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ABSTRACT

We show that the e.m. field of a point charge is the acceleration part of a
geodesic equation, in the Beltrami-Klein Ball model of hyperbolic geometry,in
3dim velocity space.The result is obtained by assuming that the interval of
interaction is timelike instead of null.This gives rise to a formal 4 velocity of
interaction and a rest frame for an inertial observer moving with the formal
velocity.The geodesic between two points in the tangent space is given by
projective velocity 4 vectors or bivectors.The moment of Lienard-Wiechert
potential is the geodesic between the velocity of the source charge and the
formal velocity of interaction,in bivector form.The Lorentz force is proportional to
the geodesic between the velocity of the source charge and that of the
interaction,in the rest frame of the test charge.The energy- stress tensor, the field
Lagrangian density, the e.m energy density, the e.m. momentum density also
have geometric meanings.The inverse of the field is related to virtual,uniformly
accelerated motions,described by a Rindler-like coordinate system.All e.m.
entities are finite everywhere and Lorentz covariant.

1 Introduction.

In order to describe classical electrodynamics with a timelike interval of
interaction instead of a null one as in Maxwell’s theory (ref.1), we use a
Minkowski spacetime foliation of hyperboloids of two sheets. Since the interval of
interaction is timelike,there corresponds a formal 4 velocity associated with
it.This enables us to obtain the hyperbolic distance between the formal 4 velocity
of interaction and any other 4 velocity such as the 4 velocity of the source charge
or the 4 velocity of the test charge.The 4 velocities are unit normals of all the



hyperboloids of the foliation.There is an arc length between any two of these 4-
velocities.The arc length is the angle between any two 4 velocities and represents
a geodesic segment on the hyperboloid of unit radius.The hyperbolic distance
between any two 4 velocities is the hyperbolic tangent of the angle (refs2,3).We
can thus define a projective relative velocity 4 vector which is simply the directed
hyperbolic distance in the tangent space starting at any two 4 velocities and
ending at the other (ref.4).The projective relative 4 velocity is therefore a
geodesic distance of the Beltrami-Klein ball model of hyperbolic geometry in 3
dim velocity space (refs2,3,5). However,we describe the 3 dim velocity space
entirely in terms of 4 vectors so we are dealing with a projective form of the
Beltrami-Klein model. The geodesic distance between any two 4-velocity is a line
representation of the geodesic distance.lt is well known that projective geometry
has also an areal form of every line.This areal form is an antisymmetric second
rank tensor representation of the hyperbolic distance in the tangent space.lt turns
out that the moment of Lienard-Wiechert potential(refs6,7) about the interval of
interaction is a tensorial form of the geodesic distance between the 4 velocity of
the source charge and that of the interaction or vice-versa.To each geodesic there
corresponds an acceleration term in the geodesic eq, or equivalently, the
Christoffel symbols term. We prove that the nonacceleration field of a point
charge moving with arbitrary 3 velocity and 3 acceleration is the acceleration part
of the geodesic between the 4 velocity of the source charge and the 4 velocity of
interaction (or vice-versa) expressed in antisymmetric tensor form (ref5).The total
field is also a geodesic acceleration living in a different hyperboloid.The total field
has a conformal factor.lts geodesic is one between the 4 velocity of interaction
and a special hyperbolic 4 velocity.We will present the results for the total field
and the acceleration field in a separate publication due to the many subtleties
involved in the derivation.We do show however that the derivative of the interval
of interaction relative to the proper time of the source charge or the test charge
produces entities which have the same form and the same properties as the real
total field but use the 4 velocity of the test charge instead of the special
hyperbolic 4 velocity. We show that the field Lagrangian density is the square of
the geodesic acceleration term and that the energy stress tensor is the square of
the acceleration term times a classical reflection operator. Its spatial components



represent an inversion (ref3). The Lorentz force is proportional to a projective
form of the expression for the Einstein composition law (addition or substraction)
of two 3 velocities (refs2,7), the projective relative 4 velocity between that of the
source and that of the interval of interaction. It is the acceleration part of the
geodesic eq as viewed from an observer in the rest frame of the test charge. The
absolute value of the electric field 4 vector described by the Lorentz force is
essentially a projection of the geodesic into a certain transverse (meaning
perpendicular) direction. A magnetic field 4 vector is also defined .Its absolute
value is the acceleration part projected into the transverse direction. An energy
density 4 vector and a Poynting momentum density 4 vector are obtained. The
projective relative 4 velocity in the direction of the Poynting 4 vector is also
obtained. The electric and magnetic field 4 vectors are orthogonal to each other.
They are also orthogonal to the direction of the Poynting momentum 4 vector and
to the 4 velocity of the test charge. Four mutually orthogonal directions are thus
defined.This resembles ,but is not, a plane wave propagating.

There is another foliation of Minkowski spacetime involved.lt is a foliation of
hyperboloids of one sheet which we describe using a Rindler-like coordinate
system (refs8,9).The foliation consists of timelike hyperbolic motions representing
virtual motions at constant accelerations.The normals of the hyperboloids of two
sheets become the initial and the final unit tangents of the hyperbolic
motions.The angle between them is an arc length of the timelike hyperbolic
motion and a geodesic arc segment of each of the hyperboloids of one sheet.The
source charge is positioned on one of the hyperboloid at the retarded coordinate
time and connects to another virtual trajectory at the field point or the test
charge via the timelike interval of propagation or its projection onto the plane of
the two trajectories.Thus is the influence transmitted.The virtual hyperbolic
trajectories involve an inversion of the fields keeping the directions constant.The
inverses are connected to the radii of the the hyperbolic motions and their
duration, using coordinate times.

1A The notation.



4 vectors are in capital letters.3 vectors are not.Unit 4 vectors are written with a
caret to their right,on top.4 vectors and 3 vectors have no arrows,only their size
differentiates them.The metric used is [1,1,1,i],to avoid using covariant and
contravariant components.Components are used sparingly,the formulas are
written in a coordinate independent form.Whether an index appears as a
subscript or a superscript is irrelevant.Indices ijkl run from 1 to 4.Indices abcd run
from 1 to 3.The summation convention for repeated indices is used,unless
specified otherwise.Dot products are specified by a dot as in A.B or a.b.Cross
products are specified by an old fashioned x as in (AxB);; = (AiB;-A;B;) or in (wxv),,
=(W,Vp -WpV,).When the meaning is clear, the indices are omitted as in (AxB). AA
,B” are the unit 4 vectors of A and B.The speed of light will be =1 only if this does
not lead to confusion.It will be written as c because of the need to keep track of
units in cumbersome equations. We use total derivatives to describe partial
derivatives or variation, letting the context give which one is used.

1B Preliminary formulas.

The interval of interaction (of propagation,of influence) between the source
charge q’ and the field point or the test charge q is:

E=[R-R’(t)] (1a); where R’ is the retarded 4 position of g’ and R is the 4 position
of the field point or the test charge q.In the latter case R =R(t). T and t are the
respective proper times.In terms of component: R=[r,ict] (1b); R =[r'(t’),ict’] (1c);
ris the 3 position of the field point or the instantaneous position of the test
charge g, t is the instantaneous time. r’(t’) is the retarded position of ', t’ is the
retarded time.The 4 velocity of q" is U’ = dR’/dt’. The 4 acceleration of g’ is

d’R’/dt’? = (@); Its 3 velocity is u’(t') and its 3 acceleration is a’(t’).The 4 velocity
of g and its 4 acceleration use the same notation without the primes.The same is
true of the 3 velocity and the 3 acceleration of g. The interval of interaction is
assumed to be timelike, not null.Thus:

E.E=-I*> (1d); Here |is an invariant length(fundamental length) which is small
enough so that it does not contradict experimental results(ref.1). Otherwise, it is
unspecified. In Maxwell’s theory E.E=0.



The Lienard-Wiechert (LW) 4 vector potential is:

A=-q'/(E.U’) = [A,id] ; (see refs6,7) Where A is the 3 vector potential and ¢ is the
scalar potential.

The formal 4 velocity of the influence is:

E/l =W/c (le); W.W/c? = - 1 (1f); Its components are:

[r-r'/l, ic(t-t')/1] (1g); W/c = [(w/c)/(1-w?*/c?)2, i/(1- w?/c})?]  (1h);
(r-r)/ = (w/e)/(1- P/ (20); ic(t-t')/1 = i/(1- w?/)2 (1));

Finally: w/c =r-r'/c(t-t’) (1k); is the 3 velocity of interaction.It must be
emphasized that w is only a formal velocity.The interaction does not move! What
is true is that we can find an observer which moves in a frame which has that
particular value of this 3 velocity. In the rest frame of such an observer w=0 has a
meaning. It turns out that such a frame has great importance because all three
fields, the total field, the acceleration field, and the non acceleration have E and
therefore W in their cross products.

2 Projective relative 4 velocities.

2A Projective relative velocity 4 vectors.

Take a foliation of Minkowski spacetime with hyperboloids of two sheets.Take the
future oriented hyperboloids only. One of this hyperboloid will have unit normals.

These unit normals can be represented by 4 velocity unit vectors issued from an
origin O. The chosen hyperboloid is said to have radius 1 and the normals are the
Minkowski equivalent of a circle of unit radius with the radii being the unit 4
velocity vectors.The other hyperboloids of the foliation will simply have different
radii.(An inverse radius being considered a radius also). The hyperbolic angle
between any two normals i.e. any two unit 4 velocities, will be determined by the
dot product of the two 4 velocities unit vectors. This will define the hyperbolic
cosine of the hyperbolic angle.We will use the physicist definition of the
hyperbolic angle. Mathematicians call it the half angle.



Take any two 4 velocities U’/c and U/c. We will be mostly interested in the 4
velocity of the source charge g’ and of the test charge q but in what follows they
could be any two 4 velocities. They don’t even have to be derivatives of a
trajectory. To 4 velocity U’ corresponds a 3 velocity u’ and to 4 velocity U
corresponds a 3 velocity u. We have

U'/c = [(u/c)/(1- u?/) 2, if(1 - u?/) ] (1);

Using the metric [1,1,1,i] to avoid having to deal with covariant and contravariant
components.

U/c = [(u/c)/(1- v/, i/(1 - u*/) ] (2);

U.U/-c = [1-u.u/c® 1/(1—u?/) Y (1 - u?/P)Y? =coshByy (3); Byy is the
hyperbolic angle between U’ and U. We will use the convention that the angle
will be the same whether we’re going from U’ towards U or U towards U’. so 6
will run from zero to infinity and never be negative. There will be exceptions later.

We want to find “projective” versions of u” and u so that they are 4 vectors and
not 3 vectors. The answer is:

U'/c= [(Vyu/c) /(1- Vol +(U/e)/(1=V2uu/S) (4);
U/c = [(Vuu/c)/(1-V2uu/S ) + (U/)/(1- Vo /) (5);

These expressions are independent of any components. They are “absolute” 4
vectors and scalars. The order U’U in Vyy means that the 4 velocity is centered at
U so the normal to the hyperboloid from origin O to the hyperboloid is in the
vertical timelike direction defined by U/c. A virtual motion from U/c to U’/c brings
the normal to the position U’/c making an angle 8,y with U/c.Similarly the order
UU’ means that U’/c is now in the vertical direction and the virtual motion is from
U’/cto U/c. The angle 8 is the same.

Vuulc = [(U/c)(-c/U.U)=U/c] (6); Vuu/c=[(U/c)(-c*/U.U)=U/c] (7);

Eq6 and 7 are the projective relative 4 velocities. They are spacelike 4 vectors.



(Vuu/c).U/c=0 (8a); (Vyu/c).U'/c=0 (8b); So they lie in the tangent space of
the hyperboloid centered at U/c and U’/c respectively.

It is easy to check that when u=0 (Vyy)u=o =u’=[u’,0] (9);

and that when u’ =0 (Vuuw)y=o = u=1[u, 0] (10); Itisinthatsense thatthey
are projective relative 4 velocities.

When u=0 (U’/c)[(-c*)/U’.U ] = [Vyy +U]/c]= [u’, ic] (10a) similarly :
(U/Q)[(-c*)/U.U"] = [Vyy + U)/c=u, ic] (10b) when u’=0 ;

Thus Vyy = [u’,ic] —[0,ic] =[u’,0] (10c) when u=0;

Vuu =[u,ic] —[0,ic]=[u,0] (10d) when u’=0; this proves eqgs9,10.

We can define the unit spacelike 4 vectors Vyy" and Vyy” by

Vou = |Vuu |Veu? and Vyy = |Vuu|Vuu?

Vo AV = VguP Voo =1; VU =0 ; VyurU'=0; (11)

We have :U’/c = [|Vyu/c|Vuu® +HU/c)l/(1- Viyu/A) ' (12) ;

U’.U/-c* = coshByy = 1/(1 - VZUIU/CZ)”2 (13) ; similarly

U/e = [IVuu/elVuuh +U/el/(1-VVuu/S)? (14);

U.U’/-c* = coshByy = 1/(1- VZUUI/cz)l/2 (15) ; therefore

Ouy =06yy (16) ; coshByy =coshByy (17);

SinhByy =sinhByy (18); tanhByy = |Vyu/c| =tanhByy =|Vyy/c| (19);
U’/c = sinhByy Vyu? + coshByy U/c (20);

U/c = sinhByyVyy™ + coshByy U’'/c (21);
Define two spacelike unit vectors @’ and a”*

such that a@’” = coshByy Vyu? + sinhByy U/c (22) ;



and a’ = coshByyVyy™ +sinhByy U'/c (23);
We have a’A.U’/c=0 (24a); a’.U/c=0 (24b);

We also have a’? =-v* (25a); a™=-Vy,* (25b);
For the explanation of the minus sign draw a diagram.
2B Projective relative velocity bivectors.

In projective geometry, quantities have a line segment representation.This was
described in the previous section. They also have an aerial (antisymmetric tensor)
representation. The line segment representation is a directed line segment, a
Minkowski 4 vector. The areal representation is a directed area, i.e. a 4x4
antisymmetric Minkowski tensor. We call it a bivector.

(U/cx Vyu/c); (26) represents Vyy/c. (U'/cx Vyy/c); (27) represents Vyy/c .
[U/cx (Vuu/c) /(1= V2pu/c?) ) (28) represents (Viu/c)/(1 = Viyu/c?) 2 .

[U’/c x (Vuu/c)/(1 = V2 /)]y (29) represents (Vyy/c)/(1 = Viuu/c?)Y? .

We observe that when u=0 eq (26) reduces to iu’/c and when u’ =0

eq(27) reduces to iu/c. Theiis due to our choice of the metric [1,1,1,i].
Similarly eq28 reduces to (iu’/c)/(1 — u’*/c*)** when u=0.

EG29 reduces to (iu/c)/(1 — u*/c*)*? when u’ =0.

Using the definitions of Vyy and Vyy (egs 6 and 7) it is easy to prove that
[U/cx Vyu/cly =-[U/cx Vyy/cl; (30); and that

[U/e x (Vuu/)/(1 = V2uu/S) 2 1y = [U'fex (Vou/)/ (1= Viu/S) )y (31)

3 The projective geometric meaning of the Lienard-Wiechert (LW) potential, its
moment about the interval of propagation and other formulas.

3A The Lienard-Wiechert (LW) potential is given by:



Aw =1[Aid] =-g'U'JEV (1); (refs6,7) E=IW/c (2); (ref.1)
Aw = q'(U'/c)/(E.U'/-c) = q'(U'/c)/I(W.U"/-c%) = (q’/1)(U'[c)[-c*/(U". W)] (3);
= (a'/N(U’/e)(-c*/U". W) = W/c + W/c] = (q'/)[Vuw /c +W/c];
Aw = (a'/))[Vuw/c + W/c] (4) ; with Vyw/c = [(U'/c)(-c*/U".W) = W/c] (5) ;

The LW potential is proportional to projective relative 4 velocity given by eq5 plus
an extra term involving W/c. A = (q’/1)sechByw(U’/c) (5a);

Compare with the examples discussed in the previous section. Recall that

W/c = [(r-r'(t'))/I, ic(t-t')/1] = [w/c, ic]/(1- wz/cz)l/2 ; w/c=(r-r'(t')/c(t- t') ; see
introduction.

When w=0 Vg =[u’,0] (6); when w=0 eq2.10a=[u’/c,i] (7); so
A = (@’/D)[u/c, il (8); and (U'/c)(-¢*/U.W)=[u/c,i] (9); whenw=0.
We must be careful to interpret the meaning of w=0 correctly.

It does not mean that (r-r’)/(t-t’) = 0. It means that an inertial observer moving
with 3 velocity w would have w=0 in its rest frame.

As in the previous section,

E.U’/-c =l(W.U’/-c%) = IcoshByy = lcoshByy = I/(1- VZyw/c?)Y* (10);

|Vew/cl = [Vwu/c| =tanhByw = tanhByy (11); Byw = Owuw (12) ;

IVow/cl /(1= V2uw/S)? = [Vwu/cl /(1- Vi /)Y = sinhBuw (13) ;

We also have: Vyw =|Vyw|Vuw” (143) ; Vwu = |Vwue | Vwu™ (143) ;

U’/c = [Vyw/c + W/cl/(1- Vyw/?)? (15a);

W/c = [Vwu/c + U/ /(1- Vi /) (15b);

U’/C = Sinheu'w Vu'WA + COSheu'W W/C (15C) ;



W/C = Sinhewu'VWu'A +COShewu' U’/C (15d),
We can get 4 vectors reducing to r-r’ since the interval E is a 4vector.
Since E = [r-r'(t’) , ic(t- t’')]= IsinhByy Vwu + lcoshByy U’/c, we expect that

E=[n+(E.U/c)U/c] (16); where n is a 4vector orthogonal to U’/c. n therefore
generalizes [r-r’,0]. [E.U’/-c]U’/c generalizes [0, ic(t-t’)]. We immediately have

(E.U’/-c)U’[c = IcoshByU’/c = [0,ic(t-t')]= I/(1- w/c?)Y? (17) when U’ =0;

We can write E.U’/-c = ¢(T™' = T™"), (18) where inst stands for instantaneous and
ret stands for retarded. We also write:

E =R-R'(T) = n+ ¢(T™ = T U’/c (19); n can be written as n = Ry'"™ — R’ (20);

Where Ry™" means the position along the virtual trajectory of an observer
moving with 4 velocity U’/c which is instantaneous with R in the rest frame of U’.

3B Projective meaning of the moment of LW potential.

The moment [ExA]; = {Ex [-q’U’/E.U']}; = [Exq’(U’/c)/(E.U’/-c)]; (21) ;
LW is dropped from A,w.  E=IW/c;  (E.U’/-c) = I(U".W/-c?) (22);
ExA = [Ex(q'/I)(U’/c)(-c"/U".W)] = I[(W/c)x (a'/1)(U’/e)(-*/U".W)]

= o' [(W/e)x (U'/c)(-c*/U".W)] = ¢’ [(W/c)x {(U’/e)(-c*/U". W) — W/c +W/c}]
Finally [ExAuw]; = g’ [(W/c)x Vyw/cly = -a'[(U'/e)x Vwy/cl; (23) ;!

We have transformed the moment of potential ,from which we can derive the
total field Ft°tij (see our previous article in the references),into a relative velocity
current in tensor ( aerial) form.Itis a projective relative 4 velocity current in
antisymmetric tensor form.The moment has units of angular momentum per unit
charge,except for a factor of 1/c. By multiplying eq23 by g/c we get a kind of
projective angular momentum.

3C Alternate derivation of the projective meaning of the LW potential.



We first review some formula derived in a previous article.( ref.1).

From E = R-R’(t’) where R is the 4 position of the field point and R’ is the retarded
4 position of the source charge g’.Varying the fundamental length | without
varying the field point R, it was found, writing the variation as ordinary derivatives

dct’/dI* = ¢/(2E.U’) = -1/(2E.U’/-c) (ref.1). From which we obtain:
dct’/dI® =-1/(2IcoshByyw) = -(1- VZU'W/CZ)”Z/ZI (24);  in projective form.

From d(E.E)/dx = d(1?)/dx' =0 (writing the partial derivatives as ordinary
derivatives) it was found :

dv’/dx = E/E.U’ (refs1,6). So that

dv'/dx’ = (IW/c)/(IW.U/c) = - (W/c)/(W.U'/~c) ;

-det’/dx’ = (W/c)(-c*/W.U’) (25);

-dct’/dx'= [(W/c)(-c*/W.U") = U /e + U/c] = [V /c+ U7/c] (26);

We also found : dx’/dx' = E'U/E.U’ (ref.1).

Therefore dx’//dx' = (IW'U"/c)/(IW.U’/c);

-dx'/dx’ = (WU'/?) (-2 /W.U) (27);  dx/dx' = -(W'U"/P)(-c/W.’) (28) ;
-(dx’'/dx- dx!/dx’) =(-¢*/W.U")[U"W/c” ~U"W'/c’] (29) ;

(dx'/dxX — dx/dx') = (WxU’/c?); (-¢*/W.U")= [W/c x Vpw/cl; = -[U’/c x V/cl; (30);
q'(dx"/dx’ — dx/dx’) = o’ [W/c x Vyw/cly = - '[U’/e x V/cly = [E x Ay (31);

We have used eq 23 for the moment of potential. Eq 31 shows the cameleon like
nature of timelike electrodynamics.

4 The non-acceleration field.

4A Projective form of F;"°.  F;™ as a Klein ball model geodesic acceleration.



nonacc

The non acceleration field F; of a single point charge q" moving with arbitrary
velocity and acceleration is : F;" = q’[ExU’/c];/[E.U’/-c]® (1); (ref.1)
Egl can be written as:

Fi™ = q'[ExU’/c; (-¢*/W.U)IE.U'/-c]* (2);

= q'[W/e x(U'/c)(-¢*/W.U")Jy/[E.U’/-c]* (3);

= g’ [(W/c)(-c*/W.U")x U'/cly/[EU/-c]*  (4);

Fy ™ = o' {(W/c)x [(U’/c)(-c*/U". W) = W/c +W/c]}y/[E.U’/-c]* or

Fi™ = -q"{(U’/cX[(W/c)(-c*/W.U") = U’/ + U’ [c]}y/[E.U’/-c]?

= q'{(W/c) x[Vyw/c +W/cl}/[E.U"/-c]*  or

= -q'{(U"/c)x[Vwy/c + U'[cl}y/[E.U/-c]* ; finally:

Fi™ = ' [(W/c)x Vuw/cl/[E'U’/-c]* = -q"[(U"/c)x Vwy/cly/[E.U’/-c]* (5) ;
We also have: F;™ = [Ex Au]i/[E.U’'/-c]® (6); using eq31, section3 .
We have one final steps. E.U’/-c = I/[1-V2yw/c*1Y? = I/[1-V2wu /1Y
Fi™ = (0’ /P)U(W/c)xVuw/cl; (1-Vpw/ ) =(-a' /) (U /e)xVwu/cli(1-Viwu /%) (7);

This very important formula will be called the canonical projective form or
representation of the nonacceleration field. Remember that the na field contains
the acceleration implicitly,not explicitly,except for electrostatic or magnetostatic.

We observe that F;" has a very interesting form. Besides its q’/* factor,
It has (W/c x Vyw’);; or (U'/c x Vwy *); as bivector “directions”.Lastly it has a

factor (V/c)[1- V?/c?), a cubic in V/c, where V=V or Vi . Imagine a virtual
motion starting at the unit normal W/c of a future or past hyperboloid of two
sheets at an angle 6=0 then through a virtual motion reaching the final unit
normal U’/c of the hyperboloid having moved through an angle 8 on the
hyperboloid along a geodesic segment 6, of the hyperboloid. In the tangent
space of the hyperboloid centered at W/c,the geodesic line segment is tanhBy



as is well known.(refs2,3,5). The same reasoning applies if we start the virtual
motion at U’/c and move to W/c after making an angle 6,y .Let us write V(8)/c =
tanhBV* to describe the virtual motion during the virtual transit.

V(6)/c = tanh® VA (8); d(V/c)/dB = sech? B VA = (1- V?/c?) VA (9);
d®(V/c)/de* =-2(V/c)[1- V*/c’] (10); d*tanhB/d6* =-2tanhB/cosh’® (11);
-(1/2)d*tanhB/d6’ VA = (V/c)[1 — V*/c?] = tanhB/cosh®0 VA (12)

We see that eqs8 to 12 must be evaluated at 6 to give the eq 12 term which
appears in F;" . Eqs 10,11,12 suggest that we are dealing with a covariant
derivative. The direction of the virtual motion in the tangent space is that of unit
spatial 4vector Vyw” or Vyu™ which reduce to a unit 3vector in the u’/c direction
if w/c =0 or a unit 3vector in the w/c direction if u’/c = 0.The important thing is
that the direction is in one direction only in the tangent plane.The question is:

Is d*(V/c)/d6” + 2(V/c)[1- V?/c’] = O the eq of a geodesic ?
or equivalently is d*tanh8/d6> + 2tanh6/cosh’0 = 0 the eq of a geodesic.
The answer is to be found in Svante Janson Riemannian Geometry 122p 3/15/20.

In example 7.7 eq 7.92 he has the the geodesic eq for the 3dim Klein Ball model
of hyperbolic geometry (ref.5):

d*v?/dt® = {d[log(1- Y?)]/dt }dY?/dt (13); a=1,2,3. tis a parameter, not necessarily
time. The solution to eq13is Y(t) = tanh(t)Y” (14); The components are omitted
since the direction is constant. In 3 dim any 3 velocity v/c = tanha where a is the
rapidity. O is the projective form of the rapidity and can be used as well.We can
now verify that eq 13 for the geodesic is satisfied by tanh®.

We have: Y(8) = tanh8 Y~ (15); dY(B)/d6 = sech’0 Y = 1/cosh’0 YA(16) ;
d[log(1- Y*)]/d6 = d[log(1- tanh’8)]/d6 = -2tanhb (17);

d’Y/d6” = -2tanhB/cosh’0 YA = d*tanh6/d6’ YA (18); so we have proved it. Note
that we have used contravariant component of Y in eq 13. It is instructive to



double check that we have the correct Christoffel symbols and that we identify
them.Svante Janson has :

[ = 8+ x,64)/(1- %) his eq 7.86 . ijk=1to 3 and correspond to abc here,x” is the
Euclidean sum of the squares. Since the motion is rectilinear only the components
i=j=k=1 survive. So the only Christoffel symbol that survive is ;.

M1 = X611 + X:811]/(1- X°) = 2x4/(1- x°) (19) ; we use v/c instead of x so

M1 = 2(ve/c)/(1- v.v/c®) (20); but there is only one component of v. so

M1 =2|v/c|/(1-V*/c®) (21); v* is the Euclidean sum of the components v.v =v,’
Replacing |v/c| by tanh® we get :

1, = 2tanhBcosh®® (22); recall that the geodesic eq in velocity space of 3dim
Is given in general by: d?v?/ds? + P, (dv®/ds)(dv®/ds) = 0 (23);

In our notation d’*tanh®/d6” =-T";,/cosh?® = -2tanhB/cosh’0 (24);

F111 = 2tanhBcosh’0 (25); which the same as eq22. So the results are consistent.

Fi'® represents a bivector projective form of the contravariant component of the
acceleration term of a geodesic of a hyperboloid of two sheet, in the tangent
space of the hyperboloid, in the Klein ball model of 3dim hyperbolic space!!

Let: [d® (V(B)/c)/dB%] evaluated at 6= By = [d*|Vyw/c|/dBuw’IVAuw
or = [d*|Vwu/c|/dBwy’ IVAWy We have:

Fijna = ('q'/2|2 )[(W/c)x {dz|VU’W/C|/deU’W2}VAU’W]ij (26); or

Fi™ = (a'/21°)[(U'/c)x {d* | Vwu/c] /dBwu W AW Ty (27)

4B Some projections and their geometric meanings.

Let a general unit bivector be defined as



Si=[(U/c)x VA]; (28) with U/c being any unit 4 velocity and V/ be any spacelike
unit vector orthogonal to it. We want S;U;/c and S;VA; .

SiVA; = [(U/c)xVAL; VA = [UVA = UVAIVA = Ui/c (29);

SiUi/c = [(U/c)xVAL;Ui/c =[UVA =UVA U/ /c = VA, (30);

Choosing U/c =W/cor U’ /cand VA=V, or VA we get

[(W/c)x VAU'W]ijo/C = (VAew )i (31); [(U'/c)x VAWU']ijU'j/C = (VMu)i (32);
[(W/c)x Vyw/clyWi/c = (Vyw/c) (31a) ; [(U’/e)xVwy/cljU’i/c = (Vwy/c) (32a);
[(W/e)x VAgwliVruw = (W/e) (33); [(U/e)xVAwu VA j = (U'/c) (34);
[(W/exVuw/cliVruw; = Vuw/c| (W/c) (33a);

(U /e)xVwu/cliV My =] Vwu/cl (U'/c) (34a);

These egs give us a little intuition as to the meaning of the projections.
The moment of LW potential projections are very instructive.

[ExA];W,/c = g’ [(W/c)xVyw/cljW;/c = q'Vywi/c (35)
=-q'[(U’/c)xVwy/cliWi/c (35);

[ExAL;V"/c =-’[(U’/c)xVwy/c]jU’i/c = -q'Vwui/c (36)

= q'[(W/c)xVyw/clU’i/c (36); Eqs35,36 represent projective currentsin line
form. Compare them with the same currents in bivector form given by [ExA]; .

[EXA]ijVAU’Wj = q'[(W/c)x VU'W/C]ijVAU’Wj/C =q'|Vyw/c|Wi/c (37)
= 'CI'[(U'/C)XVWU'/C]ijVAU'Wj (37);
[EXAL;VA = - q’[(U’/c)x VWU’/C]IJVAWU'j =-q'|Vwu/c|U'i/c (38)

=q'[(W/c)x VU'W/C]ijVAWU'j (38);



Note that adding expression like V(8)/c + |V(8)/c|U/c the sum lies on the light
cone. This allows us to visualize expressions like |V(6)/c|U/c. They can also be
visualized as lying in the tangent space of a hyperboloid of one sheet. This will be
further explored in a later section in connection with virtual timelike hyperbolic
motions.

The field F;™ gives expressions similar to the previous ones such as:
Fi""W/c = (q'/1)(Vuw /<)i (1- Viyw/c?) (39);

Fi"U’/c = (-q’/1P)(Vww /)i (1- V2wu/c) (40);

Fi™VAuw; = (0'/1) [Vyw/cl (1- Viw/c)Wifc (41) ;

FijnaVAWU’j = (‘q'/|2) |Vwu/c|(1- VZWU'/CZ)U'i/C (42) ;

So the projections of the field yield expressions of the form
|d*V(B)/d6*|VA and |d*V(8)/dB*|U/c whose sum is a null vector.

We also have the useful relations:

[(W/e)x (Vyw/c }/(1- V2ow/S® ) TWi/c = (Vow/c) /(1- Viyw/c?)? (43a);
[(U/)x (Vwn/ /(1= V2 /D)1 e = (V) /(1- Viw/ )2 (43b) ;
Putting VAywinstead of Vi in eq 43a we get VAyw/(1- VZU'W/cz)l/2 (44a) ;
Let c=1 in what follows except when required for clarity.

Putting VAwy instead of Vyy in eq 43b we get VA /(- VZWU')U2 (44b);
We also have:

[WxVyw/(L1- V2iw) iV uw = [ Vuw/(1- V)2 [ Wi (45a);

[(U'x Vi /(1- Vi) 23V s = Vi /(1- Vo) 2 U7 (45b);

Putting VAyw instead of V. in eq 45a we get W, /(1- Vzurw)l/2 (46a);



Putting VA instead of Vy in eq45b we get U’/(1- VZWUI)l/2 (46b);

Now that we have all these projections we want to express the following relations
in terms of them:

U’ = [Vow + WI/(1- V2yw) ] (47a); W= [Viy + U]/(1- V) ? (47b);
VA = [VAew +| Vew| W1 /(1- Vzu'w)l/2 (48a);

VAyw = [VAy + [V | U'1/(1- VZWU’)l/2 (48b);

Eq47a = eqgs(43a+46a). Eq47b = eqs(43b +46b).

Eq48a= eqgs(44a+45a). Eq48b = eqs(44b +45b).

4C Quadratic expressions of projective bivectors.Their meaning.

Let S;-[U/c x VA]; = [UVA- UVA]/c (49); U/cand VA are any two unit timelike
and spacelike 4 vectors, respectively, orthogonal to each other.

S;S;j = [(U.U/C®)VA.VA + (U.U/)VAVA | = -2 (50a);

(-1/2)S;S; =1 (50b) ; Let S*;=[U/cxV/c]y (51);  (-1/2)S*;S*; = V°/c* (52);
SiSi= - [UU/-¢* + VAVA] = -Py (53a); (-1;2) S*;S*i= -Py V?/c? (53b);

Py = [UjU/-c* + VAVA] (54);

P, is an operator that projects any 4 vector A perpendicularly onto the U/c, VA
plane.

PiAk = [(A.U/-c)U/c + (A.VA)VA]; = (Ta); (55); Tais the projected A vector. The
subscript is just to specify that it is A that is projected. Note that it is (A.U/-c)U/c
not (A.U/c)U/c that is the projection of A along U/c. The latter is a reflection. To
see that note that A= A,er, +Ajara Where perp refers to the component
perpendicular to U/c and para is the component parallel to U/c.

A-Apara = Aperp = [A— (A.U/-c)U/c] = [A +(A.U/c)U/c] (56a); To check: Ayerp.U/c =0;



Ajara = (A.U/-c)U/c (56b) ; One word of caution. One must not use

PRij = [UiUJ-/c2 +VAVA ] or [UiUJ-/c2 - VAVA] or [Uin/-c2 -VAVA ] they represent
reflections.

Now let Q;=&;— P =§; -[U,U,/-c? +VAVA] (57); where §; is the Kronecker delta
in 4 dim. We can use it because we use the metric) [1,1,1,i].

Q;; projects any 4 vector A perpendicularly out of the (U/c,V*) plane.
QA = {A- [(A.U/-c)U/c + (AVAVATL = (Dp)i  (58);

A= A, + A (58a) ; in=in plane; out= out of plane. A-A;,= A, (58b);
Since A= {A- [(A.U/-c)U/c + (A.VA)VA]} (58c¢) using eq55, it is proved.

Sij is also an operator. It performs a similar useful function as the two previous
ones.

SiA; = [U/c(A.VA) = VA(A.U/c)], = Sa (59);

Si; projects any 4 vector A onto the U/c,V” plane so that S, is perpendicular to A.
It must therefore be orthogonal to the two previous projected 4 vectors T, ,Da .It
is straightforward to show that S,.Ta= Sa.Da= Ta.Da= 0; so we obtain 3 mutually
orthogonal 4 vectors by operating on any 4 vector A with S; ,P; or Q;; .

The piece de resistance is the operator K;; = ; -2P;; (60) which is a reflection
operator. It is closely related to the energy stress tensor of F;™ as will be shown in
the next subsections.

Kij AJ' = {A - 2[(AU/'C)U/C + (AVA)VA]}| (61),
We have:
SiUi/c=V7; SVA =U/c; PyUj/c=Ufc; PyVA=VA; QuU/c= Qv =0;

KyUi/c =-Ui/c; KV~ =-VA;  as could have been expected..



4D Quadratic expressions of the moment of LW potential.

[ExA]; = q’[W/cx VU'W/C]ij =-q'[U'/cx VWU'/C]ij (62);

(-1/2)[EXAL[EXA]; = q*Viypw/c® = q'*Viwy/c® (63);

[EXATIEXALi = - ' (V2uw/C)) IW,W,i/-C% + VA, VAW, o]

= 'q’Z(VZWU'/CZ)[U’JU’k/'CZ + VAWU’j VAwukl (64);

(-1/2){[EXATA[EXAT}S; + [EXATm[EXAlny = 0V uw/C* {8 IWW/-* + VAuw VAGw 1}
= q'ZVZWU’/C2{5ij - [U'iU'j/'C2 +VAr Vil (65);

Remember that V2wV Auw V2ywi=Vuwi Vuw;j. Now the reflection:
(-1/2){[EXATG[EXA]q}8; +2[EXALmi[EXAlm= 0" *(V urw/ N8y -2IWW,/-c*+HV Ay VA i}
= q'Z(VZWU'/CZ){(Sij ‘Z[U'iU'j/'C2 + VA VA 1} (66);

Note that these are operators times the square of the geodesics.

4E Quadratic expressions for the field. The Lagrangian field density.The energy
stress tensor.

From eq 4.7, 4.26,27 we get for the field Lagrangian density.
('1/2)Fnaianaij = (q’2/|4)(V2U’W/c2)(1' VZU’W/CZ)Z = (q’2/|4)(V2WU’/C2)(1' VZWU'/CZ)Z
= (q"*/41*)[d” tanhByw/d%yw 1° = (*/41%) [ d*tanhByy /8wy 17 (67);

The field Lagrangian density is proportional to the square of the geodesic
accelerations.

FP%F ™ = (-q%/41%)(d*tanhByw/d8%yw )Z[WjWk/'CZ + VAuw Vruwid
= (‘q'2/4|4)(d2tanhewu'/dezwu' )Z[U’jU’k/-cz + VA VA i (68);

And now for the energy stress tensor. We have, using V=V or Vyu :



{(-1/2) (F™F™)8; +2F™ miF "}

= (@ /1)(V?/S)(1- VP[P8 -2IWWi/-c* + VApw VAyw; 1}

= (@ /1)(V?/c*)(1- VP /{6y = 2[U" U/~ +V Ay VA pw; )

= (g’?/41*)[d*tanhByw/d6? yw 148 -2[WW/-c* + VA w VA w1}

= (q’?/41")[d*tanhByy/d* 0wy ] {8 -2 [V U’ /- +VA Ly VAW 1} = 2Ty (69);

We recognize eq4.69 as being twice the energy stress tensor T;.( refs. 6,7,8).It is
equal to (g’*/41*) times the square of the geodesic acceleration times % the
reflection operator of eq4.69 which depends on whether the virtual motion is
from W/c to U’/c or vice versa. The trace of T; is determined by the reflections.

Since §; summed overiis =4 and -2[ U.U/-c*> + VA.VA] = -4, the trace is zero. In
addition since the product of two reflections is the identity,

TyTie = (9727218 [(V?/?)(1- V2/?)’1°8y (70) ; let TyT; = T2 (71);8; =4 (summed over i)
T'= 4 [(q/21°) (V*/c*)(1- /)T

= (4/4)[(q"*/41*)(d’tanhB/d6* )*)* (72); see eq 4.69 for the % factor.

T = [(a?/1)(V?/S*)(1- VP/c?)] = [(q*/41")(d*tanh8/d8%)* | (73); Let:

U/c=W/cor U'/c, VA =VAyy or VAL, V2 = VP or Vi, B =0yw =Bwy

T = T{8; /2-[UU,/-c* + VAVA]= [T(8;/2) =TP;] (74);

Ti— T(86;/2) = -T[UU/-c* + VAVA] = - TP; (75);

FiFi= -TP; (76); (-1/2)FF; =T (77);

T=T"; Tij= Tnaij ; Fij= Fnaij ’

5 The Lorentz force. The energy density. The Poynting 4 vector.



So far, we have dealt only with two 4 velocities, namely U” and W which
represented two normal of a hyperboloid of two sheets. We only dealt with two
geodesic segment Vyw and Vywy and we found geometric quantities involving
them. The Lorentz force brings a third velocity into play, the 4 velocity U of a test
charge g on which charge q’ acts. This brings about a third tangent to the
hyperboloid of two sheets.This means that geodesics between U and U’ and
between U and W will appear in the tangent space centered at U. Since U
represent a third observer, the test charge, we need to investigate how the
previous entities appear as viewed from U. New quantities appear in profusion
and it will be necessary to simplify the notation when things get too messy.

5A Projective Einstein law of addition or substraction 4 vectors and tensors.Olinde
Rodrigues-like expressions.

What is U.\W/-c* = coshB, as viewed from U?

Let U= [Vyy +UN/(1-V2uu )2 (1) W = [V + U1/(2- Vo )2 (2);

we have omitted the c’s. Putting eqgs 1,2 into the cosh we get:

U’.W/-c* = [1- Viyu. Vol /(1- Vo) 2(1- Vi) 2

= coshByy coshByy — sinhByy sinhBywy VAU VAL (3);

Compare this with cosh(6,— 6g) = coshB, coshBz— sinhB,sinhB; .

The geodesic segment Vyw = [U’(-¢%/U’.W) — W] becomes using eqs1,2,3
Vi/e= 181"y + (@™ W/aW/el(1- Vi) (4),

With eu Wu = (VU’U - VWU )/[1' VU'U-VWU] (5), Similarly:

Vaule=[e" 4+ (" .U/ou/c)(1- Viyu)? (6);

7’

. wu’ u'w
With e "y = (Vwu—Vuu)/[1-Vwy .- Vuul= -€ (7);

We can obtain the bivector form of the geodesics in term of U.



(WxVyw)ij = [Wx U'('CZ/U'-W)]ij
= [(uxe"™y ) +Viux "y )l (8);

we have used eqgsland 4 to obtain this result and omitted the ¢ whenever this
cannot lead to confusion.Eg8 gives the geodesic segment from W to U’.

(U'xVyy) = [U'XW(-c%/W.U’)]= [(Ux ewu'u ) +(Vyux ewu'u )] (9); since eq9 is the

7

negative of eq8 and using the fact that e" Wu =" u We have:

[Vwux e" Wu 1= [Vyux e" Wu ] (9a); we have omitted the subscript ij throughout.

Eq5 and 6 are projective forms of the Einstein law of addition or subtraction of
velocities. See V.Fock and Landau and Lifschitz in references.

Write Viwu = Viwu pae + Vwu ppe (9b) ;

7

where the subscript pae means parallel to e" Wu ore™" u and ppe means

perpendicular to it. We will prove in the next section that Vyy ppe = Viru ppe (9b);
let € =(U/cx e’ Wu )i (10); bij = (Vwu/c x e’ Wu )ii = (Vwu ppe /C X e’ Wu )j (11)
(Wx Vyw) = €5+ by (12); Viyw = (-1/2)( ;5 + by )( e+ byy) (13);

[e;bj1=0 (14); (-1/2) ejej = e’ (15);  (-1/2) bybij = - Vi ppe e’ (16);

7

These important formulas are obtained by using the fact that U, Vi ppe e" Wu

are mutually orthogonal. We can call egs 5.10,5.11 the electric and magnetic
parts of the rotation tensor (or geodesic tensor) given by eq 5.12.

2 2 2 L . .
VZw = €7 =V e € =€ [1- V2w ope | (17); to simplify the notation write pe
instead of ppe.

Let [1- VPuwy pe /c?] = 1/cosh26pe (18) ; | Vwupe/c| =tanhB,. (18a);



V2yw/c = e2 /coshzepe =tanh’0yw (193);  (V2uw /cz)coshzepe = e2 (19b);

A2 ap 2 2 .
(-1/2)[eji€551 =€ = (V yw/c )cosh B, (20);
(-1/2)biby =~ Viuu e e’ = - tanh?8,. cosh’8, VZu/C” = - sinh28, VVuw/c® (21);
We can define a magnetic pseudo 4vector b; = (1/2)8”kl UiV pe j €k (22);
We should have : b.b = (V2yype/C?) e’ = sinh? Bwupe Viuw/c®  (23);

2 2 2 2

Then Viw/c’= €°=b" (24); eb =0 (25);

U/c, Vwupe/C, €, b are 4 mutually orthogonal 4 vectors.

dual

We find € U; =€ (26);, e ij Uy = bi (27) ; bij U; =0 (28);
We recall from eq 3.31 that
[ExAiw ] =q'[Wx Vyw | = g'[dX’i/dx; — dx’;/dx; 1= q'( €jj + bij ) (29);

Eq29 shows nicely how all the quantities are related: the moment of potential,
the geodesic segment in bivector form, the rotation tensor, and the geodesic
segment in bivector form as viewed from U, decomposed into an electric field
part and a magnetic field part. It is noteworthy that the latter bear a close
resemblance with some of the Olindes Rodrigues formulas for the addition of
rotations or the decomposition of rotations.

5B The Lorentz force and its dual.

We observe that to go from the geodesic to the geodesic accelerations we only
have to multiply by the factor (1- V?/c?) with V = Vyw or Vi .The fields require
the additional factor g’/I* . All the formulas of the previous section are therefore

applicable with & =€j(1-V’) (30) and By =Dy (1-V*) (31);

dual

FiUj= (a'/1%) e; U (1- Vi)=& (32); qualijUj =(q'/1) e ij Uj (1- V) =B, (33);



Where € is the electric field 4 vector (not the 3 vector) and B is the magnetic field

pseudo 4 vector. B; =(q’/1°) b; (1- V) (34); b is given by eq22;
The Lorentz Force is F™ =qF™U/c=qq’ €;/(E.U"/-c*)* (34); use eq26.
F“ = aq’(1/2)€™U N wu pe « €1 /[E.U’/-c’) (35); €™ is the Levi-Civita symbol.

Of course €= g’ € /[E.U'/-c’]* (36); Bi=q’ (1/2)€™ UVwuypex €i /[E.U'/-c’]* (37);
€.B=0 (38);

5C The field Lagrangian density.

€ = (q*/I") VPuw (1- Viyw)’cosh? By oe (393);

B = (q°/1Vuw (1- VZyw)’ sinh® Buyu e  (39b);

€’-B’ = (Q'2/|4)VZU'W(1‘ VZU'W)Z

= q"* (-1/2)[dx’, /dx; — dx’; /dx][dx’,/dx;- dx’;/dx]/(E.U’/-c*)*  (39c) ;using eq29.
5D The energy density

(1/2)[€% + B*] = (q"*/21")V’yw(1- VZyw)’ [cosh? By pe + SiNh? Byy pel

= (q"%/21")Vpw (1- V2yw)? cosh2Byy e (40a)

= (q"?/21*)[(1/4)(d*tanhB/d6? )*] cosh2Byype (40b); 6= Bwy pe

5E The Poynting 4 vector.

The Poynting vector in Maxwell’s theory is (exh),, with a,b=1,2,3,and e and h are
the electric and magnetic field respectively. The Poynting vector is orthogonal to e
and h and is a pseudo-3-vector.The generalization of the Poynting vector to 4dim
with a timelike ray of influence will involve both € and B with a 4dim cross
product which will point in a direction orthogonal to U, €, B . The only direction



left is ihe direction of the unit 4 vector VA pe . The 4 dim Poynting vector is a
pseudo-4-vector. We should have:

Poyn = |EXB|VAwupe = |E| |B|VAwu e (41); the direction could be =V pe OF
course this is just a heuristic argument.

Poyn = (q'2/|4)V2U’W (1- VZU'W)2 coshBwy pe SINKBWy pe VWU pe (42);

The ratio of the Poynting vector to the energy density should give a projective
relative 4 velocity.

Poyn /(1/2)[€% + B? 1= 2s5inhB\yy pe COShB wu pe /€05h28uy pe VAU pe
=tanh20wy pe VAwupe (43);

Poyn = (1/2)[€% + B’ tanh2Byy pe VAW pe (44);

The projective relativ 4 velocity is:  V(28)/c = tanh20wy e VAwupe (45);
We are dealing with a different model of hyperbolic geometry.

We can form : V(20)/(1-V? (26)? =sinh26 VA, ve (46);

(1-V2(28) ) * = cosh28 (47); U(26) = [V(26) + U ]/(1- V*(28) )* (48);

U is the 4 velocity of test charge q.

The unit 4 vector VA(20) orthogonal to U(20) is:

VA(28) = [cosh20 VA e +5inh28 U/c] (49);

To check: [U(28).V~7(20)] =

[sinh2Bwy pe VAwu pe + €0sh20 U/c ].[cosh20 VAyy pe + sinh26 U/c] =0 (50);

It is interesting to contruct 4 vectors with the Poynting vector and the energy
density.

I:'oyn = (1/2)[82 + Bz ]tanhze WU pe V/\WU . pe



Form: | Poyn | VAU pe + (1/2)[€* + B U/c =P, (51); P.nis a total
electromagnetic momentum density. Its square should yield the negative of an
e.m. mass density squared .

Form: (1/2)[€”+ B*IVAwupe + |PoynlU/c= Wen (52) ; Pem Werm =0 ;

5F The energy stress tensor and its projections in the U, VA e , E7,B” directions.
Using the eqs 12 to16 and 29to31 of the previous subsections we have:

2 Ty ={(-1/2)[Eim Em + Bim Bim 1655 + 2[(Ei + Bi) (€ + By)]} (53);

[(Eik + Bik) (€ + Bjk) = [(Ew€ix) +(BikByk) + (EiByk + EBik)] (54) ;

EiBjk = UVApe; [V el € (55a);  EiBik = Uj Ve [ Ve €7 (55D) ;

(€aBjc + EiBit) = [ Ui VAse; + U VAL 1| Voe | €2 (56) ;

(Ex€i) = -[UU/-® +ENENTE (57); (BuBjk) = [ VApei Ve + ENEIV? . €2 (58);
(-1/2)€mEm=€" (59a);  (-1/2)BmBm= - (V'wype/c’)E"= -B*  (59b);
(-1/2)(EimEim + BimBim) = (€ = B%) (59¢) ;

2T, = (€% B8y +2{-[(UiU}/-C°) + ENEN]E® +[V Ao Ve + ENENIV? |, €
+[UVAe; + UV e ]|Vpe/C|~=':-2 } (60);

We need to take every projections in the U, Vyyy e, € and B directions to get a
feeling for the meaning of the energy stress tensor and see whether we get back
the results of the previous subsections.

Ty= (E2 - Bz)6ij /2 + ‘[(Uin/'Cz) + EAiEAj]EZ + [VAge) Ve + ENEN ]Vzpe g
+ [ (Ui /e e + (Uy/e)V e 1] Ve /| €7} (61);
The B” projections are the easiest since they involve only the delta function.

T;BA = (1/2)[€? - B’]BA, (62a);  T;BABA =(1/2)[€?-B*] (62b);



T; Uy/c = {(1/2)[€* = B’JU; /c + [-(U; U; /-c*)(U; /)€ + (U; Uy/c® W e Vee | €21}
= (1/2)[€" = B*JU/c + [- €2 Ui/c = VA | Vpe /C*| €°]

= [(1/2)€° = €°]U; [c + (-1/2)B* U; Jc - VAue; [|Vpe /| €7]

= (-1/2)€° Ui /c +(-1/2)B* Ui /c = VA s [| Ve /| €7]

= (-1/2)[€° + B*]U; /c - VA uei[|Vwupe /S’ | €8] (63); we recognize the first term as
the energy density in the direction — U; /c what about the second term?

Recall that |Ex B|VAwy per IS Poyni, the Poynting vector (4dim not 3dim);
The final result is:

TiUj/c = (-1/2)[€+B*]U; fc - |ExB|VAW e (64);

this is exactly the negative of eq51 which we called P, .

T;U;/c= -Pemi (65);  Ty(U;U; /%) =(1/2)[€° +B*] (66);

In eq66 should we use U; U; /-c* instead U; U /c ? Not clear at this time.
The projections in the € directions are easier.

T; €N = (1/2)[€° - B JEN +[- €7 €M +B*En];

i€ =(-1/2)[€*-B*JEN  (67);

Eq 67 brings the field Lagrangian density into the -E” direction.

T; ENEN = (-1/2)[€7-B*]  (68);

T VAe; = (1/2)[€7 = B]VA i + VA, B® + (U/c) | ExB] ;

T VApej = (1/2)[52 + BZ]V Npei + (Ui /c)|ExB] (69) ;

Tjj VApej(Ui/c) = - |ExB| (70) ;

Notice that we are not getting |ExB|V~,. directly, from these projections.



Note also that eq69 equals W, of eq 52 and that eq64 equals —P.,, they are
perpendicular.

It is interesting to get the double angle velocities in terms of the single angle ones.
Let V(28wu pe)/c = |V [VAe and Vyype/c= V|V,

tanh20 =2|V|/(1+V?) = |V’| (71a);

cosh28 = (1 +V?)/(1- V?)= 1/(1-V"*)"* (71b);

sinh20 = 2|V|/(1- V*)= |V’|/(1- V"3 (71c) ;

U(26)/c= {[2|V] /(1- V)] VA5 + [(1+ V*)/(1- VI](U/C) } (72) ;

VA(28) = { [(1 +V*)/(1- VA)IVAe + [ 2]VI/(1- VAI(U/c) } (73);

Compare with eq 48,49.

6 Introducing the 4 velocity U, as a special observer to simplify formulas.
6A Obtaining U, as a projection of U onto the W, U’ plane. Various formulas.

It turns out that all the formulas derived in the previous sections simplify by
projecting the 4 velocity U perpendicularly onto the W, U’ plane. The projection
gives us the direction of a new 4 velocity U, and we have:

U= [Vuuo + Uo 1/(1- Vo) (1);

We are interested in simplifying eu'Wu = (Vyu = Vwu)/[1- Vyu -Vwu 1. It turns out
that U, will do the job but the derivation is somewhat intricate and the geometry
a little difficult. The method is perfectly general and does not depend on e.m.We
first separate the relative 4 velocities into components parallel (pa) and

. u'w
perpendicular (pp)to e .

Vwu = [Vwupet Vwupa ]l (23); Vuu = [Vuupe + Vuupa ] (2b);



[Vou=Vwul = [Vuupa— Vwupa ] (33); Vuupp =Vwu pp (3b);
Eq (3b) is very important.

[1- Vyu-Vwu] = [1- (Viru pp + Vo pa)-(Vwu pp + Vi pa)]

= [1 = Vuupp Vwu op = Vuru pa Vwupa ] = [1 = Vwu pp = Viru paVwy pa

= [1- VZWU pp ][1 - VU’U pa VWU pa /(1' V2WU pp )] (4) ’

u'w
So € u= (VU'U pa ~ VWU pa )/{(1' V2WU pp)[l' VU’U pa VWU pa/(l' V2WU pp)]} (5) ’

This suggest that the expressions Vi y pa /(1- Vi pp)l/2 and Vwy pa/(1- Vi pp)l/2
have special significance.

To get the connection with the projection that gave us U, observe that
[U+Viy 1= W(-c/W.U ) (6a);  [U +Vyy = U'(-c°/U’V) (6b);
This was discussed in the section on the Lienard-Wiechert potential.

(6b) —(6a) = Vyru— Vwu = Vuu pa — Vwu pa - This means that eq6a and 6b lie on a line
in the U’, W plane in the direction of e" Wu .That line must intersect U, at a point
kU,/c.

To find k note that ~ U/c + Vwy pp /€ = kU,/c (7); a little thought makes us realize
that Vwupp = Vuou (83); Vuupe =Vueu (8b);

Since U/c+Vyou/c=Uqy(-c*/Us.U) (9);  k=(-c*/U.U,) (10);
We must have: Ug(-c*/U, .U) + Vi pa = W(-c*/W.U) (11);
W.U/-c* = [1- Viwuo -Vuuo J/(1- Ve )72 (1- Vo )72 (12);

Vwuo -Vuuo =0 (13); don’t confuse Vo with Vi, They both lie in the same
plane which is perpendicular to the plane wherein Vy, lies.

W.U/-P = (1- Vo ) 2 (1- Viuo)™?  (14); eqll becomes



Uo (1- V2o u )" + Viwupa = W(1- V2iou )2 (1-V2wuo )2 (14a); the right hand term is
=[Viwwo + Uo 1(1- V2iwuo )% (1- V2o )2 /(1= Vo )% = [Viwwo + Uo 1(1- Vio,0) 2 (15);
Putting eq15 into eq 14a. Viupa = Vo (1- Viuou)”>  (16);

Vwuo = Vwupa/ (1- VZUOIU )1/2 (17); in the same way,we get:
Vowo=  Vuup /(1- Vi) (18);

which is what we guessed earlier.see eq5,8a,8b.

u'w
Eq5 becomes: € "y ={(Vy,uo = Vwuo )/[1- Viruo Vwuo 11/(1- VzUo,U )1/2 (19) ;
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We recognize eql9 as representing: e" Wu =e" Wuo /(1- VZUO,U )1/2 (20);

With e" Wuo = (Vuuo = Vwuo )/[1=ViyuoVwue ] (21); and

1/(1=V2iou )" = 1/(1- VVu o) > = 1/(1=V20upp )2 (22);

We also have : VAL = VA= €y N = e "o M (23);
The 4 directions are the same. The angle between U and U, is :

Ouo,u = Bwu ppe = B ppe (24); where we have put back ppe instead of pp to
remind us that we are dealing with the mysterious angle of section 5 involving the
Poynting vector, the energy density, the electric field 4 vector and the magnetic
field pseudo 4 vector. It is simply the angle between U and U, which is also the
angle between U and the W, U’ plane.

Eq 21 can be rewritten as :
( e’ Wuo ) = (tanhByy, - tanhByy, VA wuo /[1- tanhByy, tanhByy,]
=tanh(Byuo — Bwuo )V wuo (25a);

Also €% o = (tanhByue -tanhBuus VA wuo /[1- tanhBuyys tanhByyo]



=tanh(Bwuo - Buuo )V wuo  (25b);

we have kept the direction the same for eq 25a and 25b so it is the angle
differences which are the negative of each other.

Eq 20 can be rewritten as: eu'Wu = coshBy, y tanh(Byyo -Bwuo )Vrwuo (26);
U W/-c* = [1- Viruo Vo J/(1- V2 yruo )72 (1- Vo )

= coshByy, coshBwye - sinhByy, sinhBywy, = cosh(Byuo Owus )  (27);
(U'-W/‘CZ) eUIIWuo = sinh(Byyo - Bwuo )V wuo  (28);

What does the geodesic line segment look like as viewed from U, ?

7

u'w u'w
Vow =[€ yo+(€ o -W)W](1- Viyo )/ (29);
Vuw =tanh(Byuo -Bwuo [V Auuo + (VAuruo -W)W]/coshByy, (30);

this is the appearance of the geodesic segment from W to U’ as viewed from U, .

The geodesic bivector gives a simple result.
u'w u'w
[Wx Vyw]=(Usx€ "yo )+ (VwuwoX€ o) (31);
the 2nd term is zero because both terms are in the Vy, direction.

[Wx Vyw | = (Us X eu Wuo ) = (Uo X VAwyo ) tanh(Byyo - Bwuo ) (32a);
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[U'X Vwu ] = (Ug X ewu uo ) = (Uo X VAwyo) tanh(Bwuyo - Bwuo ) (32b);

Again we have kept the same direction VA, in eq 32a and 32b and let the
angles give the negative sign.The reader may wonder under what conditions do
the angles add instead of subtract.We have seen so far expressions like:

U'-W/'C2 = [1- Vyu.Vwu 1/(1- Vzu'u )1/2 (1- Vzwu )1/2 ; with

U’ = [Vyu+ Ul/(1- Vi )% 5 W= [Vy + U 1/(1- Vi )2



Take U'g= [-Vyy + Ul/(1- V2 0)Y? (33a);  Vuru=-Vuu (33b);
U \W/-c* = [1 + Vyy Vuu/ 1/(1- V2 /)7 (1- VA )72 (34) ;

This is a projective form of Einstein law of addition of velocities (see V.Fock). We
dealt so far with Einstein’s law of substraction of velocities.Note that

Vwy reduces to [w,0] when u=0 and -V, reduces to [ —u’,0] when u=0, so the
interpretation is reasonable. As a second example take:

U'ge= [ -Viwo + Uo 1/(1- V2yuo )2 (35a); W= [Viwuo + Uo 1/(1- Vo )2 (35b);
U'gs -W/‘C2 = [1+ Vyuo Vwuo /C2 1/(1- VzU’Uo /C2)1/2 (1- VZWUO )1/2 (36a);
U'gse \W/-¢* = cosh(Buyyo + Bwuo )  (36b); Vyreuo = -Vyuo (36¢);

’

u'r,w

e u =[Vuru - Vwu 1/[ 1- Vuru Vwu] (37a);
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ur,w

e "y =-[Vou +Vwul/[1+VyuVawu]  (37b);
u'r*,w

e wo = [Vurtuo— Vwuo 1/[1- ViR uo -Vwuo ] (383);

u'r*,w

e wo =-[Vuuo + Vwuo I/[1 + Vyuo Vwuol (38b);
eu ' ’Wuo = -tanh(Byyo, + Bwuo )V wuo (38c);
6B The LW potential as viewed from W, U, U, .

A=q'(U'/c) /(EVU'/-c) = (d’/)[Vyw + W]/c (39a); this was obtained in an earlier
section and gives the potential as viewed from W. As viewed from U we have

A = (g'/D{[Vyu + UlcoshBy /c coshByw }(39b) ;
compared to eq39a, the form is the essentially same but there is the factor
coshByy/coshByyw .  Asviewed from U, we have:

A=(q'/1)[ Vyuo + Uy JcoshByye /cosh(Byyo — Bwuo )  (39¢) ; we used eq6.27 here.



It is sometimes useful to absorb the inverse of the factorsin lin eq 39a and b and

|”

pretend that the length is modified by “conformal” factors used to keep the form

the same.

6C The geodesic bivector as viewed from U, .Quadratic expressions.T; projections
u'w

From eq6.32a, [WxVywl; =[UoX € uoli =S*i;

2.
(-1/2)S*; S*; = Vipw/c® =€ ", =tanh?(Byuo - Bwuo) = tanh?Byy (40);
tanhByw = tanh(Byyo - Bwuo) (41); Buw = Ouuo — Bwuo (42);
IVuw/cl = | € "o [ (43); | € ", | = coshBuuo | € "o | (44); this surprising
result tells us there is no magnetic field term,as viewed from U, because the
problem is 2 dimensional just as it is with the W, U’plane so it is in the U, ,Vwuo

plane,which are the same plane. We can now compute the quadratic eqgs for the
fields.

(-1/2)FiF; = [q"/(E.U'/-¢)* IV2uw/c® = [q"/(E.U’/-c)*[tanh?(Byuo - Bwuo ) (45);

it is also equal to € — B’ as viewed from U, of course,and we have 4 mutually
orthogonal direction in that case. In this case only 2 directions are involved.

Since T= [q’%/(E.U’/-c)* Jtanh® (Buus - Bwuo ) (45a); (we used eq 4.73) .
FijFi = T[U, x VAWUo]ij [Uo X VAwuo ]kj = ‘T[(Uio Uko /‘C2 + VAWUoi VAWUok ] (46);
2T =T{6;-2[ (Uio Ujo/'CZ) + VAWUoi VAWUoj 1} (47);

2TU /c =-TU /c  (48a); TyU,/c=(-1/2)TU'/c (48b);

2T, U, UL/ =-TU U /c® =T (49a); TU,U\./c> =(1/2)T (49b);
2TiVAuo = -TVAWL, (50a); TV Mo = (-1/2)TVALu  (50b);
2TiVAwus VA e =-T  (51a); TV oV oo =(-1/2)T  (51b);

2TijV"WU0jUio/c =0 (52); no mixed components



The projection of 2T;; = T{J;; 2[WW/-2 + VAW VAW 1} of sectiond, eqgs4.69 and
4.74 have exactly the same form and give similar results, the problem is similar
and involves only the geodesic between W and U’. No magnetic term appears.

6D The Lorentz force

We already know that the Lorentz force will involve the projection of the geodesic
acceleration between the points described by the initial normal W and the final
normal U’. The Lorentz force is the projection in the U direction. Writing
everything in terms of U, , Vwuo , Vuuo We get:

Using K = [q'/(E.U’/-c)’] tanh(Byuo - Bwuo)  (53);
FiUi/c =K [Uox VAwuo 1 [Vuuo + Us J; /(1- VZuo )1/2 (54);
= K[Uo X VAwuo ]ij VAo sinhByyo + K[Uo X VAo ]ij Uoj coshByy, (55);

the first term is =0 because [U, X VAwuyo 1iV uuo =U, (VMwuo-V2uuo ) =0 (56a);

since VM, is orthogonal to Vyy,. The second term

K[Uo X VAwuo Jij Uoj €0shByye = KV, i cOshByy, (56b);

qF;U; = [aq’/(E.U’/-c)*Itanh(Byuo — Bwuo )c0shBuuo VAWLG (57);
The last result is consistent with the previous results.

6E Quadratic expressions involving Uy, Vuuo , VAwuo , b =(1/2)<°.ijkI Uoj VAUuok
VAwuo1 -The energy stress tensor T”; and its projections.

The previous subsection leaves us with a puzzling problem,namely, how do we
construct quantities involving the four mutually orthogonal directions U, , VAyuo
VAwue , b, and how to get expressions resembling the electric and magnetic
field. Try Dy =[(Uo + Vyuo )X VAwuo I (58); D; is made up of 3 orthogonal
4 vectors.

Dj; coshByyo |Vuw| = [U X VAwye ]ileU’Wl (59);

The 4 vector |Vyw|V™wuo lies in the U, VA, plane and represents a new relative
4 velocity . To that new relative 4 velocity corresponds a new 4 velocity.



U”/c = [ IVuw|VAwyo + U/cl/(1- Vipuw/c®)? (60);

VAR =VAwe  (61); U7 =[Vyy+UN/(1-Vipy ) (62);

Vyu = [Vow|Viwue  (63); eAu'wu = eAu'wuo =VAyuo =V M wuo =VAy (64);
Eq 64 shows the equivalences getting more and more crowded.

We want to form T« ={(-1/2)(DimDim)bic /2 + D;Dy W2ow/c® (65);
{[Uo X VAwuolij + [Vuuo X VAwuo Iij HIUo X VAwuo Ik + [Vuuo X VAwuo I }

={-[(Uo Uok/‘Cz) + V00 VA6 T+ [ VAUUe VAU  + VA6 VAWue® IV uue/€
+ [(Uoi/C)VAUUok + (Uok/c)VAUUoi 11Vuuo/c|} = DDy  (66);

Setting i=k we get: (-1/2)DimDim = [1 - V2uo/c’] = 1/cosh®Byy,  (67);
So we do need the coshByy, of eq 59 in the definition of T’;. Define:

T*”1 = {(-1/2)(DimDim) 8 /2+ DyDy; Ycosh? Buuo Viuw/c’}  (68); the term:

[(Uo Ug/-E2) + VA0 VAWLe" 1cosh? Buue Viuw/c® (69a); is the real electric field
squared when multiplied by q’/(E.U’/-c)* = K’ times a P;. The term:

{[VAUUOi VAUUOk + VAWUOiVAWUOk ]tanhz euuo COSh2 GUUO VZU'\/\//C2 (69b), is the real

magnetic field term squared when multiplied by K’ times another P;. The term:

{[(Uoi/C)VAquk + (Uok/c)VAUUoi JltanhByy, cosh’ Buuo VZU’W/CZ (69c); is the
absolute value of the real Poynting 4 vector when multiplied by K’ the operator
described in eq69c.

Let T =KT*  (70); be the full energy stress tensor.

We are now ready to find the projections using eqs69a,69b,69c and 67, and the
factthat  K'[(-1/2)DimDimcosh®BuueV uw/c” 184/2 = [€2-B?16/2

T7,U /¢ = (-1/2)[€* +B*)U, /c— €BVAyL, " (70a); using eq69a,69c



T Uo'/c = (-1/2)[€% + B’]U,/c - |€XB|VAyy  (70b);

0o Uo/c” = (1/2)[€% + B ] (70c);

T (Uo'/)VA yuo = - | EXB] (70d);

T VA0t = (1/2)[€2 = BYVALu + B*VAuy, + EBU,/c  (71a); using 69b,69¢
T VAo = (1/2)[€2 + BAVAyy, + |ExB|U,/c (71b);

"1 VAuue Ve = (1/2)[€7 +B*] (71c);

T VAuuo Uo/c = - |ExB (71d); same as eq70d of course.
T VAo = (1/2)[€% = B IVAWLe +B” VAo — €2 VAo (72a);

T VAuo® = (-1/2)[€% = B’IVA wuo.  (72b);  using eqs69b,69a in (72a).
T VAo Viwwe' = (-1/2)[€2-B%]  (72¢);

We also have the two obvious projections:

T B = (1/2)[€° - B*]BAy, (73a);

Tk B By = (1/2)[€* - B (73b);

where BAy,' = (1/2)€™ (UJ/c)VAuuo VAL, (74a);

To differentiate it from BA, = (1/2)€™ (U/c)VALL VAL  (74D);

A comparison between the present projections and those of the

ordinary energy stress tensor T; of section5F shows that they are the same with
U replaced by U, V”.u is replaced by VAo VAwuo is the same.

B~y is replaced by B2y, . Moreover the electric and magnetic fields have
The same magnitude in both cases. €" = VAU, SO it has the same direction
In both cases.

6F Total e.m. momentum density and its dual, e.m mass density, revisited.



In section 5, we defined an electromagnetic momentum density 4 vector:
Pem = (1/2){[€* + B* JU/c +2|ExB|VAuou}  (75a); and its “dual”
Wem = (1/2){[€* + B* IVAyu +2|€xB|U/c}  (75b);

We want to define a em mass density such that

Pem -Pem = -Mem’ ¢*/V3> (762 ); Wem -Wem = Mo € /Vs®  (76b);

[€7 + B’] = (q"*/1")[cosh20yey (VZuw/c?)(1- Viyw/c® )] (77a);
2|exB| = (q'2/|4)[5inh29uw (VZU'W/CZ )(1- Viyw/c® )2] (77b);

Wem. Wem = (1/8)(q"2/1)*[cosh? 26,y - sinh? 28y0y iV uw (1- Vipw )? ¥

= (1/8)T? = Menc'/Vs° (78a); T/2=Menc?/Vs (78b);

T=2Men €/Vs = (q*/I)WVpw (1- Viow) (79);

We don’t have much choice here if we want to specify Vs . If we are willing to
believe that V53 =I> and g’%/2l which has the right units is also to be chosen then:

MemC?/P=T/2  (80); Memc® =(T/2)P =(q"%/21)Vyw (1- VZyw ) (81); write:
Mem €/1° =pc® = (q"°/21")V2yw (1-Viyw )* =T/2 (82);

The desired em mass density is p . We can also have :

P em = (1/2)]{[€% + B> JUo/c + 2| EXB|VAyyo } (83a);

Wem = (1/2]{[€% + B* IVAuy, +2|ExB|U./c} (83b);

Fortunately the previous derivations show that

T7 =T (84a); M”cn =M., (84b) ; p”=p (84c); V'3 =V; =1 (84d);

We can write:

2T; = pc{8y -2[WW//-c® + VAL VAL T} (85a);

2T = pc? {6; - 2[Uo' Ug' /-c* +VAuuo VAo 1} (85b);



It is worthy of note that that the 2P; terms in eqs85a,85b can be written

In terms of null vectors.

Let VA = VAL ;

(W/c+ VA (W /e + VAS) =[W' W /c? + VA VAR +[ (W' /c) VA* + (W* /c) VA'](86);
We want to eliminate the second term and get the negative of the first.
[W'/c — VAIW*/c + VAY ] = [W' W /c? = VAVAS ] +[(W'/c)VA* — (W /c)VAT] (87);
[-W/c —VAT[-W¥/c + VA =[W'W*/c? = VAVAR ] + [(-W/c)VA +(W /c)vA' | (88);
Adding eqs87 and 88 we get:

[W!/c VAW /c + VA +[-W'/c VAT [-W*/c +VAY] = -2[W'W*/-c* +VAVAY ] (89);
[W'/c —VATIW*/c +VA+[W'/c +VA[W*/c —VA¥] = 2[W'W*/-c* +VAVAY ] (90);
This is the desired result.

Let N"pw =[W/c+VApw] (91a); N yw=[W/c=V~Ayw] (91b);

2Ty = pc’[8; + N ow N ow+ N oW N ow ] (92);

N™wuo =[Uo/C+ VAol (93a); N" wuo = [Uo/C= Vo] (93b);

217 =pc” [6;5+ N "wuo N wuo + N wuo N w1 (94);

7 Foliation of hyperboloids of one sheet in Minkowski spacetime.Virtual
timelike hyperbolic trajectories.

In the previous sections it was shown that the nonacceleration field represents
the acceleration term of a geodesic in the tangent space of a hyperboloid of two
sheets belonging to a foliation of hyperboloids of 2 sheets in Minkowski space
time. A virtual motion, from one normal to another, traced a geodesic on a

hyperboloid of two sheets .It also traced a geodesic in the tangent space of either
normal. Those are geodesics of the 3dim Klein Ball model of hyperbolic geometry
in velocity space. The purpose of this section is to show that these geodesics have



a counterpart in a foliation of Minkowski spacetime by hyperboloids of one sheet.
Two virtual timelike hyperbolic trajectories, obtained using an inversion of the
field, are connected by the interval of propagation or a projection of it. This gives
a different way to interpret the way curvature is transmitted from the source
charge to the field point or the test charge.

7A Preliminaries. Review of timelike hyperbolic trajectories with constant
acceleration.

We have: u(t)/(1- uz/cz)l/2 =gt (1); g= d[dr(t)/dt]/dt (2);

Tis the proper time. g is a constant of the motion. The motion is rectilinear.Let
the initial time t;= 0; the initial 3 velocity u; = 0;

g= [u(t)/t]/(1- u*/c*)Y* (3); for all t's including the initial time.We will be mostly
interested in the various quantities evaluated at the final time t; .In particular

g = U (t)/(1- u?/A)Y?  (4); from eql, it is easy to see that :

[1/(1-u)? ] = [+ (gt/c)']"* (5); u(t) = gt/[1+ (gt/c)*]"” (6);

Let a = du/dt = d’r/dt’> be the 3 acceleration. From eg6 we get:

a(t) = gt/[1+ (gt/c)’]** (7); the initial acceleration a; =O0.

We will be interested in the final acceleration a; = gt;/[1+ (gtf/c)z]‘o’/2 (7a);
We can express a in terms of u. a(t) = (u(t)/t)[1- u’/c] (8);

Eq8 is the important formula. We will be mostly interested in

a(ts) = (us/t)[1- uf/c’] (8a);

since u=dx/dt (writing x(t) instead of r(t) ).

dx(t)/dt = gt/[1+ (gt/c)z]l/2 . x(t) = (/)1 + (gt/c)z]l/2 -1} (9); eq9 implies that
the initial position x; =0;

from eg9 we have: [1+ (g/c)x(t)] = [1 + (gt/c)’ ]1/2 (10);



[1+(g/’)x 1" =[1+(gt/c)’] (10a); [1+(g/c")x]*~(gt/c)’ =1 (10b);
cosh® = |[1 +(g/c*)x]] (11a); sinh® = [gt/c] (11b);

we can also have : x> —(ct)® = (c*/g)* (12a);

(gx/c’) —(gt/c)* =1 (12b); (gx/c)’ =[1+(gt/c)’] (12c);

[gx/c2] = [1+ (gt/c)*1M* (12d); egsl2a to 12d imply x,=c*/g .

We can also set, using eq12b. gx/c’>=cosh®’ (13a); (gt/c) = sinh®’ (13b);
Since cosh®’ >or=to 1, x>or= cz/g which is consistent. We also have:
x = (c*/g)cosh®’ (13c); ct=(c*/g)sinh®’ (13d);

7B ldentifying the elements of the trajectories.

Fy = (a'/P)(W/c)x Vuw/cly (1- Viow/S) = &' [(W/le)x (Vuw/10)](1- VVuw/cTij (14a);
Similarly : F;; = -q’[(U’/lc)x Vwu/Ic];;(1- Vawu/c®) (14b);

We recognize the expressions as familiar from the previous subsection.

Let Q /c? (Vuw/lc )(2- VZU’W/CZ) (15a);

And Q /¢ (Vwu/10)(1- VAwy /) (15b);

Compare eqgs 15a and 15b with eq8a for asi.e. a¢/c” = (ug/cts )(1- u/c?) (15¢);
We identify ct;=1 (16a); u; = Vyw (16b); in eql5a. us=Vyy (16c); in eq 15b.
And a; =Q,, (17a);ineqlba. ar=0y (17b); ineql5b.

We also have u; =Vyw =0 (18a); ineq 15a. u; =V =0 (18b); in eq15b.

To get a; =0 simply put Vyw in egl5a and V. in eq 15b. Therefore:

( Qwi )=( Ayi )=0 (18c); notethatthetwo Q ‘s have the same magnitudes

but different directions. We have identified a timelike hyperbolic motion in
projective form hidden within the nonacceleration field.



cty =1 ; t =l/c (19); finally

g/c® = (Vyw/1o)/(1- VZUIW/cz)l/2 = sinhO@yw VAuw /1 (20a);

or g/c* = (Vwu/1c)/(1- Viwu/c?)Y? = sinhByyVAwy /1 (20b);

7C Constructing the timelike hyperbolic motions of the foliation.

Egs 12¢,13a,b which describe hyperbolic motion involve c*/g .We will use a
Rindler-like coordinate system. (refs8,9)

We want timelike hyperbolic trajectories, which are part of a foliation, with the
following properties.The virtual motion from W to U’ or from U’ to W will be
described on the hyperboloid of one sheet as initial and final unit tangents during
the virtual motion.The tangents of the hyperboloid of two sheets become the
normals of the hyperboloid of one sheet. The hyperbolic angle traversed will be
the same for both types of hyperboloid.To find the radius of each of the two
timelike hyperbolic motions ,which are two geodesic segments of two
hyperboloids of one sheet ,is not obvious and requires subtle maneuvering.
Another requirement is that we should have the interval of propagation E connect
one hyperboloid at 4 position R’(t’) of charge q’ to another hyperboloid at
position R of the field point or R(t) of a test charge q.This is possible in the rest
frame of g’.In general,it is not possible.

Since the field only involves the starting and ending points of each entities and
not the details of the virtual motion we will write 6; instead of 6 or By

Fi = 9’ [(W/Ic)xVAyy tanhB/lcosh® 6¢];  (21a);
-F; = o'[(U’/Ic)x VA tanh8; /Icosh? ;1 (21b);

We have only distributed the 1/l term among the two directions ,one timelike
and the other spacelike in each eq. It turns out that the physical meaning of the
trajectories as viewed from U’, the rest frame of ¢’, is much easier to understand
than those in the rest frame of the influence,i.e. W. Eq21b is the best to start
with. We begin with inversion of F; .Notice the minus sign.It is easier to work
with.We invert without changing the directions.



-F ™M = (1/9")[(IU’/c)x VA Icosh? B¢ /tanh8; 1 (22a);
™™ = (1/q’)[(IW/c)x VAy Icosh® 8¢ /tanh8 ]; (22b);
_Fijinv = 'Fij/[('l/z)anan] (233); I:ijinv = Fij /[(‘1/2)anan] (23b),

We could use eqs22a,b to obtain a hyperbolic trajectory which would have a
radius of lcosh” 8;/tanh®; with initial tangent U’/c or W/c and final tangent W/c
or U’/c respectively and with the initial unit normal VA or VAyw
respectively.The problem with that is we want two hyperbolic tractories,one for
the origin of the influence at q’, the other for the field point or the test charge
receiving the influence.The only exception is in the case of self effects,in that case
only one trajectory is needed in general because one part of the trajectory
influences the other part via the ray of influence.We also want the times [E.U’/-c]
i.e. c(t-t’) to be somehow involved in the duration of the hyperbolic motions.

Try to distribute the two terms in a different way namely:
Fi =a’[(W/clcoshBg)x VA (tanhB¢/IcoshBy)];  (24a);

-Fij = q'[(U’/clcoshB)x VA (tanhB¢/IcoshBs ];  (24b);

-Fiji”" = (1/9’)[IcoshB; U’/c x (IcoshBs/tanh®)VAwy 1 (25a);
Fij"“’ = (1/9")[IcoshB; W/c x (IcoshB¢/tanhB)VAyw 1 (25b);

Note that Icosh©; = [E.U’/-c] the covariant form of c(t-t’).This will turn out to

be the correct way to get the desired trajectories.

7D Setting up to construct the needed trajectories. a) point of view of g'.
We will start with the trajectories as viewed from the source charge q'.
Take a point O as an origin. Use the label R, to describe O. C means center.

R. will be the center of the foliation of hyperboloids of one sheet.Let the vertical
axis be in the direction U’/c which will also be the initial unit tangent of all the



hyperboloids. U’/c represents the initial unit tangent U,,;/c of the foliation.Only
the future oriented part of the hyperboloids will be needed.The horizontal axis
will be in the direction of the unit spacelike vector VA .This unit vector is the

initial spatial direction api* of the foliation. It is the direction of the initial 4

acceleration of the virtual motion for the entire foliation.The final spatial direction

will be labeled aps" . It is also the same for all members of the foliation.
Remember that -VAyw = apf ; since =y is confusing to use, better use

ani".We now have the center,the horizontal and vertical axes.The angle between
the initial horizontal axis and the final axis is 6 for the entire foliation.This looks
very similar to a Rindler coordinate system but it is used in a different way.The
inverse of the acceleration g/c” will be the radius of the first trajectory.The second
trajectory will use the inverse of a g*/c” acceleration, the third trajectory will use
g**/c? the 4™ will use g***/c® and so on. The following list will be used.

g/c’ = sinhB¢/l; g*/c” = tanhBy/| ; g**/c” = tanhB;/Icosh®; (26a,b,c);

g***/c? = tanhBy/Icosh’6; (26d); The accelerations remain constant throughout
the virtual motions from initial to final. The absolute values of the g’s are used.

The radii will be the inverses of these gs. Let Ry, ,R*1i ,R**,,; ,R*** the initial
position of the 1%, 2™,3" 4™ hyperbola respectively all on the horizontal axis.

c’/g =1/sinh6;; c*/g* = I/tanh®; ; c*/g** = Icoshb; /tanh6; ; (27a,b,c);

c’/g*** = Icosh’0:/tanh®; (27d);

We have: | Rni —=Rc |=1/sinh6; |Rni* =R |=1/tanh®; ; (28a,b);

|R**,; -R. | = lcosh®;/tanhB;; |R***,.—R. |=Icosh® B;/tanh®;; (28c,d);

We have omitted the directions in eqs28a,b,c,d .They are all in direction VA .
| Rns = R |=1/sinhB;; |R*1¢— R | = I/tanh6s ; (29a,b);

|R**,:— R, | = Icosh®; /tanh®;; |R***,:—R. | = Icosh® 6; /tanh®;; (29c,d);

Eqs29a,b,c,d are all in the same direction @™ s = - VAyw (30a);



as was mentioned before. @ =[sinh8; @’} + cosh8; U’/c] (30b);

a’M.,i =VAwu  (30c); as was also mentioned before.We now need the coordinate

times during which the virtual motions occur on the vertical U’ axis.

Let T,s be the final time and T; be the initial time for the first hyperbola.Let the
symbols *,**, *** refer to the times of the 2" 31 gt hyperbolas respectively.The
difference in time during which the virtual motion last for the first hyperbola.

Thi—Thi=Ts (31); we have:
cTi =1; cT*; =lcosh®;; cT**; =Icosh® B; ; cT***;; =lcosh’ 6;; (32a,b,c,d);

We notice that the times are stretched by the factor cosh8; .The proper times of
each hyperbola are obtained from the relation:

© =(g/c)t (33);s0 cts = [I/sinhB;]10;; ct*y = [I/tanh6(]6; ;
ct**. = [lcosh®s /tanh6]6;; ct***; = [Icosh® 6 /tanh6;]6; ;etc. (34a,b,c,d).

It may seem strange to use a radius such as Icosh6; /tanh®; as a constant radius
since it is a function of 6 but there is no problem. During the virtual motion,we
have: ct = [lcosh6; /tanhB; ]6 (35); and so on. We vary t and 8 but not cosh8; or
tanhB;. We notice that the proper times are also stretched by the factor cosh6;.
This is suggestive of red shifts or something akin to it.

We still don’t know where to put the source charge, on which hyperbola, nor do
we know on which hyperbola to place the field point or the point charge. We only
know that they must be connected by the ray of influence E = IW/c. The answer is
not difficult to find. Try R*,s—Ry;i .

R*h¢ — Rhi = [R*ne = Rc]- [Rhi — Rc ]. (36); [Rni =Rc ] = [I/sinhB¢]VAwy (36a);
[R*1—Rc]=[R**; - Rc ] + [lcoshB; JU’/c
= [lcosh 8¢ /tanh®; VA +[IcoshB; JU’/c  (36b);

[R*1t = Rhi ] = {[lcoshB¢/tanh®; - 1/sinhB; ]V Ay +[lcoshBs JU’/c} (37);



= {[lcosh®6; /sinh®; - 1/sinh6; VA + [lcosh®;]U’/c} (37a);
= [Isinh® B /sinh®; ]VAwy + [lcoshB;]U’/c;
[R*¢-Rni] = [Isinh®; VA + IcoshB; U’/c] = IW/c =E (38)

This is the desired result. It shows that we must place R’(t’), the 4 position of
source charge ¢’, at Ry, . We must place the field point or the test charge g at R*};.

Thus: R'()=Ry (39a); RorR(t)=R*; (39b);

Note that the trajectory is traversed in the time E.U’/-c®> which is what we
expected.

7D b)Virtual timelike trajectory construction. Point of view of the ray of influence.

We have the same construction as before except that the vertical axis is in the
W/c direction.The initial unit tangent is W/c.The final unit tangent is U’/c.The
horizontal axis is in the VA direction and is an initial unit normal to the
hyperbola.lt is also a line of constant initial time. The final normal to the
trajectories is now in the -VAy, direction and is also a line of constant final time,
not to be confused with final coordinate time. Time in the Rindler coordinate
sense.

We take a center R, as before. We have the same initial and final angle ;. We
have the same g, g*,g**,g***, ... divided by c’>. We have the same proper times
T, T, 1**, etc. We have R;; ,R*}; ,R**,; ,R***,; whose distances from the center R.
are the same as before.Only the direction in the VA is different. Same thing
with Ry¢, R*1¢, R**, ¢ ,etc are the same distance as before, only the final direction
is -VAwy is different. Lastly, the coordinate times during which the various
trajectories are in virtual motion, Ty ,T*;, T**, etc. , are the same as before but
in the direction W/c. This innocuous looking change makes a very big difference
however, since it makes the physical interpretation difficult. Geometrically
everything is fine.

Possible Interpretations. 1) use [Rhi- Rc ] =[I/sinh®¢ [VAyw  (40a);

[Rhi— Rc 1= [R*1i— R ] + IW/c = [I/tanh®; [VAyw + IW/c (40b);



The construction requires: R*,; = R’(t’) (40c); Rns=R or R(t) (40d);

This means that a virtual trajectory leaves Ry and arrives at Ry; at coord time |
Along the VA axis, which is the coord time zero axis, the virtual motion is from
Rni to R*,,;. At the same time as the first hyperbola leaves R;,;, a second hyperbola
leaves R*;; and through a virtual motion reaches R*,; at coord time Icosh8; while
on the horizontal axis the virtual motion is from R*,; to R**,,.This means that a
first hyperbola leave Ry,; to influence the field point or the test charge q at R,
while at the same time a second hyperbola leaves the position R’ of the source
charge q’ and arrive at a later coord time, of duration lcosh8; = E.U’/-c ,reaches
the point R* to give exactly the right curvature because

[R*1:— Rc] = [lcosh©; /tanhB]VA,w + lcoshB; W/c . Such a way for g’ to influence R
is difficult to understand physically even though it gives something like a correct
answer.

2) Observe that if we take the difference  R*.¢- Ry, just as we did in section 7D
eq 38 except that instead of IW/c=E, we get IU’/c. We cannot interpret that
as a ray of influence leaving Ry; and reaching R*,;having length | because Ry;is not
R’(t’) and R*,¢ is not R. There is no obvious connection with the physics, it is just
one of the many rays in the foliation.

3) We could simply choose R’(t’) = R ; R=Ry¢; with Rps— Ry = IW/c . Then there is
no need for hyperbolas it is just a vertical line of length |, but then E.U’/-c does
not appear .If we want it to appear we need to take R*,; — R**,; = lcosh6;W/c.But
then we can’t identify R” and R.Without the timelike hyperbolas the connection
with the field curvatures is also lost. There is no clear way of deciding between
these possibilities at this time.Only experience with a variety of situations can
decide.



7D c) Point of view of U/c.

Since W and U’ both lie in the U, /c, VAwu, plane it is reasonable to ask whether
one can form virtual hyperbolic trajectory which might give some sensible results.

Take the vertical time axis be in the U, direction and the horizontal axis in the
direction VA, . Let Let the angle be 8 and the final angle 8; be By, .Let the
initial unit tangent be U, and the final unit tangent be W/c.

Set the initial hyperbolas be Ry, R*; ,R**};;, etc. Let the final positions be as
before : Ry¢, R*1¢, R**¢, etc. all at the final time given by the final direction

-V ,w each taken from a center R.. The radii are I/sinhBy, , |/tanhBy.y, ,
lcoshByy, /tanhByy, etc. By the same procedure described in section 7D eq 38
we get: R*.s— Ry = IsinhBwyo VAwuo + lcoshBywuy, Uo/c = IW/c (41);

This is reasonable if we assume that, from the point of view of U, , Ry,; takes the
place of R’(t’) and R*,; takes the place of R or R(t);

One can be tempted to use the angle By = By yo — Owuo instead of By, keeping
the same axes Uy, VAwuo » - VAuow , as before we get:

R*¢— Rpi = IsinhByy VAwuo + IcoshBy Uo/c (42); this is not IW/c so the
interpretation does not work.

It is interesting to derive the following useful formula which gives some insight
into the situation. We want to show that :

[(U/e)x VAwu] = [(Uo/cIx VAyuo ] (43);

Since VAwy = [VAuuo + (VAue .U )U’/c’]/coshByy, (44);

[U/c x VAwy] = [U'/c x VAGyo 1/coshByy,

= {[sinhByyo VA yruo + €OShByyo Uo/CIX VAo Y/ coshByyo = [Uo/c X VAo 1;

So eq 43 is proved. Since VA yuo = VAwuo - We also have:



[U'/cx VAWu] = [Uo/c XVAwuo | (45);
7E Inversion of the energy stress tensor.
7E a) Various inversions.

Since T =[(-1/2)FmnFmnl 8 /2 + Fi Fy¢, it is reasonable to define its inversion by
replacing its F;; with Fi”vij =F;i /[(-1/2)Fmn Frn ] from eq7.23a.

Tinvij = {[(-1/2)anan ]6”/2 + Fy ij }/[('1/2)anan]2 (46)1
Tinvij = Tij/[('l/z)anan ]2 (463), since T = (-1/2)anan ’
T™, =Ty/T* (46b); The inversion of the field Lagrangian density is 1/T (47);

Inversions of the form: 1/|TiJ-Uin/c2 |, /1 TVAVA L 1/| Ty VAU/c| with VA= VA,
will give the inverse of the energy density or the absolute value of the Poynting
vector for example. If we want to impart directions we can use expressions such

inv

as TV uou /[TmnV uou mUn /c]? for example. All the projections of T™ can easily be

obtained by dividing those of T;; by T? . The electromagnetic momentum density:
Pem = (1/2)[€° + B’]U/c + |EXB|VA,o,  gives Pem™ = Pem/-Pem -Pem ;

Its “dual” Wen, gives Wem™ = Wem/Wem -Wen -

T;" =Ty/T° =Ty/dp’c* (48); using eq6.85a.

Another interesting inverse is :

[€% + B%]/2|€xB| = 1/tanh26y,y (49); using eqgs 6.77a and 77b .

So  [tanh26yey VAuou I™ = [1/tanh28yeulVAuey  (50);

7E b) Generators of inversions.

Let v be a 3 vector. Its inverse u is given by : u =v/v.v (51a);

In components: u®=v®/v.v (51b); a=1to3 u?®=vA® (51c); we can also
reverse the formulas. v=u/u.u (52a); v® =u®/u.u (52b); we can also write
u=v™ (53a); v=u"™ (53b);



du®/dv® = 8,,/v.v -2[V3VE dv/dv®]/(v.v)? (54a);  dve/dv® =6, (54b);
du?/dv® =8, /vy -2vAVY/(v.v)? = [84 — 2VAT VAR 1/(vv) (55); vA =v/|v] .
du?/dv® = u.u[ 85— 2ur UM ] = dv? ™/dv®  (56);

similarly: dv®/du® = [8.p -2uru”®]/(u.u)  (57); u” =u/|ul.

dv?/du® =v.v[8,, — 2vA°VA® ] = du® ™/du® (58);

we can easily prove : du?/dv® = du®/dv® (59a); dv®/du® = dv°/dv® (59b);

We are now ready to generalize these results using projective velocity 4 vectors
and then compare the results with the expressions for Tj; .

Let V = Vyyw (60a); V™ = Vyw /Nuw Vuw (60b);

Let  Uj = [Vow-Vow 85— 2Vyw: Vuw; 1/c® (61);  using K=g*/[E.U’/-c]”
2T =KU; (62); Uap = [Vuw Vuw 8ap = 2V20w Vuw 1/ (63);

In a frame moving with 3 velocity w eq 63 becomes:

(Usb)weo = [U.U" 8 - 20 U 1/C% = (U.U')[80p— 2 U, WA, 1/C” (63a);

Eq63a is identical with eqs56 and 58.

let  U™;= Uy/[Vow -Vowl’ = [8;—2VAGw VAN pwl/[IVow-Vowl

= [8; — 2VA™VA™ V™ V™ (64); U™ b = [645 — 2VA%w VA uw/ [Vuw.-Vuw] (64a);
(UM abdw=o = [Bap = 2u"A, A )/ [WW /] = u™u™ [6,p — 2u"™,u™, 1/C”  (64b);
u™/c = (u'/c)/[u.u’/c*] (64c);

Usa = [Vow-Vuow 84a - 2Vuw Vuw® 1/65 (65);

(Usa)weo =0 (65a); since both 8,4, and Vi 4 vanish. So (U™4.)w-0 =0 (65b)

Uss = [Vow-Vow 62— 2VuwaVuwa 1/65 (66); (Usadweo = (U'.U'/C%)  (66a);

Uinv44 = [644 = 2V A pw sV w 4]/[V2U’W/C2] (67); (Uinv44)w=o = 1/(U'2/C2) (67a);



So we have an extra term the Uy, and its inverse.If we want to get rid of it we
must multiply by a projection operator.

Let h;=[6;+ Win/cz] (68);

hyUp =[8; + WiW,/c*]Uji = [Uyc + (U W)W/’ (69);

UpWi/c = [VZuw 8i = 2 Vuw Nuw ldWi/c = (Vyw/c)W, /c (69a);

UpWWi/c® = (Vipw/c?)W W,/c>  (69b);

hyUp ={(Vuw/)[8i +WW,/c*1=2Vpw Vuw k } (70);hU™ = [hiUpd /(View/c?) (70a)

so we have simply replaced the original delta function by h;, . Nothing is changed
with the spatial components a,b when w=0. Nothing is changed with the 4,a
comonents when w=0. The 44 components however now give 644 +icic/c?> =0 so
we have eliminated the 44 component.

T = (K/2)Uy  (71); Tinvij = (1/2K)Uinvij (72); Uy Uinvjk =6y (73a); TijTiank = 6y (73b);
hjUpchiU™ 1 = [(8ic + WW/S?) -2VAp VA sl [(Bim + Wi W in/€%) -2V A Gy VA ]

= (8 + WW, /) (Bim + W W, /2 = (8iy + WiW,/C?) (73¢);  this reduces to &,
when w=0 as expected. We could of course have used eqs63a and 64b

[(Uas)(U™ el lwm0 = (U707/C%) [ -2uM UM, ] [Bc -2U AU A/ (U7.U7/C%) = 6, (74);
With T, V2yw /c® is replaced by (V2yw/c®)(1- Viyw/c®)® and its inverse for T"'Vij.
This means that eq56 du® /dv® = u.u[8,, — 2uM,u”,] should be interpreted as:
du®/dv® = (U'.0’/c?)[1- u'.u’ /A6, — 2U', U'A, } (75); to make this more clear:
Y=Y"/(r™y™) (76a) Y™ =Y/(Y.Y) (76b);

Y = (Vuw/c)[1- Viuw/c’] (76¢); Y™ = VAuw/(|Vyw/c])[1- Viuw/c’] (76d);

(YVweo = (U/C)[1- u'.u'/c?] (77a); (Y™)weo = (U'A/C)/|W'/c|[1- u'.w’/c?] (77b);



eq56 becomes d(Y)?,-0/d(Y™)Pum0 = du?/dv® (78); hopefully this makes the
procedure clearer. If we use V. instead of V. ,u’ is replaced by w, u’* by w?,
[6i+WW,/c?] by [8; + U"U"/c?].

7F Inverse of the Lorentz force.

F. =qF;U/c (79). F™ = F /F.F = [FU/c)/Q[FimUnmFinUn/c] (80);

F™ = {(ag’/1?) [Vuw/c] (1- Viyw/c?)coshByo y VAwuo: Y(F.F)  (81a);

F™ = VAwuoi/(aq’/1 )| Vuw/c | (1- VZyw/c?)coshByoy]  (81b); but
[aF;U;/c]/a[(-1/2)FimFim] = coshBuou VAwue/(aa’/1?)[| Vuw/c | (1- V2yw/c?)]
(82); so one must be careful.

8 The interval of propagation E connects the trajectories of the source charge
and the test charge for all times.

8A Some curious projective formulas involving dE/cdt’ and d(W/c)/cdt’.

Let E = R(t) — R’(t’) . Since this formula must be true during the existence of g’ and
g the proper times must be related. Thus T’ is a function of T and vice versa.We
are interested in taking derivatives of E without changing the length |.We will be
interested in taking dE/dt’, dE/dt, dR/dT’, dR/dt, dR’/dT’, dR’/dT, dt’/dT,
dt/dt’,dW/dt’, dW/dt. We will not take second derivatives because they will be
discussed in a future article on the total field and the acceleration field.

dE/dt = [dR/d¥ — dR’/dv']= [(dR/dt)dt/dT — U] = [U(dt/dv) - U] (1);
d(E.E)/dT = 0 = 2E.dE/dV = 2E.[U(dt/dT) - U] (2); E.U(dt/dT) = E.U" (3);

dt/dv =E.U/EU (4); dU/dt=E.U/EV (4a); (EU)dt=(EU)dTU  (5);
dE/dt’ = U[(E.U")/(E.U)] - U’ = [U(E.U") - U"(E.U)I/[E.U] (6);

dE; /dt = [Ux U’];E; /(E.U) = [(U/c)x(U’/c)iE;/(E.U/c*)=[(U’/c)x(U/c) 5/ (E.U/-C) (7);

with U’ = [Vyw + W1/(1- VZUIW)I/2 and U= [Vyw + W]/(1- VZUW)”2 eq 7 becomes:



dEi/cdt = [Vyw +WIX[Vyw +W];W,(U7.W/-c?)(U.W/-c*)/(U.W/-c%) (8);
dEi/cdt={[Wx (Vuw Viw)liW; /(1-Vpw)

+ [Vuw X (Vow = Vow) Wi/ (1- Viyw) 2 } 5

dE/cdt = [Vyw— Vuwl/(1- View) " (9);

d(W/c)/dct’ = [Vuw = Vuwl/el(1-V2 y /)2 (10);

eql0 is full of hidden meaning as will be explained shortly,but before we derive
another equally meaningful equivalent expression.

(-¢*/U.U")(dE/dct’) = [(U’/c)x (U/c)(-¢*/U.U")]; (W; /c) (- c*/U.W)

= [U'x Vyuliy W; fcoshByw (10);  dE/cdt = {[U'xVyy];W; }coshByy/coshByw (11);
d(W/c)/cdt’ = {[(U'/c) x (Vyu/c)/IcoshBuw (1- V2uu /)2 THWi/c  (12);

eq12 is also filled with hidden meaning. We now proceed to explain.

Define 0™y, /2 (1- Vow/S)*? = Vow=Vawl/cl(1- Vigw/cA)Y2 = (dW/c)/dct (13);

So a”u'w /& = Vow—Vuwl(1- Vipw/c)/el = (:L'VZU'W/CZ)S/2 (dW/c)/dct (14);

Eql4 resembles the difference of two geodesic accelerations.The term in Vi is a
geodesic acceleration part for the geodesic V. The Vyw doesn’t have quite the
right form.

Vuw (1- Vzuw) = Vuw (1'V2uw)[(1‘ VZU’W)/(]-' Vzuw)] (15);
Eql5 is a geodesic acceleration with a “conformal” factor

k* =[coshByw/coshByw]® (16); let us go back to eql2.
Define :a””' /2 = (Vuu/c)/IcoshBuw (1- VZUU'/cz)l/2 (16);

d(W/c)/cdv = [(U/c)x @™ /wi/e = [ ™y /(1 VVyw/)¥2 (17);



we also want to prove: a /¢ = (1/){(Vow—= Vuw)/c +[(Vow — Vow). U’/ 1U/c}

(17a); but first we explain below the reasons for all these definitions.

The definitions offered by eq14 and 16 are not arbitrarily given . The true 4
acceleration d°R/dt’ =[a/(1- u?/c?) + (a.u/c?)u/(1- u?/c®)? i(a.u/c)/(1- u*/c?)? ;If
we replace u by Vyy we get:

dzR/dT2 ={[a/(1- VZUW/CZ) + (a-VUW/CZ)VUW/(l' VZUW/CZ)Z ]

+[(W/c)(a.Vuw/c) /(1- VZuw/c?)?1}  (18); this expression cannot be correct since
a is a 3vector whereas the other terms are 4 vectors which reduce to u and i when
w=0. We need a covariant generalization of a, a 4 vector which reduces to a when
w=0. This 4 vector must be orthogonal to W.

Let OLUW be this 4 vector. Itisa 3-acceleration 4 vector!
d’R/dt” ={[ O /(1- V2yw/c?) + ( QLVuw/C*)Vyw/(1- Viyw/c?)’]
+ (W/C)[( OLVuw/c)/(1- Viuw/c®)?1} (19); it is not difficult to verify that:

d’R/dT® =[O + (QL.U/cA)U/c)/(1- V2uw/c®) (20); we have omitted the superscript
and subscript of 0L . We could just as easily have used Vi and U’ in eqs19 and 20

with Otuu' . Using eq 20, it is easy to show that :
[(U/c)x S°R/ATTWy/c = a'\/(1-Vipu/)? (22);

d(W/c)/cdt’ has the form of eq21 with d’R/dt” replaced by a“”'. See eql7. To
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be sure thata represents an acceleration it should also satisfy eq 20 with a' W

of eql4dinsertedin eq20. It should also satisfy eq 17a.
Vus/e=[ €™y +(e™y .U/ UL VViw/)? (22a);
(Vuu/c)/(1- VZUU’/CZ)l/2 = euu w euu w -U'/CZ)U' ][1'VUW-VU'W/C2]COSheUW

={(Vuw -Vuw)/c + [(Vuw —Vu'w)-U'/CZ]U'}COSheuw (22b);



[(Vuu/c)/(1- Vzuu'/CZ)l/Z]ﬂCOSheuw = {(Vuw = Vuw)/c+ [(Vuw —VU'W)-U'/CZ]U'}/I
= [ OLuu’W + OLuu'W /AU /S (1- Vipw/Sd) = auu'W /c* (23); eql7ais proved.

The most important thing about section 8 is that if we replace U by a different
velocity U, which can be obtained from the total field all the expressions obtained
thus far are identical to those which relate to the true total field, the true
acceleration field, the true nonacceleration field.This is strange and must have
some deep meaning. The full properties of the total field and the acceleration
field will be developed in a future article but unexpectedly, they are duplicated
here by changing U, into U.

Before we proceed further, we want to prove an interesting formula namely:
uu’ _ uu’ 2 2 2 )
(€ w)=[I(a " w/c)(1- Viyw/c)][coshByw coshBywl/coshByy ] (24);
d(W/c)/dct = {[Vuw — Viuwl/clicoshBuw = [coshBuy/IcoshBuw 1( €™ ) (25);
d(W/c)/dct’ = ( OLUIU'\,\,/cz)cosh3 Buw = [coshByy/IcoshBuw]( euu'w ) (26);

( auu’w /c*)cosh? Byw = [coshByy/IcoshByw coshBuwl( euulw ) (27); same as eq24.
8B Field like entities.Geodesic accelerations.
Define:  F Y = (q'/1P)[(W/c) x(Vuw /c) (1- VZyw/S)]; (28a);

Fromee 20y = (@/1°)U(W/c) x(Vuw/c)(1- Viyw/c')]; (28b);

P = (@ /IW/e) x( at /el (28¢);

These definitions,as explained before,are made because they have exactly the
same form as the real total field,nonacceleration field and acceleration field.

tot uu na uu _ paccuu
Frotus — Frau = e

ij i = i (30); can be rewritten as:

(o /12 HHW/) X[(Vow = Vew)/cl(1- Viow/SAYy = (@ /NIW/e)x( A w/cd)]; (31);

This is a fundamental relation when dealing with the real fields.



The moment of dE/dct’ is:

[Ex dE/dct’]= IP[(W/c)xd(W/c)/dct 1= [(W/c)x(Vuw =Viw)/Ic]coshBw
=[(W/c)x(Vuw -Vyw)/cllcoshByw (32);
[ExdE/dct](-c/E.U")° =(1/)[(W/C)x(Vuw =Vuw)/c)(1- Viyw/c?)

= (W/NIW/e)x (@™ /c%)] (33);
q'[EXdE/cdU](-c/E.U’)° = FO ) - F@ W) = Py (34);

These remarkable formulas show that something deep is going on and the
importance of taking moments.It suggests that something similar might be
possible with the true fields but it is not yet clear. We have:

F = [0/ (-/E.U")’] [(W/c)xVuw/cly = o (-/E.U)[(W/c)xVyw/cl(E.U/E.U’)* (35a);

The geodesic acceleration term is (q'/1%)(Vuw/c) (1- V2yw/c’) times the factor
(E.U/E.U’)* .That factor shows that it does not lie on the same hyperboloid of two
sheets as the non acceleration field.Apparently, the acceleration field makes it
jump to a new member of the foliation as well as changing its plane from WxVw
to Wx Vyw .

Fromee iy = o (-¢/E.U')[(W/c)x (Vuw/)l; (35b)  alsogivenby  (28b);

Note that F'% = Fromeceu (36); the two fields are identical! Only the total
field and the acceleration field differ from the real ones .

There is another geodesic and therefore a geodesic acceleration that we need to
deal with. Vyy and (U’x Vyy ) should give rise to another field FoY,

FUU'U = (g’/)[(V’/c)x (Vyu/c)(1- VZUU:/CZ)]”- (37); eq37 is different from the
total,acceleration or nonacceleration fields but it does represent a geodesic
acceleration.lt does have a counterpart with real fields when U is replaced with
Up.It plays an important part which will be explain in the future. It is interesting to
project eq37 in the U direction as we did to get the Lorentz force.The problem is
very different however.



FUU'ijUj/C = (CI'/|2)[tanheuu'/COShzeuu'][(U'/C)(VAUU'-U/C)"'(U'-U/'CZ)VAUU']l (38);

It brings the geodesic acceleration in a direction in the U’ , VAyy plane orthogonal
to U. Doing the same thing to F*'**; and F™ "'}, give similar results.

ptot UUIijUj/C = (g'/1*)[tanhByw/cosh®Buw][(W/c)(VAuw.U/c)+(W.U/-cAVAuu] (39);
F™ uuIijUj/C = (q’/1*)[tanhByw/cosh? Buw] [(W/c)(VAyw.U/c)+H(W.U/-c)VAy ], (40);

Eq40 times q is of course the real Lorentz force.We also have from previous
sections.

F.Uy/c =(a/12)(€" ™y )/cosh®Buw = (q/12)[tanhBuw/cosh?Buw]coshBues VAyus ;
So: [(W/C)(VAU'W-U/C)+(W-U/'CZ)VAU'W]=COSherU VAyuo (41);

Since (Wx VAuw ) =(UoxVAyuo] and VAL, V2000 =0, eq 41 is easily proved as we

acc uu’

showed previously. We can also project F i
Fiu/e = (a7 WASIW/e) (A AU/ +HW.U/-) (™ W) (42);

It is possible to simplify many results by projecting W onto the U,U’ plane to get a
new 4 velocity U*, which must not be confused with U, which is the projection of
U onto the U’, W plane as discussed in the previous sections.

8C Virtual timelike hyperbolic trajectories in the U,U’ plane.

The Rindlerlike construction will be a little different than in the previous
sections.We take the center O of the coordinate and call it R.. The vertical time
direction will be in direction U’/c.The horizontal spacelike direction will be
VAuw . The final spacelike direction will be in the direction —V*yy and represent a
line of final equal time whereas V2 represent a line of initial time.The initial and
final lines will make an angle B,y between them. U’ will be the initial tangent to
the timelike hyperbolas of the foliation.U will be its final tangent. VA will also
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represent the initial 4acceleration unit 4 vector a''a , -VAyu will be the direction

of the final acceleration unit 4vector.The angle By is labeled using the initial and
final 4 velocities tangents instead of the angle between the initial and final



acceleration unit 4 vectors.Both angles are the same. The accelerations are
normal to the timelike hyperbolas of the foliation.The first hyperbola will start at

a position Ry, on the VA, ,a distance c*/( a™ ) from the center R..

IRoi = Re = /12" | = IcoshBuu/sinhBuy (43); Ry =R'(T’) (44);

the final position on this hyperbola is labeled Ry¢. | Rns —Rc| =|Rni —Rc|(45); the
coordinate time difference is: c(The — Thi)= lcoshByy = E.U/-c (46) ; the second
hyperbola will start at position R*; and end at R*,; .We want the interval of
propagation to start at R’ = R;,; .Can the interval end at R*; ? No! this is because E
does not necessarily lie in the U, U’ plane (which is the U’, VA, plane).What we
need is the projection of E onto the U’,VAy plane.

Let T = (E.VAuu)VAuw + (E.U/-c)U’/c  (46a); the position R(t) is projected to
the point R*r. We have: Ry —R.+T" =R*-R. (46b); E=T""+D" (47); D"
is perpendicular to the U’, VA, plane. The coordinate time difference of R*,; — R
must be:  ¢(T*—T*,) = (E.U’/-c) (48); |R*hi —Rc| = |R*1hs— Rc| (49); the ratio
(E.U’/-c)/(E.U/-c) = k = coshByw/coshByyw (50); |R*,i—Rc|/|Rni—R¢| =k (51)
|R*1i—R¢|= k| Rni —Rc| = [(E.U’/-c)/(E.U/-c)][(E.U/-c)/sinhByy]1=(E.U’/-c)/sinhBy(52)
the acceleration at the second trajectory is: |auu’*/c2| = sinhByy/(E.U’/-c) (53a);

at the first trajectory as we know, it is: |auu /c*| = sinhByy/(E.U/-c) (53b);again,
the reason for going through all these tedious steps is because the true total field
and acceleration field will require them.

8D New 4 velocity U*, from projecting W onto the U, U’ plane.

This new 4 velocity will simplify the results in the same way as the projection of U
onto the U’,W plane which gave us U, .It turns out that it is also closely related to
the virtual timelike hyperbolas of the previous subsection.

d(W/c)/cdt = [Vow ~VuwlcoshBuw/el = (A w/c2)/(1- V2i/2)?

=[coshByy/lcoshByw]( e w ) ; using eq24,25. A unit vector in the direction of

7 ’

dW/dct’ which is in direction of unit vectors a’ wh = e’ w . We will have:



VUW perp = VU’W perp — VU*o w (54)1 VU’W par =U’/COS‘hU’W - U>|<0/COSheU’U*o (55);
Since  coshByw = coshByy+, coshByyx (56); because Vyy+o.Viwuro =0 (57);
We obtain : Vyw par = [Viruro/c0shByy«o ] (58); in the same way:

coshByw =coshByy+, coshBwy+, (59); Vuw par = Vuuso/coshwy+, (60);
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The unit vectors VA s = VAU = a wh= e wh= e’ uto N (61);

d(W/c)/dct’ = [Vyuro— Vi uo JcoshByyx coshByyso/lc coshByys, (62a);
d(W/c)/cdT = [Vyure— Vuuol/cl(1- V2yuso/c?)Y? (62b);

d(W/c)/dct’ = [tanhByys,— tanhByyso]V Auuso/I(1- Viyuse/c) Y (62c)
d(W/c)/dct’ = {tanh(Byy*o-Buu*o)V A uu*e [COShOyy/lcoshByys,]} (63);

The accelerations yield important results.

@™ /) = [a™ W/ + (O™, U /AU/(1- Vin/)

= 10" yro /62 +( @™ oo WAL Vio/c?) (69);

[(U'/e)x (@ /U /e =W/ (0™ W/ (1- Vi P U %o

= [U/e)x (@™ yro/ /(1 Vo U /e (65);

Using U’ = (Vyus + U*,)coshByyx, and the fact that Vs, is parallel to ( OLUU’W)
(U700 (O™ o/ (- Vol U o= (O™ /) /(1 Vo) (66)
[(U/0)x (™ w/)/(1- Vi A)TjURo e = (A w/c)cosh? B coshBuu-o (67);
( OLuUI'UI*O/cz)cosh?’euw0 = ( OLUU'W/cz)coshZGWU*0 cosh?0yy+ COShBy s,  (68);

( a w/c?)cosh®Byur = a u*o/C?)  (69); note that coshBy«, is a constant
during the virtual motion from U’ to U along the straight line in the direction
VAuus Which is perpendicular to VA s« w.Multiplying eq69 by cosh®0,y+, we get:



(™ /(1 VVyw/S) = (0 4xo/S)/(1- Viguwo/S)  (70);

This is an important formula.As in the previous section with U, the angle
uu’

Bur =0Buure—Buur  (71); [Vuu/cl =] € yxol (72);

| Vuu/c|coshByow = | euu'wl (73); we are now able to understand the virtual
trajectories in the U’, VA . The projection of W perpendicular to the U,U’ plane
which is of course the U’, VA, planeis in the direction U*,as mentioned
previously.The projection is: T*Y = (E.VAyy)VAuy +(E.U’/-cA)U’ eq4s.

TV = lcoshBy«ew U*o/c (743)}DUU’ = IsinhByso w VAwu* (74b);

E= I[sinhByowVAwuro +coshBy«ow U*,/c]  (74c);

uu + DUU

The meaning of T =E of eqd7 is therefore clarified.

uu’tot

8E Virtual timelike trajectories in the U,W plane for the total field F™ ™ .

Until now, we have dealt only with virtual trajectories in the U’,W plane or in the
U’,U plane and while the ray of influence did not necessarily connect with the
trajectories,at least the ray started in the present and ended in the future.In the
U’,W plane for example it left the point charge q’ at R’ to influence a future field
point R or a test charge q at R. The trajectory that we want to describe now have
a different character because from the point of W, U is into its future, i.e the
influence of q’ issuing from W reaches q at U in the future of W . From the point
of view of U (charge q ), W is in its past,coming from charge g’ in its past.The
formalism,however makes no distinction as we will presently show,so describing
the trajectories correctly is delicate.There is also a problem arising from the
conformal factors which appear.

P t0tij = (q,/lz)[WXVUW (1- VZU’W)]z '(q'/lz)[UXVWU (1- VZWU')] (75); we will only
deal with the right hand side of eq75 and only describe the virtual hyperbolas
from the point of view of g at U and not the first term on the left of eq75.

Fuu' totij - (—q'/lz)[UxVWU (1- VZWU)(l_ VZWU,)/(]_— VZWU)] (76);



Let k= coshByy/coshByy (77a); letI* =kl (77b);

FUY 1l = (-0 /1¥%) [UxVyy (1- V)] (78);  eq78 has the same form as that
of the nonacceleration field F™; whose trajectories were discussed in detail
earlier.The nonacc field had U’ instead of U and | instead of |*.We do not
necessarily imply that | is transformed into I*, rather it should conservatively
looked at as a gimmick to get eq78 to resemble the eq for the nonacc field whose
trajectories we know how to obtain and interpret physically.The absorption of the
conformal factor into | makes it more difficult to interpret because E=IW/c .

E* =1*W/c (79); cannot really be interpreted as beginning at R’ and ending at
R.The second problem has already been mentioned, the fact that U must look
back at g’ via—E or — E* . There is also the — sign in front of q’. We will ignore all
these problems and use the same procedure as for the nonacc field.We will see
how we can adjust, later.

Take the vertical time axis in the U direction and the horizontal initial time
direction as Vy”. Take a center R. as the origin along the horizontal V"
direction. The final direction will be in the —=Vyw” making an angle By with Vyy*.
The angle By will be the final angle 6; of the trajectory. The initial tangent to the
hyperbola of the foliation is U/c.The final tangent is W/c.The initial unit normal to
the hyperbolas is Vyy” .The final unit normal is =Vyw”. The motion on the first
hyperbola starts at R, on the horizontal axis and ends at R,; on the =V w” axis.The
motion on the second starts at R*,; ends at R*,.The motion on the 3" starts at
R**.i ends at R**,; etc.We have using the results for the nonacc field:

| Rni —Rc| = 1*/sinh®; (80a); |R*}; —R.| = I*/tanh6; (80b);
|R**i —R.| =1*coshB;/tanh®; (80c); 1*W/ c = I*[sinhB;V\yy" +coshB; U/c] (81);
The coord time differences along the vertical U/c axis are:

cTs = I* (82a); for the 1°* hyperbola. cT*; = [*cosh®; (82b); eq81 shows that this is
the time needed and it occurs at the second trajectory, but at T*, the 3"
trajectory starts at R**,, on the horizontal axis. We have:

(R**1i -Rc )-(Rni-R¢)= [I*coshB¢/tanhBs — 1*/sinhO; VAL = 1*sinhB VAW, (83);



From which we get: [R*, —Ry,; 1=[I*sinhOyy VAwy + [*coshByy U/c] = 1*W/c (84);
This shows that the trajectory starts at Ry and ends at R*,; but we cannot equate
the start Ry, with R” and R*;with R as was the case with the non acceleration
field.To take into account that U sees W as in its past not its future, it seems that
we should reverse the trajectories. In other word put —U/c for the initial tangent,
-W/c for its final, -VA, for the initial unit normal.VA,, for the final unit
normal.Put —Ry,; ,-R*},i , -R**},i ,-Rns ,-R*1¢, etc. The times T; ,T*,T**,,would be less
negative than the T;, T*; ,T**; ,etc. Whether this is correct will require more
experience with the various trajectories.We are dealing with various
reflections.We will not discuss the proper times or other aspects in order not to
lengthen this article unduly.

8F The “conformal” 4 velocity U* = kU and F*'*";.

Fnoneesy = F% = [0/ /(E.U/-cPl[ExU'/cl;

Py =(q NIW/ex (0™ w/e)] =la/(E.U/-cP[ExdE/cdT; (85);

We want to put the total field in a similar form.

F* % = [0/ (E.U/-¢)*1[(W/c)xVuw] =[q’/(E.U"/-c)*][(W/c)xU/c]/coshBuw
=[q'/(E.U’/-c)*I[(W/c)x(U/c)/coshByw](coshByw/coshByw)
=[q"/(E.U’/-c) ] [ExkU/c]; (86);

k= [coshByw/coshByw] eq 77a is the conformal factor that was used in the

definition of 1*=Kkl, in the previous subsection when we discussed the hyperbolic

trajectories. Set U* =kU (87); we getfor F" "= F";+

uu’ acc

[o'/(E.U’/-c)*][ExU*/c]= [q'/(E.U’/-c)*][ExU’ /c]+[q’/(E.U’/-c)’ 1[ExdE/cdT’] (88);
We can set : U*/c= [U’/c + dE/dcT’] (89);

Since dE/cdt’ = (U'/c)x(auu'/cz)ijEj = [(E.auu'/cz)U’/c +(auu'/c2)(E.U’/-c)] ;

U*/c=U'/c + [(E.a"" /AU /c + (@™ /) E.U/-c)] (90); E.U*=E.U’ (91);



The purpose of this exercise is to show that we get exactly the same form with
these new fields as we get with the real total and acceleration field as was
mentioned before.Now we have the exact equations.We only need to substitute a

4 velocity U’,, for U, and put the real 4 acceleration @’ of g’ and the generalization

of the real 3 acceleration a’(t’) instead of a w/c” . Deriving U’ from the real

total field, however is tricky and will be done in the next article.

8G dE/dct. Itis not necessary to redo all the previous calculations.It suffices to
use the relation dE/cdt = (dE/cdt’)dt’/dt =(1/k)dE/cdt’ with k=E.U’/E.U
=coshByw/coshByy .From eq8.85 :

F**% = [q'/(E.U"/-c)*][ExdE/dct’];

[o'/(E.U"/-c)*][ExdE/cdt] = (1/K)F*Y >, (92); to be consistent we must take
(L/K)F™"% = (1/K)F™ =[a’/(E.U"/-c)'I[EX(1/k)U’/c]y  (93);

(1/k)F"*% = [q'/(E.U'/-c)’][ExU/c]; (94); we have used eq8.86.

(L/K)F" = (1/K) F* "% = (1/K)F™y (95);

[q'/(E.U’/-c)’][ExdE/cdt] = [q'/(E.U’/-c)’][ExU/c]- [q'/(E.U’/-c) ] [Ex(1/K)U’/c] (96);

This is the desired formula.Remember that dE/cdt =[Vyw —Vu'W]/C(l-VZUW/CZ)l/Z
We can recalculate all the entities discussed in the previous subsection from
that.There are a few more things worth noting.

dt’ =(1-v'>/c?)Y?dt’ and dt= (1-v¥/c?)*?dt can be generalized.
Let  dU=(1-V2yw)"?dTy (97a); dt=(1-Viyw/c?)Y?dT,, (97b);
coshBywdct’ = cdT,,, (98a); coshByydct=cdT,, (98b);
dE/coshBywdct’ = dE/cdT, = (Vuw=Vuw)/c (99a);

dE/coshByydct = dE/cdT,, = (Vuw — Vuw)/c (99b); dT,, =dT,., (100);

d(W/c)/cdTyw = d(W/c)/cdTyw =(Vuw-Vuw)/cl =( Oluu'w/cz)/ (1-V2yw/c?)(101);



One can obtain the LW potential.

dR’/dcTyy, = (dR’/cd?')(dT'/dTyy)= (U'/c)(-c*/U". W) (101a);
(q'/1)dR’/cd T =0’ (U’/c)/(E.U"/-c)= -¢[U"/E.U"]=Ayy (101b);
dR/cTyy = (dR/cdT)(dt/dT,,) = (U/c)(-c*/U.W)  (101c);
(a/1)dR/cd T, = (U/c)/(E.U/-c) =-q[U/E.U] = Aw" (101d);

We will not discuss the 2" derivatives d*E/dt’%,d*E/dt? d*E/dtdt’ because the 4
accelerations of g and q’ are entangled in a complicated way which makes it
difficult to easily interpret them.A detailed exposition will be left to a future
article.The same is true of the 2" derivatives with respect to Ty and Ty, .

8H Quadratic expressions.

uu’tot na
ij F ij

We will only briefly discuss the energy stress tensor of the total field F
has already been discussed in details. What needs to be pointed out is some
profound difference between the real total field , the real acceleration field and
the formal fields and energy stress tensor.If there is no acceleration, the total
field becomes the nonacceleration field and the the same is true of their
respective energy stress tensor.No such thing accurs with the formal field , the
total formal field does not merge into the nonacceleration field.The physical
meaning of the formal total field is unclear, yet it closely resembles the real total
field in a formal way.For the real total field ,its projection on U/c is of major
importance but here it has only geometrical meaning.The importance of the
formal fields seem to lie in their geometrical meaning.This may change in the

future as they are better understood.We can write the total formal field as:
F% = (0 /1) [(W/)x(Vuw/ ) (1-Vuw/ )= (-0 /1**) [(U/)x(Viwu/ ) (1-V /)
=(q’/1**)[tanhByw/cosh®Buw][(W/c)xVAu]; I* = k;
T = (1/2)TH 6, -2[(WW,/-C7) +VA VA ]

= (1/2)T*"6; -2[(UiU/-¢%) + VAW V] (102);



T = (g?/1%*)(1/4)[(d*tanhB/d8)o-pun]’
= (q"*/1**)[tanhByw/cosh’Byw]*  (103);

We can project W onto the U,U’ plane and obtain a 4 velocity which we could
label U™"", .By comparison U projected onto the U’,W plane which we used for

u’'w,u

the Lorentz force and which we called U, =U" ™",.We can project U’ onto the U,W

plane.We shall skip the details of these projections in this article.
9 Conclusion.

We have shown that it is possible to have a consistent electrodynamics with a
timelike interval of interaction and that electromagnetism becomes deeply
connected with the geodesics of the Beltrami Klein model of 3 dim hyperbolic
geometry in velocity space.A Minkowski space-time foliation of hyperboloids of
two sheets describes the hyperbolic geometry.The unit normal of the
hyperboloids (which are 4 velocities) determine the initial and final points of the
geodesics segments between any two 4 velocities,including the formal 4 velocity
of interaction. Electromagnetism seems to be interested in the geodesic distances
in the tangent space of the hyperboloids and in the accelerations of these
geodesics (the acceleration term).The acceleration terms are the fields.The
inverse of the fields also have meanings and are connected with a foliation of
hyperboloids of one sheet described by a Rindler-like coordinate system, with the
4-velocities representing the initial and final tangents of virtual timelike
hyperbolic motions.The interval of propagation or its projections connect one
timelike hyperbolic motion to another and can be thought of having transmitted
the influence from the source charge to the field point or the test charge.It must
be emphasized that we are not dealing with emission of virtual particles, we are
dealing with geodesic segments and the acceleration part of the geodesic
segments.Can these be connected to emissions and annihilations of particles?
This is not obvious at this time but see refs10,11.The existence of a timelike e.m.
does not seem to have been considered by other authors.The results presented in
this work and in a previous one (ref.1) indicate that there is a serious gap in our
understanding of electromagnetism and that this will eventually transfer to our
understanding of cosmology and particle physics.The geometric methods



developed here are powerful and completely general. They could be used in
hyperbolic geometry and even in relativistic scattering cross sections of binary
systems. (refs10,11).
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