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Abstract. This paper is a trial to prove Riemann hypothesis according
to the following process. 1. We create the infinite number of infinite series
from one equation that gives ((s) analytic continuation to Re(s) > 0 and 2
formulas (1/2 + a + bi, 1/2 — a — bi) which show zero point of ((s). 2. We
find that a cannot have any value but zero from the above infinite number of
infinite series. Therefore zero point of ((s) must be 1/2 £ bi.

1. Introduction

The following (1) gives Riemann zeta function ¢(s) analytic continuation to Re(s) > 0.
“+ — ——" means infinite series in all equations in this paper.

1= 27" 375 4™ 4577 — 65+ — — — = (1 — 217%)((s) 1)

The following (2) shows non-trivial zero point of {(s). Sy is the zero point of the left side
of (1) and also zero point of ((s).

So=1/2+a+bi (2)

The range of a is 0 < a < 1/2 by the critical strip of ((s). The range of b is b > 0 due
to the following reasons. And i is v—1 .

1.1 There is no zero point on the real axis of the critical strip.

1.2 [Conjugate complex number of Sp] = 1/2+4 a — bi is also zero point of ((s). There-
fore b > 0 is necessary and sufficient range for investigation.

The following (3) also shows zero point of ((s) by the functional equation of {(s).
Sy =1-S8y=1/2—a~—bi (3)
We have the following (4) and (5) by substituting Sy for s in the left side of (1) and putting

both the real part and the imaginary part of the left side of (1) at zero respectively.

_ cos(blog2) cos(blog3) cos(blog4) cos(blogh) 4
T 91/24a  31/2+a 41/2+a  5l/2+a T (4)

_ sin(blog2) sin(blog3) = sin(blog4) sin(blog5) 5
T T 9l/24a 31/2+a + A1/24a gl/2+a - ()
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We also have the following (6) and (7) by substituting S; for s in the left side of (1)
and putting both the real part and the imaginary part of the left side of (1) at zero
respectively.

_ cos(blog2) cos(blog3) cos(blog4) cos(blogh)
T T ol/2—=a 31/2-a 41/2—a ~  5l/2—a - (6)

_ sin(blog2) sin(blog3) = sin(blog4) sin(blog5)
T 91/2—a  31/2—a + 41/2—=a gl/2-a - (7)

2. Infinite number of infinite series

We define f(n) as follows.

1 1
f(n) = nl/2—a - nl/2+a >0 (TL = 27 3a47 57 - 7) (8)

We have the following (9) from (4) and (6) with the method shown in item 1 of [Appendix
1: Equation construction].

0 = f(2)cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5) cos(blog5) + — — — (9)

We also have the following (10) from (5) and (7) with the method shown in item 2 of
[Appendix 1: Equation construction].

0= f(2)sin(blog2) — f(3) sin(blog 3) + f(4) sin(blog4) — f(5)sin(blog5) + — — — (10)

We can have the following (11) (which is the function of real number z) from the above
(9) and (10) with the method shown in item 3 of [Appendix 1: Equation construction].
And the value of (11) is always zero at any value of x.

0 = cos z{right side of (9)} + sin 2{right side of (10)}

= cos z{f(2) cos(blog 2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5) cos(blogh) + — — —}
+ sinz{f(2)sin(blog 2) — f(3)sin(blog3) + f(4)sin(blog4) — f(5)sin(blogh) + — — —}
f(2)cos(blog2 — x) — f(3) cos(blog3 — x) + f(4) cos(blog4 — x)
( )cos(blogh — x) + f(6) cos(blogb —z) — — — — (11)

We have (12-1) by substituting blog 1 for x in (11).

0= f(2)cos(blog2 —blog1) — f(3) cos(blog3 — blog 1) + f(4) cos(blog4 — blog1)
— f(5)cos(blogh5 — blog1) + f(6) cos(blog6 —blogl) — — — — (12-1)

We have (12-2) by substituting blog 2 for x in (11).

0= f(2)cos(blog2 — blog2) — f(3) cos(blog3 — blog2) + f(4) cos(blog4 — blog 2)
— f(5)cos(blog5 — blog2) + f(6) cos(blogb —blog2) — — — — (12-2)
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We have (12-3) by substituting blog 3 for x in (11).

0= f(2)cos(blog2 — blog3) — f(3) cos(blog3 — blog 3) + f(4) cos(blog4 — blog 3)
— f(5) cos(blogb — blog3) + f(6) cos(blog6 —blog3) — — — — (12-3)

In the same way as above we can have (12-N) by substituting blog N for z in (11).
(N:4757677a8a__ _)

0= f(2)cos(blog2 —blog N) — f(3) cos(blog3 — blog N) + f(4) cos(blog4 — blog N)

— f(5) cos(blogh — blog N) + f(6) cos(blog6 — blogN) — — — — (12-N)
3. Proof
We define g(k) as follows. (k=2,3,4,5,— ——)

g(k) = cos(blogk — blog 1) + cos(blogk — blog2) + cos(blogk — blog3) + — — —
= cos(blog1 — blog k) + cos(blog2 — blog k) + cos(blog3 — blogk) + — — —
= cos(blog 1/k) + cos(blog 2/k) + cos(blog 3/k) + cos(blog4/k) + — — —  (13)

From [Appendix 2: Investigation of g(k)] we can have the following (23-4).

lim N sin(blog N/k + tan~' 1/b)
N—o0

k) = 23-4
g(k) VI+02 (23-4)
We can have the following (14) from infinite equations of (12-1), (12-2), (12-3), —,
(12-N), —— with the method shown in item 4 of [Appendix 1: Equation construc-
tion].
0 = f(2){cos(blog2 — blog 1) + cos(blog2 — blog2) + cos(blog2 — blog3) + — — —}
— f(3){cos(blog3 — blog1) + cos(blog3 — blog2) + cos(blog3 — blog3) + — — —}
+ f(4){cos(blog4 — blog1) + cos(blog4 — blog2) + cos(blog4 — blog3) + — — —}
— f(5){cos(blogh — blog 1) + cos(blog 5 — blog2) + cos(blogh — blog3) + — — —}
+ f(6){cos(blog6 — blog1) + cos(blog 6 — blog 2) + cos(blog6 — blog3) + — — —}
= f(2)9(2) = fF(3)9(3) + f(4)g9(4) = f(5)9(5) + f(6)9(6) — f(7)g(7) + — — -
lim Nsin(blog N/2 + tan~'1/b) lim Nsin(blog N/3 + tan~'1/b)
V1402 V14562
lim N sin(blog N/4 + tan™' 1/b) lim Nsin(blog N/5 + tan™' 1/b)
V1+ b2 V140b?

+ - — —
=(1/vV1+ b2)1\}i_1>nooN{f(2) sin(blog N/2 + tan~' 1/b) — f(3)sin(blog N/3 + tan™' 1/b)
+ f(4)sin(blog N/4 + tan=' 1/b) — f(5)sin(blog N/5 +tan=*1/b) + — — —} (14)
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As shown in [Appendix 3: Sum of infinite series of sine waves] sum of infinite series of
sine waves in the above (14) converges as follows.

f(2)sin(blog N/2 + tan~' 1/b) — f(3) sin(blog N/3 + tan™* 1/b)

+ f(4)sin(blog N/4 4+ tan™* 1/b) — f(5)sin(blog N/5 +tan~'1/b) + — — —

= f(2)sin(blog N — blog2 + tan~' 1/b) — f(3)sin(blog N — blog3 + tan~" 1/b)

+ f(4)sin(blog N — blog4 + tan~* 1/b) — f(5)sin(blog N — blog5 +tan"'1/b) + — — —
= A(a,b)sin{blog N — B(a,b) + tan~' 1/b} (15)
In the above (15) A(a, b) and B(a, b) are constant which depends on a and b. If A(a,b) =0
is true, a = 0 holds true and if A(a,b) # 0 is true, 0 < a < 1/2 holds true as shown

in [Appendix 3: Sum of infinite series of sine waves|. From (14) and (15) we have the
following (16).

0= lim N[A(a,b)sin{blog N — B(a,b) + tan~'(1/0)}] (16)
If A(a,b) # 0 is true, the right side of (16) diverges to too. Therefore A(a,b) = 0 must
be true for (16) to hold. Due to A(a,b) = 0 a cannot have any value but zero. From (2)
and (3) non-trivial zero point of Riemann zeta function {(s) must be 1/2 £ bi and other
zero point does not exist. Riemann hypothesis which says “All non-trivial zero points of
Riemann zeta function ((s) exist on the line of Re(s) = 1/2.” is true.

Appendix 1. Equation construction

We can construct (9),(10),(11) and (14) by applying the following Theorem 1[1].

~ Theorem 1 N

On condition that the following (Series 1) and (Series 2) converge, the following
(Series 3) and (Series 4) are true.

(Series 1) = ay +az+az+as+as+———=A4A
(Series 2) = by + by + b3+ by +b5s+—-—— =D
(Series 3) = (a1 + b1) + (a2 + bo) + (as + b3) + (as +bs) + ———= A+ B
(Series 4) = (ay — by) + (az — ba) + (az — bs) + (a3 —bs) + —— —= A~ B

N J

1. Counstruction of (9)
We can have the following (9) as (Series 4) by regarding (6) and (4) as (Series 1) and
(Series 2) respectively.

cos(blog2) cos(blog3) cos(blogd4) cos(blogh)

(Series 1) = 91/2—a 31/2—a 41/2—a 51/2—a t-——=1 (6)
. cos(blog2) cos(blog3) = cos(blogd) cos(blogbh)
(Serles 2) = = ra™ ~ guzra T qzre  gizra T =1 @)

(Series 4) = f(2) cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5) cos(blog5)
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e —1-1=0 9)

Here

1 1
f(n) - nl/g_a - n1/2+a 2 0 (Tl = 27 3743 57 - 7) (8)

2. Construction of (10)
We can have the following (10) as (Series 4) by regarding (7) and (5) as (Series 1)
and (Series 2) respectively.

sin(blog2) sin(blog3) sin(blog4) sin(blogbh)

(Series 1) = ol/2—a 3l/2-a + 41/2—a ~  pl/2-a t=—===0 (7
. sin(blog2) sin(blog3) sin(blog4) sin(blogbh)
(Series 2) = i/zra T 3l/zta + A/ira T pijata +—-———=0 (5
(Series 4) = f(2)sin(blog2) — f(3) sin(blog3) + f(4)sin(blog4) — f(5) sin(blog5)
L _—0—0 (10)

3. Construction of (11)
We can have the following (11) as (Series 3) by regarding the following equations as
(Series 1) and (Series 2).

(Series 1) = cos z{right side of (9)}
= cosz{f(2) cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5) cos(blog5)
+-—-}=0

(Series 2) = sin z{right side of (10)}

sinz{ f(2) sin(blog2) — f(3)sin(blog 3) + f(4)sin(blog4) — f(5)sin(blog5)

+—-——}=0
(Series 3) = f(2) cos(blog2 — x) — f(3) cos(blog3 — x) + f(4) cos(blog4 — x)
— f(5)cos(blogh —z)+ ———=0+0 (11)

4. Construction of (14)
4.1 We can have the following (12-1*2) as (Series 3) by regarding (12-1) and (12-2) as
(Series 1) and (Series 2) respectively.

(Series 1) = f(2) cos(blog2 — blog 1) — f(3) cos(blog3 — blog 1)
f(4)cos(blog4 — blog 1) — f(5)cos(blogh — blog1)
f(6)cos(blog6 —blogl) — ———=0 (12-1)
(
(

+ o+

(Series 2) = f(2) cos(blog2 — blog2) — f(3) cos(blog3 — blog 2)

f(4) cos(blogd — blog2) — f(5) cos(blogh — blog 2)

f(6)cos(blog6 —blog2) — ———=0 (12-2)

(Series 3) = f(2){cos(blog2 — blog 1
f(3){cos(blog3 —blog1

+ f(4){cos(blog4 — blog1
f(5){cos(blogh5 —blog1

+ o+

6) cos
+ cos(blog2 — blog 2)}
+ cos(blog3 — blog2)}
+ cos(blog4 — blog2)}
+ cos(blog 5 — blog2)}

—_ — ~—
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+ ———=040 (12-1%2)
4.2 We can have the following (12-1*3) as (Series 3) by regarding (12-1*2) and (12-3)
as (Series 1) and (Series 2) respectively.

(Series 2) = f(2) cos(blog2 — blog 3) — f(3) cos(blog3 — blog 3)
(4) cos(blog4 — blog 3) — f(5) cos(blogb — blog 3)
(6) cos(blog6 —blog3) — ———=0
(Series 3) = f(2){cos(blog2 — blog 1) + cos(blog 2 — blog 2
— f(3){cos(blog3 — blog1) 4 cos(blog3 — blog 2
+ f(4){cos(blog4 — blog1) + cos(blog4 — blog 2
f(5){cos(blogh — blog 1) + cos(blog5 — blog2
+ ——=—=—=0+0

(12-3)

+ cos(blog2 — blog 3)}
+ cos(blog3 — blog3)}
+ cos(blog4 — blog3)}
+ cos(blogh — blog 3)}
(12-1*3)

COS

+ +
- =

— ~— ~—

4.3 We can have the following (12-1*4) as (Series 3) by regarding (12-1*3) and (12-4)

as (Series 1) and (Series 2) respectively.

(Series 2) = f(2) cos(blog2 — blog4) — f(3) cos(blog3 — blog4)

+ f(4) cos(blogd — blog4) — f(5) cos(blogh — blog4)
+ f(6) cos(blog6 —blogd) + ———=0 (12-4)
(Series 3) = f(2){cos(blog2 — blog1) + cos(blog2 — blog2) + — — — + cos(blog2 —blog4)}
— f(3){cos(blog3 — blog 1) + cos(blog3 —blog2) + — — — +cos(blog3 — blog4)}
f(4){cos(blog4 — blog1) + cos(blog4d — blog2) + — — — + cos(blog4 — blog4)}
— f(5){cos(blogh — blog 1) + cos(blog6 — blog2) + — — — + cos(blog6 — blog4)}
4 ———=0+0 (12-1%4)

4.4 In the same way as above we can have the following (12-1*N) as (Series 3) by
regarding (12-1*N-1) and (12-N) as (Series 1) and (Series 2) respectively.

f(2){cos(blog2 — blog1) + cos(blog2 — blog2) + — — — + cos(blog2 —blog N)}

— f(3){cos(blog3 — blog 1) + cos(blog3 —blog2) + — — — +cos(blog3 —blog N)}
f(4){cos(blog4 —blog1) + cos(blog4 — blog2) + — — — + cos(blog4d —blog N)}

— f(5){cos(blogh — blog 1) + cos(blogh — blog2) + — — — + cos(blog6 — blog N)}

4 ———=0+40 (12-1*N)

4.5 If we repeat this operation infinitely i.e. we do N — oo, from (13) and (23-4) in
[Appendix 2: Investigation of g(k)] we can have (12-1%c0)=(14) as follows.

0= lim [f(2){cos(b10g2 —blog1) + cos(blog2 — blog2) + — — — + cos(blog2 —blog N)}
( ){cos(blog3 —blog1) + cos(blog3 — blog2) + — — — +cos(blog3 —blog N)}
+ f(4){cos(blog4 — blog1) + cos(blog4 — blog2) + — — — + cos(blog4d — blog N)}

f(5){cos(blog5 — blog1) + cos(blogh — blog2) + — — — + cos(blog6 —blog N)}
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+ ——-] (21-1)
f(2){cos(blog2 — blog1) + cos(blog2 — blog 2) + cos(blog2 — blog3) + — — —}
(3){cos(blog3 —blog1) + cos(blog3 — blog2) + cos(blog3 —blog3) + — — —}

+ f(4){cos(blog4 — blog 1) + cos(blog4 — blog2) + cos(blog3 — blog3) + — — —}
— f(5){cos(blogh — blog 1) + cos(blog5 — blog2) + cos(blog3 — blog3) + — — —}
L (12-1%00)
= [(2)9(2) = F(3)9(3) + f(4)g9(4) — f(5)g(5) + f(6)9(6) — f(T)g(7) + — — —
Jim Nsin(blog N/2 4 tan™' 1/b) Jim Nsin(blog N/3 4 tan™' 1/b)
— 1@ Ve A Ve
lim Nsin(blog N/4 + tan~'1/b) lim Nsin(blog N/5 4+ tan~'1/b)
+b V1402
+ ——— (21-2)
hm N sin(blog N/2 + tan™' 1/b) hm Nsin(blog N/3 + tan™' 1/b)
lim N sin(blog N/4 + tan~"'1/b) lim N sin(blog N/5 + tan~"'1/b)
+f(4)N—)A _f(5)N%A
V1402 V1402

+——-} (21-3)

=(1/vV1+b?) Algn {f(2)Asin(blog A/2 + tan~' 1/b) — f(3)Asin(blog A/3 + tan~' 1/b)

+ f(4)Asin(blog A/4 +tan~ ' 1/b) — f(5)Asin(blog A/5 +tan™* 1/b) + — — —}

= (1/V1+b?) Jim A{f(2)sin(blog A/2 + tan~'1/b) — f(3)sin(blog A/3 + tan~' 1/b)

+ f(4)sin(blog A/4 +tan~' 1/b) — f(5)sin(blog A/5 +tan"' 1/b) + — — —}

= (1/V1+b?) Jim N{f(2)sin(blog N/2 + tan~'1/b) — f(3)sin(blog N/3 + tan™' 1/b)

+ f(4)sin(blog N/4 + tan~' 1/b) — f(5)sin(blog N/5 +tan"*1/b) + — — —}

(14)

In (21-1) all N become N — oo simultaneously and synchronously because all
N are operated by only one A}im . In (21-2) all hm work simultaneously and
— 00

synchronously because (21-2) is equal to (21-1) and all N in (21-2) also must

become N — oo simultaneously and synchronously. (21-3) shows the situation

where in (21-2) all A}im work simultaneously and synchronously. A is natural
— 00

number. Therefore we can combine all A}im n (21-2) into one hm and make
— 00 — 00
(14).

Appendix 2. Investigation of g(k)
We define g(k, N) as follows.

g(k, N): the partial sum from the first term of g(k) to the N-th term of g(k).
(k=2,3,4,5,— — —)
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From (13) g(k, N) is as follows.

g(k,N) = cos(blog1/k) + cos(blog 2/k) + cos(blog3/k) + — — — + cos(blog N/k)
1 1N 2N 3N NN
= NN{Cos(blog N?) + cos(blog N?) + cos(blog N?) + — — —cos(blog —?)}

1 1 N 2 N 3 N
=N— 3(blog — log — 5(blog — log — 3(blog — log —
N{cos(b ogN+b og k)+cos(b ogN+b og k)+cos(b ogN+b og k)

+ —-——— 4+ cos(blog% +blog %)}
1 N 1 2 3 N
= N—{cos(blog ?)}{cos(blog N) + cos(blog N) + cos(blog N) + — —— +cos(blog N)}
- N— {sm(blo E)}{sm(blo i) + sin(blo z) + sin(blo i) + — —— +sin(blo E)}
g g N g N g N g N
Here we do N — oo as follows. A}im g(k, N) means g(k).
—00
lim g(k, N) = g(k)
N—00
= lim {Cos(blog 1/k) + cos(blog2/k) + cos(blog3/k) + — — — + cos(blog N/k)}
N 1 2 3 N
= A}gnoo[N {cos(blog Z)}{cos(blog N) + cos(blog N) + cos(blog N) + — —— +cos(blog N)}
. . 1 . 2 : 3 . N
- Nﬁ{sm(b log ?)}{sm(blog N) + sin(blog N) + sin(blog N) + — — — +sin(blog N)}]
(22-1)
. N . 1 1 2 3 N
= A}E)noo{N cos(blog —)} hm —{cos(blog N) + cos(blog N) + cos(blog N) + — —— +cos(blog N)}
1 2 3 N
- hm {N sin(blog — )} hm —{sm(blog N) + sin(blog N) + sin(blog N) + — —— +sin(blog N)}

= hm {Ncos(blog— }/ cos(blog x)dr — hm {Nbln(blog— }/ sin(blog z)dx
(22-2)

We define A and B as follows.
1 1
A= / cos(blog z)dx B= / sin(blog z)dx
0 0

We calculate A and B.

A = [zcos(blogz)] +bB =1+bB
B = [zsin(blogz)]y — bA = —bA
Then we can have the values of A and B from the above equations as follows.

1 -b
= — Bzi
1402 1+ 02

We have the following (23-1) by substituting the above values of A and B for
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fol cos(blog x)dz and fol sin(blog x)dz in (22-2).

. N 1 . . N ., -b
g(k) = ]\}Lrgo{Ncos(blog ?)}m - A}l_r)r(l)o{N sin(blog ?)}W (23-1)
. . N 1 . . N —b
= Alg%o[]\}lglA{N cos(blog ?)}m - z\lflglA{N sin(blog ?)}m] (23-2)
A A
lim A{cos(blog —) + bsin(blog —)}
A—o0 k k

1+0b2
. N . N . . N 1
A}gnoo N{cos(blog ?) + bsin(blog ?)} A}gnoo N sin(blog - + tan 5)

1+ b2 V1+b?

(23-4)

In (22-1) all N become N — oo simultaneously and synchronously because all N are
operated by only one A}im . In (23-1) 2 A}im work simultaneously and synchronously
—00 —00

because (22-1) is equal to (23-1) and all N in (23-1) also must become N — oo simul-
taneously and synchronously. (23-2) shows the situation where in (23-1) 2 A}im work
—00

simultaneously and synchronously. A is natural number. Therefore we can combine 2
lim in (23-1) into one lim and make (23-4).
N—o00 N —o0

Appendix 3. Sum of infinite series of sine waves

Sum of infinite series of sine waves in the following (15) converges to one sine wave
like the rightmost side of (15) due to the following reasons.

f(2)sin(blog N/2 + tan™* 1/b) — f(3)sin(blog N/3 + tan™* 1/b)

+ f(4)sin(blog N/4 + tan~' 1/b) — f(5)sinblog N/5 +tan"*1/b) + — — —

= f(2)sin(blog N — blog2 + tan~* 1/b) — f(3)sin(blog N — blog3 + tan~* 1/b)

+ f(4)sin(blog N — blog4 + tan~' 1/b) — f(5)sin(blog N — blog5 + tan"*1/b) + — — —
= A(a,b)sin{blog N — B(a,b) + tan~' 1/b} (15)

1 The general term of the infinite series in (15) is
(—=1)"f(n)sin{blog N — blogn + tan=' 1/b} (n=2,3,4,5,— — —).

If n is large natural number, the value of blogn increases very slowly with increase
of n and the sign of sin{blog N —blogn+tan~'1/b} does not change often. There-
fore +term and —term appear alternately and 2 +terms or 2 —terms appear in
succession only when the sign of sin{blog N — blogn +tan~!1/b} changes. +term
and —term in the above explanation are defined as follows.

(blog N —blogn +tan=11/b=a )

(n)sina  when the sign of sina is “ +
(n)sina  when the sign of sina is “ —

+term :

+f
—term : +f(n)sina  when the sign of sina is “ —
—f(n)sina  when the sign of sina is “ +
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On the condition of
sin{blog N — blog Xo +tan"'1/b} =0 (no+1> X > nop)
the followings are true.
log(ng + 1) — logng > log Xo — logng > 0
log(ng + 1) — logng > log(ng + 1) — log Xo > 0

Due to 1i£>n {log(ng +1) —logng} =0 the following equations hold.
no oo

lim log(no+ 1) =log Xy = lim logng
no—00 no—00

liLn sin{blog N — blog(ng + 1) 4+ tan~' 1/b} = sin{blog N — blog X + tan~* 1/b}
no oo

= lim sin{blog N —blogng +tan"'1/b} =0
no—roo

Therefore 2 +terms or 2 —terms ( & f(ng)sin{blog N — blogng + tan=' 1/b} and
Ff(no+1)sin{blog N —blog(ng+1)+tan—' 1/b} ) which appear in succession only
when the sign of sin{blog N — blogn + tan~—! 1/b} changes have almost the values
of zero, if ng is large natural number. If we regard the sum of these 2 +terms or
2 —terms that exist in succession as one +terms or one —terms, we can consider
this infinite series as alternating series and this alternating series converges due to

li_>m f(n)=0.

1 1
f(n) = n1/2_‘1 - n1/2+a 2 0 (n = 27374a57 - _) (8)

In f(n)sin{blog N —blogn+tan=' 1/b} even if N is multiplied by €2>7/®, the value
of the equation does not change as follows. Therefore f(n)sin{blog N — blogn +
tan=! 1/b} has a period of €2™/® times. 1 < €2™/" < oo is true due to 0 < b < oo.

f(n) sin{blog(e*™/*N) — blogn + tan~" 1/b}

= f(n)sin{blog N + 27 — blogn + tan~* 1/b} = f(n)sin{blog N — blogn + tan~* 1/b}

If we calculate sum or difference of 2 sine waves which have the same period, the
result becomes another sine wave which has the same period as shown in (Figure
1) and (Figure 2).
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Im(s)
Figure 1: Sum of 2 sine waves

6 (2)= blog2
6 (3)= blog3
B = blogN+tan™'1/b

f(3)sin{ 8 -6 (3)}

f(2)sin{B-0(2)} | f(2+3)sin{ B - 6 (2+3)}

Re(s)

Im(s)
Figure 2: Difference of 2 sine waves

6 (2)= blog2
6 (3)= blog3
BB = blogN+tan™'1/b

f(3)sin{ 8 -6 (3)}

#(2)sin{ 3 - 6 (2)}

f(2-3)sin{ 8 - 6 (2-3)}

0| Re(s)

f(2)sin{blog N — 0(2) + tan*1/b} & f(3)sin{blog N — 0(3) + tan~"1/b}
= f(2+3)sin{blog N — (24 3) 4 tan~ ' 1/b} (24)
If we calculate sum or difference of 2 sine waves which have the same period and

obtain the new sine wave like the right side of the above (24), the amplitude f(2+3)
and the phase (2 + 3) of the new sine wave become as follows. Sum (difference)
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of 2 sine waves takes +(—) sign of £ in (24) and the following equations.

F2£3) =V [(2)2 + [(3)2 £2f(2)f(3) cos{0(2) — 6(3)}
1 f(2)sin6(2) + f(3)sind(3)

02 3] =t s (2) = £(3) cos 0(3)

Therefore the partial sum of the infinite series in (15) becomes one sine wave which
has the same period as that of the term of the patial sum like the following (25).

f(2)sin(blog N — blog2 + tan~" 1/b) — f(3)sin(blog N — blog 3 + tan™" 1/b)

+ f(4)sin(blog N — blog4 + tan™' 1/b)

+ ——— +(=1)"f(n)sin(blog N — blogn + tan~" 1/b)

= fu(a,b)sin{blog N — 0, (a,b) +tan"* 1/b} (25)

fn(a,b) and 6,,(a,b) converges to A(a,b) and B(a,b) with n — oo respectively
because as confirmed in item 1 the left side of (25) converges with n — cc.

In (15) A(a,b) and B(a,b) are constant which depends on a and b. If A(a,b) = 0 is true,
we have the following (15-1) which is identity regarding N.

f(2)sin(blog N — blog?2 + tan™* 1/b) — f(3)sin(blog N — blog 3 + tan™* 1/b)
+ f(4)sin(blog N — blog4 + tan~' 1/b) — f(5)sin(blog N — blog5 4+ tan= 1/b) + — — —
= A(a,b)sin{blog N — B(a,b) +tan='1/b} =0 (15-1)

For the value of the leftmost side of (15-1) to be zero at any value of N the value of f(n)
must be zero at any value of n like the following (8-1). In other word a = 0 must hold.

1 1
f(n) = ’I’I,l/2_a - n1/2+a =0 (TL = 27 3a47 57 - 7) (8_1)

Now we can say if A(a,b) = 0 is true, a = 0 holds true and if A(a,b) # 0 is true,
0 < a < 1/2 holds true.
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