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Abstract

The Cayley-Dickson dimension doubling algorithm nicely maps R — C — H — O — S and beyond,
but without consideration of any possible definition variation. Quaternion Algebra H has two
orientations, and they drive definition variation in all subsequent algebras, all of which have H as a
subalgebra. Requiring Octonion Algebra O to be a normed composition algebra limits the possible
orientation combinations of its seven H subalgebras to sixteen proper @ orientations, which are
itemized. Identification of the @ subalgebras for Sedenion Algebra S and orientation limitations on
these subalgebras provides a fully algebraic proof that all @ subalgebras cannot be oriented as proper
Octonion Algebras, verifying Sedenion Algebra is not generally a normed composition division
algebra. The 168 standard Cayley-Dickson doubled Sedenion Algebra primitive zero divisors are
presented, as well as representative forms that will yield primitive zero divisors for all 2048 possible
maximal set proper @ subalgebra orientations for Sedenion Algebras; algebraic invariant Sedenion
primitive zero divisors. A simple mnemonic form for validating proper O orientations is provided. The
method to partition any number of O algebraic element products into product term sets with like
responses to all possible proper @ orientation changes; either to a single algebraic invariant set or to
one of 15 different algebraic variant sets, is provided. Most important for @ based mathematical
physics, the stated Law of Octonion Algebraic Invariance requires observables to be algebraic
invariants. Its converse, The Law of the Unobservable suggests homogeneous equations of algebraic
constraint built from the algebraic variant sets. These equations of constraint are important to
mathematical physics since they will limit the family of solutions for the differential equations
describing reality and do not have their genesis in experimental observation. An alternative to the
Cayley-Dickson doubling scheme which builds by variations is provided.

1.0 Fundamental considerations

The difference between two n dimensional algebras resides in their basis element multiplication rules
determining the n? products of any two basis elements. Any n dimensional algebra is thus fully
characterized by these rules. All Cayley-Dickson algebras can be generally classified as hypercomplex
algebras. The product of any two basis elements is within sign one member of the full set, this may be
represented generally as e.*ep = +ec. The basis element set for an n dimensional hypercomplex algebra
has one scalar basis element ey equivalent to the real number +1, and n — 1 non-scalar basis elements
that will square to —eo. We thus have fixed definitions for 2n — 1 real number product rules of the form
(eo*eo), (eo*em) and (em*eo) for m =1 to n — 1, and n — 1 product rules of the form (em *em) = —€o. For
all n dimensional hypercomplex algebras, we must additionally define n> —3n—2=(n—1) (n—2)
products of unlike non-scalar basis elements. This is where definition flexibility will show up.

The first Cayley-Dickson algebra where products of unlike non-scalar basis elements comes into play is
the first with more than one, Quaternion Algebra. The general form for these products that will be used

throughout this document is called the ordered permutation triplet multiplication rule. It defined by the

following mnemonic form simply defining six separate products.
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(eaep€c) :=
cyclic left to right positive products: €a*ep =te. epFec=tea  ectea = teb
cyclic right to left negative products ep¥ea=—€ ecfep=-€a eaFec=—ep

The forms (ea eb €c), (b ec €a) and (ec €a €p) all describe the same rule set, meaning we may cyclically
shift any ordered permutation triplet multiplication rule without changing its meaning.

If we exchange e, and e, we get the form (eb €. e¢), which is distinct from (ea eb €c), and is equivalent to
any odd number of exchanges of two basis elements on (ea e €¢) as can be seen with cyclic shift
equivalence. The six product rules for (e, €a ) are the negation of the six for (ea b ec). The two rule
forms (ea v €¢) and (eb €a ec) fully cover the definition variability for Quaternion Algebra. These two
orientation choices are given the chiral names right-handed and left-handed because they cover the
familiar 3D vector cross product definitions castable within a right-handed or left-handed system. The
negation of an ordered permutation triplet multiplication rule is the move (ea € ec) — (€b €c €a).

I will always use () to specify an ordered triplet set, implying a given orientation. It will be convenient
to also form sets of three basis elements or simply the integer indexes used to enumerate them, where
no orientation is implied. I will consistently use { } to specify such an unordered set. This way, if we
are given {e, ep e}, we can later orient it by assigning one of the choices (ea eb ) or (eb €a €c).

One nice outcome from the Cayley-Dickson construction, if successive dimension doublings enumerate
basis element integer subscripts sequentially, is for all Quaternion subalgebra ordered triplets their three
basis element indexes represented as binary numbers exclusive or to zero. The logic operation
“exclusive or”, for short “xor”, is commonly expressed in computer languages with the operator *. It is
defined bit-wise for binary number representations as 00 =0, 01 = 10 =1, and 1*1 = 0. The
operation is fully commutative and associative. From the first and last ” rule, it is easy to see for any
binary number x, we have x*x = 0. If we are given a”b = ¢, we have a"b”c = ¢ ¢ = 0. From (ea e» ec) we
have e.*ep, = ec. The observation that the three basis element indexes will xor to zero implies a*b = c is
a representation of e,*ep = £ec. The xor operation cannot give us the particular orientation. However,
we may make a representation of {ea e» e} with a"b”c = 0 without issue, since the orientation is
undeclared.

We can relax the definition of {e. e» ec} to allow a, b, or ¢ to include the index number 0, representing
the scalar basis element. There will be two possible forms this may take where the xor of all three will
result in zero: {eo €o €0} and {em em €o}. The former represents the algebra of real numbers. Combined
with the latter, we have a representation of Complex number algebra, since the three cyclic shifts are
representations the products e; * e; =—eo, €1 * €9 = €1, €0 * e1 = e1. The exceptionally nice outcome of
all of this is we can define for any given indexes a and b, e. * ey = +eaw. The proper singular sign
choice will depend on the particular indexes a and b and any orientation choice if there is one.

Since Quaternion Algebra is a subalgebra of all Cayley-Dickson algebras of higher dimension, it might
be nice to determine if all can be built exclusively from a combination of the singularly defined rules
involving the scalar basis element and like non-scalar products, and some whole number of Quaternion
subalgebra triplets defining all products of unlike non-scalar basis elements. For dimension n, we will
need an integer number of unique Quaternion subalgebra triplet rules to cover all (n — 1)(n — 2) unlike
non-scalar basis element products for the algebra. Each subalgebra triplet rule will cover six product
combinations. Therefore, the number of required triplet rules is T = (n — 1)(n — 2)/6, which must be an
integer. Each ordered triplet rule has three elements, so there will be 3T = (n — 1)(n — 2)/2 total triplet
positions. These need to be evenly distributed across all (n — 1) non-scalar basis elements, so each non-
scalar basis element will appear in 3T/(n — 1) = (n — 2)/2 Quaternion subalgebra triplets. The (n — 2)/2
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Quaternion subalgebra triplets that any given non-scalar basis element appears in will have 3(n — 2)/2
total positions and therefore (n — 2) positions not including the common basis element occupation, just
the number required to have any single non-scalar basis element appear once with each of the other
non-scalar basis elements, singularly defining product pairs. This should, and indeed does work for all
Cayley-Dickson algebras with n > 4.

Plugging in n = 8, we will have for Octonion Algebra (8 — 1)(8 — 2) = 42 unlike non-scalar basis
element product pairs. The number of Quaternion subalgebra triplets is (8 — 1)(8 — 2)/6 = 7. There will
be (8 — 1)(8 —2)/2 = 21 total positions in these seven triplet rules, and each non-scalar basis element
will appear in (8 — 2) / 2 = 3 triplet rules. The three triplets any given non-scalar basis element appears
in have (8 — 2) = 6 additional positions, one slot for each of the remaining non-scalar basis elements, as
required to define all product pairs once.

For Sedenion Algebra n = 16, we will need to determine (16 — 1) (16 — 2) = 210 unlike non-scalar basis
element products pairs There must be (16 — 1) (16 — 2)/6 = 35 Quaternion subalgebra triplets. Each
non-scalar basis element must appear in (16 — 2)/2 = 7 of them. The 7 triplets that any single non-scalar
basis element appears in have (16 — 2) = 14 additional triplet positions, one slot for each of the
remaining 14 non-scalar basis elements.

2.0 Enumerating Cayley-Dickson Algebra Quaternion subalgebra basis element triplets

Quaternion Algebra has three non-scalar basis elements, and we may trivially enumerate them abiding
by the xor rule with the unordered triplet {e; e> e3}. We have two possible orientation choices given by
(e1 e2 e3) and (e2 e e3). For n > 4 where multiple Quaternion subalgebra oriented permutation triplet
multiplication rules are required, we need a method to uniquely enumerate them from the full set of
non-scalar basis elements, preferably in a general way that will work for all such hypercomplex
algebras. All Cayley-Dickson algebras have dimension n = 2™ where m is an integer > 0. We enumerate
the scalar basis element with index 0 and the non-scalar basis elements 1 through 2™ — 1. For
Quaternion Algebra, its triplet set is the sole triplet of three binary numbers in the range 01 to 11 that
xor to zero. Since we know the xor rule applies for all possible Quaternion subalgebra triplets, for a 2™
dimension Cayley-Dickson algebra we might try forming all possible sets of three different binary
index numbers that xor to 0 from the set of binary numbers in the range 1 through 2™ — 1.

For Octonion Algebra n=8, the representation needs to use 3-bit binary numbers: 000 through 111 for
basis element indexes. Applying our proposed triplet index identification rule, the following are all
possible combinations of three different binary numbers in the range 001 to 111 that xor to zero. The
proposed triplet representation rule comes up with the correct number of Quaternion subalgebra triplets
for Octonion Algebra. The Quaternion Algebra representation above, which represents a subalgebra, is
the first below.

{001} e (111} &7 {101} es (110} es 101} es 110} e (111} e
{010} e (110} es (111} e {101} es {100} eq {100} eq {100} eq
(011} e3 {001} e {010} e 011} e3 {001} e {010} e (011} e3

Since we anticipate having Octonion subalgebras for Sedenion Algebra, the above Octonion Algebra
seven will be part of the Sedenion set also. We must double the range for our binary numbers to 4-bit
integers 0000 to 1111 to enumerate the basis element set. We can complete the representations for all
Quaternion subalgebra triplets for Sedenion Algebra by filling out the remainder of combinations of

three different 4-bit integer indexes in the range 0001 through 1111 that xor to 0.
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{0100} e4
{1000} es
{1100} e12

{0111} e7
{1001} e9
{1110} e14

{0001} e
£1000} es
£1001} e

{0001} e
{1010} e1o
{1011} en

{0101} es
{1000} es
{1101} e13

{0010} e>
{1000} es
{1010} e1o

{0010} e>
{1001} e9
{1011} en

{0010} e2
{1100} ez
{1110} e14

{0110} e
{1000} es
{1110} e14

{0011} e3
{1000} es
{1011} en

{0011} e3
{1001} e
{1010} ei1o

{0011} e3
{1100} e12
{1111} e1s

{0111} e7
{1000} es
{1111} e1s

{0100} e4
{1010} e1o
{1110} e14

{0100} e4
{1011} en
{1111} e1s

{0001} e
{1100} e12
{1101} en3

{0100} e4
{1001} e9
{1101} en3

{0101} es
{1010} ero
{1111} e1s

{0101} es
{1011} ent
{1110} e14

{0010} e>
{1101} en3
{1111} e1s

{0101} es
{1001} e9
{1100} e12

{0110} e
{1010} e1o
{1100} e12

{0110} e
{1011} en
{1101} e13

{0011} e3
{1101} e13
{1110} e14

{0110} e
{1001} e9
{1111} e1s

{0111} e7
{1010} e1o
{1101} e3

{0111} e7
{1011} en
{1100} e12

{0001} e
{1110} e14
{1111} e1s

As required by our numeric analysis above, each of our 15 non-scalar Sedenion basis elements appear 7
times in these 35 different unordered basis element triplets. This representation process can be extended
by continuing the dimension doubling to n =32, 64, 128 ....

If we assign orientations for all Quaternion subalgebra basis element triplets, and include the fixed
scalar and like non-scalar basis element products, all n? basis element products will be defined, giving a
full description of the algebra with variations determined by the particular choice of Quaternion
subalgebra triplet orientations.

3.0 Octonion Algebra limitations on Quaternion subalgebra triplet orientations

We may have characteristics expected from an algebra that put restrictions on the orientation choices.
The first Cayley-Dickson algebra with a Quaternion subalgebra is Octonion Algebra. There are seven
Quaternion subalgebra triplets each with two independent orientation choices, yielding 27 = 128
possible variations. We expect Octonion Algebra to be a normed composition algebra. Define an
algebraic element by z =z €9 + ... + Zn-1 en.1 and N(z) as the norm of z = (z * z)"”?> where z is the
conjugate of z formed by negating all coefficients attached to non-scalar basis elements. Every normed
composition algebra will have the relationship N(x)N(y) = N(x*y) for any two algebraic elements x and
y. Octonion Algebra is not generally associative for multiplication, meaning x*(y*z) will not generally
equal (x*y)*z. Octonion Algebra is an alternative algebra which is associative if there are only two
algebraic elements: x*(x*y) = (x*x)*y and other combinations. Both of these two expectations restrict
the 128 possible orientation combinations to the same set of 16. Enumerating, we have:

Right Octonion Algebra

RO R1 R2 R3 R4 RS R6 R7

(e1e2e3) (erexes) (erexes) (erexes) (esexer) (esexer) (esexer) (e3exen)
(e7ese1) (erese1) (ereser) (ereser) (ereser) (ereser) (ereser) (e7€6¢€1)
(eserex) (exeres) (eserez) (exeres) (exeres) (eserer) (exeres) (eserer)

(66 €s 63) (63 €s 66) (63 €s 66) (66 Cs 63) (63 €s 66) (66 Cs e3) (66 Cs e3) (63 €5 66)
(esesel) (eseser) (ereses) (ereses) (eseser) (eseser) (ereses) (e1e4es)

(66 €4 ez) (ez €4 66) (66 €4 ez) (ez €4 es) (66 €4 ez) (ez €4 66) (66 €4 ez) (ez €4 66)
(e7ese3) (esese7) (esese7) (ereses) (ereses) (ezeser) (ezeser) (e7es€3)
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Left Octonion Algebra

L0 L1 L2 L3 L4 LS L6 L7

(esexer) (esexer) (esexer) (esexer) (erexes) (erexes) (erexes) (erexes)
(61 €6 67) (e1 €6 67) (67 €6 61) (e7 €6 e1) (67 €6 61) (e7 €6 e1) (61 €6 e7) (61 €6 67)
(e2e7es) (eserer) (exeres) (eserer) (eserer) (exeres) (eserer) (exeres)
(63 €5 66) (es €5 es) (66 €5 63) (e3 €5 66) (66 €5 63) (e3 €5 66) (63 €5 66) (66 €5 63)
(e1eses) (ereses) (eseser) (eseser) (ereses) (ereses) (eseser) (eseser)
(ez €4 66) (es €4 ez) (ez €4 66) (66 €4 ez) (ez €4 66) (66 €4 ez) (ez €4 66) (66 €4 ez)
(eseser) (ereses) (ereses) (eseser) (eseser) (eresaes) (eresaes) (ezeser)

The labels Right and Left come from two intrinsic properties within the sets of ordered triplets. If we
gather up from within any Rj column the three ordered triplets that have any one of the basis elements
in common, cyclically shift them until the common basis element is in the central position, the three
basis elements on the right end of these three ordered triplets will correspond to one of the other four
ordered triplets, those on the left end will not. Try R3 and e

(e1e6e7) — (es e7€1) {e1 es es} are members of a valid ordered triplet, {es €2 3} are not
(e2 €7 e5) — (2 €7 €5)
(e7ese3) — (e3e7€4)

If we now gather up the three ordered triplets that have any one of the basis elements in common
within any Lj column, and again cyclically shift them until the chosen common basis element is in the
central position, the three basis elements on the left end of the ordered triplets will correspond to one of
the other four ordered triplets, and those on the right end will not. Next try LS and e3

(e1e2e3) — (exe3€1) {e2 e¢ €4} are members of a valid ordered triplet, {e| es e7} are not
(e3 es es) — (€6 €3 €5)
(e7ese3) — (ese3€7)

Since each common basis element choice in every Right Octonion Algebra exhibits the right end
alignment and each common basis element choice in every Left Octonion Algebra exhibits the left end
alignment, it is easy to surmise there will be no possible bijective basis element exchange mapping
capable of changing the chiral state of a given Octonion Algebra. Right and Left Octonion Algebras are
therefore not equivalent algebras. They have distinctly different algebraic structure, but have the
common trait of being 8-dimensional normed composition division algebras and thus are all legitimate
Octonion Algebras.

Now for explaining the enumerations used above for both the Right and Left Octonion algebras. The
choice for RO is totally arbitrary, any of the eight Rn could have been used. The choice for RO will
however set the optimal n enumeration for the remaining Rn sets and the L0 algebra.

One observation that can be made about the sixteen ordered triplet sets is if we negate the four ordered
triplets that do not include one of the basis elements, we will reproduce one of the other. In fact, if we
started with a Right Octonion we will end up with another Right Octonion, and if we started with a Left
Octonion, we would end up with another Left Octonion. This mapping is thus an automorphism.
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For Right Octonion Algebra Rj where j is not zero, we may produce it from our arbitrary R0 choice by
negating the four ordered triplet multiplication rules in RO that do not include the basis element e;.
Similarly, for Left Algebra Lj where j is not zero, we may produce it from L0 by negating the four
ordered triplet multiplication rules in L0 that do not include the basis element e;.

As for the mapping between Right and Left Octonion Algebras, we can observe the map for Ri to Li
and also Li to Ri is the involution negating all seven ordered triplet multiplication rules. This
involution is an anti-automorphism. There is a simpler morph between Right Octonion and Left
Octonion of different indexes, which is the negation of three ordered triplet rules that share a common
basis element. Define then the two fundamental morphs as negating the four ordered triplets that do not
include one basis element or negating the three ordered triplets that include a common basis element.
The Lj <> Rj morph may be considered the composition of both fundamental morphs involving the
same basis element. I have encapsulated these two morphs in the following rule to be used later:

Octonion Algebra 3:4 Morph Rule:

All maps between two different Octonion Algebras using the same set of seven unordered Quaternion
subalgebra triplets may be reduced to the negation of three ordered permutation triplet multiplication
rules that share a common basis element, or the negation of four ordered permutation triplet
multiplication rules that do not include one basis element, and compositions thereof. Any ordered
permutation triplet multiplication rule negations not one of these two fundamental morphs or
compositions thereof will create an algebra that is not proper Octonion.

4.0 Right and Left Ordered 9-tuples

Thinking about this intrinsic, ever-present structure for all proper Octonion Algebras led me to
shorthand mnemonics to define a particular Octonion Algebra I have called Right and Left Ordered 9-
tuples. The chiral side of three triplets sharing a common basis element and its end side triplet
orientation can be indicated by a down arrow placed on the left side for a Left Ordered 9-tuple and on
the right side for a Right Ordered 9-tuple. The three centrally located common basis element ordered
triplets can be stacked such that the left to right triplet orientation for the chiral side triplet is indicated
by the arrow. Using the variables a, b, c, d, e, f and g for indexes, we could select eq to be the common
basis element and (ea eb ec) the chiral side triplet appearing one element per row, yielding the following
Right and Left Ordered 9-tuple mnemonic definitions for Right and Left Octonion Algebra

(€e €d €a)
(er ed ev)l A Right orientation: (ea € €:) (€g erea) (eree ec) (€e €z eb) (€e ed€a) (ered ep) (€g €d ec)
(eg €d €c)

(€a €d €e)
l(ev eq er) A Left orientation: (ea eb €c) (€g €re€a) (eree ec) (€c €z eb) (€adee) (b €der) (ec ed eg)
(ec ea e

Orientations for triplets including the common index d and the chiral end are clear cut. The left to right
triplet orientation order for the remaining three ordered triplets are determined by first selecting one of
three basis elements on the non-arrow side, then going cyclically up for the next, then popping over to
the arrow side for the third on the next cyclic up row. This is as compact as it can be, far superior to the
Directed Fano Plane mnemonic, although the connection to the Fano Plane is simple.

The common basis element here represents the Fano Plane central position element, and the chiral end
side triplet members represent the Fano Plane triangle side mid-point elements. The down arrow sets
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the Fano Plane mid-point connection direction, and its clockwise or counter clockwise orientation is
typically duplicated for the triangle side directions. The all clockwise or all counter clockwise choice is
an automorphism. The three non-arrow side basis elements represent the Fano Plane triangle vertex
elements. We can see for all Right Octonion Algebras the three Fano plane arrows through the central
position element are directed out of the vertexes, and for all Left Octonion Algebras they are directed
into the vertexes. This is not an automorphism.

When dealing with Ordered 9-tuples it will be convenient to refer specifically to the triplet oriented by
the arrow, and the common basis element. I have labeled these the cardinal triplet and cardinal basis
element respectively.

For any given proper Octonion Algebra, we can devise a representative Ordered 9-tuple using any one
of its seven ordered triplets as the cardinal triplet, and specific to both that algebra and that cardinal
triplet choice, a specific unique cardinal basis element, to properly build seven equivalent Ordered 9-
tuple representations, thus spanning the set of seven non-scalar basis elements with the seven cardinal
triplet choices. The converse of this is if we are given just the Right or Left Octonion orientation, the
oriented cardinal triplet and cardinal basis element, the particular Octonion Algebra described is
known. As an example, the following seven all represent Octonion Algebra RO0.

(es €1 €5) (e1 e2€3) (es5 €3 €6) (€6 €4 €2) (e2€5€7) (e7 €6 €1) (e3 e7€4)
(eserer)| (esezes) ] (e2eser)| (ereses)| (ereses)] (eseses)| (eserer) ]
(e3 er1e2) (e7 €2 e5) (es €3 €7) (esesen) (€6 €5 €3) (€2 €6 €4) (e1 €7 ¢s)

Looking closely at the same position in each of these equivalent representations for R0, there are no
duplications of basis elements in any of the 9-tuple positions.

The companion to the cyclic shift equivalence for ordered permutation triplet multiplication rules is the
fact that for Ordered 9-tuples we can cyclically shift the stacking order for the three ordered
permutation triplets with a common basis element without changing the Octonion Algebra it represents,
so we have not seven but 21 equivalent Right Ordered 9-tuples for any given Right Octonion Algebra,
and 21 equivalent Left Ordered 9-tuples for any given Left Octonion Algebra. Since there are eight
proper Right Octonion Algebras, and eight proper Left Octonion Algebras, there are 168 Right Ordered
9-tuples, and 168 Left Ordered 9-tuples. It is no coincidence 168 is the order of the group PSL(2,7), the
automorphism group for the Fano plane. The basis element transpositions that are a group operation
representation for PSL(2,7) map within Right Octonion Algebras, or within Left Octonion Algebras,
there is no cross over.

If we are given the orientations for all seven unordered Quaternion subalgebra triplets appropriate for a
given Octonion Algebra, if they cannot be inserted into a Right or Left Ordered 9-tuple, the set of
orientations does not describe a proper Octonion Algebra. The validation process is to first pick any
non-scalar basis element to be the cardinal basis element. Cyclically shift the three ordered triplets that
include it, if necessary, to centrally locate the cardinal basis element. Observe if the orientation
indicated is Right or Left Octonion, rearrange the row stacking such that the given cardinal triplet
orientation matches the arrow for the indicated Right or Left Ordered 9-tuple. Finally compare the
orientations for the remaining three triplets in the Ordered 9-tuple to see if they match their given
orientation expectations. Any discrepancy will indicate the set of triplet orientations do not define a
proper Octonion Algebra.

We can generate all 16 proper Octonion Algebras from a set of seven proper enumerated and unordered
triplets of basis elements by first selecting the Right Ordered 9-tuple, then take any one of the given

© Richard Lockyer December 2020 All Rights Reserved page 7



triplets as the cardinal triplet. Orient the cardinal triplet one way then cycle in one at a time each of the
other four basis elements into the cardinal basis element spot. Complete the three non-chiral side basis
elements using for indexes the xor of the two placed basis element indexes in that triplet. This will
define the first four Right Octonion Algebras. Then use the other orientation for the cardinal triplet and
repeat for the last four Right Octonion Algebras. Doing the same using the Left Ordered 9-tuple
produces all eight Left Octonion Algebras.

From this we can see that if we are given the orientation of one Quaternion subalgebra triplet, we could
pick it for our cardinal triplet, and not need to do its other orientation as done above, halving the
number of proper Octonion Algebras so restricted as one might expect.

We can define all 16 Octonion Algebras with the following Right and Left Oriented 9-tuples, all with
cardinal basis element es:

RO R1 R2 R3
(esese1) (e3 e4€7) (e1 €4 e5) (e2 €4 €6)
(es ese2)] (e2e4€6)] (eseser)] (e1eses5)]
(e7 e4 €3) (esese1) (6 €4 €2) (e7 €4 €3)
R4 RS R6 R7
(e7 €4 €3) (esesel) (€6 €4 €2) (e7 €4 €3)
(esesaea)l  (e2esaes)]  (eseser)]  (ereses)]
(esese1) (e3 e4€7) (e1 €4 €5) (e2 e4 €6)
Lo L1 L2 L3

(e3 €4 €7) (e1 €4 e5) (e2 €4 es) (e3 e4€7)
l(e2 es e6) L(es €4 €2) l(e7ese3) l(eseser)

(e1 €4 e5) (e7e4€3) (esesen) (€6 €4 €2)
L4 L5 L6 L7

(e1 es €5) (e7 €4 €3) (esesen) (€6 €4 €2)
L(e2 es e6) L(es €4 €2) l(e7ese3) l(eseser)

(e3 €4 €7) (e1 €4 €5) (e2 €4 es) (e3 €4 €7)

5.0 ({basic quad : its unordered triplet} mnemonic for specifying unoriented Octonion Algebras

There is one more mnemonic that will be useful for describing Octonion subalgebras for Sedenion
Algebra. We can more generally enumerate it with variables, anticipating multiple instances requiring
identical rules and structures. All of our operations are on basis element indexes, so there is no loss in
generality and a reduction of clutter, to simply use the basis element indexes themselves instead of
repeating the e in en. Enumerate Octonion non-scalar basis indexes as a, b, ¢, d, e, fand g.

Our standard Octonion Algebra non-scalar basis element set was enumerated using index integers 1
through 7. We have 1°273"4/576"7 = 0. Any differently enumerated Octonion Algebra with
Quaternion subalgebra triplets enumerated with our xor method will also have all non-scalar basis
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element indexes xor to 0, so we have generally a*b*c"d"*e"f"g = 0. Using this, if we have {a b c} for
any unordered Quaternion subalgebra triplet index set, we have a”b”c = 0, implying d"e g = 0. The
quad of Octonion non-scalar basis elements excluding the three that are part of a particular Quaternion
subalgebra triplet is commonly referred to as a basic quad. Each of the seven Quaternion subalgebra
triplets is associated with a different basic quad. We will find it extremely useful to have all basic quad
indexes xor to 0.

From d*e"f"g = 0 we have the following equalities: d"e ={"g, d"f=e"g, and d"g = e"f. Clearly the
xor of any two basic quad indexes must be one of its associated Quaternion subalgebra triplet indexes.
Since we are using variables, there is no loss of generality making the following not unique
assignments giving the remaining six unordered triplet enumerations.

dre=f'g=a a*d*e=a""g=0so0 {ade} and {a f g} are proper unordered triplets
d'f=erg=Db brd M =Db g =0s0 {bdf} and {b e g} are proper unordered triplets
drg=eM=c cMdrg=c’eM=0so {cdg} and {c e f} are proper unordered triplets

Of course, if we were using integers not variables, the partitions would be singularly defined by xor
operations, and all unordered triplets could then be defined uniquely from only knowledge of any basic
quad set of index integers. This will be an important distinction later on.

We can then generally define unordered Quaternion subalgebra triplet index sets for an Octonion
Algebra enumerated with non-scalar basis elements a, b, c, d, e, f and g with the following
enumerations that will be used below, and popped out above in the Ordered 9-tuple definitions.

{abc} {ade} {afg} {bdf} {beg} {cdg} {cef}

Given a non-scalar basis element index enumeration, a partition between one Quaternion subalgebra
triplet and its basic quad, and one select basic quad member, we can uniquely determine all seven
unordered Quaternion subalgebra triplets simply, due to our xor construction. To this end, define the
following equivalent shorthand mnemonic representations for the same unordered triplet set just shown

{defg:abc} e f g order sets a b ¢ order by choosing basic quad index d to set
{d d*a d*b d*c:a b c} d*e =a, d"f=b, d"g = c, uniquely determining all seven triplets
{d efg:d%e d*f d*g} sinced*e =f'g=a,df=eg=b,d"g=eM=c

{e ea e’b e’c:a b c}
{fedgf:abc}

{f *a b f*c:abc}
{fgde:abc}

{g g*a g"b g’c:abc}
{gfed:abc}

These have the advantage of indicating each basis index once, allowing comparison with other distinct
enumerations at a glance, yet fully define the unordered Quaternion subalgebra basis element triplet
enumerations without multiple instances of the basis elements in a larger structure.

6.0 Octonion subalgebra candidates for Sedenion Algebras

We can assume for any Sedenion Algebra all 35 Quaternion subalgebra triplets are defining structures
of some number of Octonion subalgebras, that taken in isolation can be oriented in any of the 16 proper
ways. Later on, we will find out any given Quaternion triplet will appear in multiple Octonion
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subalgebra candidates, so the Octonion subalgebras of Sedenion Algebra cannot be taken in isolation
from one another. We now need a method to pull out basis element sets and their Quaternion
subalgebra unordered triplet enumerations for all Octonion subalgebra candidates, and demonstrate an
integer number of Octonion subalgebras will cover any Sedenion Algebra without additional triplet
definitions without an Octonion home.

As discussed above for Octonion Algebra, if we are given only integer indexes for one of seven basic
quads, the index sets for all seven Octonion non-scalar basis elements and their unordered Quaternion
subalgebra triplets are calculable. We can generate both sets equivalently using any of the other six
basic quads. We identified all Quaternion subalgebra triplets by determining all possible unique sets of
three different binary integers in a given range that xor to zero. Since basic quad indexes also xor to
zero, it would make sense then to determine the full complement of basic quad indexes for Sedenion
Algebra by picking out all possible unique sets of four different binary numbers in the range 0001 to
1111 that xor to zero. The count is 105. Since each Octonion subalgebra requires seven basic quads,
there will be 105/7 = 15 different Octonion subalgebra candidates for Sedenion Algebra. Sorting out the
seven different basic quads per single Octonion subalgebra redundancy we have the following set of
Octonion subalgebra candidates by basis element using our {basic quad : its triplet} mnemonic from
which all unordered Quaternion subalgebra triplets can be determined:

Ol: {eseseser:e;eres}
02: {esegecioel:ereresl
O3: {enxeizeisers:ereres}
04: {eg €15 €14 €9 1 €7 €6 61}
0O5: {ewezenen:ereser}
06: {eseizeisei:eser e}
O7: {egeixeiseln:eserer}
O8: {eseiseizern:eseses)
09: {egeiserzern: esesesl
O10: {eseizenxeo:eseser}
Ol1l: {eoeiseser:eseser}
O12: {eseiseixeio:€6ese2}
O13: {eoeisers el : eseq e}
O14: {eseisenx el :eyeses}
O15: {egeiseizeio: e7ese3}

Itemizing our set of 35 Sedenion unordered Quaternion subalgebra basis triplets, we can see all triplets
defined by the mnemonics for O1 through O15 are in this set. By the by, these are shown in the
orientations produced by the Cayley-Dickson doubling definition of Sedenion Algebra.

{erezes} {ereses} {ereres} {ereses} {erenewn} {ereizen} {eiewuers}
{exeses} {exeser} {exesen) {exegen) {exesenn) {exesenn) {eseser)

{eseses} {esesenn} {esewnes} {eseisenn} {eseizes) {esesenn} {eseoers}
{eseoens} {eseners) {eseseis) {esener} {esewes) {esemen) {eseseis )
{eseiseo} {eseizen} {esenenn} {ereseisy {ereoeis} {eremzewn} {erenen

The term Octonion subalgebra candidate requires some clarification. It was clear-cut when using the
term Quaternion subalgebra “triplet” that the full Quaternion Algebra the subalgebra referred to was not
produced solely from the “triplet”, only the product rules for pairs of unlike non-scalar basis elements
are defined by the triplet. A given orientation for a Quaternion subalgebra triplet will however
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unambiguously define a particular full Quaternion Algebra. The same limitations are implied with the
notion Octonion subalgebra candidate. The candidate structures referred to above are only covering the
products of unlike non-scalar basis element products with seven deterministic unordered Quaternion
subalgebra triplets, not the entire Octonion Algebra. Like the Quaternion Algebra case, once all seven
Quaternion subalgebra triplets in the Octonion subalgebra candidate are properly oriented, the
Octonion subalgebra candidate will unambiguously define one particular Octonion Algebra.

Before continuing, it is worthy to note the largest subalgebra for Sedenion Algebra is Octonion Algebra
and the number of Octonion subalgebra candidates for Sedenion Algebra dimension n=16: (n — 1)=15.
We have for the largest subalgebra for Octonions n=8: (8 — 1) = 7 Quaternion subalgebras, and for the
largest subalgebra for Quaternions n=4: (4 — 1) = 3 Complex subalgebras, and for the one subalgebra
for Complex Algebra n=2: (2 — 1) = 1 Real number subalgebra, and finally for Reals n=1: (1-1)=0
indicating no subalgebras for Real number Algebra.

Each of the 35 Quaternion subalgebra triplets for Sedenion Algebra appears three times in O1 through
015, giving the required 3*35 = 105 copies for our 105 basic quads. The twelve basis elements in the
three basic quads associated with the three appearances of any given Quaternion subalgebra triplet are
unique and when appended to the triplet basis elements span all 15 non-scalar Sedenion basis elements.
The basis element intersection between any two Octonion subalgebra candidates is always a
Quaternion subalgebra triplet. This is a very important fact, since for any given Sedenion Algebra, all
35 triplets must be singularly oriented in each of the three Octonion subalgebras they appear in. We
will find this to be the bone breaker for defining all Octonion subalgebra candidates as proper Octonion
Algebras. It can’t be done. The single Quaternion subalgebra triplet intersection between two Octonion
subalgebra candidates also means two different selected triplets will never be found in more than one
Octonion subalgebra candidate.

We cannot effectively deal with 2°° different orientation combinations for each of the 35 Quaternion
subalgebra triplets to determine which of O1 through O15 can end up proper Octonion Algebras, the
sets are too numerous to grasp any general algebraic principles from. Running through all proper
Octonion Algebra assignment combinations for O1 through O15 has too many combinations. A better
approach is to determine a minimal subset of O1 through O15 that prevents all from being valid
Octonion Algebras. The minimum number is five. We have now laid the foundation to form a fully
algebraic proof that Sedenions are not a normed composition division algebra.

7.0 A fully algebraic proof Sedenion Algebra is not a normed composition division algebra.

Five Octonion subalgebra candidates for Sedenion Algebra will have a total of ten intersecting
Quaternion subalgebra triplets. Our goal will be to determine a set of five separate Octonion subalgebra
candidates from O1 through O15 above where all ten intersecting triplets are unique, and the
intersections between any given candidate and the other four will be four Quaternion subalgebra
ordered triplets from that candidate algebra that do not include one of its basis elements. Call any set of
five Octonion candidates that satisfy this a K5 set. The K is for killer, for any K5 set will kill the
chances for Sedenion Algebra to be oriented as a normed composition division algebra. We will use
variables for basis element indexes as done above to leave the particular Octonion subalgebra choices
undetermined, coming up with a general requirement that will provide the path to all K5 sets.

Define the first of five K5 set Octonion subalgebra candidates O with non-scalar basis indexes a, b, c,
d, e, fand g as we have done above. Process wise, since this particular choice is first up, we may use it
to represent a free choice of one of the Octonion subalgebra candidates O1 through O15. We are free to
start with a Right Ordered 9-tuple with the cardinal triplet indexes (a b ¢) and cardinal basis element
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index d, to set up a valid Octonion Algebra defined by the indicated triplet orientations:

O

(e d a)

(f d b (abc)(gfa)(fec)(egb) (e d a) (f d b) (g d o
(g d o

If instead we made this a Left Octonion Algebra but kept the same cardinal triplet and cardinal basis
element, only the orientations of the Quaternion subalgebra ordered triplets including the basis index d
will be negated. Since we are looking for four triplets that do not include one basis element for our
intersections between O the other four, we can be Right/Left agnostic for their orientations by selecting
the four Quaternion subalgebra triplets in O that do not include basis index d. The intersections
between O and the other four Octonion subalgebra candidates in the K5 set will then be the oriented
permutation triplet multiplication rules (a b ¢), (g fa), (fe c) and (e g b). These orientations will restrict
the orientation choices for the other four K5 set candidates.

From the perspective of any one of the other four Octonion subalgebra candidates in the K5 set, their
intersection with O, one of (a b ¢), (g f a), (fec)and (e gb), is defined for it as one of four ordered
triplets not including one of its basis elements. We are free to place the Quaternion subalgebra triplet
that intersects with O in the cardinal triplet positions of the 9-tuples we use to define the remaining K5
set Octonion subalgebra candidates since we can reach any proper Octonion Algebra with any of its
Quaternion subalgebra triplets in the cardinal triplet position. With any cardinal triplet choice, one of its
basic quad members must be in the cardinal basis element position. For the four remaining K5 set
members then, define cardinal triplets uniquely from the four defined O intersections, and their cardinal
basis element indexes with the variables h, 1, j and k taken from the basic quads defined by the cardinal
triplet choice. Each of h, 1, j and k will then be used to specify the omitted basis element index selecting
their set of four intersections with the other members of the K5 set. Enumerate the remaining members
as Op, Oq, Or and Os with Right Ordered 9-tuples since all intersections will be Right/Left agnostic.

Op

(@*h h a)

(b*h h b)| (a b ¢) (c*h b*h a) (b*h a*h c) (a*h c*h b) do not contain h
(ch h ¢)

Oq

(g 1 g

™ 1 ) (g fa) (aM ™ g) (M gM a) (g™ at f) do not contain i
(™ 1 a)

Or

#jj D

€Y j el (fec)(chyey D (Y Yy c) (fy ¢ e) donot contain j

(¢ j ©

Os

(e"k k e)

(g"k k g)| (e g b) (b"k gk e) (g"k e*k b) (ek bk g) do not contain k
(b*k k b)

Excluding the given intersections with O, we can see the enumerations for the remaining intersecting
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ordered triplets do not directly correspond. We need to force the issue by insisting on an equivalence
for the enumerations in the remaining intersection pairs. The pairings can be determined immediately
by equating triplets with the same bare index for Op, Oq, Or and Os. Our six intersection pairings to be
added to the four from O are then

Op:Oq intersection (c*h b*h a) is equivalent to (f*i g1 a)
Op:Or intersection (b*h a”h c¢) is equivalent to (e % ¢)
Op:Os intersection (a”h ¢*h b) is equivalent to (g"k e"k b)
0Oq:Or intersection (g™ a”i f) is equivalent to (¢c”j e”j f)
0q:Os intersection (a1 *1 g) is equivalent to (e"k bk g)
Or:Os intersection (%] ¢”j e) is equivalent to (b"k g™k e)

Now all of the intersecting ordered permutation triplet multiplication rules were so ordered assuming
all five Octonion subalgebras were individually proper Octonion Algebras since they were pulled out of
Ordered 9-tuples that will enforce validity. With the bare indexes in the same positions in equivalent
ordered permutation triplet multiplication rules, we should be able to equate their compound indexes in
the same positions in both equivalences, meaning if we xor both, the result will be zero. Doing this just
for the first three we have the following restrictions, reduced using the O triplet rules repeated for
convenience.

O:(abc)(gfa)(fec)(egb)(eda)(fdb)(gdc)

¢ h" " = b h"g"i = 0 = e"h™i therefore i = ¢ h
b h"e”j = a”h") = 0 = g"h?y therefore j = g"h
a’h*g"k = c*h*e”k = 0 = f*h"*k therefore k = t*h

Accepting the definitions for i, j and k in terms of h and another known index, we can insert them into
our Ordered 9-tuples for Op, Oq, Or and Os

Op

(@h h a)

(b*h h b)] intersections (a b ¢) (c*h b*h a) (b*h a*h c¢) (a*h c¢*h b)
(c*h h ¢)

Oq

(b*h e*h g)

(c*h e h f)| intersections (g f a) (d*h c¢*h g) (¢*h b*h a) (b*h d*h f)
(d*h e*h a)

Or

(@h g'h 9

(b*h g*h e)] intersections (f e ¢) (d*h b*h f) (b*h a*h c¢) (a*h d*h e)
(d*h g*h c¢)

Os

(c*h f*h e)

(@*h f*h g)| intersections (¢ g b) (d*h a*h e) (a*h c*h b) (¢*h d*h g)
(d*h f*h b)

Replacing indexes 1, j and k with e*h, g"h and f"h respectively now show all intersections with
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identical triplet sets. Intersections including basis element indexes a, b and ¢ show consistent
orientations. Intersections including basis element indexes e, f and g show opposite orientations. With
the restrictions we applied to get to this place, three intersections having issues is what we get. They do
however determine the general rule from which we can itemize any K5 set.

Restricted K5 Set General Rule:
O={defg:abc}

Op=+¢{h a*h b*h ¢*h:a b c}
Ogq={e*h b*h c¢*h d*h :g f a}
Or={g*h b*h h e*h:e g b}
Os={f*h h c¢*h e*h:fe c}

If we are to secure a proof Sedenions cannot have all 35 Quaternion subalgebra triplets oriented such
that all resultant Octonion subalgebras are proper Octonion Algebras, we must relax the restriction that
the cardinal basis elements in Ordered 9-tuples for Op, Oq, Or and Os are their omitted basis elements
we used to define their intersections. We will keep the cardinal triplets as their intersections with O.
Alternate choices for the cardinal basis element are any one of the other three basic quad members
defined by the O intersection cardinal triplet. Let’s see what that does to Os when we move the cardinal
basis element index from f**h to each of the other three basic quad indexes.

Original Os

(c*h f*h e)

(@*h f*h g)| intersections (¢ g b) (d*h a*h e) (a*h c*h b) (¢*h d*h g)
(d*h f*h b)

Modified Os 1
(f*h c¢*h e)
(d*h c¢*h g)] intersections (¢ g b) (a*h d*h e) (a*h c*h b) (d*h c¢*h g)
(@*h c*h b)

Modified Os 2
(d*h a*h e)
(f*h a*h g)| intersections (¢ g b) (d*h a*h e) (¢*h a*h b) (d*h c*h g)
(c*h a*h b)

Modified Os 3
(@*h d*h e)
(c*h d*h g)| intersections (¢ g b) (a*h d*h e) (¢*h a*h b) (¢*h d*h g)
(f*h d*h b)

We see each of these moves has the effect of negating two intersections. The problem with Modified Os
2 and Modified Os 3 is that they both break the previously consistent orientation (a*h ¢“h b) while
fixing another for no net improvement. For Modified Os 1 we make two orientation changes that are
both currently in conflict: (d*h a*h e)to (a*h d*h e)and (¢*h d*h g)to (d*h c¢*h g). We now have
repaired the Or:Os intersection mismatch with (a*h d*h e) now in Os, and the Oq:Os intersection
mismatch with (d*h c¢*h g) now in Os, without breaking any other intersection. The result for
Modified Os 1 is we now have only one Quaternion subalgebra triplet intersection with conflict. The
3:4 Morph Rule defined above tells us we cannot fix this. Rather than taking it on faith, lets go through
the possible changes.
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Looking at the non-intersection ordered triplets in both Original Os and Modified Os 1, we find
additionally triplet (c*h f*h e) was changed to (f*h ¢”h e) and triplet (a”h f*h g) was changed to
(f*h a*h g). These four modified triplets are the four that do not include index b. This is the :4 Morph
side of the 3:4 Morph Rule defined above. The Modified Os 2 move negates all four ordered triplets
that do not include index e, and the Modified Os 3 move negates all four ordered triplets that do not
include the index g. These three changes to the original Os definition are the complete set of :4 morphs
consistent with the assigned orientation for the cardinal triplet. This may be verified by observing any
oriented triplet appears in four Right or four Left Octonion forms.

The 3: morph we have not tried yet negates the three ordered triplets that include a common basis
element. The intersection of the two ordered triplets in Os needing negation is d*h, so we could have
achieved the same success for Os ordered triplet conflicts with the 3: morph on Os negating all ordered
triplets including the index d"h since the other two intersections are untouched. Every other choice of
common basis index for 3: negation will either fix one intersection conflict at the cost of breaking
another, have no impact, or violate the assumed orientations for O intersections.

The single intersection conflict we cannot fix must be resolved by negating either (b*h d*h f) in Oq or
(d*h b*h f) in Or to have a singular definition for the triplet orientation. Both Oq and Or, taken in
isolation of the other, are both proper Octonion Algebras since we pulled them out of Ordered 9-tuples
that enforce it. Any single triplet orientation change in any proper Octonion Algebra is certain to break
it. The bottom line is for any KS5 set, we can only properly orient four of five Octonion subalgebra
candidates. The remaining Octonion subalgebra candidate is a broken Octonion Algebra.

The nice thing about subalgebras is if we limit the algebraic elements we work with to those with zero
coefficients attached to all basis elements not part of the subalgebra basis element set, working in the
full algebra is no different than working exclusively in the subalgebra. So, if we limit two Sedenion
algebraic elements x and y to the basis set defined by any of the 15 Octonion subalgebra candidates
plus the scalar basis element, manipulating these algebraic elements in the full Sedenion Algebra will
be no different than manipulating them in the particular Octonion Algebra defined by the Octonion
subalgebra candidate. If the Octonion subalgebra candidate is a proper Octonion Algebra, we will have
N(x)N(y) = N(x*y) for all possible algebraic elements x and y. If the Octonion subalgebra candidate 1s
determined to be a broken Octonion Algebra, and x and y have no additional zero coefficients on any
Octonion subalgebra candidate basis elements restricting them to an even smaller subalgebra, we will
have N(x)N(y) # N(x*y). We have just shown it is impossible to define all 15 Octonion subalgebra
candidates as proper Octonion Algebras. Therefore, we will always be able to build Sedenion Algebra
algebraic elements x and y such that N(x)N(y) # N(x*y).

In summary, we can select any Sedenion Algebra K35 set of Octonion subalgebra candidates from the 15
possible for Sedenion Algebra given by O1 through O15 above, using the Restricted K5 Set General
Form. This is done by first assigning one of O1 through O15 to be O in the general form, setting integer
index values for a, b, c, d, e, fand g. Assigning any index number not one of these to the general form h
variable will define choices for remaining four K5 set general form Octonion subalgebra candidates
Op, Oq, Or and Os from the remaining members of O1 through O15, completing the K5 set. Every
possible choice of proper Octonion Algebra for Octonion subalgebra candidates O, Op, Oq, Or and Os
will lead to at least one orientation conflict for their 10 Quaternion subalgebra intersections. Since all
35 Quaternion subalgebra ordered triplets must be singularly defined, one side of the conflict will need
its Quaternion subalgebra ordered triplet negated, breaking that Octonion subalgebra candidate.
Therefore, we can maximally assign proper Octonion Algebras to four of five Octonion subalgebra
candidates in any K5 set. This demonstrates it impossible to consistently orient all 35 Quaternion
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subalgebras for a Sedenion Algebra such that every resultant Octonion subalgebra candidate specifies a
valid Octonion Algebra. We can restrict any two Sedenion algebraic elements x and y to the scalar basis
element - basis element set specified of any invalid Octonion subalgebra candidate by assigning zero
valued coefficients to basis elements outside this basis set. If we further restrict the remaining basis
element coefficient zero values to those that do not leave the algebraic elements exclusive to any
smaller subalgebra, it will force the result N(x)N(y) # N(x*y). Sedenions are therefore not generally a
normed composition algebra and thus are open to divisors of zero, preventing them from generally
being a division algebra. A method to generate zero divisor basis element linear combinations yielding
N(x)N(y) = 0 will be presented below in section 9.0. QED.

Let’s now do an example of a K5 set. Assume our choice for {defg:abc}isOl: {4567 :123}.
We may choose h to be any basic quad index for (1 2 3) in either O2 or O3. Choose h=8 from O2. Then
we have

Restricted K5 Set General Rule:

O={defg:abc}={4567:123} =0l

Op=+¢{h a*h b*h ¢*h:a b ¢} ={8 18 2”8 378:123}={8 9 10 11:1 2 3} =02
Ogq={e*h b*h ¢*h d*h : g fa}={5"8 278 38 4"8:761}={13 10 11 12:7 6 1} =05
Or={g*h b*h h e*h:e g b} ={7"8 2”8 328 5°8:572}={1510 8 13:5 7 2} =06
Os={f*h h ¢c*h e*h:fec}={6"8 8 38 508:653}={14 8 11 13:6 5 3} =08

With suitable symbolic algebra software, we can go through all possible combinations of proper Right
and Left Octonion Algebras for all five, and for each combination determine if their Quaternion
subalgebra triplet intersections are consistent orientations, in a matter of seconds. The best that can be
done is verified to be one intersection orientation conflict.

It will be informative to tabulate the selected K5 sets for all h choices using {4 56 7 : 12 3} for O.

h=8: 01 02 0506 08
h=09: 0102050709
h=10: 01 02 04 06 09
h=11: 0102040708
h=12: 01 03 04 07 09
h=13: 01 03 04 06 O8
h=14: 0103 050708
h=15: 01 O3 0506 09

None of these groups of five Octonion subalgebra candidates can be oriented with proper Octonion
Algebras without one or more intersecting Quaternion subalgebras indicating opposite orientations. We
could have used any of the 35 Quaternion subalgebra triplets for (a b c) above, select one of three
Octonion subalgebra candidates the triplet choice appears in to define a, b, c, d, e, f, and g then chosen
one of 8 possible values for h to select a K5 set that cannot all be proper Octonion Algebras.

8.0 How many Octonion subalgebras for Sedenion Algebra can be proper Octonion Algebras?

This all begs the question: how many of the 15 Octonion subalgebra candidates can be properly
defined, with each of the remaining candidates being a broken Octonion Algebra? The answer is the
largest set that avoids any possible K5 set combination. Our restricted K5 set prototype again is

O={defg:abc}
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Op=+¢{h a*h b*h ¢*h:a b c}
Oq={e*h b*h c¢*h d*h : g f a}
Or={g*h b*h h e*h:e g b}
Os={f*h h c¢*h e*h:fe c}

We see that all 15 non-scalar basis indexes are represented, and no single basis index appears more than
three times. This immediately tells us that we cannot create a K5 set from any set of seven Octonion
subalgebra candidates sharing a common basis element, so they may be structured in numerous ways
with all seven being valid Octonion Algebras. This is easily verified with suitable symbolic algebra
software. With any of these choices we will most certainly have remaining Octonion subalgebra
candidates that are not proper Octonion Algebras. Our task here is to determine how many and which
of the additional Octonion subalgebra candidates may be added without coming up with a set of
candidates that cannot all be valid Octonion Algebras.

First, in a general way with our a — h variable set used above, itemize all Octonion subalgebra
candidates including index a and those excluding index a

{ d e f g:abc} o'l
{ h ah b*h c*h:a b c} 02
{d*h e*h f*h g*h:a b c} 03
{ h g&h f*h a*h:g f a} 04
{c*h d*h e*h b*h:g f a} (025
{ h eh d*h a*h:e d a} 0’10
{f'h c*h b*h gth:e d a} 0’11

{ h eh gth b*h:e g b} 0’6
{a~h d*h f*h c¢*h:e g b} 07
{ h ffh eh c*h:f e c} 08
{b*h d*h g*h a*h:f e c} 09
{ h ffh d*h b*h:f d b} 0'12
{gh a*h c¢*h e*h:f d b} 0'13
{ h gth dh c¢*h:g d c} 0'14
{eth b*h a*h f*h:g d c} O'15

The intersection of any Octonion candidate not including index a with the full set of seven Octonion
candidates that do include index a will be the full set of Quaternion triplets within the candidate not
including index a, there will be no duplications. We mentioned above that no basis element appears in a
K5 set more than three times. This means we may add any one of the Octonion subalgebra candidates
not including index a to our set of seven including index a without being able to build a K5 set from
any combination of five of these eight candidates. This implies these eight Octonion subalgebra
candidates can be assigned proper Octonion Algebra structure in multiple ways. This also can be
verified with suitable symbolic algebra software to be true.

Adding in one more Octonion subalgebra candidate from the set not including index a, we now only
need three from the set of candidates that include index a to complete a possible K5 set, so we might
now be able to build one. The two Octonion subalgebra candidates that do not include index a will have
a single Quaternion subalgebra triplet intersection. For both, this triplet will be in the set of four
Quaternion subalgebra triplets that do not include any one of its respective basic quad members, and is
accounted for in our requirement for unique intersections. This leaves three remaining Quaternion
subalgebra triplet intersections from each of the two candidates without basis index a. We can use
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them to select which of the Octonion subalgebra candidates including basis element index a will
intersect with our two selected candidates that do not include index a. We are only looking for three
such Octonion subalgebra candidate intersection sources, so hopefully the two sets of three unique
triplets will intersect with the same three Octonion subalgebra candidates including index a. We are
assured this process will not pick up the Octonion subalgebra candidate including index a that also
includes the intersection triplet between our two choices not including index a since two defined
Quaternion triplets will never be seen in more than one Octonion subalgebra candidate.

Let’s see where this takes us. Arbitrarily select O'6 and O7 from above for our two not including index
a.

{ h e*h gth b*h:e g b} 0’6
{a~h d*h f*h c¢*h:e g b} 07

Clearly their intersection is the triplet (e g b), and this triplet’s basic quad for O'6 is {h e¢*h g*h b*h},
and for O'7 is {a*h d*h {*h c”h}. Selecting basic quad indexes one at a time to define the set of
four triplets not including it for both, expecting (e g b) to be one of the four intersections already, we
may itemize the other three triplets, and each of the intersections they have with the Octonion
subalgebra set including basis index a. We have

O'6 withouth: {g*h b*h e} {e*h b*h g} {e*h g*h b} intersection O'11 O'5 O3
0’6 without e*h: {g*h b*h e} {h g*h g} {h b*h b} intersection O'11 O'4 O'2
O'6 without g*h: {h e*h e} {e*h b*h g} {h b*h b} intersection O'10 O'5 O'2
0’6 withoutb*h: {h e*h e} {h g*h g} {e*h g*h b} intersection O'10 O'4 O3
O'7 without a*h: {f*h ¢*h e} {d*h c*h g} {d*h f*h b} intersection O'11 OS5 O'3
O'7 without d*h: {f*h c¢*h e} {a*h f*h g} {a*h c*h b} intersection O'11 0’4 O'2
O'7 without *h: {a”h d*h e} {d*h c¢*h g} {a*h c¢*h b} intersection O'10 O'5 O2
O'7 without c*h: {a*h d*h e} {a*h f*h g} {d*h f*h b} intersection O'10 O'4 O3

As we can see, the intersection of our three O'6 and O'7 Quaternion subalgebra triplets excluding the
common triplet (g d ¢) intersect with the same four sets of three Octonion subalgebra candidates that

include basis element index a. So far, so good. Including O'6 and O'7 we have four separate possible
K35 sets:

K5-1=03 O'5 06 O'7 O'11
K5-2=02 04 06 O7 O'11
K5-3=02 O'5 06 O'7 O'10
K5-4=03 04 06 O7 O'10

To be a legitimate K5 set, we must not be able to assign proper Octonion Algebra configurations to all
five in any set without causing at least one intersecting triplet orientation conflict. Our trusty symbolic
algebra program shows this is indeed the case. We do still have an outstanding question as to whether
or not these groups of five fit our K5 general form, or if they are something different. Redefine the
definition of a restricted K5 set using primed indexes since we have already used unprimed here.

O={d e fg:abc}

Op={(h a*h" b™h’ ¢*h":a" b’ ¢’}

Ogq={eh’ b”*h" ¢c*h’ d"*h" : g { a'}

Or={g*h" b”h" h" e”h :e" g b’}

Os={f"h" h® c”h" e h :f e c'}
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Now use O'7 and O’6 inserted into O and Op respectively here. We must be careful on the remaining
three since we must have basis index a show up in Oq Or and Os. Their common basis index is e *h’
which must equal a. If we pick h* = h then we must have e’ = a”h. A consistent mapping with this

consideration is

a =e b'=g ¢ =b
h*=h a”h"=e*h b*h' =g’h
d h'=d eh'=a f~h'=c

d=dh  e=ath  f=ch  g=fh
¢'*h =b*h
g =f

Inserting these into our primed K5 set prototype we have

O={d*h a*h ¢*h f*h:e g b}
Op=+{h e*h g*h b*h:e g b}
Og=1{a g*h b*h d:f*h c*h e}
Or={f gth h a:a*h f*h g}
Os={c h b*h a:c*h a*h b}

equivalent to O'7
equivalent to O'6
equivalent to O'11
equivalent to O'4
equivalent to O"2

This is K5-2. Now do a shiftond’ ¢ f g’ by making e* = d"*h. We must again have ¢'*h" = a. To get
this we must shift h* to e*h. Try the following

a=e b'=¢g c'=b
h'=e*h ah'=h b'~h' =b*h
d”h' =d e h'=a f2h' =c¢

O=1{a"h d*h f*h c*h:e g b}
Op={e*h h b*h gth:e g b}
Og=1{a b*h g*h d :c*h f*h e}
Or={f b*h e*h a:d*h c*h g}
Os={c e¢*h g*h a:f*h d*h b}

d =a*h e’ =d"*h f =f"h g =c*h
c”h'=g"h
g h' =1

equivalent to O'7
equivalent to O'6
equivalent to O'11
equivalent to O'5
equivalent to O3

This is K5-1. Next shift e’ to ¢*h. Then h® must equal b**h to make e'*h" = a. Our mapping becomes

a =¢e b'=g ¢ =b
h' =b"h a”h'=gth b*h' =e*h
d”h' =d e”h'=a f~h’ =c*h

Substituting once again

O={t"h c¢*h a*h d*h :e g b}
Op={b*h g*h e*h h:e g b}
Og={a e¢*h hd:d*h a*h e}
Or={f e*h b*h a:c*h d*h g}
Os={c b*h h a:a*h c¢*h b}

d' =fh
¢h'=h
g =1

e =c’h f =a*h g =d"*h

equivalent to O'7
equivalent to O'6
equivalent to O'10
equivalent to O'5
equivalent to O'2

This is K5-3. Finally shift " to f*h, then h* = g”*h. Our mapping becomes

a =e b =g c=b
h'=g*h ah'=b*h bh'=h
d”h' =d e”h'=a f h"=c¢
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Substituting we have

O={c*h f*h d*h a*h:e g b} equivalent to O'7
Op={g*h b*h h e*h:e g b} equivalent to O°6
Og={a h e*h d :a*h d*h e} equivalent to O"10
Or={f h gth a:f*h a*h g} equivalent to O'4
Os={c gth e*h a:d*h f*h b} equivalent to O'3

This is the final one, K5-4. Therefore, K5-1, K5-2, K5-3 and K5-4 are all representations of a K5 set.

Any two Octonion subalgebra candidates without index a could have been used here, and we can select
any of O1 through O15 to be our {d e f g : a b c} Octonion subalgebra candidate, thus showing the
largest possible number of Octonion subalgebra candidates for Sedenion Algebra defining proper
Octonion Algebras without intersection conflict is eight: seven that share a common basis element, and
one more from any of the remaining Octonion subalgebra candidates.

In section 6.0 above the 35 unordered Quaternion subalgebra triplets for Sedenion Algebra were
enumerated with unordered triplets that actually indicated the oriented triplets produced by the Cayley-
Dickson doubling process. Examining their oriented Octonion subalgebra candidates, they correspond
to a conflict free set of proper oriented Octonion subalgebra candidates including the Octonion Algebra
that builds the Sedenions in the doubling process using basis indexes 0-7, and proper orientations for
all Octonion subalgebra candidates that include basis element index 8, the next in the sequence. All of
the remaining seven Octonion subalgebra candidates are broken with one unique intersection conflict,
and these seven conflicted triplets will be the seven Quaternion subalgebras of the Octonion Algebra
doubled by the Cayley-Dickson doubling to produce the Sedenion Algebra representation.

9.0 Sedenion zero divisors

Since the 16 proper Octonion Algebra orientations were selected from the full set of Quaternion
subalgebra orientation combinations that supported the norm composition rule N(x)N(y) = N(x*y), we
can definitively state that for any broken Octonion subalgebra for Sedenions, there will be algebraic
elements x and y such that N(x)N(y) # N(x*y). But this, in and of itself, does not necessarily imply we
can reach N(x)N(y) = 0 to validate the claim Sedenion Algebra has zero divisors. Let’s see where the
zero divisors can be found. For a given Octonion subalgebra candidate described by the basis index
{basic quad : its triplet} set {d e f g:a b c} build the following three sum of basis element products
using the basic quad indexes {d e f g}.

[eatee]*[erteg]=(ea*erte®eg)t(ea™eg+ee™er)
[eater]*[ecteg]=(ea* ecter*es)t(ea*egter®ee)
[eateg]*[eeter]=(ea*ectes*er)+(ea*erteg™ee)

Since {d e f g} is a basic quad set of indexes, we have d"e"f"g = 0, implying d"e = f"g, d"f = e*g and
d*g = e”f. This implies both of the products inside each of the () above, within sign, result in the same
basis element. There will be three possible outcomes for each () sum of products, 0 or £2e,. The full
result will be zero if and only if both of the () product sums are individually zero since the final result
basis elements for each () will be different. Form a Right Ordered 9-tuple using (ea eb ec) for the
cardinal triplet and eq as the cardinal basis element, understanding from {d e f g:a b c} we have
dre=f*g=a,df=e"g=b,andd"g=eM=c.
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(€e €d €a)
(ereaep) |  yields eq * er=—ep, €c * €g = teb, €4 * €3 = —€c, € * er=—€
(eg €d ec)

This proper Octonion orientation leads to (eq * er+ee * g ) =0 and (eq * eg + €. * er) = —2e.. [f we
were to now break the Octonion subalgebra by negating either the rule (e; eq €c) or (er e ec), the second
() product sum would now equal 0 and the first would remain unchanged at zero, making our first
prototype product [ eq + €. | * [ er + e¢ | = 0, demonstrating we indeed have situations in a broken
Octonion subalgebra where N(x)N(y) = 0, since N(0) = 0. The question is, how many forms are there?

For any one of eight maximal set proper Octonion subalgebra candidates, inserting each of its seven
basic quads into the three forms above will yield one () sum of products zero, and the other £2e,. Any
of the remaining seven broken Octonion subalgebra candidates with intersection conflict will have ()
sum of products where both are zero, both are non-zero, as well as the proper Octonion one equal to
zero and the other equal to +2e,.

If we do the math in a broken Octonion subalgebra using the basic quad for the triplet with intersection
conflict, it is not difficult to generally show that each pair of () sum of products above will yield one
equal to zero and the other equal to £2e,, just like all basic quads for proper Octonions do. This basic
quad will not contribute any zero divisors. The fundamental reason for this is the single Quaternion
subalgebra triplet multiplication rule we assign as breaking the Octonion Algebra will not be involved
in any product between two of its basic quad basis elements, all of these products will be proper and
consistent for the Octonion Algebra. Each of the other six basic quads for a broken Octonion
subalgebra candidate will include two of three basis elements within the intersection conflict triplet,
and these must be multiplied within the general [] * [] product form, meaning one is in one [] and the
other is inside the other []. Let’s see what we can do with this to build general form expressions. Take
as our usual variable based index representation for Octonion Algebra {eq €. ereg : €a b ec} and assign
{ea ev ec} to be the intersection conflict triplet. From this definition we have

dre=f'g=a
d'f=eg=Db
drg=erM=c

One suspect for generating a zero divisor would be [e. + ex | * [ep + ey | where we need to determine
indexes x and y from d, e, f and g. By definition {a b x y} are indexes for a basic quad, so a"b*x"y =0,
and x"y = a”b = c. Since ¢ = d"g = e"f we have four possibilities for [e. + ex | * [eb + ey ]:

[eated]™[ev+eg]=[€at €arc]™ [en+ epre]
[eateg] ™ [evt+ed]=[eatearr] ™ [€nT evrr]
[eatec]*[evter]=[eateand] ™ [ert evnd]
[eater] *[ebtee]=[eateag] ™ [er+ evrg]

So generally, we have [ea + €a'm | * [€b + €b»m | Where m is a basic quad index for triplet {e. ep €c}.
Bringing in the other intersection conflict product combinations, we have twelve summed basis element
products to work with: [ea + €arm | * [€b + €brm ], [€b T €brm | * [€c + €c*m ], [€c + €crm | * [€a + €arm ]. For
any of these products, the scaling for the two resultant basis elements will be both equal to zero, or both
non-zero.

For the case where both () summed product pairs are zero, we generally have
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[ertes]*[ecten]=(er*ertes®ew)+(er*eutes™e)=0+0, butadditionally we have
[er—es]*[et—eu]=(er*et+es*eu)_(er*eu+es*et)=0_0

These two combinations where both () sum of products equal zero are straight up zero divisors, but
what about the situation where both are non-zero? For this case, observe the two following
modificationsto [ e+ es | *[ecteu]=(er*ertes*ew)t(er*eutes™er).

[ertes]*[ei—eu]=(er*ei—es*ew)t(—er*eutes*er)
[er—es ] *[etteu]=(er*er—es*euw)+t(er*eu—es™er)

These two forms will now yield each () equal to zero, producing two more zero divisors. Each of the
twelve general [er + exm | * [es + es»m | forms will produce two separate zero divisor basis element
sum/difference products, yielding 24 zero divisors for every broken Octonion subalgebra candidate. A
maximal Sedenion set of eight proper Octonion subalgebras and seven improper Octonion subalgebras
will thus yield 7*24 = 168 zero divisor products of added/subtracted basis elements.

For reference, define the following orientations for proper Octonion Algebra RO for all subalgebra
candidates taken in isolation, from the following general orientation rule on the standard not oriented
form now shown with [] brackets to imply a specific orientation

[eaecereg:eaenec] RO:=(eaehec) (€ erea) (e €gep) (€reeec) (€e€dea) (€redep) (g €d ec)

Ol: (e1exe3) (e7eser) (eserez) (eseses) (eseser) (€6 e4€2) (€74 e3)

02: (el €2 63) (611 €10 el) (69 €11 ez) (elo €9 63) (69 (S 61) (610 (SH3 ez) (611 (SH3 63)

0O3: (erexe3) (e1seiser) (e13eise2) (eaezes) (e13enzer) (es ez e2) (€15 ez e3)
O4: (e7eser) (egeraer) (e15€9e6) (€14 €15€1) (€15ese7) (€14 €s€6) (€9 €ser)

O5: (e7eser) (e enzer) (e3ern es) (erxeizer) (e13 e er) (€2 e es) (e €ioer)
06: (ese7ez) (eoerses) (e3einer) (eseiser) (e3eses) (e1seser) (€roes €2)
O7: (eserez) (e eses) (er2eie7) (eaeizez) (e12e9es) (€14 €9 €7) (€11 €9 €2)
O8: (eseses) (erne13es) (€14 €11 es) (€13 €14 €3) (€14 €g€6) (€13 €8 €5) (€11 €g €3)
09: (eseses) (eroeizes) (e15ei0es) (e12e1s5e3) (e15€9e6) (e12€9es5) (€10 €9 €3)
010: (eseser) (eveizes) (e13eoes) (er2ezer) (e1zeses) (er2eges) (e9eser)
O11: (eseser) (e11e14es) (e15€11 es) (€14 €15€1) (€15€10€s5) (€14 €10 €4) (€11 €10 €1)
O12: (es ea €2) (10 €12 €6) (€14 €10€4) (€12 €14 €2) (€14 €3 €6) (€12 €38 €4) (€10 €8 €2)
O13: (escae2) (e11e13¢e6) (e15e11 e4) (e13eisez) (e15e9e6) (€13 €9 e4) (€11 €9 €2)
O14: (e7ese3) (ennenxer) (erseresq) (e12€15e3) (e15ese7) (€12 eses) (€11 €5 €3)
O15: (e7eses) (eroenzer) (eiaeioes) (e13eiae3) (e14e9e7) (€13 €9 €4) (€10 €9 €3)

The standard Cayley-Dickson doubling process will build for Sedenion Algebra the following proper
Octonion subalgebra maximal set including O1; the Octonion Algebra used to double to Sedenion
Algebra and all Octonion subalgebra candidates including the next up basis element es.

Ol: (e1e2e3) (e7eser) (eserez) (eseses) (e1eaes) (e2e4e6) (€3¢€4€7) (L4)
02: (e1exe3) (e eoer) (eoerre) (eroe9e3) (e1ese9) (e2ese10) (€3egein) (L4)
O4: (e7ese1) (e9eraer) (e15€9€6) (€14 €15€1) (€7¢€se15) (€6 €5 €14) (€1 €8 €9) (L4)

06: (ese7rez) (eroerses) (e3einer) (erseiser) (esesers) (er7esers) (ezesernn) (L4)
08: (eseses) (e11e13¢e6) (eraeres) (e1zeises) (esegers) (esesers) (esesenr) (L4)
O10: (e1eses) (eseze) (ese9er3) (e1€13¢€12) (eseseis) (eaeserr) (er1eseg)  (LO)
O12: (e2ese6) (e6€12€10) (€4 €10€14) (€2€14€12) (€6 €8 €14) (€4 €8€12) (€28 ¢€10) (LO)
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O14: (eseser) (e7enxen) (esaenrers) (eseisen) (e7eseis) (eseserr) (esesen) (LO)

The following is an itemization of all 168 zero divisor products of added/subtracted pairs of basis
elements for the standard Cayley-Dickson doubling result built from all broken Octonion subalgebra
candidates.

03: (e1exe3) (e1aeiser) (e1sezer) (ezeses) (erezen) (e2esen) (€3 eisen)

[e1 + e1s] * [e2 + i3], [e1 —e1a] * [e2—e13], [e1 + e13] * [e2—e1a], [e1 —e13] * [e2 + €14],
[e1 +ei2] * [ex+e15], [e1—ei2] * [ex—eis], [e1 +ei5] * [e2—e12], [e1 —eis] * [e2 + e1z2],
[e2 +e15] * [es +e14], [e2—e1s5] * [es —ews], [e2+e14] * [e3 —e15], [e2—euq] * [e3 + e1s],
[e2 +ei2] * [e3 +ei3], [e2—e12] * [es—e13], [ex+ e13] * [es —e12], [e2—e13] * [e3 + ei2]
[es +ei3] * [er +eis], [es—eis] * [e1—eis], [es+eis] * [er —eis], [es—eis] * [e1 +eis],
[es +ei2] * [e1 + e14], [e3—e12] * [e1—e14], [e3 + e1s] * [e1—e12], ] ]
Intersection conflict triplet: (e1 ez e3), if (e2 1 e3) would be R4

[es —e1a] * [e1 +en2

O5: (e7eser) (erexenn) (e ez es) (e1e13er) (e13 e er) (e ez eo) (e el er)

[e7 +e12] * [es + e13], [e7—e12] * [es —e13], [e7+ e13] * [es —e12], [e7—e13] * [es + €12],
[e7 + e10] * [es + e11], [€7—e10] * [es —e11], [e7 +e11] * [es —e10], [€7—e11] * [es + €10],
[es +e11] * [e1 +e2], [es—en] * [e1 —ei2], [es + e12] * [er —en], [es—e12] * [e1 +eu],
[es + e10] * [e1 + e13], [es —e10] * [e1—e13], [es + €13] * [e1—e10], [es —e13] * [e1 + e1o],
[e1 +e3] * [er+en], [e1—es] * [er—en], [e1 +eu] * [e7—e3], [e1 —en] * [e7 + €3],
[e1 +e10] * [e7 + ei2], [e1 —e10] * [e7—e12], [e1 +e12] * [e7—e10], [e1 —e12] * [e7 + €10]
Intersection conflict triplet: (e7 es €1), if (€6 €7 €1) would be R4

O7: (eserez) (eiaernes) (e7enzen) (e2eise2) (eseize) (€9 eisaer) (e e e)

[es +ei2] * [e7 + e14], [es —ei2] * [e7—ea], [es + e1a] * [e7—e12], [es—e4] * [e7 + e12],
[es +en] *[er+eo], [es—en] *[e7—e9], [es+eo] * [e7—ei1], [es—eo] * [e7+ €],

[e7 +e9] *[e2+e12], [e7—e9] * [e2—e12], [e7+eix] *[e2—e9], [e7—eiz] * [e2+ e9],

[e7 +en] * [ex+ e1s], [e7—en] * [e2—ei14], [e7+e1a] * [e2—e11], [e7—e14] * [e2 + e11],
[e2 +e14] * [es +e9], [e2—e1a] *[es—ev], [e2—eo] * [es+e14], [e2+e9] * [es—ei4],

[e2 ten] *[es tenz], [e2—en] * [es—erz], [e2—ei2] * [es T en], [e2+ ei2] * [es—er]

Intersection conflict triplet: (es e7 e2), if (e7 s e2) would be RS

09: (eseses) (esei2ein) (eroeises) (e3eiseiz) (e1s5e9e6) (es5ei2e9) (€10 €9 e3)

[es + e12] * [es + e15], [es —e12] * [es —eis], [es + e15] * [es —e12], [es —e15] * [es + e1z2],
[es +e9] * [es + e10], [es—eo] * [es—e10], [es T e10] * [es—e9], [es—e10] * [es + eq],
[es + e10] * [e3 + e12], [es—e10] * [e3 —ei12], [es + ei2] * [e3 —ei0], [es—eiz] * [e3 + elo],
[es +eo] * [es +e15], [es—eo] * [es—eis], [es+eis] *[es—eq], [es—eis] ™ [es + eq],
[es + ei5] * [es + €10], [€3 —ei15] * [es —e€10], [€3 + e10] * [es —e15], [e3 —eio] * [e6 + €i15],
[e3 +e9] * [es T e12], [e3—eo] * [es—e12], [e3+ez] *[es—eo], [e3—ei2] * [es + e9]
Intersection conflict triplet: (es €5 €3), if (€5 €6 €3) would be R4

O11: (e1eses) (eraerres) (eserre1s) (€14 €15 €1) (€10 €15e€s) (€4 €10 €14) (€11 €10 €1)

[er +en] * [es +e1a], [e1—en] * [es—e1a], [e1 +e1a] * [ea—en], [e1—e1a] * [ea +en],
[e1 +e15] * [es + e10], [e1 —ei15] * [ea—e10], [e1 + e10] * [es—e15], [e1 —eio] * [es + €15],
[es +e1a] * [es —ei15], [esa—e1a] * [es +ei1s], [ea +e1s] * [es +e1a], [es—e15] * [es —ei4],
[es +en] * [es —eio], [es—en] * [es + eio], [es +e10] * [es +en], [es—ei0] * [es—ei],
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[es +eis] * [e1 +eur], [es—ei1s] * [e1—en], [es—en] * [e1 +ei1s], [es+eu] * [e1 —eis],
[es + e1s] * [e1 + e10], [es—e14] * [e1—e10], [es—ei0] * [e1 +e14], [es+ e10] * [e1 — €14]
Intersection conflict triplet: (e1 e4 es), if (e4 e1 e5) would be R3

O13: (exeses) (€11 €13 €6) (ese11€15) (€15€13€2) (e15€9e6) (€4 €9 e13) (€9 €11 €2)

[e2+e9] * [esa+e15], [e2—eo] * [es—eis], [e2+eis] * [es—eq], [e2—er1s] ™ [es+ eo],
[e2 te3] *[esat+en], [e2—es] *[es—en], [e2+en] * [es—e3], [e2—en] * [es €3],
[es+en] *[es+e9], [ea—en] ™ [es—e9], [es+eo] *[es—ein], [es—eo] * [es+ en],
[es +e13] * [es + e15], [ea—e1s] * [es —eis], [ea+ e1s] * [ec —e13], [ea—eis] * [es + €3],
[es + e15] * [e2 + ei1], [es —e15] * [e2—en1], [es +e11] * [e2—e15], [es —e11] * [e2 + e1s],
[es T e13] * [e2+e9], [es—ei3] * [e2—ev], [es+eo] * [e2—e13], [e6—e9] * [e2+ €13]
Intersection conflict triplet: (e2 e4 €¢), if (€4 €2 €6) would be R1

O15: (eseser) (e13ei0e7) (eacioeis) (€13 €14€3) (€9 €14 €7) (€4 €9 €13) (€10 €9 €3)

[es +e10] * [ea +e13], [e3 —e10] * [ea—ei3], [e3 +e1s] * [ea—eio], [e3 —ei3] * [es + eno],
[es +e1a] * [esa +e9], [e3—e1a] *[esa—eo], [e3+eo] * [es—e1a], [e3—eo] * [es+ e14],
[ea +e9] * [e7 +e10], [ea—eo] * [e7—e10], [esa+eio] * [e7—e9], [es—ei0] * [e7+ e9],
[es +e14] * [e7+e13], [es—e14a] * [e7—e13], [e4 T e13] * [e7—e14], [es—e13] * [e7 + eu4],
[e7 +e13] *[es+eo], [e7—e13] *[e3—e9], [e7+eo] *[e3—e13], [e7—e9] * [e3 + €3],
[e7 + e14] * [es +e10], [e7—e14] * [es —e10], [e7+ e10] * [e3 —ei4], [e7—e10] * [e3 + €14],
Intersection conflict triplet: (e3 e4 €7), if (e4 €3 €7) would be R3

We can clearly scale both of the [] combined basis elements multiplying by real numbers, for example
{a[es + e14]} *{b[es — e9]} and still have a zero result, yielding an infinite number of possible zero
divisors for any Sedenion Algebra. For this reason, the bare product of basis element pairs is referred to
as a primitive zero divisor.

We worked out the above assuming all proper Octonion subalgebra orientations were those given by
the standard Cayley-Dickson doubling algorithm. Next, let’s explore what might happen if we specified
a different set of proper Octonion subalgebras. Define scalar indexed sign indicators as follows

sabc = +1 if Quaternion subalgebra {e. e, €.} orientation is (€. €p €c)
sabc = —1 1f Quaternion subalgebra {e. ey ec} orientation is (ep €a €c)

From cyclic shift equivalence for the triplet orientation, it is easy to see the following equivalences:
Sabc = Sbca = Scab = —Sbac = —Sacb = —Scba

For any Octonion Algebra, and more importantly in situations like now where it is desirable to leave
the algebra unspecified but for clarity represent basis element products in terms of the resultant basis
element, we may write

€a * €b = Sabc €c for the as of yet unordered triplet {ea e e}, orienting replaces sanc with +1 or —1

Next work things out using variables for indexes and our standard definition for proper RO Octonion
Algebra

[ed€eefEg:€ahec] RO:=(€acpec) (€gerea) (€ €geb) (Er€ec) (€ €d€a) (€r€dep) (€g €d )
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In this algebra we have for sign indicators sabc = Sgfa = Segb = Sfec = Seda = Sfdb = Sgde = 1

Again, arbitrarily pick proper (ea eb €c) as the single triplet rule we will negate to break the Octonion
subalgebra such that it can be used to develop zero divisors. Our relevant summed basis element
products using proper Octonion sign indicators, but negating rule sanc, will then take the following
forms form=d, e, f,and g

m=d

[ea + eaAm] * [eb + ebAm] = (_Sabc + Sefe ) € T (Safg + Sebg ) € = (_Sabc — Sfec ) €t (_nga — Segb ) Cg
[eb + ebAm] * [ec + ecAm] = (_Sbca + Sfga ) €at+ (Sbge + Sfee ) Ce = (_Sabc — Sgfa ) €t (_Segb — Sfec ) Ce
[ec + ecAm] * [ea + eaAm] = (—Scab + Sgeb ) € T+ (Scef + Sgaf) Cf= (—Sabc — Segb ) € + (_Sfec — Sgfa ) Cf

m=¢

[ea + ed] * [eb + eg] = (—Sabc + Sdge ) € T (Sagf + Sdbf) Cfr= (—Sabc — Sgdc ) et (nga + Stdb ) Cf
[eb + eg] * [ec + ef] = (—Sbea + Sgfa ) €a T (Sbfd T Sged ) €d = (—Sabc + Sgfa ) €a + (Sfdb — Sgde ) €d
[ec + ef] * [ea + ed] = (—Scab + Stdb ) €+ (Scdg + Sfag ) Cg = (—Sabc + Sfdb ) € + (—Sgdc + Sgfa ) Cg

m=1{f

[ea + eg] * [eb + ed] = (—Sabc + Sgde ) € T (Sade + Sgbe ) Ce = (—Sabc + Sgde ) € T (_Seda + Sgbe ) Ce
[eb + ed] * [ec + ee] = (_Sbca + Sdea ) €t (Sbeg + Sdeg ) Cg = (_Sabc — Seda ) €t (Segb + Sgde ) Cg
[ec + ee] * [ea + eg] = (—Scab * Segb ) € T+ (chd + Sead ) Cd = (—Sabc + Segb ) €+ (Sgdc — Seda ) €d

m=g

[ea + ef] * [eb + ee] = (—Sabc + Stec ) € T (Saed + Stbd ) Cd = (—Sabc + Stec ) et (Seda — Sfdb ) Cd
[eb + ee] * [ec + ed] = (_Sbca + Seda ) €t (def + Secf) Cf= (_Sabc + Seda ) €t (_Sfdb + Sfec ) Cf
[ec + ed] * [ea + ef] = (—Scab + Sdfb ) et (Scfe * Sdae ) Ce = (—Sabc — Sfdb ) ep t+ (Sfec * Seda ) Ce

As shown here for broken R0, all final sign indicators are equal to +1, and we can generally write the
product result as [er + es] * [e; + eu] =X ev Ty ew, Where x and y are both zero or both not zero. We can
also see if both x and y are zero, we have both [e; + es] * [e: + eu] and [er — es] * [et — eu] are zero
products, and if both x and y are not equal to zero, both [e; + 5] * [er — eu] and [er — es] * [e + eu] are
zero products, giving us the 24 zero divisors for a given broken Octonion subalgebra candidate.

We can change the representation from broken R0 to another similarly broken Octonion Algebra using
the 3:4 Morph Rule on the sign indicators. If a particular morph negates the triplet product rule given
by (eu ev ew), this is the same as negating the sign indicator suyw. From the last case above, we can see
for m = g we have the R0 zero product [e. + ef] * [eb + €] = (—Sabe T Sfec ) €c + (Seda — Stdb ) €4 = 0, and
additionally [ea — ef] * [eb — ec] = 0. If we were to apply the morph negating all triplet product rules that
do not include the index a, we will now have [ea + ef] * [eb + €] = (—Sabc — Sfec ) €c T (Seda + Stdb ) €d
which no longer equals zero, and the zero products become [e. + ef] * [er — €] = [ea — er] * [ep + €] = 0.

Getting back to our general result form [e: + es] * [e; + eu] = X ev +y ew, where x and y are both zero or
both not zero, we can see from above any possible 3:4 morph will either leave x and y both zero or both
not zero, or will change x and y from both not zero to both zero, or from both zero to both not zero.
These sign changes can be seen as somewhat problematic, since they modify the form of select []*[]
products in such a way that each consistent Octonion Algebra orientation selection for the eight
candidates that can be properly oriented will pick a set of 168 forms from a composite set of 336 forms.
A preferable position would be to come up with forms that are all algebraically invariant, meaning we
may apply any of the 2048 possible combinations of proper Octonion subalgebra orientations, and all
invariant forms will result in [e; + ;] * [ex = ei1] = 0 without any manipulation of add vs. subtract within
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[] basis element pairs. More will be said about algebraic invariance/variance below in section 11.0.

The first place to look when a form does what is needed in one algebra but gets modified in an
undesirable way in another algebra, is a missing product. Above, we properly came up with appropriate
quads of basis indexes using the general form [e: + erm] * [€s + €s*m]. In section 1.0 above, we
identified a relationship between e.»m and €. * em, so a logical choice would be to make the substitution
€a'm — €a * em. Doing so creates results for [e; + exm] * [es + €srm] that are not zero for both resultant
scaled basis elements, so we will need to move to the one [] +, one [] — form. The following statement
wraps up conclusions outlined above while defining the algebraic invariant form for all 168 Sedenion
zero divisors.

The maximal set of proper Octonion subalgebras for Sedenion Algebra will include seven Octonion
subalgebra candidates that share a common basis element, and any one of the other eight Octonion
subalgebra candidates, which could be called the doubling Octonion Algebra. There will be 2048
different combinations of proper Octonion Algebra orientations for these eight candidates. These
maximal sets of proper Octonion subalgebras will define the orientations for all 35 Quaternion
subalgebra triplets for their particular Sedenion Algebra orientation, and thus for the remaining seven
Octonion subalgebra candidates. Each of the remaining seven Octonion subalgebra candidates will
have one of its seven triplet orientations negated from an otherwise proper Octonion orientation. The
second appearance for the seven triplets in the doubling Octonion Algebra will be one up in the seven
proper Octonion subalgebras sharing a common basis element. The third appearance will be one up in
the seven broken Octonion subalgebras, and this triplet intersecting with the doubling Octonion
Algebra singularly breaks that Octonion subalgebra candidate.

Define a broken Octonion subalgebra candidate with basis element indexes {basic quad : its triplet}
using variables {d e fg : a b ¢} and require the triplet {a b c} to be the intersecting triplet that breaks
this algebra. The following are the algebraic invariant forms for the set of 24 paired basis products
that will yield zero results:

[eatea™ed] * [eb —ev™ed] = 0, [evter*ea] * [ec — ec*eq] =0, [ectec™ed] * [ea — €a*ed] =0,
[ea — €a™eq] * [evptevr*eq] =0, [eb — ev*ed] * [ectec*eq] =0, [ec —ec*ed] * [eatea™ed] =0,
[eatea™ee] * [eb — eb™ec] = 0, [ebtevb™ee] * [ec — ec*ee] = 0, [ectec™ee] * [ea — ea™ee] = 0,
[ea — €a™ee] * [evtev™ee] =0, [eb — ev*ee] * [ectec*ec] =0, [ec — ec*ec] * [eatea*ec] =0,
[eatea®er] * [eb — ev™er] =0, [evtev*er] * [ec —ec*er] =0, [ectec*er] * [ea —ea™er] =0,
[ea —ea™er] * [eptev*er] =0, [eb —ev*er] * [ectec*er] =0, [ec —ec*er] * [eatea™er] =0,
[eatea*eg] * [ev — ev™eg] =0, [evtev*eg] * [ec — ec™eg] =0, [ectec*eg] * [ea — ea™eg] = 0,
[ea — ea™eg] * [evter™ eg] =0, [eb — ev*eg] * [ectec*ey] =0, [ec — ec*eq] * [eatea*eg] =0

Applying these forms to all seven broken Octonion subalgebra candidates produces 168 separate
primitive zero divisors consistently zero for any of the possible 2048 proper Octonion Algebra
orientations assigned to the other eight proper Octonion candidates.

The basic quad basis elements { eq, €., ef, € } used in the algebraic invariant general form [] internal
products individually appear in six products within four separate broken Octonion subalgebra
candidates. Rather than partitioning the 168 primitive zero divisors into sets of 24 algebraic invariant
zero products by broken Octonion subalgebra candidate, we may partition them in sets of 24 by
common basic quad element used in the [] internal product, e.g. using exclusively [e: + e * em | for a
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single m value. When this is done, the 24 zero divisor products can be arranged as six separate products
of quads of added or subtracted basis elements, yielding 42 algebraic invariant quad basis element zero
divisors. These are worthy of full itemization:

[ea £ €1 * em | for m = 9, resultant basis elements exclude {em es ems} = {e9 €5 €1}
{[estes*eo]+[eates™eo]} *{[er—er*eo]+[es— es*eo]} =0

{[estes*eo]+[eates®eo]} *{[ea—e2¥eo]+[es—e3*eo]} =0
{[erter*eo]+[estes™eo]} *{[e2— e2*eo]+[es—e3*eo]} =0
{l[erter*es]+[estec™ eo]} *{[es—es*eo]+[ea—es*eo]} =0
{[eatex*eo]+[estes™eo]} *{[es—es*eo]+[es—es*eo]} =0
{[eatex*eo]+[estes® e} *{[e7— er*eo]+[es— es*eo]} =0

[ea = €a * em | for m = 10, resultant basis elements exclude {em €g em~
{lestes*ew]+t[eates*ew]} ™ {[es— es*ew]+[e7— er* e
{[eetes*en]+[eatesa™en]} *{[es— e3s*ewn]+[e1— e *eo
{[es+es*ewn]t[erter*ew]} *{[es— e3s*ew]+[e1— e * e
{[estes*ewn]+[erter*en]} ™ {[es— es*ew]+[esa— es*er0
{[e
{[

= {610 es €2}

o]

estes*ep|t[erter*ew]} *{[es— e *ew]+[esa— es* e
estes®ep]+[erter*ewn]} *{[es— es*en]+[er— e7* e

e e e e e e

[ea £ €1 * em | for m = 11, resultant basis elements exclude {em €3 ems} = {€11 es €3}
{[e7+e7*611]+[e4+e4*e11]}*{[66—66*611]+[65—65*611]} 0

{l[ert+er*en]+[eates*en]}*{[er—er*en]+[e2—e*en]}=0
{[estes*en]+[estes*en]}*{[er— e *en]+[ea—ex*en]}=0
{[estes®*en]t[estes*en]}*{[es—er*en]+[ea—es*en]}=0
{l[erter *en]+[eatex*en]}*{[ev—er*en]+[ea—es*en]}=0
{[er1t+er*en]+[eat+tex*en]}*{[ee— es*en]+[es—es*en]}=0

[ea + €1 * em ] for m = 12, resultant basis elements exclude {em €3 ems} = {€12 €3 €4}
{[erter*en]+[estes*en]} *{[ea—ex*en]+[es— e *enn]} =
{l[erter *en]+t[estes*en]} *{[es—es*en]+[er—er*en]}=
{[e2tex*en]+[estes en]}*{[es—es*en]+[er—er™enn]}
{[e2tex*enn]+[estes en]}*{[e1— e *en]+t[es—es*en]}=
{[estes*en]+[erter*en]} *{[e1— e ™ en]+[es—es*en]}
{[estes*en]t[erter*en]} *{[ea— ex*enn]+[es— e *en2]}

[ea = €2 * em | for m = 13, resultant basis elements exclude {em es em~s} =

{[erter*en]+[eatex*enn]} *{[ea—es*eis]+[e1—e*e3]}=0
{[erter*en]t[eatex™en]}*{[es—es*enn]+[es— e *enn]}=0
{[eates*e]+[erter*en]} *{[es—es*eis]+t[es— es*ei3]} =0
{[eates*en]+[erter*en]}*{[ev—er*en]+[ea— e enn]}=0
{[ 1}=0
{[ 1}=0

{e13 es es}

estes*ens|tlestes*es]} *{[er—er*ens]+[e2— ex*ens
estes*ens|tlestes™enn]} *{[ea—es*ens]+[er— el *es

[€a £ €a * em ] for m = 14, resultant basis elements exclude {em es ems} = {e14
{[estes*eq]t[estes*es]}*{[ea—es™es]t[ea—ex*en]} =0
{[estes*euu]t+[estes*en]}*{[ei—er*eu]+t[er—er*es]} =0
{[eates*es]t[eatex*es]} *{[e1—er™eus]t[er—er*en]} =0
{leates*eq]t[eater*es]}*{[es—es*eus]t[es—es*enn]} =0

es €6}
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{lerter*es]t[erter*es]} *{[es—es*es]t[es—es*enn]} =0
{[erter*e]t[erter*enu]} *{[ea—es*eu]+t[e2—e2*enn]}=0

[ea = €a * em | for m = 15, resultant basis elements exclude {em €s ems} = {€15 €s €7}
{[estes*eis|t[er+ter*eis]} *{[ea— es*ers]+[es— e3*eis
{[eetes*eis]+[er+ter*eis]} *{[ea— ex*eis]+[es— es*ers
{l[eates*ers]t[estes*eis]} *{[e2— e2*e1s]+[es— es*eis
{[eatesa™ers]+[estes*es] ) *{[ec— e *e1s]+[e1— e *ers
{1
{[

e2tex*eis|t[estes*ers]}*{[es— e *eis]+[e1— e *ers

}
+=0
+=0
+=0
+=0
+=0
e2tex*eis]+[estes*es] ) *{[ea—es*eis]+[es—e3s*eis]}=0

]
]
]
]
]
]

In these quad basis element products, each of the four [ ] * [ ] product results are zero, so each may be
individually scaled by any real number, including 0 basically removing it, e.g. for any real numbers a,
b, ¢ and d, scaling the last quad product above we have

{fa[extex*eis|£blestes*eis]} *{+c[es— esa*eis]Ed[es—es*eis]} =0

We may also combine to form quad * octet forms, e.g. from the last two above we have for any real
numbers a, b, ¢, d, e, f

{+a[exter*eis]tblestes*es] ) *
{£c[es— es *e1s]xd[e1— er1*eis]+efes— es*ers|£fles—e3s*eis]} =0

Clearly, any of the products internal to [ ] could be replace with oriented results, e.g. e * s — St €.
10.0 A Cayley-Dickson algebra dimension doubling scheme that builds all definition variations

In section 1.0 above, relaxing the requirements in an unordered triplet to allow scalar basis elements
while keeping the xor rule allowed us to associate {eo €0 €0} as a representation of Real number
algebra, where the product of two scalar basis elements is another scalar basis element. We then added
a new basis element to the mix, and created an additional unordered triplet that placed the new basis
element in the central position and the known single basis element on the right, then completed the
triplet with the basis element indexed by the xor of the two placed entries, yielding and {e; e1 eo}.
Cyclic shifts of triplet {e1 e1 eo} represent the three Complex Algebra basis element products given by
e1 * e1 =—eo, €1 * €0 = e1, and eo * e1 = e1. The triplets here are singularly oriented, indicating Real and
Complex Algebras are singularly defined. They technically are part of the fixed definitions for scalar
basis products and like non-scalar basis products singularly defined for any hypercomplex algebra.

We can continue this scheme to build higher dimension algebras. Setting aside the fixed definition basis
element products, we can double the dimension by doing exactly what we did for adding the new basis
element e to the already established set, the single eo.

For the next step we have known basis elements [eo , €1] from Complex Algebra, so we have one new
triplet leaving eo for the fixed and known definitions for scalar and like non scalar products. Add in the
next sequential index for the central basis element of a new unordered triplet with previously
established index 1 then complete the triplet with the xor of indexes for the two set basis elements.

{err1e2e1} == {e3exel} two orientations
This is the Quaternion Algebra unordered triplet with two orientations. With the fixed product
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definitions and orientation options, all Quaternion Algebra variations are specified.

For the next step, we have the established set of basis elements for Quaternion Algebra [eo, €1, €2, €3] SO
we have three known non-scalar triplets to build with our new basis element e4 putting aside eo, as done
above. These unordered triplets will be

{esr1ese1} == {esese1} two orientations
{earr es €2} == {es €4 €2} two orientations
{eaz e4 €3} == {e7 €4 €3} two orientations

We can recognize these as triplets that can be used to form Ordered 9-tuples from which we can build
Octonion Algebra. The variation for triplet {e3 e> e1} is still in play as it shows up in the Ordered 9-
tuple cardinal triplet position, with the new basis element in the cardinal basis element position. So, we
have 16 possibilities from the two independent orientation choices for four triplets, just the number we
expect for Octonion Algebra. We can start with (e; ez e3), do all eight orientation combinations on the
Ordered 9-tuple triplets sharing the new basis element, and then move to (e2 e e3) then repeat the eight
orientations for the other three. We must then determine their Left/Right Ordered 9-tuple orientations
case by case, placing the arrow on the appropriate side. We can identify which Octonion Algebra is
specified by comparison with the list at the end of section 4.0.

Remember that all Ordered 9-tuples have cyclic equivalence for the stacking order for permutation
triplet multiplication rules sharing the cardinal basis element. Each of the following are within cyclic
shifts of the presentation in section 4.0.

Using (e €2 €3)

RO

(eseser)

(es ese2)]

(e7 es €3)

L1 L2 R7 L3 R6 RS L4
(e1 €4 €5) (eseser) (e1 €4 €5) (eseser) (e1 es e5) (eseser) (e1 es e5)

l(es es €2) L(e2 es e6) (e2es4e6)] L(es €4 €2) (es €4 €2)| (e2es4e6)] l(e2 e4 e6)
(e7 €4 €3) (e7 €4 €3) (e7 €4 €3) (e3 e4 €7) (e3 e4€7) (e3 €4 €7) (e3 e4€7)

Using (e3 ez e1)

R4
(e7 €4 €3)
(es €4 €2)|
(es ese1)
L7 L6 R1 LS R2 R3 L0
(63 €4 67) (67 €4 63) (63 €4 67) (e7 €4 63) (e3 €4 e7) (67 €4 63) (63 €4 67)
L(e6 €4 €2) l(e2 es €6) (e2ese6)l L(e6 €4 €2) (e6 €4 €2)| (e2ese6)l l(e2 es e6)
(65 €4 61) (65 €4 61) (e5 €4 61) (61 €4 es) (e1 €4 e5) (e1 €4 e5) (61 €4 65)
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All 16 Octonion Algebras are correctly indicated. No surprise since we got here by restricting the
orientations of the additional Quaternion triplets including es, s and e7 with the Ordered 9-tuple
structure. This was required to only allow proper Octonion Algebras.

Next, we now have the set of basis elements for Octonion Algebra [eo, €1, €2, €3, €4, €5, €6, €7] SO We
have seven known non-scalar triplets to build seven new unordered triplets with our new basis element
eg putting aside eo, as done above. These unordered triplets will be

{esr1eger} == {egeg e} two orientations
{egr eg €2} == {e10 es €2} two orientations
{egr3 es e3} == {ei1 eg €3}  two orientations
{egrs e €4} == {e12 €8 €4} two orientations
{esrseges) == {e1zeges}  two orientations
{esrs eg €6} == {€14 €3 €}  two orientations
{esrege7} == {e1seg €7}  two orientations

As with Octonion Algebra, we have restrictions on the combinations of orientations for Sedenion
Algebra. The 16 different original proper Octonion orientations are still in play but are independent
since they do not include any of the seven new unordered triplets including es. The seven ordered
triplets in the original Octonion Algebra will individually intersect with the seven Octonion subalgebra
candidates that include es. All seven Octonion subalgebras including es will have three triplets
including eg taken from the list above, each with two orientations, indicating the proper count of 16
different Octonion Algebras for each of the seven including es. The three can be placed into an Ordered
9-tuple using eg as the cardinal basis element and the original Octonion Algebra ordered triplet
intersection in the cardinal triplet position to enforce proper Octonion subalgebra structure.

We can then expect 16%27 = 2048 different combinations of proper Octonion subalgebras for the
doubled to Sedenion Algebra just done, where this maximal set includes the seven Octonion
subalgebras including the common basis element eg plus one more subalgebra given by the Octonion
Algebra used to double to Sedenion Algebra. Once again, suitable symbolic algebra verifies 2048 to be
the number of different orientation definition variations for Sedenion Algebra for a given maximal set.

We have 15 free choices for the common basis element in seven Octonion subalgebras, and once
chosen we have eight more free choices for which one of the remaining Octonion subalgebras
excluding the common basis element will be added to form the particular maximal set. So, in total we
have 2048*15*8 = 245,760 combinations of maximal sets for Sedenion Algebra defining eight proper
Octonion subalgebras and seven broken Octonion subalgebras. The Cayley-Dickson dimension
doubling algorithm only provides one of them.

11.0 Octonion algebraic invariance and variance: why we should bother with algebraic variability

Physical phenomenon exist that require an orientable algebraic structure for their mathematical
description, like requiring use of the 3D vector cross product. Expecting the same observable deflection
direction for a charged particle moving through a magnetic field whether we use a right-handed system
or a left-handed system leads to the realization the magnetic field itself must also be an oriented vector.
Orientation implies a choice within the variability of the algebra employed, so it is important to fully
understand this variability. The mathematical description of physical observables must have no
variability. They must be algebraic invariants, meaning the mathematical structure for a theory of
observables must account for all algebraic variations in a way that the final results are unchanged for
all possible definition variation for the algebra applied. This is the short definition of The General Law
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of Algebraic Invariance. It stands on the position no full understanding of the variability within the
definition of any algebra gives us cause to find one variation preferable to any other. Any algebra-based
theory must have the math worked out within a single algebra definition choice, and this is a free
choice. My preferred algebra is Octonion Algebra, so let me state the specific algebraic invariance law
for it.

The Law of Octonion Algebraic Invariance

There is no preferred Octonion Algebra amongst the sixteen different orientation variation choices. All
physically observable phenomenon described with the algebra of Octonions must therefore have
algebraic structure that is invariant across all possible orientation choices of Octonion Algebra.

A general Octonion based theory for an observable will use some number of products of algebraic
elements, likely with differential equation forms for the coefficients attached to basis elements. This
mathematical structure must yield the same result for all 16 proper Octonion Algebras. If a candidate
theory seems to produce the desired results, yet results are not algebraic invariants, this should be used
as motivation to suspect the model is incorrect, and retooling is called for. To make this call, we must
fully understand how algebraically invariant and variant product terms come about.

A simple example of an Octonion algebraic invariant form is the double product es * (e7 * es). The
product inside () result is governed by the orientation of the triplet {e> es e7}, yielding +e>. The second
product will involve es and e and this product is also governed by the orientation of {e> es e7}. Any
algebra change will either do no negations or two negations on the final result, resulting in no change in
both cases. So, we have es * (e7 * es) =— e7 for every Octonion Algebra.

This concept can be extended to any number of Octonion algebraic element products, resulting in
product terms that are either algebraic invariants or algebraic variants. I have devised a method to sieve
product terms resulting from any number of Octonion algebraic element products into sets that have
identical variance characteristics. Observe the following table.

RO/(L0) R1/(L1) R2/(L2) R3/(L3) R4/(L4) R5/(L5)| R6/(L6) R7/(L7)

I 1 1 1 1 1 1 1 1
{er ex e3} 1 1 1 1 -1 -1 -1 -1
{e7ese1} 1 1 -1 -1 -1 -1 1 1
{eser e} 1 -1 1 -1 -1 1 -1 1
{es €5 e3} 1 -1 -1 1 -1 1 1 -1
{eseser} 1 1 -1 -1 1 1 -1 -1
{ec €4 €2} 1 -1 1 -1 1 -1 1 -1
{e7 es €3} 1 -1 -1 1 1 -1 -1 1

The first column of this table has row labels assigning the row context as I to represent product terms
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not governed by an ordered triplet rule, followed by each of the seven unordered triplet rules for
Octonion Algebra. The second column is labelled R0O/(L0) and all entries are +1 to set the context for
other column +1 table entries as follows. If the orientation for the row label triplet as defined within the
column Octonion Algebra Rn(Ln) is the same as its orientation in RO(L0) the row/column intersection
is +1. If the two have negated orientations, the row/column intersection is —1. The :4 side of the 3:4
Morph Rule is readily apparent.

Using this table, let’s work out a specific double product with an algebraic variant result: ez * (e7 * es).
The first product is +e> set by the orientation for {es e7 e2} for the particular algebra used. The second
product will be governed by the orientation for {e; €2 e3} with a final result +e;. The result relative to
RO/(L0) in any column Rn/(Ln) algebra will now be dependent on the product of the two table entries
in column Rn/(Ln) row {es €7 €2} and column Rn/(Ln) row{e; e e3}. If the result is +1, e3 * (e7 * es5)
evaluated in Rn/(Lin) will be the same as in R0O/(LL0) and if the result is —1, the result in Rn/(Ln) will
be the opposite sign as in RO/(L.0). This suggests a row composition where like columns are multiplied.

The matrix of £1 table entries is a Hadamard Matrix. As such, the composition of any two rows formed
by multiplying common column values as just described, is assured to result in one of the matrix rows.
That is, this row composition is closed for the table. Clearly the I row is the identity element, and the
composition of a row with itself always results in the I row. The basis element intersection for any two
unordered triplets will be a single basis element which will always be found in a third unordered triplet.
For our example just done, the intersection of {es e7 €2} and {e1 ez e3} is the result of the first product;
e2. The third unordered triplet including e is {es €4 €2}. Doing the row composition on rows {es €7 €2}
and {e1 e> e3} yields row {es €4 €2}, and its content sets the results for ez * (e7 * es) relative to R0/(L0)
in any other Right(Left) algebra. The composition of any two unlike non-I rows will always be the third
row sharing the intersection basis element between the two argument rows for the composition.

If before any products are performed we start out on the I row, the first product rule row and the I row
composition will park the result on the first product rule row since I is the identity. This infers a single-
product based algorithm where the notion of the current row and current basis element define the
current variance state and result basis element of the in-progress product term. The product rule of the
product between the next sequential basis element and the current basis element sets one of the row
composition arguments, and the current row sets the other. The result of this composition becomes the
next current row, and the basis product result becomes the next current basis element. Starting out, the
initial current row will typically be the | row and the first basis element in the product history will be
the initial current basis element. If a particular algebraic element subelement is defined fundamentally
as an algebraic variant term without any specific product history from the I row starting point, that will
define its starting row defining the results of subsequent products.

Since the row composition is closed, we can do this on any number of consecutive product term
products arising from products of algebraic elements, and at the end of the product history, finish up on
a particular row with a particular final basis element and attached coefficient string. We must now bring
into consideration the move between Right and Left Octonion Algebras. The Rn < Ln involution is
the negation of all seven ordered triplets. If we had an odd number of triplet rule compositions in the
product history, the involution would do an odd number of negations netting out to a negation of the
product term. An even number of triplet rule compositions would net out to no negation by the
involution. So, we must track the odd/even triplet rule parity of the product history as well as
determining which row we end up on and which final basis element.

At the end of processing the product history for a given product term final result, if we end up on the I
row through an even number of triplet rule compositions, that product term is an algebraic invariant.
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The other 15 possibilities define set partitions for separate algebraic variant classifications. Ending up
on the I row through an odd number of triplet rules will require at least five products and those five are
a very specific combination. This variant indicates the product term is a Right Octonion algebraic
invariant and a Left Octonion algebraic invariant, but changes sign moving between Right and Left
Octonion Algebras. Most physics done with Octonion Algebra will need four or less products or will
not duplicate the specific five products, so in these typical situations only 14 variant classifications are
reached.

We can enumerate the invariant/variant classifications, using I or the index set for the final row, and +
for even parity and — for odd parity. My definitions follow

I - VH{123} V-{123} V+{761} V-{761} V+{572} V{572
VH{653) V{6531 V+{541} V-{541} V+{642}) V-{642}
VH{743}  V-{743}

Product sequences of Octonion algebraic elements can result in summed product terms having any

possible final basis element result in each of these sets. Every member within a given classification will
either change sign or not change sign in unison for every possible change in selected Octonion Algebra.
Every algebraic invariant product term will maintain its sign for all possible Octonion Algebra changes.

Getting back to The Law of Algebraic Invariance, I state this as Law without apology. It is intuitively
obvious and is actually born out in reality. Using Octonion Algebra for a potential theory unifying
Electrodynamics and Gravitation leads to algebraic invariant forms for the 8-current density, all forces,
work, energy density, the Octonion equivalent Poynting vector. Using the full complement of invariant
algebraic products in the general algebraic form representing the Octonion equivalent of the classical
stress-energy-momentum tensor divergence significantly simplifies the non-trivial task of coming up
with an equivalent of the Octonion force-work equations, but with an outside differentiation on all
terms, enabling construction of the conservation equations.

The corollary of the Law of Algebraic Invariance should be called The Law of the Unobservable.
Observables must be algebraic invariant terms, so the algebraic variant terms would describe
unobservable features. Just because they are not observable does not mean they are not important, but
certainly the traditional path of observation by experimentation leading to theoretical mathematical
modeling and analysis is cut off.

The standard theoretical approach of forming differential equations, but done within the structure of
Octonion Algebra, will lead to specific and unique summed differential forms in select algebraic
variant sets. Each of the individual terms in a given set will collectively either change sign or will not
change sign when all possible changes in proper Octonion Algebra are used for their construction. If we
were to assign a 0 result for the sum of all product terms in each algebraic variant set, the ensemble
form would then be fully invariant since +0 = —0. I call these algebraic variant differential equations
homogeneous equations of algebraic constraint. They are important since they will limit the family of
solutions for the differential equations describing reality.

As we have seen, we may generally classify an algebra by some characteristic, such as an eight-
dimensional normed composition division algebra, yet have definition variability underneath. This
variability defines symmetries of the algebra, imposing symmetries on the differential equations
formed on top of their foundation. In this way, the definition variability symmetries become the voice
of the algebra. We should listen.

© Richard Lockyer December 2020 All Rights Reserved page 33



References

Richard D. Lockyer, 2012 FQXi Essay The Algebra of “Everything”, August 31, 2012
https://fgxi.org/data/essay-contest-files/Lockyer fgxi essay RicklLock.pdf

Richard D. Lockyer, 2018 FQXi Essay 7ruth, February 5, 2018
https://fqxi.org/data/essay-contest-files/Lockyer Truth Ricklockyer F.pdf

Richard D. Lockyer, FQXi Forum post Conservation of Octonion Energy and Momentum, March 30,
2018
https://fqxi.org/data/forum-attachments/chapter 10.pdf

I.L. Kantor and A.S. Solodovnikov, Hypercomplex Numbers, Springer Verlag, 1989
J. Baez, The Octonions. Bulletin of the American Mathematical Society, 39:145-205, 2002

Geoffrey Dixon, Division Algebras: Octonions, Quaternions, Complex Numbers and the Algebraic
Design of Physics, Kluwer Academic Publishers, 1994

R. D. Schafer, An introduction to nonassociative algebras, Dover Publications, New York (1994).
Jens Koplinger, arXiv:1103.4748 An analysis of Rick Lockyers “octonion variance sieve”

J. Schray, C. Manogue, arXiv:hep-th/9407179 Octonionic representations of Clifford algebras and
triality

L. Sorgsepp, J. Lohmus, About Nonassociativity in Physics and Cayley-Graves’ Octonions (1978
preprint)
https://inis.iaea.org/collection/NCLCollectionStore/ Public/11/532/11532548.pdf

R. Cawagas, Discussiones Mathematicae General Algebra and Applications 24 (2004) 251-265
On the Structure and Zero Divisors of the Cayley-Dickson Sedenion Algebra

R. de Marrais, arXiv:math/0011260
The 42 Assessors and the Box-Kites they fly: Diagonal Axis-Pair Systems of Zero-Divisors in the
Sedenions’ 16 Dimensions

R. Moreno, arXiv:q-alg/9710013
The zero divisors of the Cayley-Dickson algebras over the real numbers

© Richard Lockyer December 2020 All Rights Reserved page 34


https://fqxi.org/data/essay-contest-files/Lockyer_fqxi_essay_RickLock.pdf
https://fqxi.org/data/essay-contest-files/Lockyer_Truth_RickLockyer_F.pdf
https://fqxi.org/data/forum-attachments/chapter_10.pdf
https://inis.iaea.org/collection/NCLCollectionStore/_Public/11/532/11532548.pdf

