The Theorem on the Magnetic Field of Rotating Charged Bodies
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Abstract—The method of retarded potentials is used to derive the Biot-Savart law, taking into account
the correction that describes the chaotic motion of charged particles in rectilinear currents. Then this
method is used for circular currents, and the following theorem is proved: The magnetic field on the
rotation axis of an axisymmetric charged body or charge distribution has only one component directed
along the rotation axis, and the magnetic field is expressed through the surface integral, which does not
require integration over the azimuthal angle ¢. In the general case, for arbitrary charge distribution
and for any location of the rotation axis, the magnetic field is expressed through the volume integral, in
which the integrand does not depend on the angle ¢. The obtained simple formulas in cylindrical and
spherical coordinates allow us to quickly find the external and central magnetic field of rotating bodies
on the rotation axis.

1. INTRODUCTION

In the general case, stationary motion of a charged particle consists of rectilinear motion at a constant
velocity and rotational motion at a constant angular velocity. Each of these motions in its own way
leads to appearance of the corresponding magnetic field vector, so that the total magnetic field of a
particle can be found by adding these two magnetic field vectors. If we consider the stationary motion of
a set of particles or motion of a charged body, then the total magnetic field of the system can be found
based on the superposition principle as the sum of the magnetic field vectors of individual particles.

The result of flow of a rectilinear current of charged particles has been studied quite well, and for
this case there is an experimentally derived Biot-Savart law, which can be written in a simplified form
as follows [1]:

B(1) = Z—ﬁ/% (1)
2

where B(1) is the magnetic field induction at a certain fixed point 1, calculated using the integral over
the volume of area 2 occupied by the currents flowing in it; pg is the vacuum permeability; j is the
electric current density vector inside area 2, depending on the coordinates, but not on the time; ris is
the vector from the point with the current inside area 2 to point 1; the quantity [j X ris] is the vector
product of j and rys.

There are various possible approaches, in which Equation (1) is found. As shown in [2], within
the framework of the special theory of relativity, the magnetic field corresponding to Eq. (1) can be
calculated as a consequence of the Lorentz transformations for the electromagnetic force, acting from
one charged particle on another particle. Just as well, we can use the Lorentz transformation of the
components of the electromagnetic tensor F),, from the moving reference frame K’, where there is only
the electric field E’, into the stationary reference frame K.
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Indeed, by definition, F,, = 0,4, — 0,A,, where 0, = 8:% = (%, %, %, %) is a four-gradient;
A, = (£,—A) is a four-potential, expressed in terms of the scalar electric potential ¢, the speed of light
¢, and the vector potential A = (4., A,, A.). Given that A, is a four-vector, and the same is true for
0y, in the special theory of relativity, the Lorentz transformations can be applied both to A4, and to J,,.
In this case, the components of any four-vector a, are transformed in the same way as the components
of the four-dimensional quantity x, = (cdt, —x, —y, —z) that defines the location of a point in space and
time. All this leads to the Lorentz transformations for the electromagnetic tensor components, so that
in the coordinate notation we have

EF, = AHPAV"F;,U,

where the four-dimensional quantities A,/ define the corresponding Lorentz transformation.

. E
Since the nonzero tensor components equal Fy1 = —Fig = %, Foo = —Fy = =+, Fog = —F30 = %,

F3p = —Fy3 = B, Fi3 = —F3 = By, I»1 = —F3 = B., then for the electromagnetic field components
in K we obtain the following:

E,=E, E,=~(E,+WB.), E.=~(E,-VWB,)

(2)
By =B,, By=v(B,—WE./?), B.=v(B.+WE,/c").

In expressions (2) we set B’ = (B}, B,,B,) = 0, then the magnetic field in K will equal

B = (0,—YWE./? Ao E, /¢®), where Vj is the velocity of motion of the reference frame K’ in K
1

from the static charge distribution with the constant charge density po,. This can be written as follows
o / (R — 1)) dV’
dreo J R/ -1/’
where R/ is a vector from the distribution center to the observation point; r’ is a vector from the
distribution center to an arbitrary point in the volume of the charge distribution; the integration is

performed over the volume V' of the charge distribution, which is fixed in K’. Then the magnetic field
in K, in view of the relations c?upeo = 1, j = 7vpog Vo, can be represented by the formula

1o / Jx R —r)]dV’
B="2" &
A R — 1|

along the axis OX, the Lorentz factor v = Let us suppose that the electric field in K’ arises

where primed quantities are specified in K'.

Let us suppose now that a certain volume V is uniformly filled with a set of moving charge
distributions, so that V' = [dV’, dV = dV’, and we need to find the total magnetic field outside
the volume V. In this case, we can use the superposition principle for the magnetic fields. Instead
of R’ — r’ now we should use ri3 = R — ry, where R is a vector from the center of the volume V to
observation point 1, and ro is a vector from the center of the volume V to point 2 with the current
density j in the volume V. This gives

47 79
2
which coincides with Eq. (1). Expression (1) is also obtained from the general solution of the wave
equation for the vector potential in case of constant currents [3].

Formula (1) is one of the main formulas in magnetostatics to calculate in the first approximation
the magnetic field of constant distributed currents. As for the case of rotational motion of charged
particles, this situation is more complex, since rotation is not described by an inertial reference frame.
When a charged body rotates, the charged particles of this body also rotate, which leads to the current
density j, while the vector j is usually directed tangentially to the curves along which the charges rotate.
The non-rectilinearity of the vector j inside the rotating charged body markedly affects the resulting
magnetic field, and therefore a different formula is required instead of Eq. (1).

In [4, 5] it was shown that the stationary magnetic field of axisymmetric rotating charge distribution,
in principle, can be expressed in terms of the strength E and the scalar potential ¢ of the electric field of
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this distribution. If the motion of charged particles is rectilinear, the magnetic field is expressed only in
terms of E in full accordance with the Lorentz transformations for the components of the electromagnetic
field tensor in inertial reference frames. This once again underlines the difference between rectilinear
motion and rotational motion and the need for different formulas for the magnetic field, depending on
the type of motion.

In this regard, our goal will be to derive relativistic formulas for magnetic fields arising from a
system of constant currents and from a stationary rotating charge distribution. In contrast to the above
approaches, the magnetic field will be calculated taking into account the intrinsic chaotic motion of
charges. In the next section, we will briefly present the relativistic expression for the Biot-Savart law
and estimate its accuracy, and in Section 3 we will pass on to the analysis of rotational motion of charges
and currents and to the proof of the theorem on the magnetic field for this case.

2. RECTILINEAR MOTION OF CHARGES

In order to estimate the accuracy of formula (1) for the magnetic field of stationary currents, it is
necessary to proceed from the basis of the electromagnetic theory. As a starting point, we will use the
method of retarded potentials [6, 7], according to which the scalar and vector potentials outside of an
arbitrarily moving charged point particle with the number n are expressed by the formulas:

A~

dn A, — HodnV PnV (3)

47‘1’50 (RP—\'\P].?{p/C)’ 4 (Rp—\ﬂf'f{p/c> c?

Pn =

where ¢, is the particle charge; g = ﬁ is the vacuum permittivity; ¥ is the particle velocity at an

early time point ; Rp is the vector from the charged partlcle to the point P at which the potentlals
P and A,, are calculated; the vector Rp has the length Rp and is calculated at an early time point f;
c is the speed of light.
The early time point is defined by the formula:
. Rp
f=t-—". (4)
The meaning of this equality lies in the fact that during the time t — ¢ the electromagnetic action
from the charge ¢, must travel the distance Rp at the speed ¢ to the point P with the radius-vector
R = (z, y, z) in order for the potentials ¢, and A,, to appear at this point.
In the four-dimensional formalism of Minkowski spacetime, the characteristic of the electromagnetic
field is the four-potential, which for the particle under consideration has the form:

/ /

P ' '
Au = (7”7 - n) = C—;Uu = C_g (’YUCa _’YUV) (5)

All the unprimed quantities in Eq. (5), including ¢,, A, 7», and v, are measured at the time ¢ in
the reference frame K in which the particle is moving. The subscript p runs over the values 0, 1, 2, 3, so

that the four-potential component with the subscript u = 0 is related to the scalar potential: Ao = ‘p".
In Cartesian coordinates A, = (Anz, Any, An-), therefore, according to Eq. (5), four-potential
components Ay = —Ap;, Ay = —Any, Az = —A,,,. The quantity ), is the scalar potential of the

particle in the reference frame K’ associated with the particle; u, is the four-velocity of the particle.

From Eq. (5) it follows that ¢, = v,¢),, where ~, = \/ﬁ is the Lorentz factor of the particle,
besides, A, = % = %, according to Eq. (3), at v .= ¥. The equality v = ¥ means that the
special theory of relativity in four-dimensional formalism is correct for point particles,either for inertial
reference frames and in the absence of particle acceleration, or with the proviso that values in retarded
time should be used. If these conditions are not met, then it is better to return to the original principles
of the theory in the form of Eq. (3). For comparison, in [3] the formulas for retarded potentials are
obtained based on the solutions of the wave equations for the potentials using the Lorentz gauge. Thus,
it is shown that Maxwell equations and retarded potentials are consistent with each other.
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Let us express the coordinates of the point P in K’ in terms of the coordinates of this point in
K using the Poincaré transformations, taking into account that in K the point P is defined by the
radius-vector R,, = (z, y, 2):

(’Yv - 1)’:;(" . Rn) (6)

It is assumed here that at ¢ = 0 the origin of the coordinate systems in K and K’ coincide, and
the clock in K’ shows the time ¢’ = 0.

When the charge ¢, is at the origin in K’, the potential ¢/, at the point P is expressed in terms of
R}, and the coordinates in K’ in a standard way:

r_ 4 _ an
" dmeoR;,  Amegn/x? + y2 + 22

Let us substitute Eq. (6) here and express ¢/, in terms of the coordinates z, y, z. To do this, it
suffices to find the square of the length of the vector R, = (2, ¢/, 2) in terms of the vectors R,, and
v:

R/, =R, —vty,+

2 73(" : Rn)2

R’i = Ri + 022 5 + 2 — 2t 'yg(v ‘Ry) (7)

This allows us to express the scalar potential in K’ and the vector potential in K:

4,0, . qn
n 2 2
‘R
dmeg \/R% + 02242 + M —2ty2(v - Ry,)
c
A — OV 0Gn YoV
n 62 -

2 2
‘R
47r\/ RZ 4 v*t?y2 + 7%(‘1(:2 n)

The time ¢ is present under the root sign, which leads to the dependence of the scalar and vector
potentials on time. This is a consequence of the coordinates’ transformation Eq. (6) and can be
considered as a result of the terminal velocity of the electromagnetic effect propagation and the need
to take into account its retardation in the Lienard-Wichert potentials of Eq. (3). As a rule, the vector
potential and the magnetic field of a moving charge are searched for at the time point ¢ = 0, which
allows us to simplify the expression for A,,. In most cases, the magnitugde of tghe velocity v is much less
Yo(v-Rn)

C2

- 275712; (V ' Rn)

than the speed of light, which makes it possible to neglect the term in comparison with R2.

With this in mind, we have:
A. ~ IU’OQTL’Y’UV

n 47 R,

The distance R, from the observer’s viewpoint in K is the distance from the charge ¢, to the point
P where the vector potential A,, is sought.

Now let us assume that there is a set of closely spaced particles, forming compact spatial
distribution, moving as a whole at the velocity v. The total vector potential from the set of charged
particles is obtained by integrating over the volume V; of the charge distribution, for which the relation
dg, = pgdV is used, where p, is the density of the moving charge, dV' denotes the differential of
the moving volume, corresponding to the volume of one particle. Let us also consider the reference
frame K" associated with the center of this charge distribution. If we denote the vector from the
charge distribution center to the point P by Rgp = (x,y, z), and the vector from the charge
distribution center to the charge ¢, by r4n = (Tan, Ydan, Zdn), then we will obtain R,, = Rgp — rgn,

Ry = \/(x — 24n)? + (Y — Yan)? + (2 — zan)?. Taking all this into account, for the vector potential of
the charge distribution we find:

oy ey
4
T @ = 2a) 4 -y + 2 — )’

Let us now assume that there is a certain set of charge distributions, moving at different constant
velocities in a sufficiently large space volume Vs, which is fixed relative to the reference frame K. In
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the limit of the currents continuously distributed over the volume, we can assume that Vy is equal to
the sum of all moving volumes of individual charge distributions: Vs = > V.

In order to find the total vector potential, we need to sum up the vector potentials A, of each charge
distribution. Let us assume that ryy = (Tx4, ysd, 2s4) is the vector from the center of the volume Vx
to the center of an arbitrary charge distribution, and R = (z, y, z) is the vector from the center of the
volume Vs to the point P so that R,, = R — ryg — rg,. Denoting ryg + rg, = ry = (zx, ys, 25), we
obtain R, =R —ry, R, = /(z —2x)2 + (y — yx)?2 + ( — 25)2. Now the sum of the vector potentials
of charge distributions reduces to the integral over the fixed volume Vy:

vdV
A~ Z_O / TvPq . (8)
T 2 2 2
Vs \/(50—902) +(y—yz) + (2 —2x)

The quantities zyx, yy, and zy; denote the coordinates of the points of the volume Vs and are
specified relative to the center of the volume Vx,.

Inside each individual charge distribution in the comoving reference frame K” the particles have
their own chaotic motion at a certain velocity v/. In this case, using the vector rule of relativistic
addition of velocities, for the absolute velocity v and the Lorentz factor vx of an arbitrary particle in
the reference frame K we find:

-1 (v'v
v+ ('Yv U2)( )V—i-’)/UV

VK = 7
vV
%<1+—2)
c
1

where v, = Wy is the Lorentz factor for the velocity v; 4/ = ———— is the Lorentz factor for
1—v2/c? /1—v2/c2

1

Taking into account the chaotic velocity v/ in Eq. (9) leads to some change in the velocities of the
particles in K, and in Eq. (8) the velocity vi should be substituted instead of the velocity v. But if
we use the condition of chaotic motion of the charged particles in K” and take into account a great
number of these particles, we can simplify the problem by determining the average values for v and
vi. With such averaging at a selected point inside the distribution of particles we should take a small
volume adjacent to the point, containing a sufficient number of particles, and perform averaging over
time and volume. In the first approximation, according to Eq. (9), we obtain Vi ~ v, Jx ~ v'7,.
Then, instead of v, in Eq. (8)we should substitute 5 &~ 7’7, and take into account the definition for

the current density j = p,v:
'Y jdV
~ 10 / 1) . (10)
47
Vs

V@ =20+ (y - ys)’ + (2 — 25)°

In order to find the components of the vector potential A, we need to take three integrals in
Eq. (10), separately for each component of the current density j = (jg, jy, j-). The quantities 7/, 7, and
j are functions of the coordinates zy;, ys;, z5; inside the fixed volume V5. However, only the radius-vector
R = (z, y, z) that defines the position of the point P relative to the center of the volume Vs depends
on the coordinates x, y, z of the point P. Therefore, when calculating the magnetic field by the formula
B =V x A, the curl operation must be only applied to the quantity R.

Introducing the curl under the integral sign in Eq. (10) and taking into account the equality

V(@ —2x)2+ (y —ys)? + (2 — 2x)? = |R — ry|, we obtain:

Ia s .
B:VxAz@/V%Ux(R ro)ldV (11)

viv
y YK =Y (1 + c—2> , 9)

the velocity v/; and vx = is the Lorentz factor for the velocity v .

Expressions (11) and (1) coincide in appearance, taking into account that R — ry, = rjs. Also,
in Eq. (11) we set v/ = 1, 7, = 1, without taking into account the proper chaotic motion of the
charged particles inside the matter and assuming that the velocity v of the charged particles is small
in comparison with the speed of light ¢, then Eq. (11) turns into Eq. (1). Thus, the magnetic field in
the ;BiOQt—Savart law of Eq. (1) is determined with relative inaccuracy, equal in the order of magnitude
to v*/c*.
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3. ROTATIONAL MOTION OF CHARGES

Let the charge ¢, rotate about a certain axis at the constant angular velocity w = % at a constant

distance from this axis, equal to p. At the time point ¢, the linear rotational velocity is equal to

_ drg

Vp = VT(t) T dt = (_wp sin ¢7 wp Cos ¢7 0)

where the vector

rg = (pcos, psing, zq) = [pcos (Wt + ¢o) , psin (Wt + ¢o) , 2d]

defines the position of the charge ¢, as a function of cylindrical coordinates p, ¢, z;, and also as a
function of time. The quantity ¢o denotes the initial phase, specifying the components r, at ¢t = 0.

Let us assume that the vector R = (z, y, z) connects the origin of coordinates and the point P at
which we need to find the magnetic field. Then the vector

Rp=R —r;=[z—pcos(wt+ ¢p), y— psin (wt + ¢o) , 2 — 24]

will be a vector from the charged particle to the point P at the time point . The length of this vector
equals:

Rp = \/(z— peosg)? + (y — psin6)? + (= — za)°

= \/R2+Z§ — 2224 + p? — 2px cO8 ¢ — 2py sin ¢.

According to Eq. (4), the early time point t=1t— R—CP depends on the length Rp of the vector RP,

which is the vector Rp, but taken at the early time point t. Since ¢ = wt + ¢y, é = wt + ¢g then for
the quantities at the early time point ¢ we find:

f, = (pcos b, psin ¢, zq) = [peos (wt+ ¢o) , psin (wi + ¢o) , z4]
. dr - N
V= vp(t) = ;%q = (—wpsin ¢, wpcos ¢, 0) (12)

Rp=R-1;,= [w—pcosi), y—psing?), z—zd]

Rp = \/(x —,z)cos&)2 + (y—psinq?))2 + (= —z:d)2

= \/R2 + 23 — 2224 + p? — 2px cos ¢ — 2py sin ¢. (13)

Let us substitute into the Lienard-Wiechert formula (3) for the vector potential outside the
moving point charged particle the rotational velocity v, instead of ¥, and take into account that

vV, - Rp = wpy cos ¢ — wpx sin ¢:

An — Hogn ‘A’r

47 . wprsing  wpy cos ¢
Bp P ¢ wpycos

C C n

Now we need to sum up the vector potentials A,, of individual charged particles. Let there be some
rotating body, containing a great number of closely spaced charged particles. These particles can also
move chaotically at the velocity v/ in the reference frame K’, which is fixed relative to the body.

For the case of rotation, the Lorentz factor 7, in Eq. (9) should be replaced with 7,, and the
velocity ¥ should be replaced with the rotational velocity v,. After averaging of the Lorentz factor
YK, its average value i =~ /v, appears. The charge dg, of the rotating point particle in cylindrical
coordinates can be expressed in terms of the invariant charge density po,4, the Lorentz factors yx and
¥, and in terms of the moving volume dV':

dgn, = pgdV = 7' pogdVs
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Here pg = YK pog = 7' Vrpog is the charge density of the charged matter moving with the Lorentz factor
Yr; due to the Lorentz contraction we will obtain dV = %, where dVy, = pdpdpdz, is the volume
element of a non-rotating body in cylindrical coordinates. Taking this into account, the sum of the

vector potentials of individual particles is transformed into an integral over the body’s volume:

A — HoPog / V' Vrpdpddzy
A Rp+ 222 sin ¢ — “ry
Vs c

cos é

If we take into account Eq. (12), then the vector potential A of the rotating body has two non-zero
components:

A Howpog / Y sin op*dpdidzg
xr T ~ ~ ~

4 Rp + %sin¢ wey cos ¢
= C

/ ) (14)
A Howpog / 7' cos ¢p dpdcbdZd
y =

A RP—F%siné— pycosgi)
S c

The magnetic field is found by the formula B = V x A. Taking into account Eq. (14), we will
calculate the component B, of the magnetic field:

B — 0A, - 0Az  powpog /2 cosqg
Vs C C

HowWPog / 0 siné
a7

v pPdpdedzg

+ ' p*dpdgdzg.

Oy \ Rp+ % sin g - _y 0s ¢
Vs
Taking the partial derivatives, we find:
8cosq; n Rpasinq; n wpx Sinq;é?cosé
dy c Oz
dsing  OR . OR
—%cos¢ Slnqb——Pcosqb— L
c Ay Oz

dy
_wpz coséasmé—i—w A8c0sq§

Y
in¢
110w Pog / c ox c y

Am Ve, ( qb— —cos qb)

From the relations ¢ = wt + ¢y, qg =wt+ ¢, t =1 — R—CP it follows:

b=dtw(i—t)= “’RP

Rp

sin é

B. = Y prdpdgdzg. (15)

~ ~

- R R
cos ¢ = cosgbcosw P +sin¢)sinw—P, (16)
c

P CURP
— oS ¢ sin ——
c

.5 . w
sin ¢ = sin ¢ cos
Therefore, for the partial derivatives we can write:

dcosd  wORp < wRp pr> waRP .-
= — sin ¢ cos - =

= — cos ¢sin —— sin
ox ¢ Ox ¢ c ¢

6005& w@Rp . wfip Rp waﬁcp .
= — sin ¢ cos —cos¢psin—— | = — sin ¢
oy c Oy c c c Oy
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dcos ¢
0z

dsin ¢
ox

dsin ¢
dy

dsin ¢ B

0z

Fedosin
woRkp [ wRp . pr w@f%p LA
= — sin ¢ cos — cos ¢ sin = sin ¢
¢ 0z c c 0z
_wOkp sin ¢ sin wp + cosgbcos = _wORp cos ¢ (17)
c Oz c c Ox
ad 8& sin ¢ sin whtp + cos ¢ cos - ORp cos gZS
c 0y c c Oy
ad ORp sin ¢ sin wp + cos ¢ cos e ORtp cos gZS
c 0z c 0z

Let us substitute Eq. (17) into Eq. (15):

Vs

ORp (wRp . - - WP
i Psin¢—cos¢—|—w pr
Ox c2
8Rp pr ~ .0 w2
-1-8— — cos ¢ — sin ¢ + <5
Y
B, = ,UOZJPOq / - - — v p?dpdpdzy.
T Vel (Rp—kw—gxsingb—%cosqb)
From Egs. (13) and (17) we find:
ORp :):—pcosqg wpr ORp . -  wpy ORp -
= - - — sing + — cos ¢
ox Rp cRp Ox cRp Ox
ORp y—psinqg wpr ORp . -~  wpy ORp -
= = - — sin ————cCos ¢
dy Rp cRp Oy cRp 0
OR — ORp . - OR .
Pz wpdfe g em oy
0z RP CRP 0z cRp 0
From here we express %, 86% and dRZP , and then substitute dﬂl and 8Ryp into the expression
for B,:
ORp x — pcosqg
O Rp—i-%sinq;—%cosqg
c
ORp _ y psmqb (18)
Ay Rp + P in no— cosqb
ORp Z— zg
0z RP—F%sin&— pycosqg
c
) . wR - wR .
p—:):cosqﬁ—ysin¢—|—w L sin ¢ — wrry cos ¢
2 (02 4 02 2 2 2 2
w <+ A N
Howpo * ,0(2 y)_ngcos¢_wp2ysm¢
B, = 0 9/ < —— = < v pPdpdedzy.  (19)
T (RP—FLsingﬁ—ﬂcosqb)
c
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Calculation of the components B, and B, turns out to be easier, since A, = 0:

0A, O0A LL0W PO / 0 cong;
B, = - ¢ = - = | ¥ p?dpdodzy.
oy 0z 47 0z Rp + %sinqb— %Cosqb
1%} C C
04, OA. w 0 sin ¢
% Rp + 2% sin n¢— —2 cos ¢
Using Eqgs. (17) and (18), we find:
» . . 2
(z — zq) (wfp sin ¢ — cos ¢ + wc§x>
HowpPo
Be=——07 / S wpr - wpy 3 Phdpdgdzg
i (B sing - “eosd)
= c
. (20)
wRp py
(z — 2q) ( . 2 )
w
B, = “04 ;’Oq / : L pPdpdedzg.
Ve (Rp + ——sin¢ — LY cos ¢)

Let us place the origin of the coordinate system on the rotation axis, so that the axis OZ would
coincide with the rotation axis. Suppose now that the point P where the magnetic field is sought, lies on
the rotation axis. Then the vector from the origin of coordinates to the point P will equal R = (0, 0, 2),

and, according to Eq. (13), will be Rp = \/(z — 24)2 + p2. In view of Eq. (16), for the magnetic field
components in Eq. (20) at = y = 0 we find:

wﬁ’p . wﬁ’p pr . wﬁ’p
sin ¢ cos — cos ¢ sin
(2 — 2q) c c c o
wRp . . wRp
Liow o — COS ¢ cos — sin ¢ sin )
B, (0Z) = — y 4 / ; ¢ 37 ¢ v p*dpdpdzy.
% (G = 200" + 7]
R R R R
d Pcosgbcosw P+w Psingbsinw L
(2 — 24) c c c o c
. witp . wRP
Jowp + sin ¢ cos — cos ¢ sin
0w PO c c
B, (0Z) = e i / - . v p?dpdddzy.
Vs [(Z — z4)" + p?

If the coordinate z of the point P is small, then the same could be said about the quantity

Rp = V(2 —23)2+ p?%. Then we can assume that % << 1 and expand sin% and COS% to
the second-order terms. This simplifies the expressions for B,(0OZ) and B,(OZ):

2 32 333 44
(z — zq) (cos o+ w262p cos ¢ + w363p sin ¢ — w604p cos ¢

B, (07) ~ HowWPoq /

(21)
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Suppose now that the rotating charged body is axisymmetric relative to the axis OZ. Then, in
Eq. (21) integration over the coordinates p and z4 will be independent of the coordinate ¢. In this
case, integration in Eq. (21) over the coordinate ¢ in the range from 0 to 27 will give zero, so that the
components B,(0OZ) and B,(0OZ) on the rotation axis OZ will become equal to zero.

Let us now consider the component B, in Eq. (19) on the axis OZ, where x and y are equal to

zero, while Rp = \/z — 24)% + p?:

f1owp ' pdpdedz
B.(0Z) = O4WOQ/ : d3/2. (22)
Vs [(Z—Zd) +102]

We see that the integrand in formula (22) for B, does not contain any explicit function of the
variable ¢, except for d¢ in case of any choice of the rotation axis. In particular, the rotation axis can
also be outside the rotating charged body.

For the body axisymmetric relative to the axis OZ, integration over the cylindrical variables p and
zq turns out to be independent of ¢. In this case, integration over the variable ¢ in the range from 0 to
27 will give just 27. Then, for Eq. (22) we obtain the following:

/ 3d d

2 Vs [(Z —zq)" + 102] Vv

Thus, we have proved the following theorem: The magnetic field on the rotation axis of an
axisymmetric charged body or charge distribution has only one component directed along the rotation
axis, and the magnetic field is expressed through the surface integral, which does not require integration
over the azimuthal angle ¢. In the general case, for arbitrary charge distribution and for any location
of the rotation axis, the magnetic field is expressed through the volume integral, in which the integrand
does not depend on the angle ¢.

Expression (23) can be rewritten in spherical coordinates, taking into account that the volume
element is dV = pdpdzgd¢ = r?dr sin d0d¢, and also p = rsiné, zq = r cos 0:

B.(07) = HowPoq / ~'rtdr sin® 0d6 '
2 (22 — 2zr cos 0 + 12)>/?

(24)
Vs

The absence of the need for integration over the variable ¢ in Egs. (23)—(24) simplifies calculation
of the magnetic field on the rotation axis of the axisymmetric charge distribution.

4. MAGNETIC FIELD ON THE CYLINDER’S AXIS

Let us use Eq. (23) to calculate the magnetic field on the axis of a long solid cylinder, which has the
length L, the radius a and rotates at the angular velocity w. It is assumed that before the onset of
rotation, this cylinder was uniformly charged over the entire volume with the charge density poq, and
rotation does not lead to the charge shift due to the centrifugal force. For the solid cylinder we can also
set the Lorentz factor 4/ = 1 and thus neglect the proper chaotic motion of charged particles.

Placing the origin of the coordinate system at the center of the cylinder, from Eq. (23) we find:

L2 [ a ;
d
B.(0Z) = H0%P% / pee dzg. (25)
2 SSEE
—L/2 \0 [(Z —24)"+p ]
In Eq. (25), the inner integral defines the field from the thin rotating charged disk with the radius
a located at the distance z; from the center of the cylinder, and the integral over the variable z; sums

up the fields from all the thin disks located in the range from —L/2 to L/2 perpendicularly to the axis
0Z.
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Outside the cylinder at z > L/2 and at z < —L/2, the result of integration in Eq. (25) will be as

follows:
3d (z — zq) 2
pee ]3/2 = \/(z—zq)* + a2+ —2(z— 2q)

<)ﬁz—wf+p2 (2 — za)* + a?

uwp L L\?
B. (2> L/2) = HP% 5 <z+§) o
L

(3) ¢< A () ()] e

B.(z<-L/2) = KM (§—>\/<§_)+
o) e G- (G)] e

Formula (27 is obtained from Eq. (26) by replacing z with —z. From Eqgs. (26)—(27) it follows that
at the ends of the cylinder, where z = L/2 or z = —L/2, the magnetic field on the axis OZ is the same
and is equal in value to

2
B.(:=L/2) = B. (s = ~L1/2) = "0 (/T2 4 g2 - 1) s 1020000 (25)

The approximate value in Eq. (28) corresponds to the case of a long cylinder, for which L >> a.

Let us now find the magnetic field inside the cylinder. For example, let 0 < z < L/2. We will cut
the cylinder at such z with a plane perpendicular to the axis OZ, and we will obtain two new cylinders,
whose lengths will be equal to L/2 + z and L/2 — z, respectively. The magnetic field at the point
0 < z < L/2 on the axis of the original cylinder will be equal to the sum of the magnetic fields at the
ends of the two new cylinders. In Eq. (28), substituting instead of L the lengths L/2 + z and L/2 — z,
respectively, and summing up the results, we find:

B.(0<2<L/2) = B.(—L/2<2<0) = % (§+z>\/<§+z)2+a2_<§+z)2

v (L) (5 e (52)] &

At z = £L/2 the magnetic field in Eq. (29) coincides with the field in Eq. (28) at the end of the
cylinder.
At z =0 from Eq. (29) we find the following magnetic field at the center of the cylinder:

L2 L2 2
B, (= — 0) = Hooron (L L _>%W

a

2 4 2 2

Comparison with Eq. (28) shows that the field at the center of a long cylinder is almost twice as
large as the field on the axis OZ at the ends of this cylinder. This difference is due to the increase in
the field non-uniformity at the ends of the cylinder.

At large z, when z >> L/2, it is possible to expand the roots in Eq. (26) to the second-order terms.
As a result, we obtain:

NprOqa4L

B, (z>>1L/2)~ 59

(30)
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so that the field on the cylinder’s axis at large distances decreases in inverse proportion to the cube of
the distance z to the center of the cylinder.

5. MAGNETIC FIELD ON THE BALL’S AXIS

Let us assume that there is a uniformly charged ball with the radius a, the invariant volume charge
density po4, and rotating at the angular velocity w about the axis OZ. For a solid ball, we can assume
that the Lorentz factor of the charged particles is 4/ = 1 in the reference frame rigidly associated with
the ball.

We will first calculate the magnetic field outside the ball on the axis OZ. If the origin of the
coordinate system is at the center of the ball, then for the field at z > a and at z < —a, according to
Eq. (24), we can write:

a ™

B, (07) = H0¥P% / / sint” 0 ridr. (31)
2 (22 — 221 cos 0 + r2)3/?

0 \0
From Eq. (31) it follows:

™
/ sin® 0d6 4
J (22 — 2zrcosf 4+ 12)%/? 323
2410w poga” _ 2p0wpoga’

1523 7 1523
In contrast to the field far from the rotating long cylinder in Eq. (30), the external field on the
ball’s rotation axis in Eq. (32) starts decreasing in inverse proportion to z® immediately outside the

ball’s the limits. At the pole of the ball at z = a the magnetic field will equal B,(z = a) = W.
If we set z = 0 in Eq. (31), the field at the center of the ball is found:

a ™

2
B, (z =0) = F2P / / sin 00 | rdy = L2000

(32)

B,(z>a)= B, (2 < —a) =

0 0

The obtained estimates of the magnetic field correspond exactly to the values in [8].

6. CONCLUSION

Based on the Lienard-Wiechert expressions for retarded potentials in Eq. (3), we derive the Biot-Savart
law for the magnetic field in the form of Eq. (11). The peculiarity of the obtained expression is that
it takes into account the proper chaotic motion of the charged particles inside the matter. This allows
us to use Eq. (11) to analyze the electromagnetic field in the relativistic uniform system with freely
moving charged particles.

The simplifications made in the derivation of Eq. (11) show that the Biot-Savart law has relative
inaccuracy, equal in the order of magnitude to v?/c?. Here c is the speed of light, v the average velocity
of the charged particles in the current density j = p,v, and p, the charge density of the moving matter.

From rectilinear currents we pass on to stationary circular currents created by rotation of the charge
distributions, and again use the Lienard-Wichert potentials. As a result, we arrive at the theorem on
the magnetic field of rotating charged bodies. By exactly calculating the partial derivatives of the
vector potential with respect to the coordinates, taking into account the retardation effect, we derive
formulas (22)—(24) for the magnetic field on the rotation axis. According to the proven theorem, the
magnetic field with any position of the rotation axis is defined by the integral over the charge distribution
volume, while the integrand does not depend on the angular coordinate ¢. For axisymmetric bodies,
the magnetic field on the rotation axis is always directed only along this axis, while the field does not
depend on ¢, in accordance with the symmetry of these bodies.
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In order to illustrate how the theorem works, we apply it first to a solid cylinder, and then to a

ball, taking into account the fact that both bodies rotate and are uniformly charged over their volume.
Formula (23) in cylindrical coordinates and formula (24) in spherical coordinates allow us to quickly
and accurately determine the external magnetic field of rotating charged axisymmetric bodies, as well
as the field at their center. In other cases, general formulas (21)—(22) should be used.

The proven theorem can also be used as an additional tool to determine electromagnetic fields

when solving wave equations, which allows to determine the integration constants more precisely and
to simplify gauging the obtained solutions for potentials and fields.

REFERENCES

1.

2.

=

Feynman, R., R. Leighton, and M. Sands, The Feynman Lectures on Physics, Vol. 2, Ch. 14,
Addison-Wesley, Massachusetts, Palo Alto, London, 1964.

Zile, D. and J. Overdui, “Derivation of the Biot-Savart Law from Coulomb’s Law
and implications for gravity,” APS April Meeting 2014, abstract id. D1.033, 2013,
https://doi.org/10.1103/BAPS.2014.APRIL.D1.33.

Tong, D., Lectures on FElectromagnetism, University of Cambridge, Part IB and Part II
Mathematical Tripos, 2015, http://www.damtp.cam.ac.uk/user/tong/em.html.

Marsh, J. S., “Magnetic and electric fields of rotating charge distributions,” American Journal of
Physics, Vol. 50, No. 1, 51-53, 1982, https://doi.org/10.1119/1.13006.

Marsh, J. S., “Magnetic and electric fields of rotating charge distributions I1,” American Journal
of Physics, Vol. 52, No. 8, 758-759, 1984, https://doi.org/10.1119/1.13852.

Lienard, A. M., L’éclairage E’lectrique, Vol. 16, No. 5, 53, 106, 1898.

Wiechert, E., Archives Néerl., 2nd series, Vol. 5, 549, 1900.

Griffiths, D. J., Introduction to Electrodynamics, 3rd Edition, Prentice Hall, Upper Saddle River,
New Jersey, 2007.



