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ABSTRACT: In this paper, proofs of extensions of some Trigonometric double angle and Product formulae involving sine and
cosine functions are presented.
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1. INTRODUCTION

The main objective of this paper is to extend the following Trigonometric double angle and Trigonometric Product formulae:

(1.1) 2SinxCosx = Sin2x

(1.2) 2Cos2x =1 + Cos2x

(13) SinP — SinQ = 2Cos (P;—Q) Sin (P;—Q)
(14) CosP + CosQ = 2Cos (P;—Q) Cos (%2)

2. EXTENSIONS

(1.1) can be extended as follow:

n
(2.1) 2"Cos™axSin(an + m)x = Z (p)Sin(2ak +m)x
k=0
(1.2) can be extended as follow:
n
(2.2) 2"Cos™axCos(an + m)x = Z (:)COS(Zak +m)x
k=0
(1.3) can be extended as follow:
P+Q\ P-Q n )
(2.3) 2nCos™ (22 sin (M2 = Zkzo(’;)sm((P +Qk —nQ)
(1.4) can be extended as follow:
n
(2.4) 2"Cos™ (%) Cos (n(PZ Q)) = Zkzo(:)cos((}’ + @)k —nQ)
3. PROOFS

To proof (2.1) and (2.2), note that,
n
3.1 r+6" = zk_o(;;)rn—ktk

X 23+E)i
n

Ifweletr = e(F)i bt = e( ¥ we can see from (3.1) that,

(e(%)ix_l_ e(zm%)ix)n _

(Z) e(%)(n—k)ix . e(za+%)ikx

(n) e(m—(%)k+2ak+(%)k)ix

k
32) (

We can see from (3.2) that,

(e(g)ix N e(Za+§)ix)" _ (e(a+g)ix_ (e 4 eiaX))"

Also. we can see from (3.2) that,
n n

Z (:) elzak+m)ix — Z (:) (Cos(2ak + m)x + iSin(2ak + m)x)
k=0 k=0
So, from (3.2), we see that,

(a4 ix g . iaX)n= (" (Cos(2ak +m)x + iSin(2ak + m)x)
(e e e ) ;(k) os(Za m)x win(Za m)x



<2e(a+ w)ix (elaXJre i > Z (n)(Cos(Zak +m)x + iSin(2ak + m)x)

Lax+e—lax

(3.3) zne(an+m)ix (e

S = Zk=0(2)(Cos(2ak +m)x + iSin(2ak + m)x)

Note that,

1ax+e iax

c

)= Cos(a)x

Also note that,
elan+mix — cos(gn + m)x +iSin(an + m)x

So, from (3.3), we can see that,
n n
2" (Cos(an + m)x + iSin(an + m)x)Cos™ax = Z (3)Cos(2ak +m)x + iz (R)Sin(2ak +m)x
k=0 k=0

n n
(34) 2"Cos™axCos(an + m)x + i(2"Cos™axSin(an + m)x) = Zk_O(Z)Cos(Zak +m)x + izk_o(Z)Sin(Zak +m)x
Equating the real and imaginary parts of (3.4), we see that,
n
(3.5) 2"Cos™axSin(an + m)x = Zk_O(Z)Sin(Zak +m)x
This completes the proof of (2.1).
n
(3.6) 2"Cos™axCos(an + m)x = Zk_o(:)Cos(Zak +m)x
This completes the proof of (2.2).

Ifwesetm = ny —anand x = 1in (3.5)and (3.6), we see that,

(3.7) 2"Cos™axSin(ny) = Zn (2)Sin((2k — n)a + ny)
k=0

(3.8) 2™"Cos™axCos(ny) = Zn (:)Cos((Zk —n)a+ny)
k=0

Ifweseta = (%), y = (%) in (3.7), we see that,
2"Cos™ (P+Q) Sin (@) = Z (")Sm((Zk n) ( ) +n (P Q))
3 0 () n (39 +4(59)
= Z (n)Sm((Zk) (P+Q) +n (W))
2"Cos™ (P:Q) Sin (@) = ZM(Z)Sin((P + Q)k — nQ)

This completes the proof of (2.3).

Also,if we seta = (%), y = (%) in (3.8), we see that,

2"Cos™ (P+Q) Cos (@) = Zn (3)Cos((2k —n) ( ) +n (P Q))
=2 Deos@ (59 = () +n (52
=D (cos(@@i0 (59) +n (2LE2))

2"Cos™ (229) cos (D) = E MCos((P + Q)k —nQ
( ) ( 2 ) k:O(k) ( )
This completes the proof of (2.4).



4. SOME OTHER NEW IDENTITIES

n
2"Cosh™(a)xSinh(an + m)x = Z (’;)Sinh(Zak +m)x
k=0

n
2"Cosh™(a)xCosh(an + m)x = Z (3)Cosh(2ak + m)x
k=0
n o
2" (—1)2Sin"axSin(an + m)x = Z (k) (—1D*Sin(2ak + m)x (nis even)
k=0

n-1 o
2"(=1) 2 Sin"axSin(an + m)x = Z (
k=0

k) (=1D*Cos(2ak + m)x  (nis odd)

n+l n
2™"(—=1) 2 Sin™axCos(an + m)x = ( ) (=1D*Sin(2ak + m)x (nis odd)

k

NgE

=0

n
2" (—=1)2Sin"axCos(an + m)x = (n) (—1)*Cos(2ak + m)x (nis even)

k

=
M-
o =

n

2"Sinh™axSinh(an + m)x = K

=

) (=1D*Sinh(2ak + m)x  (nis even)

k=0
n

n
—2"Sinh™axSinh(an + m)x = Z K (=1)*Cosh(2ak + m)x (nis odd)
=0

Tl

S

—2"Sinh™axCosh(an + m)x = Z
k=0

k) (=D*Sinh(2ak + m)x  (nis odd)
n

n
2"Sinh™axCosh(an + m)x = Z (k

k=0

) (—1)¥*Cosh(2ak + m)x  (nis even)
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