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Abstract

This is the second part of the total paper. Three kinds of Z Transformations are used to
get many laws for general solutions of mth-order linear partial differential equations with n
variables in the present thesis. Some general solutions of first-order linear partial differential
equations, which cannot be obtained by using the characteristic equation method, can be solved
by the Z Transformations. By comparing, we find that general solutions of some first-order
partial differential equations got by the characteristic equation method are not complete.

Keywords: Z Transformations; banal PDEs; non-banal PDEs; general solutions; the charac-
teristic equation method.

Introduction

In recent years, many numerical methods [1-4] and analytical methods [5-7] have been de-
veloped to solve linear partial differential equations (PDEs), the existence [8], uniqueness [9, 10]
and stability [11] of their solutions are also the focus of research.

In [12], we used new analytical methods to preliminarily study some laws of general solutions
of linear PDEs. In present paper, we will use three kinds of Z Transforms to further study the
mth-order linear PDEs with n variables.

1. New principles and methods

In order to obtain the general solutions of PDEs in various orthogonal coordinate systems, we
proposed the concepts and laws of the independent variable transformational equations (IVTEs)
and the dependent variable transformational equations (DVTEs) in [12]. About the IVTEs, there
is an important new theorem:

Theorem 1. In the domain D, (D CR™), if G (y1,Y2, - - - Yn, Uy Uy s Uy - - - Uy, s Uy yos Uyrys - - -) =

0 is an arbitrary independent variable transformational equation of a mth-order PDE F(x1, 2. . . Tp,
Uy Ugy y Ugsy - - - Uz, s Uz gy Ugyag - - -) = 0, SO

1.If F=0 is a linear PDE, then G=0 is an mth-order linear PDE.

2.If F=0 is a nonlinear PDE, then G=0 is an mth-order nonlinear PDFE.
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where 4,7, k,p,q,r € {1,2,...n}, namely Uz, , Uz,z;, Uz,z;ay - - - are linear relationship with u,,,
Uypya " Uypyqyr - - -» and the highest order of the partial derivatives on both sides of the equations
are equal. Therefore each linear term in F' = 0 is transformed into a new linear term; every
non-linear term in F' = 0 is transformed into a new nonlinear term; and the highest order of
the partial derivative of the dependent variable of each term is constant. So the independent
variable transformation not only does not change the linearity or non-linearity of the original
PDESs, but also does not change their order. Then Theorem 1 is proved. [J

For the DVTEs, the specific [th-order transformation v = h (1, ... Tp, U, Ugy, - - - Uz, , Uz zgs - - -)
may be linear or non-linear. For the linear transformation, each linear term of an mth-order
linear PDE is transformed into a new linear term, so a (I 4+ m)th-order linear PDE will be trans-
formed. For an mth-order nonlinear PDE, each nonlinear term will transform a new nonlinear
term, normally it will be transformed a (I + m)th-order nonlinear PDE.

For the nonlinear transformation, an mth-order linear PDE is usually transformed into a
(I+m)th-order nonlinear PDE, an mth-order nonlinear PDE may be transformed into a (I-++m)th-
order nonlinear PDE or a (I + m)th-order linear PDE.

In R™ whose independent variables are x1,xo,...x,, if the solution of a PDE contains an
arbitrary function, the number of independent variables of the arbitrary function is generally
not equal to n. Unless for any a smooth function, the essence of a PDE is 0 = 0, such as

Uy, — Ug;, =0, (4)

7

It is obvious that the general solution of Eq. (4) can be an arbitrary first differentiable function
with n variables, but this PDE has no practical meaning. We call a PDE whose essence is 0 = 0
a banal PDE and a PDE whose nature is not 0 = 0 a non-banal PDE .

For non-banal PDEs, we propose a conjecture:

Conjecture 1. In R", (n > 2), if the solution of a non-banal PDE contains an arbitrary
function, the number [ of independent variables of the arbitrary function satisfies 1 <1 <n —1.

In [13], we presented Z;-Z3 transformations with the following contents.

Z; Transformation. In the domain D, (D C R™), any established mth-order PDE with n space
variables F (X1, ... Tn, Uy Ugy,y .. Ug, , Ugyazg, - --) = 0, set y; = y; (x1,...2,) and u = f (y1,...y1)
are both undetermined mth-differentiable functions (u,y; € C™ (D),1 <i<1<n), y1,y2,-.. Y
are independent of each other, then substitute w = f (y1,...y;) and its partial derivatives into



F=0

1. In case of working out y; = y; (x1,...xy) and f (y1,...y1) thenu = f (y1,...y;) is the solution
of F =0,

2. In case of dividing out w = f(y1,...y;) and its partial derivative, also working out y; =
Yi (x1,...xy) then uw = f(y1,...y) is the solution of F = 0, and f is an arbitrary mth-
differentiable function,

3. In case of dividing out u = f (y1,...y;) and its partial derivative, also getting k = 0, but
in fact k # 0, then u = f (y1,...y;) is not the solution of F = 0, and f is an arbitrary mth-
differentiable function.

Zy Transformation. In the domain D, (D C R"), any established mth-order PDE with n
space variables F (T1,...Tp, Uy Ugy, .. Uz, , Ugyzys---) = 0, set y; = y; (z1,...2,) known and
u = f(y1,...y) undetermined (u,y; € C™(D),1<i<1<mn), yi1,y2,...y are independent of
each other, then substitute u = f (y1,...y) and its partial derivatives into F =0

1. In case of working out f (y1,...y), then u= f (y1,...y;) is the solution of F =0,

2. In case of dividing out w = f (y1,...y;) and its partial derivative, also getting 0 = 0, then
u=f(y1,...y) is the solution of F' =0, and f is an arbitrary mth-differentiable function,

3. In case of dividing out u = f (y1,...y;) and its partial derivative, also getting k = 0, but
in fact k # 0, then u = f (y1,...y;) is not the solution of F = 0, and f is an arbitrary mth-
differentiable function.

Zs Transformation. In the domain D, (D C R"), any established mth-order PDE with n
space variables F (z1,...Tn, Uy Ugy, ... Up, , Uz 2y, - - -) = 0, setting g (z1,...2y), h(y1,...y) and
Yi = yi(x1,...2y) are all undetermined function, y1,ya,...y; are independent of each other,
(g,h,y; € C™ (D), 1 <i<l1<n), then substitute u = gh (y1,...y;) and its partial derivatives
into FF' =0

1. In case of working out h,g and y;, then uw = gh (y1,...y;) is the solution of F =0,

2. In case of dividing out h and its partial derivative, also working out g and y;, then u =
gh (y1,...y1) is the solution of F =0, and h is an arbitrary mth-differentiable function,

3. In case of getting k = 0, but in fact k # 0, then u = gh (y1,...y;) is not the solution of F = 0.

In this paper, we upgrade the Z3 transformation:

Z3 Transformation. In the domain D, (D C R™), any established mth-order PDE with
n space variables F (21, ... Tp, U, Ugy, .. Ugp,, Ugiao,---) = 0, setting y; = y; (x1,...2y), 2j =
2 (x1,...2n), 9(W1,-..yk) and h(z1,...2) are all undetermined function, yi,ya, ...y are in-
dependent of each other, z1,z,. ..z are independent of each other too, (yi,z;,9,h € C™ (D),
1<i<k<n,1<j<Il<n), then substitute u = g (y1,...yx)h(21,-..21) and its partial
derivatives into F' =0

1. In case of working out y;,zj,g and h, then u = g (y1,...yx)h (21,...2) is the solution of
F=0,

2. In case of dividing out h and its partial derivative, also working out y;,z; and g, then
u=g(yi,...yx)h(z1,...2) is the solution of F' = 0, and h is an arbitrary mth-differentiable
function,

3. In case of dividing out g,h and their partial derivative, also working out y; and z;, then
u=gWi,...yp)h(z1,...21) is the solution of FF = 0, g and h are arbitrary mth-differentiable
functions,

4. In case of getting k = 0, but in fact k # 0, then u = g (y1,...yx)h (21,...2;) is not the
solution of F = 0.



2. General solutions’ laws of linear partial differential equations with variable coef-
ficients

In this section, if there is no special interpretation, the acquiescent independent variables
of R" are x1,%2,...Tn. a; = a; (z1,...2k), a5, = aj, (T1,...Tk), Qiyig..if, = Qirio...ig (L1, .- Th),
bi = b; (x1,. :ck), and bj, = bj, (z1,...xx) are arbitrary known functions. y; = y; (z1,... %),
D,, £ %, &f;g;;;%k) £ g;ll 3;22 . g;’“ u. ¢; and \; are arbitrary constants, f and f; are arbitrary
smooth functions, (i,j =1,2,...), (1 <k <n).

Theorem 1. In R", if the exact solutions u = y; (x1,...xx) of Eq. (5), which are independent
of each other, are known, (1 <i<Il<k—1),

a1z, + @2z, + -+ agug, =0, (5)
then the general solution of Eq. (5) is

w=f(Y1,Y2, - Yl Tht 1, Tht 2, - - - T - (6)

Prove. By Z; Transformation, set u (z1,...zn) = f (y1,%2, ... Yl, Tkt1, Thkt2, - - - Tp,), then

A1 Ug; + AUz, + -+ + QgUg,

=a1 (fylylxl + fy2y2x1 +...+ fylylxl) + a2 (fylyle + fy2y2x2 +.o fyzylxz) +..
+ar (e, + foab2u, + -+ Fulis,)

= fy (@Y1, + @291, + .. + akylxk) + fyz (01924, + a2y, + ..+ akka) +..
+fy (@1Y10, + Q2Y1p, + -+ ary1,,) = 0.

Since a1yi,, + a2¥iz, + - - + aryiy, =0, (1 <i <1 <k — 1), the above equation is correct eter-
nally. So Theorem 1 is proved. According to the characteristic equation method and Conjecture
1 we can know: Usually [ =k —1. O

According to Theorem 1, if the exact solutions u = y; (x1,...xy,) of ajug, + agug, + - +
apuz, = 0, which are independent of each other, are known, (1 <i <[ < mn—1), then its general

solution is u = f (y1,y2,...Y1)-

Theorem 2. In R", if the general solution uw = f (y1,Y2, .- Y, Tht1, Tht2, - - - Tn) Of
(01Dg, + b2Dyy + ... + by Dy, ) u = 0 is known, then

(b1Dyy + 02Dy, + -+ 4 bpDy )*u = 0, (7)
the general solution of Eq. (7) is
u=f1 (Y1, Y Thyts - Tn) + (M121 + Aoz + -+ Mewr) fo (Y1, -+ Y Trgts - Tn) - (8)
Prove. Because the general solution u = f (y1,¥y2, - .- Y, Tht1, Tht2,- - - Tn) Of
(b1Dg, + b2Dyy + - - - + b Dy, ) u = 0 is known, apparently v = f (y1,Y2, .- Yi, Tht1, Tht2, - - - Tn,)

is also the solution of (b1 Dy, + baDy, + -+ + kaxk)Qu =0, setting u = g (z1,...2%) f = Aszsf
is the solution of (byDy, + b2Dy, + -+ + kaxk)2u = 0 too, that is = g (x1,...xE) = Asxs, and



As are arbitrary constants, (s = 1,2,...k), then

(b1Dgy + baDyy + - - + b Dy, ) 2u = (z b2D2 + 23 bibiDy, Dy, )(gf)
i= 1<j

% 1 z<]

(Z b2f$z$z + 2 Z b b fxzx]) + f(z b2g$1-731 + 2 Z b b.]gmlm]) + 2 Z b2gﬂ31fz

1<J 1<J

+2 E b; b (gxzij + gm]f:rl) =2 Z b2.g:czfz +2 Z b; b]grlfz +2 Z b; b]ga:]fz
1<‘] Z<] Z<]

I
M=

= 202N fo, + 20sbs 3 b fuy + 20sbs 3 bifu, = 20sby bex = 0.

s<J 1<s =1

That u = Asxsf is the solution of (byDy, + baDy, + -+ + kaxk)2u is proved. So its general
solution is (8). O

According to Theorem 2, we present Theorem 3.

Theorem 3. [In R", if the general solution w = f (y1,Y2,- - -Yl, Tkl Tht2,---Tn) Of
(01Dg, + b2Dyy + - - + by Dy, ) u = 0 is known, then the general solution of

(b1Dgy +b2Dyy + -+ + b Dy, ) "u = 0, 9)
18

= Z ()\11U1 + Aoz + -+ /\kxk)jilfj (yl, YL Tty e l‘n) . (10)
j=1

Prove. Two mathematical formulas are required to prove the theorem:

m! 1

(@tar+-ta)" = Y el gy an

l1+l2+...+lk=m el

n
v) = Z C]Tfug?*k)vgf). (12)
k=0
Then
m!
(lem1 + b2Dz2 +-+ kaxk)mu - Z mbllbl2 béckDi}l D?Q . e Dlxkku

li+lot.Alp=m
(13)
According to Theorem 2, we know that u = f1 (y1, ... Y1, Thit, - - - Tn)+(A121 + Aowo + -+ - + Agxg)
fo (y1,92, ... Y1, Tkt1, - - - Tp) is the general solution of (by Dy, + bo Dy, + -+ + kaxk)2u = 0. Us-
ing mathematical induction, we set

m
u=1I = Z (Alxl + Xoxg + - + )\kxk)]_lfj (yl, e Yl Tl 1y - - xn) , (14)
Jj=1

is the general solution of (byDy, + 2Dy, + -+ + kaxk)mu = DMy = 0, namely DM = (.

(01D + baDyy + - 4 b Dy, )™ = DM+, = 0, (15)



Note u = I is also the solution of Eq. (15). Setting u = g (x1,...x) ' = Asas is the solution
of Eq. (15) too, that is g (z1,...2x) = Asxs, and As are arbitrary constants, (s = 1,2,...k),
then

Z gxs k)—)\azs()Jrn)\F( 1

l
ZCZ gxl :p _A sTsl’ (l)
k=0

Dlsz:s(g) x (gF)—AxS l”)_|_ )\Fln 1) (S?él)

The same can be obtained:

Dl D% (gT) = DY DY (gT) = Agar TU5le) + 1Al 71 (s 5 4) (16)

b5
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Because of
(b1Da, + byDyy + - - - 4 bp Dy )™ T = 0.

So
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Then
m+1
(01Dz, + baDyy + -+ + b Dy, )™ (g)
Li+10a, 0 ds—1,..0
=X il (TRl bl pfEr Ul et
li+lo+...+Hlp=m
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1.1 s Ip+1 Aoy ds—1,. A+

+”' +b11b22 .-.bé ...bkk Fxllz’QZCCsaZk k )‘

Since

(leﬂfl + [)QD$2 + -+ ka;Ek)mF
= (b1 Dyy + by Dyy 4 -+ + bpDy,) (b1 Day 4 b2 Doy + - -+ + b Dy )™ 'T

—1)\!
= (b1Day +b2Dyy + -+ + by Dy, ) 8 iy e LA AR
Litle++(ls—1)++l=m—1

L1,y le—1,. 0,

—1)! !
- . % l 1 llw.“((gz_lglmlk!bs bl bl b (b1 Dyy + byDyy + - 4 by D)
1+Hlo++(ls—1)++lp=m—
F(h,lz,...ls—l,._.lk)

T1X2...Ts... T

= > l1!l2!...((7;::8§...lk!bs (bl b
htla+-+(ls—1)++l=m—1

OO bl Tl ) gl gl gl )

N U N G v S ) I}

That is

(m—-1)! Li+1glo ls ep(i+1le,. ds—1,..0x)
) e (I e T

litlo+4{s—1)+...+l=m—1
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So

m!ls l14+141 l I (L4102, ls—1,...0k)
)\s m(bf b22 e bss e bk ]-_‘:E13U2...x5...mk
I+l +l=m
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—am > e Lt UV O w U Sl
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FHbE b Il e b )y
Namely
(01D, + by Dyy + -+ + b Dy )™ (A7) = 0. (18)

Since s = 1,2,...k, according to the principle of linear superposition, the general solution of
Eq. (9) is (10), so the theorem is proved. [J

In R”™, for the mth-order linear PDE with variable coefficients
Z a11l2lku;(r111:gg€k) =0, (19)
i1+io+...+ig=m
where 7; are natural number, 1 < j < k <n, If Eq. (19) can be translated into
(bllle =+ blzDﬂﬂz +eee blkak) (b21DfE1 + b22DfE2 et b2kD$k) s

20
(bm1Dz1 +bm2D:v2+"'+bmkD$k)u:0' ( )



For
(bj1D901 + bj2Dr2 +ooet bjszk) U= bjluzl + bjzum +oot bjkuﬂfk =0, (J =12,.. m) (21)

If the particular solutions u = y;,(x1,...xx) of Eq. (21), which are independent of each other,
are all known, (1 < s <), by Theorem 1 the general solution of Eq. (19) is

m
u = Z f] (yjlﬂyjza s yjljaxk—l-lwrk-i-?a .. .Tn) . (22)
i=1

If Eq. (19) can be translated into:

q
H(blem+bj2DI2+"'+bjszk)pju:07 (23)
j=1
q
where ) p; = m, its general solution can be written by Theorem 3.
=1

In R", for the mth-order linear PDE with variable coefficients

Z al112lkua(clllzlfglxkk) = A(z1,22,...2n), (24)

0<ir+ig+-+ip<m

where A(z1,z9,...x,) is an arbitrary known function. In general, we need to solve the particular
solution of (24) first, and then use the general solution of its homogeneous equation to obtain
its general solution. Such as

Theorem 4. InR", if particular solutions v = y; (x1,...xk) of a1Uuy, +a2Ug, + - -+ apty, =0
are all known, (1 <i <k —1), then

a1Ug, + Uy, + -+ + apuy, = A(x1,22,...2p), (25)
the general solution of Eq. (25) is

A1, - - Yk Tht1, - - Tn) Ay
A1Yk,, + 02Uk, + o0+ ARk,

u=f(y1,---yk1,xk+1,---xn)+/ (26)

where y1,Y2,...yx are independent of each other, and x; = xj(y1,Yy2,...yx) should be got,
(1<j<k).

Prove. By Z; Transformation, set u(x1,x9,...2n) = w(y1,Y2, - - Yk, Tha1, Tki2, - - - Tp) and

ai(21,72,. .- Tn) = ai(Y1,Y2, - - - Yks Thr 1, Tkt 2, - - - Tn), Where ys = ys(z1, 22, ... 2),(s = 1,2,.. . k),
and y1,yo, ...y, are independent of each other, then

A1 Ugy + A2Ugy + + - - + AUy,

k k k
o Z Ysz, Uys + 02 Z Ysoy Uys T+ Ok Z Ysay Uys
s=1 s=1 s=1 (27)

= (alylml +agy,, +-+ akylzk> Uy, + <a1y2z1 +agy2,, + -+ akygxk) Uyy + -

+ (alykzl + a2Yk,, + ot akykmk> Uy, = A(21,22,...25) .



If the particular solutions u = y;(x1,...zx) of ajuy, + agug, + -+ + aguy, = 0 are all known
(1<i<k-—1),then Eq. (27) can be translated into

(alyk,c1 + agyk,, + -+ akykxk) Uy, = A(z1,22,...2n) . (28)

A particular solution of Eq. (28) is

:/ A(yla"'yk‘7xk:+1a"'xn)dyk;
A1 Yky, T Q2Yky, T+ QkYky,

(29)

To compute (29) we need to find the first differentiable yr = yp(z1,z2,...2x) and y1,y2, ... Yk
independent of each other, and can get x; = ;(y1, Y2, ...yr), then the general solution of Eq.
(25) is (26). So Theorem 4 is proved. [J

Theorem 5. In R, if particular solutions u = y;(x1,...xk) of biug, +batz, + -+ brug, =0
are all known, (1 <i <k —1), then

(lem + bQDIQ + -+ kaxk)mu =A (CL‘l, . IEn) , (30)
the general solution of Eq. (30) is
u = Z (/\11'1 + Xoxg + -+ )\kxk)j_lfj (yl, e Yk—1,Tht1s- - - :L‘n)
=t (31)

n f...fA(y1,...yk,xk+1,...xn)dmyk
(blcl +bgecg + -+ + bkck)m
where Y1, Y2, ... Yyr are independent of each other, yi, = cix1 + cowa + -+ + ) and x; = x5
(y1,92,...yk) can be got, (1 < j <k).

)

Prove. By Z; Transformation, set u(xi,x2,...zn) = w(y1, Y2, ... Yks Tht1, Tht2, - - - Tn) and

ai(z1, 22, .. Tn) = a;(Y1,Y2, - - - Yky Tk 1, Tht2, - - - Tp), Where ys = ys(x1, 22, ... 2),(s = 1,2,... k),
Y1, Y2, ...y are independent of each other, and

Y = C1X1 + C2Z2 + + - - + CLTk.
Then
(b1Dyy +b2Dygy + -+ + b Dy, )" u

k k k
b1Dgy, +b2Dg, + -+ + kamk)m—l (bl Z Ysyzy Uys + b2 Z Yszy Uys + b Z Ysa,, uys>
s=1 s=1 s=1

—

—

b1Dyy +boDyy + -+ - + kazk)m_l((blylzl + by, + -+ bkylzk) Uy,
biye,, +baya,, +--- + bky21k> Uyy + -+ + <blykx1 + boyk,, +-- + bkykxk) Uy,)

b1Dg, + 02Dy, + -+ - + kaxk)m—l <<blykx1 + bek'wz et bkykxk) U%)
biey + baca + - 4 byeg) (b1 Dy, + baDyy + -+ + bp Dy, )™ Ly,

_|_

/N

—~~

k
bici +baco + -+ -+ brcg) (b1 Dy + b2 Dyy + -+ + kazk)m_Q(bl > Yszy Uypys T

s=1

ba Zkll Ysuy Uypys + -+ bk Zkllyszk Uy, )

= ?3101 4+ bgcy 4 -+ bkc;(anml + 02Dy, + -+ + kazk)m_Q

(81912, + Bowray -+ beyis, ) g + (D192, + boga,y + - by, ) s + -+
+ (blykzl + boyk,, +-- + bkykzk) Uy )

= (bac1 + baco + -+ + bgcr)*(b1 Day + by Day + -+ + b D )" Py,

=...=(bicy +baco + -+ + bkck)mugf).
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Namely

(b1Dgy +b2Dyy + -+ + bp Dy, )" u = (b1cy + baca + - - + bkc;c)mué’,f) = AY1, - Yks Tht 15+ - Tn) -
(32)
The particular solution of Eq. (32) is

_ f...fA(yl,...yk,mk+1,...xn)dmyk

u
(blcl +bgcg + -+ + bkck)m

According to Theorem 3, the general solution of Eq. (30) is (31), so the theorem is proved. O

Theorem 6. In R", if the particular solution g = g(x1,...xx) of 19z, + @29z, + -+ + akGa), +
ag+19 = 0 and ezxact solutions w = y;(x1,...x) of a1uy, + agUg, + - - - + apuy, = 0, which are
independent of each other, are all known, (1 <i <1<k —1), then

A1 Ug; + A2Ugy + -+ + + AUy, + Q11U = 0, (33)
the general solution of Eq. (33) is

u=g(x1, - -2k) [ (Y1, Yl Tha1,---Tn) - (34)

Prove. By Z3 Transformation, set u = g(z1,...z5) f(y1, ... Y1, Thr1, .- - Tn), then
a1z, + QoUgzy + - + QgUy, + AU
=ay <fgx1 + giél fyiym) + as <fgx2 + 9;21 fyiym) +-tag (fgxk + giél fyiyixk.>
tak+19f
= f(a19z, + @29z + -+ + AkGay, + ary19) + gzi Jus (Cllyz‘gc1 + agyiy, + 0+ akyimk)
=0.

Since a1gz, + a2gz, + -+ + akgz, + axr19 = 0 and a1yi,, + a2Yiy, + 0+ akYiz, = 0. The
above equation is correct eternally, so Theorem 6 is proved. [

Theorem 7. In R", if the general solution uw = g(x1,... k) f(Y1,---Yl, Tha1s---Tn) of (b1 Dy, +
baDy, + -+ + b Dy, + by1)u = 0 is known, then

(b1Dy, +boDyy + - - + b Dy, 4 bpg1)*u = 0, (35)
the general solution of Eq. (35) is

u=g(z1,...2)

(36)
(fi (Wi, Y Theg1, - - Tn) + (N1 + Aozo + - 4+ Nezi) fo (Y1 - Y Tg1s - - - Tn)) -

Prove. Because the general solution v = g(z1,...2) f (Y1, .- Y1, Thtt, - - - Tp) Of (b1 Dy +b2 Dy, +
o+ 4+ bp Dy, + bry1)u = 0 is known, apparently v = g(x1,...2k) f(Y1,- .- Yi, Tht1, - - - Tn) is also
the solution of (b1 Dy, + baDy, + -+ + by Dy, + bry1)?u = 0, setting

w=hA=Xxsg (21, xk) f (Y1, Y Tpgrs - 20) (1< s <), (37)
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where h = x5, A = g(x1,...2k) f(Y1,- .- Y1, Tpa1,-- - Tn), and Ag are arbitrary constants. As-
suming (37) is a solution of (35), then

(leﬂﬁl —+ bgDI2 4+ -+ kaiL‘k + bk+1)2 U
k k
= Z b?Dgl + b%—&-l + 2 Z bibijlij + 2bg41 Z le%> (h,A)
i=1 1<i<j<k i=1

k

k
+2 ) bib; (hxixjA + ha; Ay + by gy + hAxl.xj) + 2bg+1 Y bi (hg, A+ hAy,)
1<i<j<k i=1

k k k
=h (Z 1)121\3315,;z + bz-i—lA +2 Z bibjAa:ia:j + 2bk+1 Z bzAa:Z) + A Z b?hxﬂ»‘z
i=1 1<i<j<k i=1 i=1

k
+2 3 bihg Agy + 20 Y bibjhae, +2 0 Y bibjha Mg, 42 Y bibjhe Ay,
=1 1<i<j<k 1<i<j<k 1<i<j<k

k
+2bp 1A Y bihg,

=1
k k
=2 E b%hszmz +2 E bibjhxiAx]. +2 Z bibjhxiji + 2bk+1A Z bihxi
i=1 1<i<j<k 1<i<j<k i=1
= QbEhISAxS + 2bshy, >, bijj +2bshg, Y. biMg, + 2bp11bshg A

1<s<j<k 1<i<s<k

k k
= 2b5h$5 Z bzAxl + 2bk+1bsthA = 2bshxs <Z bzAm, + bk+1A> = 0.
i=1 i=1

That (37) is a solution of (35) is proved. So its general solution is (36). OJ

According to Theorem 7, we present Theorem 8.

Theorem 8. In R", if the general solution uw = g(x1,...2k) f(Y1,---Yi, Tkt - - Tn) of (b1 Dy, +
baDy, + -+ + b Dy, + biy1)u = 0 is known, then the general solution of

(b1Dgy 4 b2Dyy + -+ - 4 bp. Dy, + bpy1)"u = 0, (m > 2), (38)
18
m .
u = g(xl, .. .’Bk) Z ()\11}1 + Xoxo + -+ )\ka,’k)J_lfj (yl, YL Tkt 1, xn) . (39)
j=1

Prove. Using Eq. (11), we get

(legc1 =+ bQDgC2 + -+ kaxk + bk+1)mu

|
— m: 11712 Ik plet1 it Pl Ly (40)
= > TSI ATA 1!b1 by .. b D D2 . Dl .
i+l A+l p1=m +

According to Theorem 7, we know that v = g(x1,...zk)(f1(y1, .- Y1, Thtt1, .- - Tn) + (A1 +
Xoxa + -+ + Apxk) fa(yr, - - Yy Tht1, - - - Tp)) is the general solution of (b1 Dy, + baDy, + -+ +
bp Dy, + br+1)?u = 0. Using mathematical induction, we set

u=1I= g(xl, .. (Ek) Z ()\11‘1 + Aoz + -+ + /\kxk)j_lfj (yl, YL Tkt 1, - {L‘n) . (41)

m
=1
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is the general solution of (by Dy, +b2Dyy++ - ~4-bp Doy by 1) u = D™y = 0, namely DT = 0,
so u = I' is also the solution of (b1Dy, + ba Dy, + -+ - + by Dy, + bry1)"Hu = D(m+1)q, = .

Setting u = h(z1,...x;)[ = Az is the solution of D™Dy = 0 yet, that is h(z1,...2;) =
Ass, and A are arbitrary constants, (s = 1,2,...k), by Eq. (17) we obtain

szll D% B 'Dll‘ss o D;lrkk (kD) = )\str(llylm...ls,---lk) + ls)\sr(ll712,-..ls—1,...lk)‘ (42)

T1X2...T5...Tf T1X2...Ts...Tk
Then

(le-'El + bQDm + -+ kalBk + bk+1)m+l
= (leml + bQDwz +---+ bk‘ka
l
+bi+1) > by L b Dl D2 Dlmkk>

RIESI NIy
Ltlot+lgr1=m i

B m! l1yl2 leple+1
= )Y BT L0102 - O by (b1 Dy + 02Dy + - 4 b Do
li+lo++lgr1=m
l l l
+bk+1)Dx11 DSC22 T kak Il
_ ml glitlgle kptk+1 Dli+1 Dlo lg
_ 3 ey T (bl by ...b, bk+1 Dgc1 Dm2 o ka +
Litlot- -+l p1=m

lizl2 Is+1 I i Dl lo+1 l l17l2 le+17lk+1 iy 1l Ie+1
+by' b3 bzs l ﬁk D} D2 ... Dy ...kak +-- 4+ bi'by .. by kaD;IDgQ . ..kak
11115 klk+1 ! l l
+bi'bs ... b ka D} D2 ... kak).

Because of
(b1Dyy + b9 Dyy + -+ + b Dy + by )™ = 0. (43)
So
(b1Dg, + b2Dyy + -+ + b Dy, + bpq)™ (AT
- > i i e L bEIDLHIDE L Dl 4

li+l++Hlgp1=m
OO L bt b Dl DIz L DB Dl g Bpl L B DL Dl L Dl
ool . olkn DL Dl L Dl (AT
= ) b OB b (DL ) I AT R )
h+lo+..+lpp1=m
e bl bl bR (N DU T ) g ATy
N O i OVETN i U Y IO B Gt )
HOBE b N DR + AT T ).
Notice:
) b (O b (DU ) 4
L+lot.. Ay =m
T e E W NP RN
BB L (O T Dy gty e T (g TRy
= Ay D e (T bk DD L Dl
Lo+ Ay =m
bbb Dh Dl Dl bl L b T Dl Dl L Dl
b L p T Dh Dle DB = Agg (b1 Dy, + ba Dy, + -+ + b Dy + 1) T
= 0.

So

(01D, + 02Dy, + -+ + b Dy, + by1)™ ! (IT)

mllsA 1417102 I i ler1 (L0, ls =1, 0)
11112!,,.lsk!lsk+1! (bl b2 ce bk bk+1 mez...ms...xk
l1+12++lk+1:m

Iy 71lot1 1,1 0ot ls—1,...0 1111 1,1 I1,02,ds,..L
A plpl L plpe Pl ) gl et T e )

k+1
1140 Ip+10k l1,lo,. . ls—1,. 0 +1 1111 I lkr1+1w(l1,l2,.. 0s—1,...0
blpl L pl e P L kD) plgle gl Pl e )y
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Since
(lexl + bgDmQ —+ -+ kamk + ka)mF

e (leml + bQDx2 + e —|— kaxk —|— bk+1)(lex1 —|— bZsz + - _|_ kaxk _|_ bk+1)m—lr‘
= (lewl + 02Dy, + -+ b Dy,

(m—1)! 1712 lo—1 Uer1 (a2, ds =1, 0k)
+bk+1) Z l1!l2!...(ls—1)!...lk+1!bl b2 ce bs s bk+1 F$112~~~xs...xk
L+t +(ls—1) 4+l r1=m—1
=0.
We get
(m—1)! I14+171o I o1 (41,02, 0s—1,..05)
T (e —T) Tp ! (b by LD .bk+1rx1x2.,,ms.,,xk

l1+l2+...+(lsfl)+...+lk+1:mfl
l l1,l0+1,...0s—1,...1 l l1,l2,..0s,...1
BpE bl g Tl el ) phle et pep et
1111 le+170kt1 l1,l2,. . ls—1,. . 0 +1 1111 I 1 o110, 0s—1,. . 1k
btz b Bl p e Ll et ) gl gl (el L)y
Then

mlls\ I11+115 Is lpr1 (L4102, 0s—1,...lg)
it i (07 0y by b T Tl
lit+lo+.. . Hlpr1=m

l l1,la+1,...1s—1,...1 l l1,l2,..1s,...1

blple gl g p (el ) L phle plett pkap (et )

11110 l+1,1 l1,lo,. . ds—1,. . l+1 1111 Iy b1+ 1 (l0 02, ls—1,...0
‘H)ll b22 . bés . bkk bkkjllrf(ﬂlwszzk k+1) =+ b11b22 o bkkbkj:ll Fgclxg...x:...a:k k))

3 (m—1)! (bll1+1b122 pls blk+1F:(Ellng;r“l;_lw-lk)
1! (ls—1))...1 ! cre Vs Vel 122...s...Tk

ot (=D bl =m—1 (s =)l

11700+1 Iy l1,lo+1,...0s—1,...0 1111 1 It l1,l2,.. ds,...lg
ABp gl g p (el ) L phle gl peip (et )

11,1 le+17 05 lido, . ds—1,. dx+1 11 Lo lor1+1 (1,02, ds— 1,05
+b11b22 tet bés s bk;k bk_:llrélllesxk F ) + b11b22 oo bkkbk_:l F(x1x2...xs...xk )) = 0

= Asm

Namely
(b1 Dy +b2Dyy + -+ - 4+ by Dy, + by )" NgsT) = 0. (44)

Since s = 1,2,...k, according to the principle of linear superposition, the general solution of
Eq. (38) is (39), so the theorem is proved. O

In R”™, for the mth-order linear PDE with variable coefficients
> Uiy, i ul2 k) = 0. (45)
0<i1+ig+-+ir<m
where i, are natural number, 1 <r < k <n. If Eq. (45) can be translated into
(b1, Dy + b1y Dy + -+ 4 b1, Dy + b1, ) (b2, Dy + b2, Dy + -+ + b, Dy +bg, ) .- (46)
(bmy Doy 4 by Doy + - + by Doy + by, ) u = 0.

If the particular solution u = g;(x1,...23) of (bj, Dy + bjyDey + -+ + bjy Dy 4 bj, . Ju = 0
and exact solutions u = y; (x1,...2x) of (bj; Dy, + bjyDyy + -+ + b, Dy, )u = 0, which are
independent of each other, are all known, (1 < j <m,1 <s <1[; <k—1), by Theorem 6 the
general solution of Eq. (45) is

u(x1,...Tpn) =

M

(gj (T1,- .- 2k) fj (ijyjm S Yy The s Tt 2 - ivn)> : (47)
1

J

If Eq. (45) can be translated into:

(bjyDay +bj,Dyy + -+ + b, Dy + b5, )P u=0, (48)
1

q
Jj=
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q
where ) p; = m, its general solution can be written by Theorem 8.
j=1
Next we propose Theorem 9.

Theorem 9. In R", if the particular solution g = g(x1,... k) of @19z, + 29, + -+ - + AkGz, +
ag+19 = 0 and the exact solutions u = y;(x1,...x) of a1uy, + agug, + -+ + aguy, = 0, which
are independent of each other, are all known, (1 <1i <k —1), then

a1Ug, + QUgy + - -+ + Ay, + a0 = A(z1,...20), (49)

the general solution of Eq. (49) is

A1, .o Yy Tl 1y .- - Tp) d
u=g(x1,...x) (f(yl,...yl,:(:k+1,...q:n)_|_/( (11 Yks Tl 1 ) dyi, )7 (50)

01Yky, + 02Ykgy, + .-+ ak:ykxk) g

where y1,Yyo, ...y are independent of each other.

Prove. By Z3 Transformation, set u = g(x1,...xk) f(Y1, - - Yks Tha1, - - - Tn), and ag(x1, ... zy) =
as(Y1y - Yks Th1,---Tn), (1 < s < k+ 1), where yp = yp(x1,...25), (t =1,2,... k), y1,y2, . - - Yk

are independent of each other, and z; = z;(y1,...yx), (1 < j < k), note that u = yg(z1,...xx)
is not the exact solutions of ajuy, + asug, + -+ + aguy, = 0, then
G1Ugy + A2Ugy + -+ - + GpUg, + Qg0
k k
=a <fgx1 +g Zlfytytm) + ag <fga:2 +g Z:l fytytx2> R
t= t=
k
+ag <f9xk +9 Zl fytytxk> + ag19f
t=
k
= f(a1ge, + - + ko, + aks19) + 9 2 fyp (@1Yt0, + 02Yigy + - + Yty ) -
t=1

Since a1gg, + - -+ + argzy, + arr19 = 0 and a1yiy, + a2Yiz, + -+ axyiy, = 0,(1 <i <k —1), s0

AUz, + A2Ugy + -+ g, + a1 = Gfy, (O1Ykg, T Q2Ykay + 0+ AYa, )
=AWY1, Yk, Thils---Tp)-

We get

:/ AWy Yk Tht1s - - - Tn) dYge
(aﬂml + Q2Ykg, T akykxk) g

A particular solution of Eq. (34) is

u:g/ A1, Yrs Thr 1, - - - Tn) Ay (51)
(alykle + Yk, + 0+ akykmk) g

To compute (51) we need to find the first differentiable yx = yx(x1,z2,...zx) and y1, 99, ... Yk
independent of each other, and can get x; = x;(y1,¥2,...yx). According to Theorem 6, the
general solution of Eq. (49) is (50), so Theorem 9 is proved. [J

Note that Theorem 9 obtains the general solution of the variable coefficient transport equa-
tion.

We propose Theorem 10 as follows.

Theorem 10. In R", if the particular solution g = g(x1,...xx) of biges, + b2gays + -+ + bk, +
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be+19 = 0 and ezact solutions u = y;(x1,...xx) of byug, + baty, + -+ + byuy, = 0, which are
independent of each other, are all known, (1 <1i <k —1), then

(b1Dzy +boDyy + -+ + biDey, + bk-l-l)mu =A(21,...20), (52)

the general solution of Eq. (52) is

m

u:g(xl,...xk)Z()\lxl-f—)\gxz—l—--'—f-)\k:ck)j*lfj (Y15 Yk—1s Tht1, - - - Tn)
=1 (53)
+gf...fg_lA(yl,...yk,xk+1,...xn)dmyk

(b101 + bgcog + -+ + bkck)m ’

where y1,y2, ... yx are independent of each other, yi = cix1 + cowe + -+ - + crx, and x; =
(Y1, Y2, .- - yr) can be got, (1 <j <k).

Prove. By Z3 Transformation, set u = g(x1,...2g) f(Y1, .- Yks Tht1, - - - Tn) and a; (21, T2, . .. Ty) =

ai(Y1,Y2, - - - Yks Tha1, Tht2s - - - Tn)- Y1,Y2, - - - Y are independent of each other, ys = ys(z1, 22, . .. ),
(s=1,2,...k), and
Yk = €121 + c2x2 + - - - + Ccpxk. (54)

Note that u = yg(z1,...xx) is not the exact solutions of byjuy, + bouy, + - -+ + bruy, = 0, then
(01D, + b2Dyy + -+ - 4+ b Dy, + bpy1) "'

k
= (le:m =+ bZDzz Tt ka-'Ek + bk’-i-l)m_l(bl <fgﬂc1 +g 2:1 fyiyim)

k k
+bo <fg:v2 +g ; fyiyimg) e bk (fgzk +9g ; fyiyimk) + bk+1gf)
= (le:Bl + bQDzz +-+ bk’Dmk + bk—i—l)m_l(f (blglEl =+ bQQIQ +-+ bk’gmk + bk‘—i—lg)
k
+g 21 fyi (01Yiny + b2Yig, + -+ + biyis, )

= (lexl + bQDa:Q + -+ bk-Da:k + bk—l—l)mil(gfyk (blykxl + bQZ/kx2 + e bkykxk))
= (brer + bacy 4 -+ 4 bpep) (b1 Dy + 02Dy 4 -+ + b Dyy + by )™ (9 fye)
= (brer +bacy + -+

k
+bkck)(b1Da:1 + bQDzz +-+ kamk + bk+1)m_2(b1 (fykgl"l +9g Z fykyiyim)
i=1

k k
+b2 (fykg:cg + g Z:l fykyiyig;2> + -+ bk (fykg:vk + g ; fykyiyi;ck> + karlgfyk)
= (brer +bacy + -+
+bkck)(b1Dx1 + bQDa:z +---+ kaa:k + bk—i—l)miQ(fyk (blgm + bQsz +-+ bkgwk + bk—i—lQ)
k
9 Z:1 fykyi (blyim + b2yiz2 +ot bkylxk)>

= (bicr + bacy + -+

+bicr) 1Dy, +b2Dyy + -+ + b Doy + 1) ™ (9 fypoe (D1Yha, + b2Ukgy + -+ Dklkaz,))
= (bict + baca + -+ + bcr)2(b1 Dy +baDyy + -+ 4+ by Dy, + by )™ (9 Fyne) =

= (blcl + bgcg + -+ + bkck)mgfé:l).

Then

(01D, +b2Day + -+ + b Dayy + b 1) ™u = (brcy + baca + -+ + breg) " g £

(55)
= A(?/l;---yk,l'kﬂa---l’n)-



We get
f~--fg_lA(yl,---yk,fﬁkﬂw-- n)d™ Yk
(bier + baco + -+ - + brep)™

So the particular solution of Eq. (52) is

f=

_ g [ Ay, Yk, Thgts - Tn) ATy
(blcl + boco + ~--+bkck)m '

By Theorem 8, the general solution of Eq. (52) is (53). So Theorem 10 is proved. [J

16

2. General solutions’ laws of linear partial differential equations with constant co-

efficients

Here we will research the general solutions’ laws of linear PDEs with constant coefficients,
which are the special cases of linear PDEs with variable coefficients. In this section, if there is no

special interpretation, the acquiescent independent variables of R™ are z1,x2,...xy; Dy, £ 0

ox;’

2 <k <n ai,bi,bij and a;,4,.. 4, are arbitrary known constants, ci,cij,cisj,li,lji, Ai, C; and C

are arbitrary constants, f and f; are arbitrary smooth functions (i,j,s =1,2,...).

Theorem 11. In R"”,
a1 Ug, + Uy, + - -+ apuy, = A(x1,22,...2y), (2 < k <n),
the general solution of Eq. (57) is

JAWY1, Y2, - - Yk Thot 1, Thg2s - - - Tn) AYi,
a1ck1 + agCko + - - + apCik

u= f(yl’yQ’ s Yk—1, Tht1 Th+25 - - xn) +

I

where
Yi = cin1 + oo + -+ + cipxg, (1 <0 < k),
O (Y1, Y2, - Yk Thil, Thi2, - - Tn) _ (y17y2,--- k) 20
8(.25’1,2?2,...1‘”) (xl,xg,... k) ’
i = —a2C;2 — a3Ci3 — - — akCik’ (1 <i<k- 1).
ai

Prove. According to Z; Transformation, set u(x1, 2, ... 2n) = WY1, Y2, - - - Yk Thotls Tht2y - - -

A(iUl, T2y ... xn) - A(?le Y2, o Yky Tht1y Th+2,5 - - - l‘n) and

Y1 = Cc1121 + c12T2 + - - + C1ET
Yo = €211 + C22X2 + + + + + Cop X

Yk = Cx1X1 + CpaXo + - - - + Cpgp Tk,

and

0 (Y1, Y2s - - - Yk)
0,
G(xl,xg, .. :L‘k) 7&

(62)

(60)
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where ¢;; are undetermined constants. According to (60, 62), x; = xi(y1, Y2, - .. yx) always has a
unique solution (1 <4,j < k). So

A1 Ugy + A2Ugy + + - - + AU,
k k k
= a1 Z Ci1 Uy, + ag Z Ci2Uqy, + -t ag Z Cik Uy,
=1 =1 i=1
(arc11 +agera + -+ - + agcix) uy, + (@11 + azcae + -+ apCog) Uy, + - -

+ (ar1ck1 + agcpa + - -+ apCri) Uy, -

Set
aici1 + azci2 + -+ - + agCigp = a1€21 + a2C22 + - -+ 4 apCak
= =a1C(k-1)1 T a2C—1)2 + - + arCr—1)k = 0.
We obtain
J— c~ —_— C —_ . e e — C
Cil — a2 72 a3 13 ak ’Lk’ (1 S 7] S ]{7 _ 1) (61)
al
Then
A1 Ug, + AoUgy + - + AUy, = (@10k1 + a2k + -+ - + apCik) Uy, (63)
= A (?/17927 oYk 41y T2, - - - xn) .
The general solution of (63) is
J AW, Y2, Ybs Tt 15 T2, - - - Tn) Ay
U = s Y2y oo Yk—1, T , T s Tp)+ .
F Y20 Yk—1, Tht 1, Tht2, - - - Tn) a16%1 G200 4 -~ 1+ OxCrr
So Theorem 11 is proved. [J
According to Theorem 11, in R",
A1 Uz, + Q2Ugy + -+ + apuy, = A(z1,22,...24,), (64)
the general solution of Eq. (64) is
JA(y1, 92, -yn) dyn
U = yY2s e Yn—1) + , 65
Py umet) e T 1 tntmn (65)
where
Yi = Ci1Z1 + €i2%2 + - + CinTn, (66)
i = —a2Ci2 — a3Ci3 — ancin’ (1 <i<n-— 1) (67)
ai
According to Theorem 11 we can get Theorem 12:
Theorem 12. In R"”,
AUy, + a2y, + - - + apuy, =0, (68)
the general solution of Eq. (68) is
U= f(Y1,Y2, - Yk—1, Tht1, Tht2;s - - - Tn) , (69)

where y; satisfy (59 — 61).

The proof of Theorem 12 is not complicated, the readers may try it.
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According to Theorem 2 and 12, we can get directly Theorem 13:

Theorem 13. In R"”,
(b1Dgy + baDyy + -+ 4 b Dy, )u = 0, (70)

the general solution of Eq. (70) is
w=f1 (Y1, Yk—1, Tht1, - Tn) H(A121 + AaT2 + -+ Mek) f2 (Y15 -+ Y15 Thet1, - - - Tn) - (71)
where y; satisfy (59, 60) and

—bocio — bacia — -+ — brcs
cip = 252 362’1 Gk (1 <i<k—1). (72)

According to Theorem 3, we can present Theorem 14:

Theorem 14. In R", the general solution of
(b1Dg, + b Dy + -+ - + b Dy, )"u = 0, (73)
18 .
u= Z (Mz1 + Aoxo+ -+ + )\kxk)i_lfi (Yls - Yk—1s Tht 1y - - T - (74)
i=1
where y; satisfy (59,60) and (72).

In R™, for the mth-order linear PDE with constant coefficients

Z al1l2lkugllazzég€,3 =0, (75)
i1+ig+-Fig=m
where i; are natural number, 1 < j <k < n, If Eq. (75) can be translated into
(b11DI1 + b12D12 +o blkak) (b21D901 + b22D962 ot kaDfEk) s (bmlel + bszﬂcz
+ -+ bm, Dy, )u=0.

(76)
According to Theorem 12, we can get the general solution of Eq. (75) is
m
u = Zfr (Yris Yrar -+ Yrp 15 Tht1s-- - Tn) , (L <7 <), (77)
r=1
where
Yry = Croy @1+ CryTo + ...+ Cr Tk, (78)
Cry = —bszcrs1 - bsgcrs2 - bskcrsk 7 (1 <s<k-— 1)' (79)
bsl
If Eq. (75) can be translated into:
q
(blem + ijDm +-- 4+ bjkak)ij = 0, (80)
j=1

q
where ) p; = m, its general solution can be written by Theorem 14.
j=1



According to Theorem 5 and 12, we can present Theorem 15.

Theorem 15. In R"”,
(01D, +b2Dyy + -+ -+ b Dy ) "u = A(21, ... 20),
the general solution of Eq. (81) is

_ [ J AW, Yk Thor1, - - - Tn) Ay
(bicgr + bacga + - - - + brcpr)™

u

m .

+ Z ()\1%1 + Xoxg + -+ )\k:ck)]_lfj (yl, e Yk—1, Thg1s - - - .CCn),
j=1

where y; satisfy (59,60) and (72).
Next we propose Theorem 16.

Theorem 16. In R"”,
a1Ug; + A2Ugy + -+ + AUy, + agp1u =0,

the general solution of Eq. (83) is

i=1

where l; are arbitrary constants and y; satisfy (59 — 61).

Prove. According to Z3 Transformation, set u(x1,...x,) = g(x1,. .. xp)h(Y1, - - - Yks Tha1, - - -

Yi = ¢i1T1 + oo + - - + iy, and

a(y17y27 .. yk)
0.
8($1,.’B2, .. :L‘k) 7&

So
a1z, + a2z, + - + agug, + apr1u
3 k k
= a19s, h 4+ a19 Y cithy, + a2ge,h + a2g > ciohy, + - -+ + argz, h + arg Y cikhy,
i=1 i=1 i=1
+ag19h
= (arc11 + azci2 + ... + agcig) ghy, + (ar1co1 + ascar + - - + agcay) ghy, + -+
+ (arck1 + agcpa + - - - + agcrr) ghy, + (@192, + 0202, + -+ - + ALYz, + ar+19) h = 0.
Set
—@2Ciy — A3Ci3 — **+ — AkC;
i1 = 2C;2 3Ci3 km,(lgigk—l),
ay

19z, + 29z, + -+ + argyy, + ar419 = 0.
And set g(x1,...2x) = g(x;), (i =1,2,...k), Then
19z, + a29zy + ++ + QpGry, + Apt19 = QiGz; + agy19 =0

—Ak41%

=g(x;) =le <«

19
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k —ap11T;
where [; are arbitrary constants. Namely g (z1,...x;) = > l;e %  is a particular solution of
i=1

a19z; + 29z, ++ + AxGay, + ary19 = 0, thus
AUz, + Q2Ugy + -+ - + Uy, + app1u = (@10K1 + a2ck2 + -+ + apcik) ghy, = 0= hy, =0.

We get
h = f(y17y27 s Y15 Tht1, T2, - - -$n>,

where f is an arbitrary first differentiable function, so the general solution of Eq. (83) is

u=gh=fYy2, - Yo—1,Tht1, Tht2, - - - Tn) lee_ak"t’m
i=1
]
According to Theorem 8 and 16, we can present Theorem 17:
Theorem 17. In R"”,
(b1Dgy +b2Dyy + -+ + b Dy, + bpy1) " u = 0, (87)
the general solution of Eq. (87) is
U= Z (AMzx1 + doxg + - + )\kxk)J_lfj (Y1y -+ - Yk—1s Tht1y- - - Tn) Z lie b | (88)
j=1 i=1

where l;, \j are arbitrary constants, y; satisfy (59,60) and (72).
In R™, for the mth-order linear PDE with constant coefficients
Yoo gl =0, (89)
0<i1+io+...4+i<m
where i; are natural number, 1 < j <k < n, If Eq. (89) can be translated into
(th:Cl + blzD:L“z +oe blkak + b1k+1) (b21DI1 + b22D:L“2 +oo kaDwk + b2k+1)
T (bm1DCL‘1 + bszﬂcz +eet bmkak + bmk+1)u =0.

By Theorem 16, the general solution of Eq. (89) is

m k *b’rk+1l'i
UZZ <f7‘ (yT17y7’27'"ka_17$k+17---xn)Zl’r‘ie ori ) ) (91)

r=1 i=1

where vy, satisfies (78, 79), (1 <s <k —1).
If Eq. (89) can be translated into:

q
I1 (b Dzy + 01, Dy + -+ + b, Dy + by, ) = 0, (92)

r=1

q
where ) p, = m, its general solution can be written by Theorem 17.
r=1
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Using Theorem 9 and 16, we can get Theorem 18.
Theorem 18. In R"”,
AUy + AUy + -+ + Ay, + appru = A (21, 22,...25), (2 < k < n), (93)

the general solution of Eq. (93) is

ap112]
k11 Je v AL, Yk Thg1s - - - Tn) Ay
u=e ° o Yk—1, Thtls---Tn) + , 94
s Y1y Thg1, - - ) e T T o (94)
where y; satisfy (59 — 61).
According to Theorem 9 and 16,
k
ZOk+1%0 Ay, Yy Tha 1,y ... T
u= Zlie a Fyr, e Yk—1,Tht1, .- - Tn) + ( a . nz%ﬂzi dyi | ,
=1 (alckl + ...+ akckk) Zi:l lie @
(95)

is the general solution of Eq. (93) too, however, in the specific calculation, (95) may be more
complicated. In order to simplify the calculation, in Theorem 18 we choose

—ap 4171
g(z1,...2p) =€ =

So (95) is simplified to (94).

Below we use a new method to calculate the general solution of Eq. (93) and propose The-
orem 19.

Theorem 19. In R"”,
a1 Ug, + 2Ugy + -+ + AUy, + a1 = A (z1,22,...25),(2 < k <n), (93)

the general solution of Eq. (93) is

—Ak4171
u=f (Y, Yk—1,Thktl,..-Tp)e o1

(96)
+ e 1 B <C - B/ea’““By'“A(yL---yk7$k+1,---fcn)dyk> ,
where y; satisfy (59 — 61), and
B = (aicp1 + ascra + -+ + agerr) - (97)

Prove. According to Z; Transformation, set u(x1, 2, ... 2n) = w(Y1,Y2, - - - Yks Tht1, Thi2s - - - Tn),
A(z1, 29, ... 2n) = A(Y1,Y2, - - - Yk, Tht1, Tht2, - - - Tp) and

Y1 = Cc1121 + c12T2 + - - + C1EpTk

Y2 = C21X1 + C22T2 + - - - + Cop Xy

Yk = Ck121 + Ck2X2 + -« - - + Ckgp Tk,
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and
8(3/1:3/27 .- yk)
G(xl,xg, .. xk)

£0, (60)

where ¢;; are undetermined constants. According to (60, 62), x; = x;(y1, Y2, . . . yx) always has a
unique solution (1 <1i,j < k). So

AUy + A2Ugy + - + AUy, + AU
k k k
=a1 ) Cilly, + a2 Y Cialy, + -+ Ak Y Cigplly, + Qpp1U
i=1 i=1 i=1
(arc11 + agera + -+ - + agcqr) Uy, + (arca1 + ageay + - - - + agcok) Uy, + -+

+ (a1ck1 + agcke + - -+ ARCrE) Uy, + AU

Set
aicil + agcCi2 + -+ -+ agciy = aica1 + axcee + - -+ + agcak
= a1C(k—1)1 + @2C(R—1)2 T - + apCr—1)k = 0.
We obtain
1= *CLQCl’Q*agcig—...—akcz‘]g’(lSigk_l)' (61)
ai
Then
a1y, -+ a2Ug, + -+ akumk + Ap+1U = (alckl + agCr2 + -+ akckk) uyk + Ap4+1U
=A(Y1,Y2, - - - Yk Tht1s Tht 2y - - - L) -
Namely

(a1ck1 + agcka + - + agcrr) Uy, + agr1u = A (Y1, Y25 - - Yk, Tht 1, Tht2s - - - Tn) - (98)

According to the general solution of the first-order linear ordinary differential equation, it is not
difficult to find the solution of Eq. (98) is

Akt 1Yk Pk A1k A e Yk, T x ...T
U = eu‘lck1+a2ck2+"'+akckk C+/ealckl+a2ck2+“‘+u‘kckk (y].’y27 yk7 k+17 k+27 TL) dyk .
a1Cr1 + a2Cr2 + -+ AkCrk

Combined with Theorem 16, the general solution of Eq. (93) is (96), so the theorem is proved. [J

Theorems 9, 18, and 19 have special significance because they reveal the laws of the general
solution of the transport equation. Since the transport equation has important applications in
many fields, it is one of the most active linear PDEs being studied at present. Current research
methods mainly use numerical methods to solve definite solution problems, such as Petrov-
Galerkin methods [14], Discontinuous Galerkin Method [15, 16], the finite difference method
[17,18], etc., the existence [ 19, 20] and uniqueness [21, 22] of solutions are also important areas
of research.

According to Theorem 10 and 18, we can obtain Theorem 20.

Theorem 20. In R",

(leII + bQDxQ —+ -+ kamk + bk+1)mu =A (931, . :En) , (99)
the general solution of Eq. (99) is
—apqpizy -
u=e Z()\lx1+)\2$2+--~—|—)\kxk)] fj (yl,...yk_l,xk_,_l,...xn)
T (100)
ap41®1 ap 4171

e 1 [ fe Ay, Yk Thtts - - Tn) 7Y
(blckl + bgckg + -+ bkckk)m

)
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where y; satisfy (59 — 61).
k k41T
If we choose > lje %  asg(xy,...xp), the general solution form of Eq. (99) will be more
i=1

complicated.
Next we propose Theorem 21.

Theorem 21. In R?,
a1 Ugz + Q2Uyy + A3Uzy + asuy + asuy + agu = 0, (101)
the general solution of Eq. (101) is,
U= (C’le)‘”’l + 026)\21}1) hi (liz + loy + 13) + (C’ge)‘:‘”’2 + 046/\4”2) ho (lyx + lsy +1g), (102)

where a; are arbitrary known constants, h1 and ho are arbitrary second differentiable functions,
and
v1 = k1@ + koy + k3, v2 = ks + ksy + ke, (103)

\ —agky — asky + \/(a4k‘1 + aska)? — 4ag (a1k? + azk3 + aski k) (104)
e 2 (alk% + agkg + agk'lk‘Q) ’

\ _a4k1 — a5k2 — \/(a4k‘1 —+ a5k:2)2 — 4a6 (alkr% + agk% + CL3]€1]€2) (105)
2= 2 (alk% + agk% + agklk?) 7

\ —aqks — asks + \/(CL4]€4 + a5k5)2 — 4ag (alkﬁ + agkg + (I3k‘4]€5) (106)
B 2 (alki + (Izk'g + a3k4k‘5) ’

\ —agky — asks — \/(CL4]€4 + a5k5)2 — 4dag (alkz + (ng‘% + a3k4k‘5) (107)
4 2 (alki + agk?) + (I3k‘4k‘5) ’

where ks, kg,l3 and lg are arbitrary constants, ki, ko, k4, ks,l1,12,l4 and ls are constants which

e —agly + \/a3l? — dajasl} —agls — /a3l — dajasl?

[ = sl 2212 1026y 4, = Z93bs 2215 10265 (108)

k1X1 (2a1ly + asla) + ko1 (2azls + asly) 4+ aqly + asls = 0, (109)

k1Ae (2a1l1 + asla) + kade (2a2ls + asly) + agly + asly =0, (110)

ka3 (2a1ly + asls) + ksAs (2a2ls + agls) + asly + asls =0, (111)

kqAg (2a1l4 + asls) + ks g (2a2l5 + agly) + agly + asls = 0, (112)

(ask1 + aske)® — dag (a1k? + ak3 + agkiks) > 0, (113)

(asks + asks)® — dag (a1k] + ask? + agkaks) > 0. (114)

Prove. By Z; Transformation, set

u(z,y) = f () = f(kix+ kay + k3) , (115)
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where v(z,y) = kix + koy + ks, k1 — k3 are undetermined constants, f is an undetermined second
differentiable function, so

1Uzy + Q2Uyy + A3Uzy + G4U; + a5Uy + agU

) ) p , (116)
= (alkl + agk; + agklk‘z) fo + (a4k1 + a5k2) fo+asf =0.
The characteristic equation of Eq. (116) is
(alk% + agk% + agklkg) A2 + (a4k1 + a5k2) A+ag=0. (117)
If
(agks + a5k2)2 — 4ag (alk% + azk% + agklk‘g) > 0, (118)
the particular solution of Eq. (101) is
u=f=CreM + Cpe™, (119)
where C7 and Cy are arbitrary constants, and
\ —aqk1 — asks + \/(a4k1 + a5k2)2 — 4ag (alk% + a2k§ + a3k1k2)
! 2 (alk% + agk‘% + agklkg) ’
\ —agk1 — asko — \/(a4k1 + a5k2)2 —4dag (alk% + agk% + agklkg)
2= 2 (a1k? + azk3 + agkiky) ’
For getting the general solution of Eq. (101), using Z3 Transformation, we set
u(z,y) = gh(w) =g (z,y) h(hz +ly +13), (120)

where w(x,y) = l1z + lay + I3, I3 — l3 are undetermined constants, h and g are undetermined
second differentiable functions, so

1Ugz + A2Uyy + A3ULy + AqUy + A5Uy + AU
= a1 (gueh + 2gal, + Boh,) + a2 (g1 + 2Dagy i, + Boh, )

+as (gxyh + lggxh;, + llgyhiu + lllggh;) + a4 (gwh + llghiﬂ> + as (gyh + lgghiu) + aggh.
Namely

(all% + aql3 + aslily) ghuy + (24111 + aslz) gz + (2a2lz + asly) Gy + (asly + aslz) g) h,,

(121)
+ (algxm + a2gyy + a39zy + @49z + a5gy + aﬁg) h=0.

Set h(w) is an arbitrary second differentiable function, and

—a3l2 + \/ a%l% — 4a1a2l% (122)

arl? 4+ aslyly + a0l =0 =11 =

2@1
(2a1l1 + asla) g» + (2a2l2 + asly) gy + (asly + aslz) g = 0, (123)
19zz + a2G9yy + 392y + 049z + a59y + a6g = 0. (124)

By Eq. (119), the particular solution of Eq. (124) is

g = C1eM? + Cye™. (125)
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Substituting (125) into (123) we get

(2a1ly + aslz) g» + (2a2lz + agly) gy + (asly + asl2) g
= (Cik1M1 (2a1ly + asly) + Cika Ay (2a2ly + asly) + C1 (asly + asla)) eM?
+ (Czk‘l)\g (2a1l1 + aglz) + Cokog (2a2l2 + agll) + Cy (a4l1 + a5l2)) er2? = (),

Then
ki1 (2a1ly + asly) + ka1 (2a2le + asli) + asly + asly = 0,

k1o (2(11[1 + a3l2) + koo (2&2[2 + agll) + ayqli + asls = 0.
So the general solution of Eq. (101) is

u = grhi (wi) + g2hs (w2)
= (C1eMVt 4 Cre?2”t) hy (i + oy + I3) + (C3e*3%2 + Cye?i¥2) hy (lux + lsy + Ig)

where v1, vy, A1 — Ag, k1, ko, ka, ks, 11, 12, 14 and 5 satisfy Egs. (103-114), so the theorem is proved.
O

In Theorem 21, if
(a4k:1 + a5k2)2 —4dag (alk% + agk% + agklkg) <0,

(a4k4 + a5k5)2 —4dag (alki + agk?) + a3k4k5) <0,

or

(ask1 + asks)® — dag (a1k? + a2k + askiks)
= (a4k4 + a5k5)2 — 4dag (alki + azkg + a3k4k5) =0,

By analogous calculation, we may have Theorem 21 and 23.
Theorem 22. In R?,

A1 Uz + Q2Uyy + A3ULy + A4z + a5uy + agu = 0, (101)
the general solution of Eq. (101) is

u = (Cysingivy + Cocosqrvr) ePr hy (lyx + Loy + 13)

126
+ (Cssingave + Cycosqava) €P22hy (lyx + lsy + 1) (126)

where a; are arbitrary known constants, h1 and ho are arbitrary second differentiable functions,
and

v1 = k1% + koy + k3, v2 = kax + ksy + ke, (103)
—ask; — asks \/(a4k1 + a5k2)2 —4dag (aﬂﬁ% + agk% + agklkg) (127)
PU= 9 (ank? + agk3 + ashkik) ' ™~ 2 (a1k? + agkd + azkyky) ’
—asky — asks \/(a4k:4 + a5k5)2 —4dag (alki + azkg + a3k4k5) 195
b2 = 2 (alki + agk‘g + a3k4k‘5) 2= 2 (alkz + agkg + a3k4k5) ’ ( )

where ks, kg,l3 and lg are arbitrary constants, ki, ko, k4, ks,11,12,l4 and ls are constants which

satisfy
—asls + \/cm Iy = —agls — \/W (108)
1 )

2a 2&1 ’

=



(Cip1 — Coq) (2arkily + askila + 2a2ksly + askali) + C1 (asli + aslz) = 0, (129)

ki (Crq1 + Capr) (2a1ly + agla) + ko (Crq1 — Cap1) (2a2ls + azly) + C2 (asly + aslz) = 0, (130)
(Cspa — Cuq2) (2a1kaly + askyls + 2a2ksly + asksly) + Cs (asly + asly) =0, (131)

ka (C3q2 + Cap2) (2a1ly + asls) + ks (C3q2 — Cap2) (2a2ls + azh) + Cy (asly + asly) =0, (132)
(ask1 + aska)® — dag (a1k? + azk? + azkik2) < 0, (133)

(asks + asks)® — dag (a1k3 + a2k? + agkaks) < 0. (134)

Theorem 23. In R?,
a1 Ugy + Q2Uyy + A3Uzy + aguy + asuy + agu = 0, (101)
the general solution of Eq. (101) is
u = Crv1eMUhy (lhx + loy + I3) + Covee™2 2 hy (lyz + lsy + lg) (135)

where a; are arbitrary known constants, h1 and ho are arbitrary second differentiable functions,
and
v1 = k12 + koy + k3, vo = kg + ksy + ke, (103)
—a4k:1 - CL5I{22 —CL4I{24 — CL5]<55

A = Ay = : 136
! 2 (alk% + agk% + agk'lkg) 2 2 (alki + agk‘g + a3k4k‘5) ( )

where ks, kg,l3 and lg are arbitrary constants, ki, ko, k4, ks,l1,12,l4 and l5 are constants which

satisfy
I = —agsly + a%l% — 4a1a2l§714 _ —agls — \/aglg - 4a1a2l§7 (108)
2a1 2a1
(2a1ly + asle) (k1 + viAiki) 4+ (2a2l2 + asly) (k2 + vidika) + (asls + asla) vi = 0, (137)
(2(1114 + a3l5) (k‘4 + ng\gk4) + (2a2l5 + a3l4) (k5 + 1)2)\2/%) + (a4l4 + a5l5) vg = 0, (138)
(CL4]€1 -+ a5k2)2 —4dag (alk% + agk% + agklkg) =0, (139)
(agks + a5k:5)2 — 4ag (alkz + agkg + a3k4k5) =0. (140)
We propose Theorem 24 as follows.

Theorem 24. In R?,

A Ugy + A2Uyy + A3ULy + AUz + A5Uy + AU = A (xa y) ) (141)

the general solution of Eq. (141) is

u = Cro1eMVhy Iy + Loy + 13) + Covee2V2hy (Iyx + Isy + 1g)

4 et / / A (p, q) dpdg (142)
3 v3€3Y3 (2a1c103 + 2asca¢q + az (creq + cac3))’

where a; are arbitrary known constants, h1 and ho are arbitrary second differentiable functions,
and
v1 = k1T + koy + k3,v2 = kax + ksy + ke, v3 = krx + ksy + ko, (143)
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—agky — asks —agky — asks —agky — asks
>\l = 2 2 7)\2 = P) ) 7)\3 = 2 P) ’
2 (alkl + a2k2 + agklkg) 2 (CL1]§74 + a2k5 + a3k4k5) 2 (a1k7 + CLQ]CS + a3k:7k8)
(144)
p= 1w+ ey, q = 3T + cay, (145)
= pcqy —qc2 Ly = qc1 — pcs , (146)
C1C4 — C9C3 C1C4 — C9C3

where Cy, Co, ks, kg, ko, I3 and lg are arbitrary constants, ki, ko, ka, ks, k7, ks, 11,12, 14,15 and c1—cy
are constants which satisfy

C1C4 — C9C3 7é 0, (147)
_ \/W _ _ \/W

I = asls + +/azls arasls = asls agls a1a2l57 (108)

2a 2&1
o = —agco a362 — 4a1a202 o5 — —ascy £ a304 4a1agc4 (148)

ai
(20,1[1 + a3l2) (/Cl + Ul/\lkl) + (2a2l2 + agll) (kg + Ul)\le) + (a411 + a5l2) v =0, (137)
(2@1[4 + a3l5) (kﬁ4 —+ 122)\2]{24) + (2a2l5 + a3l4) (kg, + Ug)\gk‘g,) + (a4l4 + a5l5) vo = 0, (138)
(2&101 + agcg) (1 -+ )\3’1)3) k7 + (2&262 + agcl) (1 + /\31}3) ks + (CL461 + a502) vy =0, (149)
(2a1c3 + aseq) (1 + A3vs) k7 + (2a2¢4 + ases) (1 + Asvs) kg + (aqc3 4+ aseq) v3 = 0, (150)
(a4k‘1 + a5k2)2 —4dag (alkl + a2k2 + agklkg) =0, (139)
(a4k4 + a5k5)2 dag (a1k4 + a2k5 + a3k4k5) (140)
(a4k7 + a5k8)2 4ag (alk}? + agkg + a3k7k‘8) (151)

Prove. By Z3 Transformation, we set

u(z,y)=g(@y)h(p,q), (152)

P =T+ C2Y,q = C3T + C4Y,

where ¢ — ¢4 are undetermined constants, g and h are undetermined second differentiable

function, and
pcqy —qc2 _ 99 —pcs

C1C4 — 02037 C1C4 — 0263’

C1C4 — C9C3 7é 0.

By Eq. (152), we get

1Ugzg + AUy + A3Uzy + AUy + A5Uy + AU

=ax (hg:mc + 295 (c1hp + cshg) + g (C%hpp + Cghqq + 20163hm))

+az (hgyy + 29y (c2hp + cahg) + g (C%hpp + Cihgg + 2C2C4hPQ))

+a3 (hgwy + gz (c2hp + cahg) + gy (c1hp + c3hy) + g (c1e2hpp + c34hgq + (c1C4 + c2€3) hpg))
+aq (gzh + g (c1hp + c3hg)) + as (gyh + g (c2hy + cahy)) + asgh

= (alc% + agc% + a36162) ghpp + (alcg + agc?L + a30304) ghyq

+ (20,16163 + 2a9cocy + ag (0104 + 6203)) ghpq

+ ((2a1c1 + asc2) gz + (2a2c2 + ager) gy + (aact + asc2) g) by

+ ((2a1¢3 + azcq) g + (2a2ca + azes) gy + (aacs + asca) g) hy

+ (algzx + a2gyy + a39zy + a49x + A5Gy + QGQ) h=A (.T, y) .
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Set
192z + Q2Gyy + A39ey + aage + asgy + agg =0, (153)
(2a1¢1 + azc2) gz + (2a2c2 + azer) gy + (asc1 + ascz) g =0, (154)
(2a1¢3 + asca) gz + (2a2¢4 + azes) gy + (aacs + ascq) g = 0. (155)

We set g = g(v3) and v3(z,y) = krx + kgy + kg, then

19zx + G29yy + A39zy + a4g/x + asgy + agg
= (a1k? + aok? + askrks) g, + (asks + asks) g, + asg = 0.

If
(a4k7 + a5/<:8)2 —4dag (alk:? + azkg + a3k7kg) =0, (156)

the particular solution of Eq. (153) is
g = Cavze™™s, (157)

—agk7 — asks
2 2 :
2 (a1k7 + agks + a3k7k‘8)

A3 = (158)

Substituting (157) into (154) we get

(2a1¢1 + azca) gz + (2a2c2 + azcr) gy + (asc1 + asca) g
= (2@161 + agcg) (1 + /\37}3) Cgk7€)‘3v3 + (2@202 + a301) (1 + )\31)3) C3k86)‘3v3
+ (ager + asen) Czv3e3% = 0.

Namely
(2@101 + CL302) (1 + )\3’1)3) k7 + (2&202 —+ agcl) (1 + /\31}3) ks + (a461 + a502) v3 =10
Substituting (157) into (155) we obtain

(2a1¢3 + asca) gz + (2a2¢4 + ases) gy + (aacs + asca) g
= (2@103 + CL364) (1 + )\31)3) 03k76>‘3v3 + (2(1204 + a303) (1 -+ )\3’1)3) 03]{786/\31)3
+ (a463 + CL5C4) 031136/\3v3 = 0.

That is
(2a1cs + ageq) (1 + Agvs) k7 + (2a2¢4 + ases) (1 + Asvs) ks + (aqcs + aseq) vs = 0.

So
A1 Ugg + AUy + A3UZy + A4UL + A5UYy + AU
= (alc% + agcg + (136162) ghpp + (alc§ + ach + a30304) ghqq (159)
+ (2a1c163 4 2a2c2¢4 + a3 (crca + c2¢3)) ghpg = A (2, y) .

Set

a1c} + axch + azeica = aici + asci + aseseq = 0. (160)

Namely

—agco £ \/a%c% — 4CL1(LQC%
bl

2&1

CcC1 =

—azcy £ a%ci — 4@1@26?1
2(11 '
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Then

A1 Ugy + A2Uyy + A3ULZy + A4Ug + A5Uy + apU
= (2a1c1¢3 + 2azca¢4 + az (cic4 + cac3)) ghpg = A (2,y),

the particular solution of A is

h://( A (p, q) dpdgq ' (161)

2a1c103 + 2azc2¢4 + a3 (c1cq4 + c2¢3)) g

Combining Theorem 23, we can have the general solution of Eq. (141) is

u = 0101€A1U1h1 (lll‘ + lgy + lg) + C’gvze’\mhg (l4$ + l5y + l6)

A3v3 A(p,q)dpdq
Tuse f f v3e*3Y3 (2a1 c1c3+2azcacatas(cicateacs))

So the theorem is proved. [

Egs. (101, 141) are very important linear partial differential equations. One-dimensional
homogeneous and non-homogeneous wave equations, heat equations, two-dimensional Helmholtz
equations and reaction-diffusion-convection equation [23-25], etc. are all special cases of them.
The general solution or exact solution of these equations can be obtained by using Theorem
21-24.

Next we propose Theorem 25.

Theorem 25. In R3,
AU + Q2Ugy + A3Uyy + Q4Uz + A5y + GUzy + a7 + aguy + aguy + ajou = A (¢, z,y), (162)
the general solution of Eq. (162) is

w= g () +ha () + & [APLTRA (163

where a; are arbitrary known constants, h1 and ho are arbitrary second differentiable functions,
and

g = CleAw + CQ€>\2U, v = kit + kox + ksy + kg, (164)
—b+ Vb2 — 4daaqg —b—Vb?% — 4daaqg

A1 = , Ay = , (165)

2a 2a
a= alk% + agkg + a3/€§ + aqkiks + aski1ks + agkaks, (166)
b= a7k1 + agkg + a9k3, (167)
p=ht+lbx+l3y,q =t + lsx + lgy,r = l7t + lgx + lgy, (168)
B = 2a1l1l4 + 2asl9l5 + 2a3l3lg + a4 (l1l5 + l2l4) + as (llle + l3l4) + ag (lzle + 13l5) , (169)

where C1,Cy and k4 are arbitrary constants, k1 — kg and [y — lg are constants which satisfy
b? — 4daaip > 0, (170)

—l3ls5l7 + lalgly + l3lals — l1lls — lalalg + 111519 # 0, (171)

ki (2@111 + aqly + a5lg) + koA (2@212 + aqli + a613) + kg (2@313 + agly + a6lg)

172
+ avli + agls + agls = 0, ( )
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k1o (2a111 + aqly + (15[3) + koo (2a212 + aqly + (16l3) + k3As (2a313 + asli + (16l2)

(173)
+ arly + agly + agls = 0,
kidi (2a1ls + aals + asle) + ko (2a2ls + asls + asls) + k31 (2a3ls + asly + agls) (174)
+ avly + agls + aglg = 0,
k1o (2a1l4 + aqls + asle) + kade (2a9ls + agly + agls) + ksha (2asls + asly + agls) (175)
+ arly + agls + aglsg = 0,
ki) (2&117 + aqlg + a5l9) + koA (2&218 + aql7 + aﬁlg) + kg (2a3l9 + asly + aﬁls) (176)
+ avl7 + agls + aglyg = 0,
k1o (2all7 + ayls + a5l9) + koo (2a218 + aql7 + a619) + k3As (2a319 + asl7 + a6l8) (177)
+ a7l7 + agls + agly = 0,
all% + agl% + a3l32, + aqlils + aslyls + aglals = 0, (178)
arl? + asl? + azl? + aqlyls + aslyls + aglsls = 0, (179)
allg + aglg + aglg + aqlrls + aslzly + aglgly = 0, (180)
2a1111l7 + 2aslals + 2aslsly + aq (Il + laly) + as (Il + I3l7) + ag (l2lg + l3lg) = 0, (181)
2a1l4l7 4 2aslslg + 2a3lsly + as (lals + lsl7) + as (laly + lsl7) + ag (Isly + lslg) = 0. (182)
Prove. By Z; Transformation, we set
u(t,z,y) = f (v) = f(kit + kax + ksy + ka) , (183)

where v(t, x,y) = kit +kox + ksy + k4, k1 — k4 are undetermined constants, f is an undetermined
second differentiable function, so

a1Ugt + AQ2Uzy + A3UYY + AqUty + A5ULY + AeUZy + A7U + A8UL + AUy + G10U
— (alk% + CLQk% —+ a3k§ + a4k‘1k:2 + (15]{:1]{73 + CL6]{22/€3) f;l + (a7k1 + agkg + agl{ig) f; + alof
=0.
(184)
The characteristic equation of Eq. (184) is

(a1k? + ask3 + ask3 + askiks + askiks + agkaoks) A2 + (azk1 + agks + aghs) A + a1 = 0. (185)

% | bt VP daag
2a ’
a = a1k} + agks + azki + askiks + askiks + aghaks,
b = ark1 + agks + agks.
If

b — 4aaqig > 0,

the particular solution of Eq. (162) is

u = f = C’le)‘“’ + 026)‘2”, (186)
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where
—b+ Vb?% — 4aag —b — /b2 — 4daaqg
A= g = . (165)
2a 2a
For getting the general solution of Eq. (162), using Z3 Transformation, we set
u=g(t,z,y)h(p.qr), (187)
and
p=lht+lbx+Il3y,q =4t + lsx + lgy,r = l7t + lgx + lgy, (168)

where [; — lg are undetermined constants, h and g are undetermined second differentiable func-
tions, and

d(pgr) |Hi2bs
= |la I5 ls | = —I3l5l7 + lalgly + l3lals — lilgls — lalaly + lilsly # O,
8(t,x,y) I+ Ig lo

By Eq. (168), we get
il + rlals + glsls — plsls — glaly 4 plsly
lslsly — lalgly — I3lals + lilgls + lalaly — lilsly’
rlgly — rlylg — ql3l7 + pl6l7 + qlllg — pl4l9
Islsly — lalgly — Islals + Lilgls + lalaly — Lilsly’
rloly — rlils — qlaly + plsly + qlils — plals

_ , 190
Y7 Ualslr — lalgly — Islals + lilols + lalalo — Lilslo (190)

t =

(188)

Tr=

(189)

Then

A U + A2Ugy + A3UYY + A4l + A5ULy + GeUZyY + A7U + AUy, + A9lUy + G10U

= a1(guh + 29+ (lihy + lahg + I7hy)

+g (l%hpp + thqq + l%hrr + 2l1l4hpq + 2[1l7hp7~ + 2l4l7hq7~))

+az (g:mh + 29, (l2hp + l5hq + lBhr)

+g (l%hpp + lghqq + lghrr + 212l5hpq + nglghpr + 2l5lghqr))

+a3(gyyh + 2gy (l3hp + lghg + loh,)

+g (l%hpp + lghqq + lghmﬂ + 2l3l6hpq + 213l9hp7~ + 2l6[9hq7«)>

+as(gezh + gt (lahy + lshg 4 I8hy) + g (lihy + lashg + I7hy)

+g (Lilahpp + lalshgg + lrlgher + (Iils + 12la) hpg + (I1ls + 12l7) hpr + (lals + U517) hgy))
+as(giyh + g (I3hy + lshg + lohy) + gy (Lihy + lahg + I7h,)

+g (l1l3hpp + lalehgq + lrlohyr + (lile + 1314) hpg + (I1lg + U3l7) hpr + (Ll + l6l7) hyr))
+a6(gxyh + gz (lghp + l@hq + lghr) + gy (lghp + l5hq + lghr)

+g (l2l3hpp + I5lehgq + lslohyr + (l2le + [3l5) hpg + (I2lg 4 13l8) hpr + (I5lg + l618) hyr))
+a7(gth +g (llhp + l4hq + l7hr)) + ag(gxh +g (lth + l5hq + lghr))

—I—ag(gyh +g (lghp + lghg + lohy)) + a10gh

= (a1} + a2l3 + a3l + aslils + ashils + aglals) ghpy

(a183 + aal? + aslg + aslsls + aslals + aglsls) gheg

(a1l2 + a2ld + a3l + aalyls + aslzly + aglsly) ghyy

(2a1l1ls + 2a2lals + 2a3lsls + as (1115 + 12la) + as (I1ls + 1314) + as (I2le + [315)) ghpg
(2a1l1l7 + 2a2lals + 2aslsly + aq (I1lg + lal7) + as (Iilg + I3l7) + as (laoly + 1303)) ghyr
(2a1l4l7 + 2a2l5ls + 2aslsly + as (lals + I5l7) + as (lalg + lel7) + as (I5ly + lelg)) ghgr
((2a1ly + aala + aslz) g¢ + (2a2ls + asly + aglz) 9o + (2asls + asli + asla) gy

(azly + agla + agls) g)hp

((2a1ls + aals + asls) g¢ + (2a2ls + asls + agls) 9o + (2asls + asls + asls) gy

(arly + agls + agls) g)hq

((2a1ly + aals + asly) g¢ + (2a2ls + asly + agly) g« + (2asly + asly + asls) gy

arly + agls + agly) g)hy

a19ut + 20ze + A3Gyy + A4Gtx + A5Gty + G6Gzy + A7t + a89x + a9gy + a109) h.

A+t

(
(
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Set
a19¢t + 29ex + A3Gyy + Q4Gtx + A5Gty + A6Gey + a79: + a8Gx + aggy + aog = 0, (191)
(2a1l1 + aqly + a5l3) gt + (2(12[2 + aqly + a6l3) gz + (2(13[3 + asly + a6l2) Gy (192)
+ (a7l1 + agly + aglg) g =0,
(2a1ly + aals + asle) gr + (2a2ls + aals + aels) g + (2asls + asly + asls) gy (193)
+ (a7l4 + agls + aglﬁ) g=20,
(2a1l7 + aqlg + a5l9) gt + (2a2l8 + aql7 + a6l9) gz + (2a3l9 + asly + a6l8) Gy (194)
+ (CL7Z7 + aglg + aglg) g =0,
By Eq. (186), the particular solution of Eq. (191) is
g =C1eM" + Cre™, (195)

where A\; and Ag satisfy Eq. (165). Substituting (195) into (192) we get

(2(Lll1 + a4l2 + a5l3) gt + (2a2l2 + a4l1 + a6l3) gx + (2a3l3 + a5l1 + a6l2) Gy
+ (a7l + agla + agls) g

= (2a1l1 + a4le + asl3) (Clkl)\le)‘w + Cgklx\ge)‘w)

+ (2a2ly + asly + agls) (CrhaA1eM? + CokaAoe??)

+ (2a3l3 + a5l1 + (16l2) (Clkg)\le)‘w + Cgkg/\ge)‘w)

+ (azly + asly + agls) (C1eM? + Cae?2V)

= CleAlv(kl)\l (2a1l1 + aqlo + asls) + ka1 (2a2le + aqly + agls)

+ksA\1 (2a3ls + asly + agla) + azly + asls + agls)

+C02e2? (k1A (2a1ly + agls + asl3) + kada (2a2ls + agly + agls)

+ksAo (2a3ls + asly + agle) + azly + agls + agls) = 0.

Namely
ki) (2&111 + ayly + a5l3) + koA (2&212 + aqly + a6l3) + kg1 (2&313 + a5l + a6l2)
+arly + agly 4+ agly = 0,
k1o (2&111 + ayly + a5lg) + kols (2&212 + aqly + aﬁlg) + k3o (2&3[3 + asly + a6lz)
+arzly + agly 4+ agly = 0.

Substituting (195) into (192,193) respectively, we get
ki1 (2a1l4 + aqls + a5l6) + ko (2a2l5 + aqly + (I(;lﬁ) + ks (2a3l6 + asly + CL6l5)
+arly + agls 4+ aglg = 0,

k1) (2a1ly + aals 4 asls) + kada (2az2ls + asly + agls) + kshe (2asls + asls + agls)
+arly + agls 4+ aglg = 0,

ki1 (2a1l7 + aalg + asly) + ka1 (2a2ls + aslr + agly) + kaAi (2asly + asly + agls)
+ar7l7 + agls + aglyg = 0,

k12 (2a1l7 + aqlg + asly) + kaXa (2a2ls + asly + agly) + ksAa (2asly + asly + agls)
+azly + agls + aglg = 0.
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Case 1: Set
all% + (Igl% + a3l?2) + aqlylo + aslils + aglols = 0,

(178)

a1l? + asl? + asl? + aslyls + aslyls + aglsls = 0, (179)

arlZ + asld + alg + aalyls + aslzly + aglsly = 0, (180)

2a1lyly + 2aslsls + 2aslsly + as (Iils + lols) + as (lily + lsl7) + ag (alo + I3ls) =0, (181)

2a114l7 4 2asl5ls + 2aslsly + aq (l4ls + l5l7) + a5 (laly + ll7) + ag (I5lg + lgls) = 0. (182)
Then

a1Utt + A2Ugy + A3UYY + A4Uty + A5ULY + GeUgy + A7UL + A8UL + AUy + Q10U
= (2a1lll4 + 2a9lsls + 2a3l3lg + aq (lll5 + l2l4) + as (llle + 13l4) + ag (lzl(g + l3l5)) ghpq

=A(p.q,r)-
That is
hpq = Ap.g,7) , (196)
(2a1l1ly + 2a9lals + 2a3lsls + aq (I1ls + lala) + a5 (Iils + l3ls) + ag (I2ls + 1315)) g
the general solution of Eq. (196) is
h=hy (p,7) + ho (q,r)+/W, (197)

where
B = 2a1l1ly 4 2aslsls + 2aslsle + aq (lils + l2ly) + a5 (lils + I3l4) + ag (lals + I3l5) , (169)

So the general solution of Eq. (162) is
A(p,q,r)dpd
u=gh=g(hi(p,r)+h2(qr))+ g/@q)q-
g
Whereupon the theorem is proved. [

Case 2: Set
all% + agl% + a3l§ + aqlils + aslyls + aglals = 0,

a1l? + asl? + asl? + aglyls + aslyls + aglsls = 0,
al? + asl? + asl? + aylyls + aslily + aglgly = 0,
2a1l1ly + 2aslals + 2a3lsls + ag (I1ls + loly) + as (I1ls + I3ly) + ag (Ialg + I3l5) = 0,
2a1l4l7 + 2aslsls + 2aslsly + ay (lals + Isl7) + as (laly + lgl7) + ag (Isly + lglg) = 0.
Then

A1Utt + A2Uzy + A3UYyY + AqUty + A5ULY + AeUZy + A7U: + aAgUL + AgUy + G10U
= (2a1l1l7 + 2a9lslg + 2aslslg + ay (lllg + l2l7) + as (lllg + l3l7) + ag (lzlg + lglg)) ghpr
=A(p,q,7).

Namely

hpr = Apor) (];i;’r) ; (198)

E = 2a1l1l7 + 2aslslg + 2aslsly + ag (lllg + l2l7) + as (lllg + l3l7) + ag (lglg + lglg) . (199)
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The general solution of Eq. (198) is

A (p,q,r)dpdr

h=h h
1(p,q) + Q(qﬂ“)+/ o

So the general solution of Eq. (162) is

u=gh=g(h1(p,q)+ h2 (q,r))+§/w. (200)
For other cases and b? — 4aaig = 0,b> — 4aaig < 0, similar calculations can be done.
According to Theorem 25, we can get Theorem 26.
Theorem 26. In R3,
AUt + AUy + A3UYY + A4U + A5ULY + Aelzy + a7U + agUL + agly + ajou = 0, (201)
the general solution of Eq. (201) is
u=g(h(p,r)+ha(qr)), (202)

where a; are arbitrary known constants, h1 and ho are arbitrary second differentiable functions,
9,p,q and r satisfy (164 — 168) and (170 — 182).

Eqgs. (162, 201) are very significant linear partial differential equations. Two-dimensional
wave equation, heat equation, Fokker-Planck Equation [26-28], Telegraph Equation [29-31], etc.
are all special cases of them.

4. Conclusions

In this paper, we first prove a new theorem for the independent variable transformational
equations, that is, the independent variable transformation not only does not change the linearity
or non-linearity of the original PDEs, but also does not change their order.

We propose the concept of the banal PDE and the non-banal PDE, then use the proposed
three kinds of Z Transformations to obtain the plentiful laws of general solutions of linear PDEs
with variable coefficients and constant coefficients.

The characteristic equation method is a basic method to solve first order linear and quasilin-
ear PDEs [32]. By comparing with Z Transformations, we can find that it has some limitations,
such as using it cannot get the general solutions of the first order linear PDEs (25, 57, 93),
cannot obtain the complete general solution of (68) and so on.
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