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Mohammed Zohal

Abstract
This article [studies] the sum > d/n f(d), with f [being] an arithmetical function which not only
multiplicative, but, of another form which will be additive_multiplicative, you will see what is it about, in
fact, it has generated incredible formulas, which can give insight into the random arithmetic world of
numbers.
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V. References

I. Notations .
n=TT per

P :the set of primes
dAn=PGCD(d,n)

u (n) is the Mobius function

u)(n):z:p/n’p673 1 the number of distinct primes factors of n;
Q(n):ZP/n”pEP ap the number of prime power factors of n;
t(n):zd/n 1 the number of divisors of n;

O(D):Zd/nd the sum of the divisors of n
o(M)=>_4rn.d<n 1:nzd/n@ the Euler totient function;
A(n)=(-1)%m the liouville function

2. Definitions:

we say that a function g is additive multiplicative iff g=hx H?:l fi
such that f; is additive for every iin {1,2,...... n}, with h is multiplicative
3. Lemma 1.
let a,b eN*? and aAb=1 andd/ab = Je,e’eN*? such that eAe’=1ande/a,e’/b and d=ee’
II. theoreme 1:
let g be a additive multiplicative function such that g=fxAh.
f and h are respectively additive multiplicative
let G(n)=3,, &(d) and n=[]"0 pe
then  G(n) = Y7 G H(x)

and if H(pj"") #0for every i in [1,w(n)] then G(n):H(n)Z:;“:(?) fl((ia;




with H(n):Zd/nh(d)

proof :

let arb=1 and H(n)-Y,, h(d) and Gm)=Y,, &(d)
with h is multiplicaive and g additve
from lemmal we have  G(ab)=Y, . f(d)xh(d)

= . ey Hlee?) x h(ee)

= 5 ey () HE(e)) xh(e)h(e)

=2 c/a 2uer sy (F(€)h(e)h(e7)+E(e)h(e)h(e’))

=3, f@h()Y, () 1Y, b)Y, He)h(e)

= G(a)H(b)+G(b)H(a)
then G(ab) =G(a)H(b)+G(b)H(a) if aAb=1 . ( %)

let us now complet the proof by reccurence .

1. if w(n)=1  then n= p® and G(p™)=G(p*)H(1)=G(p™)H(Zs)

SRS
Q] °

(H(1)=1 it comes from the fuct that if h is multiplicative then
H(n):zd/nh(d) is also multiplicative )

2. let w(n)>1, we suppose that G(n) = Z;‘":(T) G(pf‘)H(le) is true for w(n)
and let prove that it still true for w'(n)=w(n)+1

weset n =TT 5 then n=TT2) b x piiy)

w(n) (o7 n)

we set a=[[,2}" pi"* and b:pz?(/,(l) then n—=ab



from ( *) we have G(n=ab)=G(a)H(b)+G(b)H(a) because aAb=1
G(1)=G(b=p,,"() JH(a=T[1 p*) + Gla=TT1Y i Hb=py )

=GPy ) HSLY G HGE) PG
w’(n) !

/() w(n) @ X Py ,(75)”)
=G(Py(n) )H( —em) Ty GpiH (T)

w’(n) !

G(p?u/(;;';))H( )W G H ()

w!(n) P

=3 G (p)H(-2)

p;

then for every w(n)eN*?  G(n) = Zi”:(?) G(pS)H(—=)

X4
i

we suppose that H(p;"*) #0for every i in [1,w(n)] .

£ =H(pHE)

we have H is multiplicative from lemma 2 . then H(n:pzi

n\  H(n)
then H(W)—m

_ w(n) G(pi?)
then G(n)=H(n)> 7} T
2.Exemples
exemple 1 : Zd/nw(d)zr(n)zzv:(?) aa—jrl
in particular case if h(n)=1 and f(n)=w(n)

we have  H(n)=3Z, 1 = 7(n) then 7(p§*) =a; +1

and G(p)=%, s 0(d)



therfore

Sy w(d) =)

exemple 1 : Zd/nw(d),u(d): -1if w(n)=1
= 0 if not

for h(n)=p(n) and f(n)=w(n)

we have H(n):zd/nu(d) =1lifn=1

= 0 if not
G(pE) —32, o 0( ()
= w(1)p(1)+w(p;) u(pi)+-eeeeee. +w(pd) pu(pi)
= 0-1 +0+....... +0
— 1
then from theoreme 1 we have G(n):ZZTU:(?) G(pf‘)H(#)

if w(n) >1 then %7& 1 then H(p%):() for every i

if wn)=1 then#:l then H(%):l

therfore Zd/nw(d)u(d): -lif w(n)=1
= 0 if not

Corollaire :

let f be an arithmetic function

n

then Zw(d/\n):1’1§d§n f(d):_zdl/n w(dl)/i(dl)zj(‘h:1 f(jdl)



. w(n 1
if f(n)=1 then Zw(d/\n):1,1§d§n1:99(71)27::(1)F

. 1(d
with ga(n)fnzdl/n b Eill)

proof :

if w(dAn)=1 then from exemple 2 we have 37, . w(di)p(dr)= -1

then 3 anm=1,1<a<n MD="21cagn {0, pann W) 1ld)
==y ann @A) p(d1) 32, <4<, 1(d)
== WA p(d1)3, < <, 1(d)
==y () (A1) g gy 70 f(d)
==y w(d)p(d)3 0 < gey gmia, £(d)
= =Y w(d)p(d)Y <, <, fidD)
:*Zdl/nw(dl)ﬂ(d1)21§j§dllf(jdl)

==,y wldn) p(dr) g

d
:_nzdl/n w(dy) M(dlﬁ

o—L
and from the theoremel we have Zdl/nw(dl) “Eidll)zzdl/n “Eidll)z:;{):(fll) (1 117)

P

o (d1) w(n) 1
*_Zdl/n Ndll 2im1 p—1

_ w(d1) —w(n) 1
then Zw(dm)=1,1gdgnl = nzdl/nd_llzizl o1

w(n 1
= @(n)zi:(1)pj



with p(n)=n}_, K (azl) is the Euler totient function

III. theoreme 2:

let g be a additive_multiplicative function such as g=hx f x k

and f .k both of them additives and h is multiplicative
let Gm)=3,,,&(d) , G1(n)=%, , hH(A)(d), Ga(n)=3,,, h(d)k(d) and n=TT; p¢
then  G(n) = Zzw:(?) G(p?l)H(%) +Zl<i7&j§w(n) Gl(p?i)G2(p?j)H(p?:;;J)

and if H(n) #£0for every i in N'*

w(n) G(p; G(f)G(?»
then G(n):H(n)ZL (1) H((p §+ (n)zlgi;&jgw(n) : p(p%‘:?[;

with H(n):zd/nh(d)

proof :

let g be a additive _multiplicative function such as g=hx f x k
and f .k both of them additives and h is multiplicative
and n :Hw(”) i

let aAb=1 é}z(;ab)zd o DADEDK()
if we apply lemma 1, G(ab)=Y, 37, , h(ee’)f(ce’)k(ce)
=D e ja 2oer (€€ (H(e)+f(e7)) (k(e)+k(e7))
=30 sy hlee) (F(e)k(e)+H(e)k(e) +(e)k(e) +f(e)k(e))
=3 HOTEK() Y, , h(e) 15, 0 h(O)S,, , hle)k(e)
T2 Mek(e) 2, h(e)f(e)+32, ,, hle)d,  , hle)f(en)k(e’)

=H(b)G(a)+G1(a)Ga(b)+G1(b)Ga(a)+H(a)G(b)

such that Gl(n)zzd/nh(d)f(d) o(n)= Zd/n (d)k(d) and H(n)= Zd/nh(d)



then G(ab)=H(b)G(a)+H(a)G(b)+Gi(a)Ga(b)+G1(b)Ga(a) if anb=1 (xx)
now we will complet the proof by reccurence
1. if w(n)=1 then n=pr

and G(n)=C(p")H(1) 0=G(p*)H(2) + 3, . 1, <, Cr(p) GalpS ) H ()

P; 'pj

2. let w(n) >1,we suppose that .

Gn) = S GO X iy Gr(PE) Ga(pf ) H =)

P; P;
is true for w(n), and let us repprove it for w’(n)=w(n) + 1.

we have then n :H p 71_[ pf“ X a’;’(’;;)”:ab

with a:Hw(T) p& and b=p »/W

w'(n)

then from (#x) ;
G(ab)=H(TT"" p8) G oy () +H(p s ) GIT I 08 +Ga(pni () G T 920+ G (T p2) Galpiy(5)

n w/’(n (n w(n i b i ; b
:H(W)G(pw’(r(z)))+H(p:)’(7(z)))(Ziz(l)G(pia )H(W)+Zlgi¢j§w(n) G1(p)Ga(p;" ) H(—=3)) +

Pi Py

w’(n) i

") Ga(py: o)

(n)

Gi(pi( )i Galp? ) H )+ 1Y Gr(pi

n X/ (n w(n ; b Ot/" (e} Qi b X/ (n
) o )+ GO MG B P ) Do <t G0 Colr VB BTG )+

S G (o () Ga(p V(=) + Y Gr(pf) Ga(Poyi 5V H ()

G
Pi Py (n) Pi Py’ (n)

= Hlse) Glonid )+ 2 GV ECE) Tt <oy Gr ()G9 B ats) +

Pu/(n) ’ - i

Zw(n)Gq( a*’(’,(f))Gz(pz) (ﬁ) Zw(n)G1(Pz )Ga(p 77’(;;;))1{(%)

Pi Py (n) i Puw’(n)

= S GO T <y G (PGP H ()

P; Pj



then Go=T[" p) =310 COFHEE) Tt <y G (98) Galp i)

)

for w’(n)=w(n)+1

if H(n)#0 for every ninN*.

since H is multiplicative and pf”pjofj A — = =1land p{" A pﬁi = 1then H( aﬁaj):H(Hcfﬁ)aj)
o i P 'Py P "Dy

n\__H(n)
and - HZ=) =g

w(n) G(ps G1(p71)Ga(p;”)
then  G(n)=H(n) L FESHO)Y, cutm) po

Exemple 1 :
let f(n)=1 and h(n)=w(n) and k(n)=w(n)

then from theorem 2 it follows that

w(n) G(p% G1(pi ) Ga(p;?)
C)=3,, w(d)? = 7(m) LY ZE 1T (), i <o) i

™(pip;”)
with 7(n) = Zd/n 1
CpE) =, ()
=0+1+1+........1
—_
Gr)=5, ()
—a;

GQ(p?j) = Zd/p;"j w(d)

o w(n) o o
then Zd/nw(d)277(n)zi=l ot 1+T(n)21<1¢]§w(n)m



[e23e i

=2y VDT < canm) 21 < i <win) @rd Doy 51

=Ly VDT i cwim 3T 1< < (@G 3D wdT)

:Zd/n w(d)+7(n) (32, <i<w(n) aioi 1 )? 'T(n)z1gigw(n) (aioj- 1 )?

then Zd/nw(d>2:2d/nw(d)+7(n)(21<igw(n) %)2 'T(n>21<i§w(n) (aioil)2

Exemple 2:
let h(n)=p(n) and f(n)=k(n)=w(n)

then from theorem 2 it follows that :

G()=Y,, p(n)w(d)?

“SY GG 43 i cum CLPE) G20 M)

(i) =52, o im0 ()2

then G(n) = Zd/n p(n)w(d)*=0

w(n) =1 then G(n=p;"*)=-1

wim) =2 then G=pp)= ¥\, <, Cr(p)Ga(p) H (=)

T o
piip;?
“Licipj<al 2

therfore Zd/nu(n)w(d)2 =-1if w(n)=1

10



=2if w(n)=2

= 0 if not

IV. Application of those theorems on Reimann Zita function

let T(s)=>_"" is the Reimann zita function

nlé

and P(s)=> pep 7 18 the prime zita function

from thoerem 1 and theorem 2 we can obtain a lot of formulas like those:

oo w(d
1Y%, M g (s)P(s)

oo Q(d) 1
2. d=1"ds :‘I(S)Zpep—ps_l

0o (Dw(d) _
3. Y B =—%(s) lngpﬁ

w(d)Q(d 1 1
4. Zd 17 4 Zd 1 d< (b)zp#q,p,qepzpsfl g
w(d)N(d T(2s)
5. Zd 1 ds - T(s) Zpe'P p;°
00 w(d)(—l)w(d) (=pwis 1)w(d) 1
6' Zd:l ds Zd 1 d* Zpe’P p;5—2

\]

T, O 2 )S (2 )= T) (2P(s) — P(29))

let s=o+it a complexnumber and F(s)=) >, % is the Reimann zita function

P(s)= Zpe'Pi is the prime zita function

1. we set f(n)= w(n)and h(n)=—

w(d) w(n) G(pS)
g )Xoy o

we have from theorem 1 G(n)=)_, /n
. 1 a;
with H(n):zd/nﬁ and G(p) = Zd/palT

11



1 1 1
= (st )
k3 7 e
1
S S
Pi° 11— 13
Pq
gy 1
and H(p; ’)*Zd/pei;
1 1
= 1+p_5+ ....... + w7
= i
1 1
Yis+s
= 15
Pi
1 O:Ll,LS
1 P,
(d) ( ) Pis 1,#
o w o w(n p;°
then G(n)*zd/n_ds fH(n)z:i:1 — -~
Tis+s
o
17101_S

if n—oo then a;—ocofor every i

(like we suppose that oo is the product of all integer positive numbers)
{d/m—o00 }={1,2,ccccccierre. —o00}

. (d) 00 (d) . 1 00 1
llmneoozd/nwd—sz Tt wd—s and hmn_,oozd/nﬁ:znzl == T(s)

1 pgi®
w(n) p;° 1—p1As
=lim,, oo H(n)> ] - -t
T Ois+s
Py
T
lipis
| 1
1 e
pS . 1
_ w(n—o0) s S
) i) YT
17p?is+s
1 1 1— 15
p;Sq_ L Py
0o p;°
=T(s)> i, —

12



then Sy w(f =%(s)P(s)

2. let h(n)=— and f(n)=Q(n) (Q is additive )

Q(d 1 w(n) G(py?
then G(D):Zd/n% - Zd/nﬁzi:(R HEZ?))

let n—oo
then limg, o G(p?) =lim,, szd/p?i%: 0+p1_5+ ............ :;S (1 + pl_s e )
! 1
7177‘8 (1_ 1S>2
P;
. o . 1 1 1
and  limg, oo H (p") =lima, oo Zd/p‘.*iE: Lot =
Pis
1 1
Q) _ " (- 13)2 1
then ZZO 17 ds (S)Zi1+pl :T(S)Zfil P —1
1

Q(d) 1
then > 7, éq = (S)ZZ:PE

3. let h(n):% and f(n)=w(n) then from theorem 1 we have .

G N 7/
u(n)ZzU(?) H(p ;

d)w(d
Gr(n):zzd/n : 2;:}( ) - Zd/n

. d)w(d i n
we have G(p{") =3, MO0 and H(p) =Y, o ME=1

1

then Z@—(H)M:Zlﬂ(l _ 1:_Zw<n

i=1 H(P?l) p;—1
Py
and if we tend n—oo we will obtain o MO e e
TP
but we know that > 7° “;Z) =T(s)~!
p(dyw(d) _ 1
Then ;‘;1 PE —7T(S) 12])677;

4. let h(n):% and f(n)=Q(n) and k(n)=w(n) then from the theorem 2 we will obtain

13



)Q(d w(n) G(p;?
Cn)=3,, G2 =Hm) Y S H0) Y

G1(pi*)Ga(p;?)
H(p{ip;7)

with H(n):zd/n% and G1(p§) = Zd/p?i% and Ga(pj’) =3 w(d)

d/p;? d*
if we tend n—oowewillobtain  lim,, o H(n)=%(s)
1
. ; 11 1 5 1
and hmn_)ooG2<p;X]):0+Pls+F+ 1*}71.5 _1:1ip1vs pi®—1
. ; 1,2 1 2 1 1
and hmn_,ooGl(p?]) :O+Tﬁ+r?+ ST (1 + o~ +oeel ')_pﬁﬁ
-5
. o 1 1 1
and lim,, ooH(pf) =1+—5+—c..... .
Pi pi™ 1-— o
and hmnﬂooG(p"LXl) =0+ %4»% e 15;2
Pi i pi (17 1 )
P
1 1 1 1
P;° 1)? p;° 1\? 1
d)2(d) (-5) (-5) =
then Zd 1 ds *T(S)Zz1++s(s)2§l}o§i7ﬁjﬁw 1 j X =5 -
1717@5 lipis 17?
g L, oo 1 1
()i 5 P ) o ity coo gt X )

then Y57, MO ()5 L TO)Y, L, o

1
- X —
pFap —1 " ¢°

but we know from 2 that Z;ozl chf) :T(S)Zpepps;—l

w(d)Q(d) d 1
then > 77, (;s( =Y o1 d;)+T( )Y pta T

X —
q°

5. let h(n)z% and f(n)=w(n) then if we apply theoreml we will obtain

w(d)A(d) w(n) G(p; ")
Gn)=3g)n g — HO)XZZY 70

if we tend n—oo wewillobtain  lim,,_, - H(n)= 20:1 %

and lim,,_, oG (py*) = ! L !

1 1 1
e = - - +—..... = =
P pf( pi o p% ) Pt 14 pit+1
:
. a; 11 1
and lim, .. H(p§") = 1‘F+F .......... T
K3 T pls

but we know that Y77 %: T’i((QSS))

14




1
oo w(dA(d)  T(2s)x—~oo pit+1  F(28)—oo 1
then 3 umy =~ " FR s T () Zi=lps

Pis

oo w(d)A(d)  F(2s)moo 1
then 3 -, == —— () 2per e

6. let h(n):(flr):ﬂ(n) and f(n)=w(n) then if we apply theoreml we will obtain
w(d)(—=1)w(D w(n) G(p;?
S S e )

. . . . o (1)
if we tend n—oo we willobtain  lim,, oo H(n)=>" ", ——

dS
. any_ o1l 1 ! 1,1 1 1
and lim,_, ..G(p;"*) =0 = LR pi”(1+pi5+_pi2'* .......... )= i il
Pg
. ; 1 1 1 1 1 v
and  lim, o H(p{)=1l———.......... =(l+—4—ereenn )+2=2-——— =2
p; p; p; —— " —1
p;
(d) (d) - (d)
oo w(d)(—1)w oo (=)™ o pi°—1 oo (=)™ ) 1
then > ;" P T == -1 0 Doim1 o == =1 0 Dim1 27— 1) —p°
p;° —1
o w(d) (=)D o (=1)wD 1
then °,° a T 2ud=1" g° Zpep 2
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