SIMPLE CLOSE CURVE MAGNETIZATION AND APPLICATION
TO BELLMAN’S LOST IN THE FOREST PROBLEM

T. AGAMA

ABSTRACT. In this paper we introduce and develop the notion of simple close
curve magnetization. We provide an application to Bellman’s lost in the for-
est problem assuming special geometric conditions between the hiker and the
boundary of the forest.

1. Introduction and problem statement

Bellman’s lost in the forest problem is a central problem which lies at the interface of
geometry and optimization. It has its originating in 1995 by the American applied
mathematician Richard Bellman [1]. The problem has the following well-known
formulation which can be found in [2]

Question 1 (Bellman’s lost in the forest problem). Given a hiker in the forest with
his orientation within the forest unbeknownst to him, then what is the best possible
decision to be taken to exit in the shortest possible time taking into consideration
the shape of the forest and the dimension of the space covering the forest?

Much work has been done in studying this problem by a few authors (see [3]). This
presumably has not to do with diminished interest and less popularity but may
partly be attributed to the conceivable complexity of any viable tool to studying
the problem. Regardless of its inherent difficulty a complete solution has been
found and is known for a few class of shapes which are taken to be forest [3].

In this paper we introduce and develop the notion of magnetization of simple close
curves. Using this notion we devise an algorithm that takes as input the shape of
the forest and the dimension within which the forest resides and produce as output
the optimal path to be taken by the hiker ¥ € R™.
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2. Simple close curves with magnetic boundaries

In this section we introduce the notion of simple close curve with magnetic bound-
aries equipped magnets. We study this concept and expose some connections with
other notions.

Definition 2.1. Let C be a simple close curve in R™ and V™ be the space of vectors
in R™. Then by the magnetization of the interior of C, denoted Cryt, with magnets
U1, . ..U on the boundary Cg, we mean the map

Ag, i, it Cing — V"
such that for any ¢ € Cryy with v # O then
Aay s, (V) = Ag; (V) = @; — 0
with ¢ @; if and only if || — @;|| = min {||ds — 77'”}]::1. We call
1Ady s.....a. (D) = [[Ag, (@) = [|7 — ]|

the measure of magnetization. We denote the magnetic field of the magnet @; by
Og,. Strictly speaking, we denote the e-magnetic field of the magnet i; by Og, (¢)
and we say U; € Og, (€) if and only

I — &l <.

Definition 2.2. Let C be a simple close curve in R™ with boundary Cg. Then we
say the boundary is magnetic with magnets U2, {u;} € Cp if for any u; € Cp there
exist some ; € U2, {;} with

i; € Og, (€)
for any € > 0 such that
O, (6) () Crue # 0
and
Oz, (0) ﬂ(Rn \CsUCrnt) # 0
for any § > 0. We denote with

the boundary of the neighbourhood Oy, ().

The language as espoused in Definition 2.2 suggests very clearly that magnets are
allowed to be dense on the boundary of their simple close C with magnetic boundary
Cp. This strict enforcement will ease the development of our geometry and related
theories. In any case we can take the infinite set of magnets on the boundary of a
typical simple close curve to be the entire boundary Cg C R".
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Remark 2.3. Next we put all simple close curves with magnetic boundaries equipped
with magnets and their constant dilates into one single category. In essence we
would consider two simple close curves with magnetic boundaries to be distinct if
there exists a magnet on the boundary of one curve which fails to be a constant
dilate on the other.

Proposition 2.1. Every simple close curve C in R™ with magnetic boundary is
uniquely determined by their magnetic boundary Cg upto constant dilates of their
magnets.

Proof. Let C be a simple closed curve with magnetic boundary Cg in R™ endowed
with magnets U®,{5;} and U, {#;}. Pick arbitrarily ¥ € Cr,; then applying the
magnetization A : Cryy — V™ on the interior Cr,, we have the equality

Auze, 53 (0) = A5, (7)

for some 1 < j with ¥+ §; = 0 if and only if ||¢ — §;|| = min {||5; — 7]|};=, and
Ay 73 (0) = Az, (9)

for some 1 < k with £, - = 0 if and only if ||7 —#;|| = min {||£; — 6”}21 It follows

that A\s; = t for A € R. Since the vector ¥ is an arbitrary point in Cr, the claim

follows immediately. O

Theorem 2.4. Let C be a simple closed curve in R™ with magnetic boundary
Ci equipped with magnets U {u;}. For any ¥ € Ciy such that ¥ # O then
Ay (i (V) = Ag; (V) with U - d; = 0 if and only if there exists € > 0 such that
; € Og(e) and

'Js € O{;(E)
for all s # j.

Proof. First let C be a simple closed curve in R™ with magnetic boundary Cg
equipped with magnets U2, {;}. Let us pick arbitrarily ¥ € Cry such that 7 # O,
apply the magnetization A : Cr,y — V™ and suppose
AUz‘:l{ﬁi}(’J) = Aﬁj (rU)

with - @; = 0, then ||T — @;|| = min {||ds — 7]|}o0, for all @ € U2, {d;}. Now
choose € = ||i; — ¥]| and construct the neighbourhood Ojz(¢). By virtue of the
construction @; € Oz(e). We claim that @ & Og(e) for all s # j with
Let us suppose to the contrary that there exist at least some @ € U2 {u;} C Cp
with ¢ # j such that @, € Oz(e). Then there exist some iy, € U2, {&;} C Cp with
k # j such that @y, € B(Oz(€)) NCp so that

17— el = € = min {17, — 112,

Applying the magnetization, It follows that
Aee (a3 (0) = A, (0)
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with ¥ 4y = 0. The upshot is that @; = Ad for A # 1 so that
€ = ||U— || # [|7 — ;]|

which contradicts our choice of || — @;|| = € > 0.
Conversely suppose there exists € > 0 such that u@; € Oy(e) and

Us & Ozle)
for all s # j. Then
|| — ;|| = min {||ds — 7]|}oc,

for all 4y, € UX,{@;} and ¥ € Ciy. The claim follows immediately from this
assertion by applying the magnetization A : Cry,y —> V™. (]

Theorem 2.5. Let C be a simple close curve in R™ with magnetic boundary Cp
equipped with magnets U2 {u;}. Then for any 0 € Cry such that ¥ # O there
exists some € > 0 such that i; € Og(e) for some @; € U2 {u;} and

Uy & Ogle)
with t # j for all W, € UL {U;}.
Proof. Let Cg and Cpy; be the magnetic boundary and the interior of the simple
close curve C, respectively. Let U2, {#;} C Cg be the magnets on the boundary.

Pick arbitrarily v € Cpy such that v # 6, then for each w@; € U2, {u;} there exists
€ > 0 such that

ﬁj S 05(6).
Let us choose
(2.1) 05(0) = min{Ojz(¢)| @; € Oz(e), € > 0}

for each u; € U2, {u;}. Let @; € Op(d) then it follows that ||u; — ¥]| = ¢ by virtue
of (4.1) and

(2.2) l|a; — U]l =0 = min{||0 — U] : 4s € U2, {t;}}.
Apply the magnetization A : Cr,y — V™, then we have
Aug, (a3 (0) = Ag, (7)

with @; - ¥ = 0. Let us suppose to the contrary @5 € Oy(6) for at least some
iy € U2 {u;} with j # s. Then it follows that there exists some @; € U2, {u;}
with ¢ # j such that

Uy € Cp N B(OF(0)).
It follows that
|0 — tiy|| = 6 = min {||v — @] : @5 € U2, {2} }
so that by applying the magnetization A : Crp,y — V", we have
Aye () (V) = Ag, (V)
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with @; - ¥ = 0. It follows that there exists some a # 1 such that @; = au; so that
|7 = @] = & # [|7 = @]l

thereby contradicting (2.2). This completes the proof of the theorem. O

3. Connected and isomorphic simple close curves with magnetic
boundaries

In this section we introduce a classification scheme for all simple close curves C in
R™ with magnetic boundaries Ci. This scheme pretty much allows us to put all
similar such simple close curves into a single family and choose a representative for
our work.

Definition 3.1. Let C; and Cs be simple close curves with magnetic boundaries
equipped with magnets U2, {#;} and U2, {w;}, respectively. Then we say C; and
Cy are connected if there exists some t; € U2, {#;} and some @), € U, {w;} such
that

—

£ = il

for some A € R. We denote the connection by C; = Cy. We say C; and Cy are
isomorphic if the connection exists for each ; € UL {£;} and @y € U, {w;}.
We denote the isomorphism by C; = Cs.

Proposition 3.1. Let C; and Co be simple close curves with magnetic boundaries
equipped with magnets U;’il{ﬁ} and U2 {W;}, respectively. IfCy C Cq thenCy =< Cs.

Proof. Suppose C; C Cy and let Cy,,, and Cy,,, be their interior, respectively. Next
pick arbitrarily a point ¥ € Cy,,, such that v # O, then ¥’ € Cy,, so that
. rd ) o . — -

min {||f; — o[ },_, < min{[}@, —7][};2,; -
Let us set

— 5 . — o — — [e%e)

I£; — o] = min {[|£; = 9]] : £ € U2 {t:}}
and
[y, — 9| = min {||@s — ]| : s € U2, {wi }} 2,

and apply the magnetization A : C1,,, — V™ and A : Cq;,, — V", then we obtain
the following paths

Withf;wﬁ:Oand
Az () () = A, (U) = W — 7

with @y - ¥ = 0. It follows that @) = /\t_; for some A € R. Since ¥ was taken arbi-
trarily and for any such choice there is a unique choice of magnet on the boundary
of each simple close curve minimizing the distance from v, the claim follows. ([l
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4. Application to Bellman’s lost in the forest problem

This section pretty much illustrates a sketch of an application of the underlying
notion to Bellman’s lost in the forest problem. The solution is quite algorithmic in
nature but works primarily in parallel with the above developments. The Bellman
lost in the forest problem is one of the most important problems in the area of
optimization, yet we find the following tools developed in the foregone section
useful. The problem is often stated in the following manner:

Question 2 (Bellman’s lost in the forest problem). Given a hiker lost in the forest
with his orientation unknown, what is the best decision to be taken to exit in the
shortest possible time taking into into consideration the shape of the boundary of
the forest and the dimension of the space covering the forest?

4.1. A sketch partial solution. First we classify the infinite collection of simple
close curves in R™ with magnetic boundaries according as they are isomorphic.
That is, we consider the partition

k=1
such that {C; CR"| C; <Cr}({Ci CR"| C; <C;} = 0 for k # j and Cp and C;
are not isomorphic. Let us pick arbitrarily a simple close curve C arbitrarily in M.
Then it follows that

Ce {Cl C Rnl C; Xck}
for some k£ > 1. The simple close curve C with magnetic boundary equipped with
magnets U2, {; } is uniquely determined upto constant dilates of magnets by virtue

of Proposition 2.1. Now let 7 # O be an arbitrary point (hiker) lost in Cry; (forest).
Appealing to Theorem 2.5 we choose

(4.1) 05(0) = min{Ojz(¢)| @; € Oz(e), € > 0}
for each #; € U2 {#;}. By virtue of our choice there exists some magnet @, €
Oz(6) for 4y € U2, {u;} since magnets are dense on the boundary Cpz by virtue of

Definition 2.2. Next we apply the magnetization A : Cry — V™ and obtain the
exit path

Augz, (ay (0) = Ag, (0) = @ — ¥
with 7, = 0 by appealing to Theorem 2.4 with the least measure of magnetization
115 = @] = min {||F — || : @, € U2, {a@}} .

Thus the hiker exits the forest without being privy to information of his orientation
within the forest with the shortest path u; — v.

It has to be said that the solution as espoused in the sketch may not be viewed as a
complete solution to the Bellman lost in the forest problem, because in practice the
equivalence of the minimal distance of the hiker ¥ to the boundary of the simple
close curve (forest) Cg with the notion magnetization A : Crpy — V,, under the
additional orthogonality condition of the hiker and some point on the boundary
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of the forest ¥ - #; = 0 may not necessarily hold. Nonetheless we believe it is still
possible the problem could be studied under the equivalence

Aay i, (0) = Ag; (V) = — v

if and only if || — ;|| = min {||@s — 17||}IS€:1 without the extra regime ¢-; = 0 for
any hiker in the forest.
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