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Abstract

It is declared that the aim of simplifying representations of coe�cients of power

series of classical statistical mechanics is to simplify a process of obtaining estimates of

the coe�cients using their simpli�ed representations.

The aim of the article is: to formulate criteria for the complexity (from the above

point of view) of these representations and to demonstrate their application by examples

of comparing Ree-Hoover representations of virial coe�cients (brie�y � Ree-Hoover

representations) and such representations of power series coe�cients that are based on

the conception of the frame classi�cation of labeled graphs.

To solve these problems, mathematical notions were introduced (such as a base

product, a base integral, a base linear combination of integrals, a base linear combi-

nation of integrals with coe�cients of negligible complexity, a base set of base linear

combinations of integrals with coe�cients of negligible complexity); and a classi�ca-

tion of representations of coe�cients of power series of classical statistical mechanics

is proposed. In this classi�cation the class of base linear combinations of integrals

with coe�cients of negligible complexity is the most important class. It includes the

most well-known representations of the coe�cients of power series of classical statistical

mechanics.

Three criteria are formulated to estimate the comparative complexity of base linear

combinations of integrals with coe�cients of negligible complexity and their extensions

to the totality of base sets of base linear combinations of integrals with coe�cients of

negligible complexity are constructed. The application of all the constructed criteria is

demonstrated by examples of comparing with each other of Ree-Hoover representations

and of such power series coe�cients representations, which are constructed on the

basis of the concept of frame classi�cation of labeled graphs. The obtained results are

presented in the tables and commented.
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1. The article discusses thermodynamic equilibrium one-component systems of classical
particles, both enclosed in a bounded set Λ of ν-dimensional real Euclidean space Rν and
enclosed in ν-dimensional real Euclidean spaceRν . It is assumed that these particles interact
through central forces, characterized by the potential of pairwise interaction Φ(r), where
r = (r(1), r(2), . . . , r(ν)) ∈ Rν . It is also assumed that the potential of pairwise interaction
Φ(r) is a measurable function, and the interaction (pairwise interaction) satis�es the stability
condition [24, 17, 49] and regularity condition [24, 17, 49].

As usual, we denote Mayer function

fij = exp{−βΦ(ri − rj)} − 1, (1)

where i 6= j, ri, rj ∈ Rν , β = 1/kT is inverse temperature, k is the Boltzmann constant, T is

absolute temperature. By f̃ij we denote Boltzmann function [24, 49], assuming

f̃ij = 1 + fij = exp{−βΦ(ri − rj)}. (2)

In the case, when such a system of particles is enclosed in a limited set Λ, the dependence
of the pressure p(Λ) on the density % in such a system can be presented in two forms: in
the form of virial expansion of pressure p(Λ) in powers of density % and in parametric form,
i.e. as two equations expressing the dependence of the pressure p(Λ) and the density %(Λ)
on the parameter z, called activity [23, 24, 44, 49].

The virial expansion is:

p(β,Λ) = β−1

∞∑
n=1

Bn(β,Λ)%n. (3)

Below we will omit the argument β of the coe�cients Bn for simplicity. In this expansion,
the coe�cients Bn(Λ) are called virial coe�cients. The virial coe�cient B1(Λ) is 1, and for
n > 1 virial coe�cients are de�ned by the formula:

Bn(Λ) = −n− 1

|Λ|n!

∑
B∈Bn

∫
(Λν)n

∏
{u,v}∈X(B)

fuv(dr)n, (4)

where |Λ| is the measure of the set Λ, Bn is the totality of all doubly connected labeled
graphs (blocks) with the set of vertices Vn = {1, 2, . . . , n}, X(B) is the set of all edges of

block B; (dr)n = dr1dr2 . . . drn, dri = dr
(1)
i dr

(2)
i · . . . · dr

(ν)
i .

Here and in what follows, following [25, 28], we assume that every graph G, by de�nition,
has neither multiple edges nor loops.

Hereinafter in the text, we assume that the vertices of edges and of graphs are labeled
with natural numbers. Therefore, throughout the article, we identify vertices of graphs with
their labels. In the same way, we identify the vertices, incident to edges, with their labels.

These representations of virial coe�cients were obtained by J. Mayer. He also noticed
that for n ≥ 2 the virial coe�cients Bn(Λ) quickly tend to their limit Bn as Λ grows. This
makes it possible as an estimate of the limit of the coe�cient Bn(Λ) to take the value of the
virial coe�cient Bn(Λ) where the set Λ is not very large.

He also found a parametric representation of the pressure dependence p(β,Λ) on the
density %(β,Λ):

p(β,Λ) = β−1

∞∑
n=1

bn(β,Λ)zn; (5)
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%(β,Λ) =
∞∑
n=1

nbn(β,Λ)zn. (6)

Below we will omit the argument β of the coe�cients bn(β,Λ) for simplicity. In expansions
(5) and (6) in degrees of activity z the coe�cients bn(Λ) are called, like virial coe�cients,
Mayer coe�cients. Unlike virial coe�cients, we will call them Mayer coe�cients in the
degrees of activity z. And in those cases where their meaning is uniquely determined by the
context, we will brie�y call them Mayer coe�cients.

Mayer coe�cient b1(Λ) is 1, and for n > 1 the Mayer coe�cients bn(Λ) are de�ned by
the formula:

bn(Λ) =
1

|Λ|n!

∑
G∈Gn

∫
(Λν)n

∏
{u,v}∈X(G)

fuvdrn, (7)

where Gn is the totality of all connected labeled graphs with the set of vertices Vn =
{1, 2, . . . , n}, X(G) is the set of all edges of the graph G.

However, it was subsequently noticed that these representations have very unpleasant
property, thanks to which they are practically unsuitable both for the calculation of virial
coe�cients (except for the �rst three) and for the theoretical analysis of the behavior of the
higher coe�cients. For the �rst time this property of Mayer representations of the coe�cients
of power series of classical statistical mechanics was pointed out by I.I. Ivanchik. In his works
[1, 30], he was the �rst to qualitatively describe this property and called it an asymptotic
catastrophe. What is the manifestation of an asymptotic catastrophe? The fact is that
Mayer representation of the n-th coe�cient of the power series contains a factor that is the
sum of integrals. Such sums of integrals have the following feature: even with not very large
values of n a signi�cant part of the integrals of such a sum with large accuracy mutually
cancel out as values of opposite signs.

Relatively small the remainder remaining after such a mutual annihilation is, for n→∞,
an in�nitesimal quantity compared to with the number of terms in the sum traditionally
determining this coe�cient. This "remainder" of primary interest becomes inaccessible for
direct research even for small n.

Further, the author of this article in the book [17] gave a rigorous mathematical de�nition
of the asymptotic catastrophe. For the convenience of the reader, we present this de�nition
here.

D e f i n i t i o n 1. In representations of power series coe�cients there is the asymptotic
catastrophe phenomenon if for any B > 0 the number of terms in the sum, representing the
coe�cient of the variable to the power of n, for n→∞ grows faster than the value (n!)2Bn.
�

The meaning of this de�nition is that it enables to separate those representations of the
coe�cients of the power series, where already for relatively small n the number of terms is
too large, from representations, in which the number of terms grows signi�cantly slower.

When trying to estimate the coe�cients of Mayer expansions, based on those representa-
tions where the phenomenon of an asymptotic catastrophe is present, it is almost inevitable
that with an increase in n, a catastrophically rapid increase in the estimation errors of these
coe�cients takes place.

Over the past few decades, the e�orts of a number of scientists have been directed towards
to simplify representations of coe�cients of power series of classical statistical mechanics and
their estimation.
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The aim of simplifying the representations of the coe�cients of these power series was
to simplify the process of obtaining estimates of these coe�cients using their simpli�ed
representations. For brevity, a complexity of the process of obtaining an estimate of a
given coe�cient by means of this representation, we will call the complexity of the given
representation of this coe�cient.

The most famous results in simplifying the representations of the virial coe�cients are
apparently Ree-Hoover representations [46], [47], [48]. In these representations, for each
n ≥ 4, the virial coe�cient Bn(Λ) is represented as a linear combination of integrals, the
integrands of which are labeled with complete labeled graphs. In every integral, which is a
term of such a linear combination, the integrand is the product of Mayer and Boltzmann
functions. And the set of all Mayer and Boltzmann functions included in this product, is
in one-to-one correspondence with the set of edges of the graph, labeling the integrand of
this integral. Moreover, each edge of this graph labeled with Mayer function corresponds to
Mayer function that is a label of this edge. And each edge labeled with Boltzmann function
corresponds to Boltzmann function that is a label of this edge. So the virial coe�cient
Bn(Λ) is represented as a linear combination of integrals, in each of which the integrand is
the product of Mayer and Boltzmann functions, total number of which is n(n− 1)/2. These
representations are called Ree-Hoover representations.

Using Ree-Hoover representations of virial coe�cients, a number of scientists have cal-
culated [50] estimates of the virial coe�cients Bn(Λ) (for n = 4, 8) for a number of di�erent
values temperatures. Later, on a graphical computer, the estimates of the virial coe�cients
Bn(Λ) were calculated [51] for n = 6.9 for the Lennard-Jones potential for di�erent tempera-
tures. At that the previously calculated estimates of the values of these coe�cients were made
precise. Moreover, estimates of the values of these coe�cients were calculated for n = 10, 16
for several (from one to four) temperatures. By the way, the fact that for n = 10, 16 it was
possible to �nd estimates for the value of the virial coe�cient Bn(Λ) at no more than four
di�erent temperatures, indicates that for n > 9 the calculations volume required to estimate
one of the values of the virial coe�cient Bn(Λ) by Ree-Hoover method is so large that these
calculations require a very considerable time even when working on a modern computer with
high performance. However, the question remains: are the Ree-Hoover representations free
from the asymptotic catastrophe?

A di�erent approach to simplifying the representations of the coe�cients of power series
of classical statistical mechanics is developed by the author of this article. It is based on
a concept of classi�cation of labeled graphs. This concept is developing by the author
[2�9, 13�20, 31�34, 37�39]. We will call it the frame sum method.

Within the bounds of this method, he obtained the avoiding the asymptotic catastrophe
representations: of Mayer coe�cients of expansions of pressure and density in powers of
activity, of coe�cients of expansion of m-partial distribution function in powers of activity,
of coe�cients of expansion of the ratio of activity to density in powers of activity and of
virial coe�cients [3, 4, 6�9, 15, 17, 31�34, 37, 39].

The advantage of these representations is that they are free from asymptotic catastrophe
[9, 11, 15, 17, 36, 37, 39]. Using these representations, it was possible to obtain [9, 10, 12,
17, 35, 39] an upper bound for the radius of convergence of Mayer expansions in degrees of
activity (for non-negative potential). And also it was possible, using these representations,
on a personal computer calculate, fairly accurately, the estimates of the thermodynamic
limits of the 4th, 5th and 6th virial coe�cients at one of the temperature values.

3. The purpose of the article is: to de�ne criteria for estimation of a complexity of repre-
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sentations of coe�cients of power series of the classical statistical mechanics; to demonstrate
application of these criteria with examples of comparison of Ree-Hoover representations of
virial coe�cients and such power series coe�cients representations that are based on the
concept of frame classi�cation of labeled graphs.

It is obvious that even for comparison in the complexity of two di�erent representations of
a given coe�cient of a certain power series you must have a criterion. This kind of criterion
is all the more necessary if the task is set to compare the complexity of given representations
of given coe�cients of a variable in a power n of two di�erent power series.

The creation of such criteria facilitates the fact that many well-known representations of
the coe�cients of power series of classical statistical mechanics are linear combinations of
multidimensional integrals, the integrands of which are labeled with labeled graphs, in which
each edge is labeled with either Mayer or Boltzmann functions. In every integral that is a
term of such a linear combination, the integrand is the product of Mayer and Boltzmann
functions (such are, for example, proposed by Ree and Hoover [46, 47, 48] representations
of virial coe�cients).

In the article [39], a classi�cation of the representations of the coe�cients of power series
of classical statistical mechanics is made. The most important class of this classi�cation
contains obtained by the frame sums method the virial coe�cients representations in the
thermodynamic limit and the representations of the thermodynamic limits of Mayer coe�-
cients of the pressure and density expansions in the degrees of activity . These representations
are linear combinations of multidimensional integrals described in the previous parbox.

To estimate the comparative complexity of the included in this class representations of the
coe�cients of power series, in [39], for the �rst time, three criteria were constructed, ordered
by their accuracy. Also, in [39], three criteria were constructed, ordered by their accuracy, for
a comparative estimation of the complexity of polynomials in linear combinations included
in the above mentioned class of representations of the coe�cients of power series of classical
statistical mechanics.

In the given article, this class is extended so that this extension includes many well-known
representations of the coe�cients of power series arising in the investigations of thermody-
namic equilibrium one-component systems of classical particles as enclosed in ν-dimensional
real Euclidean space Rν , and those enclosed in bounded the set Λ contained in the space
Rν . This article introduces the concept of comparable linear combinations belonging to
this extension and constructs criteria for a comparative estimation of the complexity of com-
parable linear combinations. Also proposed criteria for comparative estimation of complexity
of polynomials in linear combinations included in this extension.

To describe these criteria, the mathematical concepts introduced in [39] and some prop-
erties of these concepts are used. For the convenience of readers, all these mathematical
concepts and their properties are given in this article. In those cases when the proofs of
theorems and lemmas taken from [39] were not clear enough, or not detailed enough, they
were replaced by clear and detailed proofs with references to sources and used formulas.

The application of these criteria is demonstrated by examples of the estimates of the
comparative complexity of Ree-Hoover representations of the virial coe�cients and of the
power series coe�cients representations based on the concept of frame classi�cation of labeled
graphs.

3. Before proceeding to the description of the proposed classi�cation and the proposed
criteria of the complexity of representations of the coe�cients of power series, we will give
de�nitions of the mathematical concepts necessary for their descriptions, and dwell on some
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properties of these concepts.
First of all, we will slightly expand the concept of an edge of a labeled graph, introducing

the following
D e f i n i t i o n 2 [39]. An unordered pair {i, j} of di�erent natural numbers is called an

edge. �
In this article, we will consider only the sets of pairwise distinct edges without mention

this circumstance. �
De f i n i t i o n 3 [39]. We will say that a set of edges Xf = {{i, j}} de�nes the set

F = {fij} of Mayer functions, if any Mayer function fij belongs to the set F if and only if
the edge {i, j} belongs to the set Xf . At that, the set of edges Xf will be called a set of
Mayer edges with respect to this set F of Mayer functions. �

De f i n i t i o n 4 [39]. We will also say that a set of edges Xf̃ = {{i′, j′}} de�nes the set
F̃ = {f̃i′j′} of Boltzmann functions if any Boltzmann function f̃i′j′ = fi′j′ + 1 is contained in

the set F̃ if and only if the edge {i′, j′} belongs to the set Xf̃ . At that the set Xf̃ will be

called a set of Boltzmann edges with respect to this set F̃ of Boltzmann functions.
�

Let's introduce the notations:

P (F, F̃ ) =
∏
fij∈F

∏
f̃i′j′∈F̃

fij f̃i′j′ (8)

is the product of all Mayer functions belonging to a set of Mayer functions F , and all
Boltzmann functions belonging to a set of Boltzmann functions F̃ . It is obvious that the
product P (F, F̃ ) is a function of sets F and F̃ . For brevity, we will omit the arguments F and

F̃ of the product P . The product P will be called a product of Mayer and Boltzmann
functions.

X = {Xf , Xf̃} is an ordered pair of disjoint sets: a set of edges Xf = {{i, j}} and a set
of edges Xf̃ = {{i′, j′}}.

V (Xf ) is the set of ends (vertices) of all edges from the set Xf .
V (Xf̃ ) is the set of ends (vertices) of all edges from the set Xf̃ .∣∣∣V (Xf )

⋃
V (Xf̃ )

∣∣∣ is the cardinality of the sum of sets V (Xf ) and V (Xf̃ ).

we will also consider such ordered pairs X = {Xf , Xf̃} of disjoint sets, in which the
second set is empty, that is pairs of the form X = {Xf , ∅}.

D e f i n i t i o n 5 [39]. If disjoint sets of edges Xf and Xf̃ satisfy the condition

V (Xf )
⋃

V (Xf̃ ) = Vn = {1, 2, . . . , n}, (9)

where
n =

∣∣∣V (Xf )
⋃

V (Xf̃ )
∣∣∣ , (10)

then the ordered pair X = {Xf , Xf̃} of these sets will be called a canonical pair of sets,
and the number n will be called the order of this canonical pair of sets. In a canonical pair
of sets X = {Xf , Xf̃}, the �rst set Xf will be called a set of Mayer edges, and the second
set Xf̃ will be called a set of Boltzmann edges. �

By Xn = {X = (Xf , Xf̃ )} we denote the totality of all canonical pairs of sets of order n.
Note that in a pair X = (Xf , Xf̃ ), included in the totality Xn, the set of Boltzmann edges
Xf̃ can be empty.
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To each canonical pair of sets X = (Xf , Xf̃ ) of order n we assign the product of Mayer
and Boltzmann functions Pn(X) de�ned by the formula

Pn(X) =
∏

{i,j}∈Xf (X)

∏
{i′,j′}∈X

f̃
(X)

fij f̃i′j′ . (11)

Obviously, the product of Mayer and Boltzmann functions Pn(X) is the restriction to the

set Xn of the function P (F, F̃ ), de�ned by formula (8).
D e f i n i t i o n 6 [39]. We will say that a canonical pair of sets X = (Xf , Xf̃ ) of order

n de�nes the product of functions Pn(X) and call this product of functions a canonical
product, and number n is order of this product. �

By Pn = {P : P = Pn(X), X ∈ Xn} denote the set of all canonical products de�ned by
canonical pairs of sets from the totality Xn.

From the de�nitions of the totality Xn, of the setPn and of the product Pn(X) by formula
(11) it follows that the correlation

P = Pn(X) (12)

between the elements X ∈ Xn and P ∈ Pn is a mapping of the totality Xn = {X} onto the
set Pn = {P}.

Note that the mapping Pn : Xn → Pn is a one-to-one mapping of the totality Xn onto
the set Pn. Since each functions product P from the set Pn under the mapping Pn has,
and, moreover, the only one, preimage X = (Xf , Xf̃ ) in the totality Xn, then this preimage
can be taken as the label of this product and this product can be considered labeled with
the canonical pair of sets X = (Xf , Xf̃ ). At that, any canonical pair of sets X = (Xf , Xf̃ )
from the totality Xn turns out to be the label of the canonical product of functions, which is
included in the set Pn and is uniquely de�ned by this pair of sets by formulas (12) and (11).
Other methods of labeling the canonical products of functions will be described below. All
these methods have found their application in this article.

Let us denote by Gn = {G(Vn; Xf , Xf̃ )} a set of all labeled graphs with the vertex
set Vn = {1, 2, . . . , n} and an edges set X, which is the union of two disjoint sets: a set
Xf = {{i, j}} and a set Xf̃ = {{i′, j′}}, is forming a canonical pair of sets (Xf , Xf̃ ) ∈ Xn.

For graphs belonging to the set Gn = {G(Vn; Xf , Xf̃ )}, we introduce the notation:
Xf (G) = Xf , Xf̃ (G) = Xf̃ where G = G(Vn; Xf , Xf̃ ) ∈ Gn. The edges set Xf (G) will be
called the set of Mayer edges of the graph G ∈ Gn, and the set Xf̃ (G) will be called
the set of Boltzmann edges of the graph G ∈ Gn.

We de�ne a mapping An of the set Gn onto the set Xn, setting

An(G) = (Xf (G), Xf̃ (G)), (13)

where G ∈ Gn. The mapping An de�ned by formula (13) is a one-to-one mapping of the set
Gn onto the set Xn.

Recall that the mapping Pn, de�ned by the formulas (11) and (12), is a mapping of the
set Xn onto the set Pn. Hence, there is the mappings composition Pn ◦An, which is a map of
the set Gn onto the set Pn. Since the mappings An and Pn are one-to-one, their composition
Pn ◦ An is also [22, 40] one-to-one.

Remark 1 [39]. Each product of functions P from the set Pn under the mapping Pn◦An
has, and moreover unique, preimage in the set Gn. This means that this preimage can be
taken as a graph-label of this product and this product can be considered labeled. Moreover,
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any graph G(Vn;Xf , Xf̃ ) from the set Gn turns out to be a label of a functions product,
which we will denote P1n(G). This product is included in the set Pn and is uniquely de�ned
by this graph according to the formula

P1n(G) = (Pn ◦ An)(G) = Pn(An(G)) = Pn((Xf (G), Xf̃ (G))) =∏
{i,j}∈Xf (G)

∏
{i′,j′}∈X

f̃
(G)

fij f̃i′j′ . (14)

�

Since the product P1n(G) is included in the set Pn, then the de�nition of this set implies
that the product P1n(G) is canonical.

Based on Remark 1, we formulate the following
D e f i n i t i o n 7 [39]. If a graph G(Vn; Xf , Xf̃ ) belongs to the set Gn, then the canonical

functions product P1n(G) de�ned by formula (14) will be called the product labeled with
the graph G = G(Vn;Xf , Xf̃ ), and the graph G = G(Vn;Xf , Xf̃ ) will be called the graph-
label of this product of functions. �

Let us consider a graph G = G(Vn;Xf , Xf̃ ), belonging to the set of graphs Gn. We denote
by R(G) = (Vn;Xf ) the graph with the set of vertices Vn and the set of edges Xf . The graph
R(G) is a subgraph of the graph G. By de�nition, the set of edges of the graph R(G) is
the set Xf (G) of Mayer edges of the graph G. This set of edges de�nes the set of Mayer
functions included in the functions product P1n(G). But the graph R(G), by de�nition, does
not contain, unlike the graph G, the set Xf̃ (G) of Boltzmann edges. By De�nition 4 this set
Xf̃ (G) of Boltzmann edges de�nes the set of Boltzmann functions included in the functions
product P1n(G). Therefore, we will call subgraph R(G) of graph G insu�cient label of
the functions product P1n(G) labeled with the graph G.

D e f i n i t i o n 8 [39]. Product of functions P ∈ Pn will be called base product of order
n, if its graph-label G ∈ Gn satis�es the condition: the subgraph R(G) of the graph G is a
connected graph. If the subgraph R(G) of the graph-label G ∈ Gn is not connected, then
the product of functions P labeled with the graph G will be called pseudobase product.
�

Let's introduce the notation: Pbn = {P} is the set of all base products, belonging to the
set Pn; Gbn is the set of all graphs that are graphs-label of base products belonging to the
set Pbn.

De�nitions 7 and 8 and Remark 1 imply
Corollary 1. The sets Pbn and Gbn are in one-to-one correspondence.

Lemma 1 [39]. If the subgraph R(G) of a graph-label G ∈ Gn is connected, then, �rstly,

each edge from the set Xf̃ (G) connects two non-adjacent vertices of the graph R(G) and,

secondly, the canonical product P1n(G), which is labeled with graph G, is a function of n
variables r1, r2, . . . , rn.

Proof. Since any edge from the set Xf̃ (G) belongs to the graph G by the de�nition of
this graph, then both vertices incident to this edge belong to the set Vn. Therefore, these
vertices belong to the graph R(G) by its de�nition. From the conditions of the lemma by
De�nition 8 it follows that the graph G belongs to the set Gn. From here by the de�nition of
this set it follows that the sets Xf̃ and Xf have no common edges and form a canonical pair
of order n. This means that the set Xf does not contain an edge connecting two vertices
incident to some edge from the set Xf̃ (G). Hence, each edge from the set Xf̃ connects two
non-adjacent vertices of the graph R(G). The �rst assertion of the lemma is proved.
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Let us now prove the second assertion of the lemma. Let i be a vertex belonging to the
set Vn. As the subgraph R(G) = (Vn;Xf ) of the graph G is connected, then in the set of
edges Xf (G) there exists an edge connecting the vertex i with some vertex j ∈ Vn. Hence, by
the de�nition of the product P1n(G) by formula (14), it follows that the Mayer function fij
is included in this product. And since the Mayer function fij by the de�nition is a function
of the variables ri and rj, then these variables are included in the set of variables of the
functions product P1n(G). Thus, for any i ∈ Vn the variable ri is a variable of the function
that is the functions product P1n(G).

On the other hand, if i /∈ Vn, then i is not a vertex of the graph G and cannot be a vertex
incident to any edge of this graph. Therefore, it follows from the de�nition of the product
P1n(G) that the variable ri is not a variable of any of the functions, included in this product.
The results obtained imply the second assertion of the lemma. I

Lemma 1 implies the following.
Corollary 2 [39]. A base product P ∈ Pbn is a function of n variables r1, r2, . . . , rn,

where n is the number of vertices of the graph-label G.
De f i n i t i o n 9. If the integrand of an integral is a base product P ∈ Pbn of order n, and

the integration domain of this integral is either real space (Rν)n−1, or a connected bounded
Lebesgue measurable set contained in the space (Rν)n, then this integral will be called a
base integral, and the number n will be called its order. �

Let G ∈ Gbn, and U be a connected bounded Lebesgue measurable set contained in the
space (Rν)n. Let's introduce the notation:

I(G,U) =

∫
U

P1n(G)(dr)n (15)

I(G) = I(P1n(G)) =

∫
(Rν)n−1

P1n(G)(dr)1,n−1, (16)

where (dr)1,n−1 = dr2dr3 . . . drn.
Theorem 1. If the potential of the pairwise interaction Φ(r) is a measurable function,

the pairwise interaction satis�es the conditions of stability and regularity, and the graph G
belongs to the set Gbn, then the following statements are true:

A1) the function P1n(G) is integrable over the space (Rν)n−1, and the integral I(G) con-

verges and does not depend on the value of the variable r1;
A2) the function P1n(G) is integrable on any connected bounded Lebesgue measurable set

U contained in the space (Rν)n, and the integral I(G,U) converges.

Proof. First of all, note that the regularity of the pairwise interaction means that the
Mayer function f(r) at some C > 0 satis�es the inequality∫

Rν

|f(r)|dr < C. (17)

Recall that this article considers only systems of particles with a pairwise interaction. In
such systems, the interaction is stable in if and only if there is a number B ≥ 0 such that
for all n > 1, the inequality ∑

1≤i<j≤n

Φ(ri − rj) > −nB. (18)

takes place. In particular, for n = 2, the inequality

Φ(r1 − r2) > −2B. (19)
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takes place. Therefore, the Boltzmann function f̃(r) satis�es the inequality

f̃(r) < exp(2βB). (20)

It follows that the Mayer function f(r) for some D ≥ 1 satis�es the inequality

|f(r)| < D. (21)

From the de�nition of the function P1n(G) by the formula (14) and from the inequalities
(20) and (21) it follows that the function P1n(G) for some E > 0 satis�es the inequality

|P1n(G)| < E. (22)

for all (r)n ∈ (Rν)n.
Since the potential of pairwise interaction Φ(r) is measurable function, and Boltzmann

function f̃ by its de�nition is a continuous function of this potential Φ, then, by the prop-
erties of measurable functions [21], Boltzmann function f̃ is also measurable. Hence, by the
properties of measurable functions [21] it follows that the Mayer function f(r) is measurable.

By Lemma 1, the function P1n(G) is a function of the n variables r1, r2, . . . , rn. And
according to its de�nition by formula (14), this function is the product of a �nite number of
functions, which, as we have already established, are measurable.

So, the function P1n(G) is a product of a �nite number of measurable functions and is
de�ned in real space (Rν)n. Hence, by the properties of measurable functions, it follows that
the function P1n(G) is a measurable function in the space (Rν)n. From this and from the
inequality (22) by the properties of integrable functions it follows that the function P1n(G)
is integrable on any connected bounded Lebesgue measurable set U , contained in the space
(Rν)n and the integral I(G,U) converges.

It follows from the conditions of the theorem that the graphR(G) is connected. Therefore,
there is a tree t(G), which is a subgraph of the graph R(G). Therefore, the integrand P1n(G)
of the integral I(G) can be present as follows

P1n(G) = Ω(r)n
∏

{i,j}∈X(t(G))

y(ri − rj), (23)

where
Ω(r)n =

∏
{ij}∈[Xf (G)\X(t(G))]

fij(ri − rj)
∏

{i′j′}∈X
f̃

(t(G))

f̃i′j′(ri′ − rj′), (24)

y(r) = f(r). (25)

From the inequalities (17) and (21) and from the de�nition (25) of the function y(r) it follows
that the function y(r) also satis�es inequalities∫

Rν

|y(r)|dr < C. (26)

and
|y(r)| < D. (27)

From the de�nition of the function Ω by the formula (24) and from the inequalities (20)
and (21) it follows that the function Ω(r)n for some E

′ > 0 the inequality

|Ω(r)n| < E ′ (28)
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satis�es.
Since Mayer function f(r) is measurable, then by the properties of measurable functions

[21] it follows that the function y(r), de�ned by the formula (25) is also measurable in the
space Rν .

The function Ω(r)n, de�ned by the formula (24), is a product of a �nite number of
functions, which, as we have already established, are measurable in their de�nition domain.
Hence, by the properties of measurable functions [21], it follows that the function Ω(r)n is
measurable in the space (Rν)n. From the de�nition of the function Ω(r)n by the formula
(24) it follows that this function is a translationally invariant function [17], [24], [49].

So, the integrand P1n(G) of the integral I(G) is represented by the formula (23), where
the measurable function y(r) satis�es the inequalities (26) and (27), and the measurable
function Ω(r)n satis�es the inequality (28) and is a translationally invariant function. Hence,
by Theorem 3 from Chapter III of [17], it follows that the function P1n(G) represented by
the formula (23) is a function integrable over the space (Rν)n−1, and the improper integral
I(G) converges and does not depend on the value of the variable r1. Theorem 1 is proved.
I

Remark 2. Since the article deals only with particles systems satisfying the conditions
of Theorem 1, then every improper integral I(G), taken over the space (Rν)n−1 and labeled
by a graph G ∈ Gbn, and every integral of the form I(G,U), labeled by a graph G ∈ Gbn

and taken over any connected bounded Lebesgue measurable set U contained in the space
(Rν)n, satisfy conditions of Theorem 1 and are convergent by Theorem 1. �

De f i n i t i o n 10 [39]. An Integral of a pseudobase product of functions will be called a
pseudobase integral. �

De f i n i t i o n 11. If in a linear combination L of convergent base integrals of order n all
integrals have one and the same integration domain U(L), and the coe�cient for each of the
integrals included in it is a real number and is de�ned by the graph labeling the integrand
of this integral, then the linear combination L is called a base linear combination, the
number n is called its order, and the integration domain U(L) is called a set, associated
with the given linear combination L. �

Remark 3. De�nition 11 implies that any base integral of a given base linear combination
is completely de�ned by the set, which is associated with a given linear combination, and
by its integrand, which, being the base product P ∈ Pbn, is de�ned by the graph-label
G ∈ Gbn of this base product. Hence, any base integral of a given base linear combination
is completely de�ned by the set associated with the given linear combination and by the
graph-label G of the base product, which is its integrand. �

De f i n i t i o n 12. If in a linear combination of integrals of products of Mayer and Boltz-
mann functions at least one integral is not convergent base integral, then this linear combi-
nation of integrals is called a pseudo-base linear combination. �

Example 1 Consider Ree-Hoover representation [48] of a virial coe�cient Bn(Λ) for
n ≥ 2. It was stated above that this representation is a linear combination of integrals. In
each of these integrals, the integrand is a product of Mayer and Boltzmann functions. The
de�nition of Ree-Hoover representation of the virial coe�cient Bn(Λ) implies that in this
linear combination each integral is labeled (in sense Ree-Hoover [48]) with some complete
graph G(Vn; Xf , Xf̃ ). Moreover, the edges set Xf by De�nition 3 de�nes the set F = {fij}
of Mayer functions included as factors in the integrand of the integral, labeled with the
graph G(Vn; Xf , Xf̃ ); and the edges set Xf̃ by De�nition 4 de�nes the set F̃ = {f̃i′j′} of
Boltzmann functions included as factors in this integrand.
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From the de�nition of the Ree-Hoover representation of the virial coe�cient Bn(Λ) it
follows that the sets Xf and Xf̃ of the graph G are disjoint and form a sets canonical pair
X = (Xf , Xf̃ ) of order n. Two conclusions follow from this: 1) by De�nition 6, the integrand
of the integral labeled (in sense Ree-Hoover) with the graph G, is the canonical product
Pn(X) of order n, de�ned by the sets canonical pair (X) = ((Xf , Xf̃ )) accordung to formula
(11); 2) the graph G(Vn; Xf , Xf̃ ) belongs to the set Gn by the de�nition of this set.

From conclusion 2) by De�nition 7, it follows that the graph G(Vn; Xf , Xf̃ ) is the graph-
label of the functions product P1n(G), which is the product labeled by this graph, is uniquely
de�ned by this graph according to formula (14) and, by Remark 1, belongs to the set Pn.

From the de�nition of the product of functions P1n(G) by formula (14) it follows that
this product is the canonical product P (Xf , Xf̃ ) of order n, which is the integrand of the
integral included in considered Ree-Hoover representation and labeled (in sense Ree-Hoover
[48]) by the graph G. Since in this case the subgraph R(G) of the graph G(Vn; Xf , Xf̃ )
is, as is known [48], doubly connected graph, then by De�nition 8 this integrand is a base
product of order n. This base product belongs to the set Pbn by the de�nition of this sets.
And the graph-label G of this base product belongs to the set Gbn by the de�nition of this
set.

So, the integrand of any integral, that is included in Ree-Hoover representation of the
virial coe�cient Bn(Λ), is a base product labeled by the complete graph belonging to the
set Gbn and labeling (in sense Ree-Hoover) this integral. This integrand is de�ned by the
formula (14), where G is the above graph. From the formula (14) it follows that the number
of Mayer and Boltzmann functions included in the canonical product labeled by a complete
graph with n vertices is equal to the number n(n− 1)/2 of edges of this graph.

In [48], Ree and Hoover considered systems of particles enclosed in a bounded volume Λ
and obtained representations of the virial coe�cients Bn(Λ) for a case of a bounded volume
Λ as integrals linear combination in which all integrals have the same domain of integration
Λn. We can hold that Ree-Hoover representations are integrals linear combinations, in each
of which all integrals have the same integration domain, completely de�ned by this linear
combination.

In what follows, we will assume that the set Λn is connected, bounded, and Lebesgue
measurable. Since in this case the integrand of each integral of this linear combination is a
base product of order n, then, by De�nition 9, each integral in the linear combination that
is Ree-Hoover representation of a virial coe�cient Bn(Λ) is a base integral of order n.

So, under the above conditions, the Ree-Hoover representation of the virial coe�cient
Bn(Λ) has the following properties: 1) this representation is a linear combination of the
integrals whose domain of integration is the connected bounded and Lebesgue measurable
set contained in space (Rν)n; 2) the integrand of each integral of this linear combination is
a base product whose graph-label belongs to the set Gbn.

This article deals only with thermodynamic equilibrium one-component systems of classi-
cal particles with pair interaction [24, 49]. In this case, it is assumed that the pair interaction
satis�e the conditions of stability and regularity, and the pair potential Φ(r) is a measurable
function. Under these restrictions and for n ≥ 2, the integrands of all integrals included in
the Ree-Hoover representation of the virial coe�cient Bn(Λ), by Theorem 1, are integrable
on any connected, bounded and Lebesgue measurable set U , contained in the space (Rν)n,
and all these integrals converge.

So, in the case when systems of particles enclosed in a bounded volume satisfy the
conditions listed above in this example, for n ≥ 2 the Ree-Hoover representation of the virial
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coe�cient Bn(Λ) is a linear combination of converging base integrals.
As is known [48], the integrals linear combination, which is Ree-Hoover representation of

the virial coe�cient Bn(Λ), satis�es the condition: the coe�cient of each integral included in
this linear combination is a real number and is de�ned by the graph labeling (in sense Ree-
Hoover) this integral. Based on this fact and the fact that everyone included in this linear
combination integrals are convergent base integrals of order n, having the same domain of
integration, we come to the conclusion: by De�nition 11, this linear combination is a base
one of order n. So, in the cases considered in this example, Ree-Hoover representation of
the virial coe�cient Bn(Λ) for n ≥ 2 is a base linear combination of order n.

According to Remark 3, each integral in this linear combination is completely de�ned by
its integrand and the set, associated with this linear combination. It has been established
above that this integrand is a base product of order n belonging to the set Pbn ⊂ Pn and
labeled with the labeled graph G belonging to the set Gbn. By Corollary 1, this base product
is uniquely determined by its graph-label G ∈ Gbn. Therefore, each integral in this linear
combination is completely de�ned by the set, associated with the given linear combination,
and by the graph-label of the base product, which is the integrand of this integral. I

Let's introduce the notation:
G(L) is the set of all graphs serving as graphs-labels of such the base products that are

the integrands of the integrals included in the base linear combination L;

R(G(L)) = {R(G) : G ∈ G(L)}. (29)

D e f i n i t i o n 13. If L is a base linear combination, then the set of graphs G(L) will be
called the set of graphs-labels of this base linear combination, and the number of integrals
included in it will be called the length of this linear combination and denote by q(L). �

There are often cases when for labeling a canonical product of functions P ∈ Pn it is
easier to use other graphs rather than the graph-label of such a product of functions. For
example, to use the graph G̃(Vn, Xf ), where Xf is the set of Mayer edges with respect to
the set F of all Mayer functions, included in this canonical product of functions P ∈ Pn.

The graph G̃(Vn, Xf ) makes it possible directly to de�ne only Mayer functions included
in the functions product P (Xf , Xf̃ ). To de�ne the Boltzmann functions included in such a
product, in some cases it is preferable, bypassing the de�nition of the graph-label of such
a product, directly to specify the set Xf̃ of Boltzmann edges with respect to the set F̃
of all Boltzmann functions, included in this canonical product P ∈ Pn, or to specify a
constructive method for constructing this set. This gives the ability to directly de�ne the
Boltzmann functions included into the functions product labeled with the graph G̃. The set
Xf̃ complements the set of edges of the graph G̃ to the set of edges of the graph-label of this

product. Let's call this set complementary and denote by Xad(G̃), setting Xad(G̃) = Xf̃ .

We denote by G̃n = {G̃}, where n ≥ 3, a �nite set of pairwise distinct connected labeled
graphs that have the set Vn as their set of vertices and satisfy the condition: for each graph
from this set it is de�nded the complementary set Xad(G̃), that is put in correspondence to

this graph, and does not intersect with Mayer edges set Xf (G̃) and forms with it a canonical

pair (Xf (G̃), Xad(G̃)) ∈ Xn.

D e f i n i t i o n 14 [39]. Graphs from a set G̃n will be called completed. �
Let's introduce the notation:
X(G̃n) = {(Xf (G̃), Xad(G̃)) : G̃ ∈ G̃n}
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P(G̃n) = Pn(X(G̃n)) is the image of the set of canonical pairs X(G̃n) ⊂ Xn under the
map Pn : Xn → Pn;

PG̃n
= Pn |X(G̃n) is the restriction of mapping Pn on the subset X(G̃n) ⊂ Xn.

By de�nition, the mapping PG̃n
is the one-to-one mapping the set X(G̃n) on the set

P(G̃n).

We de�ne a mapping AG̃n
of the set G̃n to the set X(G̃n), letting that

AG̃n
(G̃) = (Xf (G̃), Xad(G̃)), G̃ ∈ G̃n. (30)

The mapping AG̃n
de�ned by formula (30) is the one-to-one mapping of the set G̃n on the

set X(G̃n).
Remark 4. Since the de�nition domain of the mapping PG̃n

is the same as the values
domain of the mapping AG̃n

, then the composition of the mappings PG̃n
◦ AG̃n

exists and is

the mapping of the set G̃n on the set P(G̃n).

Since the mappings AG̃n
: G̃n → X(G̃n) and PG̃n

: X(G̃n) → P(G̃n) are the one-to-one

mappings, then their composition PG̃n
◦AG̃n

: G̃n → P(G̃n) is [22, 40] the one-to-one mapping

of the set G̃n to the set P(G̃n). �
Remark 4 implies
Corollary 3 [39]. When mapping PG̃n

◦ AG̃n
, each functions product P̃ from the set

P(G̃n) has, and at that the only, preimage in the set G̃n. This means that this preimage

is a graph, which can be taken as a label of this product, and this product can be considered

labeled with this graph. At that, every graph G̃ from the set G̃n turns out to be the label of the

functions product, which is the image of this graph when mapping PG̃n
◦AG̃n

: G̃n → P(G̃n).

Image of the graph G̃ ∈ G̃n under the mapping PG̃n
◦AG̃n

: G̃n → P(G̃n) denote P̃G̃n
(G̃).

Based on Remark 4 and Corollary 3, we formulate the following
D e f i n i t i o n 15 [39]. The functions product P̃G̃n

(G̃), which is the image of a graph

G̃(Vn, Xf ) ∈ G̃n under the mapping PG̃n
◦ AG̃n

: G̃n → P(G̃n), we will call the product

labeled with the graph G̃ = G̃(Vn, Xf ), and the graph G̃(Vn, Xf ) is the completed
graph-label of this product. �

Lemma 2 [39]. If a graph G̃(Vn, Xf ) belongs to the set G̃n, then the functions product

P̃G̃n
(G̃) labeled with this graph is a canonical product of order n. In this case this product is

represented by the formula

P̃G̃n
(G̃) =

∏
{i,j}∈Xf (G̃)

∏
{i′,j′}∈Xad(G̃)

fij f̃i′j′ . (31)

Proof. Let us �rst prove that the functions product P̃G̃n
(G̃) is a canonical one of order

n. From the de�nition of the set P(G̃n) it follows that this set is a subset of the set Pn of
canonical products of the order n. From this and Remark 4 it follows that the set of values
of the mapping PG̃n

◦AG̃n
: G̃n → P(G̃n) is a set of canonical products of order n. Therefore,

whatever a graph G̃(Vn, Xf ) ∈ G̃n, its image P̃G̃n
(G̃) under mapping PG̃n

◦AG̃n
: G̃n → P(G̃n)

is a canonical product of order n. By De�nition 15, the product P̃G̃n
(G̃) is a product labeled

with the graph G̃. So, it is proved that the functions product P̃G̃n
(G̃) labeled with the graph

G̃ ∈ G̃n is a canonical product of order n.
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Let us now prove that the functions product P̃G̃n
(G̃), which is labeled with the graph

G̃ ∈ G̃n, is represented by formula (31). From the de�nition of the functions product

P̃G̃n
(G̃), the de�nitions of the mapping PG̃n

: X(G̃n)→ P(G̃n), the de�nitions of the mapping

Pn : Xn → Pn by formulas (11) and (12) and the de�nitions of the mapping AG̃n
: G̃n →

X(G̃n) by the formula (30) it follow that

P̃G̃n
(G̃) = PG̃n

◦ AG̃n
(G̃) = PG̃n

(AG̃n
(G̃)) = PG̃n

((Xf (G̃), Xad(G̃) =

Pn((Xf (G̃), Xad(G̃))) =
∏

{i,j}∈Xf (G̃)

∏
{i′,j′}∈Xad(G̃)

fij f̃i′j′ . (32)

Hence formula (31) follows. Lemma 2 is completely proved. I
Theorem 2. If the graph G̃(Vn, Xf ) belongs to the set G̃n and to it has assigned the

complementary set Xad(G̃), then the following assertions are true:

A1. The graph G(Vn; Xf (G̃), Xad(G̃)) belongs to the set Gbn and is the graph-label of the

product P̃G̃n
(G̃).

A2. The graph G̃ is the image of the graph-label G(Vn; Xf (G̃), Xad(G̃)) under the map-

ping R.
A3. The product P̃G̃n

(G̃) of Mayer and Boltzmann functions is a base product of order

n, and the graph G̃ is its completed graph-label.

Proof. By the de�nition of the set G̃n, the complementary set Xad(G̃) forms with the

edges set Xf (G̃) a canonical pair (Xf (G̃), Xad(G̃)) ∈ Xn.

Hence it follows that the graph G(Vn; Xf (G̃), Xad(G̃)) belongs to the graphs set Gn by
the de�nition of this set. By Remark 1, the functions product P1n(G), which is labeled
with this graph G, belongs to the set Pn and is canonical by the de�nition of this set. By
De�nition 7, the functions product P1n(G) is de�ned by formula (14), which in this case has
the form

P1n(G) = (Pn ◦ An)(G) = Pn(An(G)) = Pn((Xf (G̃), Xad(G̃))) =∏
{i,j}∈Xf (G̃)

∏
{i′,j′}∈Xad(G̃)

fij f̃i′j′ . (33)

By Lemma 2, the functions product P̃G̃n
(G̃) is canonical and is de�ned by formula (31).

From formulas (33) and (31) it follows that

P1n(G) = P̃G̃n
(G̃). (34)

Hence, by De�nition 7 it follows that the graph G(Vn; Xf (G̃), Xad(G̃)), is the graph-label

of the product P̃G̃n
(G̃).

Since the graph G(Vn; Xf (G̃), Xad(G̃)) belongs to the graphs set Gn, then it belongs to
the de�nition domain of the mapping R by the de�nition of this mapping. Assertion A2

follows from the de�nitions of the graphs G̃ and G by the conditions of Theorem 2 and from
the de�nition of the mapping R.

By the conditions of Theorem 2, the graph G̃ belongs to the graphs set G̃n and, there-
fore, is a connected graph by the de�nition of this set. Since in this case the graph
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G(Vn; Xf (G̃), Xad(G̃)) is the graph-label of the product P̃G̃n
(G̃), then Assertion A2 by Def-

inition 8 implies that this product is the base one of order n. Hence it follows that its
graph-label G(Vn; Xf (G̃), Xad(G̃)) belongs to the graphs set Gbn by the de�nition of this
set. Statement A1 is completely proved.

From the conditions of Theorem 2 it follows that by De�nition 15 the product P̃G̃n
(G̃)

is the product labeled with the graph G̃ = G̃(Vn, Xf ) and the graph G̃ is the completed
graph-label of this product. The Assertion A3 is proved. Theorem 2 is completely proved.
I

For each graph G̃ ∈ G̃n let's de�ne the integrals Ĩ(G̃) and Ĩ(G̃, U), setting

Ĩ(G̃) =

∫
(Rν)n−1

P̃G̃n
(G̃)(dr)1,n−1; (35)

Ĩ(G̃, U) =

∫
U

P̃G̃n
(G̃)(dr)n, (36)

where U is a connected, bounded and Lebesgue measurable set, contained in the space (Rν)n.

Remark 5. If the graph G̃(Vn, Xf ), to which the complementary set Xad(G̃) has been

assigned, belongs to the set G̃n, then by Theorem 2, the functions product P̃G̃n
(G̃), de�ned

by the formula (31), is a base one of order n, and the graph G(Vn; Xf (G̃), Xad(G̃)), belongs
to the set Gbn and is the label of this product.

Hence, it follows that, by De�nition 9, the integral Ĩ(G̃) and integrals of the form Ĩ(G̃, U),
de�ned by the formulas (35) and (36), respectively, are base integrals of order n. Their

integrand is the base functions product P̃G̃n
(G̃) of order n. �

Theorem 3. Let us the potential of a pairwise interaction Φ(r) be a measurable function,

the pairwise interaction satis�es the conditions of stability and regularity, and the graph

G̃(Vn, Xf ), to which the complementary set Xad(G̃) is putted in correspondence, belongs to

the set G̃n. Then the product of functions P̃G̃n
(G̃), de�ned by formula (31) has the following

properties:

A1) it is integrable over the space (Rν)n−1, and its integral Ĩ(G̃) is a base convergent

integral of order n that does not depend on the value of the variable r1;
A2) it is integrable on any connected bounded Lebesgue measurable set U contained in the

space (Rν)n, and the integral Ĩ(G̃, U) is a base convergent integral of order n.

Proof. By Theorem 2, the product of functions P̃G̃n
(G̃), de�ned by the formula (31),

is a functions base product of order n, the graph G(Vn; Xf (G̃), Xad(G̃)) belongs to the set

Gbn and is the label of the product P̃G̃n
(G̃), that is equality (34) holds.

By Remark 5, the integral Ĩ(G̃) is a base integral of order n. By Remark 5, the integral

Ĩ(G̃, U) is also a base integral of order n for any connected bounded Lebesgue measurable
set U contained in the space (Rν)n. This and the conditions of Theorem 3 by Theorem 1
imply Assertions A1) and A2) of Theorem 3. Theorem 3 is completely proved. I

Theorem 4. Let the potential Φ(r) of a pairwise interaction be a measurable function,

the pairwise interaction satis�es the conditions of stability and regularity, and a non-empty

subset G̃
(0)
n of the graphs set G̃n satis�es the condition: for each graph G̃(Vn;Xf ) ∈ G̃

(0)
n a

coe�cient c(G̃), which corresponds to this graph and is a real number, is been de�ned.

Then the following statements are true:
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A1. The linear combination

L =
∑

G̃∈G̃(0)
n

c(G̃)Ĩ(G̃), (37)

of the integrals over the space (Rν)n−1, where every integral Ĩ(G̃) is de�ned by the formula

(35), is a base linear combination of order n.
A2. For any connected bounded Lebesgue measurable set U contained in the space (Rν)n,

the linear combination

L̃ =
∑

G̃∈G̃(0)
n

c(G̃)Ĩ(G̃, U), (38)

of the integrals of the form (36) over the set U is a base linear combination of order n.
Proof. It follows from the conditions of Theorem 4 that every integral in the linear

combination L, and every integral included in the linear combination L̃, by Theorem 3 are
converging base integrals of order n. Hence, from this and the conditions of Theorem 4 by
De�nition 11 it follows both statements of Theorem 4. I

Let's denote by G̃(L̃) the set of all graphs serving as completed graphs-labels of such

base products that are integrands of integrals, included in the base linear combination L̃.
D e f i n i t i o n 16. If L̃ is a base linear combination, then the set of graphs G̃(L̃) we will

call the set of the completed graphs-labels of this base linear combination. �
Remark 6 [39]. For the purpose stated in the article, we have enough to establish a

criterion for the comparative complexity of representations of the coe�cients of a power
series only for the case when such representations are base linear combinations, and the
complexity of the estimation of the coe�cient of any of the integrals included in such a
linear combination is negligible. In what follows, such base linear combinations will be
called base linear combinations with coe�cients of the negligible complexity. �

4. The article proposes criteria for comparing the complexity of such base linear combi-
nations with coe�cients of negligible complexities that satisfy the condition: their associated
sets coincide with each other.

First, let's give the following
D e f i n i t i o n 17. Two base linear combinations L and L1 with negligible complexity

coe�cients are called comparable if their orders are equal and U(L) = U(L1). �
Let U ⊂ (Rν)n be a connected bounded measurable set.
Let's introduce the notation:
L(n, U) is the set of all linear combinations that are base linear combinations of order n

with coe�cients of negligible complexity and have as an associated set the set U ;
L(n) is the set of all base linear combinations of order n with coe�cients of negligible

complexities and with associated sets that are connected bounded measurable sets contained
in the space (Rν)n;

L(n, (Rν)n−1) is the set of all base linear combinations of convergent improper base
integrals of order n over space (Rν)n−1 with coe�cients of negligible complexity.

Obviously, the set L(n, (Rν)n−1) consists of pairwise comparable base linear combinations
of order n with coe�cients of negligible complexity.

Remark 7 [39]. Of all the computer time spent on calculations performed to estimate
the base integral, the overwhelming majority are the time spent on calculating the values
of Mayer and Boltzmann functions included in the representation of the integrand of this
integral. Remaining within the framework of the roughest comparison (so to speak, "in
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the �rst approximation"), we can hold that of the two basic converging integrals whose
integration domains coincide, more complicated is the estimate of the integral, of which the
integrand representation includes a greater number of Mayer and Boltzmann functions. If
the representations of the integrands of both integrals include equal number of Mayer and
Boltzmann functions, then we will hold that the estimates of these integrals in complexity
are negligibly di�er from each other, and we say that the complexity of these estimates
approximately are equal. �

Thus, remark 7 contains the criterion of the complexity of estimating of base integrals.
All criteria proposed in the article are based on just this criterion.

The simplest such criterion is length q(L) of a base linear combination L. We denote this
criterion Cr1 by setting Cr1(L) = q(L). Its de�nitional domain is denoted by D(Cr1). This
domain is de�ned by the formula

D(Cr1) =

[⋃
n≥2

L(n)

]⋃[⋃
n≥2

L(n, (Rν)n−1)

]
. (39)

This criterion is applicable in cases where the compared base linear combinations di�er from
each other in length, while integrals included in them and their coe�cients di�er negligibly
from each other in their complexity. It follows from the de�nition of the criterion Cr1 that
its value depends only on the length of a linear combination and does not depend on set
associated with this linear combination .

As another criterion, it is proposed the sum of all edges of all graph-labels from the set
G(L), where L is a given base linear combination. This criterion will be denoted by Cr2(L).
It is de�ned by the formula

Cr2(L) =
∑

G∈G(L)

(|Xf (G)|+
∣∣∣Xf̃ (G)

∣∣∣), (40)

where |Xf (G)| is the cardinality of the set Xf (G) of Mayer functions;
∣∣∣Xf̃ (G)

∣∣∣ is the cardi-
nality of the set Xf̃ (G) of Boltzmann functions. Its domain of de�nition coincides with the
set D(Cr1).

From the de�nition of the criterion Cr2 by formula (40) it follows that its value on a
linear combination included in its domain of de�nition depends only on the set G(L) of the
graphs serving as labels for the integrands of integrals included in this linear combination,
and does not depend from the set associated with this linear combination.

One more, more precise, criterion can be proposed. It can be applied in the case when
an equivalent probabilistic model is used to estimate each integral from the estimated linear
combination.

In this probabilistic model, the estimated integral is a mathematical expectation of a
product of Mayer and Boltzmann functions of linear combinations of independent random
variables taking values in the ν-dimensional real Euclidean space Rν .

Moreover, each of these random variables is distributed with a density, equal to the
normalized modulus of Mayer function. And the number of such random values is equal
to the number n − 1. Thus, the problem of estimating the base integral, whose integrand
is labeled with the graph-label G ∈ Gbn is reduced to the estimation the mathematical
expectation of the product of Mayer and Boltzmann functions of the linear combinations of
independent continuous random variables. This product includes |Xf (G)|−n+1 Mayer and∣∣∣Xf̃ (G)

∣∣∣ of Boltzmann functions.
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The only known way to estimate the mathematical expectation of this product is the
construction of an approximating discrete stochastic model, which is obtained from the
above probabilistic model by substitution in place of all continuous random variables by
discrete random variables approximating them. As a result, the problem of an estimation
the base integral is reduced to an estimation mathematical expectation of the product of
Mayer and Boltzmann functions of linear combinations of discrete random variables.

Of all the computer time spent on calculations performed to estimate this mathematical
expectation, the overwhelming majority is the time spent on calculating the values of Mayer
and Boltzmann functions whose number N1(G) is determined by the formula

N1(G) = |Xf (G)| − n+ 1 +
∣∣∣Xf̃ (G)

∣∣∣ . (41)

Therefore, the valueN1(G) de�ned by the formula (41) can serve as amodernized criterion
of the complexity of estimation the improper base integral, whose integrand is
labeled with the graph G, where G ∈ Gbn.

D e f i n i t i o n 18. In the case N1(G) = 0, we will say that the complexity of the estima-
tion the improper convergent base integral, whose integrand is labeled with the graph G,
according to the modernized criterion for the complexity of estimating an improper conver-
gent base integral is negligible. Otherwise, we will say that the complexity of estimating
the integral, whose integrand is labeled with the graph G, is considerable according to the
modernized criterion for the complexity of estimation an improper convergent base integral.
�

Example 2. Consider the graph G = G(V3;Xf , Xf̃ ), where Xf = {{1, 2}, {2, 3}},
Xf̃ = ∅. The graph G belongs to the set G3 by the de�nition of the set Gn. As its subgraph
R(G) = G is connected, then the canonical product P1n(G) labeled with the graph G, where
n = 3, is a base one by De�nition 8 and belongs to set Pb3 by the de�nition of this set.
And the graph G belongs to set Gb3 by the de�nition of this set. Hence, by De�nition 9, it
follows that the de�ned by formula (16) integral I(G), whose integrand is labeled with the
graph G, is an improper base integral of order 3. In the case when particles systems satisfy
conditions of Theorem 1, this integral is, by Remark 2, a convergent one.

Using the criterion N1 for the complexity of estimating an improper convergent base
integral, we estimate the complexity of this improper integral I(G). From the de�nition of

the sets Xf and Xf̃ it follows: |Xf | = 2,
∣∣∣Xf̃

∣∣∣ = 0. From here by formula (41) we obtain

N1(G) = 0. (42)

From (42), by De�nition 18, it follows that the complexity of the estimation of the integral
I(G) is negligible according to the modernized complexity criterion N1(G). I

The proposed third, more precise, criterion for the complexity of base linear combinations
of improper convergent base integrals is denoted by Cr3(L), and its de�nitional domain is
D(Cr3). This domain is de�ned by the formula

D(Cr3) =
⋃
n≥2

L(n, (Rν)n−1). (43)

The criterion Cr3, is based on the complexity criterion N1(G) of the estimation improper
convergent base integrals. As such a criterion there is proposed the sum over all the integrals,
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which are included in a given base linear combination, of the complexity estimates of these
integrals. This sum is de�ned by the formula

Cr3(L) =
∑

G∈G(L)

N1(G), (44)

where N1(G) is de�ned by formula (41).
From the de�nition of the criterion Cr3 by the formulas (41) and (44) it follows that its

value on a linear combination included in its de�nition domain depends only on the set of
the graphs-labels of the integrands of the integrals included in this linear combination, and
does not depend from the set associated with this linear combination.

D e f i n i t i o n 19. Let L and L1 be two comparable base linear combinations of integrals
with the negligible complexity coe�cients. And let these two linear combinations belong to
the domain of de�nition of a criterion Cri, i = 1, 2, 3. We will hold that by the criterion
Cri, the base linear combination L1 is considerably more complicated than the
base linear combination L, if Cri(L1) > Cri(L). If Cri(L1) = Cri(L), then we will
hold that by criterion Cri the complexity of one of these two base linear combinations is
equal or negligibly di�erent from complexity another of them, and say that according
to the criterion Cri the complexity of one of them is approximately equal to another's
complexity.

If it is known that the base linear combination L1 is more complicated than the base
linear combination L, and Cri(L1) = Cri(L), then we will suppose that according to the
criterion Cri, the linear combination L1 is negligibly more complicated than the linear
combination L. �

The proposed criteria of the complexity of base linear combinations with coe�cients
of the negligible complexity are constructed so, that they, with some exceptions, satisfy
the principle: if, according to this criterion, one of the two base linear combinations is
considerably more complicated than the other one, then in fact the estimation of the value
represented by this base linear combination is considerably more complicated than estimation
of the value represented by the other base linear combination. And in the case when,
according to this criterion, the complexity of one of the two base linear combinations is
negligibly di�erent from the complexity of the other of them, then in fact the estimation
complexity of the value represented by one of these two base linear combinations, negligibly
di�ers from the estimation complexity of the value represented by the other base linear
combination.

In the case when the conclusions drawn on the values of one of the criteria are in con�ict
with the conclusions, based on values of another, more precise, criterion, preference should
be given to conclusions drawn on the basis of the values of a more precise criterion.

Example 3. Let L and L1 be two linear combinations belonging to the set L(3, (Rν)2).
In this case, the linear combination L1 includes two improper convergent integrals I(G) and
I(G1), whose integrands are labeled by the graphs G and G1 respectively; these integrals
are de�ned by the formulas (23) and (14). Here G is the graph considered in Example 2,
and the graph G1 = G1(V3;Xf,1, Xf̃ ,1) has a set Xf,1 = {{1, 2}, {1, 3}} of Mayer edges and
the set Xf̃ ,1 = {{2, 3}} of Boltzmann edges. The linear combination L contains only one
integral I(G1), whose integrand is labeled with the graph-label G1. Moreover, in both linear
combinations, the coe�cients of the base integrals I(G) and I(G1) are de�ned and equal to
1.

20



Graph G1 = G1(V3;Xf,1, Xf̃ ,1) belongs to the set G3 by de�nition of the set Gn. Since
its subgraph R(G1) is connected, then the canonical product P13(G1) labeled with the graph
G1 is a base product by De�nition 8 and belongs to set Pb3. And the graph G belongs to the
set Gb3 by its de�nition. From this, by De�nition 9, it follows that the integral I(G1), the
integrand of which is labeled with the graph-label G1, is an improper base integral of order
3 over the space (Rν)2. In the case when particle systems satisfy conditions of Theorem 1,
this integral is, by Remark 2, converging and belongs to the set L(3, (Rν)2) by its de�nition.

The linear combination L contains only one integral I(G1). In the above case this integral
is a convergent base one, and its coe�cient is given and therefore no e�ort is required at all
to calculate this coe�cient. Hence, by De�nition 11 and Remark 7 follows that the linear
combination L is a base linear combination of order 3 with the coe�cient of the negligible
complexity and belongs to the set L(3, (Rν)2) by its de�nition.

In Example 2, it was proved that the integral I(G), whose integrand is labeled with
the graph G, is a convergent base integral. Thus, both the integrals included in the linear
combination L1 are convergent base ones, and the coe�cients of these integrals are given
and therefore no e�ort is required at all to calculate these coe�cients. This implies that, by
De�nition 11 and Remark 7, the linear combination L1 is also a base linear combination of
order 3 with coe�cients of the negligible complexity and belongs to the set L(3, (Rν)2) by
its de�nition.

Using the criterion Cr3, we estimate the complexity of linear combinations L and L1.
Note, that the base linear combination L1, besides the integral labeled with the graph G1,
also contains one base integral, whose integrand is labeled with the graph G. Therefore, it is
natural to be of opinion that base linear combination L1 is more complIcated than the base
linear combination L.

Using the de�nition of the complexity criterion of the estimation an improper convergent
base integral by formula (41), let us �nd the value of this criterion for the integral labeled
with the Graph G1:

N1(G1) = |Xf (G1)| − 3 + 1 +
∣∣∣Xf̃ (G1)

∣∣∣ = 1. (45)

The value of this criterion for the integral labeled with graph G, was found in example 2
(see formula (42)).

Based on the de�nition of the criterion Cr3 by formula (44) and using formulas (42) and
(45), we �nd the values of this criteria for the base linear combinations L and L1 of improper
integrals:

Cr3(L) = Cr3(L1) = 1. (46)

From formula (46) by De�nition 19 it follows that according to the criterion Cr3 the base
linear combination L1 is negligibly more complicated than the base linear combination L. I

From the de�nition of the criterion Cr3 and De�nition 19 it follows
Corollary 4. Let L and L1 be two base linear combinations of improper integrals with

coe�cients of the negligible complexity that belong to the set L(n, (Rν)n−1) and satisfy the

conditions:

1. The length of the linear combination L1 is greater than the length of the linear combi-

nation L.
2. Each integral included in the linear combination L is included and also into the linear

combination L1.
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Suppose that among the improper base integrals included in the linear combination L1 and

not included in the linear combination L, there is at least one integral such that graph-label G
of its integrand satis�es the inequality N1(G) > 0. Then, according to the criterion Cr3, the

base linear combination L1 is considerably more complicated than the base linear combination

L. Otherwise, the base linear combination L1 is negligibly more complicated than the base

linear combination L.
Proof. Suppose that among the improper base integrals, which are included in the

linear combination L1 and are not included in the linear combination L, there is at least
one integral having a nonzero value of the complexity criterion Cr3 of its estimation. Then
by the de�nition of the criterion Cr3 by the formula (44) from the conditions of Corollary
4 the inequality Cr3(L1) > Cr3(L) follows. From this, by De�nition 19, it follows that by
the criterion Cr3 the base linear combination L1 is considerably more complicated than the
base linear combination L. In other words, the base linear combination L is considerably
simpler than the base linear combination L1.

Let us now consider the opposite case, when every integral included in the linear combi-
nation L1 and not included in the linear combination L is such that the graph-label G of its
integrand satis�es the equality N1(G) = 0. In this case, by the de�nition of the criterion Cr3

by the formula (44) from the conditions Corollary 4 the equality Cr3(L1) = Cr3(L) follows.
Hence, by De�nition 19, it follows that the base linear combination L1 is negligibly more
complicated than the base linear combination L. I

De f i n i t i o n 20 [39]. A base product P (G) is called complete if its graph-label G is
complete. Otherwise, the base product is called incomplete. �

De f i n i t i o n 21. The base integral is called complete if its integrand is a complete
base product. The base integral is called incomplete if its integrand is an incomplete base
product. �

De f i n i t i o n 22. A base linear combination is called complete if all the integrals in-
cluded in it are complete. Otherwise, the base linear combination is called incomplete.
�

From the de�nition of the Ree-Hoover representations [48], Example 1 and De�nitions
20, 21 and 22 follow

Corollary 5. For any n > 1, Ree-Hoover representation of of the virial coe�cient Bn is

a complete base linear combination of order n with the negligible complexity coe�cients.
De�nitions 20 and 21 and Remark 7 imply the following
Remark 8. Let one of the two convergent base integrals be complete, and the other

incomplete, and let the integrands of both of these integrals are labeled with graphs with the
same set of vertices, and let their integration domains of both of these integrals coincide with
each other. Then the estimate of the complete integral is considerably more complicated
than estimate of the incomplete integral. �

Remark 8 implies
Corollary 6 Let L1 be an incomplete base linear combination with the negligible complex-

ity coe�cients, and L2 be a complete base linear combination with the negligible complexity

coe�cients. And let these two linear combinations be comparable. And let the number of the

integrals in the linear combination L1 be at most the number of the integrals in the linear

combination L2.

If all the integrals included in these base linear combinations are improper integrals, then,

according to Remark 8, the linear combination L2 is considerably more complicated than the

linear combinations L1 by the criteria Cr2 and Cr3. If all the integrals included in these
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base linear combinations are proper, then, according to Remark 8, the linear combination L2

is considerably more complicated than linear combination L1 by the criterion Cr2.
5. Within the framework of the frame sums method, two approaches can be distinguished.
For the exposition of the �rst of them, we need to introduce the de�nition of a tree sum.

In order to simplify the exposition and without striving for maximal generality, we will give
this de�nition in the sense, although not the most general, but su�cient for the purposes
that set out in this article.

For this, we introduce the following de�nitions:
Tn = {t} is a set of all labeled trees with the set of vertices Vn, where n > 1, and with

the root 1;
Xf (t) = {{u, v}} is the set of edges of a tree t ∈ Tn;
X̃ad(t) = {{u, v}} is the set of admissible edges [9, 13, 17] of a tree t ∈ Tn;

I(t) =

∫
(Rν)n−1

∏
{u,v}∈Xf (t)

fuv
∏

{ũ,ṽ}∈X̃ad(t)

(1 + fũṽ)(dr)1,n−1, (47)

I(t,Λ) =
1

|Λ|

∫
Λn

∏
{u,v}∈Xf (t)

fuv
∏

{ũ,ṽ}∈X̃ad(t)

(1 + fũṽ)(dr)n, (48)

where t ∈ Tn and Λ is a connected, bounded and Lebesgue measurable set contained in the
space Rν .

Let T ′ be a non-empty subset of the trees set Tn, where n > 1; and to each tree t ∈ T ′ is
assigned the set X̃ad(t) of admissible edges.

Let us introduce the notation:
c(t | T ′), c1(t | T ′) is real functions de�ned on the trees set T ′.

L(T ′) =
∑
t∈T ′

c(t | T ′)I(t), (49)

where for each t ∈ T ′ the integral I(t) is de�ned by the formula (47).

L(T ′,Λ) =
∑
t∈T ′

c1(t | T ′)I(t,Λ), (50)

where for each t ∈ T ′ the integral I(t,Λ) is de�ned by the formula (48).
D e f i n i t i o n 23. Linear combinations L(T ′) and L(T ′,Λ), where T ′ ⊂ Tn and n ≥ 2 is

called tree sums. �
Remark 9. From the de�nition of the set of admissible edges X̃ad(t) it follows that this

set does not intersect with the edges set Xf (t) of the tree t ∈ Tn and consists of pairwise
distinct edges, each of which connects two non-adjacent vertices of the tree t. �

Theorem 5. Let the potential Φ(r) of a pairwise interaction be a measurable function,

the pairwise interaction satis�es the conditions of stability and regularity. Then the tree sums

L(T ′) and L(T ′,Λ), de�ned by the formulas (49) and (50), where T ′ ⊂ Tn and n ≥ 2, are base
linear combinations of the order n, and each tree t ∈ T ′ is the completed graph-label of the

integrand of the integral I(t) in the tree sum L(T ′), and this tree is the completed graph-label

of the integrand of the integral I(t,Λ) in the tree sum L(T ′,Λ). Moreover, to each such tree

t is assigned, as a complementary set, the set of admissible edges X̃ad(t) = {{u, v}}.
Proof. De�nitions of integrals I(t) and I(t,Λ) by the formulas (47) and (48) respectively

mean that for each tree t ∈ T ′ is de�ned the �nite set X̃ad(t) of admissible edges that is put
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in correspondebce to this tree. By Remark 9, this set does not intersect with the set Xf (t)
and consists of pairwise distinct edges, each of which connects two non-adjacent vertices of
the tree t. From the de�nition of the integrals I(t) and I(t,Λ) by the formulas (47) and
(48) it follows that for each tree t ∈ T ′ these integrals have the same integrand, which is a
product of Mayer and Boltzmann functions.

Moreover, the set of edges Xf (t) of the tree t labeling the integrand of integrals I(t)
and I(t,Λ), de�nes the set F of all Mayer functions of this product and is, by De�nition
3, the set of Mayer edges with respect to the set F of Mayer functions. And by De�nition
4, the set of admissible edges X̃ad(t) de�nes the set F̃ of all Boltzmann functions of this

product and is the set of Boltzmann edges with respect to the set F̃ of Boltzmann functions.
Thus, by the de�nition of a complementary set, the set X̃ad(t) is a complementary set put

in correspondebce to the tree t. The sets Xf (t) and X̃ad(t) form an ordered pair X =
(Xf , Xad(t)).

By the de�nition of the trees set Tn, every tree t ∈ Tn is a connected graph with vertex
set Vn and, hence, the equality V (Xf (t)) = Vn holds. This and Remark 9 imply the equality
V (Xf )

⋃
V (Xf̃ ) = Vn. From this equality, by De�nition 5, it follows that an ordered pair

of sets X = (Xf , Xf̃ ) is canonical. It follows from the results obtained that any tree t ∈ Tn
belongs to the set G̃n by its de�nition.

Hence, by De�nition 15 and Lemma 2, it follows that each tree t ∈ T ′ is the completed
graph-label of the canonical product of functions P̃G̃n

(t), which is labeled by this tree, is of
order n and is represented by formula

P̃G̃n
(t) =

∏
{i,j}∈Xf (t)

∏
{i′,j′}∈Xad(t)

fij f̃i′j′ . (51)

The right-hand side of the formula (51) coincides with both the integrand of the integral I(t)

and the integrand of the integral I(t,Λ). Therefore, the functions product P̃G̃n
(t) labeled by

the tree t is the integrand of the integrals I(t) and I(t,Λ); and the tree t is the completed
graph-label of the integrand of the integrals I(t) and I(t,Λ).

Hence, by Remark 5, it follows that the integrand of the integrals I(t) and I(t,Λ) is a
functions base product of order n. And the integrals I(t) and I(t,Λ) by De�nition 9 are
base integrals of order n. By Theorem 3, for any connected bounded Lebesgue measurable
set Λ contained in the space (Rν), this functions product is an integrable function on the
set Λn, and the integral I(t,Λ) of this functions product converges; moreover, this functions
product is an integrable function over the space (Rν)n−1, and the integral I(t) of this product
converges and does not depend on the value of the variable r1.

Recall that functions c(t | T ′) and c1(t | T ′) are de�ned on the trees set T ′, and take real
values on the trees of this set. For each t ∈ T ′, the value c(t | T ′) is the coe�cient of the
integral I(t) belonging to the tree sum L(T ′). In exactly the same way, for each t ∈ T ′, the
quantity c1(t | T ′) is the coe�cient of the integral I(t,Λ) belonging to the tree sum L(T ′,Λ).

From the results obtained, it follows by Theorem 4 that the tree sums L(T ′) and L(T ′,Λ)
de�ned by the formulas (49) and (50), where T ′ ⊂ Tn and n > 1, are base linear combinations
of order n. Theorem 5 is completely proved. I

If the tree sum is a base linear combination of order n, then we will call the number n
order of this tree sum.

6. As an example of representing the coe�cients of power series by tree sums, one
can cite the representations of Mayer coe�cients bn(Λ) obtained by the author [3, 9, 17],
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free of asymptotic catastrophe. These representations were obtained for the case when
the thermodynamic equilibrium one-component system of classical particles with pairwise
interaction [24, 49] is enclosed in a bounded volume Λ, which is connected, bounded and
Lebesgue measurable set contained in the space Rν . It was assumed that the pairwise
interaction satis�es the conditions of stability and regularity, and the pair potential Φ(r)
is measurable function. For all n ≥ 2, each of the representations of Mayer coe�cient
bn(Λ) obtained by the author under these conditions is a tree sum, which is a base linear
combination of order n with coe�cients of insigni�cant complexity and with an associated
set Λn ⊂ (Rν)n.

Initially, were obtained such representations, in which the coe�cient bn(Λ) was expressed
as the product of the number 1/n! by the sum of all integrals, whose integrands are labeled
with labeled trees with n verteces [25, 28, 9, 17] and with the root vertex labeled with 1 [3].

Moreover, to each labeling tree t was assigned the set of admissible edges X̃ad(t) = {{u, v}}.
By De�nition 23, such a sum is a tree sum. In this sum coe�cient of each integral included
in this sum is equal to unity. Therefore, no calculations are required to determine the values
of the coe�cients of the integrals included in this sum. Hence, by Theorem 5 and Remark
6, it follows that this tree sum is a base linear combination of order n with the coe�cients
of the negligible complexity.

Subsequently, these representations were simpli�ed [9, 17]. For this purpose, a binary
relation of maximal isomorphism of labeled rooted trees was introduced. This relation has
the properties of re�exivity, symmetry and transitivity, that is, it is a relation of equivalence
[21] and decomposes the set {Tn}, consisting of all labeled trees with the verteces set Vn =
{1, 2, . . . , n} and rooted vertex 1 into classes of maximally isomorphic trees. These classes
have a very useful property: in the above representation of Mayer coe�cient bn(Λ) by the tree
sum are equal all integrals whose integrands are labeled with maximally isomorphic trees. In
the works [9, 17] is introduced a constructive de�nition of such the subset TR(n) ⊂ Tn that
satis�es the condition: a) no two trees belonging to the set TR(n) are maximal isomorphic,
b) the cardinality of the set TR(n) is equal to the number of classes of maximal isomorphic
trees, belonging to the set Tn.

Using the representation of coe�cients bn(Λ) as the sum of all integrals, whose integrands
are labeled with the labeled trees with the verteces set Vn = {1, 2, . . . , n} and with the rooted
vertex 1, decomposition of the set of rooted labeled trees with the verteces set Vn and with the
rooted vertex labeled 1 into classes of maximally isomorphic trees, and the above property
of maximally isomorphic trees, the representation of Mayer coe�cient bn(Λ) by the tree sum
was obtained in the form:

bn(Λ) =
1

n!|Λ|
∑

t∈TR(n)

|TI(t)| I(t,Λ). (52)

Here TI(t) is the set of the trees belonging to the set Tn and maximally isomorphic to the
tree t; |TI(t)| is cardinality of the set TI(t); I(t,Λ) is the integral de�ned by formula (48).

Passing in the representations of Mayer coe�cients bn(Λ) by the formula (52) to the
thermodynamic limit, it was possible to obtain [9, 17] Mayer coe�cients representations in
thermodynamic limit as tree sums. For short, the thermodynamic limit of Mayer coe�cients
bn(Λ) will be called the limiting Mayer coe�cient and denoted bn. These representations
are such:

bn =
1

n!

∑
t∈TR(n)

|TI(t)| I(t). (53)
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From the de�nition by the formula (52) of Mayer coe�cients bn(Λ) representations and the
de�nition by the formula (53) of representations of limiting Mayer coe�cients bn it follows:
at all n ≥ 2 the set of trees TR(n) is the set of all trees that are graphs-labels labeling both
the integrands of the integrals, included in the tree sums representing Mayer coe�cients
bn(Λ), and the integrands of the integrals, included in the tree sums representing limiting
Mayer coe�cients bn.

The number of the trees in the set TI(t) is completely de�ned by the tree t according to
the formula

|TI (t)| = (n− 1)!
(H(t)−1∏

i=1

n(t, i)!
)−1(n(t,H(t)−1)∏

i=1

(d(t, i)− 1)!
)−1

. (54)

Here H(t) is height [9, 17, 5] of the tree t; n(t, i) is the number of vertices of the tree t
located at height i; d(t, i) is degree of the i-th vertex from the set of all vertices of the tree
t located at the height H(t)− 1.

Lemma 3. For n ≥ 2 the representation of Mayer coe�cient bn(Λ) by the tree sum

according to the formulas (52) and (48) and the representation of limiting Mayer coe�cient

bn by the tree sum according to the formulas (53) and (47) are base linear combinations of

order n with coe�cients of negligible complexity.

Proof. The sum on the right-hand side of equality (52) and the sum on the right-hand
side of equality (53) have the following properties: 1) the set of trees TR (n) is a subset of
the set Tn; 2) the integrals included in the �rst sum are de�ned by formula (48), and the
integrals included in the second sum are de�ned by formula (47); 3) the coe�cient of each
of these integrals is the number of trees that are maximally isomorphic to the tree t labeling
the integrand of this integral; this number is de�ned by the tree t according to formula (54).
Hence, by De�nition 23, it follows that these sums are tree sums. By Theorem 5, these tree
sums are base linear combinations of order n.

From the de�nition of the coe�cients of these tree sums by formula (54) it follows that the
complexity of the calculation of these coe�cients is negligible. Therefore, these tree sums
are base linear combinations of the order n with coe�cients of the negligible complexity.
Lemma is proven. I

The number of trees in the set TR(n) is calculated by the formula

|TR (n)| = 1 +
(
2n−2 − 1

)
+

+
n−1∑
H=3

∑
n∈N(H, n−1)

(n(H − 1) + n(H)− 1)!

n(H)!(n(H − 1)− 1)!

H−1∏
i=2

{[n(i− 1)]n(i)}. (55)

Here N(H, k) = {(n(1), n(2), . . . , n(H))} is the set of H -dimensional vectors whose compo-

nents are natural numbers, and the vectors themselves satisfy the condition:
H∑
i=1

n(i) = k.

The results of the calculations by formula (55) are shown in Table 1. This table lists the
cardinalities of the sets TR(n) for all n satisfying the inequalities 2 ≤ n ≤ 10.

Recall that the set TR(n) is the set of completed graphs-labels of the integrands of all
integrals included in a base linear combination that is a representation of the thermodynamic
limit bn of Mayer coe�cients bn(Λ) as a tree sum according to the formulas (53) and (47). The
set TR(n) is also the set of completed graphs-labels of the integrands of all integrals included
in the linear combination representing Mayer coe�cient bn(Λ) as a tree sum by formulas
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(52) and (48) for any volume Λ that is a connected, bounded and Lebesgue measurable set
contained in the space Rν . All of these representations are base linear combinations of the
same length equal to the cardinality of the set TR(n), and di�er only in their associated
sets. Therefore, on all these representations the complexity criterion Cr1 takes the same
value equal to the cardinality of the set TR(n).

Let us now compare the complexity of the representations of Mayer coe�cients bn(Λ)
according to the formulas (52) and (48) with the complexity of Ree-Hoover representations
of the virial coe�cients by the criterion Cr1 in the case when thermodynamic equilibrium
one-component system of classical particles with pairwise interaction [24, 49] is enclosed in a
bounded volume Λ, which is a connected, bounded and Lebesgue measurable set contained
in the space Rν . In this case, it is assumed that the pairwise interaction satis�es stability
and regularity conditions, and the pair potential Φ(r) is Lebesgue measurable function.
Under these conditions, Ree-Hoover representation of the virial coe�cient Bn(Λ) is de�ned
for all n ≥ 2 and is a base linear combination of order n with coe�cients of negligible
complexity and with an associated set Λn ⊂ (Rν)n. In this case, by de�nition 17 the
considered representation of Mayer coe�cient bn(Λ) and Ree-Hoover representation of the
virial coe�cient Bn(Λ) are comparable for any n ≥ 2 and for any Λ satisfying the above
conditions.

In the simplest case, when n = 2, both Mayer coe�cient b2(Λ), and the virial coe�cient
B2(Λ) are represented by the same integral and their representations di�er only in sign.
There is nothing to simplify here.

Further, from Table 1 it is clear that for n = 7, 8, 9, 10, the representation of Mayer
coe�cient bn(Λ) by formula (52) contains a smaller number of summable integrals than
Ree-Hoover representation of the virial coe�cient Bn(Λ). Therefore, for these values of n
according to the criterion Cr1 the Ree-Hoover representation of the virial coe�cient Bn(Λ)
is considerably more complicated than representation of Mayer coe�cient bn(Λ) as a tree
sum according to formulas (52) and (48).

Now let's see what result is obtained according to the criterion Cr2.
From the de�nition of the set X̃ad(t) = {{u, v}} of the admissible edges of the tree t

it follows that for any n > 2, the tree sum de�ned by formulas (52) and (48) satis�es the
condition: in this sum only one integral, labeled with the star [25, 28], all edges of which are
incident to its root, is a complete base integral; while everyone else the integrals in this sum
are incomplete base integrals. Hence, by De�nition 22 and Lemma 3, it follows that for any
n > 2 representation of the Mayer coe�cient bn(Λ) by the tree sum according to formulas
(52) and (48) is an incomplete base linear combination of order n with coe�cients of the
negligible complexity.

On the other hand, by Corollary 5, Ree-Hoover representation of the virial coe�cient
Bn(Λ) is a complete base linear combination of order of n with coe�cients of the negligible
complexity.

From the above, by Corollary 6 it follows that for the values n = 7, 8, 9, 10 Ree-Hoover
representation of virial coe�cient Bn(Λ) is considerably more complicated by the criterion
Cr2 than represention of Mayer coe�cient bn(Λ) by the tree sum de�ned according to for-
mulas (52) and (48).

Note that for n = 8, 9, 10, the number of integrals in the sum representing according
to Ree-Hoover method, the virial coe�cient Bn(Λ) greatly exceeds the number of integrals
in the sum representing Mayer coe�cient bn(Λ) by formulas (52) and (48). Therefore, by
Corollary 6, for these values of n, the representation of Mayer coe�cient bn(Λ) by formulas
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(52) and (48) is considerably simpler than the representation of the virial coe�cient Bn(Λ)
by Ree-Hoover method.

However, for n = 3, 4, 5, 6 the comparing representations do not satisfy the conditions of
Corollary 6. Hence, for these values of n this corollary cannot be applied for such comparison.
At that for these values of n according to the criteria Cr1 and Cr2 representation of Mayer
coe�cient bn(Λ) by formulas (52) and (48) is more complicated than the representation of
the virial coe�cient Bn(Λ) by Ree-Hoover method.

7. Another example of a represention of power series coe�cients in the form of tree sums
is the representation of the coe�cients an of the expansion of the ratio of the activity z [23,
24, 44, 49] to the density %(z) in a series in degrees of activity z:

z/%(z) = 1−
∞∑
n=2

nanz
n−1. (56)

This expansion was considered by Lieb [41] and Penrose [45].
Penrose proposed two methods for �nding the coe�cients an: either in a very compli-

cated way using the Kirkwood-Salzburg equations; or in a simpler way, proceeding from the
relations

nbn =
n−1∑
q=1

(q + 1)aq+1(n− q)bn−q (57)

between these coe�cients and Mayer coe�cients bn.
In [4, 31, 9, 17], it was proposed to represent the coe�cients an as a sum of integrals

whose integrands are labeled with trees. For this purpose, it was de�ned the set T (n, 0)
consisting of all trees belonging to the set Tn and satisfying the conditions:

a) any layer of a tree, with the exception of the zero and, perhaps, the last, consists of
at least two vertices;

b) except for the zero layer, a tree has no layer, in which only the highest vertex has a
degree, greater than one.

This made it possible to obtain [4, 31, 9, 17] free from asymptotic catastrophe represen-
tations of the coe�cients an as the sum of all integrals whose integrands are labeled with
trees from the set T (n, 0):

an =
1

n!

∑
t∈T (n,0)

I(t), (58)

where I(t) is the integral de�ned by formula (47).
Subsequently, these representations were simpli�ed [9, 17]. For this purpose, the set

TR(n, 0) = TR(n) ∩ T (n, 0) was de�ned [9, 17].
From the de�nition of the maximal isomorphism relation of rooted labeled trees and the

de�nitions of the sets T (n, 0) and TR(n, 0) it follows that the set T (n, 0) decomposes into
classes TI(t) of maximally isomorphic trees, where t is the tree that is a label of a class
TI(t) ⊂ T (n, 0) and belongs to the set TR(n, 0). And the set TR(n, 0) consists of all trees t
that are labels of the included in the set T (n, 0) classes TI(t) of maximally isomorphic trees.

Using the representation of the coe�cients an by formula (58), the concept maximal iso-
morphism of labeled rooted trees, decomposition of the set T (n, 0) into classes of maximally
isomorphic trees and properties of maximally isomorphic trees, the author proposed simpler
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representations of the coe�cients an free from asymptotic catastrophe:

an =
1

n!

∑
t∈TR(n,0)

|TI(t)| I(t). (59)

Here, as in formula (58), I(t) is the integral de�ned by formula (47); |TI(t)| is the de�ned
by formula (54) number of trees in the set TI(t), labeled with the tree t.

The number of trees in the set TR(n, 0) is calculated by the formula

|TR (n, 0)| = 1 +
∑′

2
n

(
[n(2) + n(1)− 1]!

[n(1)− 1]!n(2)!
− 1

)
+

+
N∑
H=3

∑′
H

n

(
[n(H) + n(H − 1)− 1]!

[n(H − 1)− 1]!n(H)!
− 1

)H−1∏
i=2

(
[n(i− 1)]n(i) − 1

)
, (60)

where N = d(n−1)/2e is the smallest of those integers that is at least (n−1)/2, and the sym-

bol
∑
n

′
H

in formula (60) means summation over all H-dimensional vectors (n1, n2, . . . , nH )

whose components are natural numbers, and the vectors themselves satisfy the conditions:

a) ni ≥ 2, i = 1, 2, . . . , H − 1; b) n
H
≥ 1; c)

H∑
i=1

n(i) = n− 1.

Lemma 4. Let the potential of the paired interaction Φ(r) is a measurable function, and

the pair interaction satis�es the conditions of stability and regularity. Then the representation

of the coe�cient an by the tree sum according to the formulas (59) and (47) for n > 3 is a

base linear combination of order n with coe�cients of negligible complexity.

Proof. The sum on the right-hand side of equality (59) has the following properties:
1) the trees set TR (n, 0) is a subset of the set Tn; 2) the integrals included in this sum are
de�ned by formula (47); 3) the coe�cient for each of these integrals is the number of trees,
maximally isomorphic to the tree t labeling the integrand of this integral; this number is
de�ned by the tree t by formula (54). Hence, by De�nition 23 it follows that this sum is a
tree sum.

By Theorem 5, this tree sum is a base linear combination of order n.
From the de�nition of the coe�cients of this tree sum by formula (54) it follows that the

complexity of the calculation of these coe�cients is negligible. Therefore this tree sum is a
base linear combination of order n with coe�cients of the negligible complexity. The lemma
is proved. I

Remark 10. From the de�nition [4, 31, 9, 17] of the set X̃ad(t) = {{u, v}} of admissible
edges of a tree t it follows that for any n > 3, the tree sum de�ned by formulas (59) and
(47) satis�es the condition: in this sum only one integral, whose integrand is labeled with
the star, all edges of which are incident to its root, is a complete base integral; and everyone
else the integrals in this sum are incomplete base integrals. Hence, by De�nition 22 and
Lemma 4, it follows that for any n > 3 representation of the coe�cient an by the tree sum
according to formulas (59) and (47) is an incomplete base linear combination of order n with
coe�cients of the negligible complexity. �

From representation (53) of Mayer coe�cients bn and from representation (59) of coef-
�cients an it is obvious that b2 = a2. The indicated representations of these coe�cients
coincide and have the same complexity.

29



And from the de�nitions of the sets TR(n) and TR(n, 0) for n > 2 it follows that the set
TR(n, 0) is a proper subset of the set TR(n). This has two corollaries:

1. for any n > 2, the length of the base linear combination, which is a tree sum repre-
senting Mayer coe�cient bn by formulas (53) and (47), is more the length of the base linear
combination, which is the tree sum representing the coe�cient an by formulas (59) and (47).

2. for any n > 1, each integral included in the sum representing by formulas (59) and
(47) the coe�cient an is also included in the sum representing by formulas (53) and (47) the
Mayer coe�cient bn.

The de�nition of the set of trees TR(n) implies that the set TR(3) consists of two trees,
which are the graphs G and G1, introduced in examples 2 and 3, respectively. Further, from
the de�nition of the trees set TR(n, 0) it follows that the set TR(3, 0) consists of one tree,
which is the graph G1. From the results obtained in example 3, it is clear that the base
linear combination, which is the tree sum representing Mayer coe�cient b3 by formulas (53)
and (47), is negligibly more complicated than a base linear combination, which is the tree
sum representing coe�cient a3 by formulas (59) and (47).

for n > 3, the set TR(n) contains at least one tree, which does not belong to the set
T (n, 0) and has a non-empty set of admissible edges. Such trees include, in particular, all
trees from the set TR(n) of height H > 1 that are not a chain and have such layer of vertices,
in which only the highest vertex has degree greater than one. Obviously, the integrals, whose
integrands are labeled with such a trees, have a positive value of the criterion N1 of the
complexity of their estimations. They are included in the base linear combination, which
is the tree sum representing Mayer coe�cient bn by formulas (53) and (47), and are not
included in the base linear combination, which is the tree sum representing a coe�cient an
by formulas (59) and (47).

Thus, in the situation under consideration, all conditions of Corollary 4 are satis�ed.
From this, by Corollary 4, it follows that according to the criterion Cr3 for n > 3 the
base linear combination, which is the tree sum, representing the Mayer coe�cient bn by the
formulas (53) and (47), is considerably more complicated than the base linear combination,
which is the tree sum representing the coe�cient an by formulas (59) and (47).

Table 3 shows the Cr3 criterion values calculated for n = 3, 4, 5, 6 for the base linear
combinations that are the representations of Mayer coe�cients bn in the form of tree sums
by formulas (53) and (47), and for base linear combinations that are the representations of
the coe�cients an in the form of tree sums by formulas (59) and (47).

These values are a numerical con�rmation of the obtained by a theoretical way of com-
parative estimations of the complication of these base linear combinations.

Hence it follows that for estimation the coe�cients an the direct method, based on their
representation in the form of tree sums by formulas (59) and (47), is simpler and more
rational than the method proposed by Penrose for estimation the coe�cients an proceeding
from relations (57), between these coe�cients and the Mayer coe�cients bn. Relations (57)
are more expedient to use to represent coe�cients bn in terms of coe�cients an, in order then
to apply these representations both for estimating Mayer coe�cients bn, and to estimate the
virial coe�cients Bn.

These conclusions are also numerically con�rmed by the Cr1 criterion values calculated
for n = 2, 10 for base linear combinations, which are representations of limiting Mayer
coe�cients bn in the form of tree sums according to the formulas (53) and (47), and for base
linear combinations, which are representations of the coe�cients an in the form of tree sums
according to the formulas (59) and (47).
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The value of the Cr1 criterion for the base linear combination, which is the representation
of the coe�cient an by the tree sum is equal to the number of integrals in this tree sum.
From the representation of the coe�cient an as a tree sum according to the formula (59) it
follows that the number of integrals in this tree sum is equal to the number of trees in the
set TR(n, 0), which is calculated by the formula (60).

The results of calculating the cardinality of the set TR(n, 0) for n = 2, 10 are given
in Table 1. The data in this table support the conclusions already drawn. According to
these data, for n = 4, 10, the number of integrals in the sum representing limiting Mayer
coe�cient bn by formula (53) exceeds the number of integrals in the representation of the
coe�cient an by formula (59) by more than 2 times. Hence, according to the simplest
criterion, i.e. the length of the base linear combination, the conclusion follows: for n = 4, 10
such a representation of the coe�cient an is several times simpler than Mayer representation
coe�cient bn as a tree sum according to to formulas (53) and (47).

8. Another example of successful application of the frame sums method is the represen-
tations of virial coe�cients obtained by this method. Within the framework of this method,
two ways of representing virial coe�cients have been developed.

The �rst is as follows: each virial coe�cient is represented as a polynomial in tree sums.
As examples of this way of representing virial coe�cients can be given representations of
the virial coe�cients free of the asymptotic catastrophe of two types: 1) in the form of
polynomials in tree sums representing Mayer coe�cients bn, and 2) in the form of polynomials
in tree sums representing the coe�cients an.

Representations of the virial coe�cients in the form of polynomials in tree sums repre-
senting Mayer coe�cients bn can be obtained by using the results obtained by Mayer [23, 42,
43, 44]. In [44] is given a representation (in the form of polynomials in Mayer coe�cients bn)
of the quantities βµ, by which the virial coe�cients are expressed according to the formula

Bn(Λ) = −n− 1

n
βn−1(Λ), n > 1. (61)

Let us present this representation, somewhat simplifying the notation and at the same time
correcting noticed a typo. For this purpose, we introduce the notation

M(n) = {m} is the set of (n − 1)-dimensional vectors m = (m1,m2, . . . ,mn−1) whose
components are whole non-negative numbers satisfying the condition:

n−1∑
j=1

jmj = n− 1. (62)

For each vector m ∈M(n) de�ne the vector norm, denoting it ||m|| and setting

||m|| =
n−1∑
i=1

mi. (63)

In this notation, the quantity βµ is represented as follows:

βµ(Λ) = − 1

µ!

∑
m∈M(µ+1)

(µ+ ||m|| − 1)!

µ∏
j=1

1

mj!
[−(j + 1)bj+1(Λ)]mj . (64)
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Formulas (61) and (64) imply the representations of the virial coe�cients as polynomials
in Mayer coe�cients bn:

Bn(Λ) =
n− 1

n!

∑
m∈M(n)

(n+ ||m|| − 2)!
n−1∏
j=1

1

mj!
[−(j + 1)bj+1(Λ)]mj . (65)

The thermodynamic limit Bn of virial coe�cients Bn(Λ) can be represented in a similar
way in the form of polynomials in limiting Mayer coe�cients bn:

Bn =
n− 1

n!

∑
m∈M(n)

(n+ ||m|| − 2)!
n−1∏
j=1

1

mj!
[−(j + 1)bj+1)]mj . (66)

Formulas (65) and (66) will be called Mayer formula.
For short, the thermodynamic limit of virial coe�cients Bn(Λ) will be called the limiting

virial coe�cient and denoted Bn.
Let Mayer coe�cients bn(Λ) in formula (65) be de�ned by their representations in the

form of tree sums according to formulas (52) and (48). Then formulas (65), (52) and (48)
are representations of the virial coe�cient Bn(Λ) as polynomials in tree sums representing
Mayer coe�cients b2(Λ), b3(Λ), . . . , bn(Λ). Such the representation of the virial coe�cient
Bn(Λ) will be called its representation by Mayer formula and formulas (52) and
(48). Similarly, the representation of the limiting virial coe�cient Bn in the form of a
polynomial in tree sums representing limiting Mayer coe�cients b2, b3, . . . , bn we will call its
representation by the Mayer formula and formulas (53) and (47).

Further, for the sake of brevity, we will omit the Λ argument of the virial coe�cients Bn

where it will not cause di�culties for the reader to understand.
Obviously, the procedure for calculating the estimate a limiting virial coe�cient Bn on

base of its representation by Mayer formula and by formulas (53) and (47) has the same
complexity as the evaluation procedure virial coe�cient Bn(Λ) on base of its representation
by Mayer formula and formulas (52) and (48).

If the procedure of the calculation of the estimate of a virial coe�cient Bn(Λ) is based
on its representation by Mayer formula and by formulas (52) and (48), then, for brevity, the
complexity of this procedure we will call the complexity of representation of the virial
coe�cient by Mayer formula and formulas (52) and (48).

The question of interest is: what is the complexity of calculation of the estimates of virial
coe�cients using these representations? To answer this question, you need to clearly de�ne
the process of the calculation of these estimates. This article suggests the following scheme
of this process:

Stage 1. The calculation of the estimates of Mayer coe�cients included in the represen-
tation of a given virial coe�cient according to Mayer formula.

Stage 2. The calculation of the estimate of a given virial coe�cient. The calculation is
performed according to Mayer formula, in which instead of Mayer coe�cients, the calculated
estimates of these coe�cients are substituted.

To estimate the complexity of these the calculations using Mayer formula, we present
this formula in a slightly di�erent, more convenient form for solving this problem.

For this purpose, we introduce the notation:

Qn(x;y;m) =
n−1∏
j=1

1

mj!
(yjxj)

mj . (67)
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Let
xi = −bi+1(Λ), i = 1, 2, . . . , n− 1; b(Λ) = {b2(Λ), b3(Λ), . . . , bn(Λ)}; (68)

yi = i+ 1, i = 1, 2, . . . , n− 1. (69)

In this notations, Mayer formula (65) takes the form

Bn(Λ) =
n− 1

n!

∑
m∈M(n)

(n+ ||m|| − 2)!Qn(x;y;m). (70)

Condition (62) implies that the norm of any vector m ∈M(n) satis�es the inequality

||m|| ≤ n− 1. (71)

Remark 11 [39]. From the de�nition of the function Qn(x;y;m) by formula (67) it
follows that in the case when the values of the components of the vector y are calculated by
formulas (69), and the values of the components of the vector x are given, to calculate the
value of the function Qn(x;y;m) it is required to perform no more than 5||m|| arithmetic
operations.

Also in the case when the values of the components of the vector y are calculated ac-
cording to the formula

yi = −i− 1, i = 1, 2, . . . , n− 1, (72)

and the values of the components of the vector x are given, to calculate the value of the
function Qn(x;y;m) it is required to perform no more than 5||m|| arithmetic operations.

In the case when all the components of the vector y are equal to the number 1, and the
values of the components of the vector x are given, to calculate the value of the function
Qn(x;y;m) for given values of vectors x and y it is required to perform no more than 3||m||
arithmetic operations. �

Remark 12 [39]. From the de�nition of the sum
∑

m∈M(n)

it follows that the number of

terms in this sum is equal to the number of all unordered expansions of the number n − 1
into a sum of natural terms. Following [26, 29], we denote this number by p(n− 1).

The value of p(n) grows with the growth of n rather slow. Its values are given in the
book [26, 29] (see Table 4.2). So, at n = 9 this value takes on the value 30, and at n = 10
this value is 42. �

From Remark 12, from formula (67) and from inequality (71) it follows that for n ≤ 10
to calculate the sum ∑

m∈M(n)

(n+ ||m|| − 2)!Qn(x;y;m),

where x and y are de�ned by formulas (68) and (69) accordingly, it takes less than 2430
arithmetic operations. From this estimate and Mayer formula, it follows that to calculate
the estimate of the virial coe�cient Bn according to Mayer formula by use of the known
estimates of Mayer coe�cients bn for n ≤ 10 require perform less than 2440 arithmetic
operations.

This is a negligible number of arithmetic operations compared with the number of op-
erations required to obtain an estimate of even the �rst virial coe�cients such as B4, B5,
B6 (and as Mayer coe�cients b4, b5, b6) by known methods. Indeed, in the procedure for
calculating estimates of these coe�cients by Monte Carlo method, about 1010 and more
statistical tests are performed. This implies the following
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Remark 13. In the case when the process of the calculation of the estimate of a virial
coe�cient is based on the representation of this coe�cient by Mayer formula and formulas
(52) and (48), the complexity of this process is negligibly exceeds the complexity of all the
calculations performed at the �rst stage of this process. This makes it possible to use the
criterion of the complexity of all the calculations performed at the �rst stage, as a criterion of
the complexity of the representation of this virial coe�cient by Mayer formula and formulas
(52) and (48). �

Of course, the complexity of the procedure of the calculation of the estimates of Mayer
coe�cients depends on their representations. For brevity, the complexity of the procedure of
the calculation of the estimates of all Mayer coe�cients from the set {b2(Λ), b3(Λ), . . . , bn(Λ)}
with the help of given representations of all these coe�cients we will call the complexity
of the given set of the representations of Mayer coe�cients.

Based on Remark 13, we will hold that a criterion of the complexity of the representation
of a virial coe�cient Bn(Λ) by Mayer formula and formulas (52) and (48) is a criterion of
the complexity of the set of the representations of Mayer coe�cients b2(Λ), b3(Λ), . . . , bn(Λ).
Similarly, we will hold that the complexity criterion of the representation of the limiting
virial coe�cient Bn by Mayer formula and formulas (53) and (47) is the complexity criterion
of the set, consisting of representations of the limiting Mayer coe�cients b2, b3, . . . , bn.

In the cases considered below, Mayer coe�cients are represented by formulas of the
form (52) and (48). By Lemma 3, these representations are base linear combinations with
coe�cients of the negligible complexity.

In order to estimate the complexity of the set of base linear combinations representing
Mayer coe�cients b2, b3, . . . , bn, it is necessary to introduce criteria for the complexity of
evaluating a �nite set of base linear combinations with coe�cients of negligible complexity.
For this purpose, we introduce the following notation:

L = {L} is a �nite set of base linear combinations with coe�cients of negligible complex-
ity;

U(L) = {U(L) : L ∈ L} is the totality of all sets associated with a base linear combina-
tions belonging to the set L.

D e f i n i t i o n 24. The totality U(L) is called the sets totality, associated with the
set L of base linear combinations. �

De f i n i t i o n 25. The totality of sets U(L) is called ordered if there exists a connected,
bounded and Lebesgue measurable set Λ ⊂ Rν such that for any linear combination L ∈ L
its the associated set U(L) can be represented as: U(L) = Λk, where k is order of the linear
combination L. In this case, the set Λ is called conjugate to the set L. �

De f i n i t i o n 26. A linear combinations set L is called a base set if it satis�es one of
the following two conditions:

1) Each base linear combination of order k belonging to it belongs to the set L(k, (Rν)k−1);
in this case the space Rν is called conjugate to the set L.

2) Each base linear combination of order k belonging to it belongs to the set L(k), and
the population of sets U(L) is ordered. �

De f i n i t i o n 27. The largest of the numbers serving as order of one of the base linear
combinations included to the base set L is called order of this set. �

De f i n i t i o n 28. The base sets L1 and L2 are called comparable, if they both have the
same order n and if they both satisfy one of the following two conditions:

1) any base linear combination of order k belonging to at least one of these two base sets,
belongs to the set L(k, (Rν)k−1), where k ≤ n, n is the order of these base sets;
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2) each of these two base sets has a conjugate set, and these two conjugate sets coincide
with each other. �

In what follows, we will consider only such sets of base linear combinations that are base
sets.

In the article are proposed three criteria of the complexity of estimation of a base set of
linear combinations. Each of these criteria is generated by one of the above the criteria of
the complexity of base linear combinations. The criterion generated by the Cri criterion,
where i = 1, 2, 3, we denote Cr′i.

We de�ne the complexity criterion Cr′i(L) on all base sets consisting of such base linear
combinations on which the criterion of complexity Cri is de�ned.

On each such base set L = {L}, let's de�ne the value of the criterion Cr′i(L), putting

Cr′i(L) =
∑
L∈L

Cri(L), i = 1, 2, 3. (73)

Since the criteria Cr1 and Cr2 are de�ned on all base linear combinations, the criteria
Cr′1 and Cr

′
2, according to their de�nition by the formula (73), are de�ned on all base sets.

And since the criterion Cr3 is de�ned only on base linear combinations of base improper
convergent integrals, then the criterion Cr′3 according to its de�nition by the formula (73)
is de�ned on all base sets consisting only of base linear combinations of base improper
convergent integrals.

So, we have de�ned the complexity criteria Cr′i, Cr
′
2 and Cr′3. At this de�nition the

domain of the complexity criterion Cr′i (where i = 1, 2, 3) is the totality of all �nite subsets
of the set of all base linear combinations at which the complexity criterion Cri de�ned.

It was noted above that the value of each of the criteria Cr1, Cr2 and Cr3 on a linear
combination included in its de�nition domain, depends only on the set of graphs serving
as labels of the integrands of the integrals, which are included in this linear combination,
and does not depend on the associated set of this linear combination. Hence and from the
de�nition of the criteria Cr′1, Cr

′
2 and Cr

′
3 by the formula (73) it follows that the value of

each of the criteria Cr′1, Cr
′
2 and Cr

′
3 on a base set included in its de�nition domain depends

only on the set of graphs serving as labels of the integrands of integrals included in the linear
combinations that belong to this set, and this value does not depend on the conjugate set of
this base set.

D e f i n i t i o n 29. Let the criterion Cr′i, where i can take the values i = 1, 2, 3, is de�ned
on comparable base sets L and L1 of linear combinations.

We will hold that by the criterion Cr′i, the base set L1 is considerably more com-
plicated than the base set L, if Cr′i(L1) > Cri(L). If Cri(L1) = Cri(L), then we will hold
that, according to the criterion Cr′i, the complexity of one of these two base sets is equal
or negligibly di�erent from complexity another of them, and say that according to the
criterion Cr′i, the complexity of one of them is approximately equal to the complexity
of the other. If it is known that the base set L1 is more complicated than the base set L,
and Cri(L1) = Cri(L), then we will hold that by the criterion Cr′i, the set L1 is negligibly
more complicated then the set L. �

Let L0 be a base linear combination with the coe�cients of negligible complexity, which
belongs to the domain of the complexity criterion Cri. Let us put in correspondence to
the linear combination L0 the base set L0 = {L0}, consisting of one linear combinations
L0. Obviously, the base linear combination L0 and the set L0 have the same computational
complexity.
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The set L0, by its de�nition, belongs to the domain of de�nition of the complexity
criterion Cr′i. Therefore, the value of the complexity criterion Cr

′
i is de�ned for it. According

to the de�nition of the criterion Cr′i by the formula (73), the following equality holds:

Cr′i(L0) = Cri(L0). (74)

D e f i n i t i o n 30. A base set L and a base linear combination L0 are called comparable
if they both have the same order n, and if any base linear combination L ∈ L of order n is
comparable to the linear combination L0. �

For any i = 1, 2, 3 this de�nition, together with equality (74), makes it possible to
introduce a de�nition that makes it possible to compare the complexity of any basic linear
combination L0, on which the criterion Cri is de�ned, with the complexity of the base set
L′ = {L}, which is comparable to the base linear combination L0 and on which the criterion
Cr′i has been de�ned.

D e f i n i t i o n 31. Let L be a base linear combination, on which a criterion Cri is de�ned,
and L be a linear combinations base set, comparable with the base linear combination L.
We will hold that according to the criterion Cr′i the base linear combination L is
considerably more complicated than the base linear combinations base set L, if
Cri(L) > Cr′i(L). If Cri(L) < Cr′i(L), then we will hold that according to the criterion
Cr′i the base linear combination L is considerably simpler than the base linear
combinations base set L.

In the case when Cri(L) = Cr′i(L), we will hold that according to the criterion Cr′i
the complexity of the base linear combination L is approximately equal to the
complexity of the base linear combinations base set L, �

Let us denote by LTR(n,Λ) = {L} the base set of tree sums, each of which is the rep-
resentation of a coe�cient from the set of coe�cients b1,n−1(Λ) = {b2(Λ), b3(Λ), . . . , bn(Λ)}
according to formulas (52) and (48). Following the above, we hold that a complexity crite-
rion of the base set LTR(n,Λ) of tree sums is a complexity criterion of the virial coe�cient
Bn(Λ) representation according to Mayer formula (65) and formulas (52) and (48).

Lemma 5. Let the potential Φ(r) of a pairwise interaction be a measurable function,

and the pairwise interaction satis�es the conditions of stability and regularity. And let the

set Λ be a connected, bounded and Lebesgue measurable set contained in the space Rν. Then

the set LTR(n,Λ) is a base set of base linear combinations. This set is of order n, and the

set Λ is the conjugate set of this base set.

Proof. From the de�nition of the tree sums set LTR(n,Λ) it follows that any tree sum
belonging to this set is a representation of some Mayer coe�cient bk(Λ) belonging to the
Mayer coe�cients set b1,n−1(Λ) = {b2(Λ), b3(Λ), . . . , bn(Λ)}. From the de�nition of the set
LTR(n,Λ) by Lemma 3 it follows that this tree sum is a base linear combination of order k
with coe�cients of negligible complexity. Thus, the set LTR(n,Λ) is a �nite set of all base
linear combinations that are de�nded by the formulas (52) and (48) and are representations
Mayer coe�cients belonging to the set b1,n−1(Λ). In this case, the representation of Mayer
coe�cient bk(Λ) ∈ b1,n−1(Λ) is the base linear combination of order k from the set LTR(n,Λ).

From the de�nition by the formulas (52) and (48) of the base linear combinations belong-
ing to the set LTR(n,Λ) it follows that the set Λk is associated to the base linear combination
of order k from the set LTR(n,Λ). From the conditions of Lemma 5 it follows that for any
natural number k the associated set Λk is a connected, bounded and Lebesgue measurable
set [21] contained in the space (Rν)k.
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From this, �rst, it follows that for any k = 2, 3, . . . , n the base linear combination of order
k from the set LTR(n,Λ) belongs to set L(k) by the de�nition of this set. Second, from this,
by De�nition 25, it follows that the totality of all sets associated to base linear combinations
belonging to the set LTR(n,Λ), is ordered, and the set Λ is conjugate to the set LTR(n,Λ).

From the results obtained, by De�nition 26, it follows that the set mathfrakLTR(n,Λ)
is a base set of base linear combinations.

Any Mayer coe�cient bk(Λ) from Mayer coe�cients set b)1,n−1(Λ) is represented by the
base linear combination of order k from the base set LTR(n,Λ), and this base set contains
only base linear combinations that are representations of Mayer coe�cients belonging to the
set b1,n−1(Λ). Therefore, no base linear combination of order more than n belongs to the
base set LTR(n,Λ). On the other hand, this base set contains a base linear combination of
order n, which is the representation of Mayer coe�cient bn(Λ) belonging to the set b1,n−1(Λ).
Hence, the number n is the largest of the numbers that serve as the order of one of the base
linear combinations included to the base set LTR(n,Λ). From here by de�nition 27 it follows
that the number n is order of the base set LTR(n,Λ). Lemma 5 is completely proven. I

Example 4. Let us consider the set LTR(n,Λ) of all tree sums that according to
the formulas (52) and (48) are representations of Mayer coe�cients, belonging to the set
b1,n−1(Λ) = {b2(Λ), b3(Λ), . . . , bn(Λ)}. Moreover, we will assume that the conditions of
Lemma 5 are satis�ed. By Lemma 5, this set LTR(n,Λ) is a base set of base linear combina-
tions with coe�cients of negligible complexity and has order n, and the set Λ is the conjugate
set of this base set. The set LTR(n,Λ) contains only one base linear combination of order
n. Its associated set is the set Λn. By De�nition 17, this linear combination of order n is
comparable to Ree-Hoover representation of the virial coe�cient Bn(Λ). This statement is
based on the analysis of Ree-Hoover representation set out in Example 1, where it is shown
that this representation of the coe�cient Bn(Λ) is a base linear combination with coe�-
cients of negligible complexity and has order n, and the set Λn is the associated set of this
base linear combination. From this statement, by De�nition 30, it follows that the base set
LTR(n,Λ) is comparable to Ree-Hoover representation of the virial coe�cient Bn(Λ). Since
the criteria Cr1 and Cr2 are de�ned on this Ree-Hoover representation, and the criteria Cr

′
1

and Cr′2 are de�ned on the base set LTR(n,Λ), the complexity of the representation of the
virial coe�cient Bn(Λ) by the formulas (65), (52) and (48) was been compared with the
complexity of Ree-Hoover representation of this coe�cient at the stated below values of n.
Since the values of the criteria Cr′1 and Cr

′
2 do not depend on the set Λ conjugate to a base

set, then in examples 4 and 5 the symbol Λ only denotes that the set Λ conjugate to a base
set is a connected, bounded and measurable by Lebesgue set contained in the space Rν .

Table 4 shows the calculated values of the criterion Cr′1(LTR(n,Λ)) for n = 2, 10. where
LTR(n,Λ) is representation of the virial coe�cient Bn(Λ) according to Mayer formula (65)
and formulas (52) and (48). In particular, Cr′1(LTR(8,Λ)) = 857, Cr′1(LTR(9,Λ)) = 3709,
Cr′1(LTR(10,Λ)) = 17756. Comparing these values with the values of the complexity cri-
terion Cr1 of Ree-Hoover representations given in Table 4, we see that the values of the
criterion Cr′1(LTR(n,Λ)) for n = 8, 9, 10 are less than the values of the complexity crite-
rion Cr1(LRH(n,Λ)) (see tables notations) for corresponding Ree-Hoover representations.
Therefore, by De�nition 31, at these values of n, the representation of the virial coe�cient
Bn(Λ) according to formulas (65), (52) and (48) are considerably simpler than Ree-Hoover
representation of this coe�cient at any bounded volume Λ ⊂ Rν . I

Example 5 Let us compare, according to the criterion Cr′2, the complexity of Ree-
Hoover representations of the virial coe�cients B3(Λ), B4(Λ), B5(Λ), B6(Λ) and B7(Λ) with
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the complexity of their representations in the form of a polynomial in tree sums by formulas
(65), (52) and (48).

Table 5 shows, in particular, the following results:

Cr′2(LTR(3,Λ)) = 6, Cr′2(LTR(4,Λ)) = 28, Cr′2(LTR(5,Λ)) = 121,

Cr′2(LTR(6,Λ)) = 524, Cr′2(LTR(7,Λ)) = 2406,

Cr2(LRH(3)) = 3, Cr2(LRH(4)) = 12, Cr2(LRH(5)) = 50,

Cr2(LRH(6)) = 345, Cr2(LRH(7)) = 3591. (75)

Table 5 shows, in particular, that the inequality Cr′2(LTR(n) > Cr2(LRH(n)) holds for
n = 3, 4, 5, 6. From this, by De�nition 31, it follows that for values n = 3, 4, 5, 6 the repre-
sentation of the virial coe�cient Bn(Λ) by the formulas (65), (52) and (48) is considerably
more complicated than Ree-Hoover representation of this coe�cient for any bounded vol-
ume Λ ⊂ Rν . And for n = 7 the inquality Cr′2(LTR(7) < Cr2(LRH(7)) holds. From this
inequality, by De�nition 31, it follows that the representation of the virial coe�cient B7(Λ)
by the formulas (65), (52) and (48) is considerably simpler than Ree-Hoover representation
of this coe�cient for any bounded volume Λ ⊂ Rν . I

9. Let us now turn to representations of limiting virial coe�cients Bn in the form of
polynomials in tree sums representing the coe�cients an by formulas (59) and (47). These
representations of limiting virial coe�cients for n > 1 have the form [9, 11, 17, 36, 39]:

Bn =
∑

m∈M(n+1)

||m||! e||m||
n∏
j=1

(mj!)
−1[τj]

mj , n ≥ 2, (76)

where coe�cients eµ and τµ are de�ned by the formulas

e1 = τ1 = 1; eµ = µ−1
∑

m∈M(µ)

||m||!
µ−1∏
j=1

(mj!)
−1[(j + 1)aj+1]mj , µ ≥ 2; (77)

τµ = (µ− 1)!
∑

m∈M(µ)

[(µ− ||m||)! ]−1
µ−1∏
j=1

(mj!)
−1{−(j + 1)aj+1}mj . µ ≥ 2. (78)

According to these formulas, a limiting virial coe�cient Bn is represented as a polynomial
in tree sums representing coe�cients an.

Of interest is the question: what is complexity of the calculation of the estimate of a
limiting virial coe�cient Bn using its representation by the formulas (76), (77) and (78)?

To estimate complexity of these calculations, �rst of all we represent the limiting virial
coe�cient Bn and the quantities em and τm in a form more convenient for this purpose.

Namely, using the function Qn(x;y;m) introduced by formula (67), transform the rep-
resentations of the quantities Bn, em and τm by formulas, respectively (76), (77) and (78) as
follows:

e1 = 1; eµ = µ−1
∑

m∈M(µ)

||m||!Qm(x;y;m), µ ≥ 2, (79)

where
xj = aj+1, yj = j + 1, 1 ≤ j < µ; (80)
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τ1 = 1; τµ = (µ− 1)!
∑

m∈M(µ)

{[µ− ||m||]! }−1Qm(x;−y;m), µ ≥ 2, (81)

where the vectors y and x are de�ned by formulas (80), and the vector −y is de�ned by the
formula

−y = (−y1,−y2, . . . ,−yµ−1); (82)

Bn =
∑

m∈M(n+1)

||m||! e||m||Qn+1(x;y;m), n ≥ 2, (83)

where the values ej for j = 1.n are de�ned by the formulas (79),

xj = τj, yj = 1 for j = 1, n, (84)

and the quantities τj are de�ned by formulas (81), where the vectors y and x are de�ned by
formulas (80), and the vector −y de�ned by formula (82).

In these transformed representations, the limiting virial coe�cient Bn also, as in the
representations by formulas (76), (77) and (78), is presented as a polynomial in the tree
sums representing the coe�cients an.

Further, in order to answer the question posed, you need to clearly de�ne the process of
the calculation of the estimate of the limiting virial coe�cient Bn. This article suggests the
following scheme of this process:

Stage 1. A calculation of estimates of the values of the coe�cients ak for all k = 2, n.
The estimate of the value of the coe�cient ak is denoted by a′k, k = 2, n.

Stage 2. A calculation of estimates of the values of all quantities from the set en =
{e2, e3, . . . , en}. The estimate of the value of ek is denoted by e′k. The calculation is performed
according to the formulas (79) and (80), into which, instead of the coe�cients ak, where
k = 2, n, are substituted the their estimates a′k that were calculated at stage 1, and instead
of the quantity ek, is substituted the estimate e′k of the value of this quantity.

Stage 3. A calculation of estimates for the values of all quantities from the set τn =
{τ2, τ3, . . . , τn}. The calculation is performed according to the formula (81) and (80), into
which, instead of the coe�cients ak, where k = 2, n, are substituted the their estimates a′k
that were calculated at stage 1, and instead of the quantityτk, is substituted the estimate τ

′
k

of the value of this quantity.
Stage 4. A calculation of the estimate of the value of the given limiting virial coe�cient.

The estimate of the value of this coe�cient will be denoted by B′n. The calculation is made
according to the formula (83), into which instead of this coe�cient the its value estimate B′n
is substituted, and instead of the quantities ek and τk, are substituted the estimates of the
values of these quantities respectively e′k and τ

′
k calculated at stages 2 and 3.

Our immediate goal is to �nd an upper bound of the number of arithmetic operations
required for the computations performed in stages 2�4. Let's introduce the notation:

e′n = (e′1, e
′
2, . . . , e

′
n), τ ′n = (τ ′1, τ

′
2, . . . , τ

′
n), a′n = {a′1, a′2, . . . , a′n}, n ≥ 2;

E1(µ,m | aµ) is an upper bound of the number of arithmetic operations, which at a given
value of µ ≥ 2 and at a given vector m ∈ M(µ) are required to calculate the estimate of
the value of the product ||m||!Qµ(x;y;m), where the (µ − 1)-dimensional vectors x and y
are de�ned by the formulas (80), in which instead of the coe�cients ak the these coe�cients
values estimates calculated at the stage 1 are substituted;
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E2(µ,m | aµ) is an upper bound of the number of arithmetic operations that at a given value
of µ ≥ 2 and a given vector m ∈M(µ) are required to calculate the estimate of the value of
the product µ! {[µ− ||m||]! }−1Qµ(x;−y;m), where the (µ − 1)-dimensional vectors x and
y are de�ned by formulas (80), in which instead of the coe�cients ak the these coe�cients
values estimates calculated at the stage 1 are substituted, and the vector −y is de�ned by
formula (82);

α(n,m | en, τn) = ||m||! e||m||Qn+1(x;y;m), m ∈M(n+ 1), (85)

where the n-dimensional vectors y and x are de�ned by formulas (84), in which instead
of the coe�cients ak the these coe�cients values estimates calculated at the stage 1 are
substituted;

E3(n,m | en, τn) is an upper bound of the number of arithmetic operations, which at a
given vector m ∈M(n+1) are required to calculate the estimate of the value of the product
α(n,m | en, τn), where the n-dimensional vectors y and x are de�ned by the formulas (84),
in which instead of the quantities τk the these quantities values estimates calculated at the
stage 3 are substituted, and instead of the quantitie e||m|| the this quantitie value estimate
calculated at the stage 2 is substituted;

E(eµ | aµ) is upper estimate of the number of arithmetic operations required at the stage
2 to calculate the estimate of the value of the quantity eµ under all estimates, which belong
to the set a′µ = {a′1, a′2, . . . , a′µ} and are calculated at the stage 1;

E(τµ | aµ) is an upper bound of the number of arithmetic operations required at the stage
3 to calculate the estimate of the value of quantity τµ under all estimates, which belong to
the set a′µ = {a′1, a′2, . . . , a′µ} and are calculated at the stage 1;

E(en | an) is an upper bound of the number of arithmetic operations, required at the stage
2 to calculate the estimates of the values of all quantities from the set en = {e1, e2, . . . , en}
under all estimates, which belong to the set a′µ = {a′1, a′2, . . . , a′µ} and are calculated at the
stage 1;

E(τn | an) is an upper bound of the number of arithmetic operations required at the stage
3 to calculate the estimates of the values of all quantities from the set τn = {τ1, τ2, . . . , τn}
under all estimates, which belong to the set a′µ = {a′1, a′2, . . . , a′µ} and are calculated at the
stage 1;

E(Bn | en, τn) is an upper estimate of the number of arithmetic operations required at
stage 4 to calculate the estimate of the limiting virial coe�cient Bn under the estimates of
the values of all quantities from the population en = {e1, e2, . . . , en} and of the values of all
quantities from the set τn = {τ1, τ2, . . . , τn} obtained as results of the calculations at the
stages 1, 2 and 3;

E(Bn | an) is an upper estimate of the number of arithmetic operations required at stage
4 to calculate the estimate of the limiting virial coe�cient Bn under the estimates obtained
as results of the calculations at the stages 1, 2 and 3, that is under the estimates of the
values of all coe�cients from the set an = {a1, a2, ldots, an}, under the estimates of the
values of all quantities from the population en = {e1, e2, ldots, en} and under the estimates
of the values of all quantities from the set τn = {τ1, τ2, . . . , τn}.

Let us �nd an upper bound for the number of arithmetic operations required at stage 2
to calculate the estimates of the values of all quantities from the set en = {e1, e2, . . . , en}
under all estimates, which belong to the set a′n = {a′1, a′2, . . . , a′n} and have been calculated
at the stage 1.
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From the de�nition of the vectors set M(µ) it follows that for any µ ≥ 2 every vector
m ∈M(µ) satis�es the inequality

||m|| ≤ µ− 1. (86)

From the de�nition of the estimate E1(µ,m | an), the de�nition of the function Qn(x;y;m)
by formula (67), inequality (86), and Remark 11 it follows that for any µ ≥ 2 and any vector
m ∈M(µ) the inequality

E1(µ,m | aµ ) ≤ 7(µ− 1) (87)

holds.
From the de�nition of eµ by formula (79), inequality (87), Remark 12 and de�nitions of

the estimates E(eµ | aµ) and E1(µ,m | an) implies the estimate

E(eµ | aµ) ≤
∑

m∈M(µ)

E1(µ,m| aµ) ≤ 7p(µ− 1)(µ− 1). (88)

Using inequality (88) and the monotonic increase of the function p(n), from the de�nitions
of estimates E(eµ | aµ) and E(en | an) we obtain the inequality

E(en | an) ≤
n∑
µ=2

E(eµ | aµ) ≤ 7p(n− 1)
n∑
µ=2

(µ− 1) = 7p(n− 1)n(n− 1)/2. (89)

Let us �nd an upper bound for the number of arithmetic operations required at stage
3 to calculate the estimates of the values of all quantities from the set τn = {τ1, τ2, . . . , τn}
under all estimates, which belong to the set a′n = {a′1, a′2, . . . , a′n} and have been calculated
at the stage 1.

From the de�nition of the estimate E2(µ,m | aµ), from the de�nition of the function
Qn(x;y;m) by formula (67), from inequality (86) and Remark 11 it follows that for any
µ ≥ 2 and any vector m ∈M(µ) the inequality

E2(µ,m| aµ) ≤ 7(µ− 1) (90)

holds.
From the de�nition of the quantity τµ by formula (81), from inequality (90), from Remark

12 and the de�nitions of estimates E(τµ | aµ) and E2(µ,m | aµ) the estimate

E(τµ | aµ) ≤
∑

m∈M(µ)

E2(µ,m| aµ) ≤ 7p(µ− 1)(µ− 1). (91)

follows.
Using the inequality (91) and the monotonic increase of the function p(n), from the

de�nitions of the estimates E(τµ | aµ) and E(τn | an) we obtain the inequality

E(τn | an) ≤
n∑
µ=1

E(τµ | aµ) ≤ 7p(n− 1)
n∑
µ=2

(µ− 1) = 7p(n− 1)n(n− 1)/2. (92)

Let us �nd an upper bound for the number of arithmetic operations required to calculate
the estimate of the limiting virial coe�cient Bn under all estimates, which belong to the set
en = {e1, e2, . . . , en} and have been calculated at the stage 2, and under all estimates, which
belong to the set τn = {τ1, τ2, . . . , τn} and have been calculated at the stage 3.
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From inequality (86), the de�nition of the product α(n,m | en, τn) by formula (85), the
de�nition of the estimate E3(n,m | en, τn), the de�nition of the function Qn(x;y;m) by
formula (67) and Remark 11 it follows that for any n ≥ 2 and any vector m ∈M(n+ 1) the
inequality

E3(n,m | en, τn) ≤ 5n (93)

holds.
De�nition by formula (83) of the limiting virial coe�cient Bn and de�nition by formula

(85) of the product α(n,m | en, τn) implies that the coe�cient Bn can be represented by the
sum

Bn =
∑

m∈M(n+1)

α(n,m | en, τn). (94)

Hence, using the de�nitions of the estimates E3(n,m | en, τn) and E(Bn | en, τn), we
obtain the inequality

E(Bn | en, τn)) ≤
∑

m∈M(n+1)

E3(n,m | en, τn). (95)

Hence, by Remark 12 and inequality (93), the estimate follows

E(Bn | en, τn)) ≤ 5np(n). (96)

From the proposed scheme of the computation process for the estimate of the virial
coe�cient Bn it follows that the sole purpose of all calculations at stages 2, 3 and 4 of
this scheme is to estimate this coe�cient by the estimates of the coe�cients a1, a2, . . . , an
calculated at stage 1. The number of all arithmetic operations required to achieve this goal
is the sum of all arithmetic operations that should be performed on these stages. Hence,
applying the de�nitions of estimates E(en | an), E(τn | an), E(Bn | en, τn) and E(Bn | an),
we get the estimate

E(Bn | an) ≤ E(en | an) + E(τn | an) + E(Bn | en, τn)). (97)

The inequalities (97), (89), (92), and (96) imply the estimate

E(Bn | an) ≤ 7p(n− 1)n(n− 1)/2 + 7p(n− 1)n(n− 1)/2 + p(n)5n =

7p(n− 1)n(n− 1) + 5np(n). (98)

In particular, from formula (98) and Remark 12 it follows that for n ≤ 10 it takes less
than 21000 of arithmetic operations to compute the estimate of the limiting virial coe�cient
Bn by the estimates of the coe�cients a2, a3, . . . , an computed at stage 1.

This is a negligible number of arithmetic operations compared to the number of operations
necessary to obtain an estimate of any of the coe�cients a4, a5, . . .. Indeed, it takes about
1010 and more statistical trials to compute estimates of these coe�cients by the Monte Carlo
method. This implies

Remark 14. For n ≥ 4 the main di�culty of the calculation procedure of the estimate
of a limiting virial coe�cient by means of its representation as the polynomial in the coe�-
cients an according to formulas (76), (77), (78), (59) and (47) consists in complexity of the
estimation procedure of all coe�cients from the set {a2, a3, . . . , an}. Moreover, complexity
of the calculation procedure of the estimate of the limiting virial coe�cient Bn negligibly
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exceeds the complexity of the calculation procedure of the estimates of all coe�cients am
from this set. Hence, the criterion of complexity of representation of this set is a criterion
for the complexity of the given representation of the limiting virial coe�cient Bn. �

Let us introduce the notation:
LTR(n, 0) = {L} is the set of all tree sums, each of which by the formulas (59) and (47)

represents coe�cient from the set of coe�cients a1,n−1 = {a2, a3, . . . , an}, where n ≥ 2;
LTR(n) = {L} is the set of all tree sums, each of which by the formulas (53) and (47)

represents the limiting Mayer coe�cient from the set of coe�cients b1,n−1 = {b2, b3, . . . , bn},
where n ≥ 2.

Lemma 6. Let a pair interaction potential Φ(r) be a measurable function, and the pair

interaction satis�es the conditions of stability and regularity. Then the set LTR(n) is a base

set of base linear combinations. This set has order n, and for each k ∈ {2, 3, . . . , n} the base
linear combination of order k belonging to this base set belongs to the set L(k, (Rν)k−1).

Proof. From the de�nition of the tree sums set LTR(n) it follows that every tree sum
belonging to this set is a representation of some limiting Mayer coe�cient bk ∈ b1,n−1, where
1 < k ≤ n. By Lemma 3, this tree sum is a base linear combination of order k with
coe�cients of negligible complexity. Thus, the set LTR(n) is a �nite set of all base linear
combinations that by the formulas (53) and (47) are representations of the limiting Mayer
coe�cients belonging to the set b1,n−1. At that, the representation of the limiting Mayer
coe�cient bk ∈ b1,n−1 is a base linear combination of order k from the set LTR(n).

From the de�nition of this base linear combination of order k by the formulas (53) and
(47) it follows that the space (Rν)k−1 is the integration domain of all integrals included in
this linear combination. Therefore, this linear combination of order k belongs to the set
L(k, (Rν)k−1) by the de�nition of this set. So, the set LTR(n) is a base linear combinations
�nite set, in which each base linear combination of order k belonging to it belongs to the
set L(k, (Rν)k−1). This means that this set is the base set of base linear combinations by
de�nition 26.

Any Mayer coe�cient bk from the set of Mayer coe�cients b1,n−1 is represented by a base
linear combination of order k from the base set LTR(n), and this base set contains only base
linear combinations that are representations of Mayer coe�cients belonging to the set b1,n−1.
Therefore, no base linear combination of order more than n belongs to the base set LTR(n).
On the other hand, this base set contains a base linear combination of order n, which is a
representation of Mayer coe�cient bn belonging to the set b1,n−1. Hence, the number n is the
largest of the numbers serving as the order of one of the base linear combinations included
to the base set LTR(n). Hence, by De�nition 27, it follows that the number n is the order of
the base set LTR(n). Lemma 6 completely proven. I

Lemma 7. Let a pair interaction potential Φ(r) be a measurable function, and the pair

interaction satis�es the conditions of stability and regularity. Then the set LTR(n, 0) is a base
set of base linear combinations. This set is of order n, and each its base linear combination

of order k belongs to the set L(k, (Rν)k−1).
Proof. From the de�nition of the set of tree sums LTR(n, 0) it follows that any tree sum

belonging to this set is a representation by the formulas (59) and (47) of a certain coe�cient
ak from the coe�cients set a1,n−1 = {a2, a3, . . . , an}, where 1 < k ≤ n. By Lemma 4, this
tree sum is a base linear combination of order k with coe�cients of negligible complexity.
Thus, the set LTR(n, 0) is a �nite set of all base linear combinations that by the formulas
(59) and (47) are representations of the coe�cients belonging to the set a1,n−1. At that, the
representation of the coe�cient ak ∈ a1,n−1 is a base linear combination of order k from the
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set LTR(n).
From the de�nition of this base linear combination of order k by the formulas (59) and

(47) it follows that the space (Rν)k−1 is the integration domain of all integrals included
in this linear combination. Therefore, this linear combination of order k belongs to the set
L(k, (Rν)k−1) by the de�nition of this set. So, the set LTR(n, 0) is a base linear combinations
�nite set, in which each base linear combination of order k belonging to it belongs to the
set L(k, (Rν)k−1). This means that this set is the base set of base linear combinations by
de�nition 26.

Any coe�cient ak from the coe�cients set a1,n−1 is represented by a base linear combi-
nation of order k from the base set LTR(n, 0), and this base set contains only base linear
combinations that are representations of the coe�cients belonging to the set a1,n−1. There-
fore, no base linear combination of order more than n belongs to the base set LTR(n, 0).
On the other hand, this base set contains a base linear combination of order n, which is a
representation of the coe�cient an belonging to the set a1,n−1. Hence, the number n is the
largest of the numbers serving as order of one of the base linear combinations included to
the base set LTR(n, 0). Hence, by De�nition 27, it follows that the number n is the order of
the base collection LTR(n, 0). Lemma 7 completely proven. I

By De�nition 28, Lemma 6 and Lemma 7 imply
Corollary 7 Base sets LTR(n) and LTR(n, 0) are comparable.

For any k > 1, the set L(k, (Rν)k−1) is a subset of the set D(Cr3) de�ned by the formula
(43). The set D(Cr3) is the de�nitional domain of the complexity criterion Cr3. From here
by Lemmas 6 and 7 it follows that for any n > 1 the sets LTR(n, 0) and LTR(n) are base sets
containing only such base linear combinations that belong to the setD(Cr3). The setD(Cr3)
is contained in the set D(Cr1) that is de�ned by the formula (39) and is the de�nitional
domain of the complexity criteria Cr1 and Cr2. This means that three complexity criteria
are de�ned on the set L(k, (Rν)k−1): Cr1, Cr2 and Cr3. Hence it follows that for any n > 1
the sets LTR(n, 0) and LTR(n) are base sets containing only such base linear combinations on
that three complexity criteria are de�ned: Cr1, Cr2 and Cr3. Therefore, these sets belong
to the de�nitional domain of complexity criteria: Cr′1, Cr

′
2 and Cr

′
3, de�ned by the formula

(73). This makes it possible to compare by these criteria the complexity of the �nite set
LTR(n, 0) of the tree sums, which are the representations of the coe�cients a2, a3, . . . , an,
with the complexity of the �nite set LTR(n) of tree sums, which are the representations of
the limiting Mayer coe�cients b2, b3, . . . , bn.

As an example, for n = 2, 10, the criterion Cr′1(L) values were calculated for the sets of
the tree sums of the form LTR(n, 0) = {L} and for the set LTR(n) of the tree sums. The
results are shown in Table 4. Further, for n = 2, 6, the criteria Cr′2(L) and Cr′3(L) values
were calculated for the set LTR(n, 0) of the tree sums and for the set LTR(n) of the tree
sums. The results are shown in Tables 5 and 6, respectively.

Comparison the values of criteria Cr′1, Cr
′
2 and Cr′3 on the sets of tree sums of the

form LTR(n, 0) with their values on the sets of tree sums of the form LTR(n) con�rms the
conclusion immediately following from the above results: for n > 3 the base set LTR(n, 0) is
considerably simpler than the comparable base set LTR(n). Hence, for n > 3 any function
of negligible complexity of the base set LTR(n, 0) is considerably simpler than any function
of negligible complexity of the comparable base set LTR(n).

10. Using the frame sum method, you can get also representions of power series co-
e�cients that are not tree sums. So, by the method of frame sums, the author obtained
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representations of virial coe�cients in the form:

Bn = −n− 1

n!

∑
C∈C(n)

J(C). (99)

Here C(n) is the set of ensembles of frame cycles [14-16, 18-20, 37�39] of all doubly connected
graphs with the set of vertices Vn = {1, 2, . . . , n}; C is an ensemble of frame cycles from the
set C(n);

J(C) =

∫
(Rν)n−1

∏
{u,v}∈X(S(C))

fuv
∏

{ũ,ṽ}∈Xad(C)

(1 + fũ,ṽ)(dr)1,n−1, (100)

Where S(C) is the union of all cycles of the ensemble C [14, 15, 19, 37]; X(S(C)) is the set
of all edges of the graph S(C) [14, 15, 19, 37]; Xad(C) is the set of all admissible edges [14,
15, 19, 37] of the ensemble C; {u, v} is an edge incident to the vertices u and v.

From the de�nition of integrals of the form J(C) by formula (100) it follows that in
each of the integrals that are terms of the sum on the right-hand side (99), the integrand is
the product of Mayer functions labeled with the edges of the cycles included into the frame
cycles ensemble that labels this integral, and Boltzmann functions labeled with edges from
the set Xad(C) = {{u, v}}. We will call such a sum of integrals a frame sum.

From the de�nition of the set Xad(C) [14, 15, 19, 37] follows that this set consists of
pairwise distinct edges, and each edge, contained in this set connects two non-adjacent
vertices of the graph S(C).

Theorem 6. If the potential of the pairwise interaction Φ(r) is a measurable function

and the pairwise interaction satis�es the conditions of stability and regularity, then for any

ensemble of frame cycles C ∈ C(n) the integral J(C) is a convergent improper base integral

of order n, and the graph S(C) is a completed graph-label of the integrand of this integral.

Proof. First, we prove that the integrand of the integral J(C) is a base product of order
n.

For this purpose, we �rst of all prove that the sets of edges X(S(C)) and Xad(C) form a
canonical pair of sets X = (X(S(C)), Xad(C)) of order n. From the de�nition of the edges
set X(S(C)) it follows that this set consists of pairwise di�erent edges. As noted above,
the set Xad(C) also consists of pairwise distinct edges, and each edge contained in this set
connects two non-adjacent vertices of the graph S(C). Two conclusions follow from this:

1) disjoint sets X(S(C)) and Xad(C) form an ordered pair X = (X(S(C)), Xad(C)) of
sets;

2) the vertices of all edges from the set Xad(C) belong to the set of vertices of the graph
S(C).

Since C is an ensemble of frame cycles from of the set C(n), then, as is known [19], the
graph S(C) is a doubly connected graph with the set vertices Vn.

Hence, the equality
V (X(S(C))) ∪ V (Xad(C)) = Vn (101)

holds. Here V (X(S(C))) is the set of all vertices of the graph S(C), and V (Xad(C)) is the
set of vertices of all admissible edges of the ensemble C. From equality (101) by De�nition
5 it follows that the ordered pair of sets X = (X(S(C), Xad(C)) is a canonical pair of order
n.

From the obtained results it follows that the graph S(C), to which the set Xad(C) is

putted in correspondence, belongs to the set of graphs G̃n by the de�nition of this set.
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Hence, by Lemma 2, it follows that the Mayer and Boltzmann functions product
P̃G̃n

(S(C)) labeled by this graph is a base product of order n and is de�ned by the for-
mula

P̃G̃n
(S(C)) =

∏
{i,j}∈X(S(C))

∏
{i′,j′}∈Xad(C)

fij f̃i′j′ . (102)

Hence, by Theorem 2, it also follows that the graph S(C) is a completed graph-label of

the product P̃G̃n
(S(C)).

Comparison of formulas (100) and (102) implies that the integrand of the integral J(C)

is identical to the functions base product P̃G̃n
(S(C)). Therefore, this integrand is a functions

base product of order n, it is labeled with the graph S(C), and the graph S(C) is a completed
graph-label of the integrand of the integral J(C). Hence, by theorem 3, it follows that the
improper integral J(C) is an improper convergent base integral of order n. Theorem 6 is
proved. I

Theorem 6 implies the following
Corollary 8. The frame sum on the right-hand side (99) is, by De�nition 11 and Remark

6, a base linear combination with coe�cients of negligible complexity.

This circumstance makes it possible to use the proposed in this article criteria Cr1, Cr2

and Cr3 for comparison in complexity of representations of the virial coe�cients by frame
sums with other base linear combinations with coe�cients of negligible complexity.

This circumstance also makes it possible to use the criteria Cr′1, Cr
′
2 and Cr

′
3 proposed

in this article for comparison in complexity of representations of limiting virial coe�cients
by frame sums with representations of these coe�cients by polynomials in base linear com-
binations with coe�cients of negligible complexity.

From tables 1, 2, 3, 4, 5 and 6 the conclusions follow.
According to the criteria Cr1, Cr2 and Cr3, the complexity of the representation of the

limiting virial coe�cient B3 by the frame sum according to the formulas (99) and (100)
di�ers negligibly from the complexity of the representation of the coe�cient a3 by the tree
sum according to formulas (59) and (47).

According to the criteria Cr1 and Cr2, this representation of the limiting virial coe�cient
B3 by the frame sum is considerably simpler than the representation of the limiting Mayer
coe�cient b3 by tree sums according to formulas (53) and (47). But according to the Cr3

criterion, these two representations in their complexity di�er negligibly from each other.
According to the criteria Cr′1 and Cr

′
2, the representation of the limiting virial coe�cient

B3 by the frame sum is considerably simpler than its representation by formula (66) in the
form of the polynomial in tree sums, representing the limiting coe�cients bn by formulas (53)
and (47); also according to the criteria Cr′1 and Cr

′
2, this representation of the limiting virial

coe�cient B3 by the frame sum is considerably simpler then its represention by formulas
(76), (77) and (78) in the form of the polynomial in tree sums representing the coe�cients an
by formulas (59) and (47). But according to the criterion Cr′3, all these three representations
in their complexity di�er negligibly from each other.

According to the criteria Cr1, Cr2 and Cr3, the representation of the limiting virial
coe�cient B4 by the frame sum according to the formulas (99) and (100) is considerably
more complicated than the representation of the coe�cient a4 by the tree sum according to
the formulas (59) and (47).

The complexity of the representation of the limiting virial coe�cient B4 by the frame
sum according to the criterion Cr1 negligibly di�er from the complexity of the representation
of the limiting Mayer coe�cient b4 by the tree sum according to formulas (53) and (47).
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However, according to the criteria Cr2 and Cr3, this representation of the limiting virial
coe�cient B4 is considerably more complicated than the above representation of limiting
Mayer coe�cient b4. Since the criteria Cr2 and Cr3 are more accurate, then, apparently,
it should be assumed that the representation of the limiting virial coe�cient B4 by the
frame sum considerably more complicated than the above representation of limiting Mayer
coe�cient b4.

Further, according to the criteria Cr′1 and Cr′2 the representation of the limiting virial
coe�cient B4 by the frame sum is considerably simpler then the representatiun of this co-
e�cient by the formula (66) in the form of the polynomial in tree sums, representing the
limiting Mayer coe�cients bn by the formulas (53) and (47). But according to the Cr

′
3 crite-

rion, the �rst of these two representations of the limiting virial coe�cient B4 is considerably
more complicated than the second one. Since the criterion Cr′3 is more accurate than the
criteria Cr′1 and Cr′2, then, apparently, it should be assumed that the given representa-
tion of the limiting virial coe�cient B4 by the frame sum is considerably more complicated
than the representation of this limiting coe�cient as a polynomial in tree sums representing
coe�cients bn.

Finally, according to the criteria Cr1, Cr2 and Cr3, the representation of the limiting
virial coe�cient B4 by the frame sum according to the formulas (99) and (100) is considerably
more complicated than its representation by the formulas (76), (77) and (78) as a polynomial
in tree sums representing the coe�cients an by formulas (59) and (47).
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Complexity tables of representations of Mayer coe�cients bn and coe�cients an
by tree sums, representations of virial coe�cients by frame sums and

Ree-Hoover representations of virial coe�cients

Table 1 of complexity by the criterion Cr1

n 2 3 4 5 6 7 8 9 10
Cr1(LTR(n)) 1 2 5 14 44 157 634 2852 14047

Cr1(LTR(n.0)) 1 1 2 5 15 55 239 1169 6213
Cr1(LF (n)) 1 1 5 57 - - - - -
Cr1(LRH(n)) 1 1 2 5 23 171 2606 81564 4 980 756

Table 2 of complexity by the criterion Cr2

n 2 3 4 5 6 7 8 9 10
Cr2(LTR(n)) 1 5 22 93 403 1882 9671 54370 329325

Cr2(LTR(n, 0)) 1 3 11 42 172 804 4330 25930 166666
Cr2(LF (n)) 1 3 26 - -
Cr2(LRH(n)) 1 3 12 50 345 3591 72968 2936304 224134020

Table 3 of complexity by the criterion Cr3

n 2 3 4 5 6 7 8 9 10
Cr3(LTR(n)) 0 1 7 37 183 940 5233 31554 202902

Cr3(LTR(n, 0)) 0 1 5 22 97 474 2657 16578 110749
Cr3(LF (n)) 0 1 11 - -

The tables use the following designations:
n is index of Mayer (virial) coe�cient;
LTR(n) is the representation of Mayer coe�cient bn(Λ) by tree sum, de�ned according to

formulas (52) and (48), and the representation of the limiting Mayer coe�cient bn by tree
sum, de�ned according to formulas (53) and (47);

Λ ⊆ Rν is the volume containing a particle system;
LTR(n.0) is the representation of the coe�cient an by tree sum, de�ned according to

formulas (59) and (47);
LF (n) is representation of the limiting virial coe�cient Bn by the frame sum according

to formulas (99) and (100);
LRH(n) is Ree-Hoover representation of the virial coe�cient Bn(Λ).
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Complexity tables of representations of virial coe�cients: 1) representations by
means of the Mayer coe�cients bn, presented by tree sums; 2) representations
by means of the coe�cients an, represented by tree sums; 3) representations by

frame sums; 4) Ree-Hoover representation;

Table 4 of complexity by the criterion Cr′1

n 2 3 4 5 6 7 8 9 10
Cr′1(LTR(n)) 1 3 8 22 66 223 857 3709 17756

Cr′1(LTR(n.0)) 1 2 4 9 24 79 318 1487 7700
Cr′1(LF (n)) 1 1 5 57 - - - - -
Cr′1(LRH(n)) 1 1 2 5 23 171 2606 81564 4 980 756

Table 5 of complexity by the criterion Cr′2

n 2 3 4 5 6 7 8 9 10
Cr′2(LTR(n)) 1 6 28 121 524 2406 12077 66447 395772

Cr′2(LTR(n, 0)) 1 4 15 57 229 1033 5363 31293 197959
Cr′2(LF (n)) 1 3 26 - -
Cr′2(LRH(n)) 1 3 12 50 345 3591 72968 2936304 224134020

Table 6 of complexity by the criterion Cr′3

n 2 3 4 5 6 7 8 9 10
Cr′3(LTR(n)) 0 1 8 45 228 1168 6401 37955 240857

Cr′3(LTR(n, 0)) 0 1 6 28 125 599 3256 19834 130583
Cr′3(LF (n)) 0 1 11 - -

The tables use the following designations:
n is index of virial coe�cient;
LTR(n) is the representation of the virial coe�cient Bn(Λ) by Mayer formula (65) as a

polynomial in all tree sums being representations of Mayer coe�cients b2(Λ), b3(Λ), . . . , bn(Λ)
by formulas (52) and (48), and the representation of the limiting virial coe�cient Bn by
Mayer formula (65) as a polynomial in all tree sums that are representations of the limiting
Mayer coe�cients b2, b3, . . . , bn by formulas (53) and (47);

LTR(n.0) is representation of the limiting virial coe�cient Bn by formulas (79)�(84) as
a polynomial in all tree sums that are representations of the coe�cients a2, a3, . . . , an by
formulas (59) and (47);

LF (n) is frame sum representation of the limiting virial coe�cient Bn according to for-
mulas (99) and (100);

LRH(n) is representation of the virial coe�cient Bn(Λ) by Ree-Hoover method;
Note. In Tables 1 and 4, the values of lengths of the base linear combinations that are

Ree-Hoover representations of the virial coe�cients Bn, were borrowed from the article [27].
Criterion values Cr2 for Ree-Hoover representations of virial coe�cients Bn were calculated
based on the de�nition [46, 47, 48] of these representations and using length values of base
linear combinations given in [27].
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Russian version

Ñëîæíîñòü ïðåäñòàâëåíèé êîåôôèöèåíòîâ

ñòåïåííûõ ðÿäîâ â êëàññè÷åñêîé

ñòàòèñòè÷åñêîé ìåõàíèêå. Èõ êëàññèôèêàöèÿ

è êðèòåðèè ñëîæíîñòè.

Ã.È. Êàëìûêîâ

Àííîòàöèÿ

Äåêëàðèðîâàíî, ÷òî öåëüþ óïðîùåíèé ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåí-

íûõ ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíèêè ÿâëÿåòñÿ óïðîñòèòü ïðîöåññ ïî-

ëó÷åíèÿ îöåíîê ýòèõ êîýôôèöèåíòîâ ñ ïîìîùüþ èõ óïðîùåííûõ ïðåäñòàâëåíèé.

Öåëü ñòàòüè: ñôîðìóëèðîâàòü êðèòåðèè ñëîæíîñòè (ñ âûøåóêàçàííîé òî÷êè

çðåíèÿ) ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷å-

ñêîé ìåõàíèêè è ïðîäåìîíñòðèðîâàòü èõ ïðèìåíåíèå íà ïðèìåðàõ ñðàâíåíèÿ äðóã

ñ äðóãîì ïðåäñòàâëåíèé Ðè-Ãóâåðà âèðèàëüíûõ êîýôôèöèåíòîâ è ïðåäñòàâëåíèé

êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ, îñíîâàííûõ íà êîíöåïöèè êàðêàñíîé êëàññèôè-

êàöèè ïîìå÷åííûõ ãðàôîâ.

Äëÿ ðåøåíèÿ ýòèõ çàäà÷ ââåäåí ðÿä íîâûõ ìàòåìàòè÷åñêèõ ïîíÿòèé (òàêèõ,

êàê áàçîâîå ïðîèçâåäåíèå, áàçîâûé èíòåãðàë, áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ, áàçî-

âàÿ ëèíåéíàÿ êîìáèíàöèÿ ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè è áàçîâîå

ìíîæåñòâî áàçîâûõ ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëî-

æíîñòè) è ïðåäëîæåíà êëàññèôèêàöèÿ ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ

ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíèêè. Â ýòîé êëàññèôèêàöèè íàèáîëåå

âàæíûì êëàññîì ÿâëÿåòñÿ êëàññ áàçîâûõ ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåí-

òàìè íåçíà÷èòåëüíîé ñëîæíîñòè. Ê íåìó îòíîñÿòñÿ, â ÷àñòíîñòè, ïðåäñòàâëåíèÿ

âèðèàëüíûõ êîýôôèöèåíòîâ ïî ìåòîäó Ðè-Ãóâåðà è ïðåäñòàâëåíèÿ ìàéåðîâñêèõ

êîýôôèöèåíòîâ ðàçëîæåíèé äàâëåíèÿ è ïëîòíîñòè ïî ñòåïåíÿì àêòèâíîñòè, îñíî-

âàííûå íà êîíöåïöèè äðåâåñíîé êëàññèôèêàöèè ïîìå÷åííûõ ãðàôîâ.

Ñôîðìóëèðîâàíû òðè êðèòåðèÿ äëÿ îöåíêè ñðàâíèòåëüíîé ñëîæíîñòè áàçîâûõ

ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè è ïîñòðîåíû

ðàñøèðåíèÿ âñåõ ýòèõ êðèòåðèåâ íà ñîâîêóïíîñòü áàçîâûõ ìíîæåñòâ áàçîâûõ ëè-

íåéíûõ êîìáèíàöèé ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè. ÏÎñòðîåííûå

êðèòåðèè óïîðÿäî÷åíû ïî èõ òî÷íîñòè.

Ïðèìåíåíèå âñåõ ïîñòðîåííûõ êðèòåðèåâ äåìîíñòðèðóåòñÿ íà ïðèìåðàõ ñðàâíå-

íèÿ ìåæäó ñîáîé ïðåäñòàâëåíèé Ðè-Ãóâåðà è òàêèõ ïðåäñòàâëåíèé êîýôôèöèåíòîâ

ñòåïåííûõ ðÿäîâ, êîòîðûå ïîñòðîåíû íà îñíîâå êîíöåïöèè êàðêàñíîé êëàññèôè-

êàöèè ïîìå÷åííûõ ãðàôîâ. Ïîëó÷åííûå ðåçóëüòàòû ïðåäñòàâëåíû â òàáëèöàõ è

ïðîêîììåíòèðîâàíû.

1. Â ñòàòüå ðàññìàòðèâàþòñÿ òåðìîäèíàìè÷åñêèå ðàâíîâåñíûå îäíîêîìïîíåíòíûå
ñèñòåìû êëàññè÷åñêèõ ÷àñòèö, êàê çàêëþ÷åííûõ â îãðàíè÷åííîì ìíîæåñòâå Λ ν-ìåðíîãî
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äåéñòâèòåëüíîãî åâêëèäîâà ïðîñòðàíñòâà Rν òàê è çàêëþ÷åííûõ â ν-ìåðíîì äåéñòâè-
òåëüíîì åâêëèäîâîì ïðîñòðàíñòâà Rν . Ïðåäïîëàãàåòñÿ, ÷òî ýòè ÷àñòèöû âçàèìîäåéñ-
òâóþò ïîñðåäñòâîì öåíòðàëüíûõ ñèë, õàðàêòåðèçóåìûõ ïîòåíöèàëîì ïàðíîãî âçàèìî-
äåéñòâèÿ Φ(r), ãäå r = (r(1), r(2), . . . , r(ν)) ∈ Rν . Òàêæå ïðåäïîëàãàåòñÿ, ÷òî ïîòåíöèàë
ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé ôóíêöèåé, à âçàèìîäåéñòâèå (ïàðíîå
âçàèìîäåéñòâèå) óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè [24, 17, 49] è ðåãóëÿðíîñòè [24,
17, 49]. Êàê îáû÷íî, îáîçíà÷èì ìàéåðîâñêóþ ôóíêöèþ

fij = exp{−βΦ(ri − rj)} − 1, (1)

ãäå i 6= j, ri, rj ∈ Rν , β = 1/kT � îáðàòíàÿ òåìïåðàòóðà, k � ïîñòîÿííàÿ Áîëüöìàíà,

T � àáñîëþòíàÿ òåìïåðàòóðà. ×åðåç f̃ij îáîçíà÷èì áîëüöìàíîâñêóþ ôóíêöèþ [24,
49], ïîëàãàÿ

f̃ij = 1 + fij = exp{−βΦ(ri − rj)}. (2)

Â ñëó÷àå, êîãäà òàêàÿ ñèñòåìà ÷àñòèö çàêëþ÷åíà â îãðàíè÷åííîì ìíîæåñòâå Λ, çàâèñè-
ìîñòü äàâëåíèÿ îò ïëîòíîñòè % â ýòîé ñèñòåìå ìîæåò áûòü ïðåäñòàâëåíà â äâóõ âèäàõ:
â ôîðìå âèðèàëüíîãî ðàçëîæåíèÿ äàâëåíèÿ p(Λ) ïî ñòåïåíÿì ïëîòíîñòè % è â ïàðàìåò-
ðè÷åñêîì âèäå, ò.å. â âèäå äâóõ óðàâíåíèé, âûðàæàþùèõ çàâèñèìîñòü äàâëåíèÿ p(Λ) è
ïëîòíîñòè %(Λ) îò ïàðàìåòðà z, íàçûâàåìîãî àêòèâíîñòüþ [23, 24, 44, 49]. Âèðèàëüíîå
ðàçëîæåíèå èìååò âèä:

p(Λ) = β−1

∞∑
n=1

Bn(β, (Λ))%n. (3)

Íèæå ìû áóäåì äëÿ ïðîñòîòû îïóñêàòü àðãóìåíò β êîýôôèöèåíòîâ Bn((β, LL). Â ýòîì
ðàçëîæåíèè êîýôôèöèåíòû Bn(Λ) íàçûâàþòñÿ âèðèàëüíûìè êîýôôèöèåíòàìè. Âèðè-
àëüíûé êîýôôèöèåíò B1(Λ) ðàâåí 1, à ïðè n > 1 âèðèàëüíûå êîýôôèöèåíòû îïðåäå-
ëÿþòñÿ ôîðìóëîé:

Bn(Λ) = −n− 1

|Λ|n!

∑
B∈Bn

∫
(Λν)n

∏
{u,v}∈X(B)

fuv(dr)n, (4)

ãäå |Λ| � ìåðà ìíîæåñòâà Λ, Bn � ñîâîêóïíîñòü âñåõ äâóñâÿçíûõ n-âåðøèííûõ ïîìå-
÷åííûõ ãðàôîâ (áëîêîâ) ñ ìíîæåñòâîì âåðøèí Vn = {1, 2, . . . , n}, X(B) � ñîâîêóïíîñòü

âñåõ ðåáåð áëîêà B, (dr)n = dr1dr2 . . . drn, dri = dr
(1)
i dr

(2)
i · . . . · dr

(ν)
i .

Çäåñü è â äàëüíåéøåì èçëîæåíèè, ñëåäóÿ [25, 28], ìû ñ÷èòàåì, ÷òî âñÿêèé ãðàô G
ïî îïðåäåëåíèþ íå èìååò íè êðàòíûõ ðåáåð, íè ïåòåëü.

Çäåñü è äàëåå ïî òåêñòó ìû ïîëàãàåì, ÷òî âåðøèíû ðåáåð è ãðàôîâ ïîìå÷åíû íàòó-
ðàëüíûìè ÷èñëàìè. Ïîýòîìó âñþäó â ñòàòüå ìû îòîæäåñòâëÿåì âåðøèíû ãðàôîâ ñ èõ
ìåòêàìè. Òî÷íî òàêæå ìû îòîæäåñòâëÿåì âåðøèíû, èíöèäåíòíûå ðåáðàì, ñ èõ ìåòêàìè.

Ýòè ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ áûëè ïîëó÷åíû Ä. Ìàéåðîì [23, 42�
44]. Îí æå çàìåòèë, ÷òî ïðè n ≥ 2 âèðèàëüíûå êîýôôèöèåíòû Bn(Λ) áûñòðî ñòðåìÿòñÿ
ê ñâîåìó ïðåäåëó Bn ñ ðîñòîì Λ, ÷òî äàåò âîçìîæíîñòü â êà÷åñòâå îöåíêè ïðåäåëà êîýô-
ôèöèåíòà Bn èñïîëüçîâàòü çíà÷åíèå âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïðè ìíîæåñòâå
Λ íå î÷åíü áîëüøîé ìåðû.

Ìàéåð íàøåë è ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå çàâèñèìîñòè äàâëåíèÿ p(Λ) îò ïëîò-
íîñòè %(Λ):

p(Λ) = β−1

∞∑
n=1

bn(β,Λ)zn; (5)
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% =
∞∑
n=1

nbn(β,Λ)zn. (6)

Íèæå ìû áóäåì äëÿ ïðîñòîòû îïóñêàòü àðãóìåíò β êîýôôèöèåíòîâ bn(β,Λ). Â ðàç-
ëîæåíèÿõ (5) è (6) ïî ñòåïåíÿì àêòèâíîñòè z êîýôôèöèåíòû bn(Λ) íàçûâàþòñÿ, êàê
è âèðèàëüíûå êîýôôèöèåíòû, ìàéåðîâñêèìè êîýôôèöèåíòàìè. Â îòëè÷èå îò âèðèàëü-
íûõ êîýôôèöèåíòîâ ìû èõ áóäåì íàçûâàòü ìàéåðîâñêèìè êîýôôèöèåíòàìè ïî ñòåïåíÿì
àêòèâíîñòè z. À â òåõ ñëó÷àÿõ, êîãäà èõ ñìûñë îäíîçíà÷íî îïðåäåëÿåòñÿ êîíòåêñòîì,
áóäåì íàçûâàòü êðàòêî ìàéåðîâñêèìè êîýôôèöèåíòàìè.

Ìàéåðîâñêèé êîýôôèöèåíò b1 ðàâåí 1, à ïðè n > 1 ìàéåðîâñêèå êîýôôèöèåíòû bn(Λ)
îïðåäåëÿþòñÿ ôîðìóëîé:

bn(Λ) =
1

|Λ|n!

∑
G∈Gn

∫
(Λν)n

∏
{u,v}∈X(G)

fuv(dr)n, (7)

ãäå Gn � ñîâîêóïíîñòü âñåõ ñâÿçíûõ n-âåðøèííûõ ïîìå÷åííûõ ãðàôîâ ñ ìíîæåñòâîì
âåðøèí Vn = {1, 2, . . . , n}, X(G) � ñîâîêóïíîñòü âñåõ ðåáåð ãðàôà G.

Îäíàêî âïîñëåäñòâèè áûëî çàìå÷åíî, ÷òî ýòè ïðåäñòàâëåíèÿ èìåþò âåñüìà íåïðè-
ÿòíîå ñâîéñòâî, áëàãîäàðÿ êîòîðîìó îíè ïðàêòè÷åñêè íåïðèãîäíû êàê äëÿ âû÷èñëåíèÿ
âèðèàëüíûõ êîýôôèöèåíòîâ (çà èñêëþ÷åíèåì ïåðâûõ òðåõ), òàê è äëÿ òåîðåòè÷åñêî-
ãî àíàëèçà ïîâåäåíèÿ ñòàðøèõ êîýôôèöèåíòîâ. Âïåðâûå íà ýòî ñâîéñòâî ìàéåðîâñêèõ
ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíè-
êè îáðàòèë âíèìàíèå È.È. Èâàí÷èê. Â ñâîèõ ðàáîòàõ [1, 30] îí âïåðâûå êà÷åñòâåííî
îïèñàë ýòî ñâîéñòâî è íàçâàë åãî àñèìïòîòè÷åñêîé êàòàñòðîôîé. Îíà ïðîÿâëÿåòñÿ
â òîì, ÷òî ïðè ìàéåðîâñêîì ïðåäñòàâëåíèè êîýôôèöèåíòîâ ñòåïåííîãî ðÿäà çíà÷èòåëü-
íàÿ ÷àñòü ñëàãàåìûõ â ñóììå èíòåãðàëîâ, îïðåäåëÿþùåé n-ûé êîýôôèöèåíò ðÿäà, ñ
áîëüøîé òî÷íîñòüþ âçàèìíî ñîêðàùàþòñÿ êàê âåëè÷èíû ïðîòèâîïîëîæíûõ çíàêîâ.

Ñðàâíèòåëüíî íåáîëüøîé îñòàòîê, îñòàþùèéñÿ ïîñëå òàêîãî âçàèìíîãî óíè÷òîæå-
íèÿ, ÿâëÿåòñÿ ïðè n → ∞ áåñêîíå÷íî ìàëîé âåëè÷èíîé ïî ñðàâíåíèþ ñ ÷èñëîì ñëà-
ãàåìûõ â ñóììå, òðàäèöèîííî îïðåäåëÿþùåé ýòîò êîýôôèöèåíò. Ýòîò "îñòàòîê ïðåä-
ñòàâëÿþùèé îñíîâíîé èíòåðåñ, äàæå ïðè íåáîëüøèõ n ñòàíîâèòñÿ íåäîñòóïíûì äëÿ
íåïîñðåäñòâåííîãî èññëåäîâàíèÿ.

Â äàëüíåéøåì àâòîð äàííîé ñòàòüè â êíèãå [17] äàë ñòðîãîå ìàòåìàòè÷åñêîå îïðåäå-
ëåíèå àñèìïòîòè÷åñêîé êàòàñòðîôû. Äëÿ óäîáñòâà ÷èòàòåëåé ïðèâåäåì çäåñü ýòî îïðå-
äåëåíèå.

Îïð å ä å ë å í è å 1. Â ïðåäñòàâëåíèÿõ êîýôôèöèåíòîâ ñòåïåííîãî ðÿäà ïðèñóòñòâóåò
ôåíîìåí àñèìïòîòè÷åñêîé êàòàñòðîôû, åñëè ïðè ëþáîìB > 0 ÷èñëî ñëàãàåìûõ â ñóììå,
ïðåäñòàâëÿþùåé êîýôôèöèåíò ïðè ïåðåìåííîé â ñòåïåíè n, ïðè n→∞ ðàñòåò áûñòðåå,
÷åì âåëè÷èíà(n!)2Bn. �

Çíà÷åíèå ýòîãî îïðåäåëåíèÿ ñîñòîèò â òîì, ÷òî îíî äàåò âîçìîæíîñòü îòäåëèòü òå
ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ñòåïåííîãî ðÿäà, ãäå óæå ïðè ñðàâíèòåëüíî íåáîëüøèõ n
÷èñëî ñëàãàåìûõ ñëèøêîì âåëèêî, îò ïðåäñòàâëåíèé, â êîòîðûõ ÷èñëî ñëàãàåìûõ ðàñòåò
çíà÷èòåëüíî ìåäëåííåå.

Ïðè ïîïûòêàõ âû÷èñëåíèÿ êîýôôèöèåíòîâ ìàéåðîâñêèõ ðàçëîæåíèé, èñõîäÿ èç òà-
êèõ èõ ïðåäñòàâëåíèé, ãäå ïðèñóòñòâóåò ôåíîìåí àñèìïòîòè÷åñêîé êàòàñòðîôû, ïðàê-
òè÷åñêè íåèçáåæíî ñ ðîñòîì n ïðîèñõîäèò êàòàñòðîôè÷åñêè áûñòðûé ðîñò îøèáîê âû-
÷èñëåíèé ýòèõ êîýôôèöèåíòîâ.
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Â òå÷åíèå íåñêîëüêèõ ïîñëåäíèõ äåñÿòèëåòèé óñèëèÿ ðÿäà ó÷åíûõ áûëè íàïðàâëåíû
íà óïðîùåíèå ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòèñòè-
÷åñêîé ìåõàíèêè è èõ âû÷èñëåíèå.

Öåëüþ óïðîùåíèé ïðåäñòàâëåíèé êîýôôèöèåíòîâ ýòèõ ñòåïåííûõ ðÿäîâ ÿâëÿëîñü
óïðîñòèòü ïðîöåññ ïîëó÷åíèÿ îöåíîê ýòèõ êîýôôèöèåíòîâ ñ ïîìîùüþ èõ óïðîùåííûõ
ïðåäñòàâëåíèé. Äëÿ êðàòêîñòè ñëîæíîñòü ïðîöåññà ïîëó÷åíèÿ îöåíêè äàííîãî êîýôôè-
öèåíòà ñ ïîìîùüþ äàííîãî åãî ïðåäñòàâëåíèÿ ìû áóäåì íàçûâàòü ñëîæíîñòüþ äàí-
íîãî ïðåäñòàâëåíèÿ ýòîãî êîýôôèöèåíòà.

Íàèáîëåå èçâåñòíûìè ðåçóëüòàòàìè â óïðîùåíèè ïðåäñòàâëåíèé âèðèàëüíûõ êîýô-
ôèöèåíòîâ, ïî-âèäèìîìó, ÿâëÿþòñÿ ïðåäñòàâëåíèÿ Ðè-Ãóâåðà [46], [47], [48]. Â ýòèõ
ïðåäñòàâëåíèÿõ ïðè êàæäîì n ≥ 4 âèðèàëüíûé êîýôôèöèåíò Bn(Λ) ïðåäñòàâëÿåòcÿ
ëèíåéíîé êîìáèíàöèåé ñõîäÿùèõñÿ èíòåãðàëîâ, ìàðêèðîâàííûõ ïîëíûìè ïîìå÷åííû-
ìè ãðàôàìè, â êîòîðûõ êàæäîå ðåáðî ïîìå÷åíî ëèáî ìàéåðîâñêîé, ëèáî áîëüöìàíîâ-
ñêîé ôóíêöèÿìè. Â êàæäîì èíòåãðàëå, ÿâëÿþùåìñÿ ÷ëåíîì òàêîé ëèíåéíîé êîìáèíà-
öèè, ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ ïðîèçâåäåíèåì ìàéåðîâñêèõ è áîëüöìàíîâñ-
êèõ ôóíêöèé. À ìíîæåñòâî âñåõ ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé, âõîäÿùèõ â
ýòî ïðîèçâåäåíèå, íàõîäèòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ ìíîæåñòâîì ðå-
áåð ãðàôà, ìàðêèðóþùåãî ýòîò èíòåãðàë. Ïðè ýòîì êàæäîìó ïîìå÷åííîìó ìàéåðîâñêîé
ôóíêöèåé ðåáðó ýòîãî ãðàôà ñîîòâåòñòâóåò ìàéåðîâñêàÿ ôóíêöèÿ, ÿâëÿþùàÿñÿ ìåòêîé
ýòîãî ðåáðà. À êàæäîìó ðåáðó, ïîìå÷åííîìó áîëüöìàíîâñêîé ôóíêöèåé, ñîîòâåòñòâóåò
áîëüöìàíîâñêàÿ ôóíêöèÿ, ÿâëÿþùàÿñÿ ìåòêîé ýòîãî ðåáðà. Òàêèì îáðàçîì, âèðèàëü-
íûé êîýôôèöèåíò Bn(Λ) ïðåäñòàâëÿåòcÿ ëèíåéíîé êîìáèíàöèåé èíòåãðàëîâ, â êàæäîì
èç êîòîðûõ ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ ïðîèçâåäåíèåì ìàéåðîâñêèõ è áîëüö-
ìàíîâñêèõ ôóíêöèé, îáùèì ÷èñëîì n(n− 1)/2 ôóíêöèè. Ýòè ïðåäñòàâëåíèÿ ìû áóäåì
íàçûâàòü ïðåäñòàâëåíèÿìè ïî ìåòîäó Ðè�Ãóâåðà.

Èñïîëüçóÿ ïðåäñòàâëåíèÿ Ðè�Ãóâåðà âèðèàëüíûõ êîýôôèöèåíòîâ, ðÿäîì ó÷åíûõ
áûëè âû÷èñëåíû [50] îöåíêè çíà÷åíèé âèðèàëüíûõ êîýôôèöèåíòîâ Bn (ïðè n = 4, 8)
äëÿ ðÿäà ðàçëè÷íûõ çíà÷åíèé òåìïåðàòóð. Ïîçäíåå, íà ãðàôè÷åñêîì êîìïüþòåðå áûëè
âû÷èñëåíû [51] äëÿ ïîòåíöèàëà Ëåííàðäà-Äæîíñà îöåíêè çíà÷åíèé âèðèàëüíûõ êîýô-
ôèöèåíòîâ Bn ïðè n = 6, 9 äëÿ ðàçëè÷íûõ çíà÷åíèé òåìïåðàòóð. Â òîì ÷èñëå áûëè
óòî÷íåíû ðàíåå âû÷èñëåííûå îöåíêè çíà÷åíèé ýòèõ êîýôôèöèåíòîâ. Êðîìå òîãî, ïðè
n = 10, 16 áûëè âû÷èñëåíû îöåíêè çíà÷åíèé ýòèõ êîýôôèöèåíòîâ äëÿ íåñêîëüêèõ (îò
îäíîãî äî ÷åòûðåõ) çíà÷åíèé òåìïåðàòóð. Êñòàòè, òî, ÷òî ïðè n = 10, 16 óäàëîñü íàéòè
îöåíêó çíà÷åíèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn íå áîëåå ÷åì ïðè ÷åòûðåõ ðàçëè÷íûõ
çíà÷åíèé òåìïåðàòóð, óêàçûâàåò íà òî, ÷òî ïðè n > 9 îáúåì âû÷èñëåíèé, íåîáõîäèìûõ
äëÿ îöåíêè îäíîãî èç çíà÷åíèé âèðèàëüíîãî êîýôôèöèåíòà Bn ïî ìåòîäó Ðè-Ãóâåðà, òàê
âåëèê, ÷òî äëÿ ýòèõ âû÷èñëåíèé òðåáóåòñÿ âåñüìà çíà÷èòåëüíîå âðåìÿ äàæå ïðè ðàáîòå
íà ñîâðåìåííîì êîìïüþòåðå ñ âûñîêîé ïðîèçâîäèòåëüíîñòüþ. Îäíàêî, îñòàåòñÿ îòêðû-
òûì âîïðîñ: ñâîáîäíû ëè ïðåäñòàâëåíèÿ Ðè�Ãóâåðà îò àñèìïòîòè÷åñêîé êàòàñòðîôû.

Èíîé ïîäõîä ê óïðîùåíèþ ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàñ-
ñè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíèêè ðàçðàáàòûâàëñÿ àâòîðîì äàííîé ñòàòüè. Îí îñíî-
âàí íà ðàçâèâàåìîé àâòîðîì êîíöåïöèè êàðêàñíîé êëàññèôèêàöèè ïîìå÷åííûõ ãðàôîâ
[2�9, 13�20, 31�34, 37, 38, 39]. Ìû áóäåì åãî íàçûâàòü ìåòîäîì êàðêàñíûõ ñóìì. Â
ðàìêàõ ýòîãî ìåòîäà èì áûëè ïîëó÷åíû ñâîáîäíûå îò àñèìïòîòè÷åñêîé êàòàñòðîôû
ïðåäñòàâëåíèÿ ìàéåðîâñêèõ êîýôôèöèåíòîâ ðàçëîæåíèé äàâëåíèÿ è ïëîòíîñòè ïî ñòå-
ïåíÿì àêòèâíîñòè, ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ m-÷àñòè÷íîé ôóíêöèè
ðàñïðåäåëåíèÿ â ðÿä ïî ñòåïåíÿì àêòèâíîñòè, ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ðàçëîæå-
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íèÿ îòíîøåíèÿ àêòèâíîñòè ê ïëîòíîñòè â ðÿä ïî ñòåïåíÿì àêòèâíîñòè è ïðåäñòàâëåíèÿ
âèðèàëüíûõ êîýôôèöèåíòîâ [3, 4, 6�9, 15, 17, 31�34, 37, 39].

Äîñòîèíñòâîì ýòèõ ïðåäñòàâëåíèé ÿâëÿåòñÿ òî, ÷òî îíè ñâîáîäíû îò àñèìïòîòè÷åñ-
êîé êàòàñòðîôû [9, 11, 15, 17, 36, 37, 39]. Èñïîëüçóÿ ýòè ïðåäñòàâëåíèÿ, óäàëîñü ïîëó-
÷èòü [9, 10, 12, 17, 35, 39] îöåíêó ñâåðõó ðàäèóñà ñõîäèìîñòè ìàéåðîâñêèõ ðàçëîæåíèé ïî
ñòåïåíÿì àêòèâíîñòè (äëÿ íåîòðèöàòåëüíîãî ïîòåíöèàëà). À òàêæå óäàëîñü, èñïîëüçóÿ
ýòè ïðåäñòàâëåíèÿ, íà áûòîâîì êîìïüþòåðå âû÷èñëèòü, äîâîëüíî òî÷íî, îöåíêè òåðìî-
äèíàìè÷åñêèõ ïðåäåëîâ 4-îãî, 5-îãî è 6-îãî âèðèàëüíûõ êîýôôèöèåíòîâ ïðè îäíîì èç
çíà÷åíèé òåìïåðàòóðû.

2. Öåëüþ ñòàòüè ÿâëÿåòñÿ: îïðåäåëèòü êðèòåðèè äëÿ îöåíêè ñëîæíîñòè ïðåäñòàâëå-
íèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíèêè; ïðîäå-
ìîíñòðèðîâàòü èõ ïðèìåíåíèå íà ïðèìåðàõ ñðàâíåíèÿ ïðåäñòàâëåíèé Ðè-Ãóâåðà âèðè-
àëüíûõ êîýôôèöèåíòîâ è ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ, îñíîâàííûõ
íà êîíöåïöèè êàðêàñíîé êëàññèôèêàöèè ïîìå÷åííûõ ãðàôîâ.

Î÷åâèäíî, ÷òî äàæå äëÿ ñðàâíåíèÿ ïî ñëîæíîñòè äâóõ ðàçëè÷íûõ ïðåäñòàâëåíèé
äàííîãî êîýôôèöèåíòà íåêîòîðîãî ñòåïåííîãî ðÿäà íàäî èìåòü êðèòåðèé. Òåì áîëåå
íåîáõîäèì òàêîãî ðîäà êðèòåðèé, åñëè ïîñòàâëåíà çàäà÷à ñðàâíèòü ïî ñëîæíîñòè äàííûå
ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ïðè ïåðåìåííîé â ñòåïåíè n äâóõ ðàçëè÷íûõ ñòåïåííûõ
ðÿäîâ.

Ñîçäàíèå òàêîãî ðîäà êðèòåðèåâ îáëåã÷àåò òî îáñòîÿòåëüñòâî, ÷òî ìíîãèå èçâåñò-
íûå ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìå-
õàíèêè ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè ìíîãîìåðíûõ èíòåãðàëîâ, ïîäûíòåãðàëü-
íûå ôóíêöèè êîòîðûõ ìàðêèðîâàíû ïîìå÷åííûìè ãðàôàìè, â êîòîðûõ êàæäîå ðåáðî
ïîìå÷åíî ëèáî ìàéåðîâñêîé, ëèáî áîëüöìàíîâñêîé ôóíêöèÿìè. Â êàæäîì èíòåãðàëå,
ÿâëÿþùåìñÿ ÷ëåíîì òàêîé ëèíåéíîé êîìáèíàöèè, ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ
ïðîèçâåäåíèåì ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé (òàêîâû, íàïðèìåð, ïðåäëî-
æåííûå Ðè è Ãóâåðîì [46, 47, 48] ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ).

Â ñòàòüå [39] ïðîèçâåäåíà êëàññèôèêàöèÿ ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ
ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíèêè. Íàèáîëåå âàæíûé êëàññ ýòîé êëàññè-
ôèêàöèè ñîäåðæèò ïîëó÷åííûå ìåòîäîì êàðêàñíûõ ñóìì ïðåäñòàâëåíèÿ â òåðìîäèíà-
ìè÷åñêîì ïðåäåëå âèðèàëüíûõ êîýôôèöèåíòîâ è ïðåäñòàâëåíèÿ â òåðìîäèíàìè÷åñêîì
ïðåäåëå ìàéåðîâñêèõ êîýôôèöèåíòîâ ðàçëîæåíèé äàâëåíèÿ è ïëîòíîñòè ïî ñòåïåíÿì
àêòèâíîñòè. Ýòè ïðåäñòàâëåíèÿ ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè ìíîãîìåðíûõ èí-
òåãðàëîâ, îïèñàííûìè â ïðåäûäóùåì àáçàöå.

Äëÿ îöåíêè ñðàâíèòåëüíîé ñëîæíîñòè âõîäÿùèõ â ýòîò êëàññ ïðåäñòàâëåíèé êî-
ýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ â ñòàòüå [39] âïåðâûå ïîñòðîåíû òðè êðèòåðèÿ, óïîðÿ-
äî÷åííûå ïî èõ òî÷íîñòè. Òàì òàêæå ïîñòðîåíû êðèòåðèè äëÿ ñðàâíèòåëüíîé îöåíêè
ñëîæíîñòè ìíîãî÷ëåíîâ îò ëèíåéíûõ êîìáèíàöèé, âõîäÿùèõ â âûøåóïîìÿíóòûé êëàññ
ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòèñòè÷åñêîé ìåõàíè-
êè.

Â ïðåäëàãàåìîé âíèìàíèþ ÷èòàòåëÿ ñòàòüå ýòîò êëàññ ðàñøèðåí òàê, ÷òî â ýòî ðàñ-
øèðåíèå âõîäÿò ìíîãèå èçâåñòíûå ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ, âîç-
íèêàþùèõ ïðè èññëåäîâàíèè òåðìîäèíàìè÷åñêèõ ðàâíîâåñíûõ îäíîêîìïîíåíòíûõ ñè-
ñòåì êëàññè÷åñêèõ ÷àñòèö, êàê çàêëþ÷åííûõ â ν-ìåðíîì äåéñòâèòåëüíîì åâêëèäîâîì
ïðîñòðàíñòâà Rν , òàê è çàêëþ÷åííûõ â îãðàíè÷åííîì ìíîæåñòâå Λ, ñîäåðæàùåìñÿ â
ïðîñòðàíñòâå Rν . Â ýòîé ñòàòüå ââåäåíî ïîíÿòèå ñðàâíèìûõ ëèíåéíûõ êîìáèíàöèé,
ïðèíàäëåæàùèõ ýòîìó ðàñøèðåíèþ è ïîñòðîåíû êðèòåðèè äëÿ ñðàâíèòåëüíîé îöåíêè
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ñëîæíîñòè ñðàâíèìûõ ëèíåéíûõ êîìáèíàöèé. òàêæå ïðåäëîæåíû êðèòåðèè äëÿ ñðàâ-
íèòåëüíîé îöåíêè ñëîæíîñòè ìíîãî÷ëåíîâ îò ëèíåéíûõ êîìáèíàöèé, âõîäÿùèõ â ýòî
ðàñøèðåíèå.

Äëÿ îïèñàíèÿ ýòèõ êðèòåðèåâ èñïîëüçóþòñÿ ââåäåííûå â [39] ìàòåìàòè÷åñêèå ïî-
íÿòèÿ è íåêîòîðûå ñâîéñòâà ýòèõ ïîíÿòèé. Äëÿ óäîáñòâà ÷èòàòåëåé, âñå ýòè ìàòåìàòè-
÷åñêèå ïîíÿòèÿ è èõ ñâîéñòâà ïðèâåäåíû â äàííîé ñòàòüå. Â òåõ ñëó÷àÿõ, êîãäà äîêà-
çàòåëüñòâà òåîðåì è ëåìì, çàèìñòâîâàííûõ èç [39], áûëè íåäîñòàòî÷íî ÷åòêèìè, èëè
íåäîñòàòî÷íî ïîäðîáíûìè, îíè çàìåíåíû ÷åòêèìè è äåòàëüíûìè äîêàçàòåëüñòâàìè ñî
ññûëêàìè íà èñòî÷íèêè è íà èñïîëüçîâàííûå ôîðìóëû.

Ïðèìåíåíèå ýòèõ êðèòåðèåâ ïðîäåìîíñòðèðîâàíî íà ïðèìåðàõ îöåíêè ñðàâíèòåëü-
íîé ñëîæíîñòè ïðåäñòàâëåíèé Ðè-Ãóâåðà âèðèàëüíûõ êîýôôèöèåíòîâ è ïðåäñòàâëåíèé
êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ, îñíîâàííûõ íà êîíöåïöèè êàðêàñíîé êëàññèôèêàöèè
ïîìå÷åííûõ ãðàôîâ.

3. Ïðåæäå, ÷åì ïåðåéòè ê îïèñàíèþ ïðåäëàãàåìîé êëàññèôèêàöèè è ïðåäëàãàåìûõ
êðèòåðèåâ ñëîæíîñòè ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ, äàäèì îïðåäå-
ëåíèÿ ìàòåìàòè÷åñêèõ ïîíÿòèé, íåîáõîäèìûõ äëÿ èõ îïèñàíèÿ, è îñòàíîâèìñÿ íà íåêî-
òîðûõ ñâîéñòâàõ ýòèõ ïîíÿòèé.

Ïðåæäå âñåãî ìû íåñêîëüêî ðàñøèðèì ïîíÿòèå ðåáðà ïîìå÷åííîãî ãðàôà, ââåäÿ
ñëåäóþùåå

Îïð å ä å ë å í è å 2. Íåóïîðÿäî÷åííàÿ ïàðà {i, j} ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë íà-
çûâàåòñÿ ðåáðîì. �

Â äàííîé ñòàòüå ìû áóäåì ðàññìàòðèâàòü òîëüêî ìíîæåñòâà ïîïàðíî ðàçëè÷íûõ
ðåáåð, íå îãîâàðèâàÿ ýòî îáñòîÿòåëüñòâî.

Îïð å ä å ë å í è å 3. Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî ðåáåð Xf = {{i, j}} îïðåäåëÿåò
ìíîæåñòâî F = {fij} ìàéåðîâñêèõ ôóíêöèé, åñëè ìàéåðîâñêàÿ ôóíêöèÿ fij âõîäèò âî
ìíîæåñòâî F òîãäà è òîëüêî òîãäà, êîãäà ðåáðî {i, j} ïðèíàäëåæèò ìíîæåñòâó Xf .
Ïðè ýòîì ìíîæåñòâî ðåáåð Xf áóäåì íàçûâàòü ìíîæåñòâîì ìàéåðîâñêèõ ðåáåð ïî
îòíîøåíèþ ê ýòîìó ìíîæåñòâó F ìàéåðîâñêèõ ôóíêöèé. �

Îïð å ä å ë å í è å 4. Áóäåì òàêæå ãîâîðèòü, ÷òî ìíîæåñòâî ðåáåðXf̃ = {{i′, j′}} îïðå-
äåëÿåò ìíîæåñòâî F̃ = {f̃i′j′} áîëüöìàíîâñêèõ ôóíêöèé, åñëè áîëüöìàíîâñêàÿ ôóíêöèÿ
f̃i′j′ = fi′j′ + 1 ñîäåðæèòñÿ âî ìíîæåñòâî F̃ òîãäà è òîëüêî òîãäà, êîãäà ðåáðî {i′, j′}
ïðèíàäëåæèò ìíîæåñòâó Xf̃ . Ïðè ýòîì ìíîæåñòâî Xf̃ áóäåì íàçûâàòü ìíîæåñòâîì

áîëüöìàíîâñêèõ ðåáåð ïî îòíîøåíèþ ê ýòîìó ìíîæåñòâó F̃ áîëüöìàíîâñêèõ
ôóíêöèé. �

Ââåäåì îáîçíà÷åíèÿ:

P (F, F̃ ) =
∏
fij∈F

∏
f̃i′j′∈F̃

fij f̃i′j′ (8)

� ïðîèçâåäåíèå âñåõ ìàéåðîâñêèõ ôóíêöèé, ïðèíàäëåæàùèõ ìíîæåñòâó ìàéåðîâñêèõ
ôóíêöèé F , è âñåõ áîëüöìàíîâñêèõ ôóíêöèé, ïðèíàäëåæàùèõ ìíîæåñòâó áîëüöìàíîâ-
ñêèõ ôóíêöèé F̃ . Î÷åâèäíî, ÷òî ïðîèçâåäåíèå P (F, F̃ ) ÿâëÿåòñÿ ôóíêöèåé ìíîæåñòâ F

è F̃ . Äëÿ êðàòêîñòè ïèñüìà ìû áóäåì îïóñêàòü àðãóìåíòû F è F̃ ïðîèçâåäåíèÿ P . À
ïðîèçâåäåíèå P áóäåì íàçûâàòü ïðîèçâåäåíèåì ìàéåðîâñêèõ è áîëüöìàíîâñêèõ
ôóíêöèé.

X = {Xf , Xf̃} � óïîðÿäî÷åííàÿ ïàðà íåïåðåñåêàþùèõñÿ ìíîæåñòâ: ìíîæåñòâà ðåáåð
Xf = {{i, j}} è ìíîæåñòâà ðåáåð Xf̃ = {{i′, j′}}.

V (Xf ) � ìíîæåñòâî êîíöîâ (âåðøèí) âñåõ ðåáåð èç ìíîæåñòâà Xf .
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V (Xf̃ ) � ìíîæåñòâî êîíöîâ (âåðøèí) âñåõ ðåáåð èç ìíîæåñòâà Xf̃ .∣∣∣V (Xf )
⋃
V (Xf̃ )

∣∣∣ � ìîùíîñòü ñóììû ìíîæåñòâ V (Xf ) è V (Xf̃ ).

Íèæå ìû áóäåì ðàññìàòðèâàòü è òàêèå óïîðÿäî÷åííûå ïàðû X = {Xf , Xf̃} íåïåðå-
ñåêàþùèõñÿ ìíîæåñòâ, â êîòîðûõ âòîðîå ìíîæåñòâî ÿâëÿåòñÿ ïóñòûì ìíîæåñòâîì, òî
åñòü ïàðû, èìåþùèå âèä X = {Xf , ∅}.

Î ï ð å ä å ë å í è å 5. Åñëè ìíîæåñòâà ðåáåð Xf è Xf̃ íå ïåðåñåêàþòñÿ è óäîâëåòâîðÿþò
óñëîâèþ

V (Xf )
⋃

V (Xf̃ ) = Vn = {1, 2, . . . , n}, (9)

ãäå

n =
∣∣∣V (Xf )

⋃
V (Xf̃ )

∣∣∣ , (10)

òî óïîðÿäî÷åííóþ ïàðó X = {Xf , Xf̃} ýòèõ ìíîæåñòâ áóäåì íàçûâàòü êàíîíè÷åñêîé
ïàðîé ìíîæåñòâ, à ÷èñëî n � ïîðÿäêîì ýòîé êàíîíè÷åñêîé ïàðû ìíîæåñòâ. Â êàíî-
íè÷åñêîé ïàðå ìíîæåñòâX = {Xf , Xf̃} ïåðâîå ìíîæåñòâîXf áóäåì íàçûâàòü ìíîæåñò-
âîì ìàéåðîâñêèõ ðåáåð, à âòîðîå ìíîæåñòâî Xf̃ � ìíîæåñòâîì áîëüöìàíîâñêèõ
ðåáåð. �

×åðåç Xn = {X = (Xf , Xf̃ )} îáîçíà÷èì ñîâîêóïíîñòü âñåõ êàíîíè÷åñêèõ ïàð ìíî-
æåñòâ ïîðÿäêà n. Çàìåòèì, ÷òî â ïàðå X = (Xf , Xf̃ ), âõîäÿùåé â ñîâîêóïíîñòü Xn,
ìíîæåñòâî áîëüöìàíîâñêèõ ðåáåð Xf̃ ìîæåò áûòü è ïóñòûì.

Êàæäîé êàíîíè÷åñêîé ïàðå ìíîæåñòâ X = (Xf , Xf̃ ) ïîðÿäêà n ïîñòàâèì â ñîîò-
âåòñòâèå ïðîèçâåäåíèå ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé Pn(X), îïðåäåëåííîå
ôîðìóëîé

Pn(X) =
∏

{i,j}∈Xf (X)

∏
{i′,j′}∈X

f̃
(X)

fij f̃i′j′ . (11)

Î÷åâèäíî, ÷òî ïðîèçâåäåíèå ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé Pn(X) ÿâëÿ-

åòñÿ ñóæåíèåì íà ìíîæåñòâî Xn ôóíêöèè P (F, F̃ ), îïðåäåëåííîé ôîðìóëîé (8).
Îïð å ä å ë å í è å 6. Áóäåì ãîâîðèòü, ÷òî êàíîíè÷åñêàÿ ïàðà ìíîæåñòâ X = (Xf , Xf̃ )

ïîðÿäêà n îïðåäåëÿåò ïðîèçâåäåíèå ôóíêöèé Pn(X) è íàçûâàòü ýòî ïðîèçâåäåíèå
ôóíêöèé êàíîíè÷åñêèì ïðîèçâåäåíèåì, à ÷èñëî n � ïîðÿäêîì ýòîãî ïðîèçâåäå-
íèÿ. �

×åðåç Pn = {P : P = Pn(X), X ∈ Xn} îáîçíà÷èì ìíîæåñòâî âñåõ êàíîíè÷åñêèõ
ïðîèçâåäåíèé, îïðåäåëåííûõ êàíîíè÷åñêèìè ïàðàìè ìíîæåñòâ èç ñîâîêóïíîñòè Xn.

Èç îïðåäåëåíèÿ ñîâîêóïíîñòè Xn, îïðåäåëåíèÿ ìíîæåñòâà Pn è îïðåäåëåíèÿ ïðîèç-
âåäåíèÿ Pn(X) ôîðìóëîé (11) ñëåäóåò, ÷òî ñîîòíîøåíèå

P = Pn(X) (12)

ìåæäó ýëåìåíòàìè X ∈ Xn è P ∈ Pn ÿâëÿåòñÿ îòîáðàæåíèåì ñîâîêóïíîñòè Xn = {X}
íà ìíîæåñòâî Pn = {P}.

Çàìåòèì, ÷òî òàê îïðåäåëåííîå îòîáðàæåíèå Pn : Xn → Pn ÿâëÿåòñÿ âçàèìíî îäíî-
çíà÷íûì îòîáðàæåíèåì ñîâîêóïíîñòè Xn íà ìíîæåñòâî Pn. Òàê êàê êàæäîå ïðîèçâåäå-
íèå ôóíêöèé P èç ìíîæåñòâà Pn ïðè îòîáðàæåíèè Pn èìååò, è ïðè òîì åäèíñòâåííûé,
ïðîîáðàç X = (Xf , Xf̃ ) â ñîâîêóïíîñòè Xn, òî ýòîò ïðîîáðàç ìîæíî ïðèíÿòü çà ìåòêó
ýòîãî ïðîèçâåäåíèÿ è ñ÷èòàòü ýòî ïðîèçâåäåíèå ïîìå÷åííûì êàíîíè÷åñêîé ïàðîé ìíî-
æåñòâ X = (Xf , Xf̃ ). Ïðè ýòîì âñÿêàÿ êàíîíè÷åñêàÿ ïàðà ìíîæåñòâ X = (Xf , Xf̃ ) èç
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ñîâîêóïíîñòè Xn îêàæåòñÿ ìåòêîé êàíîíè÷åñêîãî ïðîèçâåäåíèÿ ôóíêöèé, êîòîðîå âõî-
äèò âî ìíîæåñòâîPn è îäíîçíà÷íî îïðåäåëÿåòñÿ ýòîé ïàðîé ìíîæåñòâ ïî ôîðìóëàì (12)
è (11). Íèæå áóäóò èçëîæåíû è äðóãèå ñïîñîáû ïîìåòêè êàíîíè÷åñêèõ ïðîèçâåäåíèé
ôóíêöèé, íàøåäøèå ñâîå ïðèëîæåíèå â äàííîé ñòàòüå.

Îáîçíà÷èì ÷åðåç Gn = {G(Vn; Xf , Xf̃ )} ìíîæåñòâî âñåõ ïîìå÷åííûõ ãðàôîâ ñ ìíî-
æåñòâîì âåðøèí Vn = {1, 2, . . . , n} è ìíîæåñòâîì ðåáåð X, ÿâëÿþùèìñÿ îáúåäèíåíèåì
äâóõ íåïåðåñåêàþùèõñÿ ìíîæåñòâ: ìíîæåñòâàXf = {{i, j}} è ìíîæåñòâàXf̃ = {{i′, j′}},
� îáðàçóþùèõ êàíîíè÷åñêóþ ïàðó ìíîæåñòâ (Xf , Xf̃ ) ∈ Xn.

Äëÿ ãðàôîâ, ïðèíàäëåæàùèõ ìíîæåñòâó Gn = {G(Vn; Xf , Xf̃ )}, ââåäåì îáîçíà÷å-
íèÿ: Xf (G) = Xf , Xf̃ (G) = Xf̃ , ãäå G = G(Vn; Xf , Xf̃ ) ∈ Gn. Ìíîæåñòâî ðåáåð Xf (G)
áóäåì íàçûâàòü ìíîæåñòâîì ìàéåðîâñêèõ ðåáåð ãðàôàG ∈ Gn, à ìíîæåñòâîXf̃ (G)
� ìíîæåñòâîì áîëüöìàíîâñêèõ ðåáåð ãðàôà G ∈ Gn.

Îïðåäåëèì îòîáðàæåíèå An ìíîæåñòâà Gn íà ìíîæåñòâî Xn, ïîëàãàÿ

An(G) = (Xf (G), Xf̃ (G)), (13)

ãäå G ∈ Gn. Îòîáðàæåíèå An, îïðåäåëåííîå ôîðìóëîé (13) ÿâëÿåòñÿ âçàèìíî îäíîçíà÷-
íûì îòîáðàæåíèåì ìíîæåñòâà Gn íà ìíîæåñòâî Xn.

Íàïîìíèì, ÷òî îòîáðàæåíèå Pn, îïðåäåëåííîå ôîðìóëàìè (11) è (12), ÿâëÿåòñÿ îòîá-
ðàæåíèåì ìíîæåñòâà Xn íà ìíîæåñòâî Pn. Çíà÷èò, ñóùåñòâóåò êîìïîçèöèÿ îòîáðàæå-
íèé Pn ◦ An, ÿâëÿþùååñÿ îòîáðàæåíèåì ìíîæåñòâà Gn íà ìíîæåñòâî Pn.

Òàê êàê îòîáðàæåíèÿ An è Pn � âçàèìíî îäíîçíà÷íûå îòîáðàæåíèÿ, òî è èõ êîìïî-
çèöèÿ Pn ◦ An òàêæå ÿâëÿåòñÿ [22, 40] âçàèìíî îäíîçíà÷íûì îòîáðàæåíèåì.

Çàìå÷àíèå 1. Êàæäîå ïðîèçâåäåíèå ôóíêöèé P èç ìíîæåñòâà Pn ïðè îòîáðàæå-
íèè Pn ◦ An èìååò, è ïðè òîì åäèíñòâåííûé, ïðîîáðàç âî ìíîæåñòâå Gn. Çíà÷èò, ýòîò
ïðîîáðàç ìîæíî ïðèíÿòü çà ãðàô-ìåòêó ýòîãî ïðîèçâåäåíèÿ è ñ÷èòàòü ýòî ïðîèçâåäåíèå
ïîìå÷åííûì.

Ïðè ýòîì âñÿêèé ãðàô G(Vn;Xf , Xf̃ ) èç ìíîæåñòâà Gn îêàæåòñÿ ìåòêîé ïðîèçâåäå-
íèÿ ôóíêöèé, êîòîðîå ìû îáîçíà÷èì P1n(G). Ýòî ïðîèçâåäåíèå âõîäèò âî ìíîæåñòâî
Pn è îäíîçíà÷íî îïðåäåëÿåòñÿ ýòèì ãðàôîì ïî ôîðìóëå

P1n(G) = (Pn ◦ An)(G) = Pn(An(G)) = Pn((Xf (G), Xf̃ (G))) =∏
{i,j}∈Xf (G)

∏
{i′,j′}∈X

f̃
(G)

fij f̃i′j′ . (14)

�

Òàê êàê ïðîèçâåäåíèå P1n(G) âõîäèò âî ìíîæåñòâî Pn, òî èç îïðåäåëåíèÿ ýòîãî ìíîæå-
ñòâà ñëåäóåò, ÷òî ïðîèçâåäåíèå P1n(G) ÿâëÿåòñÿ êàíîíè÷åñêèì.

Îïèðàÿñü íà çàìå÷àíèå 1, ñôîðìóëèðóåì ñëåäóþùåå
Îïð å ä å ë å í è å 7. Åñëè ãðàô G(Vn; Xf , Xf̃ ) ïðèíàäëåæèò ìíîæåñòâó Gn, òî êàíî-

íè÷åñêîå ïðîèçâåäåíèå ôóíêöèé P1n(G), îïðåäåëåííîå ôîðìóëîé (14) áóäåì íàçûâàòü
ïðîèçâåäåíèåì, ïîìå÷åííûì ãðàôîì G = G(Vn;Xf , Xf̃ ), à ãðàô G = G(Vn;Xf , Xf̃ )
� ãðàôîì-ìåòêîé ýòîãî ïðîèçâåäåíèÿ ôóíêöèé. �

Îáîçíà÷èì R(G) = (Vn;Xf ) ãðàô ñ ìíîæåñòâîì âåðøèí Vn è ìíîæåñòâîì ðåáåð Xf ,
ÿâëÿþùèéñÿ ïîäãðàôîì ãðàôà G = G(Vn;Xf , Xf̃ ), ïðèíàäëåæàùåãî ìíîæåñòâó ãðà-
ôîâ Gn. Ìíîæåñòâîì ðåáåð ãðàôà R(G) ïî îïðåäåëåíèþ ÿâëÿåòñÿ ìíîæåñòâî Xf (G)
ìàéåðîâñêèõ ðåáåð ãðàôà G. Ýòî ìíîæåñòâî ðåáåð îïðåäåëÿåò ìíîæåñòâî ìàéåðîâñêèõ
ôóíêöèé, âõîäÿùèõ â ïðîèçâåäåíèå ôóíêöèé P1n(G). Íî ãðàô R(G) ïî îïðåäåëåíèþ íå
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ñîäåðæèò, â îòëè÷èå îò ãðàôà G, ìíîæåñòâà Xf̃ (G) áîëüöìàíîâñêèõ ðåáåð, îïðåäåëÿþ-
ùåãî ìíîæåñòâî áîëüöìàíîâñêèõ ôóíêöèé, âõîäÿùèõ â ïðîèçâåäåíèå ôóíêöèé P1n(G).
Ïîýòîìó áóäåì íàçûâàòü ïîäãðàô R(G) ãðàôà G íåäîñòàòî÷íîé ìåòêîé ïðîèçâåäå-
íèÿ ôóíêöèé P1n(G), ïîìå÷åííîãî ãðàôîì G.

Î ï ð å ä å ë å í è å 8. Ïðîèçâåäåíèå ôóíêöèé P ∈ Pn áóäåì íàçûâàòü áàçîâûì ïðî-
èçâåäåíèåì ïîðÿäêà n, åñëè åãî ãðàô-ìåòêà G ∈ Gn óäîâëåòâîðÿåò óñëîâèþ: ïîäãðàô
R(G) ãðàôà G ÿâëÿåòñÿ ñâÿçíûì ãðàôîì. Åñëè æå ïîäãðàô R(G) ãðàôà G íå ÿâëÿåòñÿ
ñâÿçíûì, òî ïðîèçâåäåíèå ôóíêöèé P áóäåì íàçûâàòü ïñåâäîáàçîâûì ïðîèçâåäå-
íèåì. �

Ââåäåì îáîçíà÷åíèÿ: Pbn = {P} � ìíîæåñòâî âñåõ áàçîâûõ ïðîèçâåäåíèé, ïðèíàä-
ëåæàùèõ ìíîæåñòâó Pn; Gbn � ìíîæåñòâî âñåõ ãðàôîâ, ÿâëÿþùèõñÿ ãðàôàìè-ìåòêàìè
áàçîâûõ ïðîèçâåäåíèé, ïðèíàäëåæàùèõ ìíîæåñòâó Pbn.

Èç îïðåäåëåíèé 7 è 8 è çàìå÷àíèÿ 1 âûòåêàåò
Ñëåäñòâèå 1. Ìíîæåñòâà Pbn è Gbn íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåò-

ñòâèè.
Ëåììà 1. Åñëè ãðàô-ìåòêà G ïðèíàäëåæèò ìíîæåñòâó Gbn, òî, âî-ïåðâûõ, êàæ-

äîå ðåáðî èç ìíîæåñòâà Xf̃ (G) ñîåäèíÿåò äâå íåñìåæíûå âåðøèíû ãðàôà R(G) è, âî-
âòîðûõ, ïîìå÷åííîå ãðàôîì G êàíîíè÷åñêîå ïðîèçâåäåíèå P1n(G) ÿâëÿåòñÿ ôóíêöèåé
n ïåðåìåííûõ r1, r2, . . . , rn.

Äîêàçàòåëüñòâî. Òàê êàê ëþáîå ðåáðî èç ìíîæåñòâà Xf̃ (G) ïðèíàäëåæèò ãðàôó G
ïî îïðåäåëåíèþ ýòîãî ãðàôà, òî îáå èíöèäåíòíûå åìó âåðøèíû ïðèíàäëåæàò ìíîæåñòâó
Vn. Ñëåäîâàòåëüíî, ýòè âåðøèíû ïðèíàäëåæàò ãðàôó R(G) ïî åãî îïðåäåëåíèþ. Èç
óñëîâèé ëåììû ïî îïðåäåëåíèþ 8 ñëåäóåò, ÷òî ãðàô G ïðèíàäëåæèò ìíîæåñòâó Gn.
Îòñþäà ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà ñëåäóåò, ÷òî ìíîæåñòâà Xf̃ è Xf íå èìåþò
îáùèõ ðåáåð è îáðàçóþò êàíîíè÷åñêóþ ïàðó ïîðÿäêà n. Ýòî îçíà÷àåò, ÷òî ìíîæåñòâî
Xf íå ñîäåðæèò ðåáðà, ñîåäèíÿþùåãî äâå âåðøèíû, èíöèäåíòíûå êàêîìó-íèáóäü ðåáðó
èç ìíîæåñòâà Xf̃ (G). Çíà÷èò, êàæäîå ðåáðî èç ìíîæåñòâà Xf̃ ñîåäèíÿåò äâå íåñìåæíûå
âåðøèíû ãðàôà R(G). Ïåðâîå óòâåðæäåíèå ëåììû äîêàçàíî.

Äîêàæåì òåïåðü âòîðîå óòâåðæäåíèå ëåììû. Ïóñòü i � âåðøèíà, ïðèíàäëåæàùàÿ
ìíîæåñòâó Vn. Òàê êàê ïîäãðàô R(G) = (Vn;Xf ) ãðàôà G ÿâëÿåòñÿ ñâÿçíûì, òî âî
ìíîæåñòâå ðåáåð Xf (G) ñóùåñòâóåò ðåáðî, ñîåäèíÿþùåå âåðøèíó i ñ íåêîåé âåðøèíîé
j ∈ Vn. Îòñþäà ïî îïðåäåëåíèþ ïðîèçâåäåíèÿ P1n(G) ôîðìóëîé (14) ñëåäóåò, ÷òî ìàé-
åðîâñêàÿ ôóíêöèÿ fij âõîäèò â ýòî ïðîèçâåäåíèå. À òàê êàê ìàéåðîâñêàÿ ôóíêöèÿ fij
ÿâëÿåòñÿ ïî îïðåäåëåíèþ ôóíêöèåé ïåðåìåííûõ ri è rj, òî ýòè ïåðåìåííûå âõîäÿò â
÷èñëî ïåðåìåííûõ ïðîèçâåäåíèÿ ôóíêöèé P1n(G). Òàêèì îáðàçîì, ïðè ëþáîì i ∈ Vn
ïåðåìåííàÿ ri âõîäèò â ÷èñëî ïåðåìåííûõ ôóíêöèè, ÿâëÿþùåéñÿ ïðîèçâåäåíèåì ôóíê-
öèé P1n(G).

Ñ äðóãîé ñòîðîíû, åñëè i /∈ Vn, òî i íå ÿâëÿåòñÿ âåðøèíîé ãðàôà G è íå ìîæåò
áûòü âåðøèíîé, èíöèäåíòíîé êàêîìó-ëèáî ðåáðó ýòîãî ãðàôà. Ïîýòîìó èç îïðåäåëåíèÿ
ïðîèçâåäåíèÿ P1n(G) ñëåäóåò, ÷òî ïåðåìåííàÿ ri íå ÿâëÿåòñÿ ïåðåìåííîé êàêîé-ëèáî
èç ôóíêöèé, âõîäÿùèõ â ýòî ïðîèçâåäåíèå. Èç ïîëó÷åííûõ ðåçóëüòàòîâ ñëåäóåò âòîðîå
óòâåðæäåíèå ëåììû. I

Èç ëåììû 1 âûòåêàåò ñëåäóþùåå
Ñëåäñòâèå 2. Áàçîâîå ïðîèçâåäåíèå P ∈ Pn ÿâëÿåòñÿ ôóíêöèåé n ïåðåìåííûõ

r1, r2, . . . , rn, ãäå n � ÷èñëî âåðøèí ãðàôà-ìåòêè G.
Îïð å ä å ë å í è å 9. Åñëè ïîäûíòåãðàëüíîé ôóíêöèåé èíòåãðàëà ÿâëÿåòñÿ áàçîâîå

ïðîèçâåäåíèå P ∈ Pbn ïîðÿäêà n, à îáëàñòü èíòåãðèðîâàíèÿ ýòîãî èíòåãðàëà ÿâëÿåòñÿ
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ëèáî äåéñòâèòåëüíûì ïðîñòðàíñòâîì (Rν)n−1, ëèáî ñâÿçíûì îãðàíè÷åííûì èçìåðèìûì
ïî Ëåáåãó ìíîæåñòâîì, ñîäåðæàùèìñÿ â ïðîñòðàíñòâå (Rν)n, òî ýòîò èíòåãðàë áóäåì
íàçûâàòü áàçîâûì èíòåãðàëîì, à ÷èñëî n � åãî ïîðÿäêîì. �

Ïóñòü G ∈ Gbn,à U � ñâÿçíîå, îãðàíè÷åííîå è èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî,
ñîäåðæàùååñÿ â ïðîñòðàíñòâå (Rν)n. Ââåäåì îáîçíà÷åíèÿ:

I(G,U) =

∫
U

P1n(G)(dr)n; (15)

I(G) = I(P1n(G)) =

∫
(Rν)n−1

P1n(G)(dr)1,n−1, (16)

ãäå (dr)1,n−1 = dr2dr3 . . . drn.
Òåîðåìà 1. Åñëè ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé

ôóíêöèåé, ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãóëÿð-
íîñòè, à ãðàô G ïðèíàäëåæèò ìíîæåñòâó Gbn, òî âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

A1) ôóíêöèÿ P1n(G) èíòåãðèðóåìà ïî ïðîñòðàíñòâó (Rν)n−1, à èíòåãðàë I(G) ñõî-
äèòñÿ è íå çàâèñèò îò çíà÷åíèÿ ïåðåìåííîé r1;

A2) ôóíêöèÿ P1n(G) èíòåãðèðóåìà íà ëþáîì ñâÿçíîì îãðàíè÷åííîì èçìåðèìîì ïî
Ëåáåãó ìíîæåñòâå U , ñîäåðæàùåìñÿ â ïðîñòðàíñòâå (Rν)n, à èíòåãðàë I(G,U) ñõî-
äèòñÿ.

Äîêàçàòåëüñòâî. Çàìåòèì ïðåæäå âñåãî, ÷òî ðåãóëÿðíîñòü ïàðíîãî âçàèìîäåéñ-
òâèÿ îçíà÷àåò, ÷òî ìàéåðîâñêàÿ ôóíêöèÿ f(r) ïðè íåêîòîðîì C > 0 óäîâëåòâîðÿåò
íåðàâåíñòâó ∫

Rν

|f(r)|dr < C. (17)

Íàïîìíèì, ÷òî â ñòàòüå ðàññìàòðèâàþòñÿ òîëüêî ñèñòåìû ÷àñòèö ñ ïàðíûì âçàèìî-
äåéñòâèåì. Â òàêèõ ñèñòåìàõ âçàèìîäåéñòâèå óñòîé÷èâî â òîì è òîëüêî â òîì ñëó÷àå,
åñëè ñóùåñòâóåò òàêîå ÷èñëî B ≥ 0, ÷òî ïðè âñåõ n > 1 èìååò ìåñòî íåðàâåíñòâî∑

1≤i<j≤n

Φ(ri − rj) > −nB. (18)

Â ÷àñòíîñòè, ïðè n = 2 èìååò ìåñòî íåðàâåíñòâî

Φ(r1 − r2) > −2B. (19)

Ñëåäîâàòåëüíî, áîëüöìàíîâñêàÿ ôóíêöèÿ f̃(r) óäîâëåòâîðÿåò íåðàâåíñòâó

f̃(r) < exp(2βB). (20)

Îòñþäà ñëåäóåò, ÷òî ìàéåðîâñêàÿ ôóíêöèÿ f(r) ïðè íåêîòîðîì D ≥ 1 óäîâëåòâîðÿåò
íåðàâåíñòâó

|f(r)| < D. (21)

Èç îïðåäåëåíèÿ ôóíêöèè P1n(G) ôîðìóëîé (14) è èç íåðàâåíñòâ (20) è (21) ñëåäóåò,
÷òî ôóíêöèÿ P1n(G) ïðè íåêîòîðîì E > 0 óäîâëåòâîðÿåò íåðàâåíñòâó

|P1n(G)| < E. (22)

ïðè âñåõ (r)n ∈ (Rν)n.
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Òàê êàê ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé ôóíêöèåé, à

áîëüöìàíîâñêàÿ ôóíêöèÿ f̃ ïî åå îïðåäåëåíèþ ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ýòîãî
ïîòåíöèàëà Φ, òî, ïî ñâîéñòâàì èçìåðèìûõ ôóíêöèé [21], áîëüöìàíîâñêàÿ ôóíêöèÿ f̃
òàêæå ÿâëÿåòñÿ èçìåðèìîé. Îòñþäà ïî ñâîéñòâàì èçìåðèìûõ ôóíêöèé [21] ñëåäóåò, ÷òî
ìàéåðîâñêàÿ ôóíêöèÿ f(r) èçìåðèìà.

Ôóíêöèÿ P1n(G) ïî ëåììå 1 ÿâëÿåòñÿ ôóíêöèåé n ïåðåìåííûõ r1, r2, . . . , rn.À ïî
åå îïðåäåëåíèþ ôîðìóëîé (14) ýòà ôóíêöèÿ ÿâëÿåòñÿ ïðîèçâåäåíèåì êîíå÷íîãî ÷èñëà
ôóíêöèé, êîòîðûå, êàê ìû óæå óñòàíîâèëè, ÿâëÿþòñÿ èçìåðèìûìè.

Èòàê, ôóíêöèÿ P1n(G) ÿâëÿåòñÿ ïðîèçâåäåíèåì êîíå÷íîãî ÷èñëà èçìåðèìûõ ôóíê-
öèé è îïðåäåëåíà â äåéñòâèòåëüíîì ïðîñòðàíñòâå (Rν)n. Îòñþäà ïî ñâîéñòâàì èçìå-
ðèìûõ ôóíêöèé ñëåäóåò, ÷òî ôóíêöèÿ P1n(G) � èçìåðèìàÿ ôóíêöèÿ â ïðîñòðàíñòâå
(Rν)n. Îòñþäà è èç íåðàâåíñòâà (22) ïî ñâîéñòâàì èíòåãðèðóåìûõ ôóíêöèé ñëåäóåò,
÷òî ôóíêöèÿ P1n(G) èíòåãðèðóåìà íà ëþáîì ñâÿçíîì îãðàíè÷åííîì èçìåðèìîì ïî Ëå-
áåãó ìíîæåñòâå U , ñîäåðæàùåìñÿ â ïðîñòðàíñòâå (Rν)n, à èíòåãðàë I(G,U) ñõîäèòñÿ.

Èç óñëîâèé òåîðåìû âûòåêàåò, ÷òî ãðàô R(G) ÿâëÿåòñÿ ñâÿçíûì. Ïîýòîìó ñóùåñò-
âóåò äåðåâî t(G), êîòîðîå ÿâëÿåòñÿ ïîäãðàôîì ãðàôà R(G). Ïîýòîìó ïîäûíòåãðàëüíóþ
ôóíêöèþ P1n(G) èíòåãðàëà I(G) ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì

P1n(G) = Ω(r)n
∏

{i,j}∈X(t(G))

y(ri − rj), (23)

ãäå

Ω(r)n =
∏

{ij}∈[Xf (G)\X(t(G))]

fij(ri − rj)
∏

{i′j′}∈X
f̃

(t(G))

f̃i′j′(ri′ − rj′), (24)

y(r) = f(r). (25)

Èç íåðàâåíñòâ (17) è (21) è èç îïðåäåëåíèÿ (25) ôóíêöèè y(r) ñëåäóåò, ÷òî ôóíêöèÿ
y(r) òàêæå, êàê ìàéåðîâñêàÿ ôóíêöèÿ, óäîâëåòâîðÿåò íåðàâåíñòâàì∫

Rν

|y(r)|dr < C. (26)

è
|y(r)| < D. (27)

Èç îïðåäåëåíèÿ ôóíêöèè Ω ôîðìóëîé (24) è èç íåðàâåíñòâ (20) è (21) ñëåäóåò, ÷òî
ôóíêöèÿ Ω(r)n ïðè íåêîòîðîì E ′ > 0 óäîâëåòâîðÿåò íåðàâåíñòâó

|Ω(r)n| < E ′. (28)

Òàê êàê ìàéåðîâñêàÿ ôóíêöèÿ f(r) ÿâëÿåòñÿ èçìåðèìîé, òî ïî ñâîéñòâàì èçìåðèìûõ
ôóíêöèé [21] ñëåäóåò, ÷òî ôóíêöèÿ y(r), îïðåäåëåííàÿ ôîðìóëîé (25) òàêæå èçìåðèìà
â ïðîñòðàíñòâå Rν .

Ôóíêöèÿ Ω(r)n, îïðåäåëåííàÿ ôîðìóëîé (24), ÿâëÿåòñÿ ïðîèçâåäåíèåì êîíå÷íîãî
÷èñëà ôóíêöèé, êîòîðûå, êàê ìû óæå óñòàíîâèëè, ÿâëÿþòñÿ èçìåðèìûìè â îáëàñòè
ñâîåãî îïðåäåëåíèÿ. Îòñþäà ïî ñâîéñòâàì èçìåðèìûõ ôóíêöèé [21] ñëåäóåò, ÷òî ôóíê-
öèÿ Ω(r)n èçìåðèìà â ïðîñòðàíñòâå (Rν)n. Èç îïðåäåëåíèÿ ôóíêöèè Ω(r)n ôîðìóëîé
(24) ñëåäóåò, ýòà ôóíêöèÿ ÿâëÿåòñÿ òðàíñëÿöèîííî-èíâàðèàíòíîé [17], [24], [49].
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Èòàê, ïîäûíòåãðàëüíàÿ ôóíêöèÿ P1n(G) èíòåãðàëà I(G) ïðåäñòàâëÿåòñÿ ôîðìó-
ëîé (23), ãäå èçìåðèìàÿ ôóíêöèÿ y(r) óäîâëåòâîðÿåò íåðàâåíñòâàì (26) è (27), à èç-
ìåðèìàÿ ôóíêöèÿ Ω(r)n óäîâëåòâîðÿåò íåðàâåíñòâó (28) è ÿâëÿåòñÿ òðàíñëÿöèîííî-
èíâàðèàíòíîé. Îòñþäà ïî òåîðåìå 3 èç ãëàâû III êíèãè [17] ñëåäóåò, ÷òî ôóíêöèÿ P1n(G),
ïðåäñòàâëåííàÿ ôîðìóëîé (24), èíòåãðèðóåìà ïî ïðîñòðàíñòâó (Rν)n−1, à íåñîáñòâåí-
íûé èíòåãðàë I(G) ñõîäèòñÿ è íå çàâèñèò îò çíà÷åíèÿ ïåðåìåííîé r1. Òåîðåìà 1 äîêà-
çàíà. I

Çàìå÷àíèå 2. Òàê êàê â ñòàòüå ðàññìàòðèâàþòñÿ òîëüêî ñèñòåìû ÷àñòèö, óäîâëåòâî-
ðÿþùèå óñëîâèÿì òåîðåìû 1, òî âñÿêèé íåñîáñòâåííûé èíòåãðàë I(G) ïî ïðîñòðàíñòâó
(Rν)n−1, ïîìå÷åííûé ãðàôîì G ∈ Gbn, è âñÿêèé ïîìå÷åííûé ãðàôîì G ∈ Gbn èíòåãðàë
âèäà I(G,U) ïî ëþáîìó ñâÿçíîìó îãðàíè÷åííîìó èçìåðèìîìó ïî Ëåáåãó ìíîæåñòâó U ,
ñîäåðæàùåìóñÿ â ïðîñòðàíñòâå (Rν)n, óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1 è ÿâëÿþòñÿ
ïî òåîðåìå 1 ñõîäÿùèìèñÿ. �

Îïð å ä å ë å í è å 10. Èíòåãðàë îò ïñåâäîáàçîâîãî ïðîèçâåäåíèÿ ôóíêöèé áóäåì íà-
çûâàòü ïñåâäîáàçîâûì èíòåãðàëîì. �

Îïð å ä å ë å í è å 11. Ëèíåéíàÿ êîìáèíàöèÿ L ñõîäÿùèõñÿ áàçîâûõ èíòåãðàëîâ ïî-
ðÿäêà n, â êîòîðîé âñå èíòåãðàëû èìåþò îäíó è òó æå îáëàñòü èíòåãðèðîâàíèÿ U(L), à
êîýôôèöèåíò ïðè êàæäîì èç âõîäÿùèõ â íåå èíòåãðàëîâ ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷èñ-
ëîì è îïðåäåëÿåòñÿ ãðàôîì-ìåòêîé ïîäûíòåãðàëüíîé ôóíêöèè ýòîãî èíòåãðàëà, íàçû-
âàåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé, ÷èñëî n íàçûâàåòñÿ åå ïîðÿäêîì, à îáëàñòü
èíòåãðèðîâàíèÿ U(L) � ìíîæåñòâîì, àññîöèèðîâàííûì ñ äàííîé ëèíåéíîé êîìáèíà-
öèåé L. �

Çàìå÷àíèå 3. Èç îïðåäåëåíèÿ 11 âûòåêàåò, ÷òî ëþáîé áàçîâûé èíòåãðàë äàííîé áà-
çîâîé ëèíåéíîé êîìáèíàöèè L ïîëíîñòüþ îïðåäåëÿåòñÿ ìíîæåñòâîì, àññîöèèðîâàííûì
ñ äàííîé ëèíåéíîé êîìáèíàöèåé è åãî ïîäûíòåãðàëüíîé ôóíêöèåé, êîòîðàÿ, áóäó÷è áà-
çîâûì ïðîèçâåäåíèåì P ∈ Pbn, îïðåäåëÿåòñÿ ãðàôîì-ìåòêîé G ∈ Gbn ýòîãî áàçîâîãî
ïðîèçâåäåíèÿ. Ñëåäîâàòåëüíî, ëþáîé áàçîâûé èíòåãðàë äàííîé áàçîâîé ëèíåéíîé êîì-
áèíàöèè ïîëíîñòüþ îïðåäåëÿåòñÿ ìíîæåñòâîì, àññîöèèðîâàííûì ñ äàííîé ëèíåéíîé
êîìáèíàöèåé è ãðàôîì-ìåòêîé G áàçîâîãî ïðîèçâåäåíèÿ, ÿâëÿþùåãîñÿ åãî ïîäûíòåã-
ðàëüíîé ôóíêöèåé. �

Îïð å ä å ë å í è å 12. Ëèíåéíàÿ êîìáèíàöèÿ èíòåãðàëîâ îò ïðîèçâåäåíèé ìàéåðîâñ-
êèõ è áîëüöìàíîâñêèõ ôóíêöèé, â êîòîðîé õîòÿ áû îäèí èíòåãðàë íå ÿâëÿåòñÿ áàçîâûì,
íàçûâàåòñÿ ïñåâäîáàçîâîé ëèíåéíîé êîìáèíàöèåé. �

Ïðèìåð 1 Ðàññìîòðèì ïðåäñòàâëåíèå Ðè-Ãóâåðà [48] âèðèàëüíîãî êîýôôèöèåíòà
Bn(Λ) ïðè n ≥ 2. Âûøå áûëî óêàçàíî, ÷òî ýòî ïðåäñòàâëåíèå ÿâëÿåòñÿ ëèíåéíîé êîìáè-
íàöèåé èíòåãðàëîâ. Â êàæäîì èç ýòèõ èíòåãðàëîâ ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ
ïðîèçâåäåíèåì ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé. Èç îïðåäåëåíèÿ ïðåäñòàâëå-
íèÿ Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ñëåäóåò, ÷òî êàæäûé èç ýòèõ èíòåã-
ðàëîâ ïîìå÷åí (â ñìûñëå Ðè-Ãóâåðà [48]) íåêèì ïîëíûì ãðàôîì G(Vn; Xf , Xf̃ ).

Ïðè ýòîì ìíîæåñòâî ðåáåð Xf ïî îïðåäåëåíèþ 3 îïðåäåëÿåò ìíîæåñòâî F = {fij}
ìàéåðîâñêèõ ôóíêöèé, âõîäÿùèõ ìíîæèòåëÿìè â ïîäûíòåãðàëüíóþ ôóíêöèþ èíòåã-
ðàëà, ïîìå÷åííîãî ãðàôîì G(Vn; Xf , Xf̃ ). À ìíîæåñòâî ðåáåð Xf̃ ïî îïðåäåëåíèþ 4

îïðåäåëÿåò ìíîæåñòâî F̃ = {f̃i′j′} áîëüöìàíîâñêèõ ôóíêöèé, âõîäÿùèõ ìíîæèòåëÿìè â
ýòó ïîäûíòåãðàëüíóþ ôóíêöèþ.

Èç îïðåäåëåíèÿ ïðåäñòàâëåíèÿ Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ñëåäó-
åò, ÷òî ìíîæåñòâà Xf è Xf̃ ãðàôà G íå ïåðåñåêàþòñÿ è îáðàçóþò êàíîíè÷åñêóþ ïàðó
ìíîæåñòâ X = (Xf , Xf̃ ) ïîðÿäêà n. Îòñþäà ñëåäóþò äâà âûâîäà: 1) ïî îïðåäåëåíèþ
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6 ïîäûíòåãðàëüíàÿ ôóíêöèÿ èíòåãðàëà, ïîìå÷åííîãî (â ñìûñëå Ðè-Ãóâåðà) ãðàôîì G,
ÿâëÿåòñÿ êàíîíè÷åñêèì ïðîèçâåäåíèåì Pn(X) ïîðÿäêà n, îïðåäåëåííûì ïî ôîðìóëå (11)
êàíîíè÷åñêîé ïàðîé ìíîæåñòâ (X) = ((Xf , Xf̃ )); 2) ãðàô G(Vn; Xf , Xf̃ ) ïðèíàäëåæèò
ìíîæåñòâó Gn ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà.

Èç âûâîäà 2) ïî îïðåäåëåíèþ 7, ñëåäóåò, ÷òî ãðàô G(Vn; Xf , Xf̃ ) ÿâëÿåòñÿ ãðàôîì-
ìåòêîé ïðîèçâåäåíèÿ ôóíêöèé P1n(G), êîòîðîå ÿâëÿåòñÿ ïðîèçâåäåíèåì, ïîìå÷åííûì
ýòèì ãðàôîì, îäíîçíà÷íî îïðåäåëÿåòñÿ ýòèì ãðàôîì ïî ôîðìóëå (14) è ïðèíàäëåæèò,
ïî çàìå÷àíèþ 1, ìíîæåñòâó Pn.

Èç îïðåäåëåíèÿ ïðîèçâåäåíèÿ ôóíêöèé P1n(G) ôîðìóëîé (14) ñëåäóåò, ÷òî ýòî ïðî-
èçâåäåíèå åñòü êàíîíè÷åñêîå ïðîèçâåäåíèå P (Xf , Xf̃ ) ïîðÿäêà n, ÿâëÿþùååñÿ ïîäûíòå-
ãðàëüíîé ôóíêöèåé èíòåãðàëà, ïîìå÷åííîãî (â ñìûñëå Ðè-Ãóâåðà) ãðàôîì G. Òàê êàê
ïðè ýòîì ïîäãðàô R(G) ãðàôa G(Vn; Xf , Xf̃ ) ÿâëÿåòñÿ, êàê èçâåñòíî [48], äâóñâÿçíûì
ãðàôîì, òî ïî îïðåäåëåíèþ 8 ýòà ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ áàçîâûì ïðîèç-
âåäåíèåì ïîðÿäêà n. Ýòî áàçîâîå ïðîèçâåäåíèå ïðèíàäëåæèò ìíîæåñòâó Pbn ïî îïðå-
äåëåíèþ ýòîãî ìíîæåñòâà. À ãðàô-ìåòêà G ýòîãî áàçîâîãî ïðîèçâåäåíèÿ ïðèíàäëåæèò
ìíîæåñòâó Gbn ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà.

Èòàê, ïîäûíòåãðàëüíàÿ ôóíêöèÿ ëþáîãî èíòåãðàëà, âõîäÿùåãî â ïðåäñòàâëåíèå Ðè-
Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ), ÿâëÿåòñÿ áàçîâûì ïðîèçâåäåíèåì, ïîìå÷åí-
íûì ïîëíûì ãðàôîì, ìàðêèðóþùèì ýòîò èíòåãðàë, è îïðåäåëÿåòñÿ ôîðìóëîé (14), ãäå
G � ïðèíàäëåæàùèé ìíîæåñòâó Gbn ãðàô, êîòîðûì ïîìå÷åí (â ñìûñëå Ðè-Ãóâåðà) ýòîò
èíòåãðàë. Èç ôîðìóëû (14) ñëåäóåò, ÷òî ÷èñëî ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé,
âõîäÿùèõ â êàíîíè÷åñêîå ïðîèçâåäåíèå, ïîìå÷åííîå ïîëíûì ãðàôîì ñ n âåðøèíàìè,
ðàâíî ÷èñëó n(n− 1)/2 ðåáåð ýòîãî ãðàôà.

Â ñòàòüå [48] Ðè è Ãóâåð ðàññìàòðèâàëè ñèñòåìû ÷àñòèö, çàêëþ÷åííûõ â îãðàíè-
÷åííîì îáúåìå Λ, è ïîëó÷èëè ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ Bn(Λ) äëÿ
ñëó÷àÿ îãðàíè÷åííîãî îáúåìà Λ â âèäå ëèíåéíîé êîìáèíàöèè èíòåãðàëîâ, â êîòîðîé
âñå èíòåãðàëû èìåþò îäíó è òó æå îáëàñòü èíòåãðèðîâàíèÿ Λn. Ìîæíî ñ÷èòàòü, ÷òî
ïðåäñòàâëåíèÿ Ðè-Ãóâåðà ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè èíòåãðàëîâ, â êàæäîé
èç êîòîðûõ âñå èíòåãðàëû èìåþò îäíó è òó æå îáëàñòü èíòåãðèðîâàíèÿ, ïîëíîñòüþ
îïðåäåëÿåìóþ ýòîé ëèíåéíîé êîìáèíàöèåé.

Äàëåå ïî òåêñòó ìû áóäåì ïîëàãàòü, ÷òî ìíîæåñòâî Λn ÿâëÿåòñÿ ñâÿçíûì, îãðàíè-
÷åííûì è èçìåðèìûì ïî Ëåáåãó. Òàê êàê ïðè ýòîì ïîäûíòåãðàëüíàÿ ôóíêöèÿ êàæäîãî
èíòåãðàëà ýòîé ëèíåéíîé êîìáèíàöèè ÿâëÿåòñÿ áàçîâûì ïðîèçâåäåíèåì ïîðÿäêà n, òî,
ïî îïðåäåëåíèþ 9, êàæäûé èíòåãðàë â ëèíåéíîé êîìáèíàöèè, ÿâëÿþùåéñÿ ïðåäñòàâ-
ëåíèåì Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ), ÿâëÿåòñÿ áàçîâûì èíòåãðàëîì
ïîðÿäêà n.

Èòàê, ïðè óêàçàííûõ âûøå óñëîâèÿõ ïðåäñòàâëåíèå Ðè-Ãóâåðà [48] âèðèàëüíîãî êî-
ýôôèöèåíòà Bn(Λ) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè: 1) ýòî ïðåäñòàâëåíèå ÿâëÿåòñÿ
ëèíåéíîé êîìáèíàöèåé èíòåãðàëîâ, îáëàñòüþ èíòåãðèðîâàíèÿ êîòîðûõ ÿâëÿåòñÿ ñâÿç-
íîå îãðàíè÷åííîå è èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî, ñîäåðæàùååñÿ â ïðîñòðàíñòâå
(Rν)n; 2) ïîäûíòåãðàëüíàÿ ôóíêöèÿ êàæäîãî èíòåãðàëà ýòîé ëèíåéíîé êîìáèíàöèè
ÿâëÿåòñÿ áàçîâûì ïðîèçâåäåíèåì, ãðàô-ìåòêà êîòîðîãî ïðèíàäëåæèò ìíîæåñòâó Gbn.

Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ òîëüêî òåðìîäèíàìè÷åñêèå ðàâíîâåñíûå îäíîêîì-
ïîíåíòíûå ñèñòåìû êëàññè÷åñêèõ ÷àñòèö ñ ïàðíûì âçàèìîäåéñòâèåì [24, 49]. Ïðè ýòîì
ïðåäïîëàãàåòñÿ, ÷òî ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è
ðåãóëÿðíîñòè, à ïàðíûé ïîòåíöèàë Φ(r) ÿâëÿåòñÿ èçìåðèìîé ôóíêöèåé.

Ïðè ýòèõ îãðàíè÷åíèÿõ è ïðè n ≥ 2, ïîäûíòåãðàëüíûå ôóíêöèè âñåõ èíòåãðàëîâ,
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âõîäÿùèõ â ïðåäñòàâëåíèå Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ), ïî òåîðåìå 1
ÿâëÿþòñÿ èíòåãðèðóåìûìè íà ëþáîì ñâÿçíîì, îãðàíè÷åííîì è èçìåðèìîì ïî Ëåáåãó
ìíîæåñòâå U , ñîäåðæàùåìñÿ â ïðîñòðàíñòâå (Rν)n, à âñå ýòè èíòåãðàëû ñõîäÿòñÿ.

Èòàê, â ñëó÷àå, êîãäà ñèñòåìû ÷àñòèö, çàêëþ÷åííûõ â îãðàíè÷åííîì îáúåìå, óäî-
âëåòâîðÿþò ïåðå÷èñëåííûì âûøå â ýòîì ïðèìåðå óñëîâèÿì, ïðåäñòàâëåíèå Ðè-Ãóâåðà
âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïðè n ≥ 2 ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ñõîäÿ-
ùèõñÿ áàçîâûõ èíòåãðàëîâ.

Êàê èçâåñòíî [48], â ëèíåéíîé êîìáèíàöèè èíòåãðàëîâ, ÿâëÿþùåéñÿ ïðåäñòàâëåíèåì
Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ), êîýôôèöèåíò ïðè êàæäîì âõîäÿùåì â
íåå èíòåãðàëå ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷èñëîì è îïðåäåëÿåòñÿ ãðàôîì, êîòîðûì ïî-
ìå÷åí (â ñìûñëå Ðè-Ãóâåðà) ýòîò èíòåãðàë. Èñõîäÿ èç ýòîãî ôàêòà è èç òîãî, ÷òî âñå
âõîäÿùèå â ýòó ëèíåéíóþ êîìáèíàöèþ èíòåãðàëû ÿâëÿþòñÿ ñõîäÿùèìèñÿ áàçîâûìè
èíòåãðàëàìè ïîðÿäêà n, èìåþùèìè îäíó è òó æå îáëàñòü èíòåãðèðîâàíèÿ, ïðèõîäèì
ê âûâîäó: ýòà ëèíåéíàÿ êîìáèíàöèÿ ÿâëÿåòñÿ, ïî îïðåäåëåíèþ 11, áàçîâîé ïîðÿäêà n.
Èòàê, â ðàññìàòðèâàåìûõ â äàííîì ïðèìåðå ñëó÷àÿõ ïðåäñòàâëåíèå Ðè-Ãóâåðà âèðè-
àëüíîãî êîýôôèöèåíòà Bn ïðè n ≥ 2 ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà
n.

Ïî çàìå÷àíèþ 3, êàæäûé èíòåãðàë â ýòîé ëèíåéíîé êîìáèíàöèè ïîëíîñòüþ îïðå-
äåëÿåòñÿ åãî ïîäûíòåãðàëüíîé ôóíêöèåé è ìíîæåñòâîì, àññîöèèðîâàííûì ñ äàííîé
ëèíåéíîé êîìáèíàöèåé. Âûøå áûëî óñòàíîâëåíî, ÷òî ýòà ïîäûíòåãðàëüíàÿ ôóíêöèÿ
ÿâëÿåòñÿ áàçîâûì ïðîèçâåäåíèåì ïîðÿäêà n, ïðèíàäëåæàùèì ìíîæåñòâó Pbn ⊂ Pn è
ïîìå÷åííûì ãðàôîì-ìåòêîé G, ïðèíàäëåæàùèì ìíîæåñòâó Gbn. Ïî ñëåäñòâèþ 1 ýòî
áàçîâîå ïðîèçâåäåíèå îäíîçíà÷íî îïðåäåëÿåòñÿ åãî ãðàôîì-ìåòêîé G ∈ Gbn. Ïîýòîìó
êàæäûé èíòåãðàë â ýòîé ëèíåéíîé êîìáèíàöèè ïîëíîñòüþ îïðåäåëÿåòñÿ ìíîæåñòâîì,
àññîöèèðîâàííûì ñ äàííîé ëèíåéíîé êîìáèíàöèåé, è ãðàôîì-ìåòêîé áàçîâîãî ïðîèçâå-
äåíèÿ, ÿâëÿþùåãîñÿ ïîäûíòåãðàëüíîé ôóíêöèåé ýòîãî èíòåãðàëà. I

Ââåäåì îáîçíà÷åíèÿ:
G(L) � ìíîæåñòâî âñåõ ãðàôîâ, ñëóæàùèõ ãðàôàìè-ìåòêàìè òàêèõ áàçîâûõ ïðî-

èçâåäåíèé, êîòîðûå ÿâëÿþòñÿ ïîäûíòåãðàëüíûìè ôóíêöèÿìè èíòåãðàëîâ, âõîäÿùèõ â
áàçîâóþ ëèíåéíóþ êîìáèíàöèþ L;

R(G(L)) = {R(G) : G ∈ G(L)}. (29)

Îïð å ä å ë å í è å 13. Åñëè L � áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ, òî ìíîæåñòâî ãðà-
ôîâ G(L) áóäåì íàçûâàòü ìíîæåñòâîì ãðàôîâ-ìåòîê ýòîé áàçîâîé ëèíåéíîé êîì-
áèíàöèè, à ÷èñëî âõîäÿùèõ â íåå èíòåãðàëîâ áóäåì íàçûâàòü äëèíîé ýòîé ëèíåéíîé
êîìáèíàöèè è îáîçíà÷àòü q(L). �

×àñòî âñòðå÷àþòñÿ ñëó÷àè, êîãäà äëÿ ìàðêèðîâêè êàíîíè÷åñêîãî ïðîèçâåäåíèÿ
ôóíêöèé P ∈ Pn ïðîùå èñïîëüçîâàòü íå ãðàô-ìåòêó òàêîãî ïðîèçâåäåíèÿ ôóíêöèé,
à äðóãèå ãðàôû. Íàïðèìåð, ãðàô G̃ = G̃(Vn, Xf ), ãäå Xf � ìíîæåñòâî ìàéåðîâñêèõ
ðåáåð ïî îòíîøåíèþ ê ìíîæåñòâó F âñåõ ìàéåðîâñêèõ ôóíêöèé, âõîäÿùèõ â äàííîå
êàíîíè÷åñêîå ïðîèçâåäåíèå ôóíêöèé P ∈ Pn.

Ãðàô G̃(Vn, Xf ) äàåò âîçìîæíîñòü íåïîñðåäñòâåííî îïðåäåëèòü òîëüêî ìàéåðîâñêèå
ôóíêöèè, âõîäÿùèå â ïðîèçâåäåíèå ôóíêöèé P (Xf , Xf̃ ). Äëÿ îïðåäåëåíèÿ æå áîëüö-
ìàíîâñêèõ ôóíêöèé, âõîäÿùèõ â ýòî ïðîèçâåäåíèå, â ðÿäå ñëó÷àåâ ïðåäïî÷òèòåëüíåå,
â îáõîä îïðåäåëåíèÿ ãðàôà-ìåòêè ýòîãî ïðîèçâåäåíèÿ, ïðÿìî óêàçàòü ìíîæåñòâî Xf̃

áîëüöìàíîâñêèõ ðåáåð ïî îòíîøåíèþ ê ìíîæåñòâó F̃ âñåõ áîëüöìàíîâñêèõ ôóíêöèé,
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âõîäÿùèõ â äàííîå êàíîíè÷åñêîå ïðîèçâåäåíèå ôóíêöèé P ∈ Pn, èëè æå óêàçàòü êîí-
ñòðóêòèâíûé ìåòîä ïîñòðîåíèÿ ýòîãî ìíîæåñòâà. Ýòî äàåò âîçìîæíîñòü íåïîñðåäñò-
âåííî îïðåäåëèòü áîëüöìàíîâñêèå ôóíêöèè, âõîäÿùèå â ïîìå÷åííîå ãðàôîì G̃ ïðîèç-
âåäåíèå ôóíêöèé. Ìíîæåñòâî Xf̃ äîïîëíÿåò ìíîæåñòâî ðåáåð ãðàôà G̃ äî ìíîæåñòâà
ðåáåð ãðàôà-ìåòêè ýòîãî ïðîèçâåäåíèÿ. Íàçîâåì ýòî ìíîæåñòâî äîïîëíÿþùèì ìíî-
æåñòâîì, ïîñòàâëåííûì â ñîîòâåòñòâèå ãðàôó G̃, è îáîçíà÷èì Xad(G̃), ïîëàãàÿ

Xad(G̃) = Xf̃ . Äëÿ êðàòêîñòè ìíîæåñòâî Xad(G̃) áóäåì íàçûâàòü äîïîëíÿþùèì ìíî-
æåñòâîì.

Îáîçíà÷èì G̃n = {G̃}, ãäå n ≥ 3, êîíå÷íîå ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ ñâÿçíûõ
ïîìå÷åííûõ ãðàôîâ ñ ìíîæåñòâîì âåðøèí Vn, êàæäîìó èç êîòîðûõ ïîñòàâëåíî â ñîîò-
âåòñòâèå äîïîëíÿþùåå ìíîæåñòâî Xad(G̃), êîòîðîå íå ïåðåñåêàåòñÿ ñ ìíîæåñòâîì Xf (G̃)

ìàéåðîâñêèõ ðåáåð è îáðàçóåò c íèì êàíîíè÷åñêóþ ïàðó (Xf (G̃), Xad(G̃)) ∈ Xn.

Î ï ð å ä å ë å í è å 14. Ãðàôû èç ìíîæåñòâà G̃n áóäåì íàçûâàòü óêîìïëåêòîâàííû-
ìè. �

Ââåäåì îáîçíà÷åíèÿ:
X(G̃n) = {(Xf (G̃), Xad(G̃)) : G̃ ∈ G̃n}
P(G̃n) = Pn(X(G̃n)) 
-� îáðàç ìíîæåñòâà êàíîíè÷åñêèõ ïàð X(G̃n) ⊂ Xn ïðè îòîáðà-

æåíèè Pn : Xn → Pn;
PG̃n

= Pn |X(G̃n) � ñóæåíèå îòîáðàæåíèÿ Pn íà ïîäìíîæåñòâî X(G̃n) ⊂ Xn.
Ïî îïðåäåëåíèþ îòîáðàæåíèå PG̃n

ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì îòîáðàæåíèåì

ìíîæåñòâà X(G̃n) íà ìíîæåñòâî Pn(G̃n).

Îïðåäåëèì îòîáðàæåíèå AG̃n
ìíîæåñòâà G̃n íà ìíîæåñòâî X̃n(G̃n}), ïîëàãàÿ

AG̃n
(G̃) = (Xf (G̃), Xad(G̃)), G̃ ∈ G̃n. (30)

Îòîáðàæåíèå AG̃n
, îïðåäåëåííîå ôîðìóëîé (30) ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì îòîá-

ðàæåíèåì ìíîæåñòâà G̃n íà ìíîæåñòâî X(G̃n).
Çàìå÷àíèå 4. Òàê êàê îáëàñòü îïðåäåëåíèÿ îòîáðàæåíèÿ PG̃n

ñîâïàäàåò ñ îáëà-
ñòüþ çíà÷åíèé îòîáðàæåíèÿ AG̃n

, òî êîìïîçèöèÿ îòîáðàæåíèé PG̃n
◦ AG̃n

ñóùåñòâóåò è

ÿâëÿåòñÿ îòîáðàæåíèåì ìíîæåñòâà G̃n íà ìíîæåñòâî P(G̃n).

Òàê êàê îòîáðàæåíèÿ AG̃n
: G̃n → X(G̃n) è PG̃n

: X(G̃n)→ P(G̃n) � âçàèìíî îäíîçíà÷-

íûå, òî èõ êîìïîçèöèÿ PG̃n
◦AG̃n

: G̃n → P(G̃n) ÿâëÿåòñÿ [22, 40] âçàèìíî îäíîçíà÷íûì

îòîáðàæåíèåì ìíîæåñòâà G̃n íà ìíîæåñòâî P(G̃n). �
Èç çàìå÷àíèÿ 4 âûòåêàåò
Ñëåäñòâèå 3. Êàæäîå ïðîèçâåäåíèå ôóíêöèé P èç ìíîæåñòâà P(G̃n) ïðè îòîá-

ðàæåíèè PG̃n
◦ AG̃n

èìååò, è ïðè òîì åäèíñòâåííûé, ïðîîáðàç âî ìíîæåñòâå G̃n.
Çíà÷èò, ýòîò ïðîîáðàç ÿâëÿåòñÿ ãðàôîì, êîòîðûé ìîæíî ïðèíÿòü çà ìåòêó ýòî-
ãî ïðîèçâåäåíèÿ è ñ÷èòàòü ýòî ïðîèçâåäåíèå ïîìå÷åííûì ýòèì ãðàôîì. Ïðè ýòîì
âñÿêèé ãðàô G̃ èç ìíîæåñòâà G̃n îêàæåòñÿ ìåòêîé ïðîèçâåäåíèÿ ôóíêöèé, êîòîðîå
ÿâëÿåòñÿ îáðàçîì ýòîãî ãðàôà ïðè îòîáðàæåíèè PG̃n

◦ AG̃n
: G̃n → P̃n.

Îáðàç ãðàôà G̃ ∈ G̃n ïðè îòîáðàæåíèè PG̃n
◦ AG̃n

: G̃n → P̃n îáîçíà÷èì P̃G̃n
(G̃).

Îïèðàÿñü íà çàìå÷àíèå 4 è ñëåäñòâèå 3, ñôîðìóëèðóåì ñëåäóþùåå
Îïð å ä å ë å í è å 15. Ïðîèçâåäåíèå ôóíêöèé P̃G̃n

(G̃), ÿâëÿþùååñÿ ïî îïðåäåëåíèþ

îáðàçîì ãðàôà G̃(Vn, Xf ) ∈ G̃n ïðè îòîáðàæåíèè PG̃n
◦ AG̃n

: G̃n → P(G̃n), áóäåì íà-

çûâàòü ïðîèçâåäåíèåì, ïîìå÷åííûì ãðàôîì G̃ = G̃(Vn, Xf ), à ãðàô G̃(Vn, Xf ) �
óêîìïëåêòîâàííûì ãðàôîì-ìåòêîé ýòîãî ïðîèçâåäåíèÿ. �
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Ëåììà 2. Åñëè ãðàô G̃(Vn, Xf ) ïðèíàäëåæèò ìíîæåñòâó G̃n, òî ïîìå÷åííîå ýòèì

ãðàôîì ïðîèçâåäåíèå ôóíêöèé P̃G̃n
(G̃) ÿâëÿåòñÿ êàíîíè÷åñêèì ïðîèçâåäåíèåì ïîðÿäêà

n è ïðåäñòàâëÿåòñÿ ôîðìóëîé

P̃G̃n
(G̃) =

∏
{i,j}∈Xf (G̃)

∏
{i′,j′}∈Xad(G̃)

fij f̃i′j′ . (31)

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà, ÷òî ïðîèçâåäåíèå ôóíêöèé P̃G̃n
(G̃) ÿâëÿåòñÿ

êàíîíè÷åñêèì ïðîèçâåäåíèåì ïîðÿäêà n. Èç îïðåäåëåíèÿ ìíîæåñòâà PG̃n
ñëåäóåò, ÷òî

ýòî ìíîæåñòâî ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà Pn êàíîíè÷åñêèõ ïðîèçâåäåíèé ïî-
ðÿäêà n. Îòñþäà è èç çàìå÷àíèÿ 4 ñëåäóåò, ÷òî ìíîæåñòâî PG̃n

çíà÷åíèé îòîáðàæåíèÿ

PG̃n
◦AG̃n

: G̃n → P̃n ÿâëÿåòñÿ ìíîæåñòâîì êàíîíè÷åñêèõ ïðîèçâåäåíèé ïîðÿäêà n. Ñòà-

ëî áûòü, êàêîâ áû íè áûë ãðàô G̃(Vn, Xf ) ∈ G̃n, åãî îáðàç P̃G̃n
(G̃) ïðè îòîáðàæåíèè

PG̃n
◦ AG̃n

: G̃n → P̃n ÿâëÿåòñÿ êàíîíè÷åñêèì ïðîèçâåäåíèåì ïîðÿäêà n. Ïî îïðåäåëå-

íèþ 15 ïðîèçâåäåíèå P̃G̃n
(G̃) ÿâëÿåòñÿ ïðîèçâåäåíèåì, ïîìå÷åííûì ãðàôîì G̃. Èòàê,

äîêàçàíî, ÷òî ïîìå÷åííîå ãðàôîì G̃ ∈ G̃n ïðîèçâåäåíèå ôóíêöèé PG̃n
(G̃) ÿâëÿåòñÿ êà-

íîíè÷åñêèì ïðîèçâåäåíèåì ïîðÿäêà n.
Äîêàæåì òåïåðü, ÷òî ïîìå÷åííîå ãðàôîì G̃ ∈ G̃n ïðîèçâåäåíèå ôóíêöèé P̃G̃n

(G̃)

ïðåäñòàâëÿåòñÿ ôîðìóëîé (31). Èç îïðåäåëåíèÿ ïðîèçâåäåíèÿ ôóíêöèé P̃G̃n
(G̃), îïðå-

äåëåíèÿ îòîáðàæåíèÿ PG̃n
: X(G̃n) → P(G̃n), îïðåäåëåíèÿ îòîáðàæåíèÿ Pn : Xn → Pn

ôîðìóëàìè (11) è (12) è îïðåäåëåíèÿ îòîáðàæåíèÿ AG̃n
: G̃n → X(G̃n) ôîðìóëîé (30)

ñëåäóåò

P̃G̃n
(G̃) = PG̃n

◦ AG̃n
(G̃) = PG̃n

(AG̃n
(G̃)) = PG̃n

((Xf (G̃), Xad(G̃))) =

Pn((Xf (G̃), Xad(G̃))) =
∏

{i,j}∈Xf (G̃)

∏
{i′,j′}∈Xad(G̃)

fij f̃i′j′ . (32)

Îòñþäà ñëåäóåò ôîðìóëà (31). Ëåììà 2 ïîëíîñòüþ äîêàçàíà. I
Òåîðåìà 2. Åñëè ãðàô G̃(Vn, Xf ), êîòîðîìó ïîñòàâëåíî â ñîîòâåòñòâèå äîïîëíÿþ-

ùåå ìíîæåñòâî Xad(G̃), ïðèíàäëåæèò ìíîæåñòâó G̃n, òî âåðíû ñëåäóþùèå óòâåðæ-
äåíèÿ:

A1. Ãðàô G(Vn; Xf (G̃), Xad(G̃)), ïðèíàäëåæèò ìíîæåñòâó Gbn è ÿâëÿåòñÿ ãðàôîì-

ìåòêîé ïðîèçâåäåíèÿ P̃G̃n
(G̃).

A2. Ãðàô G̃ ÿâëÿåòñÿ îáðàçîì ãðàôà-ìåòêè G(Vn; Xf (G̃), Xad(G̃)) ïðè îòîáðàæåíèè
R.

A3. Ïðîèçâåäåíèå P̃G̃n
(G̃) ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé ÿâëÿåòñÿ áàçî-

âûì ïðîèçâåäåíèåì ïîðÿäêà n, à ãðàô G̃ � åãî óêîìïëåêòîâàííûì ãðàôîì-ìåòêîé.
Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ìíîæåñòâà G̃n äîïîëíÿþùåå ìíîæåñòâî Xad(G̃)

îáðàçóåò ñ ìíîæåñòâîì ðåáåð Xf (G̃) êàíîíè÷åñêóþ ïàðó (Xf (G̃), Xad(G̃)) ∈ Xn .

Îòñþäà ñëåäóåò, ÷òî ãðàô G(Vn; Xf (G̃), Xad(G̃)) ïðèíàäëåæèò ìíîæåñòâó ãðàôîâGn

ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà. Ïî çàìå÷àíèþ 1, ïîìå÷åííîå ýòèì ãðàôîì ïðîèçâå-
äåíèå ôóíêöèé P1n(G) ïðèíàäëåæèò ìíîæåñòâó Pn è ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà
ÿâëÿåòñÿ êàíîíè÷åñêèì. Ïî îïðåäåëåíèþ 7 îíî îïðåäåëÿåòñÿ ôîðìóëîé (14), êîòîðàÿ â
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äàííîì ñëó÷àå èìååò âèä

P1n(G) = (Pn ◦ An)(G) = Pn(An(G)) = Pn((Xf (G̃), Xad(G̃))) =∏
{i,j}∈Xf (G̃)

∏
{i′,j′}∈Xad(G̃)

fij f̃i′j′ . (33)

Ïî ëåììå 2 ïðîèçâåäåíèå ôóíêöèé PG̃n
(G̃) ÿâëÿåòñÿ êàíîíè÷åñêèì è îïðåäåëÿåòñÿ ôîð-

ìóëîé (31). Èç ôîðìóë (33) è (31) ñëåäóåò ðàâåíñòâî

P1n(G) = P̃G̃n
(G̃). (34)

Îòñþäà ïî îïðåäåëåíèþ 7 ñëåäóåò, ÷òî ãðàô G(Vn; Xf (G̃), Xad(G̃)) ÿâëÿåòñÿ ãðàôîì-

ìåòêîé ïðîèçâåäåíèÿ P̃1n(G̃).

Òàê êàê ãðàô G(Vn; Xf (G̃), Xad(G̃)) ïðèíàäëåæèò ìíîæåñòâó ãðàôîâ Gn, òî îí ïðè-
íàäëåæèò îáëàñòè îïðåäåëåíèÿ îòîáðàæåíèÿ R ïî îïðåäåëåíèþ ýòîãî îòîáðàæåíèÿ. Èç
îïðåäåëåíèÿ ãðàôîâ G̃ è G óñëîâèÿìè òåîðåìû 2 è îïðåäåëåíèÿ îòîáðàæåíèÿ R ñëåäóåò
óòâåðæäåíèå A2.

Ïî óñëîâèÿì òåîðåìû 2 ãðàô G̃ ïðèíàäëåæèò ìíîæåñòâó ãðàôîâ G̃n è, ñëåäîâà-
òåëüíî, ÿâëÿåòñÿ ñâÿçíûì ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà. Òàê êàê ïðè ýòîì ãðàô
G(Vn; Xf (G̃), Xad(G̃)) ÿâëÿåòñÿ ãðàôîì-ìåòêîé ïðîèçâåäåíèÿ P̃G̃n

(G̃), òî èç óòâåðæäå-
íèÿ A2 ïî îïðåäåëåíèþ 8 ñëåäóåò, ÷òî ýòî ïðîèçâåäåíèå ÿâëÿåòñÿ áàçîâûì ïîðÿäêà n.
Îòñþäà ñëåäóåò, åãî ãðàô-ìåòêà G(Vn; Xf (G̃), Xad(G̃)) ïðèíàäëåæèò ìíîæåñòâó ãðàôîâ
Gbn ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà. Óòâåðæäåíèå A1 ïîëíîñòüþ äîêàçàíî.

Ïî îïðåäåëåíèþ 15 èç óñëîâèé òåîðåìû 2 ñëåäóåò, ÷òî ýòî ïðîèçâåäåíèå ÿâëÿåòñÿ
ïðîèçâåäåíèåì, ïîìå÷åííûì ãðàôîì G̃ = G̃(Vn, Xf ), à ãðàô G̃ ÿâëÿåòñÿ óêîìïëåêòîâàí-
íûì ãðàôîì-ìåòêîé ýòîãî ïðîèçâåäåíèÿ. Óòâåðæäåíèå A3 äîêàçàíî. Òåîðåìà 2 ïîëíîñ-
òüþ äîêàçàíà. I

Äëÿ êàæäîãî ãðàôà G̃ ∈ G̃n îïðåäåëèì èíòåãðàëû Ĩ(G̃) è Ĩ(G̃, U), ïîëàãàÿ

Ĩ(G̃) =

∫
(Rν)n−1

P̃G̃n
(G̃)(dr)1,n−1; (35)

Ĩ(G̃, U) =

∫
U

P̃G̃n
(G̃)(dr)n, (36)

ãäå U � ñâÿçíîå, îãðàíè÷åííîå è èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî, ñîäåðæàùååñÿ â
ïðîñòðàíñòâå (Rν)n.

Çàìå÷àíèå 5. Åñëè ãðàô G̃(Vn, Xf ), êîòîðîìó ïîñòàâëåíî â ñîîòâåòñòâèå äîïîëíÿ-

þùåå ìíîæåñòâî Xad(G̃), ïðèíàäëåæèò ìíîæåñòâó G̃n, òî ïî òåîðåìå 2 ïðîèçâåäåíèå

ôóíêöèé P̃G̃n
(G̃), îïðåäåëåííîå ôîðìóëîé (31), ÿâëÿåòñÿ áàçîâûì ïîðÿäêà n, à ãðàô

G(Vn; Xf (G̃), Xad(G̃)), ïðèíàäëåæèò ìíîæåñòâó Gbn è ÿâëÿåòñÿ ìåòêîé ýòîãî ïðîèçâå-
äåíèÿ.

Îòñþäà ñëåäóåò, ÷òî ïî îïðåäåëåíèþ 9 èíòåãðàë Ĩ(G̃) è èíòåãðàëû âèäà Ĩ(G̃, U),
îïðåäåëåííûå ôîðìóëàìè (35) è (36) ñîîòâåòñòâåííî, ÿâëÿþòñÿ áàçîâûìè èíòåãðàëà-

ìè ïîðÿäêà n. Èõ ïîäûíòåãðàëüíîé ôóíêöèåé ÿâëÿåòñÿ áàçîâîå ïðîèçâåäåíèå P̃G̃n
(G̃)

ïîðÿäêà n. �
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Òåîðåìà 3. Åñëè ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé, ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãóëÿð-
íîñòè, à ãðàô G̃(Vn, Xf ), êîòîðîìó ïîñòàâëåíî â ñîîòâåòñòâèå äîïîëíÿþùåå ìíîæå-

ñòâî Xad(G̃), ïðèíàäëåæèò ìíîæåñòâó G̃n, òî ïðîèçâåäåíèå ôóíêöèé P̃G̃n
(G̃), îïðå-

äåëåííîå ôîðìóëîé (31), îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1) îíî ÿâëÿåòñÿ èíòåãðèðóåìîé ôóíêöèåé íà ëþáîì ñâÿçíîì îãðàíè÷åííîì èçìå-

ðèìîì ïî Ëåáåãó ìíîæåñòâå U , ñîäåðæàùåìñÿ â ïðîñòðàíñòâå (Rν)n, à èíòåãðàë

Ĩ(G̃, U) îò ýòîãî ïðîèçâåäåíèÿ ôóíêöèé ÿâëÿåòñÿ áàçîâûì ñõîäÿùèìñÿ èíòåãðàëîì
ïîðÿäêà n;

2) îíî ÿâëÿåòñÿ èíòåãðèðóåìîé ôóíêöèåé ïî ïðîñòðàíñòâó (Rν)n−1, à èíòåãðàë

Ĩ(G̃) îò ýòîãî ïðîèçâåäåíèÿ ÿâëÿåòñÿ áàçîâûì ñõîäÿùèìñÿ èíòåãðàëîì ïîðÿäêà n è
íå çàâèñèò îò çíà÷åíèÿ ïåðåìåííîé r1.

Äîêàçàòåëüñòâî. Ïî òåîðåìå 2 ïðîèçâåäåíèå ôóíêöèé P̃G̃n
(G̃), îïðåäåëåííîå ôîð-

ìóëîé (31), ÿâëÿåòñÿ áàçîâûì, à ãðàô G(Vn; Xf (G̃), Xad(G̃)) ïðèíàäëåæèò ìíîæåñòâó
Gbn è ÿâëÿåòñÿ ìåòêîé ýòîãî ïðîèçâåäåíèÿ, òî åñòü èìååò ìåñòî ðàâåíñòâî (34). Ïî çà-

ìå÷àíèþ 5 èíòåãðàë Ĩ(G̃) ÿâëÿåòñÿ áàçîâûì. Ïî çàìå÷àíèþ 5 èíòåãðàë Ĩ(G̃, U) òàêæå
ÿâëÿåòñÿ áàçîâûì ïðè ëþáîì ñâÿçíîì îãðàíè÷åííîì èçìåðèìîì ïî Ëåáåãó ìíîæåñòâå
U , ñîäåðæàùåìñÿ â ïðîñòðàíñòâå (Rν)n. Îòñþäà è èç óñëîâèé òåîðåìû 3 ïî òåîðåìå 1
ñëåäóþò îáà óòâåðæäåíèÿ òåîðåìû 3. Òåîðåìà 3 ïîëíîñòüþ äîêàçàíà. I

Òåîðåìà 4. Ïóñòü ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé, ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãóëÿð-
íîñòè, à íåïóñòîå ïîäìíîæåñòâî ãðàôîâ G̃

(0)
n ìíîæåñòâà ãðàôîâ G̃n óäîâëåòâîðÿåò

óñëîâèÿì: íà ïîäìíîæåñòâå ãðàôîâ G̃
(0)
n îïðåäåëåíà ôóíêöèÿ c(G̃), ïðèíèìàþùàÿ íà

ïðèíàäëåæàùèõ ýòîìó ïîäìíîæåñòâó ãðàôàõ äåéñòâèòåëüíûå çíà÷åíèÿ.
Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:
A1. ëèíåéíàÿ êîìáèíàöèÿ

L =
∑

G̃∈G̃(0)
n

c(G̃)Ĩ(G̃), (37)

èíòåãðàëîâ ïîðÿäêà n ïî ïðîñòðàíñòâó (Rν)n−1, ãäå ïðè âñåõ ãðàôàõ G̃ ∈ G̃
(0)
n èíòåãðàë

Ĩ(G̃) îïðåäåëÿåòñÿ ôîðìóëîé (35), ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n.
A2. Ïðè ëþáîì ñâÿçíîì îãðàíè÷åííîì èçìåðèìîì ïî Ëåáåãó ìíîæåñòâå U , ñîäåð-

æàùåìñÿ â ïðîñòðàíñòâå (Rν)n, ëèíåéíàÿ êîìáèíàöèÿ

L̃ =
∑

G̃∈G̃(0)
n

c(G̃)Ĩ(G̃, U), (38)

èíòåãðàëîâ ïîðÿäêà n âèäà (36) ïî ìíîæåñòâó U ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáè-
íàöèåé ïîðÿäêà n.

Äîêàçàòåëüñòâî. Èç óñëîâèé òåîðåìû 4 âûòåêàåò, ÷òî âñÿêèé èíòåãðàë, âõîäÿøèé
â ëèíåéíóþ êîìáèíàöèþ L, è âñÿêèé èíòåãðàë, âõîäÿøèé â ëèíåéíóþ êîìáèíàöèþ L̃,
ïî òåîðåìå 3 ÿâëÿþòñÿ ñõîäÿùèìèñÿ áàçîâûìè èíòåãðàëîìè ïîðÿäêà n. Îòñþäà è èç
óñëîâèé òåîðåìû 4 ïî îïðåäåëåíèþ 11 ñëåäóþò îáà óòâåðæäåíèÿ òåîðåìû 4. I

Îáîçíà÷èì G̃(L̃) ìíîæåñòâî âñåõ ãðàôîâ, ñëóæàùèõ óêîìïëåêòîâàííûìè ãðàôàìè-
ìåòêàìè òàêèõ áàçîâûõ ïðîèçâåäåíèé, êîòîðûå ÿâëÿþòñÿ ïîäûíòåãðàëüíûìè ôóíêöè-
ÿìè èíòåãðàëîâ, âõîäÿùèõ â áàçîâóþ ëèíåéíóþ êîìáèíàöèþ L̃.
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Îïð å ä å ë å í è å 16. Åñëè L̃ � áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ, òî ìíîæåñòâî ãðàôîâ
G̃(L) áóäåì íàçûâàòü ìíîæåñòâîì óêîìïëåêòîâàííûõ ãðàôîâ-ìåòîê ýòîé áàçîâîé
ëèíåéíîé êîìáèíàöèè. �

Çàìå÷àíèå 6. Äëÿ öåëè, ïîñòàâëåííîé â ñòàòüå, íàì äîñòàòî÷íî óñòàíîâèòü êðè-
òåðèé ñðàâíèòåëüíîé ñëîæíîñòè ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííîãî ðÿäà ëèøü
äëÿ ñëó÷àÿ, êîãäà òàêèå ïðåäñòàâëåíèÿ ÿâëÿþòñÿ áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè,
à ñëîæíîñòü âû÷èñëåíèÿ êîýôôèöèåíòà ïðè ëþáîì èç èíòåãðàëîâ, âõîäÿùèõ â òàêóþ
ëèíåéíóþ êîìáèíàöèþ, íåçíà÷èòåëüíà. Â äàëüíåéøåì òàêèå áàçîâûå ëèíåéíûå êîìáè-
íàöèè ìû áóäåì íàçûâàòü áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè ñ êîýôôèöèåí-
òàìè íåçíà÷èòåëüíîé ñëîæíîñòè. �

4. Â ñòàòüå ïðåäëàãàþòñÿ êðèòåðèè äëÿ ñðàâíåíèÿ ïî ñëîæíîñòè òàêèõ áàçîâûõ ëè-
íåéíûõ êîìáèíàöèé ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè, êîòîðûå óäîâëåò-
âîðÿþò óñëîâèþ: èõ àññîöèèðîâàíûå ìíîæåñòâà ñîâïàäàþò äðóã ñ äðóãîì.

Äëÿ íà÷àëà äàäèì ñëåäóþùåå
Îïð å ä å ë å í è å 17. Äâå áàçîâûå ëèíåéíûå êîìáèíàöèè L è L1 ñ êîýôôèöèåíòàìè

íåçíà÷èòåëüíîé ñëîæíîñòè íàçûâàþòñÿ ñðàâíèìûìè, åñëè èõ ïîðÿäêè ðàâíû è U(L) =
U(L1). �

Ïóñòü U ⊂ (Rν)n �ñâÿçíîå îãðàíè÷åííîå èçìåðèìîå ìíîæåñòâî.
Ââåäåì îáîçíà÷åíèÿ:
L(n, U) � ìíîæåñòâî âñåõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé ïîðÿäêà n ñ êîýôôèöè-

åíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè, àññîöèèðîâàííûì ìíîæåñòâîì êîòîðûõ ÿâëÿåòñÿ
ìíîæåñòâî U ⊂ (Rν)n;

L(n) � ìíîæåñòâî âñåõ òàêèõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé ïîðÿäêà n ñ êîýôôèöè-
åíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè, ÷üè àññîöèèðîâàííûå ìíîæåñòâà ÿâëÿþòñÿ ñâÿçíû-
ìè îãðàíè÷åííûìè èçìåðèìûìè ìíîæåñòâàìè, ñîäåðæàùèìèñÿ â ïðîñòðàíñòâå (Rν)n;

L(n, (Rν)n−1) � ìíîæåñòâî âñåõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé íåñîáñòâåííûõ áàçî-
âûõ èíòåãðàëîâ ïîðÿäêà n ïî ïðîñòðàíñòâó (Rν)n−1 ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé
ñëîæíîñòè.

Î÷åâèäíî, ÷òî ìíîæåñòâî L(n, (Rν)n−1) ñîñòîèò èç ïîïàðíî ñðàâíèìûõ áàçîâûõ ëè-
íåéíûõ êîìáèíàöèé ïîðÿäêà n ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè.

Çàìå÷àíèå 7. Èç âñåõ çàòðàò ìàøèííîãî âðåìåíè íà âû÷èñëåíèÿ, âûïîëíÿåìûå äëÿ
îöåíêè áàçîâîãî èíòåãðàëà, ïîäàâëÿþùåå áîëüøèíñòâî ñîñòàâëÿþò çàòðàòû íà âû÷è-
ñëåíèÿ çíà÷åíèé ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé, âõîäÿùèõ â ïðåäñòàâëåíèå
ïîäûíòåãðàëüíîé ôóíêöèè ýòîãî èíòåãðàëà. Îñòàâàÿñü â ðàìêàõ ñàìîãî ãðóáîãî ñðàâ-
íåíèÿ (òàê ñêàçàòü, "â ïåðâîì ïðèáëèæåíèè"), ìîæíî ñ÷èòàòü, ÷òî èç äâóõ áàçîâûõ ñõî-
äÿùèõñÿ èíòåãðàëîâ, îáëàñòè èíòåãðèðîâàíèÿ êîòîðûõ ñîâïàäàþò, ñëîæíåå îöåíêà òîãî
èíòåãðàëà, â ïðåäñòàâëåíèå ïîäûíòåãðàëüíîé ôóíêöèè êîòîðîãî âõîäèò áîëüøåå ÷èñ-
ëî ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé. Åñëè â ïðåäñòàâëåíèÿ ïîäûíòåãðàëüíûõ
ôóíêöèé îáîèõ èíòåãðàëîâ âõîäèò ðàâíîå êîëè÷åñòâî ìàéåðîâñêèõ è áîëüöìàíîâñêèõ
ôóíêöèé, òî ìû áóäåì ñ÷èòàòü, ÷òî îöåíêè ýòèõ èíòåãðàëîâ ïî ñëîæíîñòè íåçíà÷è-
òåëüíî îòëè÷àþòñÿ äðóã îò äðóãà, è áóäåì ãîâîðèòü, ÷òî ñëîæíîñòè ýòèõ îöåíîê
ïðèáëèçèòåëüíî ðàâíû. �

Âñå ïðåäëàãàåìûå â ñòàòüå êðèòåðèè îïèðàþòñÿ íà ñîäåðæàùèéñÿ â çàìå÷àíèè 7
êðèòåðèé ñëîæíîñòè îöåíêè áàçîâûõ èíòåãðàëîâ.

Ïðîñòåéøèì òàêèì êðèòåðèåì ÿâëÿåòñÿ äëèíà q(L) áàçîâîé ëèíåéíîé êîìáèíàöèè L.
Ìû îáîçíà÷èì ýòîò êðèòåðèé Cr1, ïîëàãàÿ Cr1(L) = q(L). Ìíîæåñòâî åãî îïðåäåëåíèÿ
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îáîçíà÷èì D(Cr1). Îíî îïðåäåëÿåòñÿ ôîðìóëîé

D(Cr1) =

[⋃
n≥2

L(n)

]⋃[⋃
n≥2

L(n, (Rν)n−1)

]
. (39)

Ýòîò êðèòåðèé ïðèìåíèì â òåõ ñëó÷àÿõ, êîãäà ñðàâíèâàåìûå áàçîâûå ëèíåéíûå êîìáè-
íàöèè îòëè÷àþòñÿ äðóã îò äðóãà ïî äëèíå, òîãäà êàê âõîäÿùèå â íèõ èíòåãðàëû è èõ
êîýôôèöèåíòû íåçíà÷èòåëüíî îòëè÷àþòñÿ äðóã îò äðóãà ïî ñâîåé ñëîæíîñòè. Èç îïðå-
äåëåíèÿ êðèòåðèÿ Cr1 âûòåêàåò, ÷òî åãî çíà÷åíèÿ çàâèñÿò òîëüêî îò äëèíû ëèíåéíîé
êîìáèíàöèè è íå çàâèñÿò îò åå àññîöèèðîâàííîãî ìíîæåñòâà.

Â êà÷åñòâå äðóãîãî êðèòåðèÿ ïðåäëàãàåòñÿ ñóììà âñåõ ðåáåð âñåõ ãðàôîâ-ìåòîê èç
ìíîæåñòâà G(L), êîòîðûå ìàðêèðóþò èíòåãðàëû, ÿâëÿþùèåñÿ ÷ëåíàìè äàííîé áàçî-
âîé ëèíåéíîé êîìáèíàöèè. Ýòîò êðèòåðèé îáîçíà÷èì ÷åðåç Cr2(L). Îí îïðåäåëÿåòñÿ
ôîðìóëîé

Cr2(L) =
∑

G∈G(L)

(|Xf (G)|+
∣∣∣Xf̃ (G)

∣∣∣), (40)

ãäå |Xf (G)| � ìîùíîñòü ìíîæåñòâà Xf (G);
∣∣∣Xf̃ (G)

∣∣∣ � ìîùíîñòü ìíîæåñòâà Xf̃ (G)

áîëüöìàíîâñêèõ ôóíêöèé. Åãî îáëàñòü îïðåäåëåíèÿ ñîâïàäàåò ñ ìíîæåñòâîì D(Cr1).
Èç îïðåäåëåíèÿ êðèòåðèÿ Cr2 ôîðìóëîé (40) âûòåêàåò, ÷òî åãî çíà÷åíèå íà ëèíåéíîé

êîìáèíàöèè, âõîäÿùåé â îáëàñòü åãî îïðåäåëåíèÿ, çàâèñèò òîëüêî îò ìíîæåñòâà G(L)
ãðàôîâ, ñëóæàùèõ ìåòêàìè ïîäûíòåãðàëüíûõ ôóíêöèé èíòåãðàëîâ, âõîäÿùèõ â ýòó
ëèíåéíóþ êîìáèíàöèþ, è íå çàâèñèò îò àññîöèèðîâàííîãî ìíîæåñòâà ýòîé ëèíåéíîé
êîìáèíàöèè.

Ìîæíî ïðåäëîæèòü åùå îäèí, áîëåå òî÷íûé, êðèòåðèé. Îí ìîæåò áûòü ïðèìåíåí
â ñëó÷àå, êîãäà äëÿ îöåíêè êàæäîãî èíòåãðàëà èç îöåíèâàåìîé ëèíåéíîé êîìáèíàöèè
èñïîëüçóåòñÿ ýêâèâàëåíòíàÿ åìó âåðîÿòíîñòíàÿ ìîäåëü. Â ýòîé âåðîÿòíîñòíîé ìîäåëè
îöåíèâàåìûé èíòåãðàë ÿâëÿåòñÿ ìàòåìàòè÷åñêèì îæèäàíèåì ïðîèçâåäåíèÿ ìàéåðîâñ-
êèõ è áîëüöìàíîâñêèõ ôóíêöèé îò ëèíåéíûõ êîìáèíàöèé íåçàâèñèìûõ ñëó÷àéíûõ âå-
ëè÷èí, ïðèíèìàþùèõ çíà÷åíèÿ â ν-ìåðíîì äåéñòâèòåëüíîì åâêëèäîâîì ïðîñòðàíñòâå
Rν . Ïðè ýòîì êàæäàÿ èç ýòèõ ñëó÷àéíûõ âåëè÷èí ðàñïðåäåëåíà ñ ïëîòíîñòüþ, ðàâ-
íîé íîðìèðîâàííîìó ìîäóëþ ìàéåðîâñêîé ôóíêöèè. À ÷èñëî òàêèõ ñëó÷àéíûõ âåëè÷èí
ðàâíî ÷èñëó n − 1. Òàêèì îáðàçîì, çàäà÷à îöåíêè áàçîâîãî èíòåãðàëà, ìàðêèðóåìîãî
ãðàôîì-ìåòêîé G ∈ Gbn, ñâîäèòñÿ ê îöåíêå ìàòåìàòè÷åñêîãî îæèäàíèÿ ïðîèçâåäåíèÿ
ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé îò ëèíåéíûõ êîìáèíàöèé íåçàâèñèìûõ íåïðå-
ðûâíûõ ñëó÷àéíûõ âåëè÷èí. Â ýòî ïðîèçâåäåíèå âõîäÿò |Xf (G)| − n+ 1 ìàéåðîâñêèõ è∣∣∣Xf̃ (G)

∣∣∣ áîëüöìàíîâñêèõ ôóíêöèé.
Åäèíñòâåííûì èçâåñòíûì ñïîñîáîì îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ ýòîãî ïðîèç-

âåäåíèÿ ÿâëÿåòñÿ ïîñòðîåíèå àïïðîêñèìèðóþùåé äèñêðåòíîé ñòîõàñòè÷åñêîé ìîäåëè,
êîòîðàÿ ïîëó÷àåòñÿ èç îïèñàííîé âûøå âåðîÿòíîñòíîé ìîäåëè çàìåíîé âñåõ íåïðåðûâ-
íûõ ñëó÷àéíûõ âåëè÷èí àïïðîêñèìèðóþùèìè èõ äèñêðåòíûìè ñëó÷àéíûìè âåëè÷èíà-
ìè. Â ðåçóëüòàòå çàäà÷à îöåíêè áàçîâîãî èíòåãðàëà ñâîäèòñÿ ê îöåíêå ìàòåìàòè÷åñêîãî
îæèäàíèÿ ïðîèçâåäåíèÿ ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé îò ëèíåéíûõ êîìáè-
íàöèé íåçàâèñèìûõ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí.

Ïðè îöåíêå ýòîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ â êàæäîì ñòàòèñòè÷åñêîì èñïûòàíèè

ïðèõîäèòñÿ âû÷èñëÿòü çíà÷åíèÿ |Xf (G)|−n+1 ìàéåðîâñêèõ è
∣∣∣Xf̃ (G)

∣∣∣ áîëüöìàíîâñêèõ
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ôóíêöèé. Èç âñåõ çàòðàò ìàøèííîãî âðåìåíè íà âû÷èñëåíèÿ, âûïîëíÿåìûå äëÿ îöåíêè
ýòîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ, ïîäàâëÿþùåå áîëüøèíñòâî ñîñòàâëÿþò çàòðàòû íà
âû÷èñëåíèÿ çíà÷åíèé ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé, ÷èñëî N1(G) êîòîðûõ
îïðåäåëÿåòñÿ ôîðìóëîé

N1(G) = |Xf (G)| − n+ 1 +
∣∣∣Xf̃ (G)

∣∣∣ , (41)

ãäå G ∈ Gbn. Ïîýòîìó âåëè÷èíà N1(G), îïðåäåëåííàÿ ôîðìóëîé (41), ìîæåò ñëóæèòü
ìîäåðíèçèðîâàííûì êðèòåðèåì ñëîæíîñòè îöåíêè íåñîáñòâåííîãî ñõîäÿùå-
ãîñÿ áàçîâîãî èíòåãðàëà, ìàðêèðóåìîãî ãðàôîì G ∈ Gbn.

Î ï ð å ä å ë å í è å 18. Â ñëó÷àå N1(G) = 0 áóäåì ãîâîðèòü, ÷òî ñëîæíîñòü îöåíêè
íåñîáñòâåííîãî ñõîäÿùåãîñÿ áàçîâîãî èíòåãðàëà, ìàðêèðóåìîãî ãðàôîì G, ïî ìîäåðíè-
çèðîâàííîìó êðèòåðèþ ñëîæíîñòè îöåíêè íåñîáñòâåííîãî ñõîäÿùåãîñÿ áàçîâîãî èíòåã-
ðàëà ÿâëÿåòñÿ íåçíà÷èòåëüíîé. Â ïðîòèâíîì ñëó÷àå áóäåì ãîâîðèòü, ÷òî ñëîæíîñòü
îöåíêè èíòåãðàëà, ìàðêèðóåìîãî ãðàôîì G, ïî ìîäåðíèçèðîâàííîìó êðèòåðèþ ñëîæíî-
ñòè îöåíêè íåñîáñòâåííîãî ñõîäÿùåãîñÿ áàçîâîãî èíòåãðàëà ÿâëÿåòñÿ çíà÷èòåëüíîé.
�

Ïðèìåð 2. Ðàññìîòðèì ãðàô G = G(V3;Xf , Xf̃ ), ãäå Xf = {{1, 2}, {2, 3}}, Xf̃ = ∅.
Ïîëüçóÿñü êðèòåðèåì N1 ñëîæíîñòè îöåíêè íåñîáñòâåííîãî ñõîäÿùåãîñÿ áàçîâîãî èíòå-
ãðàëà, îöåíèì ñëîæíîñòü ïîìå÷åííîãî ãðàôîì G íåñîáñòâåííîãî èíòåãðàëà I(G), îïðå-
äåëåííîãî ôîðìóëîé (16). Ãðàô G ïî îïðåäåëåíèþ ïðèíàäëåæèò ìíîæåñòâó G3. Òàê
êàê åãî ïîäãðàô R(G) = G ÿâëÿåòñÿ ñâÿçíûì, òî ïîìå÷åííîå ãðàôîì G êàíîíè÷åñêîå
ïðîèçâåäåíèå P1n(G) ïðèíàäëåæèò ìíîæåñòâó Pbn, à ãðàô G ïðèíàäëåæèò ìíîæåñòâó
Gbn, ãäå n = 3. Îòñþäà ïî îïðåäåëåíèþ 9 ñëåäóåò, ÷òî ïîìå÷åííûé ãðàôîì G èíòåãðàë
I(G) ÿâëÿåòñÿ íåñîáñòâåííûì áàçîâûì èíòåãðàëîì ïîðÿäêà 3 ïî ïðîñòðàíñòâó (Rν)2.
Â ñëó÷àå, êîãäà ñèñòåìû ÷àñòèö óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1, ýòîò èíòåãðàë
ÿâëÿåòñÿ, ïî çàìå÷àíèþ 2, ñõîäÿùèìñÿ.

Èç îïðåäåëåíèÿ ìíîæåñòâ Xf è Xf̃ ñëåäóåò: |Xf | = 2,
∣∣∣Xf̃

∣∣∣ = 0. Îòñþäà ïî ôîðìóëå

(41) ïîëó÷àåì
N1(G) = 0. (42)

Èç (42) ïî îïðåäåëåíèþ 18 ñëåäóåò âûâîä: ñëîæíîñòü îöåíêè èíòåãðàëà, ïîäûíòåãðàëü-
íàÿ ôóíêöèÿ êîòîðîãî ïîìå÷åíà ãðàôîì-ìåòêîé G, ïî ìîäåðíèçèðîâàííîìó êðèòåðèþ
ñëîæíîñòè N1(G) ÿâëÿåòñÿ íåçíà÷èòåëüíîé. I

Ïðåäëàãàåìûé òðåòèé, áîëåå òî÷íûé, êðèòåðèé ñëîæíîñòè áàçîâûõ ëèíåéíûõ êîì-
áèíàöèè L íåñîáñòâåííûõ èíòåãðàëîâ îáîçíà÷èì Cr3(L), à åãî ìíîæåñòâî îïðåäåëåíèÿ
� D(Cr3). Ýòî ìíîæåñòâî îïðåäåëÿåòñÿ ôîðìóëîé

D(Cr3) =
⋃
n≥2

L(n, (Rν)n−1). (43)

Êðèòåðèé Cr3 îïèðàåòñÿ íà êðèòåðèé N1(G) ñëîæíîñòè îöåíêè íåñîáñòâåííûõ áàçîâûõ
èíòåãðàëîâ. Â êà÷åñòâå òàêîãî êðèòåðèÿ ïðåäëàãàåòñÿ ñóììà ïî âñåì èíòåãðàëàì, âõî-
äÿùèì â äàííóþ áàçîâóþ ëèíåéíóþ êîìáèíàöèþ, îöåíîê ñëîæíîñòè ýòèõ èíòåãðàëîâ.
Îí îïðåäåëÿåòñÿ ôîðìóëîé

Cr3(L) =
∑

G∈G(L)

N1(G), (44)

ãäå N1(G) îïðåäåëÿåòñÿ ôîðìóëîé (41).
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Èç îïðåäåëåíèÿ êðèòåðèÿ Cr3 ôîðìóëàìè (41) è (44) âûòåêàåò, ÷òî åãî çíà÷åíèå íà
ëèíåéíîé êîìáèíàöèè, âõîäÿùåé â îáëàñòü åãî îïðåäåëåíèÿ, çàâèñèò òîëüêî îò ìíîæå-
ñòâà ãðàôîâ-ìåòîê ïîäûíòåãðàëüíûõ ôóíêöèé èíòåãðàëîâ, âõîäÿùèõ â ýòó ëèíåéíóþ
êîìáèíàöèþ, è íå çàâèñèò îò àññîöèèðîâàííîãî ìíîæåñòâà ýòîé ëèíåéíîé êîìáèíàöèè.

Îïð å ä å ë å í è å 19. Ïóñòü L è L1 � äâå ñðàâíèìûå áàçîâûå ëèíåéíûå êîìáèíàöèè
èíòåãðàëîâ, ïðèíàäëåæàùèå îáëàñòè îïðåäåëåíèÿ êðèòåðèÿ Cri, ãäå i ìîæåò ïðèíèìàòü
çíà÷åíèÿ i = 1, 2, 3. Áóäåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cri, áàçîâàÿ ëèíåéíàÿ êîìáèíà-
öèÿ L1 çíà÷èòåëüíî ñëîæíåå áàçîâîé ëèíåéíîé êîìáèíàöèè L, åñëè Cri(L1) > Cri(L).
Åñëè æå Cri(L1) = Cri(L), òî áóäåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cri ñëîæíîñòü îäíîé
èç ýòèõ äâóõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé ðàâíà èëè íåçíà÷èòåëüíî îòëè÷àåò-
ñÿ îò ñëîæíîñòè äðóãîé èç íèõ, è ãîâîðèòü ÷òî ïî êðèòåðèþ Cri ñëîæíîñòü îäíîé èç
íèõ ïðèáëèçèòåëüíî ðàâíà ñëîæíîñòè äðóãîé. Åñëè èçâåñòíî, ÷òî áàçîâàÿ ëèíåéíàÿ
êîìáèíàöèÿ L1 ñëîæíåå áàçîâîé ëèíåéíîé êîìáèíàöèè L, è Cri(L1) = Cri(L), òî áó-
äåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cri ëèíåéíàÿ êîìáèíàöèÿ L1 íåçíà÷èòåëüíî ñëîæíåå
ëèíåéíîé êîìáèíàöèè L. �

Ïðåäëàãàåìûå êðèòåðèè ñëîæíîñòè áàçîâûõ ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåí-
òàìè íåçíà÷èòåëüíîé ñëîæíîñòè ïîñòðîåíû òàê, ÷òîáû îíè â îñíîâíîì, çà íåêîòîðûìè
èñêëþ÷åíèÿìè, óäîâëåòâîðÿëè ïðèíöèïó: åñëè ïî äàííîìó êðèòåðèþ îäíà èç äâóõ áà-
çîâûõ ëèíåéíûõ êîìáèíàöèé çíà÷èòåëüíî ñëîæíåå äðóãîé, òî è íà ñàìîì äåëå îöåíêà
çíà÷åíèÿ ïðåäñòàâëÿåìîé åþ âåëè÷èíû çíà÷èòåëüíî ñëîæíåå, ÷åì îöåíêà çíà÷åíèÿ âå-
ëè÷èíû, ïðåäñòàâëÿåìîé äðóãîé áàçîâîé ëèíåéíîé êîìáèíàöèåé. À â ñëó÷àå, êîãäà ïî
äàííîìó êðèòåðèþ ñëîæíîñòü îäíîé èç äâóõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé íåçíà÷èòå-
ëüíî îòëè÷àåòñÿ îò ñëîæíîñòè äðóãîé èç íèõ, òî è íà ñàìîì äåëå ñëîæíîñòü îöåíêè çíà-
÷åíèÿ âåëè÷èíû, ïðåäñòàâëÿåìîé îäíîé èç ýòèõ äâóõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé,
íåçíà÷èòåëüíî îòëè÷àåòñÿ îò ñëîæíîñòè îöåíêè çíà÷åíèÿ âåëè÷èíû, ïðåäñòàâëÿåìîé
äðóãîé áàçîâîé ëèíåéíîé êîìáèíàöèåé.

Â ñëó÷àå, êîãäà âûâîäû, ñäåëàííûå íà îñíîâàíèè çíà÷åíèé îäíîãî èç êðèòåðèåâ
íàõîäÿòñÿ â ïðîòèâîðå÷èè ñ âûâîäàìè, ñäåëàííûìè íà îñíîâàíèè çíà÷åíèé äðóãîãî, áî-
ëåå òî÷íîãî, êðèòåðèÿ, ïðåäïî÷òåíèå ñëåäóåò îòäàòü âûâîäàì, ñäåëàííûì íà îñíîâàíèè
çíà÷åíèé áîëåå òî÷íîãî êðèòåðèÿ.

Ïðèìåð 3. Ïóñòü L è L1 � äâå ëèíåéíûå êîìáèíàöèè, ïðèíàäëåæàùèå ìíîæåñòâó
L(3, (Rν)2). Ïðè ýòîì â ëèíåéíóþ êîìáèíàöèþ L1 âõîäÿò äâà íåñîáñòâåííûõ ñõîäÿùèõ-
ñÿ èíòåãðàëà I(G) è I(G1), ïîäûíòåãðàëüíûå ôóíêöèè êîòîðûõ ïîìå÷åíû ãðàôàìè G
è G1; ýòè èíòåãðàëû îïðåäåëåíû ôîðìóëàìè (16) è (14). Çäåñü G � ãðàô, ðàññìîòðåí-
íûé â ïðèìåðå 2, à ãðàô G1 = G1(V3;Xf,1, Xf̃ ,1) èìååò ìíîæåñòâî ìàéåðîâñêèõ ðåáåð
Xf,1 = {{1, 2}, {1, 3}} è ìíîæåñòâî áîëüöìàíîâñêèõ ðåáåð Xf̃ ,1 = {{2, 3}}. Â ëèíåéíóþ
êîìáèíàöèþ L âõîäèò òîëüêî îäèí èíòåãðàë I(G1), ïîäûíòåãðàëüíàÿ ôóíêöèÿ êîòîðîãî
ïîìå÷åíà ãðàôîì-ìåòêîé G1. Ïðè ýòîì â îáåèõ ëèíåéíûõ êîìáèíàöèÿõ êîýôôèöèåíòû
ïðè áàçîâûõ èíòåãðàëàõ I(G) è I(G1) îïðåäåëåíû è ðàâíû 1.

Ãðàô G1 = G1(V3;Xf,1, Xf̃ ,1) ïî îïðåäåëåíèþ ïðèíàäëåæèò ìíîæåñòâó G3 ïî îïðåäå-
ëåíèþ ýòîãî ìíîæåñòâà. Òàê êàê åãî ïîäãðàô R(G1) ÿâëÿåòñÿ ñâÿçíûì, òî ïîìå÷åííîå
ãðàôîì G1 êàíîíè÷åñêîå ïðîèçâåäåíèå P13(G1) ÿâëÿåòñÿ ïî îïðåäåëåíèþ 8 áàçîâûì.
Îòñþäà ïî îïðåäåëåíèþ 9 ñëåäóåò, ÷òî èíòåãðàë I(G1), ïîäûíòåãðàëüíàÿ ôóíêöèÿ êî-
òîðîãî ïîìå÷åíà ãðàôîì-ìåòêîé G1, ÿâëÿåòñÿ íåñîáñòâåííûì áàçîâûì ïîðÿäêà 3 ïî
ïðîñòðàíñòâó (Rν)2. Â ñëó÷àå, êîãäà ñèñòåìû ÷àñòèö óäîâëåòâîðÿþò óñëîâèÿì òåîðå-
ìû 1, ýòîò èíòåãðàë ÿâëÿåòñÿ, ïî çàìå÷àíèþ 2, ñõîäÿùèìñÿ è ïðèíàäëåæèò ìíîæåñòâó
L(3, (Rν)2) ïî åãî îïðåäåëåíèþ.
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Â ëèíåéíóþ êîìáèíàöèþ L âõîäèò òîëüêî îäèí èíòåãðàë I(G1). Â äàííîì ñëó÷àå
ýòîò èíòåãðàë ÿâëÿåòñÿ íåñîáñòâåííûì ñõîäÿùèìñÿ áàçîâûì èíòåãðàëîì ïîðÿäêà 3, à
êîýôôèöèåíò ïðè íåì çàäàí è ïîýòîìó âîîáùå íå òðåáóåòñÿ íèêàêèõ óñèëèé äëÿ åãî
âû÷èñëåíèÿ. Ïîýòîìó ëèíåéíàÿ êîìáèíàöèÿ L ïî îïðåäåëåíèþ 11 è ïî çàìå÷àíèþ 6
ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà 3 ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé
ñëîæíîñòè è ïðèíàäëåæèò ìíîæåñòâó L(3, (Rν)2) ïî åãî îïðåäåëåíèþ.

Â ïðèìåðå 2 áûëî äîêàçàíî, ÷òî èíòåãðàë I(G) ÿâëÿåòñÿ íåñîáñòâåííûì ñõîäÿùèìñÿ
áàçîâûì èíòåãðàëîì ïîðÿäêà 3 ïî ïðîñòðàíñòâó (Rν)2. Òàêèì îáðàçîì, îáà âõîäÿùèõ
â ëèíåéíóþ êîìáèíàöèþ L1 èíòåãðàëà ÿâëÿþòñÿ íåñîáñòâåííûìè ñõîäÿùèìèñÿ áàçîâû-
ìè èíòåãðàëàìì ïîðÿäêà 3 ïî ïðîñòðàíñòâó (Rν)2, à êîýôôèöèåíòû ïðè íèõ çàäàíû è
ïîýòîìó âîîáùå íå òðåáóåòñÿ íèêàêèõ óñèëèé äëÿ èõ âû÷èñëåíèÿ. Îòñþäà ñëåäóåò, ÷òî
ëèíåéíàÿ êîìáèíàöèÿ L1 ïî îïðåäåëåíèþ 11 è ïî çàìå÷àíèþ 6 òàêæå ÿâëÿåòñÿ áàçî-
âîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà 3 ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè è
ïðèíàäëåæèò ìíîæåñòâó L(3, (Rν)2) ïî åãî îïðåäåëåíèþ.

Ïîëüçóÿñü êðèòåðèåì Cr3, îöåíèì ñëîæíîñòü ëèíåéíûõ êîìáèíàöèé L è L1. Çàìå-
òèì, ÷òî áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L1 êðîìå èíòåãðàëà, ïîäûíòåãðàëüíàÿ ôóíêöèÿ
êîòîðîãî ïîìå÷åíà ãðàôîì-ìåòêîé G1, ñîäåðæèò åùå îäèí áàçîâûé èíòåãðàë I(G), ïîìå-
÷åííûé ãðàôîìG. Åñòåñòâåííî ïîëàãàòü, ÷òî áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L1 ñëîæíåå,
÷åì áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L.

Èñïîëüçóÿ îïðåäåëåíèå êðèòåðèÿ ñëîæíîñòè îöåíêè íåñîáñòâåííîãî ñõîäÿùåãîñÿ áà-
çîâîãî èíòåãðàëà ôîðìóëîé (41), íàéäåì çíà÷åíèå ýòîãî êðèòåðèÿ äëÿ èíòåãðàëà, ïî-
ìå÷åííîãî ãðàôîì G1:

N1(G1) = |Xf (G1)| − n+ 1 +
∣∣∣Xf̃ (G1)

∣∣∣ = 1. (45)

Çíà÷åíèå ýòîãî êðèòåðèÿ äëÿ èíòåãðàëà, ïîìå÷åííîãî ãðàôîì G, áûëî íàéäåíî
â ïðèìåðå 2 (ñì. ôîðìóëó (42)).

Òàê êàê îáå ëèíåéíûå êîìáèíàöèè L è L1 ïðèíàäëåæàò ìíîæåñòâó L(3, (Rν)2), òî,
ïî îïðåäåëåíèþ 17, îíè ñðàâíèìû ïî êðèòåðèþ Cr3. Ñðàâíèì èõ ïî ýòîìó êðèòåðèþ.

Èñõîäÿ èç îïðåäåëåíèÿ êðèòåðèÿ Cr3 ôîðìóëîé (44) è èñïîëüçóÿ ôîðìóëû (42) è
(45), ïîëó÷àåì:

Cr3(L) = Cr3(L1) = 1. (46)

Èç ôîðìóëû (46) ïî îïðåäåëåíèþ 19 ñëåäóåò, ÷òî áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L1 ïî
êðèòåðèþ Cr3 íåçíà÷èòåëüíî ñëîæíåå áàçîâîé ëèíåéíîé êîìáèíàöèè L. I

Èç îïðåäåëåíèÿ êðèòåðèÿ Cr3 è îïðåäåëåíèÿ 19 âûòåêàåò
Ñëåäñòâèå 4. Ïóñòü L è L1 � äâå áàçîâûå ëèíåéíûå êîìáèíàöèè íåñîáñòâåííûõ

èíòåãðàëîâ, ïðèíàäëåæàùèå ìíîæåñòâó L(n, (Rν)n−1) è óäîâëåòâîðÿþùèå óñëîâèÿì:
1. Äëèíà ëèíåéíîé êîìáèíàöèè L1 áîëüøå äëèíû ëèíåéíîé êîìáèíàöèè L.
2. Êàæäûé èíòåãðàë, âõîäÿùèé â ëèíåéíóþ êîìáèíàöèþ L, âõîäèò è â ëèíåéíóþ

êîìáèíàöèþ L1.
Äîïóñòèì, ÷òî ñðåäè íåñîáñòâåííûõ áàçîâûõ èíòåãðàëîâ, âõîäÿùèõ â ëèíåéíóþ

êîìáèíàöèþ L1 è íå âõîäÿùèõ â ëèíåéíóþ êîìáèíàöèþ L, èìååòñÿ õîòü îäèí èíòåã-
ðàë, òàêîé, ÷òî ãðàô-ìåòêà G åãî ïîäûíòåãðàëüíîé ôóíêöèè óäîâëåòâîðÿåò íåðàâåí-
ñòâó N1(G) > 0. Òîãäà ïî êðèòåðèþ Cr3 áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L1 çíà÷èòåëüíî
ñëîæíåå áàçîâîé ëèíåéíîé êîìáèíàöèè L. Â ïðîòèâíîì ñëó÷àå áàçîâàÿ ëèíåéíàÿ êîì-
áèíàöèÿ L1 íåçíà÷èòåëüíî ñëîæíåå áàçîâîé ëèíåéíîé êîìáèíàöèè L.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà ñðåäè èíòåãðàëîâ, âõîäÿùèõ â
ëèíåéíóþ êîìáèíàöèþ L1 è íå âõîäÿùèõ â ëèíåéíóþ êîìáèíàöèþ L, èìååòñÿ õîòü îäèí
èíòåãðàë, òàêîé, ÷òî ãðàô-ìåòêà G åãî óäîâëåòâîðÿåò íåðàâåíñòâó N1(G) > 0. Òîãäà ïî
îïðåäåëåíèþ êðèòåðèÿ Cr3 ôîðìóëîé (44) èç óñëîâèé ñëåäñòâèÿ 4 âûòåêàåò íåðàâåíñòâî
Cr3(L1) > Cr3(L). Îòñþäà ïî îïðåäåëåíèþ 19 ñëåäóåò, ÷òî ïî êðèòåðèþ Cr3 áàçîâàÿ
ëèíåéíàÿ êîìáèíàöèÿ L1 çíà÷èòåëüíî ñëîæíåå áàçîâîé ëèíåéíîé êîìáèíàöèè L.

Ðàññìîòðèì òåïåðü ïðîòèâîïîëîæíûé ñëó÷àé, êîãäà âñÿêèé èíòåãðàë, âõîäÿùèé â
ëèíåéíóþ êîìáèíàöèþ L1 è íå âõîäÿùèé â ëèíåéíóþ êîìáèíàöèþ L, òàêîâ, ÷òî ãðàô-
ìåòêà G åãî ïîäûíòåãðàëüíîé ôóíêöèè óäîâëåòâîðÿåò ðàâåíñòâó N1(G) = 0. Â ýòîì
ñëó÷àå ïî îïðåäåëåíèþ êðèòåðèÿ Cr3 ôîðìóëîé (44) èç óñëîâèé ñëåäñòâèÿ 4 âûòåêàåò
ðàâåíñòâî Cr3(L1) = Cr3(L). Îòñþäà ïî îïðåäåëåíèþ 19 ñëåäóåò, ÷òî áàçîâàÿ ëèíåéíàÿ
êîìáèíàöèÿ L1 íåçíà÷èòåëüíî ñëîæíåå áàçîâîé ëèíåéíîé êîìáèíàöèè L. Ñëåäñòâèå 4
ïîëíîñòüþ äîêàçàíî. I

Îïð å ä å ë å í è å 20. Áàçîâîå ïðîèçâåäåíèå P (G) íàçûâàåòñÿ ïîëíûì, åñëè åãî
ãðàô-ìåòêà G ÿâëÿåòñÿ ïîëíûì. Â ïðîòèâíîì ñëó÷àå áàçîâîå ïðîèçâåäåíèå íàçûâà-
åòñÿ íåïîëíûì. �

Îïð å ä å ë å í è å 21. Áàçîâûé èíòåãðàë íàçûâàåòñÿ ïîëíûì, åñëè åãî ïîäûíòåãðàëü-
íàÿ ôóíêöèÿ ÿâëÿåòñÿ ïîëíûì áàçîâûì ïðîèçâåäåíèåì. Áàçîâûé èíòåãðàë íàçûâàåòñÿ
íåïîëíûì, åñëè åãî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ íåïîëíûì áàçîâûì ïðîèçâå-
äåíèåì. �

Îïð å ä å ë å í è å 22. Áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ íàçûâàåòñÿ ïîëíîé, åñëè âñå
âõîäÿùèå â íåå èíòåãðàëû ÿâëÿþòñÿ ïîëíûìè. Â ïðîòèâíîì ñëó÷àå áàçîâàÿ ëèíåéíàÿ
êîìáèíàöèÿ íàçûâàåòñÿ íåïîëíîé. �

Èç îïðåäåëåíèÿ ïðåäñòàâëåíèé Ðè-Ãóâåðà [48], ïðèìåðà 1 è îïðåäåëåíèé 20, 21 è 22
âûòåêàåò

Ñëåäñòâèå 5. Ïðè ëþáîì n > 1 ïðåäñòàâëåíèå Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåí-
òà Bn ÿâëÿåòñÿ ïîëíîé áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöèåíòàìè
íåçíà÷èòåëüíîé ñëîæíîñòè.

Èç îïðåäåëåíèé 20 è 21 è çàìå÷àíèÿ 7 âûòåêàåò ñëåäóþùåå
Çàìå÷àíèå 8. Ïóñòü îäèí èç äâóõ áàçîâûõ ñõîäÿùèõñÿ èíòåãðàëîâ ÿâëÿåòñÿ ïîë-

íûì, à äðóãîé � íåïîëíûì, ïðè÷åì ïîäûíòåãðàëüíûå ôóíêöèè îáîèõ ýòèõ èíòåãðàëîâ
ïîìå÷åíû ãðàôàìè ñ îäíèì è òåì æå ìíîæåñòâîì âåðøèí, à èõ îáëàñòè èíòåãðèðîâàíèÿ
ñîâïàäàþò. Òîãäà ïî çàìå÷àíèþ 7 îöåíêà ïîëíîãî èíòåãðàëà çíà÷èòåëüíî ñëîæíåå, ÷åì
îöåíêà íåïîëíîãî èíòåãðàëà. �

Èç çàìå÷àíèÿ 8 âûòåêàåò
Ñëåäñòâèå 6 Ïóñòü L1 � íåïîëíàÿ áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà n ñ êî-

ýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè, à L2 � ïîëíàÿ áàçîâàÿ ëèíåéíàÿ êîìáèíà-
öèÿ ïîðÿäêà n ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè. È ïóñòü ïðè ýòîì èõ
àññîöèèðîâàííûå ìíîæåñòâà ñîâïàäàþò, à ÷èñëî èíòåãðàëîâ â ëèíåéíîé êîìáèíàöèè
L1 íå áîëüøå ÷èñëà èíòåãðàëîâ â ëèíåéíîé êîìáèíàöèè L2.

Åñëè âñå èíòåãðàëû, âõîäÿùèå â ýòè áàçîâûå ëèíåéíûå êîìáèíàöèè, ÿâëÿþòñÿ íå-
ñîáñòâåííûìè, òî, ïî çàìå÷àíèþ 8 è êðèòåðèÿì Cr2 è Cr3, ëèíåéíàÿ êîìáèíàöèÿ L2

çíà÷èòåëüíî ñëîæíåå ëèíåéíîé êîìáèíàöèè L1. Åñëè æå âñå èíòåãðàëû, âõîäÿùèå â
ýòè áàçîâûå ëèíåéíûå êîìáèíàöèè, ÿâëÿþòñÿ ñîáñòâåííûìè, òî, ïî çàìå÷àíèþ 8 è
êðèòåðèþ Cr2, ëèíåéíàÿ êîìáèíàöèÿ L2 çíà÷èòåëüíî ñëîæíåå ëèíåéíîé êîìáèíàöèè
L1.

5. Â ðàìêàõ ìåòîäà êàðêàñíûõ ñóìì ìîæíî âûäåëèòü äâà ïîäõîäà.
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Äëÿ èçëîæåíèÿ ïåðâîãî èç íèõ íàì ïîòðåáóåòñÿ ââåñòè îïðåäåëåíèå äðåâåñíîé ñóì-
ìû. Ñ öåëüþ óïðîùåíèÿ èçëîæåíèÿ è íå ñòðåìÿñü ê ìàêñèìàëüíîé îáùíîñòè, ìû äàäèì
ýòî îïðåäåëåíèå â ñìûñëå, õîòÿ è íå ñàìîì îáùåì, íî äîñòàòî÷íîì äëÿ öåëåé, ïîñòàâ-
ëåííûõ â ýòîé ñòàòüå.

Äëÿ ýòîãî ââåäåì ñëåäóþùèå îïðåäåëåíèÿ:
Tn = {t} � ìíîæåñòâî âñåõ ïîìå÷åííûõ äåðåâüåâ ñ ìíîæåñòâîì âåðøèí Vn, ãäå n > 1,

è êîðíåì 1;
Xf (t) = {{u, v}} � ìíîæåñòâî ðåáåð äåðåâà t ∈ Tn;
X̃ad(t) � ìíîæåñòâî äîïóñòèìûõ ðåáåð [9, 13, 17] äåðåâà t ∈ Tn;

I(t) =

∫
(Rν)n−1

∏
{u,v}∈Xf (t)

fuv
∏

{ũ,ṽ}∈X̃ad(t)

(1 + fũṽ)(dr)1,n−1, (47)

I(t,Λ) =

∫
Λn

∏
{u,v}∈Xf (t)

fuv
∏

{ũ,ṽ}∈X̃ad(t)

(1 + fũṽ)(dr)n, (48)

ãäå t ∈ Tn, Λ � ñâÿçíîå, îãðàíè÷åííîå è èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî, ñîäåðæàùååñÿ
â ïðîñòðàíñòâå Rν .

Ïóñòü T ′ � íåïóñòîå ïîäìíîæåñòâî ìíîæåñòâà äåðåâüåâ Tn, ãäå n > 1; à êàæäîìó
äåðåâó t ∈ T ′ ïîñòàâëåíî â ñîîòâåòñòâèå ìíîæåñòâî äîïóñòèìûõ ðåáåð X̃ad(t) = {{u, v}}.
Ââåäåì îáîçíà÷åíèÿ:

c(t) è c1(t) � ôóíêöèè, îïðåäåëåííûå íà ìíîæåñòâå äåðåâüåâ T ′ è ïðèíèìàþùèå íà
ïðèíàäëåæàùèõ ýòîìó ìíîæåñòâó äåðåâüÿõ äåéñòâèòåëüíûå çíà÷åíèÿ.

L(T ′) =
∑
t∈T ′

c(t)I(t), (49)

ãäå ïðè êàæäîì t ∈ T ′ èíòåãðàë I(t) îïðåäåëåí ôîðìóëîé (47).

L(T ′,Λ) =
∑
t∈T ′

c1(t)I(t,Λ), (50)

ãäå ïðè êàæäîì t ∈ T ′ èíòåãðàë I(t,Λ) îïðåäåëåí ôîðìóëîé (48).
Îïð å ä å ë å í è å 23. Ëèíåéíûå êîìáèíàöèè èíòåãðàëîâ L(T ′) è L(T ′,Λ), â êîòîðûõ

T ′ ⊆ Tn è n ≥ 2, íàçûâàþòñÿ äðåâåñíûìè ñóììàìè. �
Çàìå÷àíèå 9. Èç îïðåäåëåíèÿ ìíîæåñòâà äîïóñòèìûõ ðåáåð X̃ad(t) âûòåêàåò, ÷òî

ýòî ìíîæåñòâî íå ïåðåñåêàåòñÿ ñ ìíîæåñòâîì Xf (t) ðåáåð äåðåâà t ∈ Tn è ñîñòîèò èç ïî-
ïàðíî ðàçëè÷íûõ ðåáåð, êàæäîå èç êîòîðûõ ñîåäèíÿåò äâå íåñìåæíûå âåðøèíû äåðåâà
t. �

Òåîðåìà 5. Ïóñòü ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé, à ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãó-
ëÿðíîñòè. Òîãäà äðåâåñíûå ñóììû L(T ′) è L(T ′,Λ), îïðåäåëåííûå ôîðìóëàìè (49) è
(50), ãäå T ′ ⊆ Tn è n > 1, ÿâëÿþòñÿ áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè ïîðÿäêà n, à
êàæäîå äåðåâî t ∈ T ′ â äðåâåñíîé ñóììå L(T ′) ÿâëÿåòñÿ óêîìïëåêòîâàííûì ãðàôîì-
ìåòêîé ïîäûíòåãðàëüíîé ôóíêöèè èíòåãðàëà I(t), à â äðåâåñíîé ñóììå L(T ′,Λ) �
óêîìïëåêòîâàííûì ãðàôîì-ìåòêîé ïîäûíòåãðàëüíîé ôóíêöèè èíòåãðàëà I(t,Λ). Ïðè
ýòîì êàæäîìó òàêîìó äåðåâó t ïîñòàâëåíî â ñîîòâåòñòâèå, â êà÷åñòâå äîïîëíÿþùå-
ãî ìíîæåñòâà, ìíîæåñòâî äîïóñòèìûõ ðåáåð X̃ad(t) = {{u, v}}.
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Äîêàçàòåëüñòâî. Îïðåäåëåíèÿ èíòåãðàëîâ I(t) è I(t,Λ) ôîðìóëàìè (47) è (48) ñî-
îòâåòñòâåííî îçíà÷àþò, ÷òî äëÿ êàæäîãî äåðåâà t ∈ T ′ îïðåäåëåíî ïîñòàâëåííîå åìó â
ñîîòâåòñòâèå êîíå÷íîå ìíîæåñòâî X̃ad(t) äîïóñòèìûõ ðåáåð. Ïî çàìå÷àíèþ 9 ýòî ìíî-
æåñòâî íå ïåðåñåêàåòñÿ ñ ìíîæåñòâîì Xf (t) è ñîñòîèò èç ïîïàðíî ðàçëè÷íûõ ðåáåð,
êàæäîå èç êîòîðûõ ñîåäèíÿåò äâå íåñìåæíûå âåðøèíû äåðåâà t. Èç îïðåäåëåíèÿ èí-
òåãðàëîâ I(t) è I(t,Λ) ôîðìóëàìè (47) è (48) ñëåäóåò, ÷òî ýòè èíòåãðàëû èìåþò îäíó
è òó æå ïîäûíòåãðàëüíóþ ôóíêöèþ, êîòîðàÿ ÿâëÿåòñÿ ïðîèçâåäåíèåì ìàéåðîâñêèõ è
áîëüöìàíîâñêèõ ôóíêöèé. Ïðè ýòîì ìíîæåñòâî ðåáåðXf (t) äåðåâà t, ìàðêèðóþùåãî ýòî
ïðîèçâåäåíèå îïðåäåëÿåò ìíîæåñòâî F âñåõ ìàéåðîâñêèõ ôóíêöèé ýòîãî ïðîèçâåäåíèÿ
è ÿâëÿåòñÿ, ïî îïðåäåëåíèþ 3, ìíîæåñòâîì ìàéåðîâñêèõ ðåáåð ïî îòíîøåíèþ ê ìíîæå-
ñòâó F ìàéåðîâñêèõ ôóíêöèé. À ïî îïðåäåëåíèþ 4 ìíîæåñòâî äîïóñòèìûõ ðåáåð X̃ad(t)

îïðåäåëÿåò ìíîæåñòâî F̃ âñåõ áîëüöìàíîâñêèõ ôóíêöèé ýòîãî ïðîèçâåäåíèÿ è ÿâëÿåò-
ñÿ ìíîæåñòâîì áîëüöìàíîâñêèõ ðåáåð ïî îòíîøåíèþ ê ìíîæåñòâó F̃ áîëüöìàíîâñêèõ
ôóíêöèé. Òàêèì îáðàçîì, ïî îïðåäåëåíèþ äîïîëíÿþùåãî ìíîæåñòâà, ìíîæåñòâî X̃ad(t)
ÿâëÿåòñÿ äîïîëíÿþùèì ìíîæåñòâîì, ïîñòàâëåííûì â ñîîòâåòñòâèå äåðåâó t. Ìíîæåñòâà
Xf (t) è X̃ad(t) îáðàçóþò óïîðÿäî÷åííóþ ïàðó X = (Xf , Xad(t)).

Ïî îïðåäåëåíèþ ìíîæåñòâà äåðåâüåâ Tn âñÿêîå äåðåâî t ∈ Tn ÿâëÿåòñÿ ñâÿçíûì
ãðàôîì ñ ìíîæåñòâîì âåðøèí Vn è, çíà÷èò, èìååò ìåñòî ðàâåíñòâî V (Xf (t)) = Vn.
Îòñþäà è èç çàìå÷àíèÿ 9 ñëåäóåò ðàâåíñòâî V (Xf )

⋃
V (Xf̃ ) = Vn. Èç ýòîãî ðàâåíñòâà

ïî îïðåäåëåíèþ 5 ñëåäóåò, ÷òî óïîðÿäî÷åííàÿ ïàðà ìíîæåñòâ X = (Xf , Xf̃ ) ÿâëÿåòñÿ
êàíîíè÷åñêîé ïàðîé. Èç ïîëó÷åííûõ ðåçóëüòàòîâ ñëåäóåò, ÷òî âñÿêîå äåðåâî t ∈ Tn
ïðèíàäëåæèò ìíîæåñòâó G̃n ïî åãî îïðåäåëåíèþ.

Îòñþäà ïî îïðåäåëåíèþ 15 è ëåììå 2 ñëåäóåò, ÷òî êàæäîå äåðåâî t ∈ T ′ ÿâëÿåòñÿ
óêîìïëåêòîâàííûì ãðàôîì-ìåòêîé êàíîíè÷åñêîãî ïðîèçâåäåíèÿ ôóíêöèé P̃G̃n

(t), êîòî-
ðîå ïîìå÷åíî ýòèì äåðåâîì, èìååò ïîðÿäîê n è ïðåäñòàâëÿåòñÿ ôîðìóëîé

P̃G̃n
(t) =

∏
{i,j}∈Xf (t)

∏
{i′,j′}∈Xad(t)

fij f̃i′j′ . (51)

Ïðàâàÿ ÷àñòü ôîðìóëû (51) ñîâïàäàåò êàê ñ ïîäûòåãðàëüíîé ôóíêöèåé èíòåãðàëà
I(t), òàê è ñ ïîäûíòåãðàëüíîé ôóíêöèåé èíòåãðàëà I(t,Λ). Ñëåäîâàòåëüíî, ïîìå÷åí-

íîå äåðåâîì t ïðîèçâåäåíèå ôóíêöèé P̃G̃n
(t) ÿâëÿåòñÿ ïîäûòåãðàëüíîé ôóíêöèåé êàê

èíòåãðàëà I(t), òàê è èíòåãðàëà I(t,Λ), à äåðåâî t ÿâëÿåòñÿ óêîìïëåêòîâàííûì ãðàôîì-
ìåòêîé ïîäûíòåãðàëüíîé ôóíêöèè èíòåãðàëîâ I(t) è I(t,Λ).

Îòñþäà ïî çàìå÷àíèþ 5 ñëåäóåò, ÷òî ïîäûòåãðàëüíàÿ ôóíêöèÿ èíòåãðàëîâ I(t) è
I(t,Λ) ÿâëÿåòñÿ áàçîâûì ïðîèçâåäåíèåì ôóíêöèé ïîðÿäêà n. À èíòåãðàëû I(t) è I(t,Λ)
ïî îïðåäåëåíèþ 9 ÿâëÿþòñÿ áàçîâûìè èíòåãðàëàìè ïîðÿäêà n. Ïî òåîðåìå 3 ïðè ëþáîì
ñâÿçíîì îãðàíè÷åííîì èçìåðèìîì ïî Ëåáåãó ìíîæåñòâå Λ, ñîäåðæàùåìñÿ â ïðîñòðàíñ-
òâå (Rν), ýòî ïðîèçâåäåíèå ôóíêöèé ÿâëÿåòñÿ èíòåãðèðóåìîé ôóíêöèåé íà ìíîæåñòâå
Λn, à èíòåãðàë I(t,Λ) îò ýòîãî ïðîèçâåäåíèÿ ôóíêöèé ñõîäèòñÿ; êðîìå òîãî, ýòî ïðîèçâå-
äåíèå ôóíêöèé ÿâëÿåòñÿ èíòåãðèðóåìîé ôóíêöèåé ïî ïðîñòðàíñòâó (Rν)n−1, à èíòåãðàë
I(t) îò ýòîãî ïðîèçâåäåíèÿ ñõîäèòñÿ è íå çàâèñèò îò çíà÷åíèÿ ïåðåìåííîé r1

Íàïîìíèì, ÷òî íà ìíîæåñòâå äåðåâüåâ T ′ îïðåäåëåíû ôóíêöèè c(t) è c1(t), ïðèíè-
ìàþùèå íà äåðåâüÿõ ýòîãî ìíîæåñòâà äåéñòâèòåëüíûå çíà÷åíèÿ. Ïðè êàæäîì t ∈ T ′

âåëè÷èíà c(t) ÿâëÿåòñÿ êîýôôèöèåíòîì ïðè èíòåãðàëå I(t), âõîäÿùåì â äðåâåñíóþ ñóì-
ìó L(T ′). Òî÷íî òàêæå ïðè êàæäîì t ∈ T ′ âåëè÷èíà c1(t) ÿâëÿåòñÿ êîýôôèöèåíòîì ïðè
èíòåãðàëå I(t,Λ), âõîäÿùåì â äðåâåñíóþ ñóììó L(T ′,Λ).
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Èç ïîëó÷åííûõ ðåçóëüòàòîâ ïî òåîðåìå 4 ñëåäóåò, ÷òî äðåâåñíûå ñóììû L(T ′) è
L(T ′,Λ), îïðåäåëåííûå ôîðìóëàìè (49) è (50), ãäå T ′ ⊂ Tn è n > 1, ÿâëÿþòñÿ áàçîâûìè
ëèíåéíûìè êîìáèíàöèÿìè ïîðÿäêà n. Òåîðåìà 5 ïîëíîñòüþ äîêàçàíà. I

Åñëè äðåâåñíàÿ ñóììà ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n, òî ìû
áóäåì íàçûâàòü ÷èñëî n ïîðÿäêîì ýòîé äðåâåñíîé ñóììû.

6. Â êà÷åñòâå ïðèìåðà ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ äðåâåñíûìè
ñóììàìè ìîæíî ïðèâåñòè ïîëó÷åííûå àâòîðîì [3, 9, 17] ïðåäñòàâëåíèÿ ìàéåðîâñêèõ
êîýôôèöèåíòîâ bn(Λ), ñâîáîäíûå îò àñèìïòîòè÷åñêîé êàòàñòðîôû. Ýòè ïðåäñòàâëåíèÿ
áûëè ïîëó÷åíû äëÿ ñëó÷àÿ, êîãäà òåðìîäèíàìè÷åñêàÿ ðàâíîâåñíàÿ îäíîêîìïîíåíòíàÿ
ñèñòåìà êëàññè÷åñêèõ ÷àñòèö ñ ïàðíûì âçàèìîäåéñòâèåì [24, 49] çàêëþ÷åíà â îãðàíè-
÷åííîì îáúåìå Λ, ÿâëÿþùåìñÿ ñâÿçíûì, îãðàíè÷åííûì è èçìåðèìûì ïî Ëåáåãó ìíîæå-
ñòâîì, ñîäåðæàùèìñÿ â ïðîñòðàíñòâå Rν . Ïðè ýòîì ïðåäïîëàãàëîñü, ÷òî ïàðíîå âçàè-
ìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãóëÿðíîñòè, à ïàðíûé ïîòåíöèàë
Φ(r) ÿâëÿåòñÿ èçìåðèìîé ôóíêöèåé. Ïðè âñåõ n ≥ 2 êàæäîå èç ïðåäñòàâëåíèé ìàéåðîâ-
ñêîãî êîýôôèöèåíòà bn(Λ), ïîëó÷åííûõ àâòîðîì ïðè ýòèõ óñëîâèÿõ, ÿâëÿåòñÿ äðåâåñíîé
ñóììîé, ÿâëÿþùåéñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöèåíòàìè íå-
çíà÷èòåëüíîé ñëîæíîñòè è ñ àññîöèèðîâàííûì ìíîæåñòâîì Λn ⊂ (Rν)n.

Âíà÷àëå áûëè ïîëó÷åíû [3] òàêèå ïðåäñòàâëåíèÿ, â êîòîðûõ êîýôôèöèåíò bn(Λ) âû-
ðàæàëñÿ ïðîèçâåäåíèåì ÷èñëà 1/(|Λ|n!) íà áàçîâóþ ëèíåéíóþ êîìáèíàöèþ ïîðÿäêà n ñ
àññîöèðîâàííûì ìíîæåñòâîì Λn, ñîñòîÿùóþ èç âñåõ èíòåãðàëîâ, ÷üè ïîäûíòåãðàëüíûå
ôóíêöèè ïîìå÷åíû n-âåðøèííûìè êîðíåâûìè ïîìå÷åííûìè äåðåâüÿìè [25, 28, 9, 17] ñ
êîðíåâîé âåðøèíîé, ïîìå÷åííîé ÷èñëîì 1 [3]. Ïðè ýòîì êàæäîìó ìàðêèðóþùåìó äå-

ðåâó t áûëî ïîñòàâëåíî â ñîîòâåòñòâèå ìíîæåñòâî äîïóñòèìûõ ðåáåð X̃ad(t) = {{u, v}}.
Ïî îïðåäåëåíèþ 23 òàêàÿ áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà n ÿâëÿåòñÿ äðåâåñíîé
ñóììîé ïîðÿäêà n. Â ýòîé ñóììå êîýôôèöèåíò ïðè êàæäîì âõîäÿùåì â íåå èíòåãðàëå
ðàâåí åäèíèöå. Ïîýòîìó íå òðåáóåòñÿ íèêàêèõ âû÷èñëåíèé äëÿ îïðåäåëåíèÿ çíà÷åíèé
êîýôôèöèåíòîâ ïðè âõîäÿùèõ â ýòó ñóììó èíòåãðàëàõ. Îòñþäà ïî òåîðåìå 5 è ïî çà-
ìå÷àíèþ 6 ñëåäóåò, ÷òî ýòà äðåâåñíàÿ ñóììà ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé
ïîðÿäêà n ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè.

Âïîñëåäñòâèè ýòè ïðåäñòàâëåíèÿ áûëè óïðîùåíû [9, 17]. Ñ ýòîé öåëüþ áûëî ââåäåíî
áèíàðíîå îòíîøåíèå ìàêñèìàëüíîãî èçîìîðôèçìà êîðíåâûõ ïîìå÷åííûõ äåðåâüåâ. Ýòî
îòíîøåíèå îáëàäàåò ñâîéñòâàìè ðåôëåêñèâíîñòè, ñèììåòðè÷íîñòè è òðàíçèòèâíîñòè,
òî åñòü ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè [21] è ðàçáèâàåò ìíîæåñòâî {Tn}, ñîñòî-
ÿùåå èç âñåõ ïîìå÷åííûõ äåðåâüåâ ñ ìíîæåñòâîì âåðøèí Vn = {1, 2, . . . , n} è êîðíåì
1 íà êëàññû ìàêñèìàëüíî èçîìîðôíûõ äåðåâüåâ. Ýòè êëàññû îáëàäàþò î÷åíü ïîëåç-
íûì ñâîéñòâîì: â âûøåóïîìÿíóòîì ïðåäñòàâëåíèè ìàéåðîâñêîãî êîýôôèöèåíòà bn(Λ)
äðåâåñíîé ñóììîé ðàâíû âñå èíòåãðàëû, ïîäûíòåãðàëüíûå ôóíêöèè êîòîðûõ ïîìå÷å-
íû ìàêñèìàëüíî èçîìîðôíûìè äåðåâüÿìè. Áûëî íàéäåíî êîíñòðóêòèâíîå îïðåäåëåíèå
òàêîãî ïîäìíîæåñòâà TR(n) ⊂ Tn [9, 17], â êîòîðîì íèêàêèå äâà äåðåâà íå ÿâëÿþòñÿ
ìàêñèìàëüíî èçîìîðôíûìè, à ìîùíîñòü êîòîðîãî ðàâíà ÷èñëó êëàññîâ ìàêñèìàëüíî
èçîìîðôíûõ äåðåâüåâ, ïðèíàäëåæàùèõ ìíîæåñòâó Tn.

Èñïîëüçóÿ ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ bn(Λ) äðåâåñíîé ñóììîé âñåõ èíòåãðàëîâ,
÷üè ïîäûíòåãðàëüíûå ôóíêöèè ïîìå÷åíû n-âåðøèííûìè êîðíåâûìè ïîìå÷åííûìè äå-
ðåâüÿìè ñ êîðíåâîé âåðøèíîé, ïîìå÷åííîé ÷èñëîì 1, ðàçëîæåíèå ìíîæåñòâà êîðíåâûõ
ïîìå÷åííûõ äåðåâüåâ íà êëàññû ìàêñèìàëüíî èçîìîðôíûõ äåðåâüåâ è âûøåóïîìÿíóòîå
ñâîéñòâî ìàêñèìàëüíî èçîìîðôíûõ äåðåâüåâ, óäàëîñü ïîëó÷èòü ïðåäñòàâëåíèÿ ìàéåðî-
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âñêèõ êîýôôèöèåíòîâ bn(LL) äðåâåñíûìè ñóììàìè â âèäå [9, 17]:

bn(Λ) =
1

|Λ|n!

∑
t∈TR(n)

|TI(t)| I(t,Λ). (52)

Çäåñü TI(t) � ñîâîêóïíîñòü äåðåâüåâ, ïðèíàäëåæàùèõ ìíîæåñòâó Tn è ìàêñèìàëüíî
èçîìîðôíûõ äåðåâó t;
|TI(t)| � ìîùíîñòü ìíîæåñòâà TI(t);
I(t,Λ) � èíòåãðàë, îïðåäåëåííûé ôîðìóëîé (48). Ïåðåõîäÿ â ïðåäñòàâëåíèÿõ ìàéå-

ðîâñêèõ êîýôôèöèåíòîâ bn(Λ) ôîðìóëîé (52) ê òåðìîäèíàìè÷åñêîìó ïðåäåëó, óäàëîñü
ïîëó÷èòü [9, 17] ïðåäñòàâëåíèÿ äðåâåñíûìè ñóììàìè ìàéåðîâñêèõ êîýôôèöèåíòîâ â
òåðìîäèíàìè÷åñêîì ïðåäåëå. Äëÿ êðàòêîñòè òåðìîäèíàìè÷åñêèé ïðåäåë ìàéåðîâñêèõ
êîýôôèöèåíòîâ bn(LL) ìû áóäåì íàçûâàòü ïðåäåëüíûì ìàéåðîâñêèì êîýôôèöèåíòîì
è îáîçíà÷àòü åãî bn. Ýòè ïðåäñòàâëåíèÿ èìåþò âèä:

bn =
1

n!

∑
t∈TR(n)

|TI(t)| I(t). (53)

Èç îïðåäåëåíèÿ ôîðìóëîé (52) ïðåäñòàâëåíèÿ ìàéåðîâñêèõ êîýôôèöèåíòîâ bn(LL) è
îïðåäåëåíèÿ ôîðìóëîé (53) ïðåäñòàâëåíèÿ ïðåäåëüíûõ ìàéåðîâñêèõ êîýôôèöèåíòîâ bn
ñëåäóåò: ïðè âñåõ n ≥ 1 ìíîæåñòâî äåðåâüåâ TR(n) ÿâëÿåòñÿ ìíîæåñòâîì âñåõ äåðåâüåâ,
ÿâëÿþùèõñÿ ãðàôàìè-ìåòêàìè ìàðêèðóþùèìè êàê èíòåãðàëû, âõîäÿùèå â äðåâåñíûå
ñóììû, ïðåäñòàâëÿþùèå ìàéåðîâñêèå êîýôôèöèåíòû bn(LL), òàê è èíòåãðàëû, âõîäÿ-
ùèå â äðåâåñíûå ñóììû, ïðåäñòàâëÿþùèå ïðåäåëüíûå ìàéåðîâñêèå êîýôôèöèåíòû bn.

×èñëî äåðåâüåâ âî ìíîæåñòâå TI(t) ïîëíîñòüþ îïðåäåëÿåòñÿ äåðåâîì t ïî ôîðìóëå

|TI (t)| = (n− 1)!
(H(t)−1∏

i=1

n(t, i)!
)−1(n(t,H(t)−1)∏

i=1

(d(t, i)− 1)!
)−1

. (54)

Çäåñü H(t) � âûñîòà [9, 17, 5] äåðåâà t; n(t, i) � ÷èñëî âåðøèí äåðåâà t, íàõîäÿùèõñÿ íà
âûñîòå i; d(t, i) �ñòåïåíü i-îé âåðøèíû èç ìíîæåñòâà âñåõ âåðøèí äåðåâà t, íàõîäÿùèõñÿ
íà âûñîòå H(t)− 1.

Ëåììà 3. Ïðåäñòàâëåíèÿ ìàéåðîâñêîãî êîýôôèöèåíòà bn(Λ) äðåâåñíîé ñóììîé ïî
ôîðìóëàì (52) è (48) è ïðåäñòàâëåíèå ïðåäåëüíîãî ìàéåðîâñêîãî êîýôôèöèåíòà bn äðå-
âåñíîé ñóììîé ïî ôîðìóëàì (53) è (47) ïðè n > 1 ÿâëÿþòñÿ áàçîâûìè ëèíåéíûìè
êîìáèíàöèÿìè ïîðÿäêà n ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè.

Äîêàçàòåëüñòâî. Ñóììà â ïðàâîé ÷àñòè ðàâåíñòâà (52) è ñóììà â ïðàâîé ÷àñòè
ðàâåíñòâà (53) èìåþò ñëåäóþùèå ñâîéñòâà: 1) ìíîæåñòâî äåðåâüåâ TR (n) ÿâëÿåòñÿ
ïîäìíîæåñòâîì ìíîæåñòâà Tn; 2) èíòåãðàëû, âõîäÿùèå â ïåðâóþ ñóììó, îïðåäåëÿþòñÿ
ôîðìóëîé (48), à èíòåãðàëû, âõîäÿùèå âî âòîðóþ ñóììó, � ôîðìóëîé (47); 3) êîýô-
ôèöèåíòîì ïðè êàæäîì èç ýòèõ èíòåãðàëîâ ÿâëÿåòñÿ ÷èñëîì äåðåâüåâ, ìàêñèìàëüíî
èçîìîðôíûõ äåðåâó t, ìàðêèðóþùåìó ýòîò èíòåãðàë; ýòî ÷èñëî îïðåäåëÿåòñÿ äåðåâîì
t ïî ôîðìóëå (54). Îòñþäà ïî îïðåäåëåíèþ 23 ñëåäóåò, ÷òî ýòè ñóììû ÿâëÿþòñÿ äðå-
âåñíûìè ñóììàìè. Ïî òåîðåìå 5 ýòè äðåâåñíûå ñóììû ÿâëÿþòñÿ áàçîâûìè ëèíåéíûìè
êîìáèíàöèÿìè ïîðÿäêà n.

Èç îïðåäåëåíèÿ êîýôôèöèåíòîâ ýòèõ äðåâåñíûõ ñóìì ôîðìóëîé (54) ñëåäóåò, ÷òî
ñëîæíîñòü âû÷èñëåíèÿ ýòèõ êîýôôèöèåíòîâ íåçíà÷èòåëüíà. Ïîýòîìó ýòè äðåâåñíûå
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ñóììû ÿâëÿþòñÿ áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè ïîðÿäêà n ñ êîýôôèöèåíòàìè
íåçíà÷èòåëüíîé ñëîæíîñòè. Ëåììà äîêàçàíà. I

×èñëî äåðåâüåâ âî ìíîæåñòâå TR(n) âû÷èñëÿåòñÿ ïî ôîðìóëå

|TR (n)| = 1 +
(
2n−2 − 1

)
+

+
n−1∑
H=3

∑
n∈N(H, n−1)

(n(H − 1) + n(H)− 1)!

n(H)!(n(H − 1)− 1)!

H−1∏
i=2

{[n(i− 1)]n(i)}. (55)

Çäåñü N(H, k) = {(n(1), n(2), . . . , n(H))} � ìíîæåñòâî H-ìåðíûõ âåêòîðîâ, êîìïîíåí-
òàìè êîòîðûõ ÿâëÿþòñÿ íàòóðàëüíûå ÷èñëà, à ñàìè âåêòîðû óäîâëåòâîðÿþò óñëîâèþ:
H∑
i=1

n(i) = k.

Ðåçóëüòàòû âû÷èñëåíèé ïî ôîðìóëå (55) ïðèâåäåíû â òàáëèöå 1.
Â ýòîé òàáëèöå ïðèâåäåíû ìîùíîñòè ìíîæåñòâ TR(n) äëÿ âñåõ n, óäîâëåòâîðÿþùèõ

íåðàâåíñòâàì 2 ≤ n ≤ 10. Íàïîìíèì, ÷òî ìíîæåñòâî TR(n) ÿâëÿåòñÿ ìíîæåñòâîì óêîì-
ïëåêòîâàííûõ ãðàôîâ-ìåòîê âñåõ èíòåãðàëîâ, âõîäÿùèõ â ëèíåéíóþ êîìáèíàöèþ, ÿâëÿ-
þùóþñÿ ïðåäñòàâëåíèåì òåðìîäèíàìè÷åñêîãî ïðåäåëà bn ìàéåðîâñêîãî êîýôôèöèåíòà
bn(Λ) â âèäå äðåâåñíîé ñóììû ïî ôîðìóëàì (53) è (47). Ìíîæåñòâî TR(n) òàêæå ÿâ-
ëÿåòñÿ ìíîæåñòâîì óêîìïëåêòîâàííûõ ãðàôîâ-ìåòîê âñåõ èíòåãðàëîâ, âõîäÿùèõ â ëè-
íåéíóþ êîìáèíàöèþ, ÿâëÿþùóþñÿ ïðåäñòàâëåíèåì ìàéåðîâñêîãî êîýôôèöèåíòà bn(Λ)
â âèäå äðåâåñíîé ñóììû ïî ôîðìóëàì (52) è (48) ïðè ëþáîì îáúåìå Λ, ÿâëÿþùåìñÿ
ñâÿçíûì, îãðàíè÷åííûì è èçìåðèìûì ïî Ëåáåãó ìíîæåñòâîì, ñîäåðæàùèìñÿ â ïðîñò-
ðàíñòâå Rν . Âñå ýòè ïðåäñòàâëåíèÿ ÿâëÿþòñÿ áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè îä-
íîé è òîé æå äëèíû, ðàâíîé ìîùíîñòè ìíîæåñòâà TR(n), è îòëè÷àþòñÿ òîëüêî ñâîèìè
àññîöèèðîâàííûìè ìíîæåñòâàìè. Ñòàëî áûòü, íà âñåõ ýòèõ ïðåäñòàâëåíèÿõ êðèòåðèé
ñëîæíîñòè Cr1 ïðèíèìàåò îäíî è òî æå çíà÷åíèå, ðàâíîå ìîùíîñòè ìíîæåñòâà TR(n).

Ñðàâíèì òåïåðü ñëîæíîñòü ýòèõ ïðåäñòàâëåíèé ñî ñëîæíîñòüþ ïðåäñòàâëåíèé Ðè-
Ãóâåðà âèðèàëüíûõ êîýôôèöèåíòîâ ïî êðèòåðèþ Cr1 â ñëó÷àå, êîãäà òåðìîäèíàìè-
÷åñêàÿ ðàâíîâåñíàÿ îäíîêîìïîíåíòíàÿ ñèñòåìà êëàññè÷åñêèõ ÷àñòèö ñ ïàðíûì âçàèìî-
äåéñòâèåì [24, 49] çàêëþ÷åíà â îãðàíè÷åííîì îáúåìå Λ, ÿâëÿþùåìñÿ ñâÿçíûì, îãðàíè-
÷åííûì è èçìåðèìûì ïî Ëåáåãó ìíîæåñòâîì, ñîäåðæàùèìñÿ â ïðîñòðàíñòâå Rν . Ïðè
ýòîì ïðåäïîëàãàåòñÿ, ÷òî ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâî-
ñòè è ðåãóëÿðíîñòè, à ïàðíûé ïîòåíöèàë Φ(r) ÿâëÿåòñÿ èçìåðèìîé ôóíêöèåé. Â ýòèõ
óñëîâèÿõ ïðåäñòàâëåíèå Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) îïðåäåëåíî ïðè
âñåõ n ≥ 2 è ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöèåíòàìè íå-
çíà÷èòåëüíîé ñëîæíîñòè è ñ àññîöèèðîâàííûì ìíîæåñòâîì Λn ⊂ (Rν)n. Â ýòîì ñëó÷àå
ïî îïðåäåëåíèþ 17 ðàññìàòðèâàåìîå ïðåäñòàâëåíèå ìàéåðîâñêîãî êîýôôèöèåíòà bn(Λ)
è ïðåäñòàâëåíèå Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ñðàâíèìû ïðè ëþáîì
n ≥ 2 è ïðè ëþáîì Λ, óäîâëåòâîðÿþùåì óêàçàííûì âûøå óñëîâèÿì.

Â ïðîñòåéøåì ñëó÷àå, êîãäà n = 2, è ìàéåðîâñêèé êîýôôèöèåíò b2(Λ), è âèðèàëüíûé
êîýôôèöèåíò B2(Λ) ïðåäñòàâëÿþòñÿ ÷åðåç îäèí è òîò æå èíòåãðàë è èõ ïðåäñòàâëåíèÿ
îòëè÷àþòñÿ ëèøü çíàêîì. Óïðîùàòü çäåñü íå÷åãî.

Äàëåå, èç òàáëèöû 1 ÿâñòâóåò, ÷òî ïðè n = 7, 8, 9, 10 ïðåäñòàâëåíèå ìàéåðîâñêîãî
êîýôôèöèåíòà bn(Λ) ïî ôîðìóëå (52) ñîäåðæèò ìåíüøåå ÷èñëî ñëàãàåìûõ èíòåãðàëîâ,
÷åì ïðåäñòàâëåíèå Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ). Ñëåäîâàòåëüíî, ïðè
ýòèõ çíà÷åíèÿõ n ïî êðèòåðèþ Cr1 ñëîæíîñòü ïðåäñòàâëåíèÿ Ðè-Ãóâåðà âèðèàëüíîãî
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êîýôôèöèåíòà Bn(Λ) çíà÷èòåëüíî áîëüøå, ÷åì ñëîæíîñòü ïðåäñòàâëåíèÿ ìàéåðîâñêîãî
êîýôôèöèåíòà bn(Λ) äðåâåñíîé ñóììîé ïî ôîðìóëàì (52) è (48).

Ïîñìîòðèì òåïåðü, êàêîé ðåçóëüòàò ïîëó÷àåòñÿ ïî êðèòåðèþ Cr2. Èç îïðåäåëåíèÿ
ìíîæåñòâà X̃ad(t) = {{u, v}} äîïóñòèìûõ ðåáåð äåðåâà t ñëåäóåò, ÷òî ïðè ëþáîì n > 2
îïðåäåëåííàÿ ôîðìóëàìè (52) è (48) äðåâåñíàÿ ñóììà óäîâëåòâîðÿåò óñëîâèþ: â ýòîé
ñóììå òîëüêî îäèí èíòåãðàë, ìàðêèðóåìûé çâåçäîé [25, 28],âñå ðåáðà êîòîðîé èíöè-
äåíòíû åå êîðíþ, ÿâëÿåòñÿ ïîëíûì áàçîâûì èíòåãðàëîì; à âñå îñòàëüíûå èíòåãðàëû
â ýòîé ñóììå ÿâëÿþòñÿ íåïîëíûìè áàçîâûìè èíòåãðàëàìè. Îòñþäà ïî îïðåäåëåíèþ 22
è ëåììå 3 ñëåäóåò, ÷òî ïðè ëþáîì n > 2 ïðåäñòàâëåíèå ìàéåðîâñêîãî êîýôôèöèåíòà
bn(Λ) äðåâåñíîé ñóììîé ïî ôîðìóëàì (52) è (48) ÿâëÿåòñÿ íåïîëíîé áàçîâîé ëèíåéíîé
êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè.

Ñ äðóãîé ñòîðîíû, ïî ñëåäñòâèþ 5 ïðåäñòàâëåíèå Ðè-Ãóâåðà âèðèàëüíîãî êîýôôè-
öèåíòà Bn(Λ) ÿâëÿåòñÿ ïîëíîé áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöè-
åíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè.

Èç âûøåèçëîæåííîãî ïî ñëåäñòâèþ 6 âûòåêàåò, ÷òî ïðè çíà÷åíèÿõ n = 7, 8, 9, 10 ïî
êðèòåðèþ Cr2 ñëîæíîñòü ïðåäñòàâëåíèÿ Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ)
çíà÷èòåëüíî áîëüøå, ÷åì ñëîæíîñòü ïðåäñòàâëåíèÿ ìàéåðîâñêîãî êîýôôèöèåíòà bn(Λ)
äðåâåñíîé ñóììîé ïî ôîðìóëàì (52) è (48).

Çàìåòèì, ÷òî ïðè n = 8, 9, 10 ÷èñëî èíòåãðàëîâ â ñóììå, ïðåäñòàâëÿþùåé ïî ìå-
òîäó Ðè-Ãóâåðà âèðèàëüíûé êîýôôèöèåíò Bn(Λ) ñèëüíî ïðåâûøàåò ÷èñëî èíòåãðàëîâ
â ñóììå, ïðåäñòàâëÿþùåé ìàéåðîâñêèé êîýôôèöèåíò bn(Λ) ïî ôîðìóëàì (52) è (48).
Ïîýòîìó ïî ñëåäñòâèþ 6 ïðè ýòèõ çíà÷åíèÿõ n ïðåäñòàâëåíèå ìàéåðîâñêîãî êîýôôèöè-
åíòà bn(Λ) ïî ôîðìóëàì (52) è (48) ÿâëÿåòñÿ âåñüìà çíà÷èòåëüíî áîëåå ïðîñòûì, ÷åì
ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïî ìåòîäó Ðè-Ãóâåðà.

Îäíàêî, ïðè n = 3, 4, 5, 6 ñðàâíèâàåìûå ïðåäñòàâëåíèÿ íå óäîâëåòâîðÿþò óñëîâèÿì
ñëåäñòâèÿ 6. Çíà÷èò, ïðè ýòèõ çíà÷åíèÿõ n äàííîå ñëåäñòâèå íåâîçìîæíî ïðèìåíèòü
äëÿ òàêîãî ñðàâíåíèÿ. À ïî êðèòåðèÿì Cr1 è Cr2 ïðåäñòàâëåíèå ìàéåðîâñêîãî êîýô-
ôèöèåíòà bn(Λ) ïî ôîðìóëàì (52) è (48) ÿâëÿåòñÿ áîëåå ñëîæíûì, ÷åì ïðåäñòàâëåíèå
âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïî ìåòîäó Ðè-Ãóâåðà.

7. Äðóãèì ïðèìåðîì ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ â âèäå äðåâåñ-
íûõ ñóìì ÿâëÿåòñÿ ïðåäñòàâëåíèå êîýôôèöèåíòîâ an ðàçëîæåíèÿ îòíîøåíèÿ àêòèâíî-
ñòè z [23, 24, 44, 49] ê ïëîòíîñòè %(z) â ðÿä ïî ñòåïåíÿì àêòèâíîñòè z:

z/%(z) = 1−
∞∑
n=2

nanz
n−1. (56)

Ýòî ðàçëîæåíèå ðàññìàòðèâàëîñü Ëèáîì [41] è Ïåíðîóçîì [45].
Ïåíðîóçîì áûëî ïðåäëîæåíî äâà ìåòîäà íàõîæäåíèÿ êîýôôèöèåíòîâ an: ëèáî âåñü-

ìà ñëîæíûì ïóòåì ñ ïîìîùüþ óðàâíåíèé Êèðêâóäà�Çàëüöáóðãà; ëèáî áîëåå ïðîñòûì
ïóòåì, èñõîäÿ èç ñîîòíîøåíèé

nbn =
n−1∑
q=1

(q + 1)aq+1(n− q)bn−q (57)

ìåæäó ýòèìè êîýôôèöèåíòàìè è ìàéåðîâñêèìè êîýôôèöèåíòàìè bn.
Â ðàáîòàõ [4, 31, 9, 17] áûëî ïðåäëîæåíî ïðåäñòàâëåíèå êîýôôèöèåíòîâ an â âèäå

ñóììû èíòåãðàëîâ, ìàðêèðóåìûõ äåðåâüÿìè. Ñ ýòîé öåëüþ áûëî îïðåäåëåíî ìíîæåñòâî
T (n, 0), ñîñòîÿùåå èç âñåõ äåðåâüåâ ìíîæåñòâà Tn, óäîâëåòâîðÿþùèõ óñëîâèÿì:
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à) ëþáîé ñëîé ýòîãî äåðåâà, çà èñêëþ÷åíèåì íóëåâîãî è, ìîæåò áûòü, ïîñëåäíåãî,
ñîñòîèò íå ìåíåå ÷åì èç äâóõ âåðøèí;

á) çà èñêëþ÷åíèåì íóëåâîãî ñëîÿ, äåðåâî íå èìååò íè îäíîãî ñëîÿ, â êîòîðîì ëèøü
ñàìàÿ ñòàðøàÿ âåðøèíà èìååò ñòåïåíü, áîëüøóþ ÷åì åäèíèöà.

Ýòî ïîçâîëèëî ïîëó÷èòü [4, 31, 9, 17] ñâîáîäíûå îò àñèìïòîòè÷åñêîé êàòàñòðîôû
ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ an â âèäå ñóììû âñåõ èíòåãðàëîâ, ìàðêèðóåìûõ äåðåâü-
ÿìè èç ìíîæåñòâà T (n, 0):

an =
1

n!

∑
t∈T (n,0)

I(t), (58)

ãäå I(t) � èíòåãðàë, îïðåäåëåííûé ôîðìóëîé (47).
Âïîñëåäñòâèè ýòè ïðåäñòàâëåíèÿ áûëè óïðîùåíû [9, 17]. Ñ ýòîé öåëüþ áûëî îïðå-

äåëåíî ìíîæåñòâî TR(n, 0) = TR(n) ∩ T (n, 0) [9, 17].
Èç îïðåäåëåíèÿ îòíîøåíèÿ ìàêñèìàëüíîãî èçîìîðôèçìà êîðíåâûõ ïîìå÷åííûõ äå-

ðåâüåâ è îïðåäåëåíèÿ ìíîæåñòâ T (n, 0) è TR(n, 0) ñëåäóåò, ÷òî ìíîæåñòâî T (n, 0) ðàç-
ëàãàåòñÿ íà êëàññû TI(t) ìàêñèìàëüíî èçîìîðôíûõ äåðåâüåâ, ìàðêèðóåìûå äåðåâüÿìè
èç ìíîæåñòâà TR(n, 0).

À ìíîæåñòâî TR(n, 0) ñîñòîèò èç âñåõ äåðåâüåâ t, ÿâëÿþùèõñÿ ìåòêàìè âõîäÿùèõ
âî ìíîæåñòâî T (n, 0) êëàññîâ TI(t) ìàêñèìàëüíî èçîìîðôíûõ äåðåâüåâ.

Èñïîëüçóÿ ïðåäñòàâëåíèå êîýôôèöèåíòîâ an ôîðìóëîé (58), ïîíÿòèå ìàêñèìàëüíîãî
èçîìîðôèçìà êîðíåâûõ ïîìå÷åííûõ äåðåâüåâ, ðàçëîæåíèå ìíîæåñòâà T (n, 0) íà êëàñ-
ñû ìàêñèìàëüíî èçîìîðôíûõ äåðåâüåâ è ñâîéñòâà ìàêñèìàëüíî èçîìîðôíûõ äåðåâüåâ,
àâòîðîì áûëè ïðåäëîæåíû áîëåå ïðîñòûå ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ an, ñâîáîäíûå
îò àñèìïòîòè÷åñêîé êàòàñòðîôû:

an =
1

n!

∑
t∈TR(n,0)

|TI(t)| I(t). (59)

Çäåñü, êàê è â ôîðìóëå (53), I(t) � èíòåãðàë, îïðåäåëåííûé ôîðìóëîé (47); |TI(t)| �
÷èñëî äåðåâüåâ âî ìíîæåñòâå TI(t), îïðåäåëÿåìîå äåðåâîì t ïî ôîðìóëå (54).

×èñëî äåðåâüåâ âî ìíîæåñòâå TR(n, 0) âû÷èñëÿåòñÿ ïî ôîðìóëå

|TR (n, 0)| = 1 +
∑′

2
n

(
[n(2) + n(1)− 1]!

[n(1)− 1]!n(2)!
− 1

)
+

+
N∑
H=3

∑′
H

n

(
[n(H) + n(H − 1)− 1]!

[n(H − 1)− 1]!n(H)!
− 1

)H−1∏
i=2

(
[n(i− 1)]n(i) − 1

)
, (60)

ãäå N = d(n − 1)/2e � íàèìåíüøåå èç òåõ öåëûõ ÷èñåë, êîòîðûå íå ìåíüøå ÷èñëà

(n− 1)/2, à ñèìâîë
∑
n

′
H

â ôîðìóëå (60) îçíà÷àåò ñóììèðîâàíèå ïî âñåì H-ìåðíûì

âåêòîðàì (n1, n2, . . . , nH ), êîìïîíåíòû êîòîðûõ ÿâëÿþòñÿ íàòóðàëüíûìè ÷èñëàìè, à ñà-
ìè âåêòîðû óäîâëåòâîðÿþò óñëîâèÿì:

à) ni ≥ 2, i = 1, 2, . . . , H − 1; á) n
H
≥ 1; â)

H∑
i=1

n(i) = n− 1.
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Ëåììà 4. Ïóñòü ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé,à ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãó-
ëÿðíîñòè. Òîãäà ïðåäñòàâëåíèå êîýôôèöèåíòà an äðåâåñíîé ñóììîé ïî ôîðìóëàì (59)
è (47) ïðè n > 3 ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöèåíòàìè
íåçíà÷èòåëüíîé ñëîæíîñòè.

Äîêàçàòåëüñòâî. Ñóììà â ïðàâîé ÷àñòè ðàâåíñòâà (59) èìååò ñëåäóþùèå ñâîéñòâà:
1) ìíîæåñòâî äåðåâüåâ TR (n, 0) ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà Tn; 2) èíòåãðàëû,
âõîäÿùèå â ýòó ñóììó, îïðåäåëÿþòñÿ ôîðìóëîé (47); 3) êîýôôèöèåíòîì ïðè êàæäîì
èç ýòèõ ìíòåãðàëîâ ÿâëÿåòñÿ ÷èñëî äåðåâüåâ, ìàêñèìàëüíî èçîìîðôíûõ äåðåâó t, ìàð-
êèðóþùåìó ýòîò èíòåãðàë; ýòî ÷èñëî îïðåäåëÿåòñÿ äåðåâîì t ïî ôîðìóëå (54). Îòñþäà
ïî îïðåäåëåíèþ 23 ñëåäóåò, ÷òî ýòà ñóììà ÿâëÿåòñÿ äðåâåñíîé ñóììîé.

Ïî òåîðåìå 5 ýòà äðåâåñíàÿ ñóììà ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿä-
êà n.

Èç îïðåäåëåíèÿ êîýôôèöèåíòîâ ýòîé äðåâåñíîé ñóììû ôîðìóëîé (54) ñëåäóåò, ÷òî
ñëîæíîñòü âû÷èñëåíèÿ ýòèõ êîýôôèöèåíòîâ íåçíà÷èòåëüíà. Ïîýòîìó ýòà äðåâåñíàÿ
ñóììà ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöèåíòàìè íåçíà-
÷èòåëüíîé ñëîæíîñòè. Ëåììà äîêàçàíà. I

Çàìå÷àíèå 10. Èç îïðåäåëåíèÿ [4, 31, 9, 17] ìíîæåñòâà X̃ad(t) = {{u, v}} äîïóñòè-
ìûõ ðåáåð äåðåâà t ñëåäóåò, ÷òî ïðè ëþáîì n > 3 îïðåäåëåííàÿ ôîðìóëàìè (59) è (47)
äðåâåñíàÿ ñóììà óäîâëåòâîðÿåò óñëîâèþ: â ýòîé ñóììå òîëüêî îäèí èíòåãðàë, ìàðêè-
ðóåìûé çâåçäîé, âñå ðåáðà êîòîðîé èíöèäåíòíû åå êîðíþ, ÿâëÿåòñÿ ïîëíûì áàçîâûì
èíòåãðàëîì; à âñå îñòàëüíûå èíòåãðàëû â ýòîé ñóììå ÿâëÿþòñÿ íåïîëíûìè áàçîâûìè
èíòåãðàëàìè. Îòñþäà ïî îïðåäåëåíèþ 22 è ëåììå 4 ñëåäóåò, ÷òî ïðè ëþáîì n > 3
ïðåäñòàâëåíèå êîýôôèöèåíòà an äðåâåñíîé ñóììîé ïî ôîðìóëàì (59) è (47) ÿâëÿåòñÿ
íåïîëíîé áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà n ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé
ñëîæíîñòè. �

Èç ïðåäñòàâëåíèÿ (53) ìàéåðîâñêèõ êîýôôèöèåíòîâ bn è èç ïðåäñòàâëåíèÿ (59) êî-
ýôôèöèåíòîâ an î÷åâèäíî, ÷òî b2 = a2. Óêàçàííûå ïðåäñòàâëåíèÿ ýòèõ êîýôôèöèåíòîâ
ñîâïàäàþò è èìåþò îäíó è òó æå ñëîæíîñòü.

À èç îïðåäåëåíèÿ ìíîæåñòâ TR(n) è TR(n, 0) ïðè n > 2 ñëåäóåò, ÷òî ìíîæåñòâî
TR(n, 0) ÿâëÿåòñÿ ñîáñòâåííûì ïîäìíîæåñòâîì ìíîæåñòâà TR(n). Îòñþäà âûòåêàþò
äâà ñëåäñòâèÿ:

1. Ïðè ëþáîì n > 2 äëèíà áàçîâîé ëèíåéíîé êîìáèíàöèè, ÿâëÿþùåéñÿ äðåâåñíîé
ñóììîé, ïðåäñòàâëÿþùåé ìàéåðîâñíò bn ïî ôîðìóëàì (53) è (47), áîëüøå äëèíû áàçîâîé
ëèíåéíîé êîìáèíàöèè, ÿâëÿþùåéñÿ äðåâåñíîé ñóììîé, ïðåäñòàâëÿþùåé êîýôôèöèåíò
an ïî ôîðìóëàì (59) è (47).

2. Ïðè ëþáîì n > 1 êàæäûé èíòåãðàë, âõîäÿùèé â ñóììó, ïðåäñòàâëÿþùóþ ïî
ôîðìóëàì (59) è (47) êîýôôèöèåíò an, âõîäèò è â ñóììó, ïðåäñòàâëÿþùóþ ïî ôîðìóëàì
(53) è (47) ìàéåðîâñêèé êîýôôèöèåíò bn.

Èç îïðåäåëåíèÿ ìíîæåñòâà äåðåâüåâ TR(n) ñëåäóåò, ÷òî ìíîæåñòâî TR(3) ñîñòîèò
èç äâóõ äåðåâüåâ, ÿâëÿþùèìèñÿ ãðàôàìè G è G1, ââåäåííûìè â ïðèìåðàõ 2 è 3 ñîîòâåò-
ñòâåííî. Äàëåå, èç îïðåäåëåíèÿ ìíîæåñòâà äåðåâüåâ TR(n, 0) ñëåäóåò, ÷òî ìíîæåñòâî
TR(3, 0) ñîñòîèò èç îäíîãî äåðåâà, ÿâëÿþùåãîñÿ ãðàôîì G1. Èç ðåçóëüòàòîâ, ïîëó÷åí-
íûõ â ïðèìåðå 3, ÿâñòâóåò, ÷òî áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ, ÿâëÿþùàÿñÿ äðåâåñíîé
ñóììîé, ïðåäñòàâëÿþùåé ìàéåðîâñêèé êîýôôèöèåíò b3 ïî ôîðìóëàì (53) è (47), íåçíà-
÷èòåëüíî ñëîæíåå, ÷åì áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ, ÿâëÿþùàÿñÿ äðåâåñíîé ñóììîé,
ïðåäñòàâëÿþùåé êîýôôèöèåíò a3 ïî ôîðìóëàì (59) è (47).
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Ïðè n > 3 ìíîæåñòâî TR(n) ñîäåðæèò ïî êðàéíåé ìåðå îäíî äåðåâî, êîòîðîå íå ïðè-
íàäëåæèò ìíîæåñòâó TR(n, 0) è èìååò íåïóñòîå ìíîæåñòâî äîïóñòèìûõ ðåáåð. Ê òàêèì
äåðåâüÿì îòíîñÿòñÿ, â ÷àñòíîñòè, âñå äåðåâüÿ èç ìíîæåñòâà TR(n) âûñîòû H > 1, íå
ÿâëÿþùèåñÿ öåïüþ è èìåþùèå òàêîé ñëîé âåðøèí, â êîòîðîì ëèøü ñàìàÿ ñòàðøàÿ
âåðøèíà èìååò ñòåïåíü áîëüøóþ ÷åì åäèíèöà. Î÷åâèäíî, ÷òî èíòåãðàëû, ìàðêèðóå-
ìûå òàêèìè äåðåâüÿìè, èìåþò ïîëîæèòåëüíîå çíà÷åíèå ìîäåðíèçèðîâàííîãî êðèòåðèÿ
N1 ñëîæíîñòè èõ îöåíêè. Îíè âõîäÿò â áàçîâóþ ëèíåéíóþ êîìáèíàöèþ, ÿâëÿþùóþñÿ
äðåâåñíîé ñóììîé, ïðåäñòàâëÿþùåé ìàéåðîâñêèé êîýôôèöèåíò bn ïî ôîðìóëàì (53) è
(47), è íå âõîäÿò â áàçîâóþ ëèíåéíóþ êîìáèíàöèþ, ÿâëÿþùóþñÿ äðåâåñíîé ñóììîé,
ïðåäñòàâëÿþùåé êîýôôèöèåíò an ïî ôîðìóëàì (59) è (47).

Òàêèì îáðàçîì, â ðàññìàòðèâàåìîé ñèòóàöèè óäîâëåòâîðÿþòñÿ âñå óñëîâèÿ ñëåäñò-
âèÿ 4. Îòñþäà ïî ñëåäñòâèþ 4 ñëåäóåò âûâîä, ÷òî ïðè n > 3 áàçîâàÿ ëèíåéíàÿ êîì-
áèíàöèÿ, ÿâëÿþùàÿñÿ äðåâåñíîé ñóììîé, ïðåäñòàâëÿþùåé ìàéåðîâñêèé êîýôôèöèåíò
bn ïî ôîðìóëàì (53) è (47), çíà÷èòåëüíî ñëîæíåå, ÷åì áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ,
ÿâëÿþùàÿñÿ äðåâåñíîé ñóììîé, ïðåäñòàâëÿþùåé êîýôôèöèåíò an ïî ôîðìóëàì (59) è
(47).

Â òàáëèöå 3 ïðèâåäåíû âû÷èñëåííûå ïðè n = 2, 10 çíà÷åíèÿ êðèòåðèÿ Cr3 äëÿ áà-
çîâûõ ëèíåéíûõ êîìáèíàöèé, ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè ïðåäåëüíûõ ìàéåðîâñêèõ
êîýôôèöèåíòîâ bn â âèäå äðåâåñíûõ ñóìì ïî ôîðìóëàì (53) è (47), è äëÿ áàçîâûõ ëèíåé-
íûõ êîìáèíàöèé, ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè êîýôôèöèåíòîâ an â âèäå äðåâåñíûõ
ñóìì ïî ôîðìóëàì (59) è (47).

Ýòè çíà÷åíèÿ ÿâëÿþòñÿ ÷èñëåííûì ïîäòâåðæäåíèåì ïîëó÷åííîé òåîðåòè÷åñêèì ïó-
òåì ñðàâíèòåëüíîé îöåíêè ñëîæíîñòè ýòèõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé.

Îòñþäà ñëåäóåò âûâîä, ÷òî ïðÿìîé ìåòîä îöåíêè êîýôôèöèåíòîâ an, îñíîâàííûé
íà èõ ïðåäñòàâëåíèè äðåâåñíûìè ñóììàìè ïî ôîðìóëàì (59) è (47), ïðîùå è ðàöèî-
íàëüíåå ïðåäëîæåííîãî Ïåíðîóçîì ìåòîäà îöåíêè êîýôôèöèåíòîâ an, èñõîäÿùåãî èç
ñîîòíîøåíèé (57), ìåæäó ýòèìè êîýôôèöèåíòàìè è ìàéåðîâñêèìè êîýôôèöèåíòàìè bn.
Ñîîòíîøåíèÿ æå (57) öåëåñîîáðàçíåå èñïîëüçîâàòü äëÿ ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ
bn ÷åðåç êîýôôèöèåíòû an, ÷òîáû çàòåì ïðèìåíèòü ýòè ïðåäñòàâëåíèÿ êàê äëÿ îöåíêè
ìàéåðîâñêèõ êîýôôèöèåíòîâ bn, òàê è äëÿ îöåíêè âèðèàëüíûõ êîýôôèöèåíòîâ Bn.

Ýòè âûâîäû ÷èñëåííî ïîäòâåðæäàþòñÿ òàêæå è ïðèâåäåííûìè â òàáëèöå 1 âû÷èñ-
ëåííûìè ïðè n = 2, 10 çíà÷åíèÿìè êðèòåðèÿ Cr1 íà áàçîâûõ ëèíåéíûõ êîìáèíàöèÿõ,
ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè ïðåäåëüíûõ ìàéåðîâñêèõ êîýôôèöèåíòîâ bn â âèäå äðå-
âåñíûõ ñóìì ïî ôîðìóëàì (53) è (47), è äëÿ áàçîâûõ ëèíåéíûõ êîìáèíàöèé, ÿâëÿþ-
ùèõñÿ ïðåäñòàâëåíèÿìè êîýôôèöèåíòîâ an â âèäå äðåâåñíûõ ñóìì ïî ôîðìóëàì (59) è
(47).

Çíà÷åíèå êðèòåðèÿ Cr1 íà áàçîâîé ëèíåéíîé êîìáèíàöèè, ÿâëÿþùåéñÿ ïðåäñòàâ-
ëåíèåì êîýôôèöèåíòà an äðåâåñíîé ñóììîé ðàâíî ÷èñëó èíòåãðàëîâ â ýòîé äðåâåñíîé
ñóììå. Èç ïðåäñòàâëåíèÿ êîýôôèöèåíòà an äðåâåñíîé ñóììîé ïî ôîðìóëå (59) ñëåäó-
åò, ÷òî ÷èñëî èíòåãðàëîâ â ýòîé äðåâåñíîé ñóììå ðàâíî ÷èñëó äåðåâüåâ âî ìíîæåñòâå
TR(n, 0), êîòîðîå âû÷èñëÿåòñÿ ïî ôîðìóëå (60).

Ðåçóëüòàòû âû÷èñëåíèÿ ìîùíîñòè ìíîæåñòâà TR(n, 0) ïðè n = 2, 10 ïðèâåäåíû â
òàáëèöå 1. Äàííûå ýòîé òàáëèöû ïîäêðåïëÿþò óæå ñäåëàííûå âûâîäû. Ïî ýòèì äàííûì
ïðè n = 4, 10 ÷èñëî èíòåãðàëîâ â ñóììå, ïðåäñòàâëÿþùåé ìàéåðîâñêèé êîýôôèöèåíò bn
ïî ôîðìóëå (52) áîëåå ÷åì â 2 ðàçà áîëüøå ÷èñëà èíòåãðàëîâ â ïðåäñòàâëåíèè êîýôôè-
öèåíòà an ïî ôîðìóëå (59). Îòñþäà ïî ïðîñòåéøåìó êðèòåðèþ, êàêèì ÿâëÿåòñÿ äëèíà
áàçîâîé ëèíåéíîé êîìáèíàöèè, ñëåäóåò âûâîä: ïðè n = 4, 10 òàêîå ïðåäñòàâëåíèå êîýô-
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ôèöèåíòà an â íåñêîëüêî ðàç ïðîùå, ÷åì ïðåäñòàâëåíèå ìàéåðîâñêîãî êîýôôèöèåíòà bn
äðåâåñíîé ñóììîé ïî ôîðìóëàì (52) è (47).

8. Åùå îäíèì ïðèìåðîì óñïåøíîãî ïðèìåíåíèÿ ìåòîäà êàðêàñíûõ ñóìì ÿâëÿþòñÿ
ïîëó÷åííûå ýòèì ìåòîäîì ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ. Â ðàìêàõ ýòîãî
ìåòîäà áûëè ðàçðàáîòàíû äâà ñïîñîáà ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ.

Ïåðâûé èç íèõ ñîñòîèò â ñëåäóþùåì: êàæäûé âèðèàëüíûé êîýôôèöèåíò ïðåäñòà-
âëÿåòñÿ â âèäå ìíîãî÷ëåíà îò äðåâåñíûõ ñóìì. Â êà÷åñòâå ïðèìåðîâ òàêîãî ñïîñîáà
ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ ìîæíî ïðèâåñòè ïðåäñòàâëåíèÿ âèðèàëü-
íûõ êîýôôèöèåíòîâ, ñâîáîäíûå îò àñèìïòîòè÷åñêîé êàòàñòðîôû, äâóõ âèäîâ: 1) â âèäå
ìíîãî÷ëåíîâ îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ ìàéåðîâñêèå êîýôôèöèåíòû bn(Λ) è
2) â âèäå ìíîãî÷ëåíîâ îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ êîýôôèöèåíòû an.

Ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ â âèäå ìíîãî÷ëåíîâ îò äðåâåñíûõ ñóìì,
ïðåäñòàâëÿþùèõ ìàéåðîâñêèå êîýôôèöèåíòû bn ìîæíî ïîëó÷èòü, èñïîëüçóÿ ðåçóëüòà-
òû, ïîëó÷åííûå Ìàéåðîì [23, 42, 43, 44]. Â ñòàòüå [44] äàíî ïðåäñòàâëåíèå (â âèäå ìíî-
ãî÷ëåíîâ îò ìàéåðîâñêèõ êîýôôèöèåíòîâ bn) âåëè÷èí βµ, ÷åðåç êîòîðûå âûðàæàþòñÿ
âèðèàëüíûå êîýôôèöèåíòû ïî ôîðìóëå

Bn(Λ) = −n− 1

n
βn−1(Λ), n > 1. (61)

Ïðèâåäåì ýòî ïðåäñòàâëåíèå, íåñêîëüêî óïðîñòèâ îáîçíà÷åíèÿ è çàîäíî èñïðàâèâ çàìå-
÷åííóþ îïå÷àòêó. Ñ ýòîé öåëüþ ââåäåì îáîçíà÷åíèÿ

M(n) = {m} � ìíîæåñòâî (n − 1)-ìåðíûõ âåêòîðîâ m = (m1,m2, . . . ,mn−1), êîì-
ïîíåíòû êîòîðûõ ÿâëÿþòñÿ öåëûìè íåîòðèöàòåëüíûìè ÷èñëàìè, óäîâëåòâîðÿþùèìè
óñëîâèþ:

n−1∑
j=1

jmj = n− 1. (62)

Äëÿ êàæäîãî âåêòîðà m ∈ M(n) îïðåäåëèì íîðìó âåêòîðà, îáîçíà÷èâ åå ||m|| è
ïîëàãàÿ

||m|| =
n−1∑
i=1

mi. (63)

Â ýòèõ îáîçíà÷åíèÿõ âåëè÷èíà βµ(Λ) ïðåäñòàâëÿåòñÿ ñëåäóþùèì îáðàçîì:

βµ(Λ) = − 1

µ!

∑
m∈M(µ+1)

(µ+ ||m|| − 1)!

µ∏
j=1

1

mj!
(−(j + 1)bj+1)mj . (64)

Çäåñü è äàëåå äëÿ êðàòêîñòè ïèñüìà îïóùåí àðãóìåíò Λ ó ìàéåðîâñêèõ êîýôôèöèåíòîâ
bn.

Èç ôîðìóë (61) è (64) âûòåêàþò ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ â âèäå
ìíîãî÷ëåíîâ îò ìàéåðîâñêèõ êîýôôèöèåíòîâ bn:

Bn(Λ) = −n− 1

n!

∑
m∈M(n)

(n+ ||m|| − 2)!
n−1∏
j=1

1

mj!
(−(j + 1)bj+1))mj . (65)

Àíàëîãè÷íûì îáðàçîì ìîæåò áûòü ïðåäñòàâëåí è òåðìîäèíàìì÷åñêèé ïðåäåë Bn

âèðèàëüíîãî êîýôôèöèåíòà â âèäå ìíîãî÷ëåíîâ îò òåðìîäèíàìì÷åñêèõ ïðåäåëîâ bn
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ìàéåðîâñêèõ êîýôôèöèåíòîâ:

Bn = −n− 1

n!

∑
m∈M(n)

(n+ ||m|| − 2)!
n−1∏
j=1

1

mj!
(−(j + 1)bj+1))mj . (66)

Ôîðìóëû (65) è (66) áóäåì íàçûâàòü ôîðìóëîé Ìàéåðà.
Äàëåå äëÿ êðàòêîñòè ïèñüìà ìû áóäåì îïóñêàòü àðãóìåíò Λ ó âèðèàëüíûõ êîýôôè-

öèåíòîâ Bn òàì, ãäå ýòî íå âûçîâåò çàòðóäíåíèé â ïîíèìàíèè ó ÷èòàòåëÿ.
Ïóñòü â ôîðìóëå (65) ìàéåðîâñêèå êîýôôèöèåíòû bn(Λ) îïðåäåëÿþòñÿ ïî ôîðìóëàì

(52) è (48) èõ ïðåäñòàâëåíèÿìè â âèäå äðåâåñíûõ ñóìì. Òîãäà ôîðìóëû (65), (52) è (48)
ÿâëÿþò ñîáîé ïðåäñòàâëåíèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) â âèäå ìíîãî÷ëåíîâ îò
äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ ìàéåðîâñêèå êîýôôèöèåíòû b2(Λ), b3(Λ), . . . , bn(Λ).
Òàêîå ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) áóäåì íàçûâàòü åãî ïðåäñòàâ-
ëåíèåì ôîðìóëîé Ìàéåðà è ôîðìóëàìè (52) è (48). Àíàëîãè÷íî, ïðåäñòàâëåíèå
òåðìîäèíàìè÷åñêîãî ïðåäåëà Bn âèðèàëüíîãî êîýôôèöèåíòà â âèäå ìíîãî÷ëåíîâ îò äðå-
âåñíûõ ñóìì, ïðåäñòàâëÿþùèõ òåðìîäèíàìè÷åñêèå ïðåäåëû b2, b3, . . . , bn ìàéåðîâñêèõ
êîýôôèöèåíòîâ áóäåì íàçûâàòü åãî ïðåäñòàâëåíèåì ôîðìóëîé Ìàéåðà è ôîðìó-
ëàìè (53) è (47). Î÷åâèäíî, ÷òî ïðîöåäóðà âû÷èñëåíèÿ îöåíêè òåðìîäèíàìè÷åñêîãî
ïðåäåëà Bn âèðèàëüíîãî êîýôôèöèåíòà, îñíîâàííàÿ íà åãî ïðåäñòàâëåíèè ôîðìóëîé
Ìàéåðà è ôîðìóëàìè (53) è (47) èìååò òàêóþ æå ñëîæíîñòü, êàê è ïðîöåäóðà âû-
÷èñëåíèÿ îöåíêè âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ), îñíîâàííàÿ íà åãî ïðåäñòàâëåíèè
ôîðìóëîé Ìàéåðà è ôîðìóëàìè (52) è (48).

Äëÿ êðàòêîñòè ñëîæíîñòü ïðîöåäóðû âû÷èñëåíèÿ îöåíêè âèðèàëüíîãî êîýôôèöèåí-
òà Bn(Λ), îñíîâàííîé íà åãî ïðåäñòàâëåíèè ôîðìóëîé Ìàéåðà è ôîðìóëàìè (52) è (48)
áóäåì íàçûâàòü ñëîæíîñòüþ ïðåäñòàâëåíèÿ âèðèàëüíîãî êîýôôèöèåíòà ôîð-
ìóëîé Ìàéåðà è ôîðìóëàìè (52) è (48).

Ïðåäñòàâëÿåò èíòåðåñ âîïðîñ: êàêîâà æå ñëîæíîñòü âû÷èñëåíèé îöåíîê âèðèàëüíûõ
êîýôôèöèåíòîâ ñ ïîìîùüþ ýòèõ ïðåäñòàâëåíèé? ×òîáû îòâåòèòü íà ýòîò âîïðîñ, íóæ-
íî ÷åòêî îïðåäåëèòü ïðîöåññ âû÷èñëåíèé ýòèõ îöåíîê. Â äàííîé ñòàòüå ïðåäëàãàåòñÿ
ñëåäóþùàÿ ñõåìà ýòîãî ïðîöåññà:

Ýòàï 1. Âû÷èñëåíèå îöåíîê ìàéåðîâñêèõ êîýôôèöèåíòîâ, âõîäÿùèõ â ïðåäñòàâëå-
íèå äàííîãî âèðèàëüíîãî êîýôôèöèåíòà ïî ôîðìóëå Ìàéåðà.

Ýòàï 2. Âû÷èñëåíèå îöåíêè äàííîãî âèðèàëüíîãî êîýôôèöèåíòà. Âû÷èñëåíèå ïðî-
èçâîäèòñÿ ïî ôîðìóëå Ìàéåðà, â êîòîðóþ âìåñòî ìàéåðîâñêèõ êîýôôèöèåíòîâ ïîäñòàâ-
ëÿþòñÿ âû÷èñëåííûå îöåíêè ýòèõ êîýôôèöèåíòîâ.

Äëÿ îöåíêè ñëîæíîñòè ýòèõ âû÷èñëåíèé ïî ôîðìóëå Ìàéåðà ïðåäñòàâèì ýòó ôîð-
ìóëó â íåñêîëüêî èíîì, áîëåå óäîáíîì äëÿ ðåøåíèÿ ýòîé çàäà÷è âèäå.

Ñ ýòîé öåëüþ ââåäåì îáîçíà÷åíèÿ:

Qn(x;y;m) =
n−1∏
j=1

1

mj!
(yjxj)

mj . (67)

Çäåñü x = (x1, x2, . . . , xn−1), y = (y1, y2, . . . , yn−1) è m = (m1,m2, . . . ,mn−1) �
(n− 1)-ìåðíûå âåêòîðû, ïðè÷åì êîìïîíåíòû âåêòîðà m ÿâëÿþòñÿ öåëûìè íåîòðèöà-
òåëüíûìè ÷èñëàìè, óäîâëåòâîðÿþùèìè óñëîâèþ (62).

Ïîëîæèì

xi = −bi+1(Λ), i = 1, 2, . . . , n− 1; b(Λ) = {b2(Λ), b3(Λ), . . . , bn(Λ)}; (68)
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yi = i+ 1, i = 1, 2, . . . , n− 1. (69)

Â ýòèõ îáîçíà÷åíèÿõ ôîðìóëà Ìàéåðà (65) ïðèíèìàåò âèä

Bn(Λ) = −n− 1

n!

∑
m∈M(n)

(n+ ||m|| − 2)!Qn(x;y;m). (70)

Èç óñëîâèÿ (62) âûòåêàåò, ÷òî íîðìà ëþáîãî âåêòîðà m ∈ M(n) óäîâëåòâîðÿåò íå-
ðàâåíñòâó

||m|| ≤ n− 1. (71)

Çàìå÷àíèå 11. Èç îïðåäåëåíèÿ ôóíêöèè Qn(x;y;m) ôîðìóëîé (67) ñëåäóåò, ÷òî â
ñëó÷àå, êîãäà çíà÷åíèÿ êîìïîíåíò âåêòîðà y âû÷èñëÿþòñÿ ïî ôîðìóëàì (69), à çíà÷åíèÿ
êîìïîíåíò âåêòîðà x çàäàíû, äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè Qn(x;y;m) òðåáóåòñÿ
ïðîèçâåñòè íå áîëåå 5||m|| àðèôìåòè÷åñêèõ îïåðàöèé,

Òàêæå è â ñëó÷àå, êîãäà çíà÷åíèÿ êîìïîíåíò âåêòîðà y âû÷èñëÿþòñÿ ïî ôîðìóëå

yi = −i− 1, i = 1, 2, . . . , n− 1, (72)

à çíà÷åíèÿ êîìïîíåíò âåêòîðà x çàäàíû, äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè Qn(x;y;m)
òðåáóåòñÿ ïðîèçâåñòè íå áîëåå 5||m|| àðèôìåòè÷åñêèõ îïåðàöèé,

Â ñëó÷àå æå, êîãäà âñå êîìïîíåíòû âåêòîðà y ðàâíû ÷èñëó 1, à çíà÷åíèÿ êîìïîíåíò
âåêòîðà x çàäàíû, äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè Qn(x;y;m) ïðè äàííûõ çíà÷å-
íèÿõ âåêòîðîâ x è y òðåáóåòñÿ ïðîèçâåñòè íå áîëåå 3||m|| àðèôìåòè÷åñêèõ îïåðàöèé.
�

Çàìå÷àíèå 12 [39]. Èç îïðåäåëåíèÿ ñóììû
∑

m∈M(n)

ñëåäóåò, ÷òî ÷èñëî ñëàãàåìûõ â

ýòîé ñóììå ðàâíî ÷èñëó âñåõ íåóïîðÿäî÷åííûõ ðàçëîæåíèé ÷èñëà n− 1 â ñóììó íàòó-
ðàëüíûõ ñëàãàåìûõ. Ñëåäóÿ [26, 29], îáîçíà÷èì ýòî ÷èñëî p(n− 1).

Âåëè÷èíà p(n) ðàñòåò ñ ðîñòîì n äîâîëüíî ìåäëåííî. Åå çíà÷åíèÿ ïðèâåäåíû â êíèãå
[26, 29] (ñì. Òàáëèöó 4.2). Òàê, ïðè n = 9 ýòà âåëè÷èíà ïðèíèìàåò çíà÷åíèå 30, à ïðè
n = 10 ýòà âåëè÷èíà ðàâíà 42. �

Èç çàìå÷àíèÿ 12, èç ôîðìóëû (67) è èç íåðàâåíñòâà (71) âûòåêàåò, ÷òî ïðè n ≤ 10
äëÿ âû÷èñëåíèÿ ñóììû ∑

m∈M(n)

(n+ ||m|| − 2)!Qn(x;y;m),

ãäå x è y îïðåäåëÿþòñÿ ôîðìóëàìè (68) è (69) ñîîòâåòñòâåííî, òðåáóåòñÿ ïðîèçâåñòè
ìåíåå 2430 àðèôìåòè÷åñêèõ îïåðàöèé. Èç ýòîé îöåíêè è ôîðìóëû Ìàéåðà ñëåäóåò,
÷òî äëÿ âû÷èñëåíèÿ ïî ôîðìóëå Ìàéåðà îöåíêè âèðèàëüíîãî êîýôôèöèåíòà Bn ïî
èçâåñòíûì îöåíêàì ìàéåðîâñêèõ êîýôôèöèåíòîâ bn ïðè n ≤ 10 òðåáóåòñÿ ïðîèçâåñòè
ìåíåå 2440 àðèôìåòè÷åñêèõ îïåðàöèé.

Ýòî � íè÷òîæíî ìàëîå ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé ïî ñðàâíåíèþ ñ ÷èñëîì îïå-
ðàöèé, íåîáõîäèìûõ äëÿ ïîëó÷åíèÿ îöåíêè äàæå ïåðâûõ âèðèàëüíûõ êîýôôèöèåíòîâ,
òàêèõ êàê B4, B5, B6 (è êàê ìàéåðîâñêèõ êîýôôèöèåíòîâ b4, b5, b6). Âåäü ïðè ïðîöåäóðå
âû÷èñëåíèÿ îöåíîê ýòèõ êîýôôèöèåíòîâ ìåòîäîì Ìîíòå-Êàðëî ïðîèçâîäèòñÿ ïîðÿäêà
1010 è áîëåå ñòàòèñòè÷åñêèõ èñïûòàíèé. Îòñþäà âûòåêàåò ñëåäóþùåå
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Çàìå÷àíèå 13. Ñëîæíîñòü ïðîöåññà âû÷èñëåíèÿ îöåíêè âèðèàëüíîãî êîýôôèöèåí-
òà Bn(Λ), îñíîâàííîãî íà ïðåäñòàâëåíèè ýòîãî êîýôôèöèåíòà ôîðìóëîé Ìàéåðà è ôîð-
ìóëàìè (52) è (47'), íåçíà÷èòåëüíî ïðåâûøàåò ñëîæíîñòü âñåõ âû÷èñëåíèé, îñóùåñòâ-
ëÿåìûõ íà ïåðâîì ýòàïå ýòîãî ïðîöåññà. Ýòî äàåò âîçìîæíîñòü èñïîëüçîâàòü êðèòåðèé
ñëîæíîñòè âñåõ âû÷èñëåíèé, îñóùåñòâëÿåìûõ íà ïåðâîì ýòàïå, â êà÷åñòâå êðèòåðèÿ
ñëîæíîñòè ïðåäñòàâëåíèÿ ýòîãî âèðèàëüíîãî êîýôôèöèåíòà ôîðìóëîé Ìàéåðà è ôîð-
ìóëàìè (52) è (48). �

Ðàçóìååòñÿ, ñëîæíîñòü ïðîöåäóðû âû÷èñëåíèÿ îöåíîê ìàéåðîâñêèõ êîýôôèöèåíòîâ
çàâèñèò îò èõ ïðåäñòàâëåíèé. Äëÿ êðàòêîñòè ñëîæíîñòü ïðîöåäóðû âû÷èñëåíèÿ îöåíîê
âñåõ ìàéåðîâñêèõ êîýôôèöèåíòîâ èç ñîâîêóïíîñòè {b2, b3, . . . , bn} ñ ïîìîùüþ äàííûõ
èõ ïðåäñòàâëåíèé ìû áóäåì íàçûâàòü ñëîæíîñòüþ äàííîé ñîâîêóïíîñòè ïðåäñòà-
âëåíèé ìàéåðîâñêèõ êîýôôèöèåíòîâ.

Îïèðàÿñü íà çàìå÷àíèå 13, áóäåì ñ÷èòàòü, ÷òî êðèòåðèåì ñëîæíîñòè ïðåäñòàâëåíèÿ
âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ôîðìóëîé Ìàéåðà è ôîðìóëàìè (52) è (48) ÿâëÿåòñÿ
êðèòåðèé ñëîæíîñòè ñîâîêóïíîñòè, ñîñòîÿùåé èç ïðåäñòàâëåíèé ìàéåðîâñêèõ êîýôôè-
öèåíòîâ b2(Λ), b3(Λ), . . . , bn(Λ). Àíàëîãè÷íî, ìû áóäåì ñ÷èòàòü, ÷òî êðèòåðèåì ñëîæíî-
ñòè ïðåäñòàâëåíèÿ òåðìîäèíàìè÷åñêîãî ïðåäåëà Bn âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ)
ôîðìóëîé Ìàéåðà è ôîðìóëàìè (53) è (47) ÿâëÿåòñÿ êðèòåðèé ñëîæíîñòè ñîâîêóïíîñòè
{b2, b3, . . . , bn}, ñîñòîÿùåé èç ïðåäñòàâëåíèé òåðìîäèíàìè÷åñêîãî ïðåäåëîâ ìàéåðîâñêèõ
êîýôôèöèåíòîâ b2(Λ), b3(Λ), . . . , bn(Λ).

Â ðàññìàòðèâàåìûõ íèæå ñëó÷àÿõ ìàéåðîâñêèå êîýôôèöèåíòû ïðåäñòàâëÿþòñÿ äðå-
âåñíûìè ñóììàìè ïî ôîðìóëàì (52) è (48). Ïî ëåììå 3 ýòè ïðåäñòàâëåíèÿ ÿâëÿþòñÿ
áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè.

Â äàëüíåéøåì èçëîæåíèè ìû áóäåì ðàññìàòðèâàòü òîëüêî áàçîâûå ëèíåéíûå êîì-
áèíàöèè èíòåãðàëîâ ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè. Äëÿ êðàòêîñòè ìû
èõ áóäåì íàçûâàòü áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè.

Äëÿ òîãî, ÷òîáû îöåíèòü ñëîæíîñòü ñîâîêóïíîñòè áàçîâûõ ëèíåéíûõ êîìáèíàöèé,
ïðåäñòàâëÿþùèõ ìàéåðîâñêèå êîýôôèöèåíòû b2, b3, . . . , bn, íóæíî ââåñòè êðèòåðèè ñëî-
æíîñòè îöåíêè êîíå÷íîé ñîâîêóïíîñòè áàçîâûõ ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåí-
òàìè íåçíà÷èòåëüíîé ñëîæíîñòè. Ñ ýòîé öåëüþ ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

L = {L} � êîíå÷íàÿ ñîâîêóïíîñòü áàçîâûõ ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåíòà-
ìè íåçíà÷èòåëüíîé ñëîæíîñòè;

U(L) = {U(L) : L ∈ L} � ñîâîêóïíîñòü âñåõ ìíîæåñòâ, àññîöèèðîâàííûõ ñ áàçîâûìè
ëèíåéíûìè êîìáèíàöèÿìè, ïðèíàäëåæàùèìè ñîâîêóïíîñòè L

Îïð å ä å ë å í è å 24. Ñîâîêóïíîñòü U(L) íàçûâàåòñÿ ñîâîêóïíîñòüþ ìíîæåñòâ,
àññîöèðîâàííîþ ñ ñîâîêóïíîñòüþ L áàçîâûõ ëèíåéíûõ êîìáèíàöèé. �

Îïð å ä å ë å í è å 25. Ñîâîêóïíîñòü ìíîæåñòâ U(L) íàçûâàåòñÿ óïîðÿäî÷åííîé, åñ-
ëè ñóùåñòâóåò òàêîå ñâÿçíîå, îãðàíè÷åííîå è èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî Λ ⊂ Rν ,
÷òî àññîöèðîâàííîå ìíîæåñòâî U(L) ëþáîé áàçîâîé ëèíåéíîé êîìáèíàöèè L ∈ L ìîæåò
áûòü ïðåäñòàâëåíî â âèäå: U(L) = Λk, ãäå k � ïîðÿäîê ëèíåéíîé êîìáèíàöèè L. Ïðè
ýòîì ìíîæåñòâî Λ íàçûâàåòñÿ ñîïðÿæåííûì ñ ñîâîêóïíîñòüþ L. �

Îïð å ä å ë å í è å 26. Êîíå÷íàÿ ñîâîêóïíîñòü áàçîâûõ ëèíåéíûõ êîìáèíàöèé L íàçû-
âàåòñÿ áàçîâîé, åñëè îíà óäîâëåòâîðÿåò îäíîìó èç ñëåäóþùèõ äâóõ óñëîâèé:

1) êàæäàÿ ïðèíàäëåæàùàÿ åé áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà k ïðèíàäëåæèò
ìíîæåñòâó L(k, (Rν)k−1);

2) êàæäàÿ ïðèíàäëåæàùàÿ åé áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà k ïðèíàäëåæèò
ìíîæåñòâó L(k), à ñîâîêóïíîñòü ìíîæåñòâ U(L) ÿâëÿåòñÿ óïîðÿäî÷åííîé. �
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Îïð å ä å ë å í è å 27. Íàèáîëüøåå èç ÷èñåë, ñëóæàùèõ â êà÷åñòâå ïîðÿäêà îäíîé èç
áàçîâûõ ëèíåéíûõ êîìáèíàöèé, âõîäÿùèõ â áàçîâóþ ñîâîêóïíîñòü L, íàçûâàåòñÿ ïî-
ðÿäêîì ýòîé ñîâîêóïíîñòè. �

Îïð å ä å ë å í è å 28. Áàçîâûå ñîâîêóïíîñòè L1 è L2 íàçûâàþòñÿ ñðàâíèìûìè, åñëè
îíè îáå èìåþò îäèí è òîò æå ïîðÿäîê n è åñëè îíè îáå óäîâëåòâîðÿþò îäíîìó èç
ñëåäóþùèõ äâóõ óñëîâèé:

1) Ëþáàÿ áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà k, ïðèíàäëåæàùàÿ õîòÿ áû îäíîé
èç ýòèõ äâóõ áàçîâûõ ñîâîêóïíîñòåé, ïðèíàäëåæèò ìíîæåñòâó L(k, (Rν)k−1); çäåñü k ≤ n
n � ïîðÿäîê ýòèõ áàçîâûõ ñîâîêóïíîñòåé.

2) Êàæäàÿ èç ýòèõ äâóõ áàçîâûõ ñîâîêóïíîñòåé îáëàäàåò ñîïðÿæåííûì ìíîæåñòâîì,
è ýòè äâà ñîïðÿæåííûå ìíîæåñòâà ñîâïàäàþò äðóã ñ äðóãîì. �

Â äàëüíåéøåì èçëîæåíèè ìû áóäåì ðàññìàòðèâàòü òîëüêî òàêèå ñîâîêóïíîñòè ëè-
íåéíûõ êîìáèíàöèé èíòåãðàëîâ, êîòîðûå ÿâëÿþòñÿ áàçîâûìè ñîâîêóïíîñòÿìè.

Êàæäûé èç ïðåäëàãàåìûõ êðèòåðèåâ ñëîæíîñòè îöåíêè áàçîâîé ñîâîêóïíîñòè ëè-
íåéíûõ êîìáèíàöèé ïîðîæäàåòñÿ îäíèì èç èçëîæåííûõ âûøå êðèòåðèåâ ñëîæíîñòè
áàçîâûõ ëèíåéíûõ êîìáèíàöèé. Îáîçíà÷èì Cr′i, ãäå i = 1, 2, 3, êðèòåðèé ñëîæíîñòè
îöåíêè áàçîâîé ñîâîêóïíîñòè ëèíåéíûõ êîìáèíàöèé, ïîðîæäåííûé êðèòåðèåì Cri.

Êðèòåðèé ñëîæíîñòè Cr′i(L) ìû îïðåäåëèì íà âñåõ áàçîâûõ ñîâîêóïíîñòÿõ, ñîñòîÿ-
ùèõ èç òàêèõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé, íà êîòîðûõ îïðåäåëåí êðèòåðèé ñëîæíî-
ñòè Cri.

Íà êàæäîé òàêîé áàçîâîé ñîâîêóïíîñòè L = {L} çíà÷åíèå êðèòåðèÿ Cr′i(L) îïðåäå-
ëèì ôîðìóëîé

Cr′i(L) =
∑
L∈L

Cri(L), (73)

Òàê êàê êðèòåðèè Cr1 è Cr2 îïðåäåëåíû íà âñåõ áàçîâûõ ëèíåéíûõ êîìáèíàöèÿõ,
òî êðèòåðèè Cr′1 è Cr

′
2, ïî èõ îïðåäåëåíèþ ôîðìóëîé (73), îïðåäåëåíû íà âñåõ áàçîâûõ

ñîâîêóïíîñòÿõ. À òàê êàê êðèòåðèé Cr3 îïðåäåëåí òîëüêî íà áàçîâûõ ëèíåéíûõ êîìáè-
íàöèÿõ áàçîâûõ íåñîáñòâåííûõ ñõîäÿùèõñÿ èíòåãðàëîâ, òî êðèòåðèé Cr′3 ïî åãî îïðå-
äåëåíèþ ôîðìóëîé (73), îïðåäåëåí íà âñåõ áàçîâûõ ñîâîêóïíîñòÿõ, ñîñòîÿùèõ òîëüêî
èç áàçîâûõ ëèíåéíûõ êîìáèíàöèé áàçîâûõ íåñîáñòâåííûõ ñõîäÿùèõñÿ èíòåãðàëîâ.

Âûøå áûëî çàìå÷åíî, ÷òî çíà÷åíèå êàæäîãî èç êðèòåðèåâ Cr1, Cr2 è Cr3 íà ëèíåé-
íîé êîìáèíàöèè L, âõîäÿùåé â îáëàñòü åãî îïðåäåëåíèÿ, çàâèñèò òîëüêî îò ìíîæåñòâà
G(L) ãðàôîâ, ñëóæàùèõ ìåòêàìè ïîäûíòåãðàëüíûõ ôóíêöèé èíòåãðàëîâ, âõîäÿùèõ â
ýòó ëèíåéíóþ êîìáèíàöèþ, è íå çàâèñèò îò àññîöèèðîâàííîãî ìíîæåñòâà ýòîé ëèíåé-
íîé êîìáèíàöèè. Îòñþäà è èç îïðåäåëåíèÿ êðèòåðèåâ Cr′1, Cr

′
2 è Cr′3 ôîðìóëîé (73)

âûòåêàåò, ÷òî çíà÷åíèå êàæäîãî èç êðèòåðèåâ Cr′1, Cr
′
2 è Cr

′
3 íà áàçîâîé ñîâîêóïíîñòè,

âõîäÿùåé â îáëàñòü åãî îïðåäåëåíèÿ, çàâèñèò òîëüêî îò ìíîæåñòâà ãðàôîâ, ñëóæàùèõ
ìåòêàìè ïîäûíòåãðàëüíûõ ôóíêöèé èíòåãðàëîâ, âõîäÿùèõ â ëèíåéíûå êîìáèíàöèè,
ïðèíàäëåæàùèå ýòîé ñîâîêóïíîñòè, è íå çàâèñèò îò ñîïðÿæåííîãî ìíîæåñòâà ýòîé áà-
çîâîé ñîâîêóïíîñòè.

Îïð å ä å ë å í è å 29. Ïóñòü êðèòåðèé Cr′i, ãäå i ìîæåò ïðèíèìàòü çíà÷åíèÿ i = 1, 2, 3,
îïðåäåëåí íà ñðàâíèìûõ áàçîâûõ ñîâîêóïíîñòÿõ L è L1 ëèíåéíûõ êîìáèíàöèé.

Áóäåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cr′i, áàçîâàÿ ñîâîêóïíîñòü L1 çíà÷èòåëüíî
ñëîæíåå áàçîâîé ñîâîêóïíîñòè L, åñëè Cr′i(L1) > Cri(L). Åñëè æå Cri(L1) = Cri(L),
òî áóäåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cr′i ñëîæíîñòü îäíîé èç ýòèõ äâóõ áàçîâûõ ñîâî-
êóïíîñòåé ðàâíà èëè íåçíà÷èòåëüíî îòëè÷àåòñÿ îò ñëîæíîñòè äðóãîé èç íèõ, è
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ãîâîðèòü ÷òî ïî êðèòåðèþ Cr′i ñëîæíîñòü îäíîé èç íèõ ïðèáëèçèòåëüíî ðàâíà ñëî-
æíîñòè äðóãîé. Åñëè èçâåñòíî, ÷òî áàçîâàÿ ñîâîêóïíîñòü L1 ñëîæíåå áàçîâîé ñîâîêóï-
íîñòè L, è Cri(L1) = Cri(L), òî áóäåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cr′i ñîâîêóïíîñòü L1

íåçíà÷èòåëüíî ñëîæíåå ñîâîêóïíîñòè L. �
Ïóñòü L0 � áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëî-

æíîñòè, ïðèíàäëåæàùàÿ îáëàñòè îïðåäåëåíèÿ êðèòåðèÿ ñëîæíîñòè Cri. Ïîñòàâèì åé â
ñîîòâåòñòâèå ñîâîêóïíîñòü L0 = {L0}, ñîñòîÿùóþ èç îäíîé ëèíåéíîé êîìáèíàöèè L0.
Î÷åâèäíî, ÷òî áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L0 è ñîâîêóïíîñòü L0 èìåþò îäíó è òó æå
ñëîæíîñòü âû÷èñëåíèé.

Ñîâîêóïíîñòü L0 ïî åå îïðåäåëåíèþ ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ êðèòåðèÿ
ñëîæíîñòè Cr′i. Ïîýòîìó äëÿ íåå îïðåäåëåíî çíà÷åíèå êðèòåðèÿ ñëîæíîñòè Cr′i. Ïî
îïðåäåëåíèþ êðèòåðèÿ Cr′i ôîðìóëîé (73) èìååò ìåñòî ðàâåíñòâî

Cr′i(L0) = Cri(L0). (74)

Îïð å ä å ë å í è å 30. Áàçîâàÿ ñîâîêóïíîñòü L è áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L0

íàçûâàþòñÿ ñðàâíèìûìè, åñëè îíè îáå èìåþò îäèí è òîò æå ïîðÿäîê n, è åñëè ëþ-
áàÿ áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L ∈ L ïîðÿäêà n ÿâëÿåòñÿ ñðàâíèìîé ñ ëèíåéíîé
êîìáèíàöèåé L0. �

Ýòî îïðåäåëåíèå âìåñòå ñ ðàâåíñòâîì (74) äàþò âîçìîæíîñòü ââåñòè îïðåäåëåíèå,
ïðåäîñòàâëÿþùåå âîçìîæíîñòü ñðàâíèâàòü ñëîæíîñòü âñÿêîé áàçîâîé ëèíåéíîé êîìáè-
íàöèè L0, íà êîòîðîé îïðåäåëåí êðèòåðèé Cri, ñî ñëîæíîñòüþ ñðàâíèìîé ñ íåé áàçîâîé
ñîâîêóïíîñòè L′ = {L}, íà êîòîðîé îïðåäåëåí êðèòåðèé Cr′i.

Èñïîëüçóÿ ðàâåíñòâî (74), äàäèì ñëåäóþùåå
Îïð å ä å ë å í è å 31. Ïóñòü L � áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ, íà êîòîðîé îïðåäåëåí

êðèòåðèé Cri; à L � ñðàâíèìàÿ ñ íåé áàçîâàÿ ñîâîêóïíîñòü ëèíåéíûõ êîìáèíàöèé. Áó-
äåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cr′i áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ L çíà÷èòåëüíî
ñëîæíåå ñîâîêóïíîñòè áàçîâûõ ëèíåéíûõ êîìáèíàöèé L, åñëè Cri(L) > Cr′i(L).
Åñëè æå Cri(L) < Cr′i(L), òî áóäåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cr′i áàçîâàÿ ëèíåéíàÿ
êîìáèíàöèÿ L çíà÷èòåëüíî ïðîùå ñîâîêóïíîñòè áàçîâûõ ëèíåéíûõ êîìáè-
íàöèé L.

Â ñëó÷àå, êîãäà Cri(L) = Cr′i(L), áóäåì ñ÷èòàòü, ÷òî ïî êðèòåðèþ Cr′i ñëîæíîñòü
áàçîâîé ëèíåéíîé êîìáèíàöèè L ïðèáëèçèòåëüíî ðàâíà ñëîæíîñòè ñîâîêóï-
íîñòè áàçîâûõ ëèíåéíûõ êîìáèíàöèé L. �

Îáîçíà÷èì LTR(n,Λ) = {L} ìíîæåñòâî âñåõ äðåâåñíûõ ñóìì, ÿâëÿþùèõñÿ ïðåäñòàâ-
ëåíèÿìè ïî ôîðìóëàì (52) è (48) ìàéðîâñêèõ êîýôôèöèåíòîâ, ïðèíàäëåæàùèõ ìíîæå-
ñòâó (b1,n−1) = {b2(Λ), b3(Λ), . . . , bn(Λ)}. Ñëåäóÿ èçëîæåííîìó âûøå, ìû ïîëàãàåì, ÷òî
êðèòåðèé ñëîæíîñòè ìíîæåñòâà LTR(n,Λ) äðåâåñíûõ ñóìì ÿâëÿåòñÿ êðèòåðèåì ñëî-
æíîñòè ïðåäñòàâëåíèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïî ôîðìóëå (65) Ìàéåðà è
ôîðìóëàì (52) è (48).

Ëåììà 5. Ïóñòü ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé, ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãóëÿð-
íîñòè. È ïóñòü ìíîæåñòâî Λ åñòü ñâÿçíîå, îãðàíè÷åííîå è èçìåðèìîå ïî Ëåáåãó
ìíîæåñòâî, ñîäåðæàùååñÿ â ïðîñòðàíñòâå Rν. Òîãäà ìíîæåñòâî LTR(n,Λ) ÿâëÿåòñÿ
áàçîâûì ìíîæåñòâîì áàçîâûõ ëèíåéíûõ êîìáèíàöèé. Ýòî ìíîæåñòâî èìååò ïîðÿäîê
n, à ìíîæåñòâî Λ ÿâëÿåòñÿ ñîïðÿæåííûì ìíîæåñòâîì ýòîãî áàçîâîãî ìíîæåñòâà.

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ ìíîæåñòâà äðåâåñíûõ ñóìì LTR(n,Λ) ñëåäóåò,
÷òî âñÿêàÿ ïðèíàäëåæàùàÿ ýòîìó ìíîæåñòâó äðåâåñíàÿ ñóììà ÿâëÿåòñÿ ïðåäñòàâëå-
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íèåì íåêîåãî ìàéåðîâñêîãî êîýôôèöèåíòà bk(Λ) èç ñîâîêóïíîñòè ìàéåðîâñêèõ êîýô-
ôèöèåíòîâ b1,n−1(Λ) = {b2(Λ), b3(Λ), . . . , bn(Λ)}. Èç îïðåäåëåíèÿ ìíîæåñòâà LTR(n,Λ)
ïî ëåììå 3 ñëåäóåò, ÷òî ýòà äðåâåñíàÿ ñóììà ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöè-
åé ïîðÿäêà k ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè. Òàêèì îáðàçîì, ìíîæå-
ñòâî LTR(n,Λ) ÿâëÿåòñÿ êîíå÷íûì ìíîæåñòâîì âñåõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé,
ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè ïî ôîðìóëàì (52) è (48) ìàéåðîâñêèõ êîýôôèöèåíòîâ,
ïðèíàäëåæàùèõ ìíîæåñòâó b1,n−1(Λ). Ïðè ýòîì ïðåäñòàâëåíèåì ìàéðîâñêîãî êîýôôè-
öèåíòà bk ∈ b1,n−1(Λ) ÿâëÿåòñÿ áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà k èç ìíîæåñòâà
LTR(n,Λ).

Èç îïðåäåëåíèÿ ýòèõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé èç ìíîæåñòâà LTR(n,Λ) ôîð-
ìóëàìè (52) è (48) ñëåäóåò, ÷òî ñ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà k èç ýòîãî
ìíîæåñòâà àññîöèèðîâàíî ìíîæåñòâî Λk. Èç óñëîâèé ëåììû 5 ñëåäóåò, ÷òî ïðè ëþáîì
íàòóðàëüíîì ÷èñëå k ýòî àññîöèèðîâàííîå ìíîæåñòâî Λk ÿâëÿåòñÿ ñâÿçíûì, îãðàíè÷åí-
íûì è èçìåðèìûì ïî Ëåáåãó ìíîæåñòâîì [21], ñîäåðæàùèìñÿ â ïðîñòðàíñòâå (Rν)k.
Îòñþäà, âî-ïåðâûõ, ñëåäóåò, ÷òî ïðè ëþáîì k = 2, 3, . . . , n áàçîâàÿ ëèíåéíàÿ êîìáèíà-
öèÿ ïîðÿäêà k èç ìíîæåñòâà LTR(n,Λ) ïðèíàäëåæèò ìíîæåñòâó L(k) ïî îïðåäåëåíèþ
ýòîãî ìíîæåñòâà. Âî-âòîðûõ, îòñþäà ïî îïðåäåëåíèþ 25 ñëåäóåò, ÷òî ñîâîêóïíîñòü âñåõ
ìíîæåñòâ, àññîöèèðîâàííûõ ñ áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè, ïðèíàäëåæàùèìè
ìíîæåñòâó LTR(n,Λ), ÿâëÿåòñÿ óïîðÿäî÷åííîé, à ìíîæåñòâî Λ ÿâëÿåòñÿ ñîïðÿæåííûì
ñ ìíîæåñòâîì LTR(n,Λ).

Èç ïîëó÷åííûõ ðåçóëüòàòîâ ïî îïðåäåëåíèþ 26 ñëåäóåò, ÷òî ìíîæåñòâî LTR(n,Λ)
ÿâëÿåòñÿ áàçîâûì ìíîæåñòâîì áàçîâûõ ëèíåéíûõ êîìáèíàöèé.

Âñÿêèé ìàéåðîâñêèé êîýôôèöèåíò bk(Λ) èç ñîâîêóïíîñòè ìàéåðîâñêèõ êîýôôèöè-
åíòîâ b1,n−1(Λ), ïðåäñòàâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà k èç áàçîâîãî
ìíîæåñòâà LTR(n,Λ), à ýòî áàçîâîå ìíîæåñòâî ñîäåðæèò òîëüêî áàçîâûå ëèíåéíûå êîì-
áèíàöèè, ÿâëÿþùèåñÿ ïðåäñòàâëåíèÿìè ìàéðîâñêèõ êîýôôèöèåíòîâ, ïðèíàäëåæàùèõ
ìíîæåñòâó b1,n−1(Λ). Ñòàëî áûòü, íè îäíà áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà áîëåå
÷åì n íå ïðèíàäëåæèò áàçîâîìó ìíîæåñòâó LTR(n,Λ). Ñ äðóãîé ñòîðîíû, ýòî áàçîâîå
ìíîæåñòâî ñîäåðæèò áàçîâóþ ëèíåéíóþ êîìáèíàöèþ ïîðÿäêà n, ÿâëÿþùóþñÿ ïðåäñòàâ-
ëåíèåì ìàéðîâñêîãî êîýôôèöèåíòà bn(Λ), ïðèíàäëåæàùåãî ìíîæåñòâó b1,n−1. Çíà÷èò,
÷èñëî n ÿâëÿåòñÿ íàèáîëüøèì èç ÷èñåë, ñëóæàùèõ â êà÷åñòâå ïîðÿäêà îäíîé èç áàçîâûõ
ëèíåéíûõ êîìáèíàöèé, âõîäÿùèõ â áàçîâóþ ñîâîêóïíîñòü LTR(n,Λ). Îòñþäà ïî îïðå-
äåëåíèþ 27 ñëåäóåò, ÷òî ÷èñëî n ÿâëÿåòñÿ ïîðÿäêîì áàçîâîé ñîâîêóïíîñòè LTR(n,Λ).
Ëåììà 5 ïîëíîñòüþ äîêàçàíà. I

Ïðèìåð 4 Ðàññìîòðèì ìíîæåñòâî LTR(n,Λ) = {L} âñåõ äðåâåñíûõ ñóìì, ÿâëÿþ-
ùèõñÿ ïðåäñòàâëåíèÿìè ïî ôîðìóëàì (52) è (48) ìàéåðîâñêèõ êîýôôèöèåíòîâ, ïðè-
íàäëåæàùèõ ìíîæåñòâó b1,n−1 = {b2(Λ), b3(Λ), . . . , bn(Λ)}. Ïðè ýòîì ìû áóäåì ïîëàãàòü,
÷òî âûïîëíÿþòñÿ óñëîâèÿ ëåììû 5. Ïî ëåììå 5 ýòî ìíîæåñòâî LTR(n,Λ) ÿâëÿåòñÿ áà-
çîâûì ìíîæåñòâîì áàçîâûõ ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé
ñëîæíîñòè è èìååò ïîðÿäîê n, à ìíîæåñòâî Λ ÿâëÿåòñÿ ñîïðÿæåííûì ìíîæåñòâîì ýòî-
ãî áàçîâîãî ìíîæåñòâà. Ìíîæåñòâî LTR(n,Λ) ñîäåðæèò òîëüêî îäíó áàçîâóþ ëèíåéíóþ
êîìáèíàöèþ ïîðÿäêà n. Åå àññîöèèðîâàííûì ìíîæåñòâîì ÿâëÿåòñÿ ìíîæåñòâî Λn. Ïî
îïðåäåëåíèþ 17 îíà ñðàâíèìà ñ ïðåäñòàâëåíèåì Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà
Bn(Λ). Ýòî óòâåðæäåíèå îïèðàåòñÿ íà èçëîæåííûé â ïðèìåðå 1 àíàëèç ïðåäñòàâëåíèÿ
Ðè-Ãóâåðà, ãäå ïîêàçàíî, ÷òî ýòî ïðåäñòàâëåíèå êîýôôèöèåíòà Bn(Λ) ÿâëÿåòñÿ áàçîâîé
ëèíåéíîé êîìáèíàöèåé ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè è èìååò ïîðÿ-
äîê n, à ìíîæåñòâî Λn ÿâëÿåòñÿ àññîöèèðîâàííûì ìíîæåñòâîì ýòîé áàçîâîé ëèíåéíîé
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êîìáèíàöèè. Èç ýòîãî óòâåðæäåíèÿ ïî îïðåäåëåíèþ 30 ñëåäóåò, ÷òî áàçîâîå ìíîæåñò-
âî LTR(n,Λ) ñðàâíèìî ñ ïðåäñòàâëåíèåì Ðè-Ãóâåðà âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ).
Òàê êàê êðèòåðèè Cr1 è Cr2 îïðåäåëåíû íà ýòîì ïðåäñòàâëåíèè Ðè-Ãóâåðà, à êðèòåðèè
Cr′1 è Cr′2 îïðåäåëåíû íà áàçîâîì ìíîæåñòâå LTR(n,Λ), òî ñðàâíèì ïî ýòèì êðèòåðè-
ÿì ñëîæíîñòü ïðåäñòàâëåíèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ôîðìóëàìè (65), (52) è
(48) ñî ñëîæíîñòüþ ïðåäñòàâëåíèÿ Ðè-Ãóâåðà ýòîãî êîýôôèöèåíòà ïðè óêàçàííûõ íèæå
çíà÷åíèÿõ n. Òàê êàê çíà÷åíèÿ êðèòåðèåâ Cr′1, Cr

′
2 è Cr

′
3 íå çàâèñÿò îò ìíîæåñòâà Λ, ñî-

ïðÿæåííîãî ñ áàçîâûì ìíîæåñòâîì, òî â ïðèìåðàõ 4 è 5 ñèìâîë Λ ëèøü îáîçíà÷àåò, ÷òî
ìíîæåñòâî Λ, ñîïðÿæåííîå ñ áàçîâûì ìíîæåñòâîì ÿâëÿåòñÿ ñâÿçíûì, îãðàíè÷åííûìûì
è èçìåðèìûì ïî Ëåáåãó ìíîæåñòâîì, ñîäåðæàùèìñÿ â ïðîñòðàíñòâå Rν .

Â òàáëèöå 4 ïðèâåäåíû âû÷èñëåííûå çíà÷åíèÿ êðèòåðèÿ Cr′1(LTR(n)) ïðè n = 2, 10.
Â ÷àñòíîñòè, Cr′1(LTR(8,Λ)) = 857, C ′r1(LTR(9,Λ)) = 3709, Cr′1(LTR(10,Λ)) = 17056.
Ñðàâíèâàÿ ýòè çíà÷åíèÿ ñî çíà÷åíèÿìè êðèòåðèÿ ñëîæíîñòè Cr1 ïðåäñòàâëåíèé Ðè-
Ãóâåðà, ïðèâåäåííûìè â òàáëèöå 1, ìû âèäèì, ÷òî çíà÷åíèÿ êðèòåðèÿ Cr′1(LTR(n)) ïðè
n = 8, 9, 10 ìåíüøå çíà÷åíèé êðèòåðèÿ ñëîæíîñòè Cr1(LRH(n)) (ñì. ïðèíÿòûå îáîçíà-
÷åíèÿ â òàáëèöàõ) äëÿ ñîîòâåòñòâóþùèõ ïðåäñòàâëåíèé Ðè-Ãóâåðà. Îòñþäà ïî îïðåäå-
ëåíèÿì 30 è 31 ñëåäóåò, ÷òî ïðè ýòèõ çíà÷åíèÿõ n ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôè-
öèåíòà Bn(Λ) ôîðìóëàìè (65), (52) è (48) çíà÷èòåëüíî ïðîùå ïðåäñòàâëåíèÿ Ðè-Ãóâåðà
ýòîãî êîýôôèöèåíòà ïðè ëþáîì îãðàíè÷åííîì îáúåìå Λ. I

Ïðèìåð 5 Ñðàâíèì ïî êðèòåðèþ Cr′2 ñëîæíîñòü ïðåäñòàâëåíèé âèðèàëüíûõ êîýô-
ôèöèåíòîâ B3(Λ), B4(Λ), B5(Λ), B6(Λ) è B7(Λ) ïî ìåòîäó Ðè-Ãóâåðà ñî ñëîæíîñòüþ èõ
ïðåäñòàâëåíèé â âèäå ìíîãî÷ëåíà îò äðåâåñíûõ ñóìì ïî ôîðìóëàì (65), (52) è (48). Â
òàáëèöå 5 ïðèâåäåíû, â ÷àñòíîñòè, ñëåäóþùèå ðåçóëüòàòû:

Cr′2(LTR(3,Λ)) = 6, Cr′2(LTR(4,Λ)) = 28, Cr′2(LTR(5,Λ)) = 121,

Cr′2(LTR(6,Λ)) = 504, Cr′2(LTR(7,Λ)) = 2406,

Cr2(LRH(3)) = 3, Cr2(LRH(4)) = 12, Cr2(LRH(5)) = 50,

Cr2(LRH(6)) = 345, Cr2(LRH(7)) = 3591. (75)

Èç ñðàâíåíèÿ ýòèõ çíà÷åíèé êðèòåðèåâ ñëîæíîñòè Cr′2 è Cr2 ñëåäóåò, ÷òî ïðè çíà-
÷åíèÿõ n = 3, 4, 5, 6 ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ôîðìóëàìè (65),
(52) è (48) çíà÷èòåëüíî ñëîæíåå ïðåäñòàâëåíèÿ Ðè-Ãóâåðà ýòîãî êîýôôèöèåíòà ïðè
ëþáîì îãðàíè÷åííîì îáúåìå Λ. À ïðè çíà÷åíèè n = 7 ïðåäñòàâëåíèå âèðèàëüíîãî êî-
ýôôèöèåíòà Bn(Λ) ôîðìóëàìè (65), (52) è (48) çíà÷èòåëüíî ïðîùå, ÷åì ïðåäñòàâëåíèå
Ðè-Ãóâåðà ýòîãî êîýôôèöèåíòà ïðè ëþáîì îãðàíè÷åííîì îáúåìå Λ. I

9. Ïåðåéäåì òåïåðü ê ïðåäñòàâëåíèÿì òåðìîäèíàìè÷åñêèõ ïðåäåëîâ âèðèàëüíûõ êî-
ýôôèöèåíòîâ Bn(Λ) â âèäå ìíîãî÷ëåíîâ îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ ïî ôîð-
ìóëàì (59) è (47) êîýôôèöèåíòû an. Äëÿ êðàòêîñòè òåðìîäèíàìè÷åñêèé ïðåäåë âèðè-
àëüíîãî êîýôôèöèåíòà Bn(Λ) áóäåì íàçûâàòü ïðåäåëüíûì âèðèàëüíûì êîýôôè-
öèåíòîì è îáîçíà÷àòü Bn. Ýòè ïðåäñòàâëåíèÿ ïðåäåëüíûõ âèðèàëüíûõ êîýôôèöèåíòîâ
ïðè n > 1 èìåþò âèä [9, 11, 17, 36]:

Bn =
∑

m∈M(n+1)

||m||!e||m||
n∏
j=1

[τj]
mj(mj!)

−1, n ≥ 2, (76)
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ãäå êîýôôèöèåíòû eµ è τµ îïðåäåëÿþòñÿ ôîðìóëàìè

e1 = τ1 = 1; eµ = µ−1
∑

m∈M(µ)

||m||!
µ−1∏
j=1

(mj!)
−1[(j + 1)aj+1]mj , µ ≥ 2; (77)

τµ = (µ− 1)!
∑

m∈M(µ)

[(µ− ||m||)! ]−1
µ−1∏
j=1

(mj!)
−1{−(j + 1)aj+1}mj . µ ≥ 2. (78)

Ïî ýòèì ôîðìóëàì ïðåäåëüíûé âèðèàëüíûé êîýôôèöèåíò Bn ïðåäñòàâëÿåòñÿ â âèäå
ìíîãî÷ëåíà îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ êîýôôèöèåíòû an.

Ïðåäñòàâëÿåò èíòåðåñ âîïðîñ: êàêîâà æå ñëîæíîñòü âû÷èñëåíèé îöåíêè âèðèàëüíîãî
êîýôôèöèåíòà Bn ñ ïîìîùüþ åãî ïðåäñòàâëåíèÿ ôîðìóëàìè (76), (77) è (78)?

×òîáû îöåíèòü ñëîæíîñòü ýòèõ âû÷èñëåíèé, ïðåæäå âñåãî ïðåäñòàâèì ïðåäåëüíûé
âèðèàëüíûé êîýôôèöèåíò Bn è âåëè÷èíû em è τm â áîëåå óäîáíîì äëÿ ýòîé öåëè âèäå.

À èìåííî, èñïîëüçóÿ ââåäåííóþ ôîðìóëîé (67) ôóíêöèþ Qn(x;y;m), ïðåäñòàâëåíèÿ
âåëè÷èí Bn, em è τm ôîðìóëàìè ñîîòâåòñòâåííî (76), (77) è (78) ïðåîáðàçóåì ñëåäóþ-
ùèì îáðàçîì:

e1 = 1; eµ = µ−1
∑

m∈M(µ)

||m||!Qm(x;y;m), µ ≥ 2, (79)

ãäå
xj = aj+1, yj = j + 1, 1 ≤ j < µ; (80)

τ1 = 1; τµ = (µ− 1)!
∑

m∈M(µ)

{[µ− ||m||]! }−1Qm(x;−y;m), µ ≥ 2, (81)

ãäå âåêòîðû y è x îïðåäåëåíû ôîðìóëàìè (80), à âåêòîð −y îïðåäåëåí ôîðìóëîé

−y = (−y1,−y2, . . . ,−yµ−1); (82)

Bn =
∑

m∈M(n+1)

||m||! e||m||Qn+1(x;y;m), n ≥ 2, (83)

ãäå âåëè÷èíû ej ïðè j = 1.n îïðåäåëåíû ôîðìóëàìè (79),

xj = τj, yj = 1 ïðè j = 1, n, (84)

à âåëè÷èíû τj îïðåäåëåíû ôîðìóëàìè (81), ãäå âåêòîðû y è x îïðåäåëåíû ôîðìóëàìè
(80), à âåêòîð −y îïðåäåëåí ôîðìóëîé (82).

Â ýòèõ ïðåîáðàçîâàííûõ ïðåäñòàâëåíèÿõ âèðèàëüíûé êîýôôèöèåíò Bn òàêæå, êàê
è â ïðåäñòàâëåíèÿõ ôîðìóëàìè (76), (77) è (78), ïðåäñòàâëÿåòñÿ â âèäå ìíîãî÷ëåíà îò
äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ êîýôôèöèåíòû an.

Äàëåå, ÷òîáû îòâåòèòü íà ïîñòàâëåííûé âîïðîñ, íóæíî ÷åòêî îïðåäåëèòü ïðîöåññ
âû÷èñëåíèé îöåíêè âèðèàëüíîãî êîýôôèöèåíòà Bn. Â äàííîé ñòàòüå ïðåäëàãàåòñÿ ñëå-
äóþùàÿ ñõåìà ýòîãî ïðîöåññà:

Ýòàï 1. Âû÷èñëåíèå îöåíîê çíà÷åíèé êîýôôèöèåíòîâ ak ïðè âñåõ k = 2, n. Îöåíêó
çíà÷åíèÿ êîýôôèöèåíòà ak îáîçíà÷èì a′k, k = 2, n.
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Ýòàï 2. Âû÷èñëåíèå îöåíîê çíà÷åíèé âñåõ âåëè÷èí, ïðèíàäëåæàùèõ ìíîæåñòâó
en = {e2, e3, . . . , en}. Îöåíêó çíà÷åíèÿ âåëè÷èíû ek îáîçíà÷èì e′k, k = 2, n. Âû÷èñëåíèå
ïðîèçâîäèòñÿ ïî ôîðìóëàì (79) è (80), â êîòîðûå âìåñòî êîýôôèöèåíòîâ ak ïîäñòàâëÿ-
þòñÿ âû÷èñëåííûå íà ýòàïå 1 îöåíêè a′k ýòèõ êîýôôèöèåíòîâ, à âìåñòî âåëè÷èíû ek �
îöåíêà e′k çíà÷åíèÿ ýòîé âåëè÷èíû.

Ýòàï 3. Âû÷èñëåíèå îöåíîê çíà÷åíèé âñåõ âåëè÷èí, ïðèíàäëåæàùèõ ìíîæåñòâó
τn = {τ2, τ3, . . . , τn}. Îöåíêó çíà÷åíèÿ âåëè÷èíû τk îáîçíà÷èì τ ′k, k = 2, n. Âû÷èñëåíèå
ïðîèçâîäèòñÿ ïî ôîðìóëàì (81) è (80), â êîòîðûå âìåñòî êîýôôèöèåíòîâ ak ïîäñòàâ-
ëÿþòñÿ âû÷èñëåííûå îöåíêè ýòèõ êîýôôèöèåíòîâ, à âìåñòî âåëè÷èíû τk � îöåíêà τ ′k
çíà÷åíèÿ ýòîé âåëè÷èíû.

Ýòàï 4. Âû÷èñëåíèå îöåíêè çíà÷åíèÿ äàííîãî âèðèàëüíîãî êîýôôèöèåíòà Bn.
Îöåíêó çíà÷åíèÿ ýòîãî êîýôôèöèåíòà îáîçíà÷èì B′n. Âû÷èñëåíèå ïðîèçâîäèòñÿ ïî
ôîðìóëå (83), â êîòîðóþ âìåñòî ýòîãî êîýôôèöèåíòà ïîäñòàâëÿåòñÿ åãî îöåíêà B′n, à
âìåñòî âåëè÷èí ek è τk ïîäñòàâëÿþòñÿ âû÷èñëåííûå íà ýòàïàõ 2 è 3 îöåíêè çíà÷åíèé
ýòèõ âåëè÷èí e′k è τ

′
k.

Íàøåé áëèæàéøåé öåëüþ ÿâëÿåòñÿ îöåíèòü ñâåðõó ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé,
ïîòðåáíûõ äëÿ âû÷èñëåíèé, îñóùåòâëÿåìûõ íà ýòàïàõ 2�4.

Ââåäåì îáîçíà÷åíèÿ:

e′n = {e′1, e′2, . . . , e′n}, τ ′n = {τ ′1, τ ′2, . . . , τ ′n}, a′n = {a′1, a′2, . . . , a′n}, n ≥ 2;

E1(µ,m | aµ) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, êîòîðûå ïðè äàííîì
çíà÷åíèè µ ≤ n è äàííîì âåêòîðå m ∈ M(µ) ïîòðåáíû äëÿ âû÷èñëåíèÿ îöåíêè çíà÷å-
íèÿ ïðîèçâåäåíèÿ ||m||!Qµ(x;y;m), ãäå (µ− 1)-ìåðíûå âåêòîðû x è y îïðåäåëÿþòñÿ ïî
ôîðìóëàì (80), â êîòîðûå âìåñòî êîýôôèöèåíòîâ ak ïîäñòàâëÿþòñÿ âû÷èñëåííûå íà
ýòàïå 1 îöåíêè çíà÷åíèé ýòèõ êîýôôèöèåíòîâ;
E2(µ,m | aµ) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, êîòîðûå ïðè äàííîì
çíà÷åíèè µ ≤ n è äàííîì âåêòîðå m ∈ M(µ) ïîòðåáíû äëÿ âû÷èñëåíèÿ îöåíêè çíà-
÷åíèÿ ïðîèçâåäåíèÿ µ! {[µ− ||m||]! }−1Qµ(x;−y;m), ãäå (µ − 1)-ìåðíûå âåêòîðû x è y
îïðåäåëåíû ôîðìóëàìè (80), â êîòîðûå âìåñòî êîýôôèöèåíòîâ ak ïîäñòàâëÿþòñÿ âû-
÷èñëåííûå íà ýòàïå 1 îöåíêè çíà÷åíèé ýòèõ êîýôôèöèåíòîâ, à âåêòîð −y îïðåäåëåí
ôîðìóëîé (82);

α(n,m | e′n, τ ′n) = ||m||! e||m||Qn+1(x;y;m), m ∈M(n+ 1), (85)

ãäå n-ìåðíûå âåêòîðû y è x îïðåäåëÿþòñÿ ïî ôîðìóëàì (84), â êîòîðûå âìåñòî âåëè÷èí
τk ïîäñòàâëÿþòñÿ âû÷èñëåííûå íà ýòàïå 3 îöåíêè çíà÷åíèé ýòèõ âåëè÷èí, à âìåñòî
âåëè÷èíû e||m|| ïîäñòàâëÿåòñÿ âû÷èñëåííàÿ íà ýòàïå 2 îöåíêà çíà÷åíèÿ ýòîé âåëè÷èíû;

E3(n,m | e′n, τ ′n) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, êîòîðûå ïðè
äàííîì âåêòîðå m ∈ M(n + 1) ïîòðåáíû äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ïðîèçâåäåíèÿ
α(m | e′n, τ ′n), ãäå n-ìåðíûå âåêòîðû y è x îïðåäåëÿþòñÿ ïî ôîðìóëàì (84), â êîòî-
ðûå âìåñòî âåëè÷èí τk ïîäñòàâëÿþòñÿ âû÷èñëåííûå íà ýòàïå 3 îöåíêè çíà÷åíèé ýòèõ
âåëè÷èí, à âìåñòî âåëè÷èíû e||m|| ïîäñòàâëÿåòñÿ âû÷èñëåííàÿ íà ýòàïå 2 îöåíêà çíà÷å-
íèÿ ýòîé âåëè÷èíû;

E(eµ | aµ) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïå
2 äëÿ âû÷èñëåíèÿ îöåíêè çíà÷åíèÿ âåëè÷èíû eµ ïðè âû÷èñëåííûõ íà ýòàïå 1 îöåíêàõ
çíà÷åíèé êîýôôèöèåíòîâ èç ìíîæåñòâà aµ = {a1, a2, . . . , aµ};
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E(τµ | aµ) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïå
3 äëÿ âû÷èñëåíèÿ îöåíêè çíà÷åíèÿ âåëè÷èíû τµ ïðè âû÷èñëåííûõ íà ýòàïå 1 îöåíêàõ
çíà÷åíèé êîýôôèöèåíòîâ èç ìíîæåñòâà aµ = {a1, a2, . . . , aµ};

E(en | an) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïå
2 äëÿ âû÷èñëåíèÿ îöåíîê çíà÷åíèé âñåõ âåëè÷èí èç ñîâîêóïíîñòè en = {e1, e2, . . . , en}
ïî ôîðìóëàì (79) è (81), â êîòîðûå ïðè âû÷èñëåííûõ íà ýòàïå 1 îöåíêàõ çíà÷åíèé
êîýôôèöèåíòîâ èç ìíîæåñòâà an;

E(τn | an) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïå
3 äëÿ âû÷èñëåíèÿ îöåíîê çíà÷åíèé âñåõ âåëè÷èí èç ñîâîêóïíîñòè τn = {τ1, τ2, . . . , τn}
ïðè âû÷èñëåííûõ íà ýòàïå 1 îöåíêàõ çíà÷åíèé êîýôôèöèåíòîâ èç ìíîæåñòâà (a)n =
{a1, a2, . . . , an};

E(Bn | en, τn) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïå
4 äëÿ âû÷èñëåíèÿ îöåíêè çíà÷åíèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn ïðè ïîëó÷åííûõ
â ðåçóëüòàòå âû÷èñëåíèé íà ýòàïàõ 1, 2 è 3 îöåíêàõ âñåõ âåëè÷èí èç ñîâîêóïíîñòè
en = {e1, e2, . . . , en} è âñåõ âåëè÷èí èç ñîâîêóïíîñòè τn = {τ1, τ2, . . . , τn};

E(Bn | an) � îöåíêà ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïàõ
2, 3 è 4 äëÿ îöåíêè çíà÷åíèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn ïðè âû÷èñëåííûõ íà ýòàïå
1 îöåíêàõ çíà÷åíèé âñåõ êîýôôèöèåíòîâ èç ìíîæåñòâà an = {a1, a2, . . . , an}.

Íàéäåì îöåíêó ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïå 2 äëÿ
âû÷èñëåíèÿ îöåíîê çíà÷åíèé âñåõ âåëè÷èí èç ñîâîêóïíîñòè en = {e1, e2, . . . , en} ïðè
âû÷èñëåííûõ íà ýòàïå 1 îöåíêàõ çíà÷åíèé êîýôôèöèåíòîâ èç ìíîæåñòâà an.

Èç îïðåäåëåíèÿ ìíîæåñòâà âåêòîðîâ M(µ) ñëåäóåò, ÷òî ïðè ëþáîì µ ≥ 2 âñÿêèé
âåêòîð m ∈M(µ) óäîâëåòâîðÿåò íåðàâåíñòâó

||m|| ≤ µ− 1. (86)

Èç îïðåäåëåíèÿ îöåíêè E1(µ,m | an), îïðåäåëåíèÿ ôóíêöèè Qn(x;y;m) ôîðìóëîé
(67), íåðàâåíñòâà (86) è çàìå÷àíèÿ 11 âûòåêàåò, ÷òî ïðè ëþáîì µ ≥ 2 è ëþáîì âåêòîðå
m ∈M(µ) èìååò ìåñòî íåðàâåíñòâî

E1(µ,m | an ) ≤ 7(µ− 1). (87)

Èç îïðåäåëåíèÿ âåëè÷èíû eµ ôîðìóëîé (79), íåðàâåíñòâà (87), çàìå÷àíèÿ 12 è îïðå-
äåëåíèé îöåíîê E(eµ | aµ) è E1(µ,m | an) âûòåêàåò îöåíêà

E(eµ | aµ) ≤
∑

m∈M(µ)

E1(µ,m| aµ) ≤ 7p(µ− 1)(µ− 1). (88)

Èñïîëüçóÿ íåðàâåíñòâî (88) è ìîíîòîííîå âîçðàñòàíèå ôóíêöèè p(n), èç îïðåäåëåíèé
îöåíîê E(eµ | aµ) è E(en | an) ïîëó÷àåì íåðàâåíñòâî

E(en | an) ≤
n∑
µ=2

E(eµ | aµ) ≤ 7p(n− 1)
n∑
µ=2

(µ− 1) = 7p(n− 1)n(n− 1)/2. (89)

Íàéäåì îöåíêó ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ íà ýòàïå 3 äëÿ
âû÷èñëåíèÿ îöåíîê çíà÷åíèé âñåõ âåëè÷èí èç ñîâîêóïíîñòè τn = {τ1, τ2, . . . , τn} ïðè
âû÷èñëåííûõ íà ýòàïå 1 îöåíêàõ êîýôôèöèåíòîâ èç ìíîæåñòâà an.
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Èç îïðåäåëåíèÿ îöåíêè E2(µ,m | an), îïðåäåëåíèÿ ôóíêöèè Qn(x;y;m) ôîðìóëîé
(67), íåðàâåíñòâà (86) è çàìå÷àíèÿ 11 âûòåêàåò, ÷òî ïðè ëþáîì µ ≥ 2 è ëþáîì âåêòîðå
m ∈M(µ) èìååò ìåñòî íåðàâåíñòâî

E2(µ,m| an) ≤ 7(µ− 1). (90)

Èç îïðåäåëåíèÿ âåëè÷èíû τµ ôîðìóëîé (81), íåðàâåíñòâà (90), çàìå÷àíèÿ 12 è îïðå-
äåëåíèé îöåíîê E(τµ | aµ) è E2(µ,m | an) âûòåêàåò îöåíêà

E(τµ | an) ≤
∑

m∈M(µ)

E2(µ,m| an) ≤ 7p(µ− 1)(µ− 1). (91)

Èñïîëüçóÿ íåðàâåíñòâî (91) è ìîíîòîííîå âîçðàñòàíèå ôóíêöèè p(n), èç îïðåäåëåíèé
îöåíîê E(τµ | an) è E(τn | an) ïîëó÷àåì íåðàâåíñòâî

E(τn | an) ≤
n∑
µ=1

E(τµ | an) ≤ 7p(n− 1)
n∑
µ=2

(µ− 1) = 7p(n− 1)n(n− 1)/2. (92)

Íàéäåì îöåíêó ñâåðõó ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé, ïîòðåáíûõ äëÿ âû÷èñëåíèÿ
îöåíêè çíà÷åíèÿ äàííîãî âèðèàëüíîãî êîýôôèöèåíòà Bn ïðè âû÷èñëåííûõ íà ýòàïå 2
îöåíêàõ çíà÷åíèé âñåõ âåëè÷èí ei, i = 1, n èç ñîâîêóïíîñòè en = {e1, e2, . . . , en} è ïðè
âû÷èñëåííûõ íà ýòàïå 3 îöåíêàõ çíà÷åíèé âñåõ âåëè÷èí τi, i = 1, n èç ñîâîêóïíîñòè
τn = {τ1, τ2, . . . , τn}.

Èç íåðàâåíñòâà (86), îïðåäåëåíèÿ ïðîèçâåäåíèÿ α(n,m | en, τn) ôîðìóëîé (85), îïðå-
äåëåíèÿ îöåíêè E3(n,m | en, τn), îïðåäåëåíèÿ ôóíêöèè Qn(x;y;m) ôîðìóëîé (67) è
çàìå÷àíèÿ 11 âûòåêàåò, ÷òî ïðè ëþáîì n ≥ 2 è ëþáîì âåêòîðå m ∈ M(n + 1) èìååò
ìåñòî íåðàâåíñòâî

E3(n,m | en, τn) ≤ 5n. (93)

Èç îïðåäåëåíèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn ôîðìóëîé (83) è îïðåäåëåíèÿ ïðîèç-
âåäåíèÿ α(n,m | en, τn) ôîðìóëîé (85) ñëåäóåò, ÷òî êîýôôèöèåíò Bn ìîæåò áûòü ïðåä-
ñòàâëåí ñóììîé

Bn =
∑

m∈M(n+1)

α(n,m | en, τn). (94)

Îòñþäà, èñïîëüçóÿ îïðåäåëåíèÿ îöåíîê E3(n,m | an) è E(Bn | en, τn), ïîëó÷àåì
íåðàâåíñòâî

E(Bn | en, τn)) ≤
∑

m∈M(n+1)

E3(n,m | an). (95)

Îòñþäà ïî çàìå÷àíèþ 12 è íåðàâåíñòâó (93) ñëåäóåò îöåíêà

E(Bn | en, τn)) ≤ 5np(n). (96)

Ïðèìåíÿÿ îïðåäåëåíèÿ îöåíîê E(en | an), E(τn | an), E(Bn | en, τn) è E(Bn | an),
ïîëó÷àåì îöåíêó

E(Bn | an) ≤ E(en | an) + E(τn | an) + E(Bn | en, τn)). (97)

Èç íåðàâåíñòâ (97), (89), (92) è (96) âûòåêàåò îöåíêà

E(Bn | an) ≤ 7p(n− 1)n(n− 1)/2 + 7p(n− 1)n(n− 1)/2 + p(n)5n =

7p(n− 1)n(n− 1) + 5np(n). (98)
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Â ÷àñòíîñòè, ïðè n ≤ 10 èç ôîðìóëû (76) è çàìå÷àíèÿ 12 ñëåäóåò, ÷òî äëÿ âû÷è-
ñëåíèÿ îöåíêè çíà÷åíèÿ ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà Bn ïî âû÷èñëåííûì
íà ýòàïå 1 îöåíêàì çíà÷åíèé êîýôôèöèåíòîâ a2, a3, . . . , an òðåáóåòñÿ ïðîèçâåñòè ìåíåå
21000 àðèôìåòè÷åñêèõ îïåðàöèé.

Ýòî � íè÷òîæíî ìàëîå ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé ïî ñðàâíåíèþ ñ ÷èñëîì îïå-
ðàöèé, íåîáõîäèìûõ äëÿ ïîëó÷åíèÿ îöåíêè ëþáîãî èç êîýôôèöèåíòîâ a4, a5, . . .. Âåäü
ïðè ïðîöåäóðå âû÷èñëåíèÿ îöåíîê ýòèõ êîýôôèöèåíòîâ ìåòîäîì Ìîíòå-Êàðëî ïðîèç-
âîäèòñÿ ïîðÿäêà 1010 è áîëåå ñòàòèñòè÷åñêèõ èñïûòàíèé. Îòñþäà ñëåäóåò

Çàìå÷àíèå 14. Îñíîâíàÿ ñëîæíîñòü ïðîöåäóðû âû÷èñëåíèÿ îöåíêè ïðåäåëüíîãî
âèðèàëüíîãî êîýôôèöèåíòà ïîñðåäñòâîì åãî ïðåäñòàâëåíèÿ â âèäå ìíîãî÷ëåíà îò êî-
ýôôèöèåíòîâ an ïî ôîðìóëàì (76), (77), (78), (59) è (47) ïðè n ≥ 4 ñîñòîèò â ñëî-
æíîñòè ïðîöåäóðû âû÷èñëåíèÿ îöåíîê âñåõ êîýôôèöèåíòîâ èç ñîâîêóïíîñòè a1,n−1 =
{a2, a3, . . . , an}. Ïðè ýòîì ñëîæíîñòü ïðîöåäóðû âû÷èñëåíèÿ îöåíêè ïðåäåëüíîãî âèðè-
àëüíîãî êîýôôèöèåíòà Bn íåçíà÷èòåëüíî ïðåâûøàåò ñëîæíîñòü ïðîöåäóðû âû÷èñëå-
íèÿ îöåíîê âñåõ êîýôôèöèåíòîâ am èç ýòîé ñîâîêóïíîñòè. Çíà÷èò, êðèòåðèé ñëîæíîñòè
ïðåäñòàâëåíèÿ ýòîé ñîâîêóïíîñòè ÿâëÿåòñÿ êðèòåðèåì ñëîæíîñòè äàííîãî ïðåäñòàâëå-
íèÿ âèðèàëüíîãî êîýôôèöèåíòà Bn. �

Ââåäåì îáîçíà÷åíèÿ:
LTR(n, 0) = {L} � ìíîæåñòâî âñåõ äðåâåñíûõ ñóìì, êàæäàÿ èç êîòîðûõ ïðåäñòàâ-

ëÿåò ïî ôîðìóëàì (59) è (47) êîýôôèöèåíò èç ñîâîêóïíîñòè êîýôôèöèåíòîâ a1,n−1, ãäå
n ≥ 2;

LTR(n) = {L} � ìíîæåñòâî âñåõ äðåâåñíûõ ñóìì, êàæäàÿ èç êîòîðûõ ïðåäñòàâëÿ-
åò ïî ôîðìóëàì (53) è (47) ïðåäåëüíûé ìàéåðîâñêèé êîýôôèöèåíò èç ñîâîêóïíîñòè
êîýôôèöèåíòîâ b1,n−1 = {b2, b3, . . . , bn}, ãäå n ≥ 2.

Ëåììà 6. Ïóñòü ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé,à ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãóëÿð-
íîñòè. Òîãäà ìíîæåñòâî LTR(n) ÿâëÿåòñÿ áàçîâûì ìíîæåñòâîì áàçîâûõ ëèíåéíûõ
êîìáèíàöèé. Ýòî ìíîæåñòâî èìååò ïîðÿäîê n, è ïðè êàæäîì k ∈ {2, 3, . . . , n} ïðè-
íàäëåæàùàÿ åìó áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà k ïðèíàäëåæèò ìíîæåñòâó
L(k, (Rν)k−1).

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ ìíîæåñòâà äðåâåñíûõ ñóìì LTR(n) ñëåäóåò, ÷òî
ýòî ìíîæåñòâî ÿâëÿåòñÿ êîíå÷íûì ìîùíîñòè n − 1, à âñÿêàÿ ïðèíàäëåæàùàÿ ýòîìó
ìíîæåñòâó äðåâåñíàÿ ñóììà ÿâëÿåòñÿ ïðåäñòàâëåíèåì ïî ôîðìóëàì (53) è (47) íåêîåãî
ïðåäåëüíîãî ìàéåðîâñêîãî êîýôôèöèåíòà bk, ãäå 1 < k ≤ n, èç ñîâîêóïíîñòè êîýôôèöè-
åíòîâ b1,n−1. Ïî ëåììå 3 ýòà äðåâåñíàÿ ñóììà ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé
ïîðÿäêà k ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè. Òàêèì îáðàçîì, ìíîæåñòâî
LTR(n) ÿâëÿåòñÿ êîíå÷íûì ìíîæåñòâîì âñåõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé, ÿâëÿþ-
ùèõñÿ ïðåäñòàâëåíèÿìè ïî ôîðìóëàì (53) è (47) ïðåäåëüíûõ ìàéåðîâñêèõ êîýôôèöè-
åíòîâ, ïðèíàäëåæàùèõ ìíîæåñòâó b1,n−1. Ïðè ýòîì ïðåäñòàâëåíèåì ïðåäåëüíîãî ìàé-
ðîâñêîãî êîýôôèöèåíòà bk ∈ b1,n−1 ÿâëÿåòñÿ áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà k
èç ìíîæåñòâà LTR(n).

Èç îïðåäåëåíèÿ ýòîé áàçîâîé ëèíåéíîé êîìáèíàöèè ïîðÿäêà k ôîðìóëàìè (53) è
(47) ñëåäóåò, ÷òî îáëàñòüþ èíòåãðèðîâàíèÿ âñåõ èíòåãðàëîâ, âõîäÿùèõ â ýòó ëèíåéíóþ
êîìáèíàöèþ, ÿâëÿåòñÿ ïðîñòðàíñòâî (Rν)k−1. Ñëåäîâàòåëüíî, ýòà ëèíåéíàÿ êîìáèíàöèÿ
ïîðÿäêà k ïðèíàäëåæèò ìíîæåñòâó L(k, (Rν)k−1) ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà.

Èòàê, ìíîæåñòâî LTR(n) ÿâëÿåòñÿ êîíå÷íûì ìíîæåñòâîì áàçîâûõ ëèíåéíûõ êîìáè-
íàöèé, â êîòîðîì êàæäàÿ ïðèíàäëåæàùàÿ åìó áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà
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k ïðèíàäëåæèò ìíîæåñòâó L(k, (Rν)k−1). Çíà÷èò, ýòî ìíîæåñòâî ÿâëÿåòñÿ áàçîâûì ìíî-
æåñòâîì áàçîâûõ ëèíåéíûõ êîìáèíàöèé ïî îïðåäåëåíèþ 26.

Âñÿêèé ìàéåðîâñêèé êîýôôèöèåíò bk èç ñîâîêóïíîñòè ìàéåðîâñêèõ êîýôôèöèåíòîâ
b1,n−1, ïðåäñòàâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà k èç áàçîâîãî ìíîæåñ-
òâà LTR(n), à ýòî áàçîâîå ìíîæåñòâî ñîäåðæèò òîëüêî áàçîâûå ëèíåéíûå êîìáèíàöèè,
ÿâëÿþùèåñÿ ïðåäñòàâëåíèÿìè ìàéðîâñêèõ êîýôôèöèåíòîâ, ïðèíàäëåæàùèõ ìíîæåñò-
âó b1,n−1. Ñòàëî áûòü, íè îäíà áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà áîëåå ÷åì n íå
ïðèíàäëåæèò áàçîâîìó ìíîæåñòâó LTR(n). Ñ äðóãîé ñòîðîíû, ýòî áàçîâîå ìíîæåñò-
âî ñîäåðæèò áàçîâóþ ëèíåéíóþ êîìáèíàöèþ ïîðÿäêà n, ÿâëÿþùóþñÿ ïðåäñòàâëåíèåì
ìàéðîâñêîãî êîýôôèöèåíòà bn, ïðèíàäëåæàùåãî ìíîæåñòâó b1,n−1. Çíà÷èò, ÷èñëî n ÿâ-
ëÿåòñÿ íàèáîëüøèì èç ÷èñåë, ñëóæàùèõ â êà÷åñòâå ïîðÿäêà îäíîé èç áàçîâûõ ëèíåéíûõ
êîìáèíàöèé, âõîäÿùèõ â áàçîâóþ ñîâîêóïíîñòü LTR(n). Îòñþäà ïî îïðåäåëåíèþ 27 ñëå-
äóåò, ÷òî ÷èñëî n ÿâëÿåòñÿ ïîðÿäêîì áàçîâîé ñîâîêóïíîñòè LTR(n). Ëåììà 6 ïîëíîñòüþ
äîêàçàíà. I

Ëåììà 7. Ïóñòü ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé,à ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãóëÿð-
íîñòè. Òîãäà ìíîæåñòâî LTR(n, 0) ÿâëÿåòñÿ áàçîâûì ìíîæåñòâîì áàçîâûõ ëèíåéíûõ
êîìáèíàöèé. Ýòî ìíîæåñòâî èìååò ïîðÿäîê n, à êàæäàÿ ïðèíàäëåæàùàÿ åìó áàçî-
âàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà k ïðèíàäëåæèò ìíîæåñòâó L(k, (Rν)k−1).

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ ìíîæåñòâà äðåâåñíûõ ñóìì LTR(n, 0) ñëåäóåò,
÷òî ýòî ìíîæåñòâî ÿâëÿåòñÿ êîíå÷íûì ìîùíîñòè n−1, à âñÿêàÿ ïðèíàäëåæàùàÿ ýòîìó
ìíîæåñòâó äðåâåñíàÿ ñóììà ÿâëÿåòñÿ ïðåäñòàâëåíèåì ïî ôîðìóëàì (59) è (47) íåêîåãî
êîýôôèöèåíòà ak, ãäå 1 < k ≤ n, èç ñîâîêóïíîñòè êîýôôèöèåíòîâ {a2, a3, . . . , an}. Ïî
ëåììå 4 ýòà äðåâåñíàÿ ñóììà ÿâëÿåòñÿ áàçîâîé ëèíåéíîé êîìáèíàöèåé ïîðÿäêà k ñ êîýô-
ôèöèåíòàìè íåçíà÷èòåëüíîé ñëîæíîñòè. Òàêèì îáðàçîì, ìíîæåñòâî LTR(n, 0) ÿâëÿåòñÿ
êîíå÷íûì ìíîæåñòâîì âñåõ áàçîâûõ ëèíåéíûõ êîìáèíàöèé, ÿâëÿþùèõñÿ ïðåäñòàâëåíè-
ÿìè ïî ôîðìóëàì (59) è (47) êîýôôèöèåíòîâ ak, ïðèíàäëåæàùèõ ìíîæåñòâó a1,n−1. Ïðè
ýòîì ïðåäñòàâëåíèåì êîýôôèöèåíòà ak ∈ a1,n−1 ÿâëÿåòñÿ áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ
ïîðÿäêà k èç ìíîæåñòâà LTR(n, 0).

Èç îïðåäåëåíèÿ ýòîé áàçîâîé ëèíåéíîé êîìáèíàöèè ïîðÿäêà k ôîðìóëàìè (59) è
(47) ñëåäóåò, ÷òî îáëàñòüþ èíòåãðèðîâàíèÿ âñåõ èíòåãðàëîâ, âõîäÿùèõ â ýòó ëèíåéíóþ
êîìáèíàöèþ, ÿâëÿåòñÿ ïðîñòðàíñòâî (Rν)k−1. Ñëåäîâàòåëüíî, ýòà ëèíåéíàÿ êîìáèíàöèÿ
ïîðÿäêà k ïðèíàäëåæèò ìíîæåñòâó L(k, (Rν)k−1) ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà.

Èòàê, ìíîæåñòâî LTR(n, 0) ÿâëÿåòñÿ êîíå÷íûì ìíîæåñòâîì áàçîâûõ ëèíåéíûõ êîì-
áèíàöèé, â êîòîðîì êàæäàÿ ïðèíàäëåæàùàÿ åìó áàçîâàÿ ëèíåéíàÿ êîìáèíàöèÿ ïîðÿäêà
k ïðèíàäëåæèò ìíîæåñòâó L(k, (Rν)k−1). Çíà÷èò, ýòî ìíîæåñòâî ÿâëÿåòñÿ áàçîâûì ìíî-
æåñòâîì áàçîâûõ ëèíåéíûõ êîìáèíàöèé ïî îïðåäåëåíèþ 26.

Âñÿêèé êîýôôèöèåíò ak èç ìíîæåñòâà a1,n−1, ïðåäñòàâëÿåòñÿ áàçîâîé ëèíåéíîé êîì-
áèíàöèåé ïîðÿäêà k èç áàçîâîãî ìíîæåñòâà LTR(n, 0), à ýòî áàçîâîå ìíîæåñòâî ñîäåðæèò
òîëüêî áàçîâûå ëèíåéíûå êîìáèíàöèè, ÿâëÿþùèåñÿ ïðåäñòàâëåíèÿìè êîýôôèöèåíòîâ
ak, ïðèíàäëåæàùèõ ìíîæåñòâó a1,n−1. Ñòàëî áûòü, íè îäíà áàçîâàÿ ëèíåéíàÿ êîìáèíà-
öèÿ ïîðÿäêà áîëåå ÷åì n íå ïðèíàäëåæèò áàçîâîìó ìíîæåñòâó LTR(n, 0). Ñ äðóãîé ñòî-
ðîíû, ýòî áàçîâîå ìíîæåñòâî ñîäåðæèò áàçîâóþ ëèíåéíóþ êîìáèíàöèþ ïîðÿäêà n, ÿâëÿ-
þùóþñÿ ïðåäñòàâëåíèåì êîýôôèöèåíòà an, ïðèíàäëåæàùåãî ìíîæåñòâó a1,n−1. Çíà÷èò,
÷èñëî n ÿâëÿåòñÿ íàèáîëüøèì èç ÷èñåë, ñëóæàùèõ â êà÷åñòâå ïîðÿäêà îäíîé èç áàçîâûõ
ëèíåéíûõ êîìáèíàöèé, âõîäÿùèõ â áàçîâóþ ñîâîêóïíîñòü LTR(n, 0). Îòñþäà ïî îïðå-
äåëåíèþ 27 ñëåäóåò, ÷òî ÷èñëî n ÿâëÿåòñÿ ïîðÿäêîì áàçîâîé ñîâîêóïíîñòè LTR(n, 0).
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Ëåììà 7 ïîëíîñòüþ äîêàçàíà. I
Ïî îïðåäåëåíèþ 28 èç Ëåììû 6 è Ëåììû 7 âûòåêàåò
Ñëåäñòâèå 7 Áàçîâûå ìíîæåñòâà LTR(n) è LTR(n, 0) ñðàâíèìû
Ïðè ëþáîì k > 1 ìíîæåñòâî L(k, (Rν)k−1) ÿâëÿåòñÿ ïîäìíîæåñòâîì îïðåäåëåííîãî

ôîðìóëîé (43) ìíîæåñòâà D(Cr3), ÿâëÿþùåãîñÿ îáëàñòüþ îïðåäåëåíèÿ êðèòåðèÿ ñëî-
æíîñòè Cr3. Îòñþäà ïî ëåììàì 6 è 7 ñëåäóåò, ÷òî ìíîæåñòâà LTR(n, 0) è LTR(n) ïðè
ëþáîì n > 1 ÿâëÿþòñÿ áàçîâûìè ìíîæåñòâàìè, ñîäåðæàùèìè òîëüêî òàêèå áàçîâûå
ëèíåéíûå êîìáèíàöèè, êîòîðûå ïðèíàäëåæàò ìíîæåñòâó D(Cr3). Ìíîæåñòâî D(Cr3)
ñîäåðæèòñÿ âî ìíîæåñòâå D(Cr1), îïðåäåëåííîì ôîðìóëîé (39) è ÿâëÿþùåìñÿ îáëà-
ñòüþ îïðåäåëåíèÿ êðèòåðèåâ ñëîæíîñòè Cr1 è Cr2. Çíà÷èò, íà ìíîæåñòâå L(k, (Rν)k−1)
îïðåäåëåíû òðè êðèòåðèÿ ñëîæíîñòè: Cr1, Cr2 è Cr3. Îòñþäà ñëåäóåò, ÷òî ïðè ëþáîì
n > 1 ìíîæåñòâà LTR(n, 0) è LTR(n) ÿâëÿþòñÿ áàçîâûìè ìíîæåñòâàìè, ñîäåðæàùè-
ìè òîëüêî òàêèå áàçîâûå ëèíåéíûå êîìáèíàöèè, íà êîòîðûõ îïðåäåëåíû òðè êðèòåðèÿ
ñëîæíîñòè: Cr1, Cr2 è Cr3. Ïîýòîìó ýòè ìíîæåñòâà ïðèíàäëåæàò îáëàñòè îïðåäåëå-
íèÿ êðèòåðèåâ ñëîæíîñòè: Cr′1, Cr

′
2 è Cr′3, � îïðåäåëåííûõ ôîðìóëîé (73). Ýòî äàåò

âîçìîæíîñòü ñðàâíèòü ïî ýòèì êðèòåðèÿì ñëîæíîñòü êîíå÷íîãî ìíîæåñòâà LTR(n, 0)
äðåâåñíûõ ñóìì, ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè êîýôôèöèåíòîâ a2, a3, . . . , an, ñî ñëîæ-
íîñòüþ êîíå÷íîãî ìíîæåñòâà LTR(n) äðåâåñíûõ ñóìì, ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè
ïðåäåëüíûõ ìàéåðîâñêèõ êîýôôèöèåíòîâ b2, b3, . . . , bn.

Â êà÷åñòâå ïðèìåðîâ ïðè n = 2, 10 äëÿ ñîâîêóïíîñòåé äðåâåñíûõ ñóìì âèäà LTR(n) =
{L} è ñîâîêóïíîñòåé äðåâåñíûõ ñóìì âèäà LTR(n, 0) = {L} áûëè âû÷èñëåíû çíà÷åíèÿ
êðèòåðèåâ Cr′1 (ñì. òàáëèöó 4), Cr

′
2 (ñì. òàáëèöó 5) è Cr

′
3 (ñì. òàáëèöó 6).

Ñðàâíåíèå çíà÷åíèé êðèòåðèåâ Cr′1, Cr
′
2 è Cr′3 íà ñîâîêóïíîñòÿõ äðåâåñíûõ ñóìì

âèäà LTR(n, 0) ñ èõ çíà÷åíèÿìè íà ñîâîêóïíîñòÿõ äðåâåñíûõ ñóìì âèäà LTR(n) ïîä-
òâåðæäàåò âûâîä, íåïîñðåäñòâåííî ñëåäóþùèé èç ïðíâåäåííûõ âûøå ðåçóëüòàòîâ: ïðè
n > 3 áàçîâàÿ ñîâîêóïíîñòü LTR(n, 0) çíà÷èòåëüíî ïðîùå ñðàâíèìîé ñ íåé áàçîâîé ñî-
âîêóïíîñòüþ LTR(n). Çíà÷èò, ïðè n > 3 âñÿêàÿ ôóíêöèÿ íåçíà÷èòåëüíîé ñëîæíîñòè
îò áàçîâîé ñîâîêóïíîñòè LTR(n, 0) çíà÷èòåëüíî ïðîùå âñÿêîé ôóíêöèè íåçíà÷èòåëüíîé
ñëîæíîñòè îò ñðàâíèìîé ñ íåé áàçîâîé ñîâîêóïíîñòè LTR(n).

10. Ìåòîäîì êàðêàñíûõ ñóìì ìîæíî ïîëó÷èòü è ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ñòå-
ïåííûõ ðÿäîâ, íå ÿâëÿþùèåñÿ äðåâåñíûìè ñóììàìè. Òàê, ìåòîäîì êàðêàñíûõ ñóìì
àâòîðîì áûëî ïîëó÷åíû ïðåäñòàâëåíèÿ âèðèàëüíûõ êîýôôèöèåíòîâ â âèäå:

Bn = −n− 1

n!

∑
C∈C(n)

J(C). (99)

Çäåñü C(n) � ìíîæåñòâî àíñàìáëåé êàðêàñíûõ öèêëîâ [14�16, 18�20, 37�39] âñåõ
äâóñâÿçíûõ ãðàôîâ ñ ìíîæåñòâîì âåðøèí Vn = {1, 2, . . . , n}; C � àíñàìáëü êàðêàñíûõ
öèêëîâ èç ìíîæåñòâà C(n);

J(C) =

∫
(Rν)n−1

∏
{u,v}∈X(S(C))

fuv
∏

{ũ,ṽ}∈Xad(C)

(1 + fũ,ṽ)(dr)1,n−1, (100)

ãäå S(C) � îáúåäèíåíèå âñåõ öèêëîâ àíñàìáëÿ C [14�16, 19, 37, 38]; X(S(C)) �
ìíîæåñòâî âñåõ ðåáåð ãðàôà S(C) [14, 15, 19, 37]; Xad(C) � ìíîæåñòâî âñåõ äîïóñòèìûõ
ðåáåð [14�16, 19, 37, 38] àíñàìáëÿC; {u, v}� ðåáðî, ïðèíàäëåæàùåå ìíîæåñòâóX(S(C))
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è èíöèäåíòíîå âåðøèíàì u è v; {ũ, ṽ} � ðåáðî, ïðèíàäëåæàùåå ìíîæåñòâó Xad(C) è
èíöèäåíòíîå âåðøèíàì ũ è ṽ.

Èç îïðåäåëåíèÿ èíòåãðàëîâ âèäà J(C) ôîðìóëîé (100) ñëåäóåò, ÷òî â êàæäîì èç
èíòåãðàëîâ, ÿâëÿþùèõñÿ ñëàãàåìûìè ñóììû â ïðàâîé ÷àñòè (99), ïîäûíòåãðàëüíàÿ
ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé ïðîèçâåäåíèå ìàéåðîâñêèõ ôóíêöèé, ïîìå÷åííûõ ðåáðà-
ìè öèêëîâ, âõîäÿùèõ â àíñàìáëü êàðêàñíûõ öèêëîâ, ìàðêèðóþùèé äàííûé èíòåãðàë,
è áîëüöìàíîâñêèõ ôóíêöèé, ïîìå÷åííûõ ðåáðàìè èç ìíîæåñòâà Xad(C) = {{ũ, ṽ}}. Òà-
êóþ ñóììó èíòåãðàëîâ ìû áóäåì íàçûâàòü êàðêàñíîé ñóììîé.

èç îïðåäåëåíèÿ ìíîæåñòâà Xad(C) ñëåäóåò. ÷òî ýòî ìíîæåñòâî ñîñòîèò èç ïîïàð-
íî ðàçëè÷íûõ ðåáåð, à êàæäîå ðåáðî, ñîäåðæàùååñÿ â ýòîì ìíîæåñòâå, ñîåäèíÿåò äâå
íåñìåæíûå âåðøèíû ãðàôà S(C).

Òåîðåìà 6. Åñëè ïîòåíöèàë ïàðíîãî âçàèìîäåéñòâèÿ Φ(r) ÿâëÿåòñÿ èçìåðèìîé
ôóíêöèåé, à ïàðíîå âçàèìîäåéñòâèå óäîâëåòâîðÿåò óñëîâèÿì óñòîé÷èâîñòè è ðåãó-
ëÿðíîñòè, òî ïðè ëþáîì àíñàìáëå êàðêàñíûõ öèêëîâ C ∈ C(n) èíòåãðàë J(C) ÿâëÿåò-
ñÿ íåñîáñòâåííûì ñõîäÿùèìñÿ áàçîâûì èíòåãðàëîì ïîðÿäêà n, à ãðàô S(C) ÿâëÿåòñÿ
óêîìïëåêòîâàííûì ãðàôîì- ìåòêîé ïîäûíòåãðàëüíîé ôóíêöèè ýòîãî èíòåãðàëà.

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ èíòåãðàëà
J(C) ÿâëÿåòñÿ áàçîâîé.

Ñ ýòîé öåëüþ ïðåæäå âñåãî äîêàæåì, ÷òî ìíîæåñòâà ðåáåð X(S(C)) è Xad(C) îáðà-
çóþò êàíîíè÷åñêóþ ïàðó ìíîæåñòâ X = (X(S(C)), Xad(C)) ïîðÿäêà n. Èç îïðåäåëåíèÿ
ìíîæåñòâà ðåáåð X(S(C)) ñëåäóåò, ÷òî ýòî ìíîæåñòâî ñîñòîèò èç ïîïàðíî ðàçëè÷íûõ
ðåáåð. Êàê áûëî îòìå÷åíî âûøå, ìíîæåñòâî Xad(C) òàêæå ñîñòîÿò èç ïîïàðíî ðàçëè÷-
íûõ ðåáåð, à êàæäîå ðåáðî, ñîäåðæàùååñÿ â ýòîì ìíîæåñòâå, ñîåäèíÿåò äâå íåñìåæíûå
âåðøèíû ãðàôà S(C). Îòñþäà ñëåäóþò äâà âûâîäà:

1) íåïåðåñåêàþùèåñÿ ìíîæåñòâà X(S(C)) è Xad(C) îáðàçóþò óïîðÿäî÷åííóþ ïàðó
X = (X(S(C)), Xad(C)) ìíîæåñòâ;

2) âåðøèíû âñåõ ðåáåð èç ìíîæåñòâà Xad(C) ïðèíàäëåæàò ìíîæåñòâó âåðøèí ãðàôà
S(C).

Òàê êàê C � àíñàìáëü êàðêàñíûõ öèêëîâ èç ìíîæåñòâà C(n), òî, êàê èçâåñòíî [19],
ãðàô S(C) ÿâëÿåòñÿ äâóñâÿçíûì ãðàôîì ñ ìíîæåñòâîì âåðøèí Vn.

Çíà÷èò, èìååò ìåñòî ðàâåíñòâî

V (X(S(C))) ∪ V (Xad(C)) = Vn, (101)

ãäå V (X(S(C))) � ìíîæåñòâî âñåõ âåðøèí ãðàôà S(C), à V (Xad(C)) � ìíîæåñòâî âåð-
øèí âñåõ äîïóñòèìûõ ðåáåð àíñàìáëÿ C.

Èç ðàâåíñòâà (101) ïî îïðåäåëåíèþ 5 ñëåäóåò, ÷òî óïîðÿäî÷åííàÿ ïàðà ìíîæåñòâ
X = (X(S(C), Xad(C)) ÿâëÿåòñÿ êàíîíè÷åñêîé ïàðîé ïîðÿäêà n.

Èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàåò, ÷òî ãðàô S(C) ñ ïîñòàâëåííûì åìó â ñîîòâåò-

ñòâèå ìíîæåñòâîì Xad(C) ïðèíàäëåæèò ìíîæåñòâó ãðàôîâ G̃n ïî îïðåäåëåíèþ ýòîãî
ìíîæåñòâà.

Îòñþäà ïî ëåììå 2 ñëåäóåò, ÷òî ïîìå÷åííîå ýòèì ãðàôîì ïðîèçâåäåíèå P̃G̃n
(S(C))

ìàéåðîâñêèõ è áîëüöìàíîâñêèõ ôóíêöèé ÿâëÿåòñÿ êàíîíè÷åñêèì ïðîèçâåäåíèåì ïîðÿä-
êà n è îïðåäåëÿåòñÿ ôîðìóëîé

P̃G̃n
(S(C)) =

∏
{i,j}∈X(S(C))

∏
{i′,j′}∈Xad(C)

fij f̃i′j′ . (102)
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Ïî òåîðåìå 2 îòñþäà òàêæå ñëåäóåò, ÷òî ýòî ïðîèçâåäåíèå P̃G̃n
(G̃) ìàéåðîâñêèõ è áîëüö-

ìàíîâñêèõ ôóíêöèé ÿâëÿåòñÿ áàçîâûì ïðîèçâåäåíèåì ïîðÿäêà n, à ãðàô S(C) ÿâëÿåòñÿ

óêîìïëåêòîâàííûì ãðàôîì-ìåòêîé ïðîèçâåäåíèÿ P̃G̃n
(S(C)).

Èç ñðàâíåíèÿ ôîðìóë (100) è (102) ñëåäóåò, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ èíòåã-

ðàëà J(C) òîæäåñòâåííà áàçîâîìó ïðîèçâåäåíèþ ôóíêöèé P̃G̃n
(S(C)) è, ñëåäîâàòåëü-

íî, ÿâëÿåòñÿ áàçîâûì ïðîèçâåäåíèåì ôóíêöèé ïîðÿäêà n, ïîìå÷åííûì ãðàôîì S(C),
à ãðàô S(C) ÿâëÿåòñÿ óêîìïëåêòîâàííûì ãðàôîì-ìåòêîé ïðîèçâåäåíèÿ, ÿâëÿþùåãîñÿ
ïîäûíòåãðàëüíîé ôóíêöèåé èíòåãðàëà J(C).

Îòñþäà ïî òåîðåìå 3 ñëåäóåò, ÷òî íåñîáñòâåííûé èíòåãðàë J(C) ÿâëÿåòñÿ áàçîâûì
ñõîäÿùèìñÿ èíòåãðàëîì ïîðÿäêà n. Òåîðåìà 6 ïîëíîñòüþ äîêàçàíà. I

Èç òåîðåìû 6 âûòåêàåò ñëåäóþùåå
Ñëåäñòâèå 8. Êàðêàñíàÿ ñóììà â ïðàâîé ÷àñòè (99) ÿâëÿåòñÿ, ïî îïðåäåëåíèþ

11 è çàìå÷àíèþ 6, áàçîâîé ëèíåéíîé êîìáèíàöèåé ñ êîýôôèöèåíòàìè íåçíà÷èòåëüíîé
ñëîæíîñòè.

Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò èñïîëüçîâàòü ïðåäëàãàåìûå â ýòîé ñòàòüå êðèòåðèè
Cr1, Cr2 è Cr3 äëÿ ñðàâíåíèÿ ïî ñëîæíîñòè ïðåäñòàâëåíèé âèðèàëüíûõ êîýôôèöèåíòîâ
êàðêàñíûìè ñóììàìè ñ èíûìè áàçîâûìè ëèíåéíûìè êîìáèíàöèÿìè ñ êîýôôèöèåíòàìè
íåçíà÷èòåëüíîé ñëîæíîñòè. Ýòî îáñòîÿòåëüñòâî òàêæå ïîçâîëÿåò èñïîëüçîâàòü ïðåäëà-
ãàåìûå â ýòîé ñòàòüå êðèòåðèè Cr′1, Cr

′
2 è Cr

′
1 äëÿ ñðàâíåíèÿ ïî ñëîæíîñòè ïðåäñòàâëå-

íèé ïðåäåëüíûõ âèðèàëüíûõ êîýôôèöèåíòîâ êàðêàñíûìè ñóììàìè c ïðåäñòàâëåíèÿìè
ýòèõ êîýôôèöèåíòîâ ìíîãî÷ëåíàìè îò áàçîâûõ ëèíåéíûõ êîìáèíàöèé ñ êîýôôèöèåí-
òàìè íåçíà÷èòåëüíîé ñëîæíîñòè.

Èç òàáëèö 1, 2, 3, 4, 5 è 6 âûòåêàþò ñëåäóþùèå âûâîäû.
Ïî êðèòåðèÿì Cr1, Cr2 è Cr3 ñëîæíîñòü ïðåäñòàâëåíèÿ ïðåäåëüíîãî âèðèàëüíîãî

êîýôôèöèåíòà B3 êàðêàñíîé ñóììîé ïî ôîðìóëàì (99) è (100) íåçíà÷èòåëüíî îòëè÷àåò-
ñÿ îò ñëîæíîñòè ïðåäñòàâëåíèÿ êîýôôèöèåíòà a3 äðåâåñíîé ñóììîé ïî ôîðìóëàì (59)
è (47).

Ïî êðèòåðèÿì Cr1 è Cr2 ýòî ïðåäñòàâëåíèå ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåí-
òà B3 êàðêàñíîé ñóììîé çíà÷èòåëüíî ïðîùå ïðåäñòàâëåíèÿ ïðåäåëüíîãî ìàéåðîâñêîãî
êîýôôèöèåíòà b3 äðåâåñíûìè ñóììàìè ïî ôîðìóëàì (53) è (47). Íî ïî êðèòåðèþ Cr3

ýòè äâà ïðåäñòàâëåíèÿ ïî ñâîåé ñëîæíîñòè íåçíà÷èòåëüíî îòëè÷àþòñÿ äðóã îò äðóãà.
Ïî êðèòåðèÿì Cr′1 è Cr

′
2 ïðåäñòàâëåíèå ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà B3

êàðêàñíîé ñóììîé çíà÷èòåëüíî ïðîùå åãî ïðåäñòàâëåíèÿ ôîðìóëîé (65) â âèäå ìíîãî-
÷ëåíà îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ ïðåäåëüíûå êîýôôèöèåíòû bn ïî ôîðìóëàì
(53) è (47). Ïî êðèòåðèþ Cr′1 ïðåäñòàâëåíèå ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà B3

êàðêàñíîé ñóììîé çíà÷èòåëüíî ïðîùå åãî ïðåäñòàâëåíèÿ ôîðìóëàìè (77), (78) è (79) â
âèäå ìíîãî÷ëåíà îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ êîýôôèöèåíòû an ïî ôîðìóëàì
(59) è (47). Òàêæå è ïî êðèòåðèþ Cr′2 ïåðâîå èç ýòèõ äâóõ ïðåäñòàâëåíèé çíà÷èòåëüíî
ïðîùå âòîðîãî. Íî ïî êðèòåðèþ Cr′3 âñå ýòè òðè ïðåäñòàâëåíèÿ ïî ñâîåé ñëîæíîñòè
íåçíà÷èòåëüíî îòëè÷àþòñÿ äðóã îò äðóãà.

Ïî êðèòåðèÿì Cr1, Cr2 è Cr3 ïðåäñòàâëåíèå ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåí-
òà B4 êàðêàñíîé ñóììîé ïî ôîðìóëàì (99) è (100) çíà÷èòåëüíî ñëîæíåå ïðåäñòàâëåíèÿ
êîýôôèöèåíòà a4 äðåâåñíîé ñóììîé ïî ôîðìóëàì (59) è (47).

Ñëîæíîñòü ïðåäñòàâëåíèÿ ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà B4 êàðêàñíîé
ñóììîé ïî êðèòåðèþ Cr1 íå îòëè÷àåòñÿ îò ñëîæíîñòè ïðåäñòàâëåíèÿ ïðåäåëüíîãî ìàé-
åðîâñêîãî êîýôôèöèåíòà b4 äðåâåñíîé ñóììîé ïî ôîðìóëàì (53) è (47). Îäíàêî ïî
êðèòåðèÿì Cr2 è Cr3 ýòî ïðåäñòàâëåíèå ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà B4
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çíà÷èòåëüíî ñëîæíåå âûøåóïîìÿíóòîãî ïðåäñòàâëåíèÿ ìàéåðîâñêîãî êîýôôèöèåíòà b4.
Òàê êàê êðèòåðèè Cr2 è Cr3 ÿâëÿþòñÿ áîëåå òî÷íûìè, òî, âèäèìî, ñëåäóåò ñ÷èòàòü, ÷òî
ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà B4 êàðêàñíîé ñóììîé çíà÷èòåëüíî ñëîæíåå
ýòîãî ïðåäñòàâëåíèÿ ìàéåðîâñêîãî êîýôôèöèåíòà b4.

Äàëåå, ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà B4 êàðêàñíîé ñóììîé ïî êðèòåðè-
ÿì Cr′1 è Cr

′
2 çíà÷èòåëüíî ïðîùå ïðåäñòàâëåíèÿ ýòîãî êîýôôèöèåíòà ôîðìóëîé (65) â

âèäå ìíîãî÷ëåíà îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ êîýôôèöèåíòû bn ïî ôîðìóëàì
(53) è (47). Íî Íî ïî êðèòåðèþ Cr′3 ïåðâîå èç ýòèõ äâóõ ïðåäñòàâëåíèé âèðèàëüíîãî
êîýôôèöèåíòà B4 çíà÷èòåëüíî ñëîæíåå âòîðîãî. Òàê êàê êðèòåðèé Cr

′
3 ÿâëÿåòñÿ áîëåå

òî÷íûì, ÷åì êðèòåðèè Cr′1 è Cr′2, òî, âèäèìî, ñëåäóåò ñ÷èòàòü, ÷òî äàííîå ïðåäñòàâ-
ëåíèå âèðèàëüíîãî êîýôôèöèåíòà B4 êàðêàñíîé ñóììîé ñëîæíåå åãî ïðåäñòàâëåíèÿ â
âèäå ìíîãî÷ëåíà îò äðåâåñíûõ ñóìì, ïðåäñòàâëÿþùèõ êîýôôèöèåíòû bn.

Íàêîíåö, ïî êðèòåðèÿì Cr1, Cr2 è Cr3 ïðåäñòàâëåíèå ïðåäåëüíîãî âèðèàëüíîãî êî-
ýôôèöèåíòà B4 êàðêàñíîé ñóììîé ïî ôîðìóëàì (99) è (100) çíà÷èòåëüíî ñëîæíåå åãî
ïðåäñòàâëåíèÿ ôîðìóëàìè (77), (78) è (79) â âèäå ìíîãî÷ëåíà îò äðåâåñíûõ ñóìì, ïðåä-
ñòàâëÿþùèõ êîýôôèöèåíòû an ïî ôîðìóëàì (59) è (47).

Áëàãîäàðíîñòè. Àâòîð ñ÷èòàåò ñâîèì ïðèÿòíûì äîëãîì âûðàçèòü ñâîþ ãëóáîêóþ
áëàãîäàðíîñòü ïðîô. Ä.À. Êîôêå çà áûñòðóþ è ýôôåêòèâíóþ èíôîðìàöèîííóþ ïîä-
äåðæêó è çà áûñòðûå è îáñòîÿòåëüíûå îòâåòû íà èíòåðåñóþøèå àâòîðà âîïðîñû, ïðîô.
Ã.À. Ìàðòûíîâó � çà ýôôåêòèâíóþ èíôîðìàöèîííóþ ïîääåðæêó è ïîëåçíûå îáñóæäå-
íèÿ, äîêòîðó Ð. Õåëëìàíó � çà áûñòðóþ è ýôôåêòèâíóþ èíôîðìàöèîííóþ ïîääåðæêó,
äîêòîðó Í. Êëèñáè � çà áûñòðûå è ýôôåêòèâíûå èíôîðìàöèîííóþ è îðãàíèçàöèîí-
íóþ ïîääåðæêè è âûñîêóþ îöåíêó ðàáîò àâòîðà è ê.ô.-ì.í. Â.È. Öåáðî � çà áûñòðûå
è ýôôåêòèâûå èíôîðìàöèîííóþ è òåõíè÷åñêóþ ïîääåðæêè è ïîëåçíûå ñîâåòû.

Òàáëèöû cëîæíîñòè ïðåäñòàâëåíèé äðåâåñíûìè ñóììàìè ìàéåðîâñêèõ
êîýôôèöèåíòîâ è êîýôôèöèåíòîâ an, ïðåäñòàâëåíèé êàðêàñíûìè ñóììàìè

âèðèàëüíûõ êîýôôèöèåíòîâ è ïðåäñòàâëåíèé Ðè-Ãóâåðà âèðèàëüíûõ
êîýôôèöèåíòîâ

Òàáëèöà 1 cëîæíîñòè ïî êðèòåðèþ Cr1

n 2 3 4 5 6 7 8 9 10
Cr1(LTR(n)) 1 2 5 14 44 157 634 2852 14047

Cr1(LTR(n.0)) 1 1 2 5 15 55 239 1169 6213
Cr1(LF (n)) 1 1 5 49 784 - - - -
Cr1(LRH(n)) 1 1 2 5 23 171 2606 81564 4 980 756

Òàáëèöà 2 cëîæíîñòè ïî êðèòåðèþ Cr2

n 2 3 4 5 6 7 8 9 10
Cr2(LTR(n)) 1 5 22 93 403 1882 9671 54370 329325

Cr2(LTR(n, 0)) 1 3 11 42 172 804 4330 25930 166666
Cr2(LF (n)) 1 3 26 - -
Cr2(LRH(n)) 1 3 12 50 345 3591 72968 2936304 224134020

Òàáëèöà 3 cëîæíîñòè ïî êðèòåðèþ Cr3
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n 2 3 4 5 6 7 8 9 10
Cr3(LTR(n)) 0 1 7 37 183 940 5233 31554 202902
Cr3(TR(n, 0)) 0 1 5 22 97 474 2657 16578 110749
Cr3(LF (n)) 0 1 11 - -
Cr3(LRH(n)) 0 1 6 30 230 2565

Â òàáëèöàõ ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ:
n � èíäåêñ ìàéåðîâñêîãî (âèðèàëüíîãî) êîýôôèöèåíòà;
LTR(n) � ïðåäñòàâëåíèå ìàéåðîâñêîãî êîýôôèöèåíòà bn(Λ) äðåâåñíîé ñóììîé, îïðå-

äåëÿåìîé ïî ôîðìóëàì (52) è (48), è ïðåäñòàâëåíèå äðåâåñíîé ñóììîé ïðåäåëüíîãî
ìàéåðîâñêîãî êîýôôèöèåíòà bn äðåâåñíîé ñóììîé, îïðåäåëÿåìîé ïî ôîðìóëàì (53) è
(47);

Λ ⊆ Rν � îáúåì, â êîòîðîì ñîäåðæèòñÿ ñèñòåìà ÷àñòèö;
LTR(n.0) � ïðåäñòàâëåíèå äðåâåñíîé ñóììîé êîýôôèöèåíòà an, îïðåäåëÿåìîé ïî

ôîðìóëàì (59) è (47);
LF (n) � ïðåäñòàâëåíèå êàðêàñíîé ñóììîé ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà

Bn ïî ôîðìóëàì (99) è (100);
LRH(n) � ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïî ìåòîäó Ðè-Ãóâåðà;
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Òàáëèöû cëîæíîñòè ïðåäñòàâëåíèé âèðèàëüíûõ êîýôôèöèåíòîâ:
1) ïðåäñòàâëåíèé ïîñðåäñòâîì ìàéåðîâñêèõ êîýôôèöèåíòîâ,

ïðåäñòàâëåííûõ äðåâåñíûìè ñóììàìè; 2) ïðåäñòàâëåíèé ïîñðåäñòâîì
êîýôôèöèåíòîâ an, ïðåäñòàâëåííûõ äðåâåñíûìè ñóììàìè; 3)

ïðåäñòàâëåíèé êàðêàñíûìè ñóììàìè; 4) ïðåäñòàâëåíèé Ðè-Ãóâåðà;

Òàáëèöà 4 cëîæíîñòè ïî êðèòåðèþ Cr′1

n 2 3 4 5 6 7 8 9 10
Cr′1(LTR(n)) 1 3 8 22 66 223 857 3709 17756

Cr′1(LTR(n.0)) 1 2 4 9 24 79 318 1487 7700
Cr′1(LF (n)) 1 2 5 57 784 - - - -
Cr′1(LRH(n)) 1 1 2 5 23 171 2606 81564 4 980 756

Òàáëèöà 5 cëîæíîñòè ïî êðèòåðèþ Cr′2

n 2 3 4 5 6 7 8 9 10
Cr′2(LTR(n)) 1 6 28 121 524 2406 12077 66447 395772

Cr′2(LTR(n, 0)) 1 4 15 57 229 1033 5363 31293 197959
Cr′2(LF (n)) 1 3 26 - -
Cr′2(LRH(n)) 1 3 12 50 345 3591 72968 2936304 224134020

Òàáëèöà 6 cëîæíîñòè ïî êðèòåðèþ Cr′3

n 2 3 4 5 6 7 8 9 10
Cr′3(LTR(n)) 0 1 8 45 228 1168 6401 37955 240857

Cr′3(LTR(n, 0)) 0 1 6 28 125 599 3256 19834 130583
Cr′3(LF (n)) 0 1 11 - -

Â òàáëèöàõ ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ:
n � èíäåêñ âèðèàëüíîãî êîýôôèöèåíòà;
LTR(n) � ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïî ôîðìóëå (65) Ìàéå-

ðà ìíîãî÷ëåíîì îò âñåõ äðåâåñíûõ ñóìì, ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè ìàéåðîâñêèõ
êîýôôèöèåíòîâ b2(Λ), b3(Λ), . . . , bn(Λ) ïî ôîðìóëàì (52) è (48);

Λ ⊆ Rν � îáúåì, â êîòîðîì ñîäåðæèòñÿ ñèñòåìà ÷àñòèö;
LTR(n.0) � ïðåäñòàâëåíèå ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà Bn ïî ôîðìóëàì

(79)�(84) ìíîãî÷ëåíîì îò âñåõ äðåâåñíûõ ñóìì, ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè êîýôôè-
öèåíòîâ a2, a3, . . . , an ïî ôîðìóëàì (59) è (47);

LF (n) � ïðåäñòàâëåíèå êàðêàñíîé ñóììîé ïðåäåëüíîãî âèðèàëüíîãî êîýôôèöèåíòà
Bn ïî ôîðìóëàì (99) è (100);

LRH(n) � ïðåäñòàâëåíèå âèðèàëüíîãî êîýôôèöèåíòà Bn(Λ) ïî ìåòîäó Ðè-Ãóâåðà.
Ïðèìå÷àíèå. Â òàáëèöàõ 1 è 4 çíà÷åíèÿ äëèí áàçîâûõ ëèíåéíûõ êîìáèíàöèé,

ÿâëÿþùèõñÿ ïðåäñòàâëåíèÿìè âèðèàëüíûõ êîýôôèöèåíòîâ Bn ïî ìåòîäó Ðè-Ãóâåðà,
çàèìñòâîâàíû èç ñòàòüè [27]. Çíà÷åíèÿ êðèòåðèåâ Cr2 è Cr3 äëÿ ïðåäñòàâëåíèé âèðè-
àëüíûõ êîýôôèöèåíòîâ Bn ïî ìåòîäó Ðè-Ãóâåðà âû÷èñëåíû, èñõîäÿ èç îïðåäåëåíèÿ
[46�48] ýòèõ ïðåäñòàâëåíèé è èñïîëüçóÿ çíà÷åíèÿ äëèí áàçîâûõ ëèíåéíûõ êîìáèíàöèé,
ïðèâåäåííûå â [27].
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