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 Abstract 

We study in this work the pendulum equation. We show for the first time the 

existence of general non-periodic solution for this equation. This comes down to 

say that the pendulum equation can exhibit non-oscillatory behavior. 
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Introduction 

The study of the pendulum began in the time of Huyghens. After the 

establishment of its differential equation [1-3] 

    0sin =+ xx β&&                                                                                                     (1) 

where the dot over a symbol means the derivative with respect to time, and β  is 

an arbitrary parameter. The determination of general solution of (1) has been for 

a long time a challenging problem in mathematics and physics. The general 

periodic solution of the pendulum equation (1) with an analytical method which 

does not imply the physical law of energy conservation has been only derived in 

a recent work performed by Akande and coworkers [2] within the framework of 

the generalized Sundman transformation theory. The pendulum equation (1) is 

well known in the literature to have periodic solutions. However, non-periodic 

solutions have been exhibited for many nonlinear differential equations of 

Lienard type recently in the literature. In this perspective no one can say whether 

the equation (1) has non-periodic solution for arbitrary value of 0>β . The 

objective in this paper is to show that the pendulum equation can exhibit non-

periodic solution. To do so we establish the pendulum equation (1) from the 

general class of Lienard type equation introduced recently in [4-6] and solve it 

to calculate the general non-periodic solution (section 2). Finally we perform a 

conclusion for the work. 
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2- The theory 

2.1 The statement of the equation 

Consider the general class of dissipative Lienard type equations [4-6] 
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where a , b   and l  are arbitrary constants and )(xf  and )(xg  are arbitrary 

functions of ,x . Substituting 1)( =xg , and 0=l , yields the non-dissipative 

Lienard type equation 

 0)(')()('2 =+− xfabxfxfax&&                                                                               (3) 

Taking into account 0=b , leads to obtain the equation 

 0)()('2 =− xfxfax&&                                                                                                (4) 

Now choosing qxxf cos)( = , when q  is an arbitrary parameter, the equation (4) 

reduces to 

 0sin
4

2

=+ x
a

x&&                                                                                                      (5) 

under the condition that 
2

1
=q , which is the equation (1) when 

4

2a
=β . 

2.2 The general solution of (1) 

According to [4-6], the corresponding first-order differential equation associated 

to the equation (2) can read  

  bxxafxxg =+ l
& )()(                                                                                               (6) 

which becomes under the conditions that 1)( =xg , 0=l  and 0=b , after 

separation of variables 

   ( )Kta
xf

dx
+−=∫ )(

                                                                                              (7) 

where K  is an integration constant. Knowing 




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=
2

cos)(
x

xf , the equation (7) 

gives 
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The integration of the indefinite integral in (8) gives 
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l                                                                                   (9) 

which ensures the solution of the equation (5) to have the form 
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Substituting 
4

2a
=β , yields the general solution of the equation (1) to take the 

definitive form 

    ( )( ) πβ −= +±− Kt
etx 1tan4)(                                                                                  (11) 

Now we can conclude the work. 

Conclusion 

We have investigated in this paper the well-studied pendulum equation. We 

have shown for the first time the existence of non-periodic solution for this 

equation. This result is obtained using an analytical method without implying 

the physical law of energy conservation. 

References 

[1] R. Kannan  and R. Ortega, An asymptotic result in forced oscillations of 

pendulum-type equations, Applicable Analysis: An International Journal, 22:1, 

45-53 (1986) Doi: 10.1080/00036818608839604. 

[2] J. Akande, Y. J.F. Kpomahou, K. K. D. Adjaï, L.H. Koudahoun and M.D. 

Monsia, On the general solution to the mathematical pendulum and generalized 

mathematical pendulum equations, Math.Phys.,viXra.org/1712.0364v1.pdf 

(2017). 

[3] O. S. Kostromina, On limit cycles, resonance and homoclinic structures in 

asymmetric pendulum-type equation, Vestn. Udmurtsk. Univ. Mat. Mekh. 

Komp. Nauki, Vol. 29 (2) (2019) pp: 229-244. 



4 

 

[4] E. A. Doutètien, A. B. Yessoufou, Y. J. F. Kpomahou and  M. D. Monsia, 

Unbounded periodic solution of a modified Emden type equation, 

Math.Phys.,viXra.org/2101.0002v1.pdf (2021). 

[5] Y. J. F. Kpomahou,  M. Nonti, K. K. D. Adjaï  and M.D. Monsia, On the 

linear harmonic oscillator solution for a quadratic Lienard type equation, 

Math.Phys.,viXra.org/2101.0010v1.pdf (2021).  

[6] Y. J. F. Kpomahou, M. Nonti,  A. B. Yessoufou and M. D. Monsia, On 

isochronous periodic solution of a generalized Emden type equation, 

Math.Phys.,viXra.org/2101.0024v1.pdf (2021).  

 

 


