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Abstract .
For any real number x > 0, let [z | be the largest integer not exceeding x

and NLﬁJ:Hp< L7 pep P is the product of all primes not exceeding |/ |

with P is the set of primes .

let 2n > 4 a positive integer and R(2n)=card{(p,q) / p+q=2n, p,qeP?} denotes
the number of prime couples (p,q) such that p+q=2n .

In paper we will prove that there is two constants C,=]] 2-1 and B(n)

p/2n,p#2 p—2
such that R(2n)> %(n —V2n)[] . (1- %) - B(n) for any integer n > 2 .
=

p/
This would help us to prove that the Goldbach conjecture is true .
Introduction .

In the letter sent by Goldbach to Euler in 1742 (Christian, 1742) he stated that “its seems that
every odd number greater than 2 can be expressed as the sum of three primes”. As reformulated
by Euler, an equivalent form of this conjecture called the “strong” or “binary” Goldbach conjecture
states that all positive even integers greater or equal to 4 can be expressed as the sum of two primes
which are sometimes called a Goldbach partition. Jorg (2000) and Matti (1993) have verified it
up to 4.1014. Chen (1973) has shown that all large enough even numbers are the sum of a prime
and the product of at most two primes...

The majority of mathematicians believe that Goldbach’s conjecture is true, especially on statistical
considerations ,on the subject we give the proof of Goldbach’s strong conjecture whose veracity is
based on a clear and simple approach.

Respectively.

Theorem A .
The Goldbach conjecture is true .
Lemma 1. For any real number x > 0, let |2] be the largest integer

not exceeding x and NL\/EJ:H;KL\/@ pep P is the

product of all primes not exceeding | /x| , with P is the set of primes
P={2,3,5,7...... } and let ged(a,b) denotes the greatest
common divisor of the elements (a,b)

then if [\/x]+1<n<xand ged(n,N| z/)=1 = n isa prime

Proof of Lemma 1. let NLﬁJ:Hp<Lﬁj.pePp .

we suppose that ged( n, N| z))=1.



let d be a prime divisor of n = 1<d<| /x|
= d/Nz
= ged(n,N,)#1  Absurd

then n is a prime

Lemma 2 . (see [01] ) let pdenotes the Mobius function then .
1 if ged(n,d)=1

Zd’/gcd(n,d) N(dl) = {
0 if not

Lemma 3 . (see [01])
let f be a multiplicative function then }, /n f(d) is also
multiplicative .

Lemma 4 .(see[04])

2 1 .
Hpggm)7é2 (1 — ;) ~ om0 for all sufficiently large x

Lemma 5 .(see [05] )
Let a,b and c , any given integers and let ax+by=c be a diophantine
equation, then ax+by=c has a solution iff gcd(a,b)/c .

And if (x0,y0) is a particular solution of ax+by=c

kb ka

then there exists an integer k such that (x4 wed @ V0 “med(a®) )

is the set of solutions .

Lemma 6.

let NL\/EJ:H;DS[\/EJ-,;DC'PP and dl/NLﬁJ

then dQ/NL\/gJ,dl/\Cb:l & dQ/NLd\fEJ ,

Proof of Lemma 6.
let NLﬁJ:HPSLﬁJ,pSPp and dl/N[\/Ej
1- we suppose that dg/N;—{ﬂ .
N T
we have dg/% = deI/NL\/EJ = dQ/NL\/EJ
and since NLﬁJ is squarefree and dldg/NL\/ﬂ then diAda=1
this means that clg/Nii—‘fIJ = dQ/NL\/EJ and dyAda=1
2- we suppose that d2/N|_\/§J,d1/\d2:1 .

we have dQ/NLﬁJ’dl/N[ﬁJ and diANdy=1 = d2d1/NL\/EJ

N
Lvz]
= d2/ 4

then from 1 and 2 we obtain the equivalence .



N\ =z
dQ/NLﬁJ,dlAdgil = dg/%

Lemma 7 . (see [06])
Let 7(n) denotes the number of divisors of n .

foralle >0 , 7(n)=o(n®)

Proof of Theorem A .

let n > 2, P denotes the set of primes R(2n)=card{(p,q) / p+q=2n p,qeP?}

denotes the number of couple of primes (p,q) such that p+q=2n.

For any real number x > 0, let |z | be the largest integer not exceeding x.

Let R’(2n)=card{ (p,q)/p+q=2n, |27 |<p< n, n<q<2n-|v/2n |, p,qeP?} denotes the
number of couple of primes,(p,q) such that |v/2n |<p< n , n<q<2n-|v/2n | and p+q=2n
and R”(2n)=card{(p,q)/p+q=2n,1<p<[v2n |, 2n-[2n | <q<2n p,qeP?}

from the definitions of R(2n),R’(2n)and R”(2n) we can easily prove that
R(2n)=R’(2n)+R"(2n) .

let z=|/2n | and Nz =Ne=Il,<| /7| perP

By Lemma 1 we have .

R’(2n)=card{ (p,q)/p+q=2n, [v2n |<p< n, n<q<2n-|/2n |,ged(p,N.)=1,ged(q,N;)=1}

:Zp/\Nz:1”2<p§n Zq/\Nz:Lngq<2nfz 2p+q:2n 1

:Zz)/\Nz:LqANz:l,p%—q:%,z<pSn 1

We apply Lemma 2 on Zp/\Nz:l,q/\Nz:Lp+q:2n,z<p§n 1.
R7(2n):Zdl/:u/\Nz7d2/q/\NZ7p+q:2n7z<p§nN(dl)u(dQ)

= Zdl/p,dl/Nz and dz/q,dz/Nz,p+q:2n,z<pgn“(dl)“(dQ)
=i/ Nedny N A B A2) D 0 ot gman 2 <pn L

but we have the equivalence .

di/p,da/p+2n < 3j, ke N*2such that p=jd; et p+2n=kds

Then R’(2n):2d1/1vz,d2/zvz“(dl)H(d2)Zp:jdl,q:kd2,p+q:2n,z<pgn1

:Zdl/Nz,dQ/Nz “(dl)“(d2)Zjd1+kd2,:2n,z<p:jd1§n 1

Problem 1 .
if we want to give an explicit formula to R’(2n) we would have to

calculate the sum Ejd1+kd2,:2n,z<p:jdlgn 1

In fact we will find that if ged (dy, d2) /2n then.

_ 2n— VI
2 d) +kda,~2n,<p=jdy<n 1= g4, — 8¢d(d1, d2) +O(1)



Proof of Probeme 1.
Remark 1.

We remark that the sum 1, depends only on

jd1+kd2,=2n,z<p=jd1<n

diophantine equation d;+kds =2n , with j and k are the variables .

1 if the equation jd; +kds =2n has a solution
we set 0(j,k)={
0 if not
1 if ged(dy,dy)/2n
based on Lemma 5 we have 6(j, k)={
0 if not

then , Zjd1+kd21:2n,z<p:jd1§n 1 :ZZ<P:jd1Sn 6(‘7’k)
z<p=jd1<n,gcd(dy,d2)/2n

:Zdil<j Sdl'l,gcd(dl,dg)/2n , jeN™ 1
We suppose that ged(dy,ds)/2n .

By Lemma 5 ,we have 3.y 1 v, —onz<p=jdi<n | :Zdilq <2ged(drdz) /2 , JeN'* 1

:Z z i tdo n .
Aoty Sy IV

=2

. tdg n
= <L—= L
a; 10N ged(dr.dp) Sy

=>".

. tdo n
Z __tdyg o m
a1 0 %ed(dy,dp) Sy

:Zi,j ; 1

0 —=—Jo
B ged(dr,dz) <t < —ged(dy,do) teZ

—jo,tEZ

—jo,teZ

dy 2
%7j0 ,iil*jo
= & ged(dy, da) |—| % ged(dy, da) | +1-1
l_jf) i—jo
=[P ged(dy, d2) | - | 5—ecd(dy, d2) |

0 ed(dy, d) — 2 ged(d, do) +O(1)

n

=0 Tiged(dy, d2)+O(1)

2

:Z;dlzgcd(dl, d2)+0(1)

Then if ged(dy,dz2)/2n ,we obtain .

_n—|v2n]
2d, tkda,~2ns<pidi<n L =g, 8cd(d, d2)+O(1)



Let us now return to calculate R’(2n).
By Problem 1 we have.

R’(2n) :Zdl/Nz,dQ/Nz H(dl)H(d2)Zjd1+kd2,:2n,z<p:jd1gn 1

:Zdl/zvz7d2/Nz7ng(d17d2)/2n /L(dl)ﬂ(dﬁ(tl;dfg(:d(dh d2)+0(1))

:Zdl/Nz,d2/Nz,gcd(d1,d2)/2n N(dl)ﬁ'l(dQ) Z;ingd(dla d2)+

Zdl/Nz,dg/Nz,gcd(dl,dQ)/2n p(d) u(d2)O(1)

_ w(d1) p(da)
7(n_z)zdl/Nz,dQ/NZ,gcd(dl,dg)/2n#ng(dl’d2)+zd1/N .da/N.,ged(dy,dz2)/2n H p(d) u(d2)O(1)

Problem 2 . let T(n)zzd/n 1 denotes the number of divisors of n.

then the error term Zdl/Nz,d2/Nz,gcd(dl,dg)/znN(dl)“(dQ)O(l)

is equal to O(7(rad(2n)))

Proof of Problem 2 .
we set F ={d=d; Ada/ d1/N,,d2/ N, and d/2n}
then we will obtain .
L =) 0 /Ne o/ N ged (da, o) /20 (1) 11(d2) O(1)
=D der Zdl/Nz,dg/Nz,gcd(dl,dg):d p(dy) u(d2)O(1)
= deF Zdl/Nz,dg/Nz,gcd(dl,dg):d p(di) p(d2)O(1)
=D der Zdl/NZ“(dl)Zdz/Nz,gcd(dl,dQ):d p(d2)O(1)

= ger 2y s (A 0y a4y H(d2)O(1)
/7 /58 (7 7)—1
Let |x| denotes the absolute value of x ,then we have.

ZdEFZ%l/Nz p(ds )Zd2/Nz (Tl d ):1 /‘l’(d2)§|2d5FZ%/Nz w(dy )ng/Nz (Tl dQ)ZIH(d2)|

22
d

—ZdeF |Zd1/Nz (dl)ZdQ/

1 2
a ng(7 4

< N N d
_ZdeFZ%/Tz“L( )||Zd2/ s (717%2):1“( 2)]

~~

_ZdeFZdl/Nz|Zd2/Nz (71 72):1 p(ds

&3

By Lemma 6 , we have -, Loy k(d2) =3 p(ds) .
/d gcd(T T)_l 72/

N

Then ZdCFZ%/Nz (dl)ZdQ/ = (71 d ) (dQ) < ZdeFZdl/Nz |Z ]\(;z (dQ) |

2
d J
d

B

N

SPFDINIE)D s u(%a)|

J
d

B



since ds is a squarefree then gcd( ,d)=1 then , u(2d>: u(d)u(2>

H(d) € Ve Y e |8, Nzu(

72
d

Then ZdeFZdl Nz l‘l’(dl)ng
FEar 2/F

gcd(71 72)7

—ZdeFZdl/Nz 1> N N(

J
d

SL

NN

By Lemma 2 we have Zdl/Nz > H(%) | :|H(%)|

t2/

m‘&‘@.‘g

Let deF' then by the definition of F ={d=dyAdz/, d1/N,,ds/N,,d/2n},

d will be a squarefree ,then N is also a squarefree

d
Then Sy v [5 we plda) | =I5 )11

2

72
d

Then, >, Zﬂ &H(dl)zdz 1 do)_ p(d2) <3401
,i/ 4 /d ng(T T)—l

o
R‘H ‘m‘

Remark 2.
since N, is squarefree then ,  F —{d=djAds/, di/N.,ds/N.,d/rad(2n)}
—{d/rad(2n) / A< [v20)}
We have 7(rad(2n))=card{ d/rad(2n)}
—card{{ d/rad(2n)/ d< |V20]}U{d/rad(2n) / d> | VE]})
—card {F U{d/rad(2n) / d> | VZ]}}
this means that ,F C {d/rad(2n) }

then we can deduce that, rad(F) < 7(rad(2n))

We have )", . 1=rad(F) ,
By Remark 2 , we have rad(F) < 7(rad(2n))
Then , >, 1 < 7(rad(2n))

Then ’ZdeF Z%/Nz w(dy )Zdz/Nz (71 2):1H(d2) <7(rad(2n))

Which means that Zdl/NZ7d2/N2,ng(dhd2)/2nu(dl)u(dg)O(l):O(T(rad(Qn)))

Result 1.

The error term of R’(2n) is equal to O(7(rad(2n))) , this is the most important result

in this paper ,because in the sections we will prove that the main part of R’(2n)

is much more greater than the error term O(7(rad(2n)))



Let us return to calculate R’(2n) .

) d d
R (2n):(n_Z)Zdl/NZ,dg/Nz,gcd(dl,dz)/2n u 1)“( z)ng(dl’dQ)

Zdl/Nz,dg/Nz,gcd(dl,dQ)/2nN(dl)u(d2)o(1)
By the Problem 2 we have .
) d d
RO(20) ~(02) Y5/, e ()20 e ged (di, do) + O(r (rad (2n)))

di1) d
:(H-Z)Zdl/zv e Zdz/Nz,gcd(dl,dz)/Qn%ng(dl?d2)+o(’r(rad(2n)))
dy) p(d
=) D Xy v, i e iy =a - O (1 (20))

=(02)3 e p 2oay /N, d o o 2ada/ N, ged(dy d) =d ddZ)d+O( (rad(2n)))

1 d2\ _
TT)‘I

:(n—z)zdepz%/Nz ( )Zd2/ v gcd( “(%d)dJrO( (rad(2n)))

:(H'Z)EdEF%E%/NZ (j )Zd2/ e god (4, ;)_1@4'0(7(”(1(2”)))

o

since gcd( ,d) =1 and gcd( ,d ) =1 then u(%d) = u(d)u(%) and

u(%d) = u(d)u(%) :

RO(20) =(00) Cep 4 Sy e - u(d)*+O(r(rad(2n)))

R'(20) =(n-2), 5 gzﬂ/m

By Lemma 6 we have .

B3

—
T
A/~
n‘,&
N

p(d
R’(2n) :(H—Z)ZdGF%Zﬂ/& (dd
d d

4
d

da

: ) is multiplicative then by Lemma 3 )Y

d2 N2
d do ) 7d
e

d

®
N

do 2 =
e p/4
T T
1
Myt
- 1
a0

dy\ 11 N, (17i)

, 1 M — p/—~ P

R’(2n) :(n_Z)ZdEFEZﬂ/& (df) 1 :
d d

a1 1 -2
d '11( P
ey




d1
We apply again Lemma 3 on ), e L we obtain .

FIEDT 4, - D)
4 d P/%1 P

(1———)
p(1-3)

— oo (11—
I, (1-52)

=11

dy
p(L
Zdl/Nz dq (d) 1
o/l 4 (=)
P/

N,
P/

:Hp/& (i_:f)

Then R’(2n) —(n-z) ZdeFde/Nz( —;)Hp/%@%f) +0(r(rad(2n)))
=) Eep g1l . (F5G=T) +O(r(rad(2n)))

= ) Cgep g1, e (F52) +O(r(rad (20)))

p

~(02) L gep Il . (- 3) +O0(r(rad(2n)))
We have F ={d=dyAdz/, di/N,,d2/N,,d/rad(2n)}

—{d/rad(2n) / A< |7}
then F C {d/rad(2n) }.

. 1 2 1 2
which means that, ZdeFEHp/% (1- ;) > Zd/rad(Qn)EHp/% (1- ;)

I~ 0-3)
1 2
we have Zd/rad(?n) EHP % (1— ;):HZ”/T( )Zd/rad(2n) a1l (1- 7)
p/Tz P
NVRCEE-)

- _2 e W
,Hp/%(l p)Zd/rad(Qn ) d[] /Nz(l_ ;)
Pl

if ged(d,2)

which means that H ~. (1- 2y 0.

d p

H Nz ( B 7)
1 2
Then Zd/rad(Qn)EHp/% (1- Z)ZHP/%( )Zd/rad@n) ged(d,2)=2 dH s (1_ 2

I Nz<——>
7Hp/Nz Zd rad(2n)m
I Nz<-—>
, 0 x. 09
=l (P2 i Al . (- B a0-2)
()



2 1
p/l\ziz ( p)E :%/rdd;Qn) dHP/g(l‘ %)
2

_1 _2 R
72Hp/%(1 p)zg/rad;?n) dH /d(l‘ %)
)

1 1
:Enp/ ( - Zd Jradzn) d

2
2 P/% (- ;)
since W is multiplicative then by Lemma 3 we have Zd/radm) ﬁ
2 ,1 2 2 2 p/7 P
. TS 1 1
is also multiplicative and Zg/rad(%) 0z =11 rmacem) (1+j)
2 2 2 g( p) p 2 P(l *)
p/5 P
1
*H radm)( +ﬁ)

-1
71—[ rdd(Zn) p_2

=11 p-1
p/2n,p#2p -2

p—1

1 p/2n,p#2 p 2
Then Zd/rad(Zn)EHp/l\;z ( - _)7MHIJ Nz (1— ;)

2

_ p—1
We set Cn*Hp/zn,pyaz_p_g

1 2 Chn 2
Then Zd/rad@n)ﬁnp/% (1- E):Tnp/& (1- )

2
1 2 Cp 2
Then »Zdepgnp/%(l' ;) > Tnp/& (1' ;)

Which means that R’(2n) > —*(n —2)[]

2 - p—1
(1- ;) - 7(rad(2n)) such that C,=] |p/2n,p7é2 .
We know that , R(2n) >R’(2n) .

Then R(2n) > %(n — L\/%J)Hpﬁlx/ﬁj-,mﬁ? (1- 2) - B(n), such that B(n)=7(rad(2n))

p

-1

By Lemma 4 we have r[pgrw)?&2 (1 — %) N@ , for all sufficiently large x .

By Lemma 7 we have for 5:% , B(n)=7(rad(2n))=o0( (rad(2n))%):o( (2n)%)



Then .

Coln— WVIIDTL, < oy s (1= 2) - BO) =520 = [VIRDTL, | oy s (- 2) - O (20)7)

_Cn 2 1 (2n)2
RERREEIV R e O(%DHPSL\/TMJJ;&(I_ %)))

1
2n)2 2
We have = (2n) = V2 2
20l < vz e () VR < w2 (17 3)

. V2 log(v2n)*

Svm
V2 log(2n)?
TSR
: V2 log(2n)? (2n)é
Since ~~—=—"—0 when x—o0 , then =o(1
2Cnvn G« ) e (0 3) M
1
Then 1-——-o0 (2n)* —1+0(1
van (%nnngMJ,m&z(l' %) M
Cn _2 1 (2n)2 _Cn .2
Then ST, | o) o (-9 -0 0(%nnmmjym(1- g))) 2 2L < () a1 5) (10(1)
1
Cn _2 1 (2n)2 ~ Cn _2
Then ST, <z pe U ) T ol — g )~ S0l < a1 )
Cn 4n
2 Tog(2n)?
~2C

n
™ log(2n)?

This means that R(2n) —oo when n —oo
This confirm The Goldbach conjecture is true
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