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Abstract

CeromHsl TIPaKTUYECKH B JIOOOM YUEeOHWKE MO aHATMTHYECKON TEOMETPHUH €CTh pPasien,
MNOCBAMIEHHBIA KOHUYECKUM CEUCHHSIM. Benukuii MaTeMaTuk IPeBHOCTU EBKIHI KOTrAa-TO
Hamrcan counHenne «Hagana KoHMYeCKuX cedeHui» (K COXKaJICHHUIO 0 Hac HE JOIIEIIIEE).
Hpyroii Benukuii MareMaTuk ApeBHOCTH AnosuioHui [leprckuii riaBHBIN TPy CBOEH KU3HU
Tak u o3armaui «KoHwdeckue cedeHus». Jlo HammWX THEW COXPAHWINCH CEMb M3 BOCHMH
KHUT STOTO COYMHEHWs. BOmpoc KOHWYECKHWX CEUEHHWH — KPUBBIX BTOPOTO TOPSAKA — C
JPEBHUX BPEMEH MHTEPECOBAN YEJIOBEUECTBO. M BOONPOC 3TOT OKOHYATEIBHO HE 3aKPBIT 10
cux mop (Hampumep, HEKOTOpble 0cOOEHHOCTH 3aiaun Anosuionus). B Hacrosimein paborte
MBI TIO3HAKOMHM YHUTATeNs C €M OMHWM B3IJISIIOM Ha BOMPOC KOHUYECKUX CEYCHUH,
KOTOpPBI Mbl Ha3BATH «BBeIeHNE B TEOPUIO KacaTeIbHBIX cepy.

Today, almost every textbook on analytic geometry has a section on conical sections. The
great mathematician of antiquity Euclid once wrote the essay "Beginnings of Conical
Sections" (unfortunately not extant). Another great mathematician of antiquity, Apollonius of
Perga, titled the main work of his life "Conical sections". Seven of the eight books of this
work have survived to this day. The question of conical sections - curves of the second order
- has been of interest to mankind since ancient times. And this question has not yet been
completely closed (for example, some features of the Apollonius problem). In this paper, we
will acquaint the reader with another look at the issue of conic sections, which we called
"Introduction to the theory of tangent spheres".
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BBeneHue B TeopuIo KacaTejbHbIX cdep

Omu kpusvie mocym Ovlmsv onpeoeieHul
MHOUMU PA3TUYHBIMU CNOCODAMU

I'.C.M. Kokcerep, C.JI. I'peitruep

B naHHOW cTaTbe Mbl O3HAKOMUM YHUTATENSI C TEOPUEN KPUBBIX LIEHTPOB
(TKII), xak c anbTEepHATUBHOW TEOPHEH MJII TEOPHUHM KOHUYECKHX CEUECHUM
(TKC).

PaccmoTprMm n1B€ TIPOM3BOJIBHBIE HEMEPECEKAIOMMECH OKPYKHOCTH.
OuyeBHIHO, YTO MOCTPOUTH KACATEIBbHYIO OKPYKHOCTb K JTHM JABYM JTaHHBIM
OKPYXHOCTSIM MOKHO Pa3IM4HbIMU YeThIpbMs criocodamu (Puc. 1).

Puc. 1

[TocTpoeHHass OKpY>KHOCTb MOJKET KacaTbCsl JBYX IAaHHBIX CHapyXu. A
MOXET - U U3HyTpu. Kpome TOro, mocTtpoeHHast OKpYKHOCTb MOXKET KacaTbCs
OIIHY JAHHYIO OKPYXXHOCTb CHAapyKH, aIpyryr0 IIpu 3TOM — u3HyTpu. U
Haoboport. T. e., Kak 1 OBLJIO CKa3aHO, - YETHIPHMS PAa3IMYHBIMU criocobamu. U,
KpPOME TOTO, B KaJAOM M3 dTHUX YETBIPEX CIIy4aeB MOCTPOEHHAsI OKPYKHOCTD HE
ABJSIETCA €IMHCTBEHHOM.

PaccMoTpuMm nepBbid ciydai, KOTr4a OKPYKHOCTb KacaeTcs ABYX JAaHHBIX
CHApYXHU.
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Puc. 2

Ha Puc. 2 noka3an npumep - Tpu OKPY>KHOCTH niepBoro tuna. O4eBUaHO,
YTO IMOCTPOUTH TAaKUX OKPYKHOCTEH MOXKHO OeckoHeuHOo MHoro. Hac Oynmer
MHTEpPECOBATh 3ajadya IMOMCKAa TE€OMETPUYECKOr0 MECTa TOYEK, TJE JIexKaT
LEHTPBI TTOCTPOCHBIX OKPYKHOCTEW. T. €. aHAIMTUYECKUN BUJ TaKOW KPUBOM.
Mpg1 OyieM Ha3bIBaTh €€ KPUBOU YeHMPOs.

BBeném cucremy KOOpaMHAT, Kak Moka3zaHo Ha Puc. 3.

V><

Puc. 3

[Tycts OC =n, 04 =1, CB = R. M — Texymias Touka KICKOMOW KPUBOM, T.
€. LUEHTP HEKOTOPOH OKPYKHOCTH, KAacaroUIeHCs [BYX JAaHHBIX BHEIIHUM

obpas3om. Toraa MOKeM 3ammcaTh: /X* +y” =r+ AM, HO T. K. Touka M — IICHTp

OKpY>KHOCTH, KOTOpast KacaeTcs ABYX JAaHHBIX, TO AM = MB = \/(n - x)2 +y? —R.
[ToncraBnsas AM B IepBOE BBIPAKEHUE MOTYYAEM:

R—r=+/(n—x)f +y*> — x>+ y? (1)

Boipaxxenue (1) u Oyznet ypaBHEeHUEM KPUBOW LEHTPOB.
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He tpynHo mousTh, uto (1) siBisieTcs ypaBHEHHWEM BTOPOTO MOPAIKA, a
ATO 3HAYUT, YTO Hallla KPUBAs MPUHAIJICKUT K KIACCy JUHUN KOHHUYECKOTO
ceyeHus:  (MCKJIOYas, KOHEYHO, BBIPOXKJIECHHbIE ciy4yau). [lompoOyem
pazo0patThCs, YTO K€ ATO 3a JIMHUS.

[IpaBas wacTh BbIpaxeHus (1) — STO HM YTO HHOE, KaK pPa3HOCTh
PACCTOSIHUI TEKYIed TOYKH UCKOMOUM KpPUBOM N0 IBYX (PMKCHPOBAHHBIX TOYEK
C u O. Ilpuuém pasHOCTH 3Ta ecTh BeiauuuHa noctosHHas — (R - r). menHo
TaKHUM CBOWCTBOM oOisamaeT rumepOoia [1]. [ans wa Puc. 2 moHATHO, 9TO
HalJIeHHas KpUBas IICHTPOB HU YTO MHOE, KaK JieBask BETBb TUNEPOOIIbI, a TOUKU
O u C — eé ¢doxkycol. Ilyctp X, - TOUKa nmepecedeHus] KPUBOU HEHTPOB C OCHIO
abcmuce. T. e. x, =n——§+r. [Tonb3ysch KIIACCHMYECKON TEepMUHOJOTHEN [3]
BBEIEM O0003HAueHUs: n=2c - MeX(POKyCHOE paccTosHue, a R-r=2a -
abCoNIOTHAsT Pa3HOCTh PACCTOSTHUM OT IMPOU3BOJIBHOM TOYKM THIEPOOJIBI 110

n
dokycoB. Tenepsr crnemaem mpeoOpa3zoBaHUsl KoopAuHAT: Y* =Y, X* =X ~5
Ilepexoass kK HOBBIM KOOpPAMHATAM U HCIOJIb3ys MPUHAThIE 00O03HAYCHUS

MOJIy4aeM:

(x *2)2 _ (v *2)2 -1, (2)
a b

3nech b® =c®—a®. T. e. moylyyaeM KaHOHUYECKUI BUJI yPaBHCHHS THITEPOOJIBI.
PaccmoTtpum BTOpO# citydail, KOrJa MOCTPOEHHAsT OKPY>KHOCTh KacaeTcs
JIaHHBIC OKPY)KHOCTH U3HTPH.

b
( { )
‘ :‘ )
Puc. 4
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BBGI[éM CUCTEMY KOOPAWHAT daHAJIOTMYHBIM 06p330M, KaK MBI JCIaIu 3TO
HJI TICPBOTO CiIy4dasd.

v X

Puc. 5

B nannom cimydae Oynem nmets: AM = MB. PactiucbiBast 3TO paBEHCTBO
MOJTy4aeM TAKOE BBIPAKEHUE:

R—r=x2+y? —\(n—xf +y>. (3

He tpynno 3ametutsb, 4To ypaBHeHUe (3) orauyaercs ot ypaBHeHus (1)
JUIIbL TEM, 4YTO CJaraémble B MPaBOM YaCTU IMOMEHJIUCh Mectamu. T. e.
ypaBHeHue (3) — 3T0 npasasi BETBb runepoosbl (2).

O6benunsts (1) u (3) MoxkeM 3anucaTh O0IIee ypaBHEHHE:

R—r =+ /x> + y2 F/(n=x)* + y? . (4)

PaccMmoTrpum ciywan, Korna KacaTeslbHasi OKPYXKHOCTb KacaeTcs OfHY W3
OKpYKHOCTEH CHapyxH, a Bropyto u3nytpu ([Ipumep, Puc. 6).
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Puc. 6

BBeném cucremy KOOpAMHAT U BBIBEJAEM YPABHEHUE KPUBOW LIEHTPOB.

Y ’/M(Xl y)

V><

Puc. 7

Kak u B mpenpiaymux ciyyasx Touka A M Touka B ABISAIOTCS TOYKaMHU
KacaHUsl OKPY>KHOCTH, LIEHTp KOTOpo# Haxonutcest B Touke M. T. e. AM = MB.
Ortcroaa npuxoauM K YpaBHEHUIO:

R+r=x?+y?> —y(x=n)* +y? (5)
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Kak BuauM, CHOBa MOJNy4HUIIU ypaBHEHHE OJHOW M3 BETBEW T'MIIEPOOIIBI C
TOW JIMIIb pa3HULEH, 4TO Tenepb 2a=R+r NpU TOM XK€ MEK(POKYCHOM
paccrosiHuu. [lo aHamorum ¢ mpeaplAyIIMM CIy4yaeM MOJKEM 3amucarh oOlee
ypaBHEHHUE TUIIEPOOIIbI TaHHOTO THIIA:

R+r=4x2+y> F/(x=n) + y?. (6)

Bce wderbipe caywas Mbl  paccMoTpenu. HamomHuM, YTo Haim
OKPY>KHOCTH HE MepeceKalld Ipyr Apyra, T. €. N> R+r .

Teneps paccMOTpUM Cilyyai, KOTJIa UICXOAHBIE OKPYKHOCTH TaK)Ke HE Tie
nepecekaroT JApyr npyra, HO r<n<R. T. e. ogHa OKpPYXHOCTb IEIIUKOM
HaXOJUTCSl BHYTPHU JAPYroil OKPY>KHOCTH.

Y 4

(o ;
N

Puc. 8

Touka M(x,y) — TeKyIas ToYKa KpUBOH IICHTPOB JJIs JaHHOTO ciydas. T.
€., kKak u npexne, AM = MB (Puc. 8). IToniydaem Takoe ypaBHEHUE:

R+r=x?+y? +/(x=n)* + y?. (7)

CyMMma cnaraeMbIx B MpaBoil yacTu (7) TOBOPUT O MOCTOSTHCTBE CYMMBbI
pPacCTOSTHUM OT TOYKM KPUBOWM IIEHTpOB 10 Todek O u C. VIMEHHO Takum
CBOECTBOM 00J1a/1a€T DJUIUTIC.

n
Ilepexons K HOBBIM KOOpAWHATam Y* =Y, X* =X—§ U yrnpouias

BbIpaxkeHue (7) nojiydaeM KaHOHUYECKOE YPABHEHHE DIUIUIICA:

(X *2)2 + (y *2)2 =1, (8)
a b
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rame n=2c, R+r=2a,a b*>=a’*-c?.
3aMeTuM, 4YTO KacaTeNbHYI0 OKPYXHOCTh MOXKHO TIOCTPOUTH M TIO-
npyromy (Puc. 9). B atom citygae BmecTo (7) mojiydaeM Takoe ypaBHEHUE:

R—r={x2+y? +/(x=n)f +y*. 9)

Kak BHIUM, OTO TOKEC YPAaBHCHHUC 3JIIUIICA, TOJIBKO 2a=R-r.

»
|

LA
0 X
A

Puc. 9

O6miee ypaBHenue 11s (7) u (9) Oyaet uMeTh BUL:

Rtr=x2+y? +/(x=n) +y?. (10)

Wtak, Mbl TONYYMIIM IIECTh KPUBBIX (YETHIpE BETBH THIEPOOST W JiBa
JJUIHTICA).

Tenepp paccMOTpUM, TaK CKa3aTh, CMELIAHHBIA CIy4YaWd, KOTa JaHHBIC
OKPY>KHOCTH YaCTUYHO HaKphIBatOT Jpyr apyra (Puc. 10).
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Puc. 10

Kak BuuM, TEOMETPHUECKOE MECTO TOUCK, PABHOYIAJIEHHBIX OT JTAHHBIBX
OKpY>XKHOCTEH pacnajioch Ha JBe 9acTH. YacThb TOYEK JIOKHUTCS Ha KPUBYIO,
HATIOMUHAIOIIYFO 3JUIHIIC, YaCTh TOUYEK JISKUT Bpojie Obl Ha THIepOoIe.

PaccmoTpum Gosiee moapoOHO ATOT CIydaid.

Puc. 11

ITocTpoeHHass OKpYKHOCTh KacaeTcs TaHHbIE OKPYKHOCTH U3HYTpHU. MBI emé He
paccMaTpHuBaIv TaKOW CIIy4yai, HO MPY BBIBOJIE YPABHEHUS 1 KPUBOM LIECHTPOB
MbI modyyaeM ypaBHeHue (1). DTo HeHCTBUTENBHO OKa3anach Ji€Bas BETBb
TUNEepOOITHI.
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Puc. 12

BoiBons ypaBHenue miisg BToporo ciydas (Puc. 12) yOexmaemcs, 4to
JaHHAasi KpUBasi OMMCHIBAETCS ypaBHEHUEM (7), T. €. 3TO JEHCTBUTENIBHO NEPBbIN
U3 PACCMOTPEHHBIX JJUIMIICOB.

Ham ocranoce paccMOTpeTh TOJIBKO HECKOJBKO MPEAENIbHBIX (OCOOBIX)
ciyvaeB. B HameMm uccienoBanuu pUrypupyrot Tpu mapamerpa: R, r u n.

1). PaccmoTpuM mepBbIii IpeeNbHBIN citydaii, korga N = 0.

O4eBUIHO, YTO B 3TOM CJIy4ae LEHTPHI JaHHBIX OKPYKHOCTEH COBMAJAOT
(maHHBIE OKpPY)XHOCTH — KOHUeHTpuueckue). Ilonstue runepOonbl BooOIIE
MCYE3aET, a JJUIUIIC MPEBPALIAETCSA B OKPYKHOCTb.

2). Paccmotpum ciyyait, korna R=r, n> 2R.

. n
B sTrom ciydae ypaBHeHue (4) mpeBpaliaercs B ypaBHEHHUE MPSMOIM X = r

Puc. 13

T. e. ocu rurnepOOIBI CIUBAIOTCS, pa3rudasich B MPSMYIO.

st snnunca npu R =1 umeem N = 0. T. e. anunc Beipokaaercs Ju0o B
OKPYXXHOCTb, TNOO B TOUKY.

3). Paccmorpum ciydail, kKorma OAMH M3 paJMyCOB paBeH HYIIO,
Harmpumep ' = 0. B »sTomM cnydae TreoMeTpUYECKHUN CMBICT HaMJICHHBIX
YpaBHEHUH NJIsi TUNIEPOOIBI OCTAETCSI HEU3MEHHBIM — COXPAHSIIOTCS M TEPBBIN

THUIT KpUBOM M BTOPOM. A /1Ba THIA 3JUIMIICOB CJIMBAOTCS B OJIMH.
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4). B 4yeTrBEPTOM CiIydae pPAcCMOTPHM CHUTYaIldiO, KOTJa OJWH W3
PaZNyCOB UCXOJHBIX OKPYXHOCTEH HEOTPaHUYEHHO SIBJISIETCS OOJIBIINUM, T. €.,
Hanpumep r =oo. Ha pricyHke 310 OyaeT BeIrsiaeTs Tak (Puc. 14).

v

Puc. 14

3nece M — Tekyias Touka UCKOMOW KpuBod u AM = MB. Okpy>XHOCTb
OeckoHEeUHO OoJbIIOro paauyca mpeactaBisiercs npsmond OA. Ilo cytu nena
Touka M

Hcexons u3 3THUX YCIOBHM NOJIy4aeM YpPAaBHEHHE KPUBOW LEHTPOB JUIS
JAHHOTO CIIyJasi:

y?2=2AR+n)x+R?-n2, (1)

BBens nomomnuTenbHOoe o0o3HaueHue R + N = p u, mepexolis K HOBBIM

KoopauHaTaM 1o gopmynam: Y* = Y; X* = X —LZR, MOJTy4aeM ypaBHEHHUE.

(y*) =2px*. (12)

A 3TO HM YTO MHOE, KaK KAHOHUYECKOE YPaBHEHHE MapaloIbI.
OdeBHIHO, YTO paccMaTpuBas cilydail Ipu R=oco, MBI TIOJYYHUM BTOPYIO
BETBb 1MapaboO0bI:

y2 ==2r +n)x+(n+r). (13)

UtoObl MONYYUTh KAHOHUYECKWN BHUJ YpaBHEHUS OTOM BETBU MapabOIIbI

n+r
HE0OX0AMMO MPUMEHUTH TIpeoldpa3oBans: Y* = Y; X* = X -

B ypaBuenusix (11) u (13) npucyTcTByeT TOJNBKO OAMH paauyc nubo R,
mu6o r. ITosToMy 4TOOBl YHUPHUIIMPOBATH 3TH BBIPAKEHHS OyJIeM BMECTO HUX

10
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ucnons3oBath R*. Torma ypaBHenue mapabosisl B oOHIEM Ciaydae MOXKEM
3aIrmcaTh B TAKOM BHUJIE:

y2 =+(R* +n)2x £ (R* ¥n)). (14)

B pamkax mociemHero ciydas pacCMOTpPUM cHTyaluio 4a), korma r = Ou
R=o (imbo HA060poT R = 0 U r=w). YpaBuenue (14) mpuHUMaeT BHI:
y? =+2nx F n°.

/o

Puc. 15

n
W npu mepexoie K HOBBIM KoopAHHATaMm 1o Qopmyinam Y* =Y, X* =X -5

MOJTy4aeM KaHOHMYECKHI BHJI YPaBHEHHs [1apaboJIbL:
(y*) =2nx* .

U paccMoTpuM emmié oiMH IpeaebHbIN ciiydaid, Kkiarga r =, N = 0.

Y a
R,
NNV
Puc. 16

11
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B aTOM citydae mony4aeM Takoe ypBHEHHE: y* =2xR+ R*, a mepexois K
R
HOBBIM KOOpJuHaTaM 1o Qopmyram Yy = Yy*, x=x* - TPUXOMMM K

KaHOHHYIECKOMY BUILY:
(y*) =2Rx*. (15)

MpsI paccMOTpenu IPAKTUYECKH BCE OCHOBHBIE OOBEKTHI HALEH TEOPHH.
ITo cytn nena Mbl oKa3anu CIEAYIONIYI0 TEOPEMY.

Teopema:

Ecau nanbl 1Be NPON3BOJIbHbIE OKPYKHOCTH, TO HEHTP OKPYKHOCTH,
KAcaTeJbHOH K JaHHBIM, NPUHAMJICKUT KPUBOH LHEHTPOB (KOHUYECKOMY
CeYEeHHI0).

Mel mo-IIpeXHEMY HCIOJIB3YEM TEPMHUH «KOHUUECKOe CeyeHue» XOTs
MOHO OBbUIO OBl Y€ TOBOPUTHh B pPaMKax HOBOW TEOPUU — IPOCTO «KpUBAS
yeumposy. Torna yMecTHo ciieyolnee onpenenacHue (Mpl 0 HEM y’Ke BCKOJIb3b
YIOMHUHAJIHN):

Onpeoenenue:.
KpuBoii 1eHTpPOB Ha3bIBAETCH TIeOMETPHYECKOEe MeCTO TOYeK,
PABHOYJAJEHHBIX OT ABYX JAHHBIX OKPYKHOCTEH.

Tenepp HamM TPEACTOUT 3aAHATHCA CPABHUTEIBHBIM AHAIU30M JBYX
teopuii: TKC (Teopust konnueckux ceuenuit) u TKI] (Teopust KpUBBIX LIEHTPOB).

Koneuno xe TKC u3BectHa ¢ HezanmaMsaTHBIX BpeMEH. OHa Oblia u3BecTa
emé no Eekimma, 1. e. 6omee 2000 net Hazan [6]. Kasamochk Obl, 4TO 3a Takou
OOJIBIIION CPOK YK€ HEe JOJDKHO OCTaThCs OCNBIX IMATEH B 3ToM Teopuu. Ho
CKOpO BbI YO€IUTECh, UTO ITO HE TaK.

[IpakTyecku B J000M y4eOHHMKE MO AHAIUTHUYECKONW T€OMETPUU €CTh
pas3ziell, MOCBAIIEHHBIM KOHUYECKUM CE€UYCHUsIM. MBI B HallleM MCCIEIOBAHUU
Oynem moisb3oBaThest yueOnukamu [1], [14], [5], [7], [8], koTopble MOXHO ¢
YUCTHIM CEpAIIEM Ha3BaTh yXkKe KJIIACCUKOW aHAJIUTUYECKON T€OMETPUH.

Hayném ¢ TOro, 4ro mnepedyucinm BCE IECUCTBUTEIBHBIE KOHUYECKHUE
ceuerus [8]. Cpasy 3ameTrnM, 4yTO B paMKaxX JIaHHOW CTaThU MBI HE Oyaem
KacaTbCsl MHUMOCTEH. MHUMBIE CEUEHHsS] BO3HHUKAIOT B  peE3yJIbTaTe
MCCJICIOBAHMSI TEOPUU KPUBBIX BTOPOTO MOPSIIKA, OJiaromaps aHATIUTUYECKOMY
anmapary, a Mbl OyJeM paccMaTpuBaTh TOJBKO HATJSIAHBIC JCHCTBUTEIHHBIC
00pa3sbl.

Wtak, nMeeM Takre KOHUYECKHUE CEUCHUS: DIUTUIIC, THUIepOoia, mapadora,
rnapa IMEpeceKalInXcsi TMpsMbIX, Mapa NapauielibHbIX MPsSMbIX, @apa
COBMNAJAIONIMX MPSIMBIX U TOUKA. BCEro cemp CEUEHUN.

12
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A B TKII MbI nomyuymnu: 1Be runepOoIbl, ABa 3JUIUICA, JBE Mapadobl, HE
CuuTasi KPUBBIX, MOJYYEHHBIX B IMPEACIBbHBIX ClydasiX. T. € OCHOBHBIX KPUBBIX
(amnmuric, runep6oa, mapadosa) B TKL] poBHo B aBa pasza 6oabiie. Ho ¢ apyroi
ctopoHbl B TKL[ MBI HE CTOJIKHYJIHCH C MApOl MEPECEKAIOIINXCS MPSMBIX U
Napoy MapajuieNbHBIX NPSIMbIX. B uéMm TyT neno?

A 7eno B TOM, YTO KIJIACCUYECKAs] TEOPUS KOHWYECKUX CEUECHHM IS
HAaXOXJICHUS KPUBBIX HCIOJB3YET TOJBKO OJHY CEKYLIYK0 IUIOCKOCTb.
Hanomuauwm (Puc. 16).

Ceuenue napa0oJibl —

<+———| Ceuenue runepOOIIbI

JCHHU Il
CeueHnue diInIICa —

Puc. 17

Mpg1 Oyz1eM UCXOIUTh U3 TIPEATNOJIONKEHHUS, YTO 00€ TEOPUH U30MP(HBI.

BBonis BTOpYIO CEKyIIYIO IIJIOCKOCTh TMapajuieTbHO TEPBOM TaKUM
oOpazoM, 4YTOOBI TOYKAa IIEHTpAa KOHyCa BCErJa HaxOIWIach MEXIY
MJIOCKOCTSIMH, TTOJTy4aeM BCE HEIOCTAIOITUE CCUCHMSI.

g:
7

Puc. 18

\

Jlnst cpaBHEHHs JABYX TEOpUl yAOOHO BBECTM HOBOE IIOHSATHE —
BHYTPEHHSIA CTPYKTypa T€OpUH. UyTh MMO3KE CTAHET MTOHATHO, YTO 3TO TAKOE.

13
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Paccmorpum  BHyTpeHHioro crpyktypy TKC, T. €. Te O0OBEKTBl U
XapaKTePUCTHUUECKUE MapaMETPhl, KOTOPbIE HEOOXOIUMBI JUUISl TIOJyUYEHUSI BCEX
MHTEPECYIOIINX HAC CEYEHHUM B paMKax JJaHHOW TEOpUH.

TKC: {K?, z,; =,; a; B, D; (d, p) }. (16)

Pacimudpyem Boeipaskenue (16).

K2 - 3T0 HEe «K» B KBazipaTe, Tak 0003HAUYNM KOHYC (110 aHAJIOTHH C TOPOM
— T? u chepoit — SP). /IBoiika BBepXy T'OBOPUT O TOM, YTO 3TO IOBEPXHOCTH
BTOPOTO MOPSIAKA.

7, - 0003HAYEHHE CEKYIUX MIOCKOCTEH.

0 — XapaKTEepUCTUKA KOHYCA, YTOJI MEXK]Iy OCEBOM JIMHUEH 1 o0pa3yromiei
KOHYCa.

f — Yrom MexIy OCEBOW JMHUEH KOHYyCa M CEKYIIEW IUIOCKOCTBIO.
Hanpumep, npu f = OB cedenuun nomydaeTcs runepOona, npu f = o — napaboina,
npu o <ff <90° -smnurc.

D — paccrosiHue OT LIeHTpa KOHYyCa JI0 CEKYIIEH MIOCKOCTH.

(d, ) — paccrostHre W yroji, ONPEACIAIONIUe B3aMMHOE PaCIOJIOKEHHUES
cekymux rmiockocteil. Hampumep, mpu d#0 m y = 0 cekymue IIOCKOCTH
napayiesbHbl, a 1pu d =0 u Y = O OHU COBMAJAIOT.

Tenepp paccmotpum BHyTpeHHIOKO cTpykTypy TKII. Ho mpexne BBeném
onpenesieHre. CBsA3KY OKPYKHOCTEW, OTHOCUTEIIBHO KOTOPBIX UJIET TOCTPOCHUE

KPHUBO IIEHTPOB OyneM o0o3HavyaTh uepes k, .
Hrak, ctpykrypa TKLI.

TKI: {R? k,; k,; 13 Ry n; (a,9) }. (17)

PaccmoTpum nocienHown CTpyKTypy noipoOHee.

R2 - TpamunuonHOe 0003HAauYeHHE ICHCTBUTEIBHOM IUIOCKOCTH, a MBI
MIOMHHM, YTO BCE TIOCTPOEHUS y HAC Ha MJIOCKOCTH.

k, 1 Kk, - 1BE€ CBA3KH OKPYKHOCTEH.

I u R — paguycel OKpY)KHOCTEH B CBS3KaX.

N — pacCTOSIHUE MEXKAY LIEHTPAMH OKPY>KHOCTEH B CBS3KE.

(a, @) — paccrossHUEe M YTOJI, ONPECIIAIOIINE B3aMMHOE PACIIOJIOKCHHE
CBSI30K Ha TUIOCKOCTH.

Msbl nomHuM, uto Bce mnoctpoeHus TKL[ BbITOTHINCH, WCHOJIB3YS
TOJIKO OJTHY CBA3KY. 3a4eM e MOoHag00mIack ené u Bropas?

PaccMmoTpum aBe cBs3kM paauycoB I' 1 R pOM3BOJIBHO PacOOKEHHbBIE
OTHOCHUTEJIFHO JIPYT JApYTa.

14
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Puc. 19

OpHa cBsi3Ka MOKa3aHa CIUIOLIHOW JIMHUEH, Apyrast — MyHKTUpHOW. Huuto
HE OTPaHUYMBACT HAC IMEPETPYIIIUPOBATH OKPYKHOCTU B CBS3KaxX CIIEAYIOLIUM
oOpa3zoM (oOpaTuTe BHUMaHUE Ha MYHKTHUPHBIE M CIUIOIIHBIC JIMHUH B HOBBIX
cBa3kax Puc. 20). Temepp, BHOBb 00pa30oBaHHBIC CBS3KH JIOJDKHBI
paccMaTpuBaThCs y)Ke B paMkax nmyHkTa 2). T. e. mpu R = r. 3nech rumepbosa
BBIPOKIAECTCA B MPAMYIO JMHUIO. T. €. MBI IOIy4aeM B 3TOM Cly4yae Iapy
MEPECEKAIOIIMNXCS TPSMBIX.

Puc. 20

OTMeTHM, 4TO 3TO Kak pa3 M €cTh TOT Heaoctaromuid ciydail B TKII,
KOTOPBIA MBI YIIOMMHAJIHA KOTJa 3aHUMAJACh TNEPEUYMCIICHUEM  BCEX
nerictBuTelnbHBIX ceuennii TKC.

A eciii MBI paCCMOTPHUM 3Ty CTyaIluio, Korja mapamerp a=0 u ¢ = 0, To
MOJlyYUM B PE3yJIbTaTe Iapy NapajuIeIbHBIX NPSMBIX — TOXKE HEAOCTAOLIUU
CIIy4au.

15
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Puc. 21

[TonnpoOyem cpaBHUTH BHYTPEHHHE CTPYKTYPHI MO3JIEMEHTHO. K2 u R? -
00BEKTHI 0JIHOTO Ki1acca. KcTatn koHMueckasi HOBEPXHOCTh pa3BOPAUYMBACTCS HA
IJIOCKOCTh, T. €. Y HUX OJIMHAKOBAasi METPHUKA U MEXK1Y HUMHU MOKHO TIOCTPOUTH
U30MOPPU3M.

Janee, HalM CTPYKTYypbl UMEIOT: OJIHA - JBE IUIOCKOCTH, JApPYyTas - JIBE
MIJIOCKUE CBS3KH.

KpoMe Toro kaxnas CTPyKTypa HUMEET IO MSATh XapaKTEPUCTUUECKHUX
napaMeTpoB. Bce 3Tu mapaMeTpbl OTHOCSTCSL K KATETOPUU METPUKH, T. €. YIJIIbl U
OTPE3KHU.

T. 0., HECMOTpS Ha TO, YTO HAIIM CTPYKTYPHI OMPEACISAIOT MPOCTPAHCTBA
pazubix u3Mmepenuit (TKC B R3, a TKI[ ma R?) Mmexay HUMH OYeBUJEH
U30MOP(PU3M, KaK MbI U MPETIOIArad paHee.

OcCHOBHbBIE pPE3yJbTaThl TEOPUW B BHJAEC YPAaBHEHWH [Ji TJIABHBIX H
YaCTHBIX CIIy4aeB COBMAAAIOT.

MoxeM caemath mnpeamnonoxenue, uyro B oo6mem TKC wu TKI]
TO/IECTBEHHBI.

He roBops o mimtocax u MuHycax (CMeNHo OblIO ObI 00CYXKIaTh TEOPHIO,
HMMEIOIIYI0 3aMeyaTeIbHYI0 XapaKTepuCTHKY yxe Oosee 2000 neT) mpocto
OTMETUM HEKOTOPHIE, JIETKO 3aMETHBIC HIOAHCHI.

Hano cpa3y ckaszate, uto B crpyktype TKIL[ peus ma€r o mpocreimeit
cBsa3ke. BooO11ie ¢ kakoil cTaTh OrpaHUYMBaTh YUCIIO OKPY>KHOCTEH.

CkaxxeM TakKe, 4TO CYIIECTBYET IpEeKpacHasi TEOpUsS KPUBBIX BTOPOTO
nopsiaka (TKBII), kotopass O6epér cBoé Hauanmo ot Mekapra. 1 TKC u TKII
IIPOCTO SIBJISIOTCS YacTsaMu o01mieii Bceodemutromein TKBII.

Muorue teopeMbl TKC nipocto He moryT nosiButhesa B TKL, Tak kak oHu
CBSI3aHbl HEMOCPEJICTBEHHO C KOHYCOM. Benukuii maTeMaThkK JPEeBHOCTH
EBknun korma-to Hamucan counHeHue «Hauajma KOHMYECKMX CeueHun» (K
COXKaJICHUIO 10 Hac He npoumenamiee). pyroil BelMKuUid MaTEMaTHK JIPEBHOCTH
ATO/JIOHMI TJaBHBIM TpyA CBOEH JKM3HM Tak U o3oriaBwil «KoHuueckue
ceueHus». Jlo HaAmmMX JHEW COXPAHWIUCh CEMb M3 BOCBMH KHUT 3TOrO
COUMHeHNs. )

*
)ABTop HazeeTcsi, 4to JABYXTOMHBIH Tpya b. A. PoseHdenbna ¢ mOJHBIM mNepeBOAOM AIOJUIOHUS U
KOMEHTapHsIMH camoro Po3eHdenba CKopo MOSBUTCS B IIEYaTH.
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Mexnay TeMm, eCTb 3aMeuYaTeIbHOE U3JI0)KEHHE KPUBBIX BTOPOTO IMOPSAKA
(marmpumep [8]), THe TEPMHH «KOHHUYECKOE CCUYCHHME» IPAKTHYCCKH HE
UCIIOIb3YETCS (omuH pas). Jaércs YpaBHEHHE
a, X +2a,,xy+a,,y’ +2a,x+2a,y+a=0 U IIOTOM — OIIpEaCIICHUE:
«I'eomeTprueckoe MecTO (MJIM MHOXKECTBO) TOYEK, KOOPIMHATHI KOTOPBIX
YAOBJIETBOPSIIOT TAaKOMY YPAaBHEHMIO, HA3BIBAECTCS KPUBOU 6MOPO20 NOPAOKA
(coxpaménno KBII). [8]

JIt0O60MBITHO TO, YTO MYCTh U HEABHO, HO HEKOTOphIE 0a30BbIC MOHATHUS
TKC wucnons3oBammck emé B apeBHOCTH. Hampumep, moHstHe ¢okyca u
TUpeKTpUCchl. 1 BO MHOrMX y4eOHHMKaxX OIpEAENICHHE KOHHMYECKOrO CEUYEHHUS
TaéTcs onepaschb IMEHHO Ha 3TH MOHATHS.

«Kaxxioe KoHHYEeCKOe ceueHue, KpoMe OKPY>KHOCTH, MPEACTABIIAET COOOM
r€OMETPUYECKOE MECTO TOUYEK IIIOCKOCTH, OTHOLIEHUE PACCTOSIHUM KOTOPBIX OT
HEKOTOpor Touku F u HexoTopoil nmpsamoil é noctosHHo. Touka F Ha3biBaeTcs
(oKycoM KOHMUYECKOTO CEeUEHUs, a psiMasi & — AUPEKTPUCOM.» [5].

[loHsiTHE  DKCLHEHTPUCUTETA,  HACKOJIBKO  HAamM  M3BECTHO,  HeE
UCIIONB30BAJIOCH JIpeBHUMHU MaTematukamu, HO cerogHs TKC wucnonbe3yer
AKCIEHTPUCUTET I ONPEAEIICHUS] TPUHAIICHKHOCTH KPUBOM K Kiaccy
AJUIATICOB, TUIIEPOOI WM apabdo.

«Kak osmmmnc, tak u runepbona C ¢ SKCUEHTPUCUTETOM € €CTh
r€OMETPUYECKOE MECTO TOUEK M MIIOCKOCTH, YAOBJIETBOPAIOMIMX CIEAYIOIIEMY
YCIIOBHIO: OTHOUIEHUE PACCTOSIHUS TOYKM M 10 TPOU3BOJIBHO BBIOPAHHOTO
(oKxyca KpUBOM K pACCTOSHUIO TOYKU M 1O COOTBETCTBYIOLIEH 3TOMY (POKYyCY
JTMPEKTPUCHI paBHO e.» [4]. Ecim 3KCIEHTPHCUTET MEHBIIE EAWHUIIBI, TO MBI
UMEEM DJUIUIIC, €CJIM PaBeH EAWHHUIIE — TO Mapadojia, eciid OOJblIe — TO
runepOona.

Koneuno xe cerogus B TKBII ucnosnb3yercss MHOTO HOBBIX, HHTEPECHBIX
noHstuii. Hanmpumep, WHBapuaHThl KPUBOW BTOpPOro mopsiaka [7] uero B
JAPEBHOCTH MPOCTO HE MOIVIO ObITh B CHIIy OTCYTCTBHSI CETOAHSIIHETrO
AHAJIMTUYECKOr0 MaT. almapara.

A BOT UWMEHHO TMpPsAMOE ONpeAeNieHHEe KOHUYECKOTO  CEYEHUS:
«KoHn4eckuM cedyeHMeM Ha3bIBAe€TCsl JIMHUS, IO KOTOpPOM MepeceKaercs
KPYIrOBOM KOHYC C IPOM3BOJIBHOW IUJIOCKOCTBIO, HE IPOXOMSLIEH 4Yepe3 €ro
BepmiHy. TakuM 00pa3oM, KOHHYECKMMM CEUYEHUSIMU SIBJISIOTCS  DIUIIC,
runepOoa u nmapadonay [1].

B TKI nam BooOmIe He MOTpeOOBajIOCh HU MOHATUS JUPEKTPUCHI, HU
MOHSTHE SKCIEHTPUCUTETA, XOTS MPHU KEIAHUH 3TO MOKHO OBLIIO OBl CHENATh B
CUIy U30MOPGHOCTH Teopwil. 37ech OJUIMIC, rurnepbora W mapabosia
ONPENEIISIIOTCS TUIIOM KacaHUsl OKPYKHOCTEW (CHapyXH, U3HYTPU, CMEIIaHHO
WJI 3TO HEKOTOPbIE MPEJAETbHBIE CIIy4Yau).

OKpy)HOCTHU CBSI3KM — 3TO, TaK CKa3aTbh, KPYTOBbIE NUPEKTPUCHI LIEHTPbI
KOTOPBIX SBIAIOTCS (POoKycamu KpuBoi 11eTpoB. [loMHUM, 4TO TMHUS TIEHTPOB —
ATO KpHUBasi, BCE TOUKU KOTOPH PaBHOYAAICHBI OT ABYX JIAaHHBIX OKPY>KHOCTEIA.
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MoxHO Tak € OTMETUTh, YTO €CJIH CTPOTO CIEA0BaTh MOCIEIHEMY
KJIACCUYECKOMY  OTPEACICHUIO, KOTOPOE Mbl NPOUUTUPOBAIMA BBIIIE, TO
napaboJibl HUKOT/Ia He TepecekaroTcs (kak u runepOossl). [lapabossl nexar B
Pa3HbIX IJIOCKOCTSAX. BooO11e, Kak nmpaBuiio, HUKTO 00 ATOM HE 3ayMbIBAETCH.
[Tocne onpeneneHns KOHUYECKUE CEYEHUS, B OCHOBHOM, KMBYT CBOEH KU3HBIO,
a KOHYC — CBOEH.

A B TKI] MOXHO paccMOTpETh MPEICIbHYIO CUTyaluio (R=o0, n<r),
KOrjJla TiepeceueHue Mmapadoii, MOPOXKAEHHBIX OJHOW CBSI3KOW, CTAaHOBHUTCS
BO3MOXXHBIM (Puc. 22).

/

S~

Puc. 22
Ham mpeacrtaBisercss CyIIECTBEHHBIM TO, YTO Kaxaas (M3 YETHIPEX)

runiep6ost TKI] sBsinercss camocmoamenwvroii, a runepoonsl TKC mosBiastoTcs
napamu. B cBs3u ¢ atum ynpoctum Bua runepoossl TKI nepsoro tuma.

yzigw/x(x—c)+b2 : (18)

n .
Hanomuum, yto a= 5 C= 5 b? =c?-a®. O4eBHUIHO, YTO BETBH HAIIEH
2
runep6oss! npu X = 0 6yayT nepecekaTb OCh OPAMHAT B TOUKAX y=+—.
a

18
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A y
X
Puc. 23
XOTs Hamo TOMHUTh, 4YTO BHIOOp Haydajga KOOpAWHAT — JIEJIO

MIPOMU3BOJIBHOE: KyZa HAJI0 TyAa W NepelBUHEM uiu noBepHEM. [lomemnienue
Hauana koopauHaT B ¢okyc minsa TKI[ Ham kaxkercst 60jiee eCTeCTBEHHBIM, YeEM
MTOMCK TOYKH HayaJsia TJIe-TO, HallpuMep, Ha OTpe3Ke N, T. K. POKYC — 3TO LEHTP
OJIHOM W3 JTaHHBIX OKpyXHOCTeW. T. 0. B JaHHOM cilydae Hadajgo KOOpAUHAT
HaxoauTca B (pokyce rumepOOJbl, a OTPE30K, BOOCTaBIEHHBIH M3 (hoKyca
OoOLIeNpUHATO Ha3biBaeTcsl (oKalnbHBIM MapameTpoM. KoopauHathl, LEHTp
KOTOphIX  HaxoauTcss B (Qokyce, OyaeM  Ha3blBaTh  oKaIbHBIMU
koopounamamu. Ecin BepHEéMcs K Puc. 10, To MOXHO OTMETHUTB, YTO 3/€EChH
(oxanbHbBI mapaMeTp U Ui TunepOonbl U Ui dsuunca coBnan. Kak Obuio
MOKa3aHo paHee — Hallla Tunep0oJia MepecekaeT och adCIKUCC B TOYKE X, =C—a.

Bo3nukaer emé onHa, MHTEpEeCHass Ha Hail B3MIs 3aaada. [loctpoenue
HAlIMX KPUBBIX MO TOYKaM. CyIecTBYET MHOXECTBO BO3MOYKHOCTEHN PEILICHHUS
aToi 3anauu, Hanpumep [1], Ho ¢ momomnro TKI] 175 3TOM 3a7a4M CYyIIECTBYET
€IUHBIN OAXO/.

PaccMoTrpum mnoctpoeHue kpuBoM mnepBoro tuna. Ilycte maHbl aBe
okpyxkHnoctu: A*(O,r) u B*(C,R). Jlns onpenenéunoctu mycts R > r. OC = n.
BBeném  nmomonHuTenbHble  0003HAaueHUs A0 (OKAJbHBIX  PaJUyCOB:
p=x2+y* u p,=1(n-=x)+y? (cm. (1)). Torma p, = p, +(R—r). ocnennee
BbIpaXeHHE U OyneT padboueil (Gopmymoil AJis MOCTPOCHHS] KPUBOM MO TOYKaM.
JlnunHa paguyca p, BBIOMpAETCsl MPOU3BOJIBHO U U3 TOYKU O MPOBOAUTCS Ayra
OKPYXHOCTH 3TOTO pajauyca. 3aTeM BBIYUCISETCS COOTBETCTBYIOIAS JIMHA
paauyca p, 1o padoueit (opmyIie U MPOBOJUTCS AyTra OKPY>KHOCTU U3 TOUKHU C.
Touku nepeceyeHuss 3Tux Iyr U OyAyT TOUKaMHU HCKOMOW KpuBoil. Hamo

n
IIOMHHUTB, YTO p, = > —(R— r).
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Puc. 24

[lokaxkeM DOCTPOEHHME KPUBOW 4YETBEPTOro Thma. EW COOTBETCTBYET
ypasHenue (5). PaGouas Qopmyma OymeT umeTh BUL: p,=p,—(R+r), a
n+R+r
P2 .
2

Mpb1 paccMOTpenu MOCTPOCHUE KPUBBIX I Ciydas, KOIZJa HCXOJHbIC
OKPY’KHOCTH HE€ IEepeceKarT Apyr Apyra. B Tom cimydae, korga ojaHa

OKPY’XKHOCTb HCIIMKOM COJICPKUT APYI'yr0o, KaK Mbl YK€ BHUIACIN, KPHUBLIC

20



O©®pann ['epman Bseoenue 6 meopuro kacamenvuvix cghep

LHCHTPOB SABJIAIOTCA 3JIJIMIICAMMU. [Tokaxxem MOCTPOCHUC JJUIAIICA IJIS1 YPABHCHUA

(7).
Puc. 26
B 5ToM ciydae GyieM UMeTh Takyro padouyio Gopmyny: p, =(R+r)—p;,.
IIpu p, = w IIOJIy4aeM JIEBYIO KpPAaWMHIOK TOYKY DJJUIAICA, a IIpU
R+r+n
p, =————— - [IPaByIo.

2
B cnenyronieM mpumepe pacCMOTPUM ITOCTPOCHHE MO TOYKaM OJIHOM M3
HalIeHHBIX mapabdos. bynem mcxomuth u3 ypaBHenus (11). I[IpeobGpaszyeM 3To
ypaBHEHUE CIIEIYIONTUM 00pa30M:

y2 = 2AR+n)x+ R? —n? = 2Rx+ 2nx+ R? —n? + x? — x? = (R+ x)* = (h— x)’,

Jh=x) +y? =x+R. (19)

BBoas oOo3naueHue mjisi QoKaJbHOTO pajauyca, MojiydaeM pabouyro
bopmyny: p, =x+R. T. o. mapabona, 3anaBacmas ypaBuenueM (11), crpoutcs

IO TOYKaM, KOTOPLBIC ABJIIHOTCA MCPECCUCHUCM IIPSAMBIX X U COOTBCTCTBYIOIIUX

OKPY>KHOCTEH painycoB p,. OUeBUIHO, UTO X >
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v

Puc. 27

Teneps MOroBopuM 0 3HaMEHUTOM 3afaue Anosutonus. Hanomuum. Jlanbl
TPU OKPYKHOCTH HAJO0 IOCTPOUTH OKPYKHOCTb, KaCaroLIYIOCS TPU JAHHBIX
OKPYKHOCTH. 3a/1aua J1aBHO pelieHa. Hac ona 3auHTepecoBalna noTomMy, 4to OHa
TOXE CBSA3aHA C KOHUYECKUMU CEUCHUSIMU.

B cTpykType TEOpUM MBI MCIIOJIB30BAIM MOHSATHUE CBA3KU OKPYKHOCTEH.
Peur ma o mpocrteiiieil CBsA3Ke JBYX OKpyXHocTei. Boobmie uucio
OKPYKHOCTEH B CBSI3KE MOXET OBbITh JIFOOBIM. CBsI3Ka ISl 3a/1aud ATIOJUIOHUS
HMMEET TPU OKPYKHOCTH.

PaccmatpuBas okpyxHOCTH S, B 3a1ade ATOJUIOHUS OYEBUIHO MOKHO

CKa3aTh, YTO KaXXJOW Mape NaHHOW CBSI3KU COOTBETCTBYET HEKOTOpas KpHUBas
LUEHTPOB [;. A T. K. PEIICHUE 3a/auu AIOJUIOHMS €IMHCTBEHHO, TO BCE TPH

KpuBble I, OYyIyT TMepeceKkaThCs B OJHOW TOuke A — IEHTPE OKPYKHOCTH,

i
SIBJISTIOIIICHCS pelIeHuEM 3a1au ATIOJIJTOHUS.
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Puc. 28

OkpyXHOCTSAM S; ¥ S; COOTBETCTBYeT KpuBas [ . IlomHmM, 4TO 3TO

runepbona B pamkax TKI[ (To ecTh oaHa BETBb OT COOTBETCTBYIOIIEH
runepOosbl B TKC).

MBI nokakeM HECKOJIBKO XapaKTKPHBIX PEIICHHM 3aJayd ATIOJUIOHHS,
KOI'JIa HCXOJIHBIE OKPYXKHOCTH HE IEPECEKAI0T APYT Apyra.

OOBIYHO TOBOPSAT O BOCBMH ciydasx pemeHuit [9]. Ha Puc. 28 mokazan
ClIydail, KOTrJla ICKOMasl OKPY>KHOCTb KacaeTcsl TPEX NaHHBIX CHAPYKH.

CymiecTByeT M €AMHCTBEHHBIM Clydal, KOTJa HCKOMas OKPYKHOCThb
KacaeTcsl JaHHbIE OKPYKHOCTU BHyTpeHHeu croponoit (Puc. 29). lna TKI] sto
yKE€ JIpYyrov THUIl KacaHusl OKpYKHOCTed. M Mbl monydaeM 37ech Apyrom THII
KpUBOM, HO TOXe TunepOosibl. Eciu 1iisi mepBoro Tuma KacaHusi OKPYXHOCTEH
XapaKTEPHBIM SIBJIAETCS 3arMOaHKe runepoosbl B CTOPOHY TOM OKPY>KHOCTH, el
paauc MeHbIlle, TO JIJIsl BTOPOro TUIa KacaHus — Hao0OpoT. 3arubaHue KpuBOil
MIPOUCXOJIUT B CTOPOHY OKPYKHOCTH C OOJIBIIUM PaJHyCOM.
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Kpome Toro cymectByer ImiecTb pelieHU, A€ JBE€ U3 JaHHBIX
OKPYXXHOCTEH HaxoJsATcs JMUOO BHYTPU, IMOCTPOCHHOM OKPYKHOCTH, JIHOO

CHapyXu (TpH ciayyasi BHyTpU U TpU — cHapyxHu). [lokaxkeM 1Mo ogHOMY Takomy
PEICHHUIO.

Ha Puc. 30 nBe okpykHOCTM S, W S,, KOTOpPBIE HAaxOIITCA BHYTPH

OKPY>KHOCTH C IIEHTPOM B TOouke A, a onHa cHapyxu. Ha Puc. 31 — HaoGopoT
OKPY>KHOCTH S, U S; OCTaJIMCh CHApYy>KH, a OKPY>KHOCTb S, BHYTpH.

Ho cymectBytor emé Oonee HMHTEpECHbIE CIIydau PEIICHUW 3a1a4yu

AMNOJUTOHHS, KOTIA IBE U3 UCXOJHBIX OKPYKHOCTEN HAXOMSATCA BHYTPHU TPEThEN
HUCXOAHOU. B aTOM cuTyannu Mbl nmeeM emme Bocemb pemeHni. [louemy-To atn
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pemieHnsT He TaK IMPOKO H3BECTHHI MMPOKOW myOnuke. Bce sTu permeHus
MO>KHO 00BbEJIMHUTD MMapaMU 0 TUIY KaCaHUS OKPY>KHOCTEU MEXTy co00il. Mbl
IIOKaXEM BCE THUIIbI PELLICHUH.

WUrak nmanel Tpu OKpyxkHOoctTH S,, S, U S,. OkpyxHOCTH S, U S,

(TToKa3aHbI TOTYOBIM IIBETOM) PACIIOJIOKEHBI BHYTPH OKpyxkHOCcTH S, (PmC. 32).

3agaya Ta XK€ — IMOCTPOUTH OKPYKHOCTh, Kacalollylocs TPEX JTaHHBIX
okpyxHocTeil. Hac mno-npexxHeMy Oyner HHTEpecoBaTh HE MOCTPOCHHE
penieHus, a pakT ero CymecTBOBaHUs.

MpI ckazanu, 4To pa3/ieliuM BCE PEIICHUs MO TUIY KaCaHUM OKPY>KHOCTU
pemieHus K JBYM JaHHBIM (TPEThIO JaHHYI OKpPY)KHOCTb, OYEBHJIHO,
OKPYXKHOCTh pELICHUSI MOXKET KacaThCsl TOJbKO M3HYTpU). Bece Tumbl kacanwuii
nokasaHnsl Ha Puc. 1.

[lepBbIM THUIIOM KacaHus OyJeM CUMTaTh Cly4ail, Korja OKpY>KHOCTh
pelieHusi Kacaercs IBYX JaHHBIX (royObIX) BHEIIHMM oOpa3oM. He TpyaHO
c000pa3uTh, UYTO TAKUX pEIlICHHM OyJeT ABa, KaK Mbl U TOBOPUJIU.

Puc. 32

OKpY>XHOCTh S, MOJHOCTBIO JISKUT BHYTPU OKPYKHOCTH S, TOATOMY UX
KpYBas IEHTPOB OyET AIUIUIIC TiepBoro Tumna. HamoMHuM, 4T0 TakoW 3IUIUIC —
ATO KpHBas, KOTOpas SIBISCTCA TC€OMETPUYECKHUM MECTOM TOYEK, KOTOpHIC B
CBOKO OYEPEAb SIBJISIOTCS LIEHTPAMH, KACAIOLIUXCS OKPYKHOCTEW K S, U S
BHEIIHUM o0Opa3oM. HeMHOro IJIMHHOBATO, HO BHUMATEIbHO BUYUTAUTECHh B ATO
npeaioxenue. [IpumMepom Takux OKpYKHOCTEH OyIyT OKPYKHOCTH C IIEHTpaMu
B Toukax B m C. Kpome TOro mnociegHue OKPYKHOCTH €HIE KacarTCid M
OKPYXHOCTh S,, HO3TOMY UX IEHTPbI U MPUHAIEKAT SJUIUIICY I,.
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OKpyXHOCTH S, U S, TOXE ONPENEISAIOT 3JUIMIIC TAKOro ke Tuna I,

OPTOMY OH TOXE JIOJDKeH NpoxoauTh depe3 Touku B u C. Kpome Toro,
OKPYXXHOCTH S, U S, OINpEAeAIoT TUepooITy IepBoro THUa, KoTopas JoJUDKHA

Toke mpoitu uyepe3 Toukn B m C. Yro mbl u Bugum Ha Puc. 32. T. o,
OKPYKHOCTH € LIEHTpaMH B Toukax B u C — 3T0 IepBbIe J1BA PEIICHUs B 3aJa4e
ATIOITOHUS U1 JAaHHOM CUTYaLlUH.

Ha pucynke 33 mnoka3zaHbl pelnieHHs BTOPOrO THUIA, KOTAA HCKOMBIE
OKPYKHOCTH KacaroTCsl OKPYXXHOCTEM S, M S, M3HYTpPHU. 31€Chb MBI BUIUM H

AJUTUIICHI ¥ TUIIEPOOIy BTOPOTO THIIA.

Puc. 33

Ha pucynke 34 Mbl BUJIUM CMEIIAHHBIE PELICHUS, KOTJa OKPYKHOCTH
KacaroTCsl OKPY>KHOCTh S, BHEIIHUM 00pa3oM, OKPYXHOCTh S, u3HyTpu (Puc.

34 cneBa). A canpaBa — Ha000poT. [103TOMY 3A€Ch 1 AJUIUIICHI CMEIIAHOTO THUIIA.
A TUTIEpOOITBI TPETHETO M YETBEPTOTO THIIOB.
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Puc. 34

OTtMeTuM, 4TO pa3o0paThbCs B TOCJIECIHUX BOCHMHU PEIICHUSX 3a/1aud
Anomnonust 6e3 TKI] 610 0661 HEe mpocTo. Tak WM MHAYe, HO 3Ta TEOPHUs BCE
PaBHO J0JbKHA ObLTa ObI ce0s MPOSIBUTB.

Mbr  He Oymem 3Jech paccMaTpuBaTh TEMY  HHBEPCHOHHBIX
npeobpazoBanuii [9] unu monspHbIX nOpeoOpazoBaHui [11], cBsi3aHHBIX C
KOHUYECKUMH CEUCHUSIMH (3TH TeMbl MHTEPECHBI CaMH MO cebe), a TOTOBOPUM
CcOOCTBEHHO O LI€JIM Hallel ctaTbi. BCE, 4To OBLIIO CKa3aHO 4O 3TOr0 B OOIIEM-
TO MOKHO Ha3BaTh npeaucioBuem. Jlaiee Mbl OyieM TOBOPUTH O MTOBEPXHOCTSIX
Broporo mopsiaka (IIBII) w mosTorMy XOTeloch cHadala paccMOTPETh
CTaHOBJICHHME B3IJIsIIa Ha KPUBBIE BTOPOTO MOPSI/IKA, YTOOBI, OTTAJIKUBASICh OT
HUX, aHAJIOTUYHO CTpouTh Teoputo 11BII.

Kak cerogns nayka onpenenser [IBII. 3arnaHeM B SHIMKIONEAUYECKUN
cioBapb 10 MareMaruke. UYrto Takoe MOBEpPXHOCTb. [loBepxXHOCTH
«OTIpeNIeIAeTCs CIElUaAbHBIM CIIOCOOOM, YaIlle BCEro KaKk MHOXECTBO TOYEK,
YAOBJIETBOPSIONIMX HEKOTOPBIM ycioBusam» [12]. Hanpume, moBepxHOCTh 11apa
— MHOECTBO TOYEK, OTCTOSIIMX HA 3aJJaHHOM PACCTOSIHUU OT JAHHOW TOYkU. 1
Janiee 3/1eCh )K€ MOBEXHOCTh BTOPOTO MOPSIAKA OMPENECTACTCS, KaK MHOYKECTBO
TOYEK, KOTOPOE yIOBJIETBOPAET YPABHEHUIO:

3 3 3
DoagxZ+ D ayx X +2) 8% +a,=0, (20)
i=1 ij=1 i=1

e a; =a;, i #].

Ananutuueckasi Teopus [IBII naBHo u nmpexpacHo pa3zpaboTaHa U MbI HE
cobupaemcs e€ 31ech 00CYkKIaTh.
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Ho BepHémcsi He HAJoOATO K KPUBBIM BTOPOTO TMOPSAKA U TIOKAXKEM
HecI0XKHbIN MaTemaTrnueckuit popmanuszm s TKC u TKILI.

B pamkax TKC mbl umeem konyc K2 u miockocth z (B o0miem ciyyae
R?). Bynem 0003HadaTh KpUBBIC BTOPOro mopsiaka yepe3 F'. Torma moxem
OTPEJIEINTh KPUBBIE BTOPOTO MOPSIKA B 00IIEM BUE BbipaxkeHueM (20).

Fl=K2nr. (21)

B pamkax TKI[ Ml umeem nBe okpyxnoctd AY(O,r) u B(C,R), a F*

omnpcAcCiIEIEM KaK I'COMETPHUYCCKOC MCCTO TOYCK, paBHOYI[aJIéHHBIX OT JTHX
OKPY)I(HOCTeﬁ, 4TO MOKHO 3aIIHCATh BBIPAKCHUCM!

F: M(x,y)1p(A'M)=p(B* M)}, (22)

rae p(All\/I) - pactosiHue Tekyimied Touku M KpuBOoW F' OT OKpYXHOCTH
AYO,r).

Teneps monpodyem 3TOT (popMalu3M pacnpocTpaHuth Ha ciaydaid TIBIIL.
UYepes F? Oynmem o6o3nauate [IBII. Torma, mo amamoruu ¢ TKC moxem
3aIuCaTh:

F?=K®NnR%. (23)

Ho tak mu »to Ha camoMm nemne. Ecom B TKC MBI BO MHOrom
PYKOBOJICTBOBAJIMChH HAIVISIAHBIMU COOOPaXEHUSAMH, TO 3/I€Ch 3TOJ MOAXOJ HE
rogutcs. Hukto He B cuiax mpeactaBuTh cede, kak BoIrIssauT K3. Ham sto
npocto He AaHo. KoHEYHO, MOXHO HCIOJIb30BaTh AHAJTUTUYECKUE METO/IbI
MHOTOMEPHO# r€OMETpUH, HO 3TO Iienoe ucciaenoBanue. T. e. BoipaxkeHue (23)
CEroJIHsI HUKTO HE UCMOJIb3yeT B kKauecTBe onpeaeneHus [IBII. [la u 3By4ano Obl
KaK-TO YK CIUIIKOM aOCTpakTHO. Mot T/1e-TO B YETHIPEXMEPHOM MPOCTPAHCTBE
€CTh TPEXMEPHBI KOHYC, KOTOPBIM NPU NEPECEUYEHUU C HAIIUM TPEXMEPHBIM
IPOCTPAHCTBOM B CEUECHHH JAET MOBEPXHOCTU BTOPOIO MOPSIKA.

Paccmorpum BrOpon noaxon, ananornudsii TKL]. Beipaxkenue

F2: {M(x,v.91p(A2M)= p(BZM)}. (24)

ONKMCBHIBAET MOBEPXHOCTH BTOPOTO MOPsAKA. 31€Ch p(AZM) - paccTostHHUE OT
TeKymiel Touku M TOBEPXHOCTH 10 cepsl AZ(O,r). T. e. nmepexoxn or TKL] na
IJIOCKOCTH OYEHb €CTECTBEHHO BBITILINT U ISl TEOPUU MTOBEPXHOCTEN LIEHTPOB
B npoctpanctse. T. o. [IBII MOXHO onpeaensite, Kak 2ceomempuueckoe mecmo
moueK, pagHoyOaNéHHBIX Om 08YX 3a0anHblx cgep. Ilpu >TOM THIN
NOBEPXHOCTH OyAeT onpeaensthess TunoM kacanusi cep. [lo ananoruu ¢ TKI]
TaKWX TUIIOB TOXKE YETHIPE.
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Kak npumep, paccMOTpWM BBIBOJ] YpPaBHEHHUS ITOBEPXHOCTH BTOPOTO
nopsiika mepBoro Tuma (T. €. cdepbl KacaroTcs HaHHbIE c(epbl BHEIIHUM
obpazom).

Beeném (okampHBIE KOOpAWHATHI TaKUM OOpa3oM, 4YTOOBI IICHTPHI
JTaHHBIX chep npuHaaexkanu ocu OX.(3To Bcera MOXKHO CIENAaTh).

M(x,y,2

V_<

Puc. 35

Wrak, naHo: aBe chepsl AZ(O,r) 51 Bz(C,R), rae OC = n. Touka M —
TEKyIllasg TOYKa MMOBEPXHOCTH, paBHOYJAJIEHHAs OT JaHHBIX cdep, T. €., B CBOIO
o4epe/ib, IBISICTCS LIEHTPOM HEKOTOPOI CheEpEI.

B coorBerctBum ¢ Puc. 35 moxem 3anucats: CM = \/(n— XP+y*+7> u

OM =,/x*+y?+2z°. Torna mo ycioButo 3amaun: OM—r =CM — R. PackpsiBas

MoclieqHee BBIPAKEHUE W TMPUBOJS MOJOOHBIE TOJydyaeM YypaBHEHHE
IIOBEPXHOCTH.

n2-2nx—(R-r) |

2AR—1) (23)

X*+y?+2° =

PaccmoTpum dacTHbI ciywail, koraa miaockocTe YOZ mepecekaeT

MOJIyYEHHYIO0 TIOBEpXHOCTh. BBoas oOo3HaueHue ayisi (HOKaIbHOro paauyca
2

p=-— MoJiydaeM B CCUCHHM ypaBHEHUE Y’ +z° = p’. He TpyaHO MOHSTH, YTO
a

ATO YpaBHEHHUE OKPYKHOCTH. A mojcTaBisis B (25) 3HaueHue x=c—a Oyjaem
UMeTh. y°+2° =0, IUIOCKOCTh X=C—a OylIeT KacaTelbHOH K TOBEPXHOCTH
(25). T. o., ypaBHeHue (25) ommChIBa€T TOBEPXHOCTH THUIEPOOJIONIA B
(oKaNbHBIX KOOPJUHATAX.
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[Toxaxkem mpuMepbl TeN BpallleHHs, KOTOpPbIE E€CTECTBEHHBIM 00pa3zom
BO3HUKAIOT B (hoKaJbHBIX KoopauHaTax. OtrankuBasch oT Puc. 23 momydyaem
TaKWE TeJa BPalllCHUS.

N

>

Puc. 36

Takyio ¢urypy MoxHo ObUI0 Obl Ha3BaTh HANpPUMEpP, TUMIEPOOTUIECKUM
2 2

b
BepeTeHoM. [Ipn —— < z< +— monrydaem QokaabHOE BEPETEHO.
a a

Puc. 37

b2
A mipu z< +£— OyneM UMeTh TUIEPOOTMIECKYIO0 O0UKY.
a

Puc. 38
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A Puc. 10 HaBoIUT HA MBICITb 0 GUTYpE, HATTOMUHAIONIEH CTUITM30BAaHHBIH
TyOOBBIN KETYb.

Puc. 39

Bo3MmoxxHO, MHTEpecHO OyneT HalWTH OOBEM MM IMOBEPXHOCTh TAaKUX
¢uryp BpamieHus, HO Mbl 3TUM 3aHUMaTbCid HE OylneM, a OCTaBIsieM 3TU
BOITPOCHI JJI TI0003HATEIbHBIX YUTATEIICH.

B 3akiroueHre MOroBOpuM HEMHOTO 00 ecTecTBO3HaHMHU. Bcerpewarorcs
T KpUBBIE BTOPOTO TIOpSAAKAa M, B YaCTHOCTH, KOHHYECKHE CEYCHHUSA B
€CTECTBEHHbIX Haykax. JlJi1 3TOro 3arjasiHeM B Y4e€OHHMKH, CHPABOYHUKH H
SHUUKIIONEANH.

KoHeuHo ke BcTpeyaroTcs, HO BOT TEPMUH «KOHUYECKOE CEUEHHE» 37ECh
BOOOIIIE HE ynoTpebsieTcss — OoH He HyxkeH. [IpocTo ecTh runepOona, 3umc u
napabona. Hanumep, uHTepdepeHirs BOJH OT JBYX TOYEUYHBIX HCTOYHHMKOB
uMeeT KapTuHy B Buje rurep6on [18]. Takke M3BECTHBI aKyCTHUECKHUE 3epKajia
U JIMH3BI Tapa0bOIUYECKOTO TUTIEPOOTMIECKOTO U IUIUNTHYeCKoro tuma [18]. A
YK B paMKax CHEIHaJIbHOM TEOPHUH OTHOCUTEIBHOCTH MMEEM CIUIONI U PSJIOM
pasuYHbIe TUIIEPOOTUYECKHE 00pa3bl, HAPUMED, TUTIEPOOTMYECKOE IBHKCHHUE
[19].

B wmukpomupe momynsipHa (opmyna E? =c’p’ +m’c’, KoTopas Jerko

2 2

=
m%c* m?c?
Bcem wu3BecTHO, 4YTO OpOILIEHHOE TEJNO MPU MAJACHUU HMEET TPACKTOPHUIO
napaloJibl. A MOXET OBITh M MOBEPXHOCTH SINIA HAJI0O pacCMAaTPUBATh KaK TeJO
BpELIEHUS BPOJIE TOr0, YTO MBI MOKa3ayn Ha Puc. 39.

Oco0o moroBopuM 00 acTpOHOMHUHU. 3AE€Ch MBI BCTpEYaEMCS C TpeMs
TUTIAMUA OpOUT, KOTpbIE U3 MapabOIUYECKUX, MPHU ONPEACIEHHBIX YCIOBUSX,
MOTYT NPEBPAIIATHCA B TUNIEPOOTMUECKUE U DIUTUITHYECKUE U HA00OPOT.

A Tereppb Ha CEKyHIy MpeacTaBUM cele, YTO TeopHsl KacaTeabHbIX chep
KaKuM-TO o0pa3oM peanusyercs B (usmdyeckoM mupe. ['maBHas cuia, KoTopas
rOCIOJICTBYET B KOCMOCE — 3TO rpaBuTanus. M3BectHo, 4TO (POHT
IPaBUTALMOHHOTO pacrpocTpaHeHus sBsuiercs cdepuueckum [13]. Taxoke

MPUBOIUTCI K BHUJ =1, B KOTOPOH JIETKO y3HAETCSA rurepooIa.
Yy )
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IIOMHHAM, 4YTO JBa Teja ¢ mMaccaMu M, m M, cBs3aHbl 3akOHOM HrproTOHa:
M, M, .
F=G—5—=. MoxeM NpeanojoXuTh, 4T0 PaJuyC I'PAaBUTALMOHHON BOJIHEI

r

o M M
MNPONOPLUMOHATIBHO CBsA3aH C MAacCoW Teja, T. €. ?=?2= X, TA€ HEKOTOPOEC
1 2

I'PaBUTAIMOHHOC KBAHTOBOC YHUCJIO. OTKy,Z[a I[MoJIy4acM:
M.,M, = ¥’R,R,. (26)

D710 HEe MpPOTUBOPEUUT puznyeckoil Hayke. Camu (PU3MKK WHOTAA UCIIONB3YIOT
TaK HAa3bIBAEMYI0 «ECTECTBEHHYIO» CHUCTEMY €IHMHHI, B KOTOPOW BpeMs,
paccTtosiHMEe U Macca (WM JHEPrHsl) UMEIT OJMHAKOBYIO pa3MepHOcTh [13].
Torna u3 3akona HetoToHa 1 opmyIibl (26) MOKEM 3aMUCaTh:

1
Gy

R,R, =Fr? (27)

5"

[lepexons k 0003HAUEHUSIM TEOPUM KacaTellbHbIX chep GopMmyiy (27) MoxeM
MepenucaTh B COOTBETCTBYIOIIEM BUJE:

1
Gy

r-R=Fn? (28)

5"

3necy BMecTo r°B (27) mumem n? (N — MexdokycHoe paccTosHue) B (28), a
BMecTo R, B (27) 3amuceiBaeMm I B (28) u BMecTo R, - R COOTBETCTBEHHO.
Kpome Toro Ham M3BeCTHO, 4TO r + R=2a (W11 R—r = 2a).

Ha ocHOBaHMM BBILIECHU3TI0KEHHOTO TMOJY4aeM XapaKTEPUCTUUYECKHE
ypaBHEHUS TPABUTAIIMOHHOM Teopuu cdep:

2
R*) 2ar* 71 =o. (30)
4

[Toncrainss B xapakTtepuctuueckoe ypaBHeHue (30) pa3idyHble uyncia y
HaxoguM I u R, koTopele, B CBOI0O odYepelb, OMNPEIEISAIOT HEKOTOPYIO
NOBEPXHOCThH BTOporo nopsiaka F2. Eciau Tenepb B 3TOM crcTeMe pacCMOTPETh
npoOHOE TeIo ¢ Maccod M,, TO Mbl MOJYYUM IUIOCKOCTb, OIPEAEISIEMYIO

TeJaMu ¢ MaccamMu M, M, u M,. OTa IJIOCKOCTh, epeceKast MOBepXHOCTh F2,

JACT KPUBYIO BTOPOTO MOPSAKA, IO CYTH — HEKOTOPYIO OPOHTY.

A MOXHO pemaTh W 00paTtHyw 3amady. Ilo cymectByromieir opoute
HCCJICIOBATh KaKWe MACChl €€ HHUITMHPYIOT.

Tak MoOXeT OBITh €CTh CMBICI B MPAKTUYECKON aCTPOHOMUU TOUCKATH
CJIeNIbl TEOPUU KacaTenbHbIX cep?
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