIYUCSIOTCS 110 (DOpMYyJIe

ylz—z—]_’ Z:1,27,n—1, (72)

a 3HaUYeHWs] KOMIIOHEHT BEKTODA X 3aJIaHbl, [Jisl BBIUUCIeHNs 3Hadenns hbyHKmun @, (X;y; m)
Tpebyercs poussectu He Gostee 5||m|| apudbmernyeckux omnepanmuii,

B ciygae ke, Korga Bce KOMIIOHEHTBI BEKTOPA y PABHBI YUCAY 1, a 3HAYEHUS KOMIIOHEHT
BEKTODA X 3aJIaHbl, JIJIT BBIYUC/ACHUS 3HaYeHus HyHKmun Q,(X;y; m) Ipu J1aHHBIX 3HATE-
HUSIX BEKTOPOB X Uy Tpebyercsa npoussectu He Gosee 3||m|| apudmerndeckux oneparnmuii.

Bameuanue 12 [39]. I3 onpesiesienns CyMMBL ~ » |, CJIEAYET, UTO YUCIO CIATACMBIX B
meM(n)
9TOM CyMMe PaBHO YHCJY BCEX HEYNOPSIOYEHHBIX DA3I0KEHUIl 9ucaa n — 1 B cyMMy HATY-
panbHbIx ciaaraeMerx. Caemyst [26, 29|, o6o3naunm sro aucsto p(n — 1).

Benuuuna p(n) pacter ¢ pocToM n JOBOJIBHO Me/JIeHHO. Ee 3HaYeHus IPUBEICHBI B KHUTE
[26, 29| (cm. Tabaumy 4.2). Tak, npu n = 9 ra BeanunHA TpUHEMaeT 3Hadenune 30, a Mpu
n = 10 sra Bejinunna pasua 42. B

U3 zamedqanus 12, uz dopmyssl (67) u u3 Hepasencrsa (71) BeiTekaer, uyto npu n < 10
JUIST BBIYUCCHUST CYyMMBbI

> (n+[m|| - 2)!Qn(x;y;m),

meM(n)

rae X u 'y onpejenstorcs dhopmyramu (68) u (69) cooTBeTCTBEHHO, TPeGYETCS MPOU3BECTH
Menee 2430 apudmermyeckux onepamuit. 13 sroit omenku u dopmyasl Maitepa cieayer,
9TO s BhIUKCIeHHS 10 ¢dopmyae Maitepa oleHKH BHpHAJIBHOTO Ko3dhduiuenra B, 10
U3BECTHBIM OIleHKaM MaiiepoBckux Koadgduiumenton b, npu n < 10 tpedyercsd npousBecTu
MeHee 2440 apudMeTuIecKux oreparmii.

DTO — HHYTOXKHO MaJIOe YHCJIO apu(pPMETHIeCKHUX OIePalltii 110 CPABHEHUIO C YHCJIOM OIle-
panuit, HeoOOXOUMBIX /IS TOJYYeHUs OIECHKH JIaKe IePBBIX BUPUAJILHBIX KOYMDMUIIHEHTOB,
Takux Kak By, Bs, Bg (1 Kak MailepoBckux Ko3bduruenTos by, bs, bg). Beab npu mporerype
BBIYMCJIEHUsI OIEHOK 3TuX KodpduiuenroB meroom Monre-Kap/io npon3BojuTcst mopsiiKa
10'° n Gosee craTucTmueckux ucenbTannii. OTCIONA BHITEKAET CIeIyIoNTee
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3ameuanue 13. C0KHOCTD POINECCa BLIYUCICHAA ONEHKH BUPHAJIBHOTO KO3 puIrmeH-
ta B,(A), ocHoBanrOro Ha npejcrasieHnn yroro kosddunuenta dopmyoi Maitepa u dop-
mynamu (52) u (477), HE3HAYUTETHHO TPEBBINIACT CI0KHOCTH BCEX BBIYHCJICHUI, OCYIIECTB-
JISIEMBIX H& HEPBOM JTAIlE ITOTO MPOIECca. DTO JAeT BOZMOXKHOCTD UCIIOIb30BATH KPUTEPUit
CJIOYKHOCTH BCEX BBITUC/ICHWI, OCYIIECTBISIEMBIX Ha TEPBOM 3Talle, B KAYeCTBE KPUTEPHUsI
CJIOYKHOCTH TIPEJICTaBIEHWST 3TOr0 BUPHAIbHOTO Ko3hdumnunenta dopmysaoit Maitepa u dop-
mytamu (52) u (48). A

Pazymeercst, c10:KHOCTH IPONEYPhl BBIYUCIECHUS OIEHOK MailepoBCKUX KOIDDUITUEHTOB
3aBUCHT OT UX Hpejcrapjienuii. J[jisi KpaTKOCTH CJIOZKHOCTD IIPOLE/LY Pbl BBIYUCICHIS OIMEHOK
BCEX MailepoBCKUX KO3GhD@UIMEHTOB U3 COBOKYNHOCTH {bg, b3, ..., b,} € HOMOIIBIO TAHHBIX
uX TpeCTaBJIeHn MBI Oy/1eM Ha3bIBATH CJOXKHOCTHIO JIAHHOW COBOKYTHOCTHU MPEJICTa-
BJIEHUI MaliepoBCKNX K03 PuiimeHToB.

Onupasich Ha 3aMedanne 13, OyaeM CIUTaTh, 9TO KPUTEPUEM CJIOKHOCTHU ITPEICTABICHUAS
BUpHaIbHOr0 Kodbdurumenta B, (A) dopmymnoit Maiiepa u dopmynamu (52) u (48) sBisercs
KPUTEPUil CJAOKHOCTH COBOKYITHOCTH, COCTOLAIIEH U3 MpeACcTaB/IeHnil MaitepoBcKuX K03 du-
meHToB by(A),b3(A), ..., by(A). AHasornaHo, MBI Oy/eM CYUTATH, YTO KPHTEPHEM CJOXKHO-
CTH [IpeJICTABIEHHs] TePMOJINHAMUIECKOro npejena B, BupuanbHoro kosdbdurmenta B, (A)
dbopmysioit Maitepa u bopmysmamu (53) u (47) sBsieTcst KpUTEPHIT CIOKHOCTH COBOKYTTHOCTH
{by, b3, ...,b,}, cocTogmmeit U3 MpeaCcTABICHUT TEPMOITHAMUIECKOTO PEIET0B MAREPOBCKUX
koabburmenton by(A), b3(A), ..., b (A).

B paccmaTpuBaeMbIX HUKE CIydadx MaiiepoBCKue KoM OUIIMEHTHI TPEJICTABIAIOTCS Ipe-
BecHpiME cyMMamu 110 dbopmyaam (52) u (48). Ilo seMme 3 9Tu IpeaCTABICHAS SABJISIOTCS
0a30BBIMU JIHHEHHBIMUA KOMOUHAIUAMEU ¢ KO3 PUIHEHTAMA HE3HAUNTEIbHON CI02KHOCTH.

B nanbmeiineM u310:KeHUU MBI OyIeM paccMaTpuUBaTh TOJIHKO 0a30Bble JTMHEHHbIE KOM-
OMHAIMM UHTErPaJIoB ¢ KO3 UImeHTaMu He3HAYUTEIbHOM CJIOXKHOCTH. J[jIst KpaTKoCcTH Mbl
ux OyJaeM Ha3biBaTh 0A30BBIMHU JIMHEHHBIMU KOMOWHAIIUSMMU.

JI1st TOTO, 9TOOBI OIEHUTH CJOKHOCTH COBOKYMHOCTH 0a30BBIX JIMHEHHBIX KOMOWHAIHIA,
HPEJICTABIAIONINX MajiepoBckue KOIMGUIUEHTHI by, bs, . . ., by, Hy?KHO BBECTH KPUTEPHH CJIO-
JKHOCTH OIIEHKH KOHEYHON COBOKYITHOCTH 0Aa30BBIX JHHEHHBIX KOMOMHAIMI ¢ KOYppUImen-
TaMU HEe3HAYUTEIbHON ciozkHOoCTH. C 3TOi MEIbI0 BBEJAEM CJieayIomiue 0003HATCHUSI:

£ ={L} — KoHeuHasT COBOKYIHOCTH HGA30BBIX JHHEHHBIX KOMOUHANHI ¢ Ko dunnenTa-
MU HE3HAYUTEJIbHON CJIOKHOCTH;

U(L)={U(L) : L € £} — COBOKYIHOCTH BCEX MHOKECTB, ACCOMUUPOBAHHBIX € HA30BBHIMI
JIMHEHHBIMEA KOMOMHAIIMAME, ITPUHAIICIKAIAME COBOKYIIHOCTH £

Ounpenenenune 24. Copokyunocrs LU(L) Ha3biBaeTCsi COBOKYIHOCTHI) MHOYKECTB,
acCCOMMPOBAHHOIO C COBOKYMMHOCTBIO £ 0a30BbIX JinHeitHbIx KomOuHaruii. Wl

Onpegenenne 25. CoBokynHOCTh MHOKeCTB LU(L) Ha3bIBAETCS yIIOPSIJOIEHHOM, ec-
JIH CYIIECTBYET TAKOe CBA3HOE, OrpaHMIEHHOEe W U3MepuMoe 10 Jlebery muokectBo A C RY,
91O acconupoBanHoe MuO)KecTBO U (L) sro6oit 6a30Boit snneitnoit kombunamuu L € £ MoxkeT
ObITh TIpescTaBaeno B Buge: U(L) = A*) roe k — nopsaox jmHeitnoit komounanuu L. [Tpu
9TOM MHOKeCTBO A Ha3bIBaeTCs COMPAKEHHBIM C COBOKYHnHOCTbIO £. ll

Onpenenenue 26. Kormeunas COBOKYIMHOCTH 0a30BbIX JTHHEHHBIX KOMOUHANNI £ HA3bI-
BaeTcs 6A30BOIA, €/l OHA YJIOBJIETBOPIET OJIHOMY U3 CJEIYIONIUX JIBYX YCJIOBHUIA:

1) kaxkast npuHAJTIeKAIas eif 6a3oBasi TUHEHHAS KOMOMHAIIUST TIOPSIKA k MPUHAJIEZKAT
vuozxecty £(k, (RY)F1);

2) KazK1as HpUHAJJIeKaas eif 6azoBast JuHeHHAS KOMOMHAIMS TOPSIKA k MPUHAJICZKUT
muOo)KecTBY £(k), a coBokynmHOCTh MHOXKecTB U(L) aBasercs ynopsinodennoii. l
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Onpenenenune 27. Haubosiblliee u3 uuces, CIyzKalluX B KadecTBE MOPSIKa OJHOM U3
0a30BBIX JHUHEHHBIX KOMOHMHAIMN, BXOAANIUX B 0A30BYIO COBOKYIIHOCTH £, Ha3bIBaeTCs IIO-
paakom 31oit copokynHocTr. ll

Onpenenenue 28. Bazosbie coBokynuocTn £1 1 £9 HA3LIBAIOTCA CPABHUMBIMU, €CJTH
OoHH 00e WMEIT OJAWH W TOT K€ MOPSAJOK N U eCJH OHU 00e YIOBJIETBOPSIOT OJHOMY U3
CJACIYIONINX JIBYX YCJIOBUIA:

1) Jlrobast 6azoBast TuHeHHAsS KOMOMHAIMS TOPsIIKA k, TPUHAJTIEZKAIIAs XOTsI Obl OJIHOI
U3 STUX JIBYX 6a30BBIX COBOKYMHOCTE!, Tpunaiie:kut muoxkectsy £(k, (RY)*1); smecs k < n
N — HOPAJIOK ITUX DA30BBIX COBOKYIIHOCTE.

2) Kazkast w3 3rux aByX 6a30BBIX COBOKYITHOCTEI 00/1a1a€T CONPAZKEHHBIM MHOKECTBOM,
U 3TU JIBA COIPSIZKEHHbIE MHOXKeCTBa COBMAIAI0T Japyr ¢ apyrom. M

B nasbheiineM u3/10KeHUU MBI OyJIeM paccMaTpUBAaTh TOJIBKO TaKHe COBOKYIIHOCTH JIH-
HEHHBIX KOMOMHAIIMI UHTErPAIOB, KOTOPbIE SIBJISIOTCSA 6Q30BBIMU COBOKYITHOCTSIMHU.

Kazkaprit n3 mpeanaraeMbIlX KPUTEPHEB CJIOYKHOCTU OIMEHKH 0a30BO# COBOKYIHOCTH JIH-
HENHBIX KOM6I/IHaHI/Iﬁ MOopozKAaeTCA OAHHUM M3 M3JIOXKEHHBLIX BbIIIE KPUTEPpUEB CJI02KHOCTHU
0a3oBEIX JmHeiHbx KoMOmaanmit. O6osnaunm C7, rme ¢ = 1,23, KpuTepHii CI0KHOCTI
oneHKH 6a30BOil COBOKYIIHOCTH JIMHEHHBIX KOMOMHAINH, MOPOKAeHHbIH KpuTepuem CT;.

Kpurepuit ciaoxmnoctu Cr)(L£) MbI onpeenM Ha BeeX 0A30BBIX COBOKYITHOCTSX, COCTOSI-
IUX U3 TAKUX 0A30BBIX JHHEHHBIX KOMOUHAIINIM, HA KOTOPBIX ONpeIe/eH KPUTEPUil CI0KHO-
cru Cr;.

Ha kax1oii Taxoit 6a3oBoii copokyunocru £ = {L} 3unavuenne kpurepus Cr}(L) oupese-
JuM hopmyJToit

Cri(L) =) _Cri(L), (73)

Tax kak kpurepuu Cry u Cry omnpeneseHbl Ha BceX 0a30BBIX JUHEHHBIX KOMOUHAIIUSX,
to kpurepun Cr] u Cry, 10 ux onpejenenuio dopmyioii (73), oupesgesnennl Ha BeexX 6a30BbIX
COBOKYIMHOCTSX. A Tak Kak Kpurepuit C'rs onpeneseH TOJbKO Ha 0a30BBIX JHHEHHBIX KOMOW-
HaIusX 6a30BBIX HECOOCTBEHHBIX CXOJAIINXCA MHTErpaJson, To Kpurtepuit Cr} mo ero ompe-
neqennto dopmytoii (73), onpe/esien Ha BeexX 6a30BBIX COBOKYITHOCTSIX, COCTOSAIIHX TOJBKO
u3 DA30BBIX JMHEHHBIX KOMOMHANMI 0a30BBIX HECOOCTBEHHBIX CXOISMIIAXCS HHTEIPAIOB.

Brime 661710 3aMedeHo, UTO 3HaYeHne Kaxkaoro u3 kpurepueB Cry, Cry u Crs Ha JuHeii-
HOIl KoMOmHaIuK L, BXxossIieii B 006/1aCTh €ro ompejie/ieHus], 3aBUCHT TOJbKO OT MHOYKECTBA
& (L) rpados, cayzKammx MeTKaM# MOJBIHTErPAJbHBIX (DYHKIUH HHTErPATIOB, BXOJAANINX B
ITY JIMHEHHYI0 KOMOMHAIMIO, ¥ HE 3aBHCHT OT aCCOIMUPOBAHHOTO MHOYKECTBA ITOM JIMHEH-
Hoit kombunanuu. Otciona u u3 onpesenenus kpurepues Cry, Crh u Crhy dopmymoit (73)
BBITEKAET, UTO 3HaUeHne Kaxkaoro u3 Kpurepues Cry, Cry u Crh Ha 6a30Boi COBOKYIIHOCTH,
BXOJISAIIEH B 001aCTh €ro Olpe/eieHnsl, 3aBUCUT TOJIbKO OT MHOXKECTBa rpadoB, CIIyzZKaImmnx
MEeTKAMH TOABIHTErPAJILHBIX (DYHKINNH HWHTErpaaoB, BXOIMIIUNX B JHHEHHBIE KOMOMHAINH,
HPUHA/IEZKAINIE 3TOW COBOKYIIHOCTH, U HE 3aBUCUT OT COIPSKEHHOTO MHOXKECTBA 3TOi Oa-
30BO# COBOKYIIHOCTH.

Onpegnenenne 29. [lycts kpurepuit Cr}, rjie i MOKeT IPHHAMATH 3HAYeHusd ¢ = 1,2, 3,
onpe/jieJieH Ha CPaAaBHUMBIX 0A30BbIX COBOKYHNHOCTHAX £ U £ JIMHEHHBIX KOMOMHAIIHIA.

Byaem cumrars, uro mo kpurepuio Cr;, 6a30oBas COBOKyHHOCTL £; 3HAYUTEJIHHO
ciaoxkHee 6a30Boit copokynnoctu £, ecan Crj (L) > Cry(L). Ecm xe Cr;(£,) = Cri(£),
TO OymeM CYATAThH, 9TO 1Mo Kpurepuio CT) CI0KHOCTH OJHON M3 ITUX ABYX OA30BBIX COBO-
KyIHOCTeil paBHA WM HE3HAYUTETBHO OTIMYAETCHA OT CJAOXKHOCTH JAPYTOil U3 HUX, U
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rOBOPUTH 4TO 1O Kpurepuio Cr) CJI0KHOCTH OHOM U3 HUX HPUOIU3UTESIHHO PABHA CJIO-
JKHOCTH JIpyroii. Eciin u3BecTHo, 9T0 6a30Bas COBOKYIIHOCTH £ CJI0:KHee 6a30BOM COBOKYII-
Hoctu £, u Cr;(£) = Cr;(£), To 6yaem cuaurarh, 9o 10 Kpurepuio Cri COBOKYIHOCTH £
HEe3HA4YNTEJbHO cJjioxkHee copokynnoctu £.

ITycts Ly — Ga3oBas auHeiiHag KoMOuHaIus ¢ KO3 puimenTaMu He3HAUUTETHHON CJI0-
JKHOCTH, TTPUHAJTIEXKAIAs 0bacT opeaeaeHnst kpurepust caoskaoctn Cr;. TlocraBum eii B
COOTBETCTBUE COBOKYIIHOCTH £y = {Lo}, COCTOSILYIO M3 OJIHON JuHeiiHo#t KomOmHamuu L.
OueBuano, 4To Oa30Bas JHHeHHAd KOMOUHAIMS Ly 1 COBOKYIIHOCTD £y UMEIOT OJHY U Ty K€
CJ0ZKHOCTb BBIYHUCJACHUN.

COBOKYITHOCTh £( 10 €€ OIpEeIeJeHHIO MPHUHALIEKUT O0JACTH ONPEIeJTeHHT KPUTEePUs
caoxknoctu Crl. Tlosromy must mee ompeneneno 3uadenne kpurepus caoxuoctn Crl. Ilo
onpesesenuto Kpurepust Cr) dopmysioii (73) uMeer MecTo PaBEHCTBO

Cri(Lo) = Cri(Lo). (74)

Onpenenenne 30. BazoBas coBokymuocrs £ m GaszoBas jmHeiiHas koMmOunarust Lo
HA3BIBAIOTCS] CPABHUMBIMU, €CJIH OHH 00€ MMEIOT OJUH W TOT YK€ MOPAJIOK 7, U eCJIH JIHO-
bas GazoBas JmHelHas kKoMmOunaius L € £ 1mopsiaka n gBISeTCsd CPABHUMONW € JIMHEHHOM
koMOnHanueii Ly. M

D10 ompejiesieHre BMecTe ¢ paBeHCTBOM (74) NAI0T BO3MOXKHOCTH BBECTH OIpeJIeeHUe,
HPEJIOCTABJISIIONIEE BO3MOXKHOCTD CPABHUBATD CJIOXKHOCTH BCIKO#l 0a30BO# JimHefiHON KoMOu-
Hanuu Lo, HAa KOTOPOil ompeesien kpurepuit C'r;, CO CJIOKHOCTHIO CPABHUMOI ¢ Heil 6a30BOit
copokymuoctn £ = {L}, Ha KoTopoii onpenenen kpurepuii Cr}.

Ucnonb3ys paBeHcTBO (74), 1aguM cIeayoliee

Onpenenenne 31. [Iycts L — Ga3oBas uHeiinass KOMOMHAIMS, HA KOTOPO Onpejie1eH
kputepuit Cr;; a £ — cpaBHEIMAad ¢ Helt 6a30Basg COBOKYTHOCTH JIMHEHHBIX KoMOnHanuii. By-
JIeM CUnTaTh, 9T0 0 KpuTepuio Cr; 6a3oBad JNHeHHAad KOMOUHANUA [ 3HAUYUTEIBHO
CJIOXKHEE COBOKYITHOCTH 0a30BbIX JnHelHbIx kKoMbunanuit £, ecin Cr;(L) > Cri(L).
Ecmu xe Cr;(L) < Cri(£), To 6yaem cuurars, 9ro no kpurepuio Cr; 6a3oBas quHelHas
KoMOuMHaNuga [ 3HAYUTEJIBbHO IIPOIIE COBOKYITHOCTU 0a30BBIX JIHUHEHNHBIX KOMOU-
Hammii L.

B cayuae, korna Cr;(L) = Cri(£), Gynem caurarh, uro mo kpurepuio Cr; CI0XKHOCTD
0a3oBoil guHeliHOI KOMOMHATNN [ NpuO/JIM3nUTEJLHO PAaBHA CJIOXKHOCTU COBOKYM-
HOCTU 0a30BbIX JnHeiiHbiX koMOuHarmii £. Wl

O6oznaunm Lrr(n, A) = {L} MHOXKeCTBO BeeX IPEBECHBIX CYMM, SBJISIONINXCS PEICTAB
nenusivu o popmynam (52) u (48) mMaiipoBckux Ko3hhUIUEHTOB, TPUHAJIEIKAIIUX MHOXKe-
crBy (by,-1) = {b2(A),b3(A), ..., b,(A)}. Ciegyst u3/102KEHHOMY BBIIIE, MbI OJIAIAEM, ITO
KpuTepuii coKHOCTH MHOKecTBa Lrr(n, A) IpeBECHBIX CYyMM SIBISETCS KPUTEPHEM CJIO-
JKHOCTH TIDeJICTaBIeHnsT BupuajabHoro kosbdunmenta B, (A) no dopmyse (65) Maiiepa u
dbopmynam (52) u (48).

JIemma 5. Ilycmv nomenyuan naprozo eésaumodeticmeus P(r) asasemes usmepumor
pynryued, naproe ezaumodeticmeue YoosaemeopAem YCAOBUAM YCMOUUUBOCTIU U PELYAAD-
nocmu. M nycmv mmuooicecmso N ecmv ceaznoe, ozpanuvennoe u uamepumoe no Jlebeey
MHO2HCECMB0, codepocauieecs 6 npocmpancmse RY. Tozda muoocecmeo Lrg(n, N) asasemca
0a306bLM MHOACECTNBOM DA30GHLL SUHETIHBIT KOMOUHGUUT. IO MHOHCECTNBO UMEE NOPAIOK
N, 4 MHOHCECMBO N\ ABAACTNCA CONPANCEHHDM MHONACECTNEOM IMO20 OA306020 MHOHCECMEA.

HoxkazarenbcTBo. 3 oupejesienusi MHO)KeCTBa JipeBecHbiX cymMm Lrg(n, A) ciemnyer,
9TO BCAKasl MPUHAJJIEKAIIAS ITOMY MHOYXKECTBY JIPEBECHAs] CYMMAa SIBJISIETCS MPEICTaB/Ie-

39



HHEM HEKOero maiiepoBckoro koadbdunuenta by(A) U3 COBOKYNHOCTH MaiiepOBCKUX KO-
dburmentoB by ,—1(A) = {ba(A),b3(A), ..., b, (A)}. 3 onpenenenns muoxectsa £rgr(n, A)
o JIeMMe 3 CJIeyeT, 9TO 9Ta JpeBecHast CyMMa sBJseTcsd 0a30Boil JIMHEeHHOM KOMOWHAIIN-
eit nopsjika k ¢ koddduimenTaMmu HE3HAYUTEIbHONU CJI0KHOCTH. Takum o0pa3zom, MHOMKe-
crBo Lrr(n, ) sBIsSETCS KOHEYHBIM MHOXKECTBOM BCEX GA30BBIX JMHEHHBIX KOMOWHAIWIL,
SIBJISTIOIIUXCsI TIpeIcTaBaenusMu mo dopmyaam (52) u (48) maitepoBckux Ko3DhUIMEHTOB,
IPHHA/JICYKAIIX MHOKECTBY by ,,—1(A). Ilpu sToM mpeicrasiaenneM MaifpoBckoro koyddbu-
nuenta by € by ,_1(A) aB1sgerca 6a3oBas JuHeliHass KOMOMHAIUS IOPsAAKA K U3 MHOXKECTBA
ST R(?’L, A) .

U3 onpenesnennst atnx 6a30BbIX JHHEHHBIX KOMOUHaNmMi n3 MuOxkecrBa Lrg(n, A) dop-
mynamu (52) u (48) caemyer, ato ¢ 6a30Boil JMHENHHON KOMOMHAMEH MOpsAKA k W3 9TOrO
MHOKECTBA acCOMUUpPoBano MHOKecTBo AF. U3 ycaoBuil seMMBI 5 cieyeT, 4To IpH JI060M
HaTypaJIbHOM 9dHCIe k 3T0 acCONUIPOBaHHOe MHOKecTBO AF aBIderca cBA3HBIM, OrpaHIdeH-
HBIM ¥ U3MepuUMBIM 10 JleGery muoxkectsoMm [21], comepsanmumes B npoctpanctse (RY)F.
Orciona, BO-IEPBBIX, CJemayer, 94To npu Jwobom k = 2,3, ..., n 6a3oBas JnHeiiHas KOMOWHA-
st mopsizika k w3 maoxkectBa £rg(n, A) npunamaexur muoxkectBy £(k) 10 opeieneHI0
TOI0 MHOXKECTBa. BO-BTOPBIX, OTCIOJIA 10 OIPEJIEICHUIO 25 CaeyeT, YTO COBOKYIHOCTD BCEX
MHOXKECTB, aCCOIMUPOBAHHBIX ¢ 0A30BBIMU JUHEHHBIMUA KOMOMHAIMSAMU, NPUHAIJICKAITHMA
MHOXKeCTBY L£rr(n, A), ABIgeTCS YIOPSIIOUCHHON, a MHOKECTBO A SIBISIETCST COMPSZKEHHBIM
¢ MmHOzKeCTBOM L7g(N, A).

U3 moJiydeHHBIX De3yJbTATOB 1O ONpejeseHnto 26 cieayer, aro MHOKeCTBO L£rgr(n,A)
ABJIgeTcda 0a30BBIM MHOXKECTBOM 0a30BBIX JHHEHHBIX KOMOMHAIINM.

Besikuit maiteposekuii koaddunuent by (A) u3 cOBOKYIHOCTH MailepoBCKUX KOIhduIm-
eHToB by ,_1(A), npencrasiserca 6a30Boi JHHENHHON KoMOUHAIMEl TTopAaKa k u3 6a30BOrO
muOKecTBa £1r(n, A), 8 910 6a30B0€ MHOKECTBO COAEPKUT TOJBKO OA30BbIE JIMHEHHBIE KOM-
OMHAIINK, SABJISIONHECS MPEACTABICHUIMI MafpOBCKUX KOMDMUIIMEHTOB, MTPHHAIIEIKAITNX
MHOKeCTBY by ,,—1(A). Cramo 6b1Th, Hu oHa Ga3oBast AUHeiiHast KOMOMHAIMS TOPsiIKa Hosee
4eM n He OpUHAIeKUT 6azoBomy MHOKeCTBY L£rr(n,A). C apyroi cropoHsl, 310 6a30Boe
MHOKECTBO COAEPKUT 0A30BYIO TUHEHHYIO KOMOMHAIIMIO OPSIKA 1, SBJIAIOINIYIOCH MPeICTaB-
JeHneM Maitposckoro kodbdunuenta b, (A), npunaiexamero MHOKeCTBY by ,_q. 3Hadur,
YUCI0 N IBJISETCA HANOOIBIITIM U3 YHCE, CIYKAINX B KAUeCTBE TMOPAIKA OIHOI 13 0a30BBIX
JIMHEHHBIX KOMOMHANHN{, BXOJAAMINX B 6a30ByI0 COBOKyIHOCTH £1p(n, A). OTcioma o ompe-
JeJIeHnto 27 CaeJyer, 94To YUCJI0 N ABASeTCs MOPAIKOM 6a30Boil coBokymHOCTH L1R(N, A).
JlemMa, 5 TOJMHOCTBIO JOKa3aHa. B

ITpumep 4 Pacemorpum muoxecrBo £rr(n, A) = {L} Bcex japeBecHbIX CyMM, sIBJISIEO-
muxcst upejacTaBierusMu mo dbopmynam (52) u (48) maiiepoBckux K03(DhUIMEHTOB, TpPH-
HAJTeKAIIX MHOKECTBY by 1 = {ba(A), b3(A), ..., b,(A)}. TIpu sToM MBI Gyem momarars,
9TO BBITOJHAIOTCS YCJI0BUsA JeMMbl 5. ITo jemme 5 910 MHOXKecTBO LrR(N, A) saBasercs Ga-
30BBIM MHOKECTBOM 0A30BBIX JIMHEHHBIX KOMOUHAINMK ¢ KO pHIHeHTaMU He3HAUUTEIbHOM
CJIOXKHOCTH U UMeeT TMOPSI0K 7, a MHOXKECTBO A ABIIeTCsS CONPSKEHHBIM MHOYKECTBOM 3TO-
ro 6azoBoro muoxkecrsa. Muoxkecrso Lrr(n, A) cogepKuT TOJBKO OjHY 6A30BYIO JTUHEHHY O
KOMOWHAIINIO TOpstaKka n. e accommupoBaHHBIM MHOYKECTBOM saBjsiercss MHOKecTBO A™. Tlo
ompejiesieHuio 17 oHa cpaBHEMA ¢ IpejcrasienueM Pu-I'yBepa Bupuaibnoro koadgdunuenta
B,(A). D10 yTBepKIEHHE OMUPAETCS HA W3JIOKEHHDIH B puMepe | aHaIu3 mpeIcTaBIeHust
Pu-I'yBepa, rme mokazano, 4to 910 mpeactaBienune koyhdurumenta B, (A) asasgercs 6a30Boit
JIMHEeHOW KoMmOuHaImel ¢ kodpdunuenraMu He3HAUUTENHHON CJIOXKHOCTU U HUMEeT IOPsi-
JIOK M, a MHOXKeCTBO A" SBJISIETCS acCOMMUPOBAHHBIM MHOYKECTBOM 5TOi 6a30BOI JTHHEITHOM
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KoMOuHaruu. 3 3Toro yreepxeHus 1o oupeeneruto 30 ciaejiyer, 4To 6a30B0€ MHOKECT-
Bo £rr(n, ) cpaBauMO ¢ npejactaBienneM Pu-I'ysepa Bupuainbroro koadbdunuenta B, (A).
Tax kak kpurepuu Cry u Cry onpeneseHbl Ha STOM IIpejacTasiaennn Pu-I'yBepa, a Kpurepun
Cry u Crly oupenesens Ha 6azoBom muOXKecTBe £7pR(N, A), TO CDABHUM 10 9TUM KPUTEDPU-
SIM CJIOZKHOCTD IIPeJICTaBIeHIs BUPHAIbHOTO Koaddunuenta B, (A) dbopmymnamu (65), (52) u
(48) co caoxHOCTBIO TIpeicTaBaenust Pu-I'yBepa sroro koadduinenTa npu yKazaHHbIX HAKe
3HaveHnsx n. Tak kax sHadenus kpurepues Cry, Cr)y u Cry He 3aBUCAT OT MHOXKeCTBa A, co-
IPAZKEHHOTO ¢ 6A30BBIM MHOXKECTBOM, TO B IpUMepax 4 u 5 cuMBOJI A JIMIIb 0603HAYAET, ITO
MHOXKECTBO A, COLPsIZKEHHOE ¢ 6A30BBIM MHOXKECTBOM SIBJISIETCSI CBSI3HBIM, OPDAHUYE€HHBIMBIM
U U3MepuMbIM 110 Jlebery MHOXKECTBOM, cojiepzKaniuMmcsd B mpocrpanctse RY.

B rabamue 4 npusesens Borancaennbie snadenns kpurepusa Cry(Lrr(n)) npn n = 2, 10.
B uacruoctu, Cr)(Lrr(8,A)) = 857, C'r1(Lrr(9,A)) = 3709, Cri(Lrr(10,A)) = 17056.
CpaBHHBas 3TH 3Ha4YeHUs CO 3HAYEHHUSIMM Kpurepus ciaoxkuocrn Cry npeiacraBieHuil Pu-
['yBepa, mpuBesieHHBIME B Tabsute 1, Mbl BUanM, uTo 3uadenns Kpurepus Cr)(Lrr(n)) npn
n = 8,9, 10 menpute 3navenuit kpurepus caoxuoctu Cri(Lry(n)) (eM. mpumsarsie 0603Ha-
deHust B TabJIMIAX) /IS COOTBETCTBYOMuUX npeacrabiaennii Pu-T'yeepa. Orcroga no onpeje-
jgenuam 30 u 31 ciemayer, 9TO IPU STUX 3HAYEHUAX N IIPEJICTABICHAE BUPHAILHOTO KOIDDu-
nuenta B, (A) bopmynamu (65), (52) u (48) 3naunTeasHo mporre npeacrasienns Pu-I'ysepa
9TOoro KoddduiumenTa npu JoboM orpaHndeHHOM obobeme A. p

ITpumep 5 Cpasuum 1o kpurepuio Cr4 CIOKHOCTH NPEACTABICHAI BUPUAIBHBIX KO-
dbunmentos Bs(A), By(A), Bs(A), Be(A) u B7(A) no meroxy Pu-I'ysepa co c/10KHOCTBIO nX
Ipe/ICTABICHUI B BU/Ie MHOTOWICHA OT JApeBecHbIX cyMM 1o dbopmytam (65), (52) u (48). B
Tab/IuIe 5 IPUBEIEHbI, B YACTHOCTH, CJEIYIONIIe PE3YJIbLTATHI:

Crh(Lrr(3,A)) =6, Cry(Lrr(4,A) =28, Criy(Lrr(5,A)) =121,
CT;(ETR(& A)) = 5047 CT;(ETR('Y, A)) = 2406,
CT’Q(LRH(?))) = 3, CTQ(LRH(4)) = 12, CTQ(LRH(5)) = 50,

U3 cpaBrenust 3Tux 3nadenuii kpurepues ciaoxuoctu Cry u Cry ciegyer, 910 Npu 3HA-
qenusx n = 3,4, 5,6 npencraBienne BupuagabHoro kodddurnuenra B, (A) dopmynamu (65),
(52) m (48) 3HauwmTesBHO CJIOKHee Tpejcrabiaenns Pu-T'yBepa storo kosddunmenrta mpu
J060M orpanndennoMm obbeme A. A mpu 3HadeHuu n = 7 UPeJICTABICHAE BUPUAJIHLHOTO KO-
sddurmenta B, (A) bopmynamu (65), (52) u (48) 3HaUATEIBHO TPOIIE, YeM TPEICTABICHAE
Pu-T'yBepa storo kosddunuenrta npu j060M orpanndennom obbeme A. »

9. Tlepeiiem Ternepsb K MPeACTABICHIAM TEPMOIMHAMUYECKUX TIPEIE/I0B BUPHAIbHBIX KO-
sddunnentos B, (A) B BiIe MHOTOWIEHOB OT JPEBECHBIX CYMM, MPEJICTABIAIONHX M0 Ghop-
myaam (59) u (47) koabdunueHTs a,. 1 KpaTKOCTH TepMOIUHAMUIECKUTT TIPeIesT BUPHU-
anbHOTO KOadbdurmenta B,(A) 6yaem Ha3bIBATH HPEIEJIBHBIM BHPUAJIBHBIM K03(ddu-
IUEHTOM 1 0003Ha4YATh B,,. DTH HPeJCTaBICHUS IPEIEIbHBIX BUPUAIBHBIX KOIPDUIUEHTOB
npu n > 1 mveror Bug |9, 11, 17, 36]:

B, = Z |[mf[e) H[Tj]mj (mh)™", n>2, (76)
) =1

meM(n+1
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rje KoapdunuenTsl e, u 7, oupejendiorca GopMyIaMu

pn—1
a=n=1 c=p" Y ml [Jm)7N G+ Daj]™, w=2 (77)
meM(p) Jj=1
pn—1
7= (=10 Y (=) [T ™ =G+ Daga}™. p=2. (78)
meM(p) Jj=1

ITo stum dopmymam mpeneabHbli BUpHaTbHbIl Koddduiuent B, NpeacTaBisdeTcs B BHJIE
MHOTOYJICHA OT JPEBECHBIX CYMM, MPEICTABISIONHX KOIDDUIHEHTD ay,.

[IpemcraBisieT MHTEPEC BOMPOC: KAKOBA ¥Ke CJI0KHOCTD BHIYUCTICHUIT ONIEHKH BUPHATIBHOTO
ko3 durmenra B, ¢ momMoIibio ero npejcrasiaenus dopmytamu (76), (77) u (78)7

HT06Bl OIEHUTD CJAOKHOCTH THX BBIYUCIEHHH, MTPEZKIE BCErO MPeJCTABUM MPeIeTbHBIN
BUPHAJIbHBINA KO3 ]puiuenT B, u BeIUIUHBI €, U T,, B OoJiee yI0OHOM JIjid STOU TeJU BU/IE.

A mmenno, uenosib3ys BBeieHnyIo dopmyioii (67) dbyukmumio @, (X;y; m), npeacraBieHus
BeJUYUH B, €, U T, dbopmysamu coorsercrBenno (76), (77) u (78) mpeobpasyeMm ciaeayro-
muM 06pazoMm:

=1 eo=p Y |l Quixiyim), p=2, (79)
meM(u)
rae
=L om= (=1 Y = ml]} " Qulx —yim), 2, (81)
meM(u)

rJe BeKTOPBI ¥ 1 X omnpejeensl dopmyaamu (80), a BekTop —y onpezeser GpopMyJioi

=y = (=Y, Y2, ~Yu-1); (82)
B,= Y |lmllepmQulxy;m), n>2 (83)
meM(n+1)

IJIe BeJIMYUHDL € IPU J = 1.n onpenesensl hopMyTaMu (79),
r;=1;, y;=1 npm j=1n, (84)

a BeJIMYUHBL T; onpeesensl (popmystamu (81), rie BEKTOPBL y U X OIpeIeTeHsl (hopMyIaMu
(80), a BekTOp —Yy ompesesen dpopmyioi (82).

B s1ux mpeobpazoBaHHBIX MpeICTABICHUSIX BUPUAIBLHBIH KOdhdumment B, Takxke, Kak
u B npejcrasienusx dbopmynamvu (76), (77) u (78), upegcrapBisiercsi B BUIe MHOTOYICHA OT
JIPEBECHBIX CYMM, MPEJICTABISIONIIX KOIMDPUIUEHTH d,,.

Jlasee, 9T00BI OTBETHTh HA MOCTABJIEHHBIN BOIPOC, HY’KHO YETKO OIpEIeTUTh MPOIEeCt
BBIYNCJIEHUI OTIEHKY BUPHWAIBHOTO Kodddunmenta B,. B maHHoll cTaThe mpejaraercs cie-
JIVIOITIAasl CXeMa TOTO MPOTIECCa:

Dran 1. Borunciaenue oneHok 3nadennii koadpduuenTos aj, npu seex k = 2, n. Onenxy
sHavenns koddduunenta ay oGoznaumm ay, k=2, n.
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Oran 2. Boriuucienue oneHoK 3HAYEHUIl BCeX BEJUYWH, NMPHHAJIEXKAIIUX MHOXKECTBY
e, = {ea,€3,...,¢,}. OUeHKY 3HaUEHUS BEJUUUHBI €, 0G03HAUMM €}, k = 2, n. Berancienne
npoussouTcst 1o dhopmynam (79) u (80), B KOTOpbie BMECTO KOI(DMOUIHMEHTOB @y MOJACTABIISI-
I0TCSI BBIUNCJICHHDBIE HA 3Tane 1 oneHkn @y 3TuX KO3(MMUIMEHTOB, & BMECTO BEJINYHHDL € —
OLIEHKA €}, 3HAYEHUS ITOH BEJININHBL.

Oran 3. Buunciaenne ONEHOK 3HAYEHWIH BCeX BEJINYWH, MPUHAIIEKAIINX MHOYKECTBY
To = {72, 73, ..., Tn}. OUEHKY 3HAUECHUA BEJMIUHBI T}, 0003HA4INM T4, k = 2, n. Boraucienne
npoussoguTcest 1o dhopmynam (81) u (80), B KoTopbie BMeCTO KOI(DDUIMEHTOB @) MOICTAB-
JISTIOTCSI BBIYMCJICHHBIE ONEHKH 9THX KOXDMUIMEHTOB, & BMECTO BEJUYUHbBI T — ONEHKA T,
3HAYCHUA ITOU BEJIUUNHDI.

Oran 4. Boiuncjienne ONEHKHM 3HAYEHHS JAHHOTO BUPHAJILHOTO Kodpdunuenta B,.
Omnenky 3madenust 3Toro kodbdunumenta obdoznaunM B! . Borancienne mTpon3BOIUTCS MO
dbopmyste (83), B KOTOPYIO BMECTO 3TOT0 KO3 DUIIHEeHTA TOJACTABISAETCS €ro oleHka B! a
BMECTO BEJIMYUH €, U T MOJICTABISIOTCS BBLIUUCICHHBIE Ha dTAax 2 W 3 ONEHKU 3HAYeHUi
9THX BEJINYUH €) 1 Tj,.

Hammeit 6sinzkaiinieil meibio siBaseTcs ONEHUTh CBEPXY YHCI0 apUPMETHUYeCKIX OTepaIinii,
HOTPEOHBIX JIJId BBIYUCCHUI, OCYIETBAAEMBIX Ha dranax 2—4.

Bsenem oboznauenus:

e,n:{ellaeg""veiz}v TT/l:{T{,Té,...,T:l}, a;:{allva/%"'?a;@}a n > 2;

Ei(p,m | a,) — oleHKa cBepXy 4YHCIa apudMeTHIeCKHX OIepaIuii, KOTopble IPH JaHHOM
3HaYeHUU (4 < N U JaHHOM BekTope m € M(u) norpeGHbl Jjisi BBIYUC/IEHUS OLEHKN 3HAYUE-
Hus npomssenennd ||m||!Q),(x;y;m), rae (4 — 1)-MepHBIE BEKTOPHL X Uy ONPEIETIAI0TCS IO
dbopmystam (80), B KOTOpBIE BMECTO KOI(DMDUIMEHTOB @), MOJCTABJISIOTCS BBIYUCICHHbIE HA
sTane 1 ONeHKH 3HaUYeHHH 3TuX KO3 PUIUEHTOB;
Es(p,m | a,) — omeHka cBepxy 4HcIa apupMeTHUECKUX Olepanuii, KOTopble IPU JaHHOM
sHaveHnu [ < M U JaHHOM BekTope m € M(u) norpeGHbI /i BHIYUC/IEHUS OIEHKU 3HA-
wenmst ipomsseaenmns 1l {[u — |[m|[]!} " Q,(x; —y; m), tae (4 — 1)-Meprbie BeKTOPH X 1 y
onpenenenbl dhopmynamu (80), B KoTopbie BMecTO KO3hDMUIMEHTOB G TMOACTABISIOTCS BbI-
JHUCJIEHHBIE HA 3Tale 1 ONeHKH 3HAYeHHH STUX KO3(p@UIUMEHTOB, a BEKTOP —y OlpejeseH
dbopmyioit (82);

oz(n,m ’ e/n,Tr,L) = HmH' eumuQn+1<X§}’$ m)v m € M(n + 1)a (85)

e N-MepHBIe BEKTOPHI ¥ U X ONMPeAeIAoTcs no ¢hopmyaam (84), B KOTOpbIE BMECTO BeJHYHH
T) HOJCTABJISAIOTCH BBIUMCJEHHBbIE HA 3Tale 3 ONEeHKM 3HAYEHHH STHX BEJUYHMH, a BMECTO
BEJIMYHHBI €, HOJICTABISCTCS BBITUCICHHAS HA dTAle 2 ONEHKA 3HAYCHUS 9TOH BEJIUIUHDI;

Es(n,m | e}, 7)) — omnenka cBepxy 4uncia apudMeTHIECKHX ONepaImii, KOTopble TpH
JaHHOM BekTope m € M(n + 1) morpeGHBI /ISl BBIYHCAEHHS] 3HAYEHHUS TTPOM3BENEHUST
a(m | €, 7)), Tae n-MepHBIe BEKTOPHI ¥ U X onpejestorcst mo dopmyaam (84), B KOTO-
pble BMECTO BEJMYUH Ty IIOJCTABJILIOTCS BBIUUCJIEHHBIE HA STalle 3 ONEHKU 3HAYeHUil ITUX
BEJIMYHMH, & BMECTO BEJTHUUHBI €| TTOJCTABIISCTCS BHIUUCICHHAS HA ITAIC 2 ONEHKA 3HAYe-
HHS 9TOIl BETMINHEL;

E(e, | a,) — omenka cBepxy 4mc/a apudMeTHYECKHX OLePAIHil, MOTPEOHBIX HA ITALe
2 1151 BBIYHC/ICHHS OIEHKN 3HAYEHNs BEeJHMYUHbBI €, IIPH BHIYHCJIEHHBIX HA drame 1 OmeHKax
3HadeHnit KoapbuUnIenToB u3 MHOXKeCTBa &, = {a1,as, ..., a,};
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E(r, | a,) — oneHka cBepxy 4ncia apudMeTHTIeCKHX Omepanuii, TOTpeOHbIX Ha JTalle
3 Uit BBIUUCJICHUS OIEHKH 3HAYEHUS BEJMIHHBI T, IPH BBITHCJIEHHBIX HA 9Tame 1 OleHKax

3HaueHUH KOI(DDUIUEHTOB U3 MHOXKECTBA &, = {a1, dg, ..., a,};
E(e, | a,) — omnenka cBepxy uucjia apudmerndeckux onepaiuii, norpebHbIX Ha dTale
2 I BBIYUCIEHWs OIEHOK 3HAYEHUI BCEX BEJMYUH U3 COBOKYNHOCTH €, = {ej,ea,...,€,}

o dopmynam (79) u (81), B KOTOpble TIPH BHIYUCJIEHHBIX Ha dTame | ONeHKax 3HaIeHWH
K03(PPUIIHEHTOB U3 MHOXKECTBA a,,;
E(t, | a,) — omenka cBepxy umnciaa apudMeTHIECKUX ONEPAIlnii, MOTPeOHBIX Ha Tale

3 /U1l BBIYUCJICHUS] ONEHOK 3HAYCHUH BCEX BEJMYMH M3 COBOKYIHOCTH Ty, = {T1, T2, ..., Ty
IIpU BBIYUCICHHBIX Ha 3Tame | OoneHkax 3uadeHuit koadhdunmeHToB N3 MHOXKeCTBa (a), =
{ah ag, . .. 7an};

E(B, | e,,Tn) — OlleHKa cBepxXy uuc/aa apudMeTuIecKuX oleparuii, mToTpeOHBIX Ha Tare
4 171 BBIYUCJICHHA OLEHKH 3HAYCHWS BHPHUAILHOrO Koddduummenta B, IpH HOIYYEHHBIX
B pe3yJbTaTe BLIYHCICHMI Ha 3Tamax 1, 2 ¥ 3 ONeHKAX BCEX BEIMYUH U3 COBOKYMHOCTH
e, = {e1,€a,...,€,} U BCEX BEJIMYNH U3 COBOKYIHOCTH Ty, = {T1, T2, ..., Tn};

E(B, | a,) — onenka cBepxy uncia apudMeTHIecKuX OIepaIuii, MOTPeGHBIX HA Tarax
2, 3 1 4 1714 OIlCHKY 3HAYeHUs BUPHAIBLHOrO Kodddunuenrta B, Npu BLIYACICHHLIX HA STAIE

1 onenkax 3HaYeHUH Beex KOIDMUIUEHTOB U3 MHOKECTBA &, = {a1,ds, ..., d,}.
Haiimem omenky cBepxy unc/ia apupMeTndeckKux omepaluii, HoTpeOHBIX Ha yrame 2 s
BBIYUC/IEHHs ONEHOK 3HAYEHUIT BCEX BEJMYUH U3 COBOKYIHOCTH €, = {e1,€y,...,€,} mpu

BBIYMCJIEHHBIX Ha 3Tarne 1 omeHkax 3HadeHnit KodpUIMEeHTOB U3 MHOYKECTBA a,,.
U3 ompejesienns MHOXKeCTBa BeKTOpoB M(u) ciemyer, 9To mpu JIOOOM f > 2 BCAKHI
BeKTOp M € M (/1) yI0BIETBOpSIeT HEPABEHCTBY

|lm|| < p—1. (86)

U3 onpenesenust onenku [y (p, m | a,), onpenesnenns Gyukuuu Q,(x;y; m) dbopmymnoi
(67), nepasenctsa (86) u 3amedanus 11 BbITEKaeT, YTO HPU JOOOM £ > 2 1 JIOGOM BEKTOPE
m € M(u) umeer MeCTO HEPABEHCTBO

Ei(um | a,) < 7~ 1), (87)

13 onpenesenns Beaudnusl e, Gpopmyioi (79), mepasencrsa (87), 3amedanus 12 u ompe-
nerenuit onenok E(e, | a,) u Ei(p, m | a,) BbITEKaeT OleHKa

E(ey|a,) < > Ei(p,mlay,) < Tp(p—1)(u—1). (88)

meM(u)
Ucnonp3yst HepaBencTBo (88) 1 MOHOTOHHOE Bo3pacTanue (pyHKIUE p(n), 13 onpee eHnii
ouenox E(e, | a,) u E(e, | a,) moay4aem HepaBeHCTBO

n

E(en|a,) <Y Eley|a,) <Tpn—1)) (p—1)=7p(n—1n(n—1)/2.  (89)

},L=2 /j,:2

Haiiyiem ornenky cBepxy 4uc/ia apupMeTHdecKux oneparuii, noTpeOHbIX Ha dramne 3 Jijid
BBIUUC/IEHHs ONEHOK 3HAYEHUl BCEeX BEJIMYHUH U3 COBOKYIHOCTH T, = {T1,Ts,...,T,} 0OpH
BBIUHCJIEHHBIX Ha dTane 1 omeHKaX KodypdUIMEeHTOB U3 MHOXKECTBA &, .
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U3 onpenesenus onenku Fo(p, m | a,), onpenesnenns dyuknuu @, (x;y; m) dbopmymnoi
(67), nepaserncrsa (86) u 3amedanus 11 BbITEKaeT, YTO HPHU JIOOOM £ > 2 ¥ JIOGOM BEKTODEe
m € M(u) umeer MeCTO HEPABEHCTBO

Ey(p,mla,) < 7(u—1). (90)

113 onpenenenns Besnanusl 7, Gopmystoit (81), nepasencrsa (90), 3amedanus 12 u ompe-
nesenuit onenok E(7, | a,) u Ey(p, m | a,) BEITEKaeT OlEHKA

E(ry|a,) < > Ea(p,mla,) < Tp(p —1)(p — 1). (91)

meM(p)
Ucnonn3yst HepasencTso (91) 1 MOHOTOHHOE Bo3pacTanue (byHKIUE p(n), U3 onpee eHnii
ounenok F(7, | a,) n E(7, | a,) nosy4aeM HepaBeHCTBO

n

Blra | an) £ 37 Bl | an) < Tp(n = 1) Y (0= 1) = Tpln — Dn(n = 1)/2. (92)

,LL:l “:2

Haiiiem onenky cBepxy 4uc/ia apupMeTrnieckux onepaiuii, HoTpeOHbIX JIjis BbIUUCIEHUS
OIEHKHU 3HAYEHUS JAHHOIO BUPHAJILHOrO Koddduiumenrta B, npu BHIYHCJIEHHBIX HA JTame 2

OIIEHKAX 3HAYeHMil BCEX BEJUYUH €;, 1 = 1,n u3 coBoKynHoctu €, = {ej, e, ... ,€,} u upn
BLIUMCICHHBIX HA STale 3 OICHKAX 3HAYCHMH BCEX BEIMYHH T;, 1 = 1,n U3 COBOKYHHOCTH
Ty = {711, T2, ., T}

13 nepasenctsa (86), onpenesnenns npousseienns a(n, m | e,, 7,) dopmymoii (85), ompe-
nejenus onenku Fs(n,m | e,, T,), onpegenenus Gynknun Q,(X;y;m) dopmymnoit (67) u
3ameuanust 11 BoITekaer, 9T0 mpH JiIo6oM 1 > 2 u moboM BekTope m € M(n + 1) nmeer

MECTO HePaBeHCTBO
Es3(n,m | e,,1,) < bn. (93)

U3 onpejesienns: BupuaabHoro koxbdunuenra B, dbopmyioii (83) u oupenesaenus npous-
Benennst a(n, m | e,, 7,) dopmynoit (85) caexyer, aro Koabdunuent B, MOKeT OGbITH Mpe/I-
CTaBJIEH CyMMOM

B,= Y oanm|e,m,). (94)

meM(n+1)

OTciona, ucmonb3yst omnpeenenust oneHok Fi(n,m | a,) u E(B, | e,,T,), moaydaem
HEPaBEeHCTBO

E(B,|enm)) < Y Es(n,m]|a,). (95)

meM(n+1)

Orcroga no 3amevdanuio 12 u HepaseHcTBy (93) ceayer oneHka
E(B, | en,Ty)) < 5np(n). (96)

[Tpumensisi onpenesenns oneHok E(e, | a,), E(m, | a,), E(B, | e,, ) u E(B, | a,),
II0JIy4aeM OIEHKY

E(B, | a,) < E(e, | an) + E(, | an) + E(B, | en, 7). (97)

U3 nmepasencts (97), (89), (92) u (96) BhITEKaeT ONEHKA

E(B, |a,) <Tp(n—1)n(n—1)/24 Tp(n — 1)n(n —1)/2 + p(n)dn =
Tp(n — 1)n(n — 1) + dnp(n). (98)
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B wacrrocru, npu n < 10 u3 dopmyast (76) u 3amedanust 12 ciaeayer, 9To Jjisi BbIYH-
CJIeHMS OIEHKHU 3HAYEHHs IIPeIe/IbHONO0 BUPUAJIBHOIO KO3MdunmenTa 1, M0 BBIYHCIEHHBIM
Ha dTare 1 olmeHKaM 3HaUYeHU# KOIDPUIUEHTOB asg, Az, . . ., A, TPEOYETCs MPOU3BECTU MeHee
21000 apudmerndecKux orneparuii.

DTO — HHYTOXKHO MAJIOE INCI0 APUPMETHIECKUX OMEPAIHil 10 CPABHEHUIO C YHUC/IOM OIe-
paruii, HeOOXOUMBIX JJI MOJyYEHUsI ONEHKH JI000r0 u3 KOIMPUIMEHTOR ay, ds, . . .. Beab
IpHU IPOIEIype BBIUUCIEHHS OINEHOK THX KodddunueaTo MerogoMm MonTte-Kapso npons-
poanTcs nopsaaka 101 u Gosee crarucrudecknx nenpiTanuit. OTcoa ciaepyer

Sameuyanme 14. OcHOBHAsI CJOXKHOCTH IIPOIE/YPbl BBIMUCJICHUS] ONEHKU IPEIeTHLHOTO
BUPHATHLHOTO KO3 DUIMEHTA TTOCPEICTBOM €ro MpeCTaBIeHNs B BUIE MHOTOUIEHA OT KO-
sddunnentos a, mo dbopmymnam (76), (77), (78), (59) u (47) npu n > 4 cOCTOUT B CJIO-
JKHOCTHU IPOIEIYPHI BBIYUCJIEHAS OIEHOK BCeX KO3(DMUIMEHTOB U3 COBOKYNHOCTH a1 =
{as,as,...,a,}. IIpu 9T0M CJIOKHOCTH TPOIEAYPHI BEIYUCIEHHS] ONEHKH MPeeTbHOTO BUPH-
aJBHOr0 KO3 duImenTa [, HE3HAUUTEIHLHO MPEBBIMIACT CA0KHOCTH HPONIEIyPHl BBITHCIIC-
HUSI ONEHOK BCEX KOID@MUIMEHTOB @, U3 ITOH COBOKYITHOCTU. JHAYUT, KPUTEPUI CJIOKHOCTH
peCTaB/JIeHNs ITOI COBOKYITHOCTHU SIBJISIETCS KPUTEPHEM CJIOKHOCTH JAHHOTO TPeICTaBIe-
HUs BUpHaJbHOro Koddduiuenrta 5,. B

Bsenem oboznaueHus:

Lrr(n,0) = {L} — MHOXKeCTBO BCeX JPEBECHBIX CYMM, KaxKIas U3 KOTOPBIX MPEICTAB-
aser no dpopmyaam (59) u (47) kosddunuent u3 cOBOKYnHOCTH KO3bDOUIUEHTOB a5 5,1, LIE
n > 2;

Lrr(n) = {L} — MHOXKeCTBO BCeX IPEBECHBIX CYMM, KazK[Ias M3 KOTOPBIX IPEICTABIIS-
er o dopmyaam (53) u (47) npeeabHbI MaliepoBcKuil KoadhHUIUEeHT U3 COBOKYNHOCTH
K03bburmentos by, = {ba, b3, ..., b}, rme n > 2.

JIemma 6. ITycmv nomenyuan naprozo e3aumodeticmeusn P(r) aeasemes usmepumot
Pynryued,a naproe 83auModeticmeue ydoeaemeopAem YcA08UAM YCMOTUUBOCNU U PERYNAD-
nocmu. Tozda mmoocecmeo Lrr(n) Asasemces 6a306bM MHONCECMBOM BA306HIT AUHETHIT
KombuHayud. Omo muoscecmeo umeem nopadok n, u npu kaxcdom k € {2,3,...,n} npu-
HAONCHCAULAA eMY 0A306a4 NUNETHAA KOMOUHGUUA NopAdKka k npunadiedcum mHosrcecmsy
Lk, (RV)F1).

HokazarenbcTBo. I13 onpesienenus: MHOXKeCTBa ApeBecHbIX cymMmM L£rgr(n) ciaeayer, 4ro
9TO MHOYKECTBO SBJISIETCS KOHEUHBIM MOIIHOCTH 7 — 1, a BCSIKasl MPUHAIJIENKAINAT ITOMY
MHOZKECTBY JIpeBeCHasi CyMMa sIBJIsgeTcs npeacrapiendeM o dbopmytam (53) u (47) nekoero
npeebHOro MafiepoBckoro Ko dunuenta by, rae 1 < k < n, U3 COBOKYITHOCTH KO3DDHUIIH-
enToB by ,_1. Ilo jiemme 3 s1a jpesecnas cymma sipiisgercs 0a30B0il JinHeHOR KOMOuHALIMEH
nopsiika k ¢ ko3 duimeHTaMu He3HAUNTEIbHON CJA0KHOCTH. TakuM o0pa3oM, MHOMKECTBO
Lrr(n) aBAsIETCS KOHEYHBIM MHOYKECTBOM BCeX 0a30BBIX JIMHEHHBIX KOMOWHAIWI, ABJISIO-
muxcst npejacrapirenuaMu o dpopmyaam (53) u (47) npegeabHbIX MailepoBcKuX Koadbdumnu-
eHTOB, IIPHHA/JIeKAINX MHOXKeCTBY b1 ,_1. Ilpn 3ToM mpeicraBiennem mpenenpbHOro Maii-
posckoro xosddunuenta by, € by, aBagerca 6azoBasa IUHeitHAs KOMOUHAINS HOpsAaKa k
u3 MEOKecTBa L1R(N).

U3 onpemenennst 3moit 6a30Boil JuHeHHOH KoMOuHan mopsiaka k dopmynamu (53) u
(47) crepyer, 4To 06JACTHIO HHTEIPUPOBAHUS BCEX MHTETPAJIOB, BXOILAIIUX B 9Ty JHHEHHYO
KoMOHHaIMIO, apiagercd npocrpancrso (RY)*~1. Cnenosarenbno, sta uHelinas KoMOHHAIMS
nopsizika k npunagiesxkut muoxkectsy £(k, (RY)F1) no onpenenenuio storo MuoxecTsa.

Urak, MuO)KeCTBO £1R(N) ABIAETCS KOHEIHBIM MHOYKECTBOM 0GA30BBIX JIMHEIHBIX KOMOH-
HAIWI, B KOTOPOM KazKjas MPUHA/IeKAINas eMy 6a30Bast JTuHeiHass KOMOWHAINS TOPSIIKA
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k npunaexut mooxecrsy £(k, (R¥)*~1). 3uauut, 3170 MHOKECTBO AB/IsgeTCA 6A30BBIM MHO-
’KeCcTBOM 0a30BBIX JIMHEHHBIX KOMOHHAIIMI IO OIpeaeseHnto 26.

Begkuit maitepoBeknit KoaddunuenT by, 13 COBOKYIHOCTH MaiiepOBCKUX KOIDDUITUEHTOB
by ,—1, npeiacrasagerca 6a3oBoit uHeitnoit komMOuHanmeil mopajika k n3 6a30B0ro MHOZKeC-
tBa L£7r(N), a 370 6a30BOE MHOYKECTBO COJIEPIKUT TOJBKO GA30BBIE JIMHEHBIE KOMOWHAIINH,
SIBJIATOTINECS TIPEICTABICHUSIMI MafPOBCKUX KO3 (DUIIMEHTOB, MPUHAIEKAIIITX MHOKECT-
By by ,_1. Crano ObITh, HE OoaHA Oa30Bad JnHelHad KOMOMHAIWA HOpsA/Ka OoJsiee 4eM n He
npuHaIeKUT 6azoBoMy MuOKecTBY Lrgr(n). C mpyroit ¢cToponbl, 9T0 6a30BO€ MHOMKECT-
BO COAEpKUT 0A30BYIO JIMHEHHYIO KOMOWMHAIUIO MOPSIKA N, SIBJISIONLYIOCH MPE/ICTABICHUEM
MafipoBckoro Koaddunuenta b,, npuHAAIEKAIIETO MHOXKECTBY by 1. SHAYHT, 9UCIO N SIB-
JISIETCST HAUOOTBITUM U3 YHCET, CIYZKAIMUX B KAYeCTBE MOPSIIKA OHOI 13 6A30BBIX JIMHEHHBIX
KOMOUHAIWH, BXOJSIHMX B 6a30BYI0 COBOKYITHOCTL L£75(n). OTcrona mo onpepenenuto 27 cre-
JIYeT, 9TO YUCJIO N ABISETCs TTOPSIKOM 0a30B0it coBokymHOCTH Lrr(n). Jlemma 6 TOMHOCTHIO
JIOKa3aHa. »

JIemma 7. ITycmv nomenyuan naprozo e3aumodeticmeusn P(r) aeasemesa usmepumot
dynryued,a naproe 83auModeticmeue ydoeaemeopAem Ycao8UAM YCMOTUUBOCNU U PERYAAD-
nocmu. Tozda mmoorcecmeo Lrr(n,0) Asasemes 6a306bLM MHOHCECTNEOM 0A306HLL AUHETTHLT
KOMOUHAUUT. IMO MHOHCECTNBO UMEEM NOPAJOK N, G KAHCOAA NPUHAOAEHCAULAA eMY OA30-
6aa aunetinas Kombunayua nopadka k npunadaescum muoscecmsy Lk, (R¥)F1).

HokazarenbcTBo. U3 onpeznesnennsi MHOKecTBa apeBecHbIX cymMm L£rgr(n,0) cieryer,
9TO ITO MHOYKECTBO SIBJISIETCSI KOHETHBIM MOIITHOCTH 1 — 1, & BCAKAS TTPUHA/ITIEYKAIIAST STOMY
MHOZKECTBY JIpEBeCHas CyMMa sIBJIgeTcsd npejcrapiendeM no dbopmytam (59) u (47) nekoero
kodbdurmenta ay, rae 1 < k < n, uz copokynnoctu kodbdunuentos {as, as, ..., a,}. o
JieMMe 4 3Ta JpeBecHast CyMMa sBJIsieTcst 6a30Boi TMHeHHO! KoMOnHaIuel mopsaka k ¢ Koad-
dbunmenTaMu He3HAUYNTEJNBHOT ca10kHOCTH. Takum 06pazom, MHOKecTBO L1 (n, 0) sBisiercs
KOHEYHBIM MHOYKECTBOM BCEX 0A30BbIX JIMHEHHBIX KOMOWHAIUIA, SIBJISIIONITUXCSI TIPeICTaABICHNU-
st 10 popmysiam (59) n (47) k03D DUIIEHTOB A, TPUHAIEKAIIX MHOKECTBY a1 5,—1. L1pH
3TOM IIpeJicTaBIenneM Koy duruenta ay, € aj,_1 ABjdeTcd Oba3oBad JHHeliHasT KOMOTHAIIUST
nopsiika k u3 muokectBa L£rr(n,0).

U3 oupejesennst 91oit 6a30B0il JuHelHo# KoMOunauu nopsiaka k dopmysamu (59) u
(47) crepyert, 4T0 06JACTHIO HHTEIPUPOBAHUS BCEX MHTETPAJIOB, BXOISAIINX B 9Ty JHHEHHYTO
KOMOWHAINIO, SIBJISIETCS ITPOCTPAHCTBO (R”)k_l. CrenoBaTeabHO, 3Ta JNHEHHAS KOMOMHAIINAS
nopsiika k npunagiexkut muozkectsy £(k, (R”)F1) o onpenenenuio storo MuoxkecTsa.

Urak, muoxkectBo Lrgr(n,0) aBaseTcs KOHETHBIM MHOKECTBOM 0A30BBIX JTHHEHHBIX KOM-
Ounaruii, B KOTOPOM KazK/as MPUHAJIIezKAINast eMy 0a30Bast iuHelinas KOMOMHAINS TOPSI KA,
k npunaanexut muoxkectsy £(k, (RY)F1). 3naunt, 310 MHONKECTBO iB/ISIETCS GA30BHIM MHO-
JKeCTBOM 0a30BBIX JIMHEHHBIX KOMOMHAIIWIT 1O Ompe iesieHnto 26.

Beaxnit koaduruent ay 13 MHOKECTBA aj 4,1, IpeJicTaBIdgeTcd 6a30B0i THHEeHHON KOM-
Ounamnueit mopsaka k u3 6azoBoro MuokecTBa L£71(1,0), 8 970 6a30BOE MHOKECTBO COACPIKUT
TOJILKO 0A30BBIe JHHEHHBIe KOMOMHAIINH, SIBJISIONIAECS MPeaCTaBIeHUIMEI KO3(DMOUIHIEeHTOB
a,, TPUHAJJIEKAIINAX MHOXKECTBY a1 ,,—1. CTasao ObITh, HU OnHA Oa30Bas JnHeliHasg KOMOUHA-
st mopsizika GoJiee 4eM n He MPUHAITEKUT 6azoomy MHOXKecTBY L£1g(n,0). C npyroii cro-
POHBI, 3TO 6230BOE MHOXKECTBO COIEPKUT OA30BYIO TUHEHHY IO KOMOMHAIIIIO TOPSAIKA 1, SIBJIs-
IOYIOCS TIpeJICTaBIeHHeM Kodh UImenTa a,,, IpUHAIJIeZKAIIer0 MHOKECTBY a1 ,,—1. SHAUNUT,
YUCJIO N SIBJISETCS HANOOIBIIAM U3 YHCEI, CIYKAIINX B KAYECTBe MOPIIKA OTHOM 13 Ha30BBIX
JIMHEHBIX KOMOMHAIWI, BXOASIIUX B 0a30BYI0 COBOKYIHOCTb £1gr(n,0). OTcona 10 onpe-
JeJieHnto 27 cJeflyer, 9To YHCJI0 1 SBJSETCs TOPsIKOM 0a30Boil coBokymHocTn Lrgr(n,0).
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JlemMMa, 7 OJTHOCTBIO JOKa3aHa. B

ITo onpenenenuto 28 u3 Jlemmbr 6 u JleMMBbI 7 BBITEKaeT

Cuaexncrsue 7 Basosvie mmoocecmea Lrr(n) u Lrr(n,0) cpasrumol

[pu s06om k > 1 muozkectso £(k, (RY)F71) asiserca moaMuoxecTBOM OIpeIeIeHHOT0
dbopmyoii (43) muokecTBa D(CTr3), ABAAIONErOcst 00JACTHIO ONMpeeIeH sT KPUTePHsT CJI0-
xkuocrn Cry. Orciona no gemmam 6 u 7 caeyer, uro muoxecrsa £rr(n,0) u Lrr(n) npu
J000M 1 > 1 gBASIOTCS 0A30BBIME MHOXKECTBAMH, COJEPZKAIUME TOJBKO Takue 6a30BbIE
JTUHelHble KOMOMHAIMH, KOTOpble npuHajexRaT MHOKecTBY D(Crs). Muoxectso D(Crs)
cogepxurcss Bo muoxkecrse D(Cry), onpenenennom dbopmynoit (39) u siBisiomnemest 0buia-
cThiO onpejienenus kputepues ciaoxkuoctu Cry u Cry. 3uaunt, na muokectse £(k, (RY)F1)
onpenenersl Tpu Kpurepus ciaoxuoctu: Cry, Cry n Crs. Orcoona caeayer, 9To Npu JHOOOM
n > 1 muoxkectsa £rr(n,0) u Lrr(n) asisgorcs 6A30BBIMI MHOYKECTBAMHE, COJIEDKAIIH-
MH TOJIBKO Takue 6a30Bble JIMHEeHble KOMOUHAIIMH, Ha KOTOPBIX OIPEJIeTeHbl TPH KPUTEPHsI
croxkuoctu: Cry, Cro mw Crs. [losToMy 3TH MHOXKeCTBa NMpPUHAIEKAT 00JACTH OTpejiere-
Hust Kpurepues ciaoxuocru: Cry, Crh u Cry, — oupenenenubrx dopmyioii (73). 1o maer
BO3MOKHOCTH CDABHHUTB 10 STHM KPHTEPHSIM CJIOXKHOCTh KOHEYHOro MHOXKecTBa L£rg(n,0)
JIPEBECHBIX CYMM, SIBJISTFOIIUXCSI MPEICTABJICHIUAMI KOI(DMUITHEHTOB a2, A3, . . . , Ay, CO CTOXK-
HOCTBIO KOHEYHOTO MHOXKecTBa L£rgr(n) APEBECHBIX CYMM, SIBJSIIONIUXCS MPEICTABICHUSIMA
npeeabHBIX MailepoBCKUX K03(MDPUIUEHTOB by, bs, . .., b,.

B kadectBe npumepos upu n = 2, 10 jjis COBOKYIHOCTE! npeBecHbIX cyMM BuIa Lrr(n) =
{L} u cosokynmnocreii npesecunix cyMMm Buga Lrr(n,0) = {L} Obin BEIYHCIEHEB 3HAYCHHS
kpurepues Cr] (em. tabmuiy 4), Crfy (em. tabnuny 5) u Cry (cm. Tabmuny 6).

Cpasuenne snadennit kpurepues Cry, Cry, u Cr}y HA COBOKYNHOCTSX JIPEBECHBIX CYMM
Buga L£rr(n,0) ¢ UX 3HAYEHHSIMH HA COBOKYIHOCTSX JIPEBECHBIX CyMM Buga L£rg(n) mom-
TBepzKJa€T BbIBOI, HCIIOCPEACTBECHHO CﬂeﬂyIO]l[I/Iﬁ 13 IpHBCACHHBIX BbIIIC PE3YJIbTAaTOB: IIPpU
n > 3 6a3oBast COBOKYIHOCTh £rr(n,0) 3HAYIUTEIHHO TPOIIE CPABHUMOI ¢ Heil 6a30BOIl CO-
BOKYIHOCTHIO £7g(n). 3Haunt, npu n > 3 Beakas DYHKIMS HE3HATUTETHHON CJIO0KHOCTH
ot 6a30B0it coBoKynHOCTH L7 (N, () 3HAYUTESBHO NPOIEe BCIKOH (DYyHKIMA HE3HAYUTEbHOM
CJIOYKHOCTH OT CPABHUMOIT ¢ Heit 6a30Boit coBokymHOCTH L1R(N).

10. MeTo/io0M KapKaCHBIX CYMM MOZKHO IIOJIyYUTh U IIPEJICTaBgAeHUs KOIDDUIIUEHTOB CTe-
IEeHHbIX PAJO0B, HE AdBJIAIOIIUNECAd APEeBECHBIMH CYyMMAaMMH. r]?aK7 METOAOM KapPKaCHBIX CYMM
ABTOPOM 6b1ﬂ0 MMOJIYYEHBI TPEACTaBJIECHNA BUPUAJIBHBIX KOSCI)CI)I/H_[I/IGHTOB B BHUJE:

B, = —"_!1 3 J(). (99)

n
Cec(n)

3uecs €(n) — MmHOKecTBO ancaMbieil kapkacHblx muksios [14-16, 18-20, 37-39] Bcex
JBYCBSI3HBIX IpadoB ¢ MHOKecTBOM BepmiuH V, = {1,2,...,n}; C — ancamb.ib KapKacHBIX
IUKJI0B U3 MHOKecTBa &€(n);

J(C) = /(R) M fe [ O+ (100)

M Lue}eX(S(C)) {@,p}eXaa(C)

rae S(C) — obbenunenne Beex mukaos amcambas C [14-16, 19, 37, 38|; X(S(C)) —
MHOKecTBO Beex pebep rpada S(C) [14, 15, 19, 37]; X.q(C) — MHOKECTBO BCexX JOMYCTUMBIX
pebep [14-16, 19, 37, 38| ancambuist C; {u, v} — pebpo, upunamiexamee muoxkectsy X (S(C))
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U MHIMJIeHTHOe BepimuHaM u u v; {u, v} — pebpo, npunaiexkaiiee MHOKeCTBY X,q(C) u
UHIIAJIEHTHOE BePITUHAM U 1 0.

U3 onpenenenns wnrerpanos sujga J(C) dopmymnoii (100) caemyer, 9To B KaxkKIOM U3
MHTErPAJIOB, sIBJISIONMXCS CIAraéMbIMH CyMMBI B 1paBoii dactu (99), moJpiHTerpaibHasi
dyHKIMS TpecTaBageT cod0il Npou3Be/ieHne MaiiepoBCKUX (DyHKIHil, MOMEYEeHHBIX pedpa-
MU IUKJIOB, BXOJAIIMX B aHCaMO/Ib KapKaCHBIX IUKJIOB, MAPKUPYIOIINIl JaHHBI WHTErpaJ,
1 6OBIIMAHOBCKUX (DYHKIMA, TTOMedeHHBIX peGpamu u3 MHOKecTBa X,q(C) = {{u,v}}. Ta-
KYI0 CyMMY MHTErPaJIOB MbI Oy/IeM Ha3biBATh KAPKACHOM CyMMOIi.

u3 oupejeenuss MHOKecTBa X,q(C) ciegyer. 4ro 910 MHOXKECTBO COCTOUT U3 LOIAP-
HO pa3/JUYHBIX pebep, a KaxK0e pebpo, CoJepKaleecss B 9T0M MHOYKECTBE, COEJINHSIET B
HecMezkHble Bepimuabl Tpada S(C).

Teopema 6. Ecau nomenyuan naphozo szaumodeticmsus P(r) aeasemes usmepumot
Pynryuet, a naproe 63aumodeticmsue YooBAEMEOPAEM, YCAOBUAM YCMOTMUBOCTU U Pe2ly-
AAPHOCTU, MO NPU A1060M ancambae kapracruor yukaos C € €(n) unmezpan J(C) asasem-
CA HECOOCMBEHHUM CTOOAUUMCSA 6a306vM uHme2parom nopadka n, a epad S(C) aseasemesn
YKOMNAEKMOBAHHBM 2DaPoM- MemKol NodviHmMe2PasbHol GYHKUUY IM020 UHMEZPAA.

HokazarenbcrBo. CHavasga J0KaykKeM, 9TO MOJBIHTErpajibHas (DYHKIHS HHTErpaia
J(C) aBisiercs 6a30BOii.

C 370it mesbio mpezKae Beero JokazkeM, aro MuoxecTBa pedep X (S(C)) n X,q(C) obpa-
3ytoT KaHoHHYecKyto napy MuozxkectB X = (X (S(C)), Xaq(C)) nopsinka n. 3 onpenenennst
muOKecTBa pebep X (S(C)) caemyer, 9T0 370 MHOXKECTBO COCTOUT U3 MONAPHO PAa3THIHBIX
pebep. Kak 6110 oTMedeHo Bbilie, MHOKECTBO X,q(C) TakKe COCTOAT U3 MOMAPHO Pa3Ind-
HBIX pedep, a Kaxk0e pedpo, cojepzKalieecss B 9TOM MHOXKECTBe, COeJIMHACT 1B HECMEZKHBIE
seprmael Tpada S(C). Orciona cienyor aBa BHIBOIA:

1) menepecekarommecst muozkectBa X (S(C)) u X,q(C) 06pa3yior ynopsio9eHnyo napy
X = (X(5(C)), Xaa(C)) muOKECTB;

2) BepruHBI Beex pebep u3 MHOKecTBa X,q(C) mpuHaieskar MHOKECTBY BepriiH rpada
S(C).

Tak kak C — aHcaM6JIb KAPKACHBIX UKJIOB U3 MHOXKecTBa &(n), T0, Kak u3BectHo [19),
rpad S(C) sisiercst ABYyCBsI3HBIM rpadoM ¢ MHOXKECTBOM BepIiuH V.

3HaUNUT, IMEeT MECTO PABEHCTBO

V(X (S(C))) UV (Xa(C)) =V, (101)

rae V(X (S(C))) — muoxkectBo Beex Bepinn rpada S(C), a V(X,q(C)) — MHOKeCTBO Bep-
MIMTAH BCEX JOMyCTUMBbIX pebep ancambisa C.

U3 pasenctBa (101) mo ompejenenuto 5 ciepyer, 9TO yIOpsi0OUeHHAs Iapa MHOMKECTB
X = (X(5(C), Xa4(C)) siBasIeTCS KAHOHUYECKOH TApOit mopsiika n.

U3 nostydenHbix pesysibraroB Bbirekaetr, 4ro rpad S(C) ¢ nocrasjieHHbIM €My B COOTBeT-
cTBHE MHOKECTBOM Xaq(C) mpuHALICKAT MEOKECTBY rpadoB &, 10 ONPELEICHII0 STOTO
MHOKECTBA. N

Orciona no emme 2 ciefyer, 9To noMedennoe stum rpacdom npoussenenue Py (S(C))
MaitepoBCKUX U OOJIBIIMAHOBCKUX (PYHKIIU ABJIACTCA KAHOHUYECKUM [IPOU3BEIEHUEM TOPSJI-
Ka n u onpejensercs dopMyoit

Py (se)= ]I I il (102)

{i,73eX(S(C)) {#',j' }€Xaa(C)
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[To Teopeme 2 orcro/1a TaK:Ke CJIEIyeT, 9TO 9TO IPOU3BeIeHIe ﬁén (é) MaiflepoBCKUX U DOJIBII-
MaHOBCKUX (hYHKIHUI sIBJIsieTcsi 6a30BBIM IPOU3BeieHneM mopsiika n, a rpad S(C) spisiercst
VKOMILIEKTOBAHHBIM I'DahOM-METKOil TPOU3BeIeHH ﬁ@n(s (C)).

U3 cpasuenusi opmyr (100) u (102) caemyer, uro noapiHTerpasbHas GyHKIUS HHTEr-
pana J(C) ToxaecTBenHa 6a30BOMY TPOM3BENEHUIO BYHKIHIT ﬁgn(S (C)) u, crenoBaresb-
HO, siBJIsieTcsl 6a30BBIM NponsBesieHneM byHKImil mopsaka n, nomedeHubiM rpadom S(C),
a rpad S(C) gaBagercst yKOMILIEKTOBAHHBIM TpadOM-MeTKOM MPOU3BEIeHHUsI, SBJISTIOIIEr0Cs
MOABIHTErpaTbHON dyukimeit narerpana J(C).

OTcioma mo Teopeme 3 cjeyer, uTo HecobcTBenubli nuterpan J(C) apisiercs 6a30BbIM
CXOJISITIIMMCST MHTEIPAJIOM TIOPsiaKa n. Teopema 6 MOJHOCTBIO JOKA3aHA. B

N3 Teopembl 6 BBITEKAET CJIeyIOITEe

CuencrBue 8. Kapkacuas cymma 6 npasoti wacmu (99) asasemcs, no onpedeaenuro
11 u sameuaruro 6, 6a30601 Aurelinot Komburayuet ¢ KOIPPUUUEHMAMY HE3HAMUMEALHOU
CAOAHCHOCTU.

DTO 00CTOATEIHCTBO MO3BOJISIET WCIOIb30BATE IIPEjIaraeMbie B 3TOH CTAThe KPUTEPUH
Cry, Cry u Crs 1jig cpaBHEHUS 1O CJIOYKHOCTHU MPEJICTABIeHN BUPUAJIBHBIX KOI(PDUIHEHTOR
KapKACHBIMU CYMMaMH C HHBIMHU 0A30BLIMH JIUHEHHBIMU KOMOMHAIUAME ¢ KOIDDHUIUEeHTAMA
HE3HATUTEIbHOH CII0KHOCTH. DTO 0OCTOSITEIBCTBO TaKKe IIO3BOJIAET UCIOJIB30BaTh Hpeia-
raembie B 910# ctatbe Kputepuun Cry, Cry u Cr) 11 CpAaBHEHUS MO CJIOKHOCTH MPEICTABIIE-
HUIl IPEJIeIbHBIX BUPUAJIBHBIX KOI(DDUIHEHTOB KAPKACHBIMI CYMMAMK C MPE/ICTABICHUSIMHI
TUX KOIPDUIIMEHTOB MHOTOYJIEHAMI OT OA30BBIX JIMHEHHBIX KOMOMHAIUN ¢ KO3 unmen-
TaMU HE3HATUTETHHOW CJI0KHOCTH.

W3 tabiuir 1, 2, 3, 4, 5 1 6 BBITEKAIOT CJIEIYIOIIHE BBIBOJIBI.

ITo xpurepusam Cry, Cry m Crs cI0:KHOCTD IIPEICTaBICHUs MPEIeIbHOI0 BUPHAIHLHOTO
koabbunmenra By kapkacHoit cymmoit 1o opmysam (99) u (100) He3HAYHTENIBHO OTIIHYACT-
Cs1 OT CJIOXKHOCTH IpejcTaBienns Koabdurmenra as apeBecHoii cymmoit o dopmyaam (59)
u (47).

[To xpurepusam Cry u Cry 3T0 HpejicTaBIeHHE MIPeIeIbHOI0 BUPUATIHLHOIO KOIPpUIeH-
Ta B3 KapKacHO# CyMMO# 3HAYUTEIBHO IPOIIe IPeIcTaBJIeHAs IPeIeIbHOTO MaiepoBCKOro
koabbunmenrta by apesecabiMu cymmamu 110 dopmyaam (53) u (47). Ho no xpurepuio Crs
9TU JBA MPEJICTABICHUS IO CBOEHl CJIOXKHOCTH HE3HAUYUTETHHO OTIMIAIOTCS JAPYT OT JIpPYyTa.

[To kpurepuam Cry u Crl mpeacTaBieHne IPegeILHOTO BUpHAIbHOTO KoadduimnenTa By
KApKACHON CyMMOIii 3HAYUTENBHO MPOIIe ero mpejicraBierus Gopmymoii (65) B Buge MHOIO-
YIeHa OT JPEBECHBIX CYMM, IIPEJICTaBIMIONINX TpeaeIbHble KoaddunuenTsl b, mo dopmyram
(53) u (47). ITo kpureputo Cr’ IpecTaBIeHAe TTPeIeTLHOTO BUPHAILHOTO Ko durmenta By
KapKAaCHOMH CyMMOIl 3HAYHTEeILHO Ipolie ero npejacrasienns dbopmytamu (77), (78) u (79) B
BHJI€ MHOTOWIEHA OT JIPEBECHBIX CYMM, IPEACTABIAIONNX KOIPMUIHEHTH! @, 10 hopMyIam
(59) u (47). Takxe u no kpurepuio Cr) mepBoe U3 STUX JABYX IPEICTABICHAI 3HATHTEIHHO
nporre Broporo. Ho no xpureputo Cr4 BCe STH TPH NPEJCTABJIEHUS 110 CBOEl CJOXKHOCTH
HE3HAYUTEIBHO OTNYAIOTCS APYT OT JPYTa.

[To kpurepusim Cry, Cry u C'rg npeacTaBeHne mpeie/ibHOr0 BUPUAJIBHOTO KOIDPUImeH-
ta, B, kapkacuoil cymmoii o dhopmyram (99) u (100) 3HAYNTENBHO CJIOXKHEE TPeICTaBIeHUST
KoabdurmenTa ay ApeBecHoii cymmoii 1o dopmytam (59) u (47).

CJI0KHOCTDh TpeJCTaBIeHNs IIPeIeJbHON0 BUPUAJIBHOIO Ko3dhdummenta B, KapKacHO
cyMmMoit o kpurepuio C'ry He OTIMIAeTCsS OT CJIOXKHOCTHU MPEICTABICHUs IPeIeIbHOIO Maii-
epoBckoro koaddunuenrta by apesecuoii cymmoin no dopmynam (53) u (47). Oxnako 1o
kpurepusm Cry u Crz 310 npeacTapaeHne IpeaeabHOr0 BUPHAJILHOTO Koddpumnuenta By
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3HAYUTEIBHO CJIOYKHEE BBIIIEYIIOMAHYTOrO IIPEeJCTaBIeHAA MaliepOBCKOIo Kodddurmenta by.
Tax kak kpurepuu Cre u Crs ABJISIOTCS 00JIee TOYHBIMH, TO, BUIUMO, CJIEAYeT CIATATh, YTO
npeJcTaB/lIeHle BUpUaIbHOro Koaddunuenta By KapKacHON cCyMMOIl 3HAYUTEILHO CJI0KHEe
9TOrO LpeJICTaB/IeHIs MallepOBCKOT0 KodddunuenTa by.

Hajsiee, mpejcTaBienne BUpUaIbHOro Koapgduiuenta By KapKacHoi CyMMO# 110 KpUTEpH-
sv O w Crly 3HAYNTEIHO MPOTIe TpecTaBaenns 3roro koadhdunuenra dopmyoii (65) B
BHJIe MHOTOYJIEHA OT JPEBECHBIX CYMM, HMPEICTABISIONUX KO3pdunuenTsr b, 1no dpopmyiam
(53) u (47). Ho Ho no kpureputo C7r4 mepBoe U3 9TUX JIBYX MPEICTABICHUN BHPHAJIHHOTO
ko durenta By 3HAYUTEIBHO CJI0KHee Broporo. Tak kak kpurepuii Crf siBiasercs 6osee
toaubiM, deM kpurepun Cr) mw Cr), TO, BUAUMO, CAEAyeT CIUTATH, YTO JAHHOE MPEICTAB-
JieHue BUPHAJIbHOTO Kodd buimenta B, KapKacHO cyMMOil C/IOKHee ero Mpe/CTaB/IeHus B
BHJIe MHOT'OYJICHA OT JIPEBECHBIX CYMM, MPEICTABISIONIUX KOYPDUIIHEHTHI by, .

Haxkonen, no kputepusm Cry, Cry u Crs npeacTaBieHne IpeJeIbHOTO BUPUAJIBHOTO KO-
sddurnmenta By kapkacHoit cymmoit mo dbopmynam (99) u (100) 3HAUATETHHO CIOKHEE €ro
upejcrasiennst opmyaamu (77), (78) u (79) B Buie MHOTOUIEHA OT JPEBECHBIX CYMM, IIDe/I-
crapasomux koaGdunneHTs a, no dopmynam (59) u (47).

BaaromapuocTu. ABTop cunTaeT CBOMM NPHATHBIM JIOJTOM BBIPA3UTH CBOIO TIIYOOKYIO
omarogapaocts npod. JI.A. Kodxre 3a O6bicTpyio U 3dhekTHBHYI0 HHGOPMAIMOHHYIO MOJI-
JIEP:KKY U 3a OBICTPBIE U 00CTOATEIbHBIE OTBETHI HA HHTEPECYIONIHE aBTOPa BOIMPOCHL, TPOd.
["A. MapreiaoBy — 32 3 dexTuBHY 0 nHGOPMAIMOHHYIO TOIJIEPKKY U MOJIe3HbIe 00CY XK 1e-
uus, jokTopy P. Xeanmany — 3a ObicTpyio n 3 PeKTUBHYI0 NHGOPMAIMOHHYIO TO/IIEPIKKY,
nokropy H. Kimcbu — 3a OpicTpble un 3ddekTuBHbIe HHMPOPMAIMOHHYIO U OpraHu3aIuoH-
HYIO MOJJEPKKH U BBICOKYIO OIIEHKY paboT apropa u K.d.-Mm.H. B.I. [lebpo — 3a GuicTpbie
1 3pdekTuBble THOHOPMAIUOHHYIO U TEXHUYECKYIO MOIAEPKKU U TI0JI€3HbIe COBETHI.

Tabaunpl CJI0KHOCTH NPEACTABIEHU APEBECHBIMI CyMMaMu MaiiepoBCKUX
K03 PurnueHToB 1 K03 PUIUEHTOB a,, IIPeJCTaBJIEeHNIl KADKACHBIMUA CyMMaMN
BUPHUAJIbHBIX KO3 durmenToB un npeacrapiaenuii Pu-I'yBepa BupmaabHbIX
KO3 dbunuearon

Tadbnauna 1 caoxkuoctu mo kpurepuo Cry

n 234 5 6 7 8 9 10
Cri(Lrr(n)) 1 2 5 14 44 157 634 2852 14047
Cri(Lrp(n0) 1 1 2 5 15 55 239 1169 6213
Cri(Lp(n)) 1 1 5 49 784 - - - -
CriLpy(n)) 1 1 2 5 23 171 2606 81564 4 980 756

Tabauna 2 ciaoxkuocTtu Mo kKputepuio Cry

n 2 3 4 5 6 7 8 9 10
Cra(Lrr(n)) 1 5 22 93 403 1882 9671 54370 329325
Cro(Lrp(n,0)) 1 3 11 42 172 804 4330 25930 166666
OTQ(LF<7’L)) 1 3 26 - -
Cro(Lrp(n)) 1 3 12 50 345 3591 72968 2936304 224134020

Tabnauna 3 caoxkuoctu 1Mo kpurepuio Crs
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n 2 3 4 5 6 7 8 9 10
Crs(Lrr(n)) 0 1 7 37 183 940 5233 31554 202902
Cr3(TR(n,0)) 0 1 5 22 97 474 2657 16578 110749
Crs(Lp(n)) 0 1 11 - -

Cry(Lrp(n)) 0 1 6 30 230 2565

B rabsmmnax npuHATH cjeayooime 0003HaYeHus:

n — MHAEKC MaiiepoBCKOTO (BUpHAILHOTO) Ko3dhdbunmnenTa;

Lrgr(n) — npeacrasienne Maiieposckoro kosdduienta b, (A) npeBecHoil cyMmMmoii, ompe-
nenasgemoii mo dbopmynam (52) u (48), u mpejcTaBieHHe JAPEBECHOH CYMMOM MpeIeJbHOTO
MaiiepoBckoro koadbdduruenta b, apeBecHoil cymmoii, ompeensemoi o dopmyiam (53) u

(47);
A C R” — obbeM, B KOTOPOM COJIEPZKATCS CHCTEMa TaCTHIL;
Lrr(n.0) — npeacrasienue apeBecHoil cymmoii koaddunmenra a,, omnpeenseMoi mo

dbopmynam (59) u (47);

Lp(n) — npejcraBieHre KapKacHOil cyMMO# MpeIeIbHONO BUPHATBLHOTO KoadbduinenTa
B, o dhopmynam (99) u (100);

Lry(n) — upencrabienne BupnaabHoro koabdunmenta B, (A) no meroay Pu-T'ysepa,;
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Tabaunpl CJI0XKHOCTUA MPEACTABJ/ICEHUN BUPUAJIbHBIX KO3 uiimeHToB:
1) mpexacraBaeHuii mocpeacTBomM MaiiepoBCKUX KO3(hdUImneHTos,
MPE/ICTABJIEHHBIX APEBECHBIMEU CyMMaMu; 2) MPeACTaBJICHUN TOCPEICTBOM
K09 DUIUEHTOB a,, IPEACTABICHHBIX APEBECHBIMU CyMMaMu; 3)
IIpeicTaBJeHnil KapKacHbIMEU cymMmamu; 4) npeacrasienuii Pu-T'yBepa;

Tabauna 4 ciaoxxkHoctu Mo Kputepuoo Cr)

n 2 3 4 5 6 7 8 9 10
Cri(Lrr(n)) 1 3 8 22 66 223 857 3709 17756
Cr(Sra(n.0) 1 2 4 9 24 79 318 1487 7700
Cri(Lg(n)) 1 2 5 57 784 - - - -
Or(Leu(n)) 1 1 2 5 23 171 2606 81564 4 980 756

Tabauna 5 cioxxkHocTu 110 Kputepuio Cr7)

n 2 3 4 5 6 7 8 9 10
Ory(Srr(n)) 1 6 28 121 524 2406 12077 66447 395772
Cry(Lrr(n,0)) 1 4 15 57 229 1033 5363 31293 197959
Cry(Lp(n)) 1 3 26 - -
Ort(Lru(n)) 1 3 12 50 345 3591 72968 2936304 224134020

Tabanna 6 ciaoxxkHocTH IO Kputepuio Cry

n 2 3 4 5 6 7 8 9 10

Cri(Sra(n)) 0 1 8 45 228 1168 6401 37955 240857

Ori(Sra(n,0)) 0 1 6 28 125 599 3256 19834 130583
Criy(Lp(n)) 0 1 11 - -

B mabsimnax npuHATH cJeayoime 0003HaYeHus:

N — WHJIEKC BUPHAJIBLHOTO KO dUImenTa;

Lrr(n) — npeacrasiaenue Bupnaibnoro kodddunuenta B, (A) no dopmysne (65) Maite-
pa MHOTOYJIEHOM OT BCEX JIDEBECHBIX CYMM, SIBJSIONINXCS MpeCTABIeHUAMI MaflepOBCKHAX
ko3 durmenton by(A), b3(A), ..., b,(A) mo dopmyram (52) u (48);

A C R” — obbeM, B KOTOPOM COJIEPZKUTCS CHCTEMa IaCTHIL;

L1r(n.0) — npeacraBiIeHne MpeIeILHON0 BUPHAIBHOTO Ko3dduimenta B, no dbopmyram
(79)—(84) MHOrOYJIEHOM OT BCEX JPEBECHBIX CYMM, SIBJSIFOIIAXCS MPeICTaBIeHHsIME KO3 bu-
IIUEHTOB a2, A3, . . ., A, 1O hopmyaam (59) u (47);

£r(n) — mpeacraBieHne KApKACHOH CYMMOil TPeIEILHOIO BUPHAIBLHOTO KOdbduImeHTa
By, 1o dhopmymnam (99) u (100);

Lryp(n) — upencrabienne BupnaabHoro koabdunmenta B, (A) no meroay Pu-T'ysepa.

Ilpumeuannme. B Tabaumax 1 u 4 3HaveHuns jjiuH 0a30BBIX JMHEHHBIX KOMOWHAIMIA,
SBJIAIONTUXCS TPEeICTABJIeHUSIMIA BUPHAJbHBIX Kodddunuentos B, mo merony Pu-I'ysepa,
3aMMCTBOBaHbl u3 ctarbu [27|. 3navenus kpurepues Cro u Crs JJisi PeCTABIEHUNE BAPU-
anbHBIX Ko dunmentos B, mo Meromny Pu-I'yBepa BBIYHCIEHBI, UCXONd U3 OIPEICTCHUS
[46-48| sTux mpecTaBAeHUIT U UCHOJIB3YsT 3HAYEHUS JTHH OA30BBIX JHHEHHBIX KOMOUHATIHIA,
npuBeeHuse B [27).
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