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ABSTRACT

This paper presents two functions for prime counting function and its inverse function (the
function that returns nth prime number as output) with high accuracy and best approxima-
tion, which, due to their significant features, are distinguished from other similar functions
presented thus far. the presented function for prime counting function is denoted by 7, ()
and presented function for nth prime is denoted by P,, () in this article.

1 Introduction

The prime number theorem provides a way to approximate the number of primes less than or equal given
number n. So one of the most important subject in number theory is the prime counting function that is
denoted by 7(x)[1]. Therefore, a lot of functions and theories have been presented in this field.

From Gauss’s conjecture[2] in the end of 18th century, which was the first important step in this field
(m(z) ~ ﬁ(x)), to the Li function and other complex functions have been proposed thus far[3].

Although, many functions have presented for 7 (z), but due to the great computational and structural com-
plexity of the aforementioned and similar functions, the simpler functions with best approximation can be
high valuable among others.

Another important subject in prime number theorem is the function that returns nth prime number that is
denoted by P(x) in this paper.

Considering the fluctuations and abrupt changes in the graph of the 7(z) and its inverse function (P(x)),
discovering a smooth function that always intersects this function with a less computational and structural
complexity is very important in several ways, by revealing the count of prime numbers with high accuracy
and best possible approximation, it can contribute to better understanding of prime numbers and their distri-
bution.

In this paper, we intend to introduce a smooth function with the above mentioned features that always inter-
sects the graph of the function 7 () with less computational and structural complexity compared to similar
functions presented thus far. we also intend to introduce a function for P(z) with mentioned features. These
functions have a special feature that further distinguishes comparing to its counterparts, which is discussed
in the following.

In this paper, the presented prime counting function is denoted by the symbol 7, (x) , and the function for
the nth prime number is denoted by P, (z).
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2 Introducing the Function 7,,(z)

This function is an integral function like Li(x), here is denoted by 7,,,(z). The most important part of this
function is a equation denoted by the 6,, with the following definition. J,,, has another use and can be seen
in another function that will be introduced in the next section.

Sm(z) = vv/x In(x) (1)
where 7 is the Euler-Mascheroni constant = 0.57721566... (sequence A001620 in the OEIS)

And 7, () is defined as follows:

r dt
(@) = /2 It + o (t)) @
Where
Om(z) = yW/xIn(z), ~=0.57721566... 3)
So we will have:
o () = / i i (4)
" o In(t +yvtIn(t))

The below graph compare three functions graphically, 7(x) (red) , m, (z) (green) and Li(x) (blue).
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Figure 1: Comparing three Functions, Red: 7(x), Green: 7,,(x) and Blue: Li(x)
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For more accuracy, the below graph shows m(x) — 7, () with red color and 7(z) — Li(x) with blue color
for (0 < x < 107), (where the green Line is y = 0) :

|
M"‘ A f Py f/
P W(“”\ Al V\m b, /W“w;v M M‘«m M M
A A "'/MM\M " MMW\ML /,N‘M/w\ {)\JA}WMW” WWW‘.WWA'\WM”M& \)V""“ lf \Mw;\r\ WW“JN W ek NWJ‘\}V A
L NW”MWW LAY it

\
Lo A A Ay Al ,‘m‘h."f‘h 4 -
A R R T, i

N il W ey Y J
A, M i "\M/M AR YAY,
WAV TR A [
e I
WA M

f\‘*“r“""“"\,w‘n o V,‘"Um" / ‘u‘“‘\" A}
AT Wy W
y Wt W

\ M ) i o
‘.Jv\r\-w‘ \ i L) Y JﬁUr ik ‘u”ﬂ'\‘u Mn’ . A e +
! Vi f Wik AL LR Py,

WA ae e \W\‘ J My LY \W
; U

W

Figure 2: Red Graph: 7(z) — 7, () And Blue Graph: 7(z) — Li(z) , for (0 < x < 107)

As can be seen from the Figure 2, m,,,(x) function always passes through the function 7(x) and intersects
this function at several points. so it is the best possible approximation for 7(x).

Note: If any other number between 0.5 and 0.6 is placed instead of ~y constant (0.5772...) in the 7, (x)
equation, the graph still intersects the prime-counting function, but choosing y constant, in addition to being
one of the best coefficients with the highest accuracy, has another reason, which is discussed in the next
section.

Below Table shows how the three functions m,,(x), Li(z) and 7(z) compare at powers of 10:

Table 1: Compare three functions 7, (x), Li(x) and 7(z)

x () | T ()] | T ()] — () | Li(x)| — m(x)
10* 4 4 0 2

102 25 26 +1

103 168 170 +2 10

104 1,229 1,229 0 17

10° 9,592 9,590 2 38

106 78,498 78,526 +28 130

107 664,579 664,653 +74 339

10% 5,761,455 5,761,492 +38 754

10° 50,847,534 50,847,255 279 1,701

3 Introducing the Function P,,(x)

in this paper, the function that return nth Prime number as output (for n > 1 so that n is integer) is denoted
by P(z). For example: P(1) =2, P(2) =3,P(3) =5,P(4) =7,P(5) =11, ...

Now, we assume the P(x) function is a differentiable and continuous function so we could integrate.
Although it is debatable whether a continuous function that returns nth prime number could exist or not, we
assume there is a continuous function that return nth prime number, because we want to integrate of that in
the next equation.

Now, According to the continuity definition, P(x) must return the value as output for none-integer numbers
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and does not have any abrupt changes in value. So, we can make this condition(differentiable) by drawing
a straight line from y = P(z) to y = P(x + 1) (where x is integer number) on the graph. as shown in the
figure below:
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Figure 3: Graph of Smooth Function for P(z)

With this assumption, P(z) is calculated using the following formula for non-integer numbers:
P(z) = P([z]) + (x — [z]) - gap(z) = where gap(z) = Py11 — P,

In this case, Like 7,,(x) function which always intersects the prime-counting function on the graph,
a function can be defined that has the same feature for the inverse function, and thus always intersects P(x).
This function is denoted by P,,,(z) in this paper with below definition:

Puta) = [ (PO + 6. (P(0) - )

Where
Om(z) = yv/xIn(z), ~=0.57721566... (6)

And P(z) is xth Prime Number Function
So we will have:

Puta) = [ (PO +9v/PO(P(0) - @

4



New Formula For the Prime Counting Function

The below graph compare tow function P(z) and P,,(z) by P(x) — P,,(x) function:
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Figure 4: Graph of P(x) — Py, (), for 0 < z < 107

As can be seen from the Figure 4, P, (x) function always passes through the function P(x) and intersects
this function at several points.

Though P, () has a high complex structure (due to using integral of P r) in the structure) it may seem
unimportant, but it does matter in a way.

As mentioned before, the ¢, function is used in the P, (z) function as well as its inverse function (7,,)
and as can be seen there is a significant mathematical relationship between 7, (z) and its inverse function:
P (x)

Note: if any other number between 0.5 and 0.6 is placed instead of ~ constant (0.5772...), the graph still
intersects the P(x) function (Like the 7, (x)), but choosing « constant, in addition to being one of the best
coefficients with the highest accuracy, has another reason, which is discussed in the next section.

4 Reasons for choosing 7 as coefficient in introduced functions

In addition to the reason mentioned before, if we want to assume that we have to choose same coefficient
with the highest accuracy for both functions, a number close to the -y is the best possible candidate.

This means that if we consider this coefficient to be slightly larger than ~y (e.g. v + 0.05), the function
Tm(x) — m(x) will be plotted a little above the y = 0 line .And if, conversely, we choose this coefficient
slightly smaller than +y (e.g. v — 0.05), the function P,,(x) — P(x) will be plotted a little below the y = 0
line.

In short, the -y Constant is a weighted number balancing these two functions. Obviously, we can consider two
different coefficient for each of these two functions which may seem a little more accurate to each of them
individually, but this differences in accuracy is very fiddling which can be ignored. therefore, considering
this issue and principle of beauty in mathematics, it seems that choosing ~y as coefficient is a more correct
and attractive choice.
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