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Abstract.
Some properties of the equations X?+Y*+Z2+V/?=dXYZ, and X?+Y?*+Z *+V?+U?=dXYZ, and the Markoff
Equation X2+Y2+Z%=aXYZ in real numbers are analyzed in this article, and common elements are highlighted.
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1. Introduction.
The Markoff equation M,: X*+Y?+Z? =aXYZ is not new in the literature. In 1779, Euler studied the equation
X2+Y?+Z2, and derived a solution that was somewhat different from Markoff’s solution. However, similar
equations such as x*+y*+z°+v*=dXYZ, and x*+y*+z*+v*+u’=dXYZ, have not been studied in as much detail.
The first novelty in this study of the three equations is that the scope of the solutions is real numbers and
not only positive integers, and each of the three equations is an ill-posed problem because their behavior can
change drastically over any range of real numbers. The second novelty in this study is that taken together the
three equations X?+Y?*+Z2 =aXYZ, x’+y*+7°+v*=dXYZ, and x*+y*+z°+v*+u’=dXYZ exhibit or can exhibit:
i) Super-Additive Nonlinearity and Homomorphisms — wherein as more variables are added to the left
side of each equation, the greater the absolute amount of, and probability of Nonlinearity.
ii) Contingent Nonlinearity and Homomorphisms — wherein for each equation, the greater the absolute
magnitudes of the independent variables (on the left side of each equation), the greater the Nonlinearity
of the equation. Absolute Magnitude refers to magnitude of a variable without regard to its sign.

2. Existing Literature.

Silverman (1990) analyzed the Markoff Equation X?+Y?+Z?=aXYZ, over quadratic imaginary fields. Jiang, Gao
& Cao (2020), Abram, Lapointe & Reutenauer (2020), Bourgain, Gamburd & Sarnak (2016), Chen & Chen
(2013), Gaire (2018), Gonzalez-Jiménez & Tornero (2013), McGinn (2015), and Togbe, Kafle & Srinivasan
(2020) analyzed the Markoff Equation X+ Y2 + Z* = aXYZ.

On Homomorphisms, see: Wang & Chin (2012). Chu (2008) and Lu & Wu (2016) studied dynamical
systems pertaining to Diophantine equations (and equations such as x*+y*+z°+v*=dXYZ, and
X+y*+22+v*+u’=dXYZ, and the Markoff Equation X*+ Y2 + Z* = aX'YZ can approximate Dynamical Systems).
Luca, Moree & Weger (2011) discussed Group Theory as it relates to Diophantine Equations. Elia (2005),
Jones, Sato, et. al. (1976) and Matijasevi¢ (1981) noted that primes can also be represented as Diophantine
equations or as polynomials (ie. each of the equations x*+y*+z°+v*=dXYZ, and x*+y*+z*+v*+u’=dXYZ can
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represent a prime). On uses of Diophantine Equations in Cryptography, see: Ding, Kudo, et. al. (2018),
Okumura (2015), and Ogura (2012) (ie. the equations x*+y*+z*+v*=dXYZ, and x*+y*+z*+v*+u’=dXYZ can be
used in cryptoanalysis, and in the creation of public-keys). Zadeh (2019) notes that Diophantine equations
have been used in analytic functions.

3. The Theorems.

Theorem-1A: For the equation X*+Y?+Z*+V/*= gXYZ in real numbers, if a, b,j and ¢ are multiplicative
components of X, Y, V and Z respectively (each of X, Y, V and Z are derived by multiplying a, b, jand c
respectively by (n-f), another real number), and XYZg = (n-f), for some real number g; then XYZg =
(ea)*(fb)*(hc)*(kj), for some real numbers g, e, f, k and h.

Proof:

XYZg = (n-f)

XYZg = (n-f)*(abcj)g
XYZ = (n-f)*(abcj)
(n-f) = (n-f)’(abcj)g
Thus 1 = (n-f)*(abcj)g

(ea)*(fb)*(hc) (kj)= (efhk)(abcj)

If XYZg = (ea)*(fb)*(hc)*(kj),

Then: (XYZg)/(abcj) = efhk

but: (efhk)(abcj) = (n-f)*(abcj)g

Thus, (efhk) =(n-f)’g = [(XYZ)/(abcj)]g

And: =(n-f)* = [(XY2Z)/(abcj)]

From above, if XYZg = (n-f)*(abcj)g; then XYZ = (n-f)*(abcj) g

Theorem-1B: For the equation X?+Y?+Z?= gXYZ in real numbers, if a, b and ¢ in positive real numbers are
multiplicative components of X, Y and Z respectively (each of X, Y and Z are derived by multiplying a, b and ¢
respectively by (n-f), another real number), and XYZg = (n-f), for some real number g; then XYZg =
(ea)*(fb)*(hc), for some real numbers g, e,f and h.

Proof:

XYZg = (n-f)

XYZg = (n-f)*(abc)g
XYZ = (n-f)*(abc)
(n-f) = (n-f)*(abc)g
Thus 1 = (n-f)*(abc)g

(ea)*(fb)*(hc) = (efh)(abc)

If XYZg = (ea)*(fb)*(hc),

Then: (XYZg)/(abc) = efh

but: (efh)(abc) = (n-f)*(abc)g

Thus, (efh) =(n-f)*g = [(XYZ)/(abc)]g

And: =(n-f)* = [(XYZ)/(abc)]

From above, if XYZg = (n-f)*(abc)g; then XYZ = (n-f)’(abc).

Theorem-1C: For the equation X*+Y?+Z2+V*+U*=gXYZ in real numbers, if a, b,c, j and m are
multiplicative components of X, Y, Z, V and U respectively (each of X, Y, V and Z are derived by
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multiplying each of a, b, ¢,j and m respectively by (n-f), another real number), and XYZg = (n-f), for some
real number g; then XYZg = (ea)*(fb)*(hc)*(kj)*(rm), for some real numbers g, e,f, h, kandr.
Proof:

XYZg = (n-f)

XYZg = (n-f)*(abcjm)g
XYZ = (n-f)>(abcjm)
(n-f) = (n-f)°(abcjm)g
Thus, 1 = (n-f)*(abcjm)g

(ea)*(fb)*(hc)*(kj)*(rm)= (efhkr)(abcjm)

If XYZg = (ea)*(fb)*(hc)*(kj)*(rm),

Then: (XYZg)/(abcjm) = efhkr

but: (efhkr)(abcjm) = (n-f)*(abcjm)g

Thus, (efhkr) =(n-f)°g = [(XYZ)/(abcjm)]g

And: =(n-f)°> = [(XYZ)/(abcjm)]

From above, if XYZg = (n-f)°(abcjm)g; then XYZ = (n-f)>(abcjm)

Theorem-2A: For the equation X*+Y?+Z?+V?= gXYZ, and given Theorem-1a, for all values of X, Y, V, Z, g,n
and f that are real numbers, the upper bound and the lower bound of g can be defined.

Proof:

XYZg = (n-f)

XYZg = (n-)*(abej)g

XYZ = (n-f)*(abcj)

(n-f) = (n-f)"“(abcj)g

1= (n-f)*(abcj)g

In X?+Y?+Z? +V°= gXYZ, g varies vary primarily with the magnitudes (and to a lesser extent, the signs) of X,Y,
V and Z.

Thus, g = 1/((n-f)*(abcj)),
As (n-f) —+oo, (abcj)g—-o0;

(n-f) = gXYZ, and (n-f) is a multiplicative component of each of X,Y and Z:
(n-fla=X

(n-Hb=Y

(n-Hlc=Z

(n-fi=Vv

a=1/YZg; and b =1/XZg; and c=1/XYg; and j= V/XYZg

Given X, Y, Zand V; then a,b, c and j can be determined by substituting a = 1/YZg, b = 1/XZg and ¢ = 1/XY{g,
and j= V/IXYZ, into X/a=Y/b = Z/c =VI/j = (n-f) = XYZg

In X?+Y2+Z% +V?= gXYZ, both n and f vary primarily with the magnitudes (and to a lesser extent, the signs) of
X,Y and Z.

XYZg = (n-f)*(abc)g

n = XYZg+f

n = [XYZ/(abc)]"*+f

Thus XYZg = [XYZ/(abc)]**

g = {[XYZ/(abc)]Y*}XYZ (referred to as “LB”)
but also g = 1/[(n-f)*(abc)] (referred to as “UB”)



As the denominator in UB tends to zero, g in UB can become greater than one and significant — that can occur if
0<a, or b or c<1, and or if 0<(n-f)<1.

As the denominator in UB tends to minus infinity from zero, g in UB becomes smaller — that can occur if (a, or
b or ¢)<0.

On the contrary, as the denominator in LB tends to zero, g in LB can become much smaller (unless O<abc<1) —
that can occur if 0<X, or Y or Z<1, and or if 0<a,b,c, or if (XYZ)<(abc).

As the denominator in LB tends to minus infinity from zero, g in LB can become smaller or bigger depending
on the magnitude of abc.

Thus, its more likely that LB defines the lower bound of g, while UB defines upper bound of g. g

Theorem-2B: For the equation X*+Y?+Z?= gXYZ in real numbers, and given Theorem-1b, for all values
of X, Y and Z that are real numbers, the upper bound and the lower bound of g can be defined.

Proof:

XYZg = (n-f)

XYZg = (n-f)*(abc)g

XYZ = (n-f)*(abc)

(n-f) = (n-f)*(abc)g

1= (n-f)*(abc)g

In X?+Y?+Z? = gXYZ, g varies with the magnitudes (and not the signs) of X,Y and Z.

Thus, g = 1/((n-f)%(abc)),
As (n-f) —+oo, (abc)g—r-o0;

(n-f) = gXYZ, and (n-f) is a multiplicative component of each of X,Y and Z:
(n-Hla=X

(n-Hb=Y

(n-fic=2

a=1/YZg; and b = 1/XZg; and ¢ = 1/XY(g

Given that, X, Y and Z, a,b, and c can be determined by substituting a = 1/YZg, b = 1/XZg and ¢ = 1/XY(g, into
Xla=Ylh=Zlc= (n-f)=XYZg

In X?+Y?+Z? = gXYZ, both n and f vary primarily with the magnitudes (and to a much lesser extent, the signs)
of X,Y and Z.

XYZg = (n-f)*(abc)g

(n-f) = XYZg

n = XYZg+f

n = [XYZ/(abc)]*+f

Thus: XYZg = [XYZ/(abc)]**

g = {[XYZ/(abc)]*}XYZ or g = {[1/(abc)]**} (referred to as “LB”)

but also g = 1/[(n-f)*(abc)] (referred to as “UB”)

As the denominator in UB tends to zero, g in UB can become greater than one and significant — that can occur if
0<a, or b or c<1, and or if 0<(n-f)<1.

As the denominator in UB tends to minus infinity from zero, g in UB becomes smaller — that can occur if (a, or
b or ¢)<0.

On the contrary, as the denominator in LB tends to zero, g in LB can become much smaller (unless 0<abc<1) —
that can occur if 0<X, or Y or Z<1, and or if O<a,b,c, or if (XYZ)<(abc).
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As the denominator in LB tends to minus infinity from zero, g in LB can become smaller or bigger depending
on the magnitude of abc.
Thus, its more likely that LB defines the lower bound of g, while UB defines upper bound of 9. g

Theorem-2C: For the equation X*+Y?+Z*+V*+U?= gXYZ, and given Theorem-1c, for all values of X, Y, Z, V
and U that are real numbers, the upper bound and the lower bound of g can be defined.

Proof:

XYZg = (n-f)

XYZg = (n-f)°(abcjm)g

XYZ = (n-f)>(abcjm)

(n-f) = (n-f)°(abcjm)g

In X?+Y?+Z%+V*+U?%= gXYZ, g varies primarily with the magnitudes (and to a lesser extent, the signs) of X,Y,
V and Z.

Thus, g = 1/((n-f)*(abcjm)),
As (n-f) —+o0, (abcjm)g—-oo;

(n-f) = gXYZ, and (n-f) is a multiplicative component of each of X,Y, Z, V and U:
(n-Hla=X

(n-Hb=Y

(nfic=2

(n-Hi=V

(n-fim=U

a=1/YZg; and b = 1/XZg; and ¢ = 1/XYg; and j= V/XYZg; and m= U/XYZg

Given X, Y, Z, V and U; then a,b, and ¢ can be determined by substituting a = 1/YZg, b = 1/XZgand ¢ =
1/XYqg, into X/a=Y/b = Z/c = V/j = U/m = (n-f) = XYZg

In X*+Y?+Z%+V?+U?= gXYZ, both n and f vary primarily with the magnitudes (and to a lesser extent, the signs)
of X,Y and Z.

XYZg = (n-f)>(abc)g

n = XYZg+f

n = [XYZ/(abc)]"*+f

Thus XYZg = [XYZ/(abc)]*®

g = {[XYZ/(abc)]**}/XYZ (referred to as “LB”)

but also g = 1/[(n-f)*(abc)] (referred to as “UB”)

As the denominator in UB tends to zero, g in UB can become greater than one and significant — that can occur if
0<a, or b or c<1, and or if 0<(n-f)<1.

As the denominator in UB tends to minus infinity from zero, g in UB becomes smaller — that can occur if (a, or
b or ¢)<0.

On the contrary, as the denominator in LB tends to zero, g in LB can become much smaller (unless O<abc<1) —
that can occur if 0<X, or Y or Z<1, and or if 0<a,b,c, or if (XYZ)<(abc).

As the denominator in LB tends to minus infinity from zero, g in LB can become smaller or bigger depending
on the magnitude of abc.

Thus, its more likely that LB defines the lower bound of g, while UB defines upper bound of 9. g



Theorem-3A: For the equation X*+Y?+Z?+V?= gXYZ in real numbers, and given Theorem-1 above, and
for all values of X, Y, V and Z that are real numbers, if (n-f)=gXYZ, and (n-f) is a multiplicative
component of each of X,Y, V and Z, then there exists a real number d such that X*+Y*+Z*+V*= dXYZ;
where for all g that are real numbers, g € d.

Proof:

(n-f) = gXYZ, and (n-f) is a multiplicative component of each of X,Y and Z, and as stated herein and above:
(n-Hla=X

(n-Hb=Y

(n-fic=2

(n-fi=Vv

a=1/YZg; and b = 1/XZg; and ¢ = 1/XYg; and j= V/XYZg

Thus: X=(gXYZ)(a); and Y=(gXYZ)(b); and Z=(gXYZ)(c); and V = (gXYZ)(j)

If: X2+Y?%+Z% +V°= dXYZ;
Then by substitution: [(g°X?Y?Z%)(a%)]+[(g*X>Y?Z?)(b)]+[(9*X*Y?Z%)(c)] + [(g°X*Y?Z%)(j%)]= dXYZ

Then by dividing both sides of the equation by dXYZ and substituting a=(1/YZg), b=(1/XZg),

c=(1/XYqg), and j= V/XYZg, the result is:
{[(@®XCY°Z2)(L(Y*Z° )XY Z}+{[(g"X*Y°Z*)(U(X*Z*g")) )XY Z}+ {[(g"X*Y*Z*)(U(X*Y?g%)) )XY Z} +
{[(G*XPY2ZH)(VAI(XPY2Z°g)IdX Y Z)= 1;

and thus: [(X/dYZ)+(Y/dXZ)+(Z/dXY)] +(V¥dXYZ)]= 1

By taking a common denominator dXYZ for the left-hand side of the equation, the result is:
[XCP+Y2+V2+Z%)/dX Y Z] = 1;
and by multiplying both sides of the equation by dXYZ, the result is: X*+Y?*+Z?+V?= dXYZ

d can be expressed solely in terms of g, X, Y, Z and V as follows:
{L(@X°Y’Z2) (WY’ Z @9 XPY*Z2) (L OCZ2P)))I+I((@°XPY2Z%)(L(X*Y*g?))]
+H(@*XPY°Z)(VAIXPY P Zg?))HXYZ = d;

Similarly, d can also be expressed solely in terms of X, Y, Z and V as follows:
{L(ECY?Z2) (WY’ Z°FN)IXY Z]+[((9°XPY°Z2) (L(X°Z°)))IXY Z]+[((9°XPY°Z) (LI (X*Y°g*)))IXY Z] +
[((g®XPY?Z%) (VAIORPY?Z2@)NIXY Z]}= d = [(XIYZ2)+(YIXZ)+(ZIXY)+ (VAI(XYZ))]

Given the foregoing and since X=(gXYZ)(a); and Y=(gXYZ)(b); and Z=(gXYZ)(c) and V=(gXYZ)(j); and
XP+Y?+Z%+ V= dXYZ, forall X, Y, Z, V and g that are real numbers, g<d; and g e d. gy

Theorem-3B: For the equation X*+Y?+Z?=dXYZ in real numbers, and given Theorem-1 above, and for all
values of X, Y, Z, n and f that are real numbers, if (n-f)=gXYZ, and (n-f) is a multiplicative component of
each of X,Y and Z, then there exists a real number d such that X*+Y*+Z?= dXYZ; where for all g that are
real numbers, g € d.

Proof:

(n-f) = gXYZ, and (n-f) is a multiplicative component of each of X,Y and Z, and as stated herein and above:
(n-Ha=X
(n-Hb=Y
(n-fic=2
a=1/YZg
b = 1/XZg
c=1/XYg



Thus, gXYZ is a multiplicative component of each of X, Y and Z. That is:
X=(gXYZ)(a); and Y=(gXY2Z)(b); and Z=(gXYZ)(c)

If: X2+Y?+Z%= dXYZ;
Then by substitution: [(g°X*Y?Z%)(a%)]+[(9*X>Y?Z?)(b)]+[(g*X*Y?Z?)(c*)] = dXYZ

Then by dividing both sides of the equation by dXYZ and substituting a=(1/YZg), b=(1/XZg) and
c=(1/XYg), the result is: {[(g°X>Y?Z*)(L/(Y?*Z2g*)))AXY Z}+{[(g°X>Y*Z))(LI(X*Z2g*)]/dX Y Z}+
{l(g>X*Y*Z2)(L(X*Y?g?))/dXYZ} = 1;

and thus: [(X/dYZ)+(Y/dX2Z)+(Z/dXY)] =1

By taking a common denominator dXYZ for the left-hand side of the equation, the result is:
[X*+Y3+ZH)1dXYZ] = 1;
and by multiplying both sides of the equation by dXYZ, the result is: X*+Y?+Z? = dXYZ

d can be expressed solely in terms of g, X, Y and Z as follows:
{L(@X°Y°Z) WY’ Zg@N+(g*XPY ZA) (U OCZ2 @ MIHI(@*XPY 2 Z2) (LY 2 g))IHXY Z =

Similarly, d can also be expressed solely in terms of X, Y and Z as follows:
{[(OCY Z) LY Z° @))IXY ZIH(g*XPY Z)(UCZ°G)))IXY ZI+[(gPXPY Z) (U(XPY *g%)))/X Y Z]}=d =
[(XIYZ)+(YIXZ)+(ZIXY)]

Given the foregoing and since X=(gXYZ)(a); and Y=(gXYZ)(b); and Z=(gXYZ)(c); and X*+Y?*+Z? = dXYZ,
for all X, Y, Zand g that are real numbers, g<d;andged. g

Theorem-3C: For the equation X*+Y?+Z*+V/2+U? = gXYZ in real numbers, and given Theorem-1c above,
and for all values of X, Y, V, Z and U that are real numbers, if (n-f)=gXYZ, and (n-f) is a multiplicative
component of each of X,Y, V, Z and U, then there exists a real number d such that X?+Y?+Z?+V*+U?
=dXYZ; where for all g that are real numbers, g € d.

Proof:

(n-f) = gXYZ, and (n-f) is a multiplicative component of each of X,Y and Z, where a,b,c,d,j and m are some real
numbers:

(n-fla=X

(n-Hb=Y

(n-Hlc=Z

(n-Ni=Vv

(n-f)im=U

a=1/YZg; and b = 1/XZg; and ¢ = 1/XY(g; and j = V/XYZg; and m = U/XYZg

Thus, gXYZ is a multiplicative component of each of X, Y, V and Z:
X=(gXYZ)(a); and Y=(gXY2Z)(b); and Z=(gXYZ)(c) and V = (gXYZ)(j) and U= (gXYZ)(m)

If: X24+Y2+ 72242 +U? = dXYZ;
Then by substitution: [(g?X*Y?Z?)(a®)]+[(g°X*Y?Z?) (b)]+[(9*X*Y?Z2)(cA)] + [(g°X*Y?Z)) () +
[(9*X*Y?Z%)(m?)]= dXYZ

Then by dividing both sides of the equation by dXYZ and substituting a=(1/YZg), b=(1/XZg),
c=(1/XYQq), and j= V/XYZg, and m= U/XYZg, the result is:
{L(@XEY2Z)(U(Y*Z° )XY Z}+{[(g°X*Y°Z°)(L(X*Z°g") VAXY Z}+ {[(9°X°Y °Z*)(L/(X*Y *g*)))/dX Y Z} +
{L(@XPY?Z?) (VXY ?Z2 @) )IAXY Z3+ {[(g°XPY°Z%) (U (XY ?Z2 @) IdX Y Z3= 1;
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and thus: [(X/dYZ)+(Y/dXZ)+(Z/dXY)] +(VHdXYZ) +(UYdXYZ)]=1

By taking a common denominator dXYZ for the left-hand side of the equation, the result is:
[OX3+Y2+Z2+V2 +UA)dXYZ] = 1;
and by multiplying both sides of the equation by dXYZ, the result is: X*+Y?*+Z*+V/2+U? = dXYZ

d can be expressed solely in terms of g, X, Y,V and Z as follows:
{[(@XEY’ AU Z2PMNIHI(@*XEY 2 Z) (LX) IHI((9PXPY 2 Z2) (LXPY 2g?))]
+{((@*XPY2Z2)(VIOXPY Z2 g))] + (@ XPY?Z2) (U (XPY°Z2 )XY Z = d;

Similarly, d can also be expressed solely in terms of X, Y, Z, V and U as follows:

LAY )WY Z2g)))XY ZI+[((0° XY °Z2) (X ZP )XY Z]+[((9°XPY°Z2) (L(XPY °g?))IX Y Z] +
[((0°X2Y?Z2) (VAIOEY2Z2gP))IXY Z] + [((97X2Y?Z2) (UPI(XPY2Z2g9))IXY Z]}= d = [(XIY Z)+(YIXZ)+(ZIXY)+
(VZ(XYZ))+(UY(XYZ))]

Given the foregoing and since X=(gXYZ)(a); and Y=(gXYZ)(b); and Z=(gXYZ)(c); and V=(gXYZ)(j); and
U=(gXYZ)(m); and X*+Y*+Z?+V? +U%= dXYZ, for all X, Y, Z, V, U and g that are real numbers, g<d; and g €
d.

Theorem-4A: For the equation X?+Y?+Z?+V°= XYZg in real numbers, if (n-f) is a multiplicative
component of each of X, Y, V and Z (each of X,Y, V and Z are derived by multiplying (n-f) by another
real number), then XY Zg=(n-f), for some real numbers g, n and f.

Proof:

If (n-f) is a multiplicative component of each of X, Y, V and Z (each of X,Y, V and Z are derived by
multiplying (n-f) by another real number), then:

X =(n-fa

Y = (n-f)b

Z=(n-f)c

V =(n-f)j

Let: X/a=Y/b = Z/c =V/j= (n-f) = XYZVg

Thus: a=1/YZg; and b=1/XZg; and c=1/XYg; and j=V/XYZg

Where -co<n,f,a,b,c,j< +oo; and n,f,a,b, j and c are real numbers.

X? = (n-fla*(n-fa = (n-f)(n-fa’ = (n*nf-nf+f*)a’ = n’a’-2nf(a’)+f’a>
Y2 = (n-fb*(n-fb = (n-F(n-Nb? = (n*nf-nf+F)b = n2b?-2nf(b?)+Fb?
Z% = (n-fc*(n-fc = (n-f(n-f)c® = (n*nf-nf+f*)c? = n°c®-2nf(c?)+f*c?
V2 = (n-j*(n-Hj = (-H(N-H} = (n-nf-nf+)j? = nj2-2nf(2)+42

Thus:
XAY2+Z24V? = n(@2+b*+c?+j%)-2nf(a’+b*+c?+%)-F(a*+b>+c*+j%) = (n*-2nf-F) (a*+b*+c*+j%)

X2+Y2+Z24+V? = (n*-2nf-f?) (a®+b*+c%+j°)

= (n-f)(n-f)(@®+b?+c?+j?)

= (XYZg)*(a*+b*+c*+j?)

= [(XYZQ)E(ll(YZg)Z)]+[(XY229)2(1/2(XZ§12))]+[(>2<YZQ)2(21/(XY29)2)]+[(>§YZQ)2(V£XYZQ)2)]
= [(3<YZZQ) g(YZZQ) JHI(XYZg)IXZg)]+[(XYZg) /(XY Q))]+[V (XY Z9)"/ (XY Zg))]

= X4YHZ2 4V g



Theorem-4B: For the equation X*+Y?+Z?= XYZg in real numbers, if (n-f) is a multiplicative component of
each of X, Y and Z (each of X,Y and Z are derived by multiplying (n-f) by another real number), then
XYZg = (n-f), for some real numbers g, n and f.

Proof:

If (n-f) is a multiplicative component of each of X, Y, V and Z (each of X,Y, V and Z are derived by multiplying
(n-f) by another real number), then:

X =(n-fla

Y = (n-f)b

Z=(n-f)c

Let: X/a=Y/b =Z/c = (n-f) = XYZVg
Then: a=1/YZg; and b = 1/XZg; and ¢ = 1/XY(g;
Where -co<n,f,a,b,c,< +oo, are real numbers.

X? = (n-fla*(n-fa = (n-f)(n-fa’ = (n>nf-nf+f*)a’ = n’a’-2nf(a’)+f’a>
Y2 = (n-Hb*(n-f)b = (n-H(n-Hb? = (n>nf-nf+f)b? = n2b?-2nf(h?)+Fb>
Z% = (n-Hc*(n-fc = (n-f(n-f)c® = (n®nf-nf+f2)c? = n*c®-2nf(c?)+fc?

Thus:

X2+Y2+7%= n“a®-2nf(a?)+f%a” + n’b%-2nf(b?)+f?b? + n*c®-2nf(c?)+fc?
= n%a’+ n’b? + nc®-2nf(a%) -2nf(b?) -2nf(c?)+f%a? +fh? +f4c?

= n’(a*+b%*+c?)-2nf(a®+b*+c?)-fP(a’+b’+c?) = (n*-2nf-f?)(a’+b*+c?)

X2+Y2+72 = (n%-2nf-f%) (a®+b?*+c?)

= (n-f)(n-f)(a®+h*+c?)

= (XYZg)*(a®+b*+c?)

= [(XYZg)j(ll(YZg)z)]+[(XY229)2(1/2(X292))]+[(>2<YZg)2(21/(XY9)2)]
= [(XYZ0)' /(Y Zg)Y T+ (XY Z9) TXZg )+ (XY Zg) /(XY Q)]

= X*+Y%+Z -

Theorem-4C: For the equation X*+Y?+Z*+V*+U?=XYZg in real numbers, if (n-f) is a multiplicative
component of each of X, Y, Z, V and U (each of X,Y, V, U and Z are derived by multiplying (n-f) by
another real number), then XYZg = (n-f), for some real numbers g,n and f.

Proof:

Let:

X =(n-f)a
Y = (n-f)b
Z=(n-flc
V = (n-f)
U= (n-im

Let: X/a=Y/b = Z/c =V/j=U/m= (n-f) = XYZg
Then: a=1/YZg; and b=1/XZg; and c=1/XY(g; and j=V/XYZg; and m=U/XYZg
Where -co<n,f,a,b,c,j, m< +oo, are real numbers.

X? = (n-fa*(n-fa = (n-f)(n-Na’ = (n*nf-nf+f*)a’ = n“a>-2nf(a’)+f°a’

Y2 = (n-Hb*(n-fb = (n-H(n-Hb? = (n>nf-nf+f)b? = n?b?-2nf(b?)+Fb’

Z% = (n-f)c*(n-fc = (n-f(n-f)c? = (n*-nf-nf+f2)c? = n’c®-2nf(c?)+fc?

V? = (n-Hj*(n-j = (n-H(n-Hj? = (n*nf-nf+f2)j* = n2j2-2nf02)+f2j2

U? = (n-fm*(n-f)m = (n-H(n-)m? = (n*nf-nf+f)m? = n’m?-2nf(m?)+Fm?
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Thus:

X2+Y2+ZZ+V2+U2: n2(a2+b2+c2+j2+m2)+2nf(a2+b2+02+j2+m2)_f2(a2+b2+c2+j2+m2)

= (n%-2nf-f?)(a’+b’+c?+j*+m?)

= (n-f)(n-f)(@®+b?+c?+j*+m?)

= (XYZg)*(a*+b*+c’+j*+m’)

= [(XYZg)(L/(YZg)A)I+[(XYZg)(U(XZg*)I+[(XYZ)*(L/(XYQ)))I+[(XYZg)*(V/XY Zg)?)]
+[(XYZg)4(UIXYZg)))]

= [(3<Y229)2£(Y229)Z]2+[(XYZQ)Z/XZQZ)]+[(XYZQ)2/(XY9)2)]+[VZ(XYZQ)Z/(XYZQ)Z)]+[U2(XY29)2/(XY29)2)]
= X+YH4Z4VH+U -

Theorem-5: For the equation X'+Y'+Z'+V'=?, and given Theorems above, and for all values of X, Y, V and Z
that are real numbers, if (n-f)=gXYZV, and (n-f) is a multiplicative component of each of X,Y, V and Z, then
there exists a real number d such that X'+Y'+Z' +V'= dXYZ; where for all g, X, Y, V and Z that are real
numbers, g e d; and d can be expressed as d = [(X"IYZ)+(YDIXZ)+ZVIXY)+(VIVIXYZ)].

Proof: The proof is straightforward and follows from the prior proofs herein and above.

Conclusion.
The three equations X*+Y*+Z2 =aXYZ, x*+y*+2°+v*=dXYZ, and x*+y*+z°+v*+u*=dXYZ exhibit patterns of
Nonlinearity that have potential applications in Applied Math, Computer Science, Economics and Physics.

Bibliography.
Abram, A., Lapointe, M. & Reutenauer, C. (2020). Palindromization and construction of Markoff triples.

Theoretical Computer Science, 80924, 21-29.

Bourgain, J., Gamburd, A. & Sarnak, P. (2016). Markoff triples and strong approximation. Comptes Rendus
Mathematique, 354, 131-135.

Chen, F. & Chen, Y. (2013). On the Frobenius conjecture for Markoff numbers. Journal of Number Theory,
133, 2363-2373.

Chu, M. (2008). Linear algebra algorithms as dynamical systems. Acta Numerica, 17, 1-86.

Ding, J., Kudo, M., et. al. (2018). Cryptanalysis of a public key cryptosystem based on Diophantine equations
via weighted LLL reduction. Japan Journal of Industrial and Applied Mathematics, 35, 1123-1152.

Elia, M. (2005). Representation of primes as the sums of two squares in the golden section quadratic field.
Journal of Discrete Mathematical Sciences and Cryptography, 9(1).

10



Gaire, Y. (2018). On the Unicity Conjecture for Generalized Markoff Equation. Journal of Advanced College of
Engineering and Management, 3, 137-145. h

Gonzalez-Jiménez, E. & Tornero, J. (2013). Markoff-Rosenberger triples in arithmetic progression. Journal of
Symbolic Computation, 53, 53-63.

Jiang, K., Gao, W. & Cao, W. (2020). Counting solutions to generalized Markoff-Hurwitz-type equations in
finite fields. Finite Fields and Their Applications, 62, in-press.

Jones, J. P., Sato, D., et. al. (1976). Diophantine Representation of the Set of Prime Numbers. American
Mathematical Monthly, 83, 449-464.

Lu, F. & Wu, J. (2016). Diophantine analysis in beta-dynamical systems and Hausdorff dimensions. Advances in
Mathematics, 290, 919-937.

Luca, F., Moree, P., & Weger, de, B. M. M. (2011). Some Diophantine equations from finite group theory:
$\Phi_m (x) = 2p”n -1$. Publicationes Mathematicae (Institutum Mathematicum Universitatis Debreceniensis),
78(2), 377-392.

Matijasevi¢, Y. (1981). Primes are nonnegative values of a polynomial in 10 variables. Journal of Soviet
Mathematics,

McGinn, D. (2015). Generalized Markoff equations and Chebyshev polynomials. Journal of Number Theory,
152, 1-20.

Ogura, N. (2012). On Multivariate Public-key Cryptosystems. PhD thesis, Tokyo Metropolitan University,
Japan.

Okumura, S. A (2015). Public key cryptosystem based on diophantine equations of degree increasing type.
Pacific Journal of Industrial Mathematics, 7(4), 33-45.

Silverman, J. (1990). The Markoff Equation X* + Y? + Z% = aXYZ over quadratic imaginary fields. Journal of
Number Theory, 35(1), 72-104.

Togbe, A., Kafle, B. & Srinivasan, A. (2020). Markoff Equation with Pell components. Colloquium
Mathematicum, 159 (2020), 61-69.

Wang, L. & Chin, C. (2012). Some property-preserving homomorphisms. Journal of Discrete Mathematical
Sciences and Cryptography, 15(2-3).

Zadeh, S. (2019). Diophantine equations for analytic functions. Online Journal of Analytic Combinatorics, 14,
1-7.

11


https://www.sciencedirect.com/science/journal/0022314X
https://www.sciencedirect.com/science/journal/0022314X

