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Abstract

We determine the total energy of the Schwarzschild metric. We show use of divergence theorem
leads to a total energy inconsistency.

1 Schwarzschild metric

Units are chosen so that c = G = 1. The Schwarzschild metric [1] is

ds2 = −

[
1 − 2M

r

]
dt2 +

[
1 − 2M

r

]−1
dr2 + r2dθ2 + r2 sin2 θdϕ2 (1)

Let
x1 = r sin θ cosϕ x2 = r sin θ sinϕ x3 = r cos θ (2)

hence

ds2 = −

[
1 − 2M

r

]
dt2 +

{[
1 − 2M

r

]−1
− 1

}
(x · dx)2

r2
+ dx2

= (−1 + h00)dt
2 + (δkl + hkl)dx

kdxl (3)

where

h00 =
2M

r
h0k = 0 hkl =

2Mxkxl

r2(r − 2M)
(4)

2 Energy-momentum tensor of gravitational field

The Einstein field equations are [1]

Rµν −
1

2
gµνR = −8πTµν (5)

hence

R(1)
µν − 1

2
ηµνR

(1)λ
λ = −8π(Tµν + tµν) (6)

where
16πtµν = 2Rµν − gµνR− 2R(1)

µν + ηµνR
(1)λ

λ (7)

and

2R(1)
µν =

∂2hλλ
∂xµ∂xν

−
∂2hλµ
∂xλ∂xν

− ∂2hλν
∂xλ∂xµ

+
∂2hµν
∂xλ∂xλ

(8)
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Indices on hµν , R
(1)
µν , and ∂/∂xλ are raised and lowered with η’s. For example hλλ = ηλνhλν and

∂/∂xλ = ηλν∂/∂xν . We interpret tµν as the energy- momentum tensor of the gravitational field [1]. We

have by (4) and (8) that R
(1)
00 = 0. Now for the Schwarzschild metric Rµν = 0 so by (4), (7), (8), and

Rµν = R
(1)
µν = 0 we have

−32πt00 = 2R
(1)
11 + 2R

(1)
22 + 2R

(1)
33 (9)

= − ∂2h00
∂x2

+
∂2h11
∂y2

+
∂2h11
∂z2

+
∂2h22
∂x2

+
∂2h33
∂x2

− 2
∂2h12
∂x∂y

− 2
∂2h13
∂x∂z

− ∂2h00
∂y2

+
∂2h22
∂x2

+
∂2h22
∂z2

+
∂2h11
∂y2

+
∂2h33
∂y2

− 2
∂2h12
∂x∂y

− 2
∂2h23
∂y∂z

− ∂2h00
∂z2

+
∂2h33
∂y2

+
∂2h33
∂x2

+
∂2h22
∂z2

+
∂2h11
∂z2

− 2
∂2h23
∂y∂z

− 2
∂2h13
∂x∂z

At a point (t, x, 0, 0) with x > 0

∂2h00
∂x2

=
4M

x3
∂2h11
∂y2

=
∂2h11
∂z2

=
2M(4M − 3x)

x2(x− 2M)2
∂2h12
∂x∂y

=
∂2h13
∂x∂z

=
4M(M − x)

x2(x2 − 2M)2
(10)

∂2h00
∂y2

=
∂2h00
∂z2

=
−2M

x3
∂2h23
∂y∂z

=
2M(x− 2M)

x2(x− 2M)2
∂2h22
∂x2

=
∂2h33
∂x2

=
∂2h33
∂y2

=
∂2h22
∂z2

= 0

Using (9) and (10) we can calculate t00 at (t, x, 0, 0). Now t00 is spherically symmetric so we can replace
x by r in t00 calculated at (t, x, 0, 0) giving

t00(r) =
−M2

2πr2(r − 2M)2
(11)

3 Total energy and divergence theorem

Since Tµν = 0 the total energy [1] of the Schwarzchild metric is then using (11)

P 0 =

∫
η0µη0ν(Tµν + tµν)d

3x =

∫
t00d

3x = −M
∫ ∞
0

du

(1 − u)2
(12)

which is not finite. Alternatively let us calculate the total energy using the divergence theorem. We
have [1]

R(1)µν − 1

2
ηµνR

(1)λ
λ =

∂Qρµν

∂xρ
(13)

where

2Qρµν =
∂hλλ
∂xµ

ηρν − ∂hλλ
∂xρ

ηµν − ∂hλµ

∂xλ
ηρν +

∂hλρ

∂xλ
ηµν +

∂hµν

∂xρ
− ∂hρν

∂xµ
(14)

The total energy using (6) and (13) is then

P 0 =

∫
η0µη0ν(Tµν + tµν)d

3x = − 1

8π

∫ (
R(1)00 − 1

2
η00R

(1)λ
λ

)
d3x

= − 1

8π

∫
∂Qρ00

∂xρ
d3x = − 1

8π

∫
∂Qk00

∂xk
d3x (15)
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where repeated Latin indices are summed over 1,2,3. We now assume we can apply the divergence
theorem to (15) giving

P 0 = − 1

8π

∫
Qk00nkr

2dΩ = − 1

16π

∫ {
∂hjj
∂xi

− ∂hij
∂xj

}
nir

2dΩ (16)

where nk = xk/r, dΩ = sin θdθdϕ, and the integral is over a large sphere of radius r. Calculating this
for the metric (3) gives P 0 = M which is finite. Without using the divergence theorem P 0 is not finite
but using the divergence theorem P 0 = M . This is an inconsistency.
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