The Theodorus Constant

Edgar Valdebenito
July, 2021

Abstract.In this note we give some formulas related with the Theodorus constant T=1.860025....
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Theodorus of Cyrene (ca. 460-399 B.C. ) ,teacher of Plato and Theaetetus, is known for his proof of the irrationality of \/ n,n=2,3,5, .. 17.

1. Introduction

The discrete spiral of theodorus is defined by
zn=[l+L]zn_1,zo=l,n=1,2,3, vy =+ -1 (1)
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The points z,_; and z, determine a right triangle relative to the origin 0 , with legs 1 and 4/n . The polar
coordinates (ry, 6,) of z, are given by
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k+1

A closed-form expression for z, is
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The continuous spiral of theodorus is defined by

f(t) = ﬁ T 1+t exp[ i(arctan(r) - arctan(ﬁ))) ,-l<t<oo (4)
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and a polar representation is

The functional equation is
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The slope of the spiral at the point 1 is
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This is called the constant of Theodorus (P.J. Davis 1993 ).
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In this note we give some formulas for T .

2. Formulas for Theodorus constant

Entry 1. Series
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Entry 2. Zeta series
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Remark 1: {(x) =3, n™*, x> 1,is the Riemann zeta function.

Remark 2: ®(z, s, u) =352, 2"(u + n)~* , is the Lerch transcendent function.

Entry 3. Integrals
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Remark 3: F(x) =™ foetz dt ,is Dawson’s integral.
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Remark 4: {(s, u) = Xo(u+n) =d(1, s, u) , is the Hurwitz zeta function.
Remark 5: B, ={1/6, 1/30, 1/42, 1/30, 5/66, ...}, are the Bernoulli numbers.

Remark 6: [x] is the integer part of x .

Entry 4. Inequalities and estimation
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3. Spiral of Theodorus
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Fig.1 Discrete spiral of Theodorus
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Fig.2 Continuous spiral of Theodorus
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Fig.3 Twin - spiral of Theodorus
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