Solving Linear Ordinary And Partial Differential Equations by Factoring
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Abstract
Techniques and tools for exactly solving Ricatti and Linear Ordinary and Partial Differential equations are developed from factoring
method. Therefrom, the one-space dimension the Wave and Helmholtz/Klein-Gordon equation may be factored; with example solution -
leading to generalization of the Maxwell-Cassano equations of an electromagnetic-nuclear field for non-constant mass and what the
general high energy Lagrangian equations really are (including Weak force, etc. equations) - guiding transformations between the general
high energy Lagrangians equations in general coordinates and Cartesian coordinate PDEs.

A first order linear ordinary differential equation (LODE) may be written:

Since, for any HLODE, the middle coefficient may be transformed to any value; another second order HLODEs may
be written (without loss of generality):
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Theorem I.1: For twice differentiable function y and differentiable functions g,/ :

(((yej gdx) el gdx>ej hdx) o Y'+(g+h)y + (g +hg)y

Proof:

(COK )f )f g (((ﬂ)f =Y (=) I Y ;);
- ((yef gdx) | gdx) N ((ye{gdx> e_jgdx> .
(= )Y (8 el

= (¢ +/yg))' + (0 +yg)h
=yl+yg+ygl+hyl+yhg
=y +(g+h)y +(g +hg)y

O

Corollary I.1: For twice differentiable function y and differentiable functions g, 4, P, Q :
P=g+h & O=g+gh
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Proof:

So, from theorem I.1:
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Theorem L.2: For twice differentiable function y and differentiable functions g,/ :
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Corollary I1.2: For twice differentiable function y and differentiable functions g, 4, P, Q :
P=-g-h & Q=-g'+gh
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Proof:

So, from theorem I.1:
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Corollary I.3: For twice differentiable function y and differentiable functions g, 4, P, O, W :
—I gdx
yir=e
is a solution to homogeneous ODE:
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So, from theorem I.1:
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Corollary I.4: If y, is a homogeneous solution to a linear homogeneous ordinary differential equation::
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So, by corollary I.3:
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Lemma L.5: If P,U & V are differentiable functions, and:
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Corollary L5: If P,U & V are differentiable functions, and:

Proof:
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Corollary L.5a: If P,U & V are differentiable functions, and:

Proof:
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W'+ Pu'+ [~((U) + (1) = (CU) + (1) = P(U) + (1) Ju = 0
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Corollary L5b: If P,R & T are differentiable functions, and:
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Corollary I.5¢: For twice differentiable function y and differentiable functions g, 4, P, Q :
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Proof:

From corolary .3 & 1.4 with W = 0.
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Corollary 1.5d: For twice differentiable function y and differentiable function P :
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Corollary I.5e: For twice differentiable function y and differentiable function P :
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In these, most elementary, g was determined and plugged-into corolary 1.3 for the complete HLODE solution.
Thus, the key to fully understanding 2nd order LODEs is the g .
Ricatti ODEs are expressed via the g’s:

Example:
g +g*> =1 & ge {+A -Acot(Ax)}
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(NOTE: The inhor_nogenous terms are being omitted merely to save space.)

Theorem 1.6: If y,{ + Plyll + Q1y1 =0 and y,Z, + nglz + Q2y2 =0 and:
u= 22
then
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Proof:
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Theorem 1.7: For arbitrary diferentiable functi/on R and diferezntiable functions P;, P>, Q2, ¥1, y2 such that:
WP+ ([ (ER=-P)) + (FR-P)) +Pi(FR=-P2)) 31 =0,
P+ (LGR=P)+ (3P)) + (FR=P)+ (3P)) = [(FP) + (3P)7 ] )y =0 ). and:

yg + sz,Z + (Oyy2 =0 then:
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:>y1+P1y1 [[ (R - Pg)+1(R—P2)2:|+%P1(R—P2):|y120
Q1= +(R- P)——(R P>)* - +Pi(R-P»)
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The following lemma 1.8 verifies corollary 1.5b

LemmaL8:If P, U & V are differentiable functions, and:
w+PW+Ow=0 & u= we%J‘(P_R)dx
= u = (cl IezIdedx+ cz>e_J.(%R>dxe_J.de = u" +Ru' + [[(%R}l + <%R>2] +[T' - TQ]]“ =0

Proof:
From theorem 1.7:

WP+ Ow=0 & u=wet 1 St [[(4R) - (BR)P]-[(2P) - (2P)* ]+ 0Ju= 0
So, for 0 =0 :

w'+Pw' =0 & u= we%J‘(P_R)dx = u'"+Ru' + [[(%Ry - (%R)z] - [(%P)l - (%P)z]]u =
_ (W,)/ +P(W’) _ (W,eIde> e—Ide - W,eIde s
= Ww=_cC _[e_-[dedx+cz
= u= C1_[e_-[dedXvLCz)e%J‘(P_R)dx = u" +Ru' + [[(%Ry + <%R>2] — I:(%P)l + (%P)z]]u =0
oy ClJ'ezj‘(—%P)dxdx+Cz>e—j(%R)dxe—J'(—%P)dx — "+ Ru' + [[<%R>/ N <%R>2] N [<_%P>/ B (—%P)z]]” =
= = (] s e ) A GO e [+ (0] [(42) + (37)]Ju = 0
So, for Q=P :

w'+PW +P =0 & u=we%J.(P_R)dx2u”+Ru’+[[<%R>,_<%R>2]_[<%P>/_<%P>2]+Pl]u:
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= u= (el e )1 S v R  (GRTH[(39) - (37) ] 0
—u={efe] @P)ddecQ)e‘f G0 JEDE s g 1 [[(RR) + (2R) ]+ [(2P) = (£P)?]Tu =0
== (afe] <‘%”>""dx+@>e‘f G0 Sy pur  [[(2R) + (2R) ][ (-2P) + (-2P)*] Ju -

So, more generally:

u= (cl IezIdedx+cz>e_-[(%R)dxe_-[de = u" +Ru' + [[( R> ( R) ] ]u =0



I ) R R [C ORI COU R TR B

O

Comparing to corollary 1.5b:
u=-e I(PR)dx (-T= 1pP)
-
(LP-R) - (£(P-R) -T(+P-R)) Ju=0

[-
=< u'+Tu' + [ ( LP) + (LP)’ ]+[(7R) - (1R)? |+ 1PR-LPT+LRT]u =0
[-

u' + Tu' +

u" + Ru' + [ P>/+<%P>2]+[<%R>/+<%R>2i|i|u=0
"= eT(2R+T)dx
u”+Pu/+[<%R> +7 = ((LR) + 1)+ P((LR) + 1) Ju =
'+ Pu' +[[(LR) = (AR)* ] +[1' - 1] =2(LR)T+ P(LR) + PT Ju = 0
= < w'+Pu' +[[($R) = ($R)* | +[I'= 1?1 - RT+ LPR+PT Ju = 0
u”+Ru/+[[<%R>l+(%R>2]+[T’—ﬁ]]u—O
W'+ R+ [[(LR) + (AR ] -[(-D) +(D)*]Ju=0

The following sequences allow further use of g’s for 2nd order LODE solutions.

Theorem II.1: Given the sequence on differentiable functions s;, P; :
Sp+l —Sn = _lpn-f-l s Sp = 81— 1 ZPI , (Vn € N),
2 2\=

these sequence expressions follow:

n ! n 2
[t (3 o3 (Er) ] -
2\ 2\=
n n ! n 2
el ) [ (1G] |
i=1 2\= 2\%
= Slm-i-S%n-i-Sm(ZPj) + |:|:%(ZP,)
i=1 i=1
m ! m
Lo E)]-[4)
i=1 =1
Proof:
ST +sT+51P =5 +%P’1 éP’ +57+51P + 1P2 1P2

(ondn) G ) TR (F7)']
= (sl+%P1>,+(sl+%P1>2=s’1+s%+51P1+|:<§P1> <5P1> }
Let: s1 = sz+%P2 :
= (s1+%P1)/+<sl+%P1>2 = (Sz-i— éP2+ P1> (sz+ P>+ éPl
= [ 2+—(P2+P1)} +[ 2+—(P2+P1)}
zs’2+s§+sz(P2+P1)+H2(P2+P1)] +[2(P2+P1)} }
:s’1+s%+s1P1+[(%P1>/+(%Ply] =
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Let: s2 = 53+ éP3 :

= [sz+—(P2+P1)] [sz+—(P2+P1)] =[S3+—(P3+P2+P1)] +[53+%(P3+P2+P1)}2
—s3+s3+53(P3+P2+P1)+H2(P3+P2+P1)} [2(P3+P2+P1)T}

:s’1+s%+s1P1+[(%P1>/+(%Ply]:
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n n / n 2
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i=1 i=1 i=1 / . )
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i=1 i=1 i=1

Let: s, = Spma1 + %Pm.;.] :

m m ! m
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i1 2\ 2\



m+1 m+1 ! m+1 2
= S/m+1 +S51+1 +Sm+](ZP[> + |:|:%(ZP1>:| + [%(ZP,)J :|
i=1 i=1 i=1
n n ! n
:>s;+sﬁ+sn(ZPi>+|:|:%(ZPi):| +|:%( P
i=1 i=1 l§
m+1
= Slm+l +S%’l+l +Sm+1 (2P1> + [
i=1

(reproduced from my "Solving Ricatti Ordinary Differential Equations")

Theorem I1.2: Vs, P, '/E R,VneN: ) / i
(+2(3)) +(s+2(37)) + (s+E(F2) Jpoa = (s+2(32) ) + (+E(42) )
() s ($re)]

Proof:

s'+s +P1S—<s+ P1>/ <s+ P1>2 [(2P1>l (ZPIY}
= (s+4 P1> (s+1 P1> (s+ 1P )P = (s+ 1P+ P2> (s+LPi+ P2> [(ZPZ) (2P2)]

So, if for n :

(Hg(%p,.)) +(s+;l(% .)) +(s+§(%p,.))pw: (z@p)) (z@p)) () +(Rp

then:
(++8Gr)) = (-+8G)) (3r)
(+5(4r)) - (++304r ) r2(s+ 2 (7)) (Fpw) + (370)
- (s+E(4n ) (232 )+ (3722)
- (s—}—Z(?Pi ) " s+i§<%Pi>>(Pn+z)+<%Pn+z 2
= (+8(4r)) + (82 + (50 = (s 8(4r)) - (47) -
+(s+2(4n) (s+§(gﬂ))(m>—(gm E
+ S+Z(2P> Pui2

(206m) < (+EG) () - ()]

So true forall » € N > 1, by Induction.
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Corollary I1.2: Vs,P, € R, Vn € N : X
n / n ;
1lp 1p 1, o
(s+;(2Pl>) +(s+;(2Pl>) +(s+;<2Pl>>Pn+l 0
_J.<S+Zn:<%})i>>dx
=y=e i=1
Proof:

immediate.

=y +Puy +0y=0
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Corollary I1.2.1: Vs,P, e R, Vn € N :
n+2 ! n+2 2 / 2
1lp 1lp | (L 1 - _
(”;QP’)) " (”;QP’)) [(2})””) + (3P } ©
_J‘<s+zil:<%P,~>>dx
- y=e =1
Proof:

immediate.
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=)' +0r=0

Theorem I1.3: Vs,P, € R, Vn e N :

g 1 (EEee) - (B (2R 50 ()]

Proof:

s'+52+Pis = (S+%P1> + <S+%P1>2_ [(%Pl}le <%P1>2}

= 5 +s? +Pls+P2(s+ lP1> =s'+52+(P1+Py)s+ %(Png)

2
_ (s+ %(P1 +P2)>/ + (s+ %(P1 +P2)>2 - [(%(Pl +P2)>/ 4 (%(Pl +P2)>2} 4 %Ple
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[(2(P1)> (2(P1)>] [(2“’2)) (%(Pz))z}—%PIPH%PlPZ

= (s+ =P, +P2)> + (s+ =P +P2)>

i )[(2<P1>) () - [(e) + (o)
ICONCONRICOREON

2
n-1

_ s’+sz+s(éP,-> +%(ZZPP>+SP \ +—(ZPP +1)

1

(s+%P1 +%P2>,+ <s+%P1 + 5

So, if for n :

vees(Er) 1 (B5r ) - (+2(30)) (- 5G#)) -2 ()« (37)']

then:
n+1 n n+l n n n n
s s+ S(Z;P,) + %(Z;;P,ﬂ) =5 +s? +s(§P,~) + 5Pt + % (ZZP,-P,) + % (ZP,-P,,H)

1 j=

-1
n n—1 n " n
=5 +s2 +S(2Pi> + %(ZZH’P]) + 8Py + %(ZPiPnH)
i=1

i=1 j=1

(B ) (o)) S () ()]

+SPn+1 + %(ZP,-P,,H)

i=1
/

_ (Hﬁ(%pi)) (Lpn)
+(s+§(%Pi)—<%Pn+l )2+
—%[(éPy (ép>2:| [(%Pn+l>/+<%Pn+l 2i|+
+SP+1+—(ZPP+1>
:(s+z(2p)) (Lp) s
(S+;(7Pi>> - (s+§(%Pi>>(PM)+ (%Pn+1 2+
H[E) ) T [(re) + ()]
+sP+1+7(ZPP+1)
:(Hz(zp)) (z(%p)) (Lpn) s
—sPp1 — (Pn+1)§(2P,> +<%Pn+1 2,
_g[(épy (ép>2:| [(%Pn+1>,+(%Pn+1 2i|+

(z(%p)) (Hi(%pi))i

- (Pn+1)n2(%P,-> + (%Pn+1 g

D ICONCONEICNE
+—(ZPP+1> B 2
:(Hz(zp)) (H;(%p,.)) ;

— (P, l)g(zP)+(Pn+1)(%Pn+l)+z(%Pn+l "y
2 (CONCONE

+ Zn:PPH)
(Bn) (£
2[(42) + (3#) ]

—_

._

So true for all » € N > 1, by Induction.
L



Corollary I1.3: Vs,P, e R, Vn € N :

n n—1 n
s+ 52 +S(ZP,-> = ——(ZZPP )
i=1 i=1 j=1
—J‘de I 1 =l
=>y=e =y y+ > IEI:P,PJ =0
=1 j=
Proof:

O

immediate.

Corollary I1.3.1: Vs,P, e R, Vn € N :

(5()) +(+5(E)) - E[(47) + ()]
NG 2C ) N eI

Proof:

O

immediate.

Since: —g = s these can lead to further Ricatti and LODE solutions.

e es(Zr) e b (ERrn ) - (+2G0)) + (420G 2GR (G
(550 = ooy (5500) -0-r o $[(17) ]
£ 0o 4 (B -4

And, 2nd order linear Partial differential equations may be factored, just as LODE’s; thus solved as
first order partials

Theorem III.1: For thrice differentiable function y, twice differentiable function g; and

differentiable functions g»,g3 .

(«((y ej%) o g”’")J gzdx> B gde>e f gﬂX) o _

="+ (@ +@+a)) + [(g”’l +2281) + (g& + 8381 )+ (g5 +g3g2) V' +
+[g) +(g2+g3)g + (g2 +g3g2)e1ly

Proof:

(««yj)I)I)f)I)I ,

-(((C
(( (O +yegi ))efgz x),e‘fgz”’x}fg“’x)le—fgsdx
((((y +gn) el +0/ +yg1)gzefg )e‘fgzdx>ejg3dx>le—fgsdx

<<()/ +ygl) + (O +yg1)g2>>e.[g )e—.[gsdx

(0 +ye0) + ' +ygng))'e Jusir ((0' +yg) + 0/ +yg1)gz))gzeI 3dx>e_jg3dx

g o' +yg1) + (' +yg1)gz)) ((0' +yg) + 0/ +yg1)gz))g3
ygl) +(/ +yg1)gz+(y +yg1)gz) + (' +1g1) g3 + (0 +81)g2g3
= (/' +yg) + (' +yg) g2+ (O +yg1) g+ +yg1)gh + OV +1g1)g28
=0 +yg1) +( /+yg1) (g2+83) + (V' +yg1)(gs + 2283)
= (y”+yg1+yg1) +(y +yg1+yg’1)(gz +g3) + (V' +yg1)(g) + g283)
=y"+y"gi+y'g +y'gi +ygl +y" (g2 +g3) +
o ) +ylg}(gzl+lg3)+lygﬁ(gz +g3)+ly’(,g’z+gzg3)+yg1(g’z+gzg3)
=)y +ty @ity (@+g)+tygi+tyg+yei(g+g3) +y (g +g:83) +
. ) +/yg/{ jrygﬁ (g2 +23) +yg1,(g’z +8283)
=y +(@+tg+@)y +(@+tg+gi(ga+g)+(g+gg3))y +
. ot (g/{l +g1(g2+83) + gll(g’z +8283))y
=y +(@+tg+g)y +[2g +gi1(g2+g3) +& + &gy +
. ot [g’{, +g1(g2 + 85 )& (g5 + 82¢3) v ,
=y +(@+tg+tg)y +(g+gg1)+ (g +g3g1) + (g +g3g2) ]y +
+[g) + (g2 +g3)g1 + (g2 + g382)g1 Iy
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Theorem II1.2: For thrice differentiable function y, twice differentiable function g; and

Proof:

O

Lemma II1.3:

Proof:

O

Example 1:

differentiable functions g»,g3 and P,Q,R :
P=(g1+g+g), 0= (g +gg)+ (g +2g1)+ (g +2382) .

R =gl +(g2+g3)g) + (g +g382)g
=y"+Py' + Oy +Ry =W

=y = e_jgldx Iej(gl_gZ)dx Iej(gz_g3)dx jWeIg3dxdx +c1 |dx+cy |dx+c3

=y = e_jgldx Iej(gl_gZ)dx Iej(gz_g3)dx jWeIg3dxdx +cy |dx+co |dx+c3

P=(g1+g2+g), 0= (g”’l+gzg1)+(g§+g3g1)+(g’z+gsgz) ,
R=g|+(g2+g3)g +(g2+8g3g2)2
y'”+Py”+Qy'+Ry =W

"

=)y"+(@+g+o)'+ ,[,(g/l +2281) +,(g’1 T g581) + (g +g382) ' +
+[g) +(g2+g3)g + (g2 +g3g2)g1ly

. ((((f)f)f)f)f)f L
= (el e o) f)f el
- (((f)f)f)f A (A

= (ye-[gldx> ,e_-[gldx = e_j gk I e-[(gz_g3)dx (I Wej S e+ cl>dx + 2

= (ye-[gldx> = ej(gl_gZ)dx (I eJ‘(gz_g3 - (I We-[ngxdx +c )dx + cz)
=y = e_jgldx (I e-[(gl_gZ)dx (I e-[(gz_g3)dx (I Wejg3dxdx + cl>dx + cz>dx + 03>

For thrice differentiable functions g1,g2,23,P,O,R :
P=(g1+28 +g3)

0 = (g1 +g281) + (g1 +g381) + (2 + g382)
R=gi+(g+g)g + (22 +2382)81

!
gl - %(g%) +Pgy+g1 —Pgi+0g1 =R

g -g+(P-g1)g=0-2g - (P-g)g
g3=P-g1 -2

P=(g1+g2+g3)
0 = (g) +g281) + (g1 +g381) + (g2 + 2382)
R =g+ (g2+g3)g1 + (g2 +2382)g1
= R-g/ - (P-g1)g) = [0-(g) +g281) — (g1 +g3g1)]e1
=[0- 2g§ - (g2 +g3)e1lg
=[0-2g —gP—gl)gl]gl
) , = 0g1-2¢18) —Pg%2+g?3
= R_gl”_ Pg, +81g1 = Og1 —2g1g) — Pg1 + gy
= R =g| -3g1g\) + Pg\ + 0g1 — Pgi + g}
g/ - 3(gh) +Pg\ + gl - Pei+0z1 = R
gl —3g1g) +Pg +g1 —Pgi+0g1 = R
= (g +g322) = 0 - (g’ll +2281) —(g’l/ +2381)
= Q—(g1,+gzg1)—(g1+g3g1)
= Q—2g/1—(gz +g3)g1
, = Q0-2g —(P—gll)gl
= (@ +P-g1-82)g)=0-2g-(P-g)&
=g -g+P-g1)g=0-2g - (P-g)g
=1l gh-g+P-g1)g=0-2g, - (P-g1)g

=<l =P-g21—-2

-

P,0O,R constants (Constant Coefficients)
Let: g1.g22.23 be constants:

0-0+0+g3—Pg?+Q0g1 =R
0-g3+(P—-g)g=0-(P-gg
g3=P-g1—-2

11



(1.3 2
g1 —-Pgi+0g1-R=0
= < |8 -(P-21)g2+[0-28) - (P-g1)g1] =0
\g3=P—g1—gz
>
glzg/s+,/s2+(t—r2)3 +g/s—‘/s2+(t—r2)3 —r r=+pP
— P+ LGR-P
= 3 gzz%[(P—gl)iJ(P—g1)2—4[Q—(P—g1)g1]] y r1+6(3 2
t=—1R
P _ 3
\g3—P g1 -
Example 2:
P = %,Q = %,R = % ; A,B,C ; constants (Cauchy-Euler)
x x
Let: g1 = %,gz = %,g3 = % ; a,b,c ; constants
A
2 A 3 A4a B _C
S At Y et oY
b b? A b _ B A
=L -8B 28 (4-4)¢
@-%—%—%:C—A a-b
S
2a+2a*> - Aa+a®*—Aa’> +Ba = C
=< |-b-b*+(A-a)b=B-2a-(4-a)a
\g3=%—%—%:>c=/l—a—b
(@ +@-ta>+C-4+Ba-C=0
2 —U—a-1)b+[B—(A—a+2)a] =0
g3:%—%—%:>c=A—a—b
- ~ N
gi=% =a= (‘3/5+‘/s2+(t—r2)3 4—‘3/5—,1524—0—1”2)3 —r) r=-L@-4)
_ .3 1
= < g2=zl—x[(A—a—l)i\/(A—a—1)2—4[3—(A—a+2)a]} PN 8=t sBC-2-4)(2-4+B))
- L
_A—-a-b t=5¢C
83 X
§ J

Theorem II1.4: For thrice differentiable function y, twice differentiable function g; and
differentiable functions g»,g3 .

(((((yefgldx> e_Igldx>eIg2dx> e_jgzdx>ejg3dx> e_Ingx =D+g)D+g)D+g1)y

=y" (g1 + g+ gy + (g1 +g281) + (g1 +g3g1) + (g5 +g3g2) V' +
, +[g] + (g2 +g3)g1 + (g5 +g382)g1 1y
Proof:
(D+g3)(D+g2)(D+g1) = (D+g3)(D* +Dgi +g1D + 2D + g281)
= (D? + D?gy + Dg\D + Dg|D + g1D?* + Dg,D + g:D? + D(g2g1) + 22g1D + g3D? + g3Dg1 + g321D + g3
(l)3 +g1D2 +g2D2 +g3D2 +Dg1D +Dg1D +Dg2D +g2g1D +g3g1D +g3g2D +D2g1 +D(g2g1) + g3
= (D* + (g1 + g2+ g3)D* + (Dg1 + Dg1 + Dg> + 8281 + 8381 +g382)D + D*g1 + D(g2g1) + g3Dg1 + 38
= (D? + (g1 + g2+ g3)D* + (g} + g\ + &> + 2281 + 8381 +8382)D + g} + 2521 + 228} + g381 +g38281)
= (D + (g1 + g2+ g3)D* + [(g) + g281) + (g} +g381) + (g5 +2382) 1D + [} + (g2 + g3)g) + (g5 + &322
= (D+g3)(D+g)D+g1)y=y"+(g1+g2+g3)y" +[(g) +g281) + (g} +g3g1) + (g2 +g3g2) V' +
+[g) + (g2 +g3)g1 + (g2 + g382)g1 Iy

_ (((((yef w)e] gldx>ejgzdx>’e_jgzd)c)ejg}dx)/e_jg}dx

Theorem IV.1: For four times differentiable function y, thrice differentiable functions g; ,
twice differentiable function g, and differentiable functions g3, g4 .

(GBI EE

=W+ @i+ gt gty + (g1 +2:21) + (1 +23¢1) + (81 +2184) + (2 +8382) + (g2 + g284) + (g5 + gg) V' +
+[[g] + (g2 + g3)gl + (g5 + g382)g1] + [(g) + g281) + (g1 + g3¢1) + (g5 + g382)] + (g +£281) + (g +g3g1) + (g5 +
!
+[[gl + (g2 + g3)gl + (g5 + g3g2)g1] +[g] + (g2 +g3)gh + (g + g3g2)g11gs |y

Proof:

(((((((yejgldxyejgldx}jgzdx)’ejgzdx}jg}dx)/ejggdx>ejg4dx>'e;W /
(S SRR S R R B
(SRR e
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((((y/ +yg) el 4 0 4 yg e gzd")e_j gz””‘)J g””‘) o g“’*)ef g“’*) /e_J. guds

(0 s+ wsmg)el ) o Yo ) e

((<<(y wre) < 0 gne)) ¢ Jastey (0" +yg1) +0' +yg1)g2>>g3ejg3dx>€_jg3dx>ejgmx)le‘fg“dx
(0" +y2) + 0" +32022)) + ((0' +38) " + 0 +yg)g2) g3 ) e Ig4dx>/e_jg4dx

= 0"+ (@ +2@+@)" +[(g +g281)+ (g +23g1) + (g + ©322) ' + [g] + (g2 + 23)g) + (& +g3gz)g1]y)eI

!
:
-
-

J.g4dx

d: - d
= 0"+ (@ +2+@)" +[(g +g81)+ (g +23g1) + (g + 2382) ' + g1 + (g2 + g3)g) + (g5 + g382)21]y) ejg4 x>e Ju
d.
(074 @1+ g g+ 1(8h +20g0) + () +2381) + (5 + gsg) ]y + [81 + (g2 + £)8) + (&5 + gsga)gi I)gae) ™ X>e

= ((y("”) +(g1+g+g ) +(g1+g2+g3)y + (g1 +g281) + (g1 +g3g1) + (gr +g3g2) ' +
+[(g) +g2g1) + (g} +g3g1) + (gh + 23g2)]V + [g] + (g2 + 23)gh + (g5 + 23g2)gi V' + [g] + (g2 + g3)g! + (g + g382)g

" (W +(@1+ g+ @)y + (g1 +g221) + (gh +g381) + (g +23g2) ' + [g) + (22 + 23)g) + (g5 + &322 )gl]y)g4ejg4dx>e
=YW 4 (g1 +ga+g )" + (g1 +g2+g3) V" + (g1 +g281) + (g1 +g381) + (gr + &3g2) " +
+[(g) +2221) + (gl +&3¢1) + (g + &322V + gl + (g2 + g3)gl + (&b +&g)@1 1 + gl + (g2 + g3)gh + (gh + £382)g
+ (0" + (@1 + 22+ g)y" + (g1 +g281) + (gh +23g1) + (g5 +g3g2) V' + [g] + (g2 +g3)gh + (g + g382)g11y)g4
=YW 4 (g1 +ga+g )" + (g1 +g2+g3) V" + (g1 +g281) + (g1 +g381) + (gr + &3g2) " +
+[(g) +2221) + (&) +&321) + (g + &8V + gl + (g2 + g3)gl + (&b +&g)@1 1 + gl + (g2 + g3)gh + (gh + £382)g
+gay" + (g1 + 22+ g3)gay" + [(g) +22g1) + (g1 +g381) + (g5 + g3g2)1gay’ + [g] + (g2 + g3)g) + (g5 + g382)g1]g4y
=YW 4 (gr+ga+gs+ gy + (g +g+g)yV +[(gh +g2g1) + (g +2381) + (g5 + 382) V" + (g1 + g2 + g3)gay" +
+[(g) +2221) + (&) +&381) + (g + 23821V + gl + (g2 + g3)gl + (g +@g)@1 D +[(g) +2221) + (gl +&3¢1) + (g
+[gl + (g2 + g3)gh + (gh + £3g2)g1] v + [g] + (g2 + g3)gh + (gh + g3g2)g1 g4y
=y 4 (@ +g+gs+ gy + (@1 +2+g) + (g1 +2281) + (g +23g1) + (gr + 23g2) ]+ (@1 + 22+ g3)ga " +
+ [[(gh +2221) + (&) +2321) + (€2 + 23g2)] + [g] + (22 + 23)g) + (€2 + 23g2)@1] + (&) +2221) + () + 23g1) + (&h +
+[[gl + (g2 +g3)gl + (b +g3g2)g1] +[g] + (g2 + g3)g1 + (g + g3g2)g11g4 |y
=y™ + (g +g+g3+ga)y" +[g1 +gh+g5+ g1 T 2281 +8) +8381 + 85+ 8382 + 8184 + 2284 + 3841V +
+ ([l +2221) + (g1 +2321) + (22 + 2382)] + [ + (22 + 23)g) + (g2 + 3g2)@1] + [(g) + 22g1) + (&) +&3g1) + (&5 +
+[[gl + (g2 +g3)gl + (gh +&3g2)g1] +[g] + (g2 + g3)g1 + (gh + g3g2)g1]gs |y
=y 4 (g1 + g2+ g3+ gy + () +g2g1) + (gl +gg1) + (gh + g1ga) + (g5 +2382) + (82 + g284) + (g5 + g3g4) "
+ [[g) + (g2 +23)gl + (g5 + 32221 ] + [(g) + 2221) + (&) +2321) + (€2 + g3g2)] + [(g1 + 2281) + (g} +&3g1) + (gz +
+[[gl + (g2 +g3)gl + (b +g3g2)g1] +[g] + (g2 + g3)g1 + (g + g3g2)g11g4 |y

O

Theorem IV.2: For four times differentiable function y, thrice differentiable functions g; ,
twice differentiable function g, and differentiable functions gs3,g4 .

<<<<((@”“m)?f&”)J&”)?f&ﬂ)Jmﬂ);fmw>J@ﬁ>;;@ﬂ

= (D+g4)(D+g3)(D+g2)(D+g1)y
=y™ + (g1 + g2+ g3 +ga)y" +[(g) +g2g1) + (&) +g3g1) + (&) +2184) + (g5 +2382) + (g5 + 8284) + (g5 + g3g) " +
+[[gl + (g2 +g3)gl + (b +&382)g1] +[(g) +2281) + (gl +&3¢1) + (g5 +2382)] +[(gl +g281) + (gl +g3g1) + (gh +
+[[gl + (g2 +g3)gl + (b +g3g2)g1] +[g] + (g2 + g3)g1 + (g + g3g2)g11g4 |y
Proof:

Similar to theorem II1.4.
]

Obviously, theorrems 1.4 & IV.2 may be generalized for any integral order LODE.
The g’s are determined just as with Lemma III.1 , and it’s following Examples 1 & 2.
Just as 2nd order LODEs may be factored for solution, LPDEs may also be factored.

Theorem V.1: For differentiable functions u,u2,g,v1,v2,h :
(uli +vli +g) (ugi +vzi +h) =

Ox oy Ox oy ,
= uluz% + (u1V2 +v1u2) aya +V1V2% +
0 0 0 0 0 0
+ (|:u1 o + v o +g:|u2+hu1) e + (|:u1 e + v Y +g:|vz+hv1) o +
0 0
+ u16x+v16y +g h:|
Proof:
0 0 0 0 -
(ul o TV oy +g)(u2 o T oy +h)
_ ., Ouy 0 0% ov2 0 0? oh 0
= u o o +u1uza > +ui ax Oy +u1v26x6y + U= o +ulha

13



uz 9 02 Ov2 0 02 Oh y yin2- 4

+V1Ea—+ 1 2aax+V1 aya—y-{—VlVQ?-FV]@ ay
+gugai +gvzai +gh
0> Y 0> 0> 0>
= u1u2?+u1vza 6 +v1u26 2 +v1sz+
Ouy o, Ouy 9 0 0 vy 0 . Ovy O 0 0
+ o or + v == 3y ox +gu26 +u1hax Ui o 6y+vl 3y o +gvzay+v1hay+
+ gh tvl g)h} +gh 2
= u1u2%+(u1vz+v1u2)a o +v1vz%+
Ouy | Ous el Ovy OV el
+ | u i + Vv 3 +u1h+gu2) 6x+ Ui o + Vv £ +v1h+gvz) 6y+
Oh Oh
+ | uy ox + Vv ay +gh
= —2+(uv+vu)62 +vva—2+
ulu262 1V2 128)/8 1262
0. 0 0 0 0 0
+|: Ui o + Vv Y +g u2+u1h:| o +|:(u1 o + Vv 2y +g)vz+v1h:| Y +
0 0
+ u16x+v16y +g h
]
Theorem V.1: For differentiable functions u,u2,2,vi,v2,h :
If:
0 0 0 0 _ 0 0 0 0
(ul o + v Y +g)(u2 o + vy Y +h) (ug o + vy Y +h)(u1 o + v Y +g)
then
-
Ry o
< (ula—i+v1%)vz = (u2—+v ai)
\ (u1§+v1%)h = (uzai+vzai)g
Proof:
a—2+(uv+vu) +viv az+
uluzax 1V2 12aa 126y2
0 0 0 0 0 0
+|: Ui o + Vv Y +g u2+u1h:| o +|:(u1 o + Vv o +g)vz+v1h:| Y +
0 0 _
+|: u16x+v16%}+g h:| 2
= u2u1%+(u2v1+vzu1)a % +vzv1%+
0 0 0 0 0 0
+|: U o + vy Y +h u1+u2g:| o +|:(uga 4—\/2a +h)v1+vzg:| Y
0. 0.
+ u26x+v26y+h g
0 0 0 0 0 0 0 0 -
= |:(u1 e +v 8y +g)u2+u1h:| o +|:( U1 + v Y +g)vz+v1h:|a +|: Ui +vla +g)h:|
_ 0 0 0 0 0 0 0 0
/_[(u28x+v28y+h)ul+u2g:| x+ u26x+v26 h v1+vzg:|ay+|:(uga 4—\)2a +h)g:|
(ula—aervl% +g)u2+u1h = (u26_6)c+v26_ay+h)ul +usg
= < (u1i+v1i+g)vz+v1h = (u2i+vz—+h)v1 +vog
Ox oy ox 0
0 0 _ 0 0
y (u16x+vl oy +g) (u26x+v26y+h)g
0 0 _ 0 0
(ul A + Vi ay)uz (uz A + V2 6y)u1
0 0 _ 0 0
= < (m 2 TV ay)vz (uz o T ay)vl
0 0 \p = 0 0
\(ulax-f-vlay)h (26 -i-Vza )g

O

Theorem V.2: For differentiable functions u,v;,g,V :
If: g=0 or u; & v; are constants, then:

(”‘a% g +g)‘1’ 0
= 0 = e )l
Proof:
Let:
r=r(xy) , s=s(y) , Oy =0r) , Py = ¥()
uy = ui(x,y) = ui(r,s) , vi =vilxy) =vi(rs) , gxy)=gs)

0 0 _ or 0 , Os O or 0 , Os O
= (ul ox TV oy +g)‘P ( ox or T ox 8s>+v (Gy or oy oy 6s)+g)\}’(r’s)
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_ Oor ., Or ) d 0Os , 0Os |\ O
= |:(u1 o + v 8y) o + (ul o + v ay) 35 :|‘P(r,s)+g‘1’(r,s)

choose p,q,w,z suchthat: r =px+qy & s=wx+zy & pz—gw+ 0 AND
v v v
0—ax+u—igs—w+u—lz:>W——u—iz:>p¢q%=—qu—i ,

or 8r _ —
= Ul—=— Ox +v1§ =u\p+viq = u1<p+qu—1>

(u1 * 0)

= 0= (ula—ax +v1% +g)‘P = u1<p+q%>aiT(r s)+g¥(r,s)
So, let: u1<p+q%> =l=up+tq =>p=- 1 —qu1
:>r=<L+l—qZ—i>x+qy & s——Z—lzx+zy
So, choose: ¢ = 3- & z= z;
1
r= = X=s—-ur
= " , (w1 #0 & v #0)
s=x—4Llyly=wr
V1
— 6 Ig . —Igﬁr

=0= ‘P(r s)+g¥(r,s) = = Y(r,s)e = Y(r,s) = y(s)e

= Y(r,s) = w(x— %y)e_jg(xy)ar

With these tansformations, if g(x,y) # 0 then g cannot be explicitly written as g = g(r,s)
unless: u; & v; are constants.
More generally:

Theorem V.3: For differentiable functions u,u2,2,vi,v2,h :

If:
0 0 0 0 _ 0 0 0 0
(ul o + v Y +g)(u2 o + vy Y +h) (ug o + vy Y +h)(u1 o + v Y +g)

Proof:
(4,0 4,0
Y = (uz A + vy ay +h)
, whenever: u; = u;(x) & vi =vi(x) & g=g(x) :
d (0 o (o Yo
Lvy) = (L s+ L-Lweaw) ) = (L + %2 )veaw)

D VLo [Vt yp(0) :

(12 4y D (L2
0= u16x+v15y +g>‘P (ulax-f-vlay)‘y-i-g\f’
= (& Sy ) P@r00) T FW0or) = oP0er() + 4 P y()

g(X)

- .[ul “d |:‘P(x y(x))e @ ¢

g
= 0= j |:‘P(x y(x))e ) ¢
g(X)

= y(0,5(0)) = P(x,y(x))ed me
= W(ry) =y (y-[grdx)e

gx)
ul(x)

Examples:
The free-space wave equation:
0 i+@@ﬁ%wi+@
oy
82

0
= uj 82 +(u1v2+v1u2)a o +V1VZF+

(|:u1— +v1— +g:|u2+hu1)a—6x + ([ula—ax +v16_6y +g:|vz+hv1)a—ay +

0 Q
Uig - Vi oy +g|h

u1§+v1 ay

=——= , Uv2 +viup =

2

4 0 _ _
C
g_> :<a% C@t><8x %% ¢:(6_i_%8t><6x+%8it>¢

_L
2

(& 2
(a__;a_)< ¢ ) (&-+5) 0 b1 )
ol X on - (6_2_L6_2> ¢
(F+eg) o (&-+5) o ( " >
6) 02

0 __%aJ

ox
:0=¢1=v/< —%t> , 0=y x+%t>
Instead of writing the wave function as a sum of arbitrary functions, this way it is written as a

doublet of these arbitrary functions.
a heat equation equation is not factorable this way :

(u1i+vli+g)(uza—i+vz%+h) =

ox oy
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0> 0>
= u1u2—+(u1vz+v1u2) +ViV)y—5 +

o2
ox? 8t8 or?
9 4y, 0 9 9 4,0 0
+ (|:u1 o TV oy +g:|u2+hu1) o T (|:u1 o TV oy +g:|vz+hv1) oy +

+|: ulai +vla@t +g>h:|

wuy =1, uyva+viua =0, vivo =0, y=¢

vi=0=viup =0 & (ula—ax +g> 6’6 +h> <u16i+v1% +g>(h)

neither of which is of the heat equation form:

P9 106 _ (2
o o= (GG )=sen

a ’damped wave equation with source/sink:

0 0 0 0 _
(ul—ax +v1_6y +g) (u 250 +v2_6y +h)
2 82
+Vivp—= +

62 aa 62

0 9 ol 0 1y, 0 0
|: UiZ - Vi oy +g:|u2+hu1) o T (|:u1 o TV o +g:|vz+hv1> oy +

+ (u1V2 + V1u2)

ur=ur =1, vi=—4,vn=-F,uv2+tviuz=0, y=t
0 .10 o0 _10 -
(ax+caz82+g>(laxaz cor Tl

o2 e TUte)

L 2
- S L Sl e Lo L +[(Z- L5 +n)e]
Thus, even in one space variable, the Helmholtz/Kleln Gordon equation may be factored.
(This, however, indicates how the Maxwell-Cassano equations of an electromagnetic-nuclear field
may be modified for non-constant mass and what the general high energy Lagrangian equations really are)
While we’re on the subject, if the space partial corresponds to a three-space partial the only question
is whether it corresponds to a gradient or divergence.
The gradlent would yield:

<V+ +g><V i§,+h)¢=

VoLV b-9 L [(ve L ag)n])s

<o
= D+(h+g)V+%(h—g)% [(V+%%+g h])o
And:

(745 1) 45

Vz_Lg_zz+(h+g)V+%(h—g)%+[(V—%@+h>gJ>¢

ot
D+(h+g)V+%(h_g)a%+[(V—%a@+h gD¢

for scalar field ¢ or scalar-doublet field o1 (analogous to the free-space wave equation above)

The divergence would yield something like:
(V+7’1 s +g>(V—7l@+h)¢ =

4

-
¢,
(analogous to the free-space wave equation above)
These being written in a Cartesian coordinate system, while the what the general high energy equations
is written in Lagrangian form (confusion factor one) in general coordinates (confusion factor two); some

transformations are required to match them but matching these factorings to the general high energy
Lagrangians goes beyond the scope of this article, left for another.

for four-vector field 7¢) or four-vector-doublet field
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