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Proof that the Center of Buoyancy is Equal to the Center of Pressure
by means of the Surface Integral of Hydrostatic Pressure
Acting on the Inclined Ship

Tsutomu HORI T

Summary

In this paper, we prove that “the center of buoyancy of a ship is equal to the center of hydrostatic
pressure ”. This subject 1s an unsolved problem in physics and naval architecture, even though the
buoyancy taught by Archimedes' principle® can be obtained clearly by the surface integral of hydrostatic
pressure. Then we thought that the reason why the vertical position of the center of pressure could not be

determined was that the horizontal force would be zero due to equilibrium in the upright state.

As a breakthrough, we dared to assume the left-right asymmetric pressure field by inclining the ship
with heel angle 6. In that state, the force and moment due to hydrostatic pressure were calculated correctly
with respect to the tilted coordinate system fixed to the floating body. By doing so, we succeeded in

determining the center of pressure.

Then, by setting the heel angle 6 to zero, it was proved that the center of hydrostatic pressure is equal to

the well-known center of buoyancy, i.e., the centroid of the cross-sectional area under the water surface.

Specifically, the above proof is first shown for a rectangular cross-section, and then for an arbitrary shape
of floating body by applying Gauss's integral theorem. And we show an extension to the center of buoyancy
for a 3-D floating body.

Keywords : Center of Buoyancy, Hydrostatic Pressure, Inclined Ship, Archimedes' Principle,
Surface Integral, Rectangular Section, Arbitrary Shape, Gauss’s Integral Theorem

1. Introduction

It is a well-known fact in physics and naval architecture that the position of “Center of Buoyancy” acting

on a ship is equal to the center of the volume of the geometric shape under the water surface.

The buoyancy taught by Archimedes' principle @ is clearly obtained by the surface integral of the
hydrostatic pressure, but the position of the center of buoyancy is described in every textbook (on physics®),

fluid dynamics®-®, hydraulics ®, naval architecture ©:(M.®. and nautical mechanics@9, etc.) as the center of
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gravity where the volume under the water surface is replaced by water. There is no explanation that it is

the center of pressure due to hydrostatic pressure (1.2,

Recently, Komatsu@® raised the issue of “the center of buoyancy # the center of pressure?” at 2007 in
Japan, and it was actively discussed by Seto 9.5 K. Suzuki(®, Yoshimura and Yasukawa?, Komatsu18),
Yabushita and Watanabe @ and others in research committees and academic meetings of the Japan Society
of Naval Architects and Ocean Engineers (hereinafter abbreviated as JASNAOE). At the same time, in
Europe, the problem was studied in detail by Mégel and Kliava 202D in terms of potential energy. However,

no one was able to solve this issue.

On the other hand, it is also an indisputable fact that the well-known center of buoyancy (i.e. the volume
center of the underwater portion) is correct from the viewpoint of ship’s stability22.@3 (that is to say, positioning

of the metacenter by calculating the metacentric radius 24.25.26 BM ).

In response to this unsolved problem, we considered that the reason why the vertical center of pressure
could not be determined was because the horizontal forces equilibrated to zero in the upright state. To solve
this problem, Hori @728 attempted in 2018 to integrate the hydrostatic pressure acting on the ship surface
at the inclined state with heel angle 6. Then, the forces and moments acting on the ship were calculated
with respect to a tilted coordinate system fixed to the ship. In this case, both orthogonal components of the
force acting on the ship are not zero. Therefore, it was shown that the center of pressure at the inclined
state can be determined. By setting the heel angle 6 to zero, we proved that the center of pressure coincides
with the center of area under the water surface in the upright state, i.e., the well-known center of buoyancy.
First, a columnar ship with the rectangular cross-section®? was proved. And then an arbitrary cross-
sectional shape @8 was proved and published in the Journal “ NavicaTion” of Japan Institute of Navigation
(hereinafter abbreviated as JIN).

For this problem, Yabushita@ showed that the center of buoyancy is the center of pressure by tilting the
direction of gravity from the vertical direction in his text book. Later, Yabushita et al. 39 showed that the
same conclusion can be obtained by tilting only the coordinate system, not by tilting the floating body or
direction of gravity 2nd halfof 31)  Furthermore, K. Suzuki®2 gave a detailed examination of Hori's theory @7,
On the other hand, Komatsu®3 performed an analysis in which only the vertical buoyant component was
extracted from the hydrostatic pressure acting on the surface of the laterally inclined floating body, as shown
by Hori®?. As a result, he claimed that the center of action of buoyancy is different from the well-known
center of buoyancy. Also, Yabushita®9 et al. attempted an elaborate analysis in terms of the potential
energy of buoyancy, which is adopted by Mégel and Kliava 29.2D, and showed that the height of the center of
buoyancy is equal to the conventional position of the center of buoyancy. In this way, as many researchers

are studying this issue with various approaches, the discussions have deepened in JASNAOE.

To sublate these discussions, we have illustrated that “the center of buoyancy is equal to the center of
pressure” for a semi-submerged circular cylinder 1st- halfof 31) and a submerged circular cylinder 35 which does
not change its shape under the water even if it is inclined, and for a triangular prisms®®, using the same

method G7. If you are interested, please read them.

In order to put an end to the above discussions, we proved that “the center of buoyancy = the center of

pressure” for a submerged body with arbitrary shape 1st half of 38 uging Gauss's integral theorem in 2021.
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Furthermore, it was published in the same journal “NavicaTion” of JIN that it is easier to prove for a floating
body with arbitrary shape 2nd halfof 38) than author’s previous paper@® by using Gauss's theorem in the same
way 39,

In this paper, we summarize the proofs for the case of the rectangular cross-section®?, which is the easiest
to understand, and for the floating body of arbitrary cross-sectional shape 2nd. half of 38) by applying Gauss's

integral theorem. And we show an extension to the center of buoyancy for a 3-D floating body.

2. Positioning of the center of hydrostatic pressure
acting on the inclined rectangular cross-section

Fig. 1 shows a two-dimensional rectangular cross-section of width 2b and depth f +h (draft f and
freeboard h) with a heel angle 6 to the starboard side. The origin 0 is set at the center of the bottom
surface, and the coordinate system fixed to the floating body is 0-7¢ and the coordinate system fixed to

the spaceis 0-yz. Here, the Z-axis of the latter is directed vertically upwards.

In the figure, atmospheric pressure is shown as a dashed vector, hydrostatic pressure as a solid vector,
each pressure as a thin vector, and each force as a thick vector. All these vectors act perpendicularly to the

surface of the floating body.

Al| <]
|k

Fig.1 Hydrostatic pressure and center of pressure acting on the inclined rectangular cross-section.
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2.1 Forces due to hydrostatic pressure

acting on the surface of an inclined rectangular cross-section

When the floating body is inclined laterally by heel angle €, the left-right asymmetric pressure field is
created. Then, as shown in Fig. 1, the water depths Z, and Z, under the still water surface at the bottom

points of port L and starboard R are expressed respectively in the form :

Z, (f —btan@d) cosé
Z, (f +btan@d) cosd

Let’s calculate the forces P, acting on the port side (indicated by the subscript “Left”) and Pgy, acting
on the starboard side (indicated by the subscript “Right”). P, is calculated by superimposing P9, which
is obtained by the integrating the uniformly distributed atmospheric pressure acting on the port side, and
PL(Q, which 1s obtained by the integrating the triangularly distributed hydrostatic pressure acting on the
submerged area. Similarly, Ppgg, is calculated by superimposing Pé%)m and PFfi’g)m on the starboard side.
Therefore, if the atmospheric pressure is p, and the specific gravity of water is y , the above P 4 and Pgy,

can be written respectively by using the water depths Z, and Z, in Eq. (1) as follows :

— (0) ()
PLeft - PLeft + PLeft

p,(f+h) + %7ZL(f —btang)

po(f +h) + %7/(f —btan#)?cosé

_ (0) (62)
Right — PRigm + PRighl

po(f+h) + %7ZR(f +btan @)

po(f +h) + %7(f +btan@)*cosd

The force Py, acting on the upper deck (indicated by the subscript “ Upper”) is obtained only by PJSSer

due to the atmospheric pressure of uniform distribution. And the force P, acting on the bottom

(indicated by the subscript “ Lower”) is obtained by superimposing P

Lower due to the atmospheric pressure and

P”_ due to the hydrostatic pressure of trapezoidal distribution. ~Therefore, each of Pupper and P can
be written by using Z, and Z, as follows :
I:)Upper = PU(;(J);er
= 2p,b
P = P P )
Z +yZ
= 2p,b + %.zb
= 2p,b + 2yfbcoséd
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2.2 Forces F_” and Fg combined in the —7 and ¢ direction

The combined forces F_, and F, acting in the —7 (in the direction of the negative axis of 7)and ¢

directions fixed on the floating body can be obtained by using P, and Py, in Eq.(2) as follows :

F_” = PRight —Plg = PR(iyg)ht - PL(eyfz
= 2yfbsing )
F; = PLower - PUpper = PL(;/vier @
= 2yfbcoso

Here, it can be seen that Ffﬂ is to the leftward, and F ; is upward. And for the both forces, the

atmospheric pressure P, is canceled out.

2.3 Forces F, and F, converted in the y and Z direction

The horizontal component F, and the vertical component F, acting on the floating body can be

calculated by transforming the coordinates of the both forces F_ and F ¢ 1n Eq. (4) as follows :.

n

F,= F,sind — F_ cosd
= 2yfb(cosfsind —sindcosd) = 0
....................................... (5)
F,= F,cos0 + F_ sing

2yfb(cos?@ +sin’@) = 2 yfh

Here, it can be seen that the horizontal component F, does not act as a combined force due to pressure
integration, even when the floating body is laterally inclined and the pressure field is asymmetric. On the
other hand, the vertical component F, can be written as :

F,=y-(2b-f)
y - (Area of the trapezoid under water surface)
BUOYANCY e (6)

By the above equation, F, is the buoyancy exactly as taught by Archimedes' principle®.

2.4 Moments M, and I\/Ig due to hydrostatic pressure in the 7 and { directions

First, we calculate the moment M, due to the forces in the 7 direction. The counterclockwise moment
M, around the origin 0 due to PR(%)N ,P9 and PFfi’g)m ,P7) can be obtained by using Eq.(2). As shown in
Fig. 1, the former is multiplied by the lever up to the action point of the pressure distributed uniformly, and
the latter is multiplied by the lever of the pressure distributed triangularly, so that the moment M is can

be calculated as follows :
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f+h f+btan@
M n = PR(i(;)rt' 5 + I:)R(iyg)ht : 3

f+h f -btan@
3

) (62)
- PLeft ’ - PLefl :

2

:}/bsing(f2+b?tan29) ............................................. (7

Here, the terms for atmospheric pressure p, is canceled out, as in the case of the forces in Eq. (2).

Next, let us consider calculating the moment M . due to the forces in the ¢ direction. To do this, we

need to find the distance &) from origin 0 to the action point of P%) . Here, the hydrostatic pressure of

the trapezoidal distribution of acting on the bottom surface is decomposed into the uniform distribution and

the triangular distribution. Since only the pressure of the triangular distribution contributes to the

(r

moment around origin 0 shown in Fig. 1, the distance ¢’ can be determined by using Eq. (3) as follows :

. 2b
27b25m9(b—3j %ybssine b?
e = — = AN  cccerccceccctcciiiccnaans (8)
p 2y fbcosd 3f

Lower

Therefore, the counterclockwise moment M . around the origin 0 due to the forces PO, PY and

Pu(;?ger acting in the ¢ direction can also be calculated as :

M,= PO, x0+P%, -e?-PO x0

Lower Lower Upper

As aresult, M ¢ 1s obtained as the numerator in Eq. (8) and, like M , iIn Eq. (7), does not depend on pj,.

2.5 Positioning of center of hydrostatic pressure C, of rectangular cross-section

Consider the determination of the position of the center of hydrostatic pressure C, acting on the floating

body with rectangular cross-section.

The counterclockwise moments M, and M . about origin o calculated in the previous section can be
written by the combined forces F_, and F, acting on C, (&5,7mp), based on the hydraulic method used by
Ohgushi®, as follows :

M n F’” ) é/P .......................................................... (10)
M 1Y Fg /)

Therefore, the distances 7, and ¢, in the 7 and ¢ directions from the origin 0 to the center of
pressure C, can be determined respectively by using F_,, F, of Eq.(4) in Section 2.2 and M, , M, of Eq.

(7),(9) in Section 2.4, as follows :

_777
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M
e = F{
¢
P(V) '8(7) b?
- Lower(y) == —tand (ZUG]E A-5 )
Lower 3f 4(A9)
M
— no Ll teeeccccsssssssssssssccce (11)

-n
2

ybsine(f2+%tan20)

2yfbsing
o f b? 2 _
_ 7+Etan 0 (—JG]Eq.(A—S))

As shown in the Appendix A-1, this result (77,5, ;) coincides with the result (775, {5) of Eq. (A-5), in
which the centroid of the trapezoidal region under the water surface is geometrically determined by
calculating the area moment. Hence, it is correct and equal to the well-known position of the center of
buoyancy.

Then, the specific weight y of water have been cancelled out in the denominator and numerator of Eq.
()

Lower acts.

(11) respectively. And 77, is obtained as the force point & ) calculated by Eqg. (8), on which P

Here, it should be noted that the position ¢, of the center of pressure in the ¢ - direction could be
determined because the zero factor sin@ at the heel angle 8 — 0 was offset in the denominator and
numerator, as shown in the 284, part of Eq.(11). If we start and calculate as an upright state € =0, both
the denominator F, and the numerator M , are zero in equilibrium, so the fraction will be indeterminate

forms and ¢, cannot be determined.

To clarify this result, let's determine the pressure center in the upright state by setting the heel angle to
@ — 0. Then, since the 17¢ - coordinates tilted and fixed on the floating body coincide with the yz -

coordinates fixed in space, the Eq. (11) becomes as :

f
650 (Vp: 2p) = (0’7) .................................... (12)
~ C, =B

(75, ¢5)]

Here, it can be obtained that the center of pressure is equal to rectangular centroid. This proves that
the center of pressure C, due to hydrostatic pressure coincides with the well-known “Center of Buoyancy,
B”.
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3. Positioning of the center of hydrostatic pressure
acting on the inclined floating body with an arbitrary form

In this chapter, we apply the same method as used in the previous chapter, in which a rectangular shape
is inclined laterally, to the floating body with the arbitrary shape.

It is shown that the position of the center
of pressure can be more easily determined by integrating the hydrostatic pressure using Gauss's integral
theorem than author’s previous paper @9,

Fig. 2 shows a transverse section of an arbitrarily shaped floating body with a heel angle € to the
starboard side. The origin 0 is placed in the center of the still water surface, and the coordinate system

fixed to the floating body and tilted is 0-7¢ , and the coordinate system fixed to spaceis 0-yz.

Here, the

|

1<

C.(}')
in Water

in Water

4

Fig.2 Hydrostatic pressure and center of pressure acting on the inclined floating body with arbitrary form.
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Z - axis of the latter is vertically downwards, and the opposite direction to that of Fig. 1. Also, the outward
unit normal vector standing on the surface of the floating body is n=n, j+n gk , and N, and N, are the

directional cosines of the floating body fixed in the 7 and ¢ directions, respectively.

In the figure, the atmospheric pressure is shown as a dashed vector, the hydrostatic pressure as a solid
vector, same as in Fig. 1. And all of the vectors act in the —n direction perpendicular to the floating body

surface.

As shown in Fig. 2, the water depth z on the surface (77,¢) of the floating body is written as :

z2(n,¢)

(¢ +ntan@) cosé

é’cos9+r]sin9 ................................................... (13)

Here, as in Chapter 2, if the atmospheric pressure is written as P, and the specific weight of water is

written as y , the hydrostatic pressure p(7, ) can be obtained for positive and negative z as follows :

P, (for z<0; in Air)

p(n,{) = { p0+;/z(77,§) Cfor 220 imWater) T (14)

3.1 —n directional component F , and —¢ directional component F_g
of the total force due to hydrostatic pressure acting on the floating body

The -7 directional component F  andthe —¢ directional component F. c of the total force acting on the
floating body surface can be obtained by integrating the 77 and { components of the hydrostatic pressure
p in Eq.(14). Here, the integral path is written as c@ for the aerial part of the floating body and ¢ for
the underwater part, as shown in Fig. 2. Then, I:_,7 and F_g are calculated by the sum of the integrals

respectively as follows :

F_,] - ic(ohc(w p(77, é/) n” df

Lm pon,dl + Lm(po +yz)n, dl
(

<ﬁc 04 ¢ pon’l dﬂ + 7/,'-(;(7) Znﬂ df

F_C - ¢C(O)+C(7) p(771§) r']4 dﬂ

:_[C(O) ponC de+ Ic(y)(p0+7/z)ng d/

= @c“’hc(” pOnC de+ 7jc(y) an df

Both results are obtained by summing the line integral over the entire circumference of the floating body

c@+¢c" for p,and the line integral over the underwater surface of the floating body ¢ for z.
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Here, because of z =0 on the still water surface (Y- axis), the equality relation is not broken even if the
integral term for the path ¢™" on the still water surface is added to the second term, as shown in Fig. 2.
As a result, it can be expressed as a contour integral of ¢ +¢™" under the water surface. Therefore, F,

and F_, can be written as the sum of the contour integral of the two paths, respectively, as follows :

F,= gscmﬂm pon, dl + 7jc(y)zn”d€ + ?/ICML)Z”,,M
= qsc(0>+c(r> pOnn de + 7456(”“%) ani de
F,= 9Sc<°>+cm pon dl + ;/J‘szngdf + ;/J'C(WUzngdﬁ

= qsc(0>+c(r> pOnﬁdﬂ + 7q.>cw)+c(wu andﬁ

Therefore, the following two-dimensional (77-¢ plane) Gauss' integral theorem, in which n, and n , are
the directional cosines of the outward unit normal vector in 7 and ¢ directions, can be applied to the

contour integrals of the above Eq. (16), respectively.

q‘> u(n,¢)n,dl= jj —dA

gSv(n £yn.de —jj —dA

Then, both F , and F , can be converted to the area integral, in which the area of the aerial part of the
floating body is denoted as A® and the area of the underwater part as A” . As a result of the calculation,

both forces can be expressed only in terms of the area integral of underwater A", as follows :

e T Rane [, o

4 .”A(” g_; dA

0
= J-J.A(O)+ A 62/0 dA + Y .”AW 2_5‘ dA

- 7.[.[A“ _dA

L
|

This is the result of finding that the area integral with respect to P, in the 1st. term of the above equation

vanishes because the integrand becomes zero.

Furthermore, using Eq. (13) for water depth z, the both forces F | and F , in Eq.(18) can be calculated

as below. Then, each of the 1st. term of integrand for A” in the following equation will become zero and
vanish.
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3 0(¢ cosf +nsind)

¥ sin G”AM dA = yAYsing

0(nsin@+¢ cosd)
F,= 7”/\‘” dA
¢
70059.['[A(7) dA = yAY cosd

It can be seen that both are determined by the area A" of the floating body under the still water surface

and the heel angle 6, and do not depend on the atmospheric pressure p,.

In addition, according to the results of Eq.(20) in the next section, F , and F . are obtained as —7 and

7
—¢ directional components of the buoyancy F_, acting vertically upward, respectively.

3.2 Forces F, and F_, converted in y and -7 directions

The horizontal component (y direction) F, and the vertical component (-z direction) F_, acting on the
floating body can be obtained by transforming the coordinates of the both forces F_, and F_{ in Eq.(19) of
the previous section, as follows :

F

y

F sind —F_ cosd
= yAY (cos@-siné —sinH-cosh)
=0

T
Il

F ,cos@ +F_ sind
yAY (cos? @ +sin?0)
yAY = Buoyancy

Here, it can be seen that the horizontal component Fy does not act as a combined force due to pressure
integration, even when the floating body is laterally inclined and asymmetric. On the other hand, the
vertical component is the product of the specific weight y of water and the cross-sectional area AY) of the
floating body under the water surface, and it is the buoyancy itself that generates vertically upward, as
taught by Archimedes' principle®. This situation is similar to Eq. (5) for the rectangular cross-section in
Chapter 2.

3.3 Moments M, and M, due to hydrostatic pressure in the 7 and { directions

In this section, we shall calculate the total counterclockwise moment M, around the origin O due to
hydrostatic pressure acting on the surface of the floating body. It can be calculated by superimposing the
clockwise moment M, due to the pressure component in the direction ~7 and the counterclockwise moment
M, due to the pressure component in the direction —¢ , based on the hydraulic method used by Ohgushi®

for an example of the rolling gate, as follows :
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M,=-M,6 +M,

........................
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Here, M, and M, can be obtained by multiplying the integrand in Es. (15) by ¢ or 7 as the moment

lever, respectively, in the form :

M)] = ¢c<0)+c(” p(ﬂ,é') é’nqdf
=] po§n,,d€+jcm(po+;/z);nng
Mé‘ = ¢C<O)+C(” p(naé’) Ungdﬂ

=L<°) ponngdﬁ+L(y)(po+;/z);7n{dg

Now, as in the case of forces F, and F_, in Eq.(16), let’s connect the path ¢@ and ¢ with respect to

P, and add a term for the path c¢™Y on the still water surface with respect to z where the integral value

become zero as shown in Fig.2. Then, M, and M, can be expressed as the sum of the contour integrals

of the two paths, respectively, as follows :

M”::¢&m+wqp0§nqdf—+yI“Mz§n”d€-+yjcwuz§n”d€

= po @c(ﬂhrc('/) é/ni] d€ + }/¢C(y)+c(WL) Zé,n'] dﬁ

M, = chCmHm PN dl + }/J-C(”Znngdf + }/J‘C(WUZnngdﬂ

= Po Cﬁcm)ﬂm nnédf + 7¢cm+ctwu277n§d€

Therefore, we can apply Gauss's integral theorem in Eq. (17) to the above contour integrals, as in the case

of forces F_, and F . in Section 3.1, and convert them into area integrals. Furthermore, using Eq. (13) for

the water depth z, the moments M, and M ; in Eq.(23) can be written, respectively, as follows :

M n po”A”MM” Z_gdA * yJ‘J.A(” %ﬂé’) dA

) .
_ y” . 0(¢° cos@+n¢ sinb) dA
AY 677

ysing [[ ¢ dA

Mf - pO.UA(OMA(“S_Z’dA + y.”A(” %;)dA

o(n*sin@+¢ncosd)
- y.”A(” 64’ dA

ycoseﬂ‘w ndA
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Here, both moments are proportional to the area moments of the submerged area A” of the floating body
about the 77 -axis or { -axis, respectively. This is the result that integrands in the terms for p, and the 1st.

term for A" in the above equations become zero and vanished.

3.4 Positioning of center of hydrostatic pressure C,
of the floating body with arbitrary form

Since the forces F_,] and F ¢ due to the hydrostatic pressure obtained in Section 3.1 act on the pressure
center C, (775, ¢;), the clockwise moment M, and the counterclockwise moment M . obtained in Section

3.3 can be expressed respectively, as follows :

Ml = F*7 é’
7 L AP (25)
M, =F 7,
Here, the total counterclockwise moment M , around the origin 0 in Eq.(21) can be calculated as :
M, =— |:777 o+ |:74 Tlp St ttttteteeeeeseeiiiiiii e (26)

Then, the moment M c around the point C, at which F_” and F{ act is computed as below, and
becomes zero.

Mcp:_FfﬂXO*'ngXOZO ............................................... (27)

This correctly indicates that C, is the center of pressure due to hydrostatic pressure.

Therefore, the coordinate (775, {'p) of this center of pressure C, can be determined by Eq. (25). Here,
the 77 - coordinate, 77, can be determined by using the 2nd. part of Eq. (19) for F_, and the 2nd. part of Eq.
(24) for M It follows :

M, 70039HAM ndA

e = F, T AD coso

1
:W.”.A”) ndA (:776) .................................................. (28)

Further, the ¢ - coordinate, ¢, can be determined by using the 1st. part of Eq.(19) for F_, and the 1st.
part of Eq.(24) for M, as follows :

M 7sin0HAm ¢ dA
F yAYsing

:Ale)J‘Amé,dA(:é,G) ................................................... (29)

As a result, both the specific weight y of water and the heel angle & have been cancelled out in the
denominator and numerator respectively, so that 7, and ¢, are obtained in the following simple
geometrical format. It is a form in which the area-moment about the ¢ -axis and the area-moment about

the 7 -axis are each divided by the area A" of the submerged portion. This shows that the center of
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pressure (775, ¢;) of the floating body in the inclined state clearly coincides with the centroid (775, {) of

the submerged area A, that is, the well-known center of buoyancy.

Considering the above, ¢, of vertical component can be obtained by offsetting the zero factor siné@ at
the heel angle & — 0 with the denominator and numerator, as shown in Eq. (29). Here, if we start and
calculate as the upright state 6 =0, both the denominator F_, and the numerator M, are in equilibrium
and become zero, so the fraction becomes indeterminate forms and ¢, cannot be determined. This is the
reason why we were able to determine the position of the center of pressure in the ¢ direction as {p =&

by inclining the floating body laterally.

On the other hand, in the calculation of 7, in Eq. (28), even if the heel angle is # =0 from the beginning,
the denominator F . takes a finite value as the cosine component of the buoyancy. Therefore, the

horizontal component 7, can be determined as 7, =7, if we start and calculate as the upright state.

These situations described above are exactly the same as in Eq. (11) of Section 2.5 for a rectangular cross-

section.

As a final step, let's find the center of pressure in the upright state by setting the heel angle to  — 0, in
order to make this result clearer. Then, since the 77 - coordinates tilted and fixed on the floating body

coincide with the Yy z -coordinates fixed in space, the Eq. (28) and Eq. (29) become as :

(yP' Zp) = (%J‘J‘Am ydA AT];)jIA(y> ZdAj = (yG’ ZG) ................. (30)

~C,=B

Therefore, this proves that the center of pressure C, due to hydrostatic pressure coincides with the well-

known “Center of Buoyancy, B ”.

In addition, the reason why the consequence of Z, shown in Eq. (30) could be derived more easily than
the author's previous paper@® is that Gauss's integral theorem was applied to an inclined 0-7¢ coordinate

system fixed to a floating body.

3.5 Extension to the center of buoyancy for a 3-D floating body

In the previous section, we were able to show that the center of hydrostatic pressure C, (Yp, Z;) in the
cross-section, i.e., yZ-plane, of a floating body for the upright state is equal to its centroid G (Y;, Z;) of the

underwater area, i.e., the well-known center of buoyancy B .

As shown in Fig. 3, the cross-sectional area under the water surface in the longitudinal direction X is
A" (x), the y-coordinate of the center of buoyancy in the horizontal direction are Y,(X), and the z-
coordinate in the vertical direction are Z,(X). The position of the center of buoyancy B(X,, Yz, Z;) for a
3-dimensional floating body, such as a ship, is determined by dividing the volume integral A" (x)dx of the
moment with X as the lever for X, with y,(X) for Y, and with z,(X) for Z, from the stern (After

Perpendicular : A.P.) to the bow (Fore Perpendicular : F.P.) in the X direction, respectively, by the underwater
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volume V ) | as follows :

F.P.
x- A (x)dx N

X, = IA-PF-.P. = T x A g
jAP AV (x)dx VAP

F.P.
Y (x)- AP (x) dx i3
Y. = J.A.P, F': = _ V](.V) J':PP yP(X)‘A(y)(X)dX ..................... (31)
¥ ? P
jAP AY (x) dx

FP.
zp (x)- A7 (x)dx i3

Z, = IA.P. F: _ ]Ey) J"FP ZP(X)-A(y)(X)dX
J'AP A® (x)dx V AP.

The three equations above are nothing more than correctly determining the XYy z - coordinates of the

volume centroid of the geometric shape of the underwater portion of the 3-D floating body.

Y

X
LN

-
~
x
~—1

X F.P.

‘ \V (¥)

—~@------4------

Fig.3 The center of buoyancy of the 3-D floating body B(X,, Yy, Z;)
and of the cross-section C, (¥, (X), z,(x)) for the upright state.

4. Conclusions

In this paper, we elucidated an unsolved problem in physics and naval architecture by proving that “the

center of hydrostatic pressure is equal to the well-known center of buoyancy of a ship”.

To solve this problem, we dared to assume the left-right asymmetric pressure field by inclining the ship
with heel angle. In that state, the force and moment due to hydrostatic pressure were calculated correctly

with respect to the tilted coordinate system fixed to the floating body. By doing so, we succeeded in
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determining the center of hydrostatic pressure. Finally, by setting the heel angle to zero, the result of the

upright state was obtained and the proof was clarified.

As for the shape of the floating body, the simplest rectangular cross - section was proved first, and then
the arbitrary cross-sectional shape was proved by applying Gauss's integral theorem. And we showed an

extension to the center of buoyancy for a 3-D floating body.
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Appendix

A-1. Centroid of the trapezoidal area, which is the underwater sectional shape

In this appendix, the centroid of trapezoidal area, which is the cross-sectional shape under the water

surface when a rectangle is inclined laterally, is geometrically obtained from the area moment.

As shown in Fig. A-1, let's analyze in an inclined 0-77¢ coordinate system with the origin 0 at the center
of the bottom of the floating body and fixed to the body. This is the same coordinate system as Fig. 1 in
Chapter 2. Here, the draft of upright state is f , the half-width is b, and the heel angle is .

Then, we consider that the trapezoidal region under the water is divided into a rectangle (centroid ¢,)

and a triangle (centroid ¢ ,) by a single dotted line.
If the area of the rectangular part is A, and the area of the triangular part is A, , each of them and their
sum can be obtained as follows :
A=2b(f-Dbtan@)
AZ:%-Zb-thanQ:sztanH ............................................. (A-1)
A+A,=2bf

First, we calculate the area moment M ;7 about the 77 -axis. Here, dashes are added to distinguish them

from the moments caused by forces shown in Chapters 2 and 3. Then, M :7 can be calculated as :

M = A< —0MEn0 Azx{(f —btan9)+—2btan€}
2 3

— bf2+%b3tan20 .................................................... (A-2)

Next, the area moment M ;“ about the ¢ -axis can be calculated as :

M'g A1x0+A2x(b—2—bj = A, x—

3

I
O
w
—
QD
>S5
N
—~
>
w
=

If the coordinate of the centroid position G of the trapezoid is (77@ ' G G) , the above area moments M;

and M '4 can be written as the product of the total area and the lever, respectively, as follows :

M;:(A1+A2)§G
M’gz (A +A,)n,

Therefore, the coordinates 77 and { g of the centroid G of the area can be calculated and determined

as follows :
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M’ 2
Ne= —= b” e
A+A, 3f
............................................ (A_5)
M! 2
7 i+ b tan?o

So=aiA "2 e

Here, 0,, 0, and G in Fig.A-1 are drawn on the correct positions in this state, and the three points are

on the same straight line.

.||||<]

[

2btan@

f —btané@

n

Fig.A-1 Centroid G of area of the underwater trapezoid.

A-2. Introduction of lecture videos uploaded to YouTube
The content of Chapter 2, which proves that “Center of Buoyancy = Center of Pressure” by inclining a

floating body with rectangular cross-section laterally, is lectured to 2»d year students of the naval
architectural engineering course ¥2.43 in the “ Hydrostatics of Floating Bodies” of the university where the

author®9 works.
With the recent trend of remote lectures, the situation is filmed in two parts, the 1st half“% and the 2nd
half¢6), and on-demand teaching materials are created and uploaded as YouTube videos. The explanation

1s in Japanese, but if you are interested, please have a look.



https://vixra.org/abs/2109.0008
https://vixra.org/abs/2109.0008

