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Abstract 

 We investigate a modified Emden type equation known as a Lienard type 

nonlinear oscillator. We show the existence of unbounded periodic solution of 

the equation. As a result, such an equation may exhibit bounded and unbounded 

periodic solutions for the same numerical values of model parameters. 
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Introduction 

The Lienard equation 

  0)()( =++ xgxxfx &&&                                                                                              (1) 

where overdot denotes derivative with respect to time, as one can see in the 

literature, contains several nonlinear differential equations of physical 

importance. Among then one can consider the modified Emden type equation 

[1-7] 

  012 =+++ + sss xxxxx λβα &&&                                                                                   (2) 

where α , β , λ  and s  are arbitrary parameters, which has been investigated 

from various solution methods of different complexity. When 1=s , and 0=λ , 

the equation (2) turns into the well-known modified Emden equation 

 03 =++ xxxx βα &&&                                                                                                  (3) 
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which has been intensively analyzed in [8-10]. This equation is also known as 

the Painlevé-Ince equation in the literature. The choice 0=λ , reduces the 

equation (2) to the form 

  012 =++ +ss xxxx βα &&&                                                                                            (4) 

Using the Hamiltonian approach, the authors in [11] succeeded to calculate 

exact solutions of (4). In [2] the exact analytical solutions of the equation (4) are 

given in terms of quadrature by means of nonlocal transformation of the damped 

linear harmonic oscillator equation. The application of  1=s , leads to obtain the 

interesting equation 

  03 =+++ xxxxx λβα &&&                                                                                          (5) 

which has been widely examined by several authors from different point of view 

when k=α  and 
9

2k
=β . The Lie point symmetries of this equation have been 

studied in [10, 12]. Lagrangian analysis has been performed in [10, 13]. In [14] 

the authors investigated this equation from the Jacobi last multiplier. The 

quantization of this equation is also carried out in [15, 16]. In [17], 

Chandrasekar and coworkers presented the equation (5) as an unusual Lienard 

type oscillator with the isochronous properties. The authors [17] were able to 

calculate exact sinusoidal periodic solutions to such a dissipative nonlinear 

differential equation using the modified Prelle-Singer method. Such a solution 

has been obtained later from different approach in [18]. However, as can be seen 

in the literature, many nonlinear differential equations can exhibit different types 

of solutions. Despite of the existence of periodic solutions, these nonlinear 

equations can also exhibit real non-periodic solutions or complex-valued 

solutions for the same selected numerical parameters. It was the case of a truly 

nonlinear differential equation widely studied in the literature by several authors 

using various analytical techniques. Recently in [19, 20] it has been shown that 

such a nonlinear differential equation exhibits non-periodic solutions. It was 

also, more recently, the case of the celebrated Mathews-Lakshmanan equation 

presented in 1974 [21] as a unique quadratic Lienard type equation with 

sinusoidal periodic solution but having amplitude dependent frequency. Monsia 

and coworkers in [22] showed that this equation is in fact a pseudo-oscillator as 

it can exhibit real non-periodic solutions for the same values of model 

parameters for which the authors [21] in 1974 derived harmonic periodic 

solutions. Other differential equations assumed to be truly nonlinear oscillators 
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have been found to have non-periodic solutions, in the literature. In this 

perspective, it is convenient to ask whether the Lienard type nonlinear 

differential equation (5) has only bounded sinusoidal periodic solutions for 

k=α , 
9

2k
=β , and λ positive. We predict in this paper that the equation (5) can 

exhibit unbounded periodic solutions. To do so, we show that the equation (5) 

belongs to a general class of Lienard type nonlinear differential equations which 

may be reduced to quadrature (section 2) from which one can secure the 

unbounded periodic solution and the real non-periodic solution of the equation 

(5) (section 3). A conclusion is finally addressed for the work. 

2- General class of Lienard type equations 

Let us consider the first order differential equation introduced recently in [4, 23, 

24, 25] 

 bxxfaxxg =+ l
& )()(                                                                                              (6) 

where a , b  and l  are arbitrary parameters. By differentiation with respect to 

time, one may secure immediately the mixed Lienard type equation 
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which may be, using equation (6), reduced to the nonlinear equation 
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which becomes 

    0)(')()(')( 221 =+−+ − xfxabxfxfxaxxxfax lll
&l&&                                                 (9) 

where 1)( =xg . The general class of dissipative Lienard type equation (9) may 

then be reduced to the quadrature defined by 

  ∫ −
=+

lxxfab

dxxg
t

)(

)(
γ                                                                                          (10) 

that is  

   ∫ −
=+

lxxfab

dx
t

)(
γ                                                                                         (11) 
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where 1)( =xg , and  γ  an arbitrary parameter. Subtituting  
x

xf
1

)( = , into the 

equation (9), yields the dissipative Lienard type nonlinear differential equation 

  023222 =−++ −−− lll
&l&& xabxaxxax                                                                        (12) 

where the equation (11) becomes  

    ∫ −−
=+

1lxab

dx
t γ                                                                                             (13) 

Making 32 += ml , where m  is an  arbitrary parameter, the equation (12) 

transforms into the form 

   ( ) 032 1234212 =−+++ +++ mmm xabxaxxamx &&&                                                        (14) 

The application  of 3=l , that is 0=m , reduces the equation (12) or (14) to 

   03 32 =−++ xabxaxxax &&&                                                                                  (15) 

which becomes the equation (5) of interest, when a3=α , 2a=β , and , ab−=λ . 

The equation (15) is identical to the equation considered in [18] when 1=−= ba . 

But the generalized form solved in [18] is different from (14). In this context the 

equation (13) takes the form 

  ∫ −
=+

2xab

dx
t γ                                                                                                 (16) 

Now we may integrate easily the integral in the equation (16) to ensure the 

general solutions of the equation (5). 

3- General solution of (5) 

3.1 Non-periodic hyperbolic solution of (5) 

In this case  0>a , 0>b , and 0<λ . In this context the evaluation of the integral 

in the equation (16) allows one to obtain 

   ( )γ+=






− tabx
ab

a1tanh                                                                              (17) 

that is  

        ( )[ ]γ+= tab
a

ab
tx tanh)(                                                                        (18) 
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which may be rewritten as 

   ( )[ ]γλ
α
λ

+−
−

= ttx tanh
3

)(                                                                         (19)      

3.2 Unbounded periodic solution of (5) 

In the present case we consider 0>a , and 0<b , that is 0>λ . Thus the 

evaluation of the integral in the equation (16) leads to obtain 

     ( )[ ]γ+−−=








−
− tabx

ab

a1tan                                                                     (20)         

from which one may get 

     ( )[ ]γ+−
−

−= tab
a

ab
tx tan)(                                                                      (21)          

which may be rearranged as 

  ( )[ ]γλ
α
λ

+−= ttx tan
3

)(                                                                               (22) 

This solution becomes 

     ( )[ ]γ+−= ttx tan)(                                                                                        (23) 

in the case 1=−= ba . The solution (21) as (22) is unbounded periodic solution 

for any value of 0>α , and 0>λ . It is worth to note that the formula (21) is also 

the solution of differential equations [24, 26] 

  02 =+ xxax &&&                                                                                                  (24) 

and  

  022 32 =+− xabxax&&                                                                                       (25) 

Therefore the equations (5) and (24) and the cubic Duffing equation (25) have 

identical non-sinusoidal periodic solution. 

Conclusion 

We have investigated in this paper a modified Emden type equation known as a 

Lienard type nonlinear oscillator. Although this nonlinear oscillator has 

harmonic periodic solution, we have shown that it can also exhibit unbounded 
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periodic solution, that is non-sinusoidal periodic solution, for the same 

numerical value of model parameters.  
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