Galore of time independent invariants of one dimensional dissipative
harmonic oscillator

Debasis Biswas
Chakdaha W. B — 741 222
India.
Email — biswasdebasis38@gmail.com

Abstract :

[ In this work we find invariants of one dimensional dissipative harmonic oscillator
from an elementary ansatz. It is shown that an elementary ansatz along with symmetry
consideration yields new invariants of one dimensional dissipative harmonic oscillator.]
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1. Introduction

Invariants or conservation laws are very important for investigation of mechanical
systems. Generally knowledge of Lagrangian is essential for finding invariants of a dynamical
system. Symmetry analysis is a very powerful tool to find invariants of a system. Among various
symmetry approaches, Noether symmetry analysis [1] is well known for its elegance. It provides
one to one correspondence between symmetry properties of Lagrangian and conservation laws.
However in many cases without the knowledge of Lagrangian one can easily find conservation
laws of the system. In this paper we shall find invariants of dissipative simple harmonic
oscillator from an elementary ansatz.

2. Time independent invariants.
The differential equation for linearly damped harmonic oscillator is

X+ px+0’x=0 ..(2.1)
The Lagrangian of (2.1) is known as Caldirola-Kanai [2, 3] Lagrangian :
o2 2
L=ebt (S X;) (22)
We shall pay no attention to the Lagrangian and assume an ansatz for invariant of (2.1) as
| = xG = Constant ...(2.3)
where G = G(x, X) ...(2.4)
Now  G=Zx4+ Ly
ax (14
= ‘;—i x— (ux + w?x) ?7_2 ;using (2.1) ...(2.5)
And from (2.3), taking derivative with respect to time
XG+xG =0
ie., XG — (ux+w>X)G=0 ; using (2.1) ...(2.6)

Using (2.5) one obtains from (2.6)
X [Z—G % — (u)'(+wzx)%] — (Uk+®>X) G =0
e, 20— X (y+ ﬂ)— (2+ ‘*’X—Z")G:o 27



To solve (2.7) for G, we seek a similarity variable & defined by
£=x%P ; a, B to be chosen later

...(2.8)
Therefore — = axB-1x8 L
ox dg
0 _ gt d ...(2.9)
and & = BX X d_é
Using (2.9), equation (2.7) can be written as
0(—1-[3%_ -B—-1 01% (1)_2X _(k u)_ZX =
0 e 2 (1 ) - (24 22 6 g
. dG a—14B _ poB-loa _ 2,a+1ep-2 1 _ (M ’x -
e, [ax xP — upxPx Bw x*"x ] (x+ XZ)G 0
. dG up x Bw? x? poxi-o x2—a _
l.e.,d—a [1—:;—75(—2]— &x6+1+w2 5(2+B]G_O ...(2.10)
Case (i)
We now choose
) a=1, p=-1 (211
Hence from (2.8)
X
E=7 ..(2.12)
X
Using (2.11) and (2.12), equation (2.10) assumes a simplified form :
dG
= [1+ ng + wzéz]:[u + 0% ]G
Therefore
dG _ (p+w?g)dg
G 1+ pé+ w2E?
— 1 2 £
Hence InG=pf o) dé + ® f—(1+ per d¢
Therefore G = M1t @Iz ...(2.13)
— dg
where 11 = f—1+ ol ..(2.14)

_ £ dg
and I> = fm

...(2.15)
Now Handbook of integrals [4] give
_1 o (wr2e?f-V-A) L 5,
W= N (oo rvsy ¢ AT SO
1 (u+2w2%—\/—_A> ]
=n (u+2w2;’§+ﬁ) using (2.12) ...(2.16)
_ -2

T pt2w2E , A=0



using (2.12) ..(2.17)

pt+2w?2
_2 1 ph2e?
=5 tan N A>0
2 1 |1+2(,02 LX A
=7 tan — using (2.12) ...(2.18)
1 2 B
And |2——21n(1+ u&-l—(n)zi)—m'l
_ 1 X x? n
=—In(1+ pi + wzg) Lo ..(2.19)
Finally from (2.3), using (2.13) and (2.16), (2.17), (2.18) and (2.19) we get an invariant of (2.1) :
xeHli+ @1z = constant ...(2.20)

where 11 and I> are given by (2.16), (2.17), (2.18) and (2.19).

Case i)
To find another invariant of (2.1) we choose
a= —1
i) B=1 } ..(2.21)
Then from (2.8)
X
=— ...(2.22
g=" (222)

And from (2.10)
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Therefore
G = ghlst ©°ly .(2.23)
de
Wh Ii=| —5—"—— ...(2.24
ere 3 f(<g2+u§+m2) (2.24)
= — ...(2.25
=) g (¢’ +u§+w2) (229
From table of integrals [ 4]
2 1 p+2w?
= — =tanh 1”\/__‘1?; A=402—p2<0
_q b2 i .
= — Ftanh = using (2.22) ...(2.26)
2 A=0

B u+2w2<§ !
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= - using (2.22) .(2.27)
_ 2 g w2028
Is= \/Ktan = A>0
2 3 u+2u)2 X .
=— tant—2% using (2.22) ..(2.28)
1 g2
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and =

X X 2 2w
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We thus get another invariant of (2.1) :
From (2.3), using (2.23) and (2.26), (2.27), (2.28) and (2.29)

X G = xeMs* @*Ls = Constant ...(2.30)
Isand l4 are given by (2.26) to (2.29).

Likewise we can get many more invariants of (2.1) by assigning any arbitrary value of n to o

and — n to B or in other words taking oo = n and f = — n we can find galore of invariants of
dissipative linear harmonic oscillator.

3. Conclusion and Comments.

Construction of invariants of a dynamical system is an
important part of theoretical study. The above method of finding invariants has not been used so
far. Time independent and time dependent invariants of dissipative harmonic oscillator have
been worked out by various authors [4, 5, 6] using various methods. Using above method one
can explicitly determine as many as invariants of dissipative harmonic oscillator as one wishes.
However as equation (2.1) has two independent constants, only two of invariants calculated will
be functionally independent.
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