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Abstract

We present a method which modifies a magic square of order n and then adds two outer rows
and two outer columns to produce a magic square of order n + 2. The modification of the
original square will preserve the equality of sums of the rows, columns, and main diagonals.
This modified square will be centrally embedded in the magic square of order n + 2 .

Definitions

For the purposes of this paper, a magic square of order n shall mean an n x n arrangement of

the integers 1 through n? such that the sums of each row, each column and both main diagonals

_"2(72‘;“) = % (n* + 1) . An embedded square of order n shall

mean an n X n arrangement of distinct positive integers such that each row, each column and
both main diagonals have the same sum. Figure 1 shows a magic square of order 8 with
centrally embedded squares of order 4 and 6.

all equal the magic sum S =

13 64 2 62 4 8 56 51
59 19 21 16 50 48 41 6

55 20 28 39 38 25 45 10
54 47 33 30 31 36 18 11
53 43 29 34 35 32 22 12
5 42 40 27 26 37 23 60
7 24 44 49 15 17 46 58
14 1 63 3 61 57 9 52

Figure 1
Construction Method

Our method may be carried out with the aid of a calculator for the necessary arithmetic and a
spreadsheet to check the results. Each stage of our construction starts with a magic square,
modifies it and adds two outer rows and two outer columns to arrive at a magic square of higher
order. The original square will become an embedded square at the center of the larger one. We
will signal those steps of this process which involve trial-and-error experimentation. One
example will serve to illustrate our process.

Our example begins with the order-11 square shown in Figure 2, which will become the
embedded square within a magic square of order 13. The new square will contain integers 1



through 169. For this reason, we add 24 to each entry, giving us the values in Figure 3. The
columns, rows and diagonals of this array all sum to 935. The numbers in the two new rows and
columns will be integers 1 through 24 and 146 through 169. They form 24 pairs, each summing
to 170, as listed in Figure 4. So, when any such pair is added at the ends of an existing row,
column or diagonal, the new row, column, or diagonal will consist of thirteen integers whose
sum is 1105. If the two new rows and two new columns also sum to 1105, we will indeed have a
magic square of order 13.

114 19 18 16 12 15 113 115 117 118 14
10 28 101 30 31 35 98 97 93 36 112
6 22 76 84 83 45 4 47 48 100 116
3 23 80 52 73 55 71 54 42 99 119
2 96 37 66 60 65 58 56 85 26 120
109 89 79 69 59 61 63 53 43 33 13
111 90 40 50 64 57 62 72 82 32 11
1 27 41 68 49 67 51 70 81 95 121
105 88 74 38 39 77 78 75 46 34 17
102 86 21 92 91 87 24 25 29 94 20
108 103 104 106 110 107 9 7 5 4 8

Figure 2

138 43 42 40 36 39 137 139 141 142 38
34 52 125 54 55 59 122 121 117 60 136
30 46 100 108 107 69 68 71 72 124 140
27 47 104 76 97 79 95 78 66 123 143
26 120 61 90 84 89 82 80 109 50 144

133 113 103 93 83 85 87 77 67 57 37
135 114 64 74 88 81 86 96 106 56 35
25 51 65 92 73 91 75 94 105 119 145
129 112 98 62 63 101 102 99 70 58 41
126 110 45 116 115 111 48 49 53 118 44
132 127 128 130 134 131 33 31 29 28 32

Figure 3

Here is where our trial-and-error experimentation begins. We first choose two of our 24 pairs to
occupy the corners of our new order-13 square as shown in Figure 5. We illustrate by choosing
the pairs (4,166) and (24,146).
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24 166
138 43 42 40 36 39 137 139 141 142 38
34 52 125 54 55 59 122 121 117 60 136
30 46 100 108 107 69 68 71 72 124 140
27 47 104 76 97 79 95 78 66 123 143
26 120 61 90 84 89 82 80 109 50 144
133 113 103 93 83 8 87 77 67 57 37
135 114 64 74 88 81 8 96 106 56 35
25 51 65 92 73 91 75 94 105 119 145
129 112 98 62 63 101 102 99 70 58 41
126 110 45 116 115 111 48 49 53 118 44
132 127 128 130 134 131 33 31 29 28 32
4 146
Figure 5

The magic sum for an order-13 magic square is 1105. Thus, we determine that the remaining 11
numbers in our top row must sum to 915 and the remaining numbers in the rightmost column
must sum to 793. One choice for completion of the rightmost column is

793 =7+ 147 + 149 + 150 + 154+ 155+1+3+6 + 10 + 11

At this point, 13 of our 24 pairs have been used. They are marked in Figure 4. Here is the
moment of truth: can we achieve the needed sum of 915 with the remaining pairs? If we add the
larger numbers from each of these pairs, we have 1731. We need 915 and 1731 — 915 = 816 .
Therefore, if we can find numbers in the column of differences that add to 816, they will indicate
where we should choose the smaller number of the associated pair. In this case, we have 816 =
126 + 132 + 134 + 136 + 142 + 146,

and then 915 =168+ 165+ 162+ 161+ 12+ 157+ 14+ 17+ 18+ 19 + 22 .
Our completed square is in Figure 6.

If we had not been able to achieve the needed sum of 816 in the column of differences, then we
would change our choice at one of the earlier steps and try again. We may change our choice
either for the pairs occupying the corners or for the numbers summing to 793.

Observations and Suggestions for Further Investigation

Our method shows that there are a staggering number of such squares. In the example shown
above, the eleven numbers completing the top row and the eleven numbers completing the
rightmost column can be inserted in any order. This alone accounts for (11!)? ~ 1.593 x 10%°
distinct squares. With this flexibility, we may pose other challenges. For example, the order-19
square in Figure 7 has the property that all entries above the central number, 181, end in the digit
5 while all entries below it end in the digit 7. The reader will notice a similar property for



numbers in the tenth row. The order-20 square in Figure 8 exhibits a similar property along the
main diagonals.
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Examination of the modulo-4 values of our integers proved particularly interesting. For an
order-11 square our method dictates that the center square be congruent to 1. The magic sum
671 is congruent to 3. Careful consideration of our choices throughout the construction process
produced the square in Figure 9, where the coloring reveals the modulo-4 value of the entries.
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All the trial-and-error choices mentioned above involve a finite number of possibilities. As such,
they are resolvable by an exhaustive search. This is a project for a recreational programmer.

The authors are recreational mathematicians; we have no interest in carrying out such a project
but would certainly be interested in the results.

The first option in each stage of our method is the choice of two pairs of numbers to occupy the
corner positions. Experience at the lower orders shows that certain choices at this step leave
positions that cannot be successfully completed by any of the choices available for subsequent
options to complete the outer rows and columns. A characterization of these futile choices
would be interesting and avoiding them would be a significant improvement in our method.
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