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Kepler summarised Brahe and others record of planetary trajectories into 3 simple laws.
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Newton further reduced them into 1 little equation, F' = m% = ,Gll\rﬁfilssmF, where F' =

Force on a planet due to Sun, m = Mass of the planet, 7 = Position vector of the planet,

G = Universal Gravitational Constant and Ms = Mass of Sun. Newton henceforth setup
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the idea that the entity m% defined as Force(F') is somehow more fundamental than
all other quantities and a physical interaction essentially involves a law governing the

evolution of mig term.

Newton successtully applied the equation inspired by Kepler’s celestial laws to explain
terrestrial phenomena such as the parabolic trajectory of cannonballs, the period of
a pendulum, ... Yet he was not successfull in extending his equation to explain the
precessions in Moon’s orbit. Further, it was found that Newton’s equation produce
unstable solutions when extended to 3 or more interacting objects. And his method
leaves us with ill-posed equations in 3D and N-body cases because Kepler’s datasets
were limited to flat 2D space with 2-body type interactions where one of the interacting
mass is extremely heavy. Newton built his theories based upon Kepler’s observational
analysis. We show here that Newton’s law of Gravity is not universal. And his method
of framing problems of motion in terms of force balance equations only captures one
small subset of all possible processes in which Energy is conserved.

For example the uniform gravitational acceleration(i.e. ﬁ; = Constant = —gJj, here j
is the unit vector along vertical axis pointing upwards) condition observed near Earth’s
surface is only true when the object is not interacting with any other object. If the
object is interacting with an inclined plane, where inclination is represented by angle 6o

then < dt2 = —gSin(Oo)[Cos(Oo)% + Sin(0o)j). If the object is interacting with a Brachis-

tochrone then d = —g[Sin(wt)i + Cos(wt)j]. In contrast the form of graviational
potential energy (near Earth surface) remains fixed, P = —mgy or P = Py — mgy.
Perhaps this hints at an Universal Law of Gravitational Potential(not Force).

Infact starting from Kepler’s laws we can not only derive Newton’s Force balance

equation but also the Energy(E) conservation equation. We can derive that, E =
2m (%07) + P, where P = Potential Energy = % and E = Constant. Note that,

F= F, = Gﬁ#? and Uiit = Fgod; Thus, we get @ = [mdtQ Fg]

di2 )
this is true even when E # Constant. Since E = Constant, Uif = [F Fg] o— =0.

This in general means, F— Fg 1 dr . Not always m3t2 Fg = 0 as Newton’s Universal
law of Gravity is stated. Hence Newton s equatlon encompass only a small subset of all
the phenomena covered by the equation 22 = 0. The equation F= Fg in that form is
not even applicable for all 2-body problems in 2D. In geneml72 F = Some component of
% =
—VP. Thus assuming F = —VP is not valid in general. Determining which component
of F; is causing the body to accelerate is non-trivial. The free-body diagrams are of
limited use and the principle of least action - Lagrangian calculations employ energy
terms but in a much more complicated manner. We can achieve better results directly
using the Energy conservation equation.

Further we extend the analysis to include Lagrange type 3-body periodic orbit solutions
with equilateral configuration and show that Lagrangian/Newtonian method gives some
sporadic, apparently unstable solutions, where as the Energy method provides the entire
set of stable elliptical orbit solutions including non-equilateral configurations. With
Energy method we can also derive a condition which determines whether the 3-bodies
end up in an orbit with 1 center of revolution(like in Lagrange type periodic orbits) or
end up with 2 centers of revolution(like in the Sun-Earth-Moon system).

In case of restricted 3-body problem such as the Sun-Earth-Moon system or in case of
(J1, J2, ..)perturbations of Artificial satellites due to Earths non-spherical shape, using
Newton’s method gives wrong results unless we tamper his equation with non-Newtonian
terms as has been done historically. In the method used here, we show the solutions
using just 3 variables, i.e. r = Distance, # = Longitude, ¢ = Latitude of the Spherical-
Polar coordinate system instead of the standard 6 Elements of Orbit approach. This
reduces mathematical complexity and helps in clearly identifying the dynamical terms
behind apsidal and nodal precession.

We also note that the term Inertia coined by Galileo to explain the height conserving
property of balls rolling down inclined planes has to be properly interpreted as energy.
That is, Inertia = Energy. And we point at the need to replace Newton’s Laws of
Motion(and Gravity) by the Energy conservation principle. And principle of angular

ﬁg. Since 13g = —VP we also get that, in general, F=m Some component of



momentum conservation or angular velocity conservation and such.

I. KEPLER'S LAWS

The main dataset analysed by Johannes Kepler for over
30 years was collected by Tycho Brahe meticulously for
over 40 years using Quadrants and Sextants before Tele-
scopes were in vogue. Brahe was the first to properly
record the Earth-Mars distances on a regular basis using
the Parallax method which greatly contributed in Ke-
pler working out his 3 laws (Dillon, 2016; Dreyer, 1906;
Lankford and Rothenberg, 1997; Thoren, 1973).

Kepler’s I Law The Planetary Orbits are Elliptical
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Eqn(1) represents an elliptic curve. Here, r = Radial
distance from the Center of Revolution, § = Angular dis-
placement in the plane of revolution, ¢ = Eccentricity
and rg = Semi-latus rectum. Also note, Semi-major axis
= X, = 172 and Semi-minor axis = Y,,, = \/1772? (Bate
et al., 1971; Curtis, 2013; Goldstein et al., 2001; Sinha,
2013; Vallado et al., 1997). In Equn(1) at € = 0 the equa-
tion becomes r = rg = a Circle.

Kepler’s IT Law The Planets Sweep FEqual Area in
Equal time intervals Or Area swept by a Planet in 1 Unit
Time is a Constant Assume that at a particular radius r
and angle # we consider a short piece of trajectory cov-
ered in a time interval §t. Time in this case is measured
on the basis of the rotation/spin of Earth on its own axis,
assuming that rotation rate is constant. In the short time
interval 0t, r is nearly constant and the angle swept is 6.
Then Area covered in time interval 8t = 2.6, consider
a quantity defined as, a = Area covered per Unit Time,
then according to the Kepler’s II Law, a = Constant.
(Bate et al., 1971; Curtis, 2013; Goldstein et al., 2001;
Sinha, 2013; Vallado et al., 1997)

a= 7“2% = Constant
ot
db
2
=r°— 2
0t = 0,a=r o (2)

In Eqn(2) a = angular momentum per unit mass.

Kepler’s III Law The square of the orbital period of a
planet is directly proportional to the cube of the semi-
magor axis of its orbit. Which is equivalent to saying
that for the Planets in the Solar system, the constant
ro used in First law(Eqn(1)) and the constant a used in
Second law(Eqn(2)) are connected by another constant,
which was argued to be related to the mass of Sun by
Newton inspired by Galileo’s experiments. (Bate et al.,
1971; Curtis, 2013; Goldstein et al., 2001; Sinha, 2013;
Vallado et al., 1997).

Suppose T = Period, then
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T 3m 4 _ b = Constant, Kepler
T2 To
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= b= G.M = Constant, Newton (3)
0
G = Gravitational Constant, M = Mass of Sun.

Kepler’s Laws already specify the trajectory of plan-
ets. Newton surmised that we ought to be able to derive
the trajectories from some deeper elementary laws which
determine the instantaneous local behaviour of moving
objects. Based on Galileo’s and his own experiments
(Dreyer, 1906; Goodstein, 1985; Lankford and Rothen-
berg, 1997) Newton had axiomatized that an object with
constant velocity moving in a straight line does not need
any cause for its motion. It is only the changes from this
uniform straight line motion that needs any explanation.
Thus, Newton considered that a formula specifying the
evolution of acceleration terms might be an elementary
law. Instead of acceleration terms, Newton could have
as well assumed that laws governing the Energy terms
are the deeper principles. Because from Kepler’s I and
IT Laws, Eqns(1,2) we can derive both the Force Bal-
ance and Energy Conservation Equations. While Eqn(3)
determines the value of constant G*M.

There are atleast 2 possible ways in which we can ar-
rive at the shape and nature of planetary orbits by using
elementary laws. Method A is the Newton’s method of
framing Force balance equation And Method B is the
method of framing Energy conservation equation using
the Potential energy term. We can derive the Energy
equation directly from Kepler’s laws(without resorting to
Work-Energy Theorem as done in Newtonian paradigm)
as shown in Eqn(14). Below we describe both the meth-
ods in detail.

Il. FORCE AND ENERGY EQUATIONS

A. Method A: Force Balance

Consider % and % of Eqn(1)
dr reeSin(0) do  r?d .
dt — (1+eCos(9)2dt 1y dt eSin(6)
Using, Eqn(2), Then, Eqn(1)
dr a . a 70 2
T2 in) = Lyfe2— (10 4
dt rosSm( ) ) c ( ) )
Again using Eqn(1) and Eqn(2)

d2r a do a2 a?
— =—eCos(f)— = = — —
dt? 7“05 os( )dt r3  ror?
d? 2 b
Using, Eqn(3) L (5)
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Using Newton’s form of Kepler’s I1I Law, from Eqn(3)
we can rewrite Eqn(5) as,
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Consider the first time derivative(<) of Eqn(2)

da _ ,d%0  , drdd _
dt - dt? dt dt

d?6 dr df
SO,TW+2EE—O (7)

Eqn(6) and Eqn(7) can be elegantly combined together
into one vector equatlon
Let, ¥ = r[Cos(H)z + Sin(#)j] = 2D Position Vector

# = Cos(#)i + Sin(#); = Unit Vector,

G = — Sin(#)i + Cos(#)j = Unit Vector, Then
Pr_[Er_ (a\] [0 i)
dt2 | dt? dt dt2 =~ “dt dt

d?v M
Therefore, E;n = f—(; 7 (8)

We can also rewrite Eqn(8) as,

- d27 GMm .
Force:F:mE:—ir2 7 9)

We see that we can reduce the 3 laws of Kepler into one
little vector equation(Eqn(9)) valid for all planets in the
solar system. Newton considered Eqn(9) as the deeper
principle governing all objects in the universe and called
it the Universal Law of Gravity. We show here that
Newton’s formulation is not the Universal law.

Eqn(9) is the Newton’s method of framing the Equa-
tion of Motion. The beauty of this method is its brevity.
One equation, Eqn(9), encompasses all the 3 Kepler’s
Laws. But the method has very limited applicability. It
is applicable only for problems involving 2 masses with
angular momentum conservation and Energy conserva-
tion. Eqn(9) is certainly not universal for it can not be
readily applied in that form to solve problems involv-
ing inclined planes (Goldstein et al., 2001) and brachis-
tochrones (Radhakrishnamurty, 2019) where angular mo-
mentum is not conserved.

N-body case: In general if there are N-masses interact-
ing and m;, m; are the i'" and j'" mass located at po-
sitions 75, 7; respectively then, Newtonian Gravitational

Force on m; due to m; can be written as Fl],

-, Gmym; . -,
Fij = s _ijg( i —75) = —Fji
j=N j=N
Fi = F’Lj = - Z sz

Jj=1,j#i Jj=1g#i

F} is the sum of all the Newtonian (gravitational) force
balance terms on mass m;. Therefore using Newton’s

Law,
d’r; 4 d?; = Gm;m;
ZdtQ ! Zdtz Z ,|7’i*7nj|3( ! J)
J=1,j#i

(10)

This(Eqn(10)) is how we frame equations of motion
in Method A for an N-body system. (Bate et al., 1971;
Goldstein et al., 2001; Sinha, 2013; Vallado et al., 1997)

B. Method B: Energy Conservation

Continuing with the 4= term from Eqn(4),

(5) %20

1 (dr +1a B a’(1—¢e?)
2 \ dt 272

2r2
Apply, Eqn(2),on, LHS

1 /dr\> 1 ,(d0\> b b(1l—c?)
(= P2 (=) =--2—22
2<dt) T (dt) r 270 (11)

LHS is the total kinetic energy per unit mass of the
planet. Eqn(11) indicates a conserved quantity,

1 (dr 2+12 doN® b b(1l-—e?)
2 \ dt 2" \dt ro 2rg
(12)

So along with the total kinetic energy, the planet is
associated with an energy term —g. This can be inter-
preted as the potential energy of the Planet. Adding it
to the Kinetic Energy term gives a constant of motion.

Following Newton we replace b by GM in Eqn(12).

1/dr\> 1 ,(df GM  GM(1-¢%),
2(dt> —|—2r (dt) r 2rg (13)

Eqn(13)looks alright mathematically. But if we inter-
pret that as actually representing the Energy, then phys-
ically we have problem because it has net negative en-
ergy(in RHS) when € < 1. And has zero net energy at
€ = 1 even when the total kinetic energy is non-zero.
So, in order to interpret the energy correctly we need to
make a minute correction.

Using the intuition obtained from projectiles and es-
cape velocities on Earth surface we can cook up and add
a constant quantity GM to both LHS and RHS. Let E/m
= Net Energy per umt mass of m. Then,

Constant

E= 1m (dr>2 + 1mr2 <d9>2 + GMm_ GMm
2 dt 2 dt R T
GMm  GMm(1 —&?)
R 2rg

E = >0 (14)



Where R is a representative radius of Sun. Then simi-
lar to the case of rocket escape velocity on Earth we get

Q/%. And a

binding energy per unit mass of %. Let us assume the
Gravitational Potential Energy(P) of mass m under the
influence of another mass M is given by Eqn(15)
p_ GMm GMm
R r

Thus, P.—r = 0 = Zero Potential Energy at the Surface
of M. Assume 7 > R. At a great distance (r — oo) there
is a finite non-zero amount of potential energy, Pr—o, =
G]gm. This can be interpreted as the binding energy,
i.e. this is the amount of energy that will be lost when
the smaller object falls from a great distance and onto
the surface of the larger mass. Consequently this is the
minimum amount of energy an object must possess in
order to escape the gravitational influence of M. In some
problems the binding energy term is important but for
problems solved in this article, it is not important.

Eqn(15) demonstrates Method B. i.e. Energy Method
for framing the equation of motion. Eqn(15) shows the
potential energy term that we should add to the kinetic
energy term in order to frame the energy equation.

In general if there are N-masses interacting instead
of 2 and m;, m; are the i'" and j' mass located at
positions 7, 7; respectively then,

an escape velocity value from Sun to be

(15)

N-body case: If E is the net energy of the N-body sys-
tem and the potential energy shared between m;, m; can
be written as P;; then,

Gm;m dP;; = d(T; —T)
Py =k = Py, = = —Fje——
N LT T
=n 1 dT_’; dT_‘; =n 1 Jj=n
E=Y sm - 5 P,
2m<dt.dt)+ g 2. U
i=1 i=1  j=1,j7#1¢
1=n 1 dFZ d?"l i=n J=n
E= Z 3™ ( 7 dt) Pi; (16)

This(Eqn(16)) is how we frame equations in Method B
for an N-body system.

C. Relationship between Force and Energy

Let K represent the Kinetic Energy, P represent the
Potential Energy and E represent the Net Energy in the
Kepler-1-Body approximation scenario.

From Eqn(15) we have P = Mm _ GMm 4
from Eqn(9) we have F = —GMm
Note that, re dr = r‘fl’t"
ar GMm dr  GMm _ dr = dr

S VML _Fel (1
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Since in Kepler-1-Body form F = %m (i—fog—f) + P

dE _dF &7 dP
dt T dt dt?2 - dt

dE d’v 5] dF
— = |m—— — F| e— 1
dt [m at? } *at (18)
If E is conserved,
dE d’¢ 5] dF
iai— - — = 1
dt [m a b } a0 (19)

Eqn(19) implies 2 scenarios
1) Newtonian: m% —F=0Vi=123,..n
2) Perpendicular: mW ~F 1 fl—’: Vi=123,...n

Thus, Newton’s method only deals with a subset of all
possible energy conserving processes even in 1-body ap-
proximation scenario. That is Energy conservation phe-
nomena is the superset of phenomena described by New-
ton’s force balance equation.

Suppose there are n masses labelled my, mo, mg3, ..., my,
located at 77,7, T3, ..., 7. Let E represent the Net energy
of the n-nody system.

=1 di; diy\ 21 TN Gmgmy
= - —e— = ——(20
2= (F3) 1 1 e
i=1 =1 j=1,j#i
For example when n = 3
1 d’l?l d771 1 GmlmQ 1 Gm1m3
E=gmy (SheSl) 4 o T2 o I
2 dt dt 2 "/‘1 — 7‘2| 2 |’/‘1 — ’/‘3|
1 dT’Q d7’2 ]. Gm2m1 1 Gm2m3
m z
2"\ at ® Tamonl 2
1 % dT’g 1 Gmsmy le:;mg
270 \dt U AR Ty
dE R @3 dF
a ;m " dt
=1 L Gmemy L d(F - )
25 X o g

=n N -
1 ?miT] (7;; Fj).d(ri — TJ)
2 . ‘< . |’)"Z' — Tj‘S dt
=1 j=1,j#i
—1 = Gmym; ., dr;
) Fomp T
i=1 " j=1,j4#i " J
B - LU NP AR RPN
2 L 7wt Y at
i=1 " j=1,j#i



There is repetition of pairs in the summation above.
That is suppose (i=e,j=f) then on RHS we get 2 entries
() (e =77 )e% dr" and (i) (7 — re)
we get 2 entu"es (i) (ry — FS)O—tf nd (iv)(7e — ) d”.
This implies,

L and when (i=f,j=e)

1 j=n GmimJ (7? _,).dT_’;‘
= . 3 3 J
P 2 Pew? |7 — 7] dt
i=n 1 j=n ijmZ (_’ _’) dFj
= - 7 )e—L
2 |7 — P at

z=n1 j=n Gmim] (ﬂ F-)Od(ﬁ FJ)
> _ =13 2 J
P 2]_:17]_# |7 — 7] dt
_ § = Gmym; (7 — ) dr;
- Fonp T

F, is the of sum of all the Newtonian gravitational force
balance terms on m;

a5 5

Jj=1j J=Lj#i

j=n
Gmimj . .
Z |Fi_7;»j|3(ri_rj)
If E is the net Energy of the system
dE X[ d L] dF
- = i —Fj| e—
D [m at? ] *at

i=1

If E is conserved then,

dE =1 @27 -] dF,

Eqn(22) implies several scenarios
1) Newtonian: m; Cr_FoOVi= 1,2,3,..

) .
2) Perpendicular: m; & T F 1L d“ Vi=1 2 )3,
)
)

3) Mixed: Mlxture of 1 and 2
4) Trregular: [ F] od“ #0Vi

We can easily verify that in problems involving in-
clined plane near Earth surface and in the Brachis-
tochrone problem mdtz F # 0. Thus, Method(A) is
not Universal.
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D. Partial Spatial Derivatives of Energy

It is usually assumed that Force(ﬁ ) is equal to -ve Po-

tential energy gradient(—VP), that is F = —VP. This
&7
dt?
GMm.

is in-general not true. By definition Force = F=m
= mass X acceleration. Potential Energy =P = —

Let, Force due to Gravity be = ﬁg = —G%mﬁ Thus

ﬁg = —VP. So only whenever F' = ﬁg we can write

F = —VP. But as noted in earlier sections, Newton’s
method is a subset of all Energy conserving phenomena,
what is in general true is F = Some component of —VP.
Even though this equation(F = —VP) can be written
down easily by utlhslng the qulrks of partial derivatives
definition, V = Mz + 0 254 8zk‘ taking gradients(V) of
Kinetic energy(K/s) of the individual particles and the
gradient of the Net energy(E) of the system may not
make much sense and may lead to inconsistent results.

With full(not partial) derivatives,

k=g () + (2) + (5)]

Ak _(Pe dPydy  Pzde
doe dt? dt? dr = dt? dx
d?7F  dK. dK-. dK .
Mo gt FEar

With partial derivatives,

1 dz\? dy 2 dz\?
x| () + () + (3)
0K _ (&r &ydy  Lz0z
or dt?2  dt?2 9x = dt? Ox

oy 0z oK d?z

Assume, =— = — = 0,50, — = m—=
ox Oz Oz dt?

s oxr __ Br _ 0y _
Similarly assume oy = ay =0 and =5,=0

Thus we get,

oK dzx oK d2y 0K d?z

Br a2 ey dr’ 9. ae
d*7 oK., O0K. 0K .
And, =VK=—i+— —k
e o' T oy’ t oz
Note in the above equation we simultaneously assume
all these mutually contradictory criteria %Z = 63 =0,

_ 0z _ az _ 9z _ :
az oy = 0 and = 5, = 0 in one equation.
The contrad1ct10n becomes apparent when we try to

evaluate VK from the data or formulaically,

Consider for simplicity an uniform circular motion (we
know the final solution trajectory), # = 7[Cos(A)i +
Sin()j] with r = Constant. If we want to map it to
the rectangular co-ordinate system we get, = rCos(0)

and y = rSin(f). Therefore kinetic energy = K =
imr?w? = im(2? + y?)w?, where w = %% = Constant
and circular orbit implies 2 4+ y? = r? = Constant.

Now let us consider the full derivatives of K.



K = —mr?w? = —m(2? + y*)w? = Constant
dK dy\ - dy T
dx m( —&-ydx)w,cm " dx y
dK dx dx Y
0= - 2 and. == =2
dy m(mdy+y>w,an7dy .

This makes sense since the object is confined to a cir-
cle and its kinetic energy is constant at every point on
that circle hence when we take deriatives % and iTK
we are still confined to that circle so we evaluate those
derivatives to be zero.

Now let us consider the partial derivatives of K.

In one form where we evaluate it from the data and do
not formulaically resolve the two variables x,y we get the
same result as we got in the case of full derivative above.

K = imrsz = Constant
0K
= =, aiK =0
Or y
d?7 oK. 0K .
Thus, My #VK = a—er a—y]

In another form where we formulaically resolve the two
variables x,y we get a different result. In this form we
also drop the ‘Constant’ from the equation because we
are not confined to the circular path anymore, we are
assuming that K is defined everywhere in space by the
given formula.

1

K= §m(x2 + y?)w?
0K 9 y
S = mrw ,as,%—O
0K —0
Oy = myw?, as, 8y =

27 _ OK. 8KA

ar_ i = vp
mgE = VE =it g =Y

1f,E = Constant,VE =0
VE=VK+ VP =0,1-—body — approz

Note, partial derivatives of particle trajectories is
something physically impossible to measure. It is a ma-
noeuvre that can be done only mathematically. When we
do the partial derivative along some x axis, we assume
that the planet is moving only along x axis and not along
any other direction. But if the basic trajectory is ellip-
tic/circular or some such curve then we can not make this
assumption of motion being confined along only 1 axis.
Partial derivatives make sense on field variables extend-
ing in space, for example we can consider Temperature
variation only along some x axis but it can not be done

with an individual particle trajectory. Hence in these
problems V is not defined.

The analysis done above is applicable for 1-
body approximation. We can already see that the
relationship(ﬁ = —VP) is broken by considering the so-
lution to full 2-body problem in Eqn(33). We can write
the net energy E as the sum of energies of object 1(E)
and object 2(Fs), F = E1 + E2. We can write the sepa-
rate energy equations of the two objects as,

B = = = 1ml <dr1.dr1) - G s
I+ 2 dt — dt (r1 +72) (1 n %)
B, — Em2 _ 1 (d;g drg) 3 Gmimes
+ o Eodt ) Gy (14 2)
dry dr1 1 dry dry Gmimo
( ) 2" (dt.df> (i)

If taking the gradients is valid, assume Potential =

P _G;’l’”ﬂ_’;?, evaluate Vi F; and VaEs,
d2’F1 VIP
E -1 =0
ViEy =my dr2 +1+ﬁ
d27_"2 VQP
VQEQ ma dtQ 1 + ma =0

Here con51der
1= xlz + ylj + zlkz and 75 = xgz + ygj + ng‘

Vi = l+6yj+6zkanva_@wl+ay2j+8z2k
1 a - d 7‘1 _ le

Thub, Force on mass my is F1 mygEt = and
e

Force on mass mo is Fy = my dt? = 1 + . The rela-

N
tionship F' = —VP derived from 1-body approximation
is not valid for multi-body configurations.

I1l. 2-BODY SYSTEM IN 2D

A. 1-Body Approximation

Let us modify Eqn(2) to define a new constant A de-
pendent on the mass of the object as well. ie. A =
mr?9% = Constant. This quantity(A) is called the An-
gular momentum. Applying it on the rotational energy

(%mr (%) ) term in Eqn(14) we get gmr? (d6> -

dt
1
1 dr\
E=-m(Z
2m<ﬁ>

2 mr2

1 A2 GMm_GMm
2 mr? R r




Rearranging,

2
drzil\/2<E_G]\/[)r2_A2+2GMr
r m

dt m R

=+ —— m R T‘Z*W‘FQGMT

ﬂ mr do 5 E,GM A?
dt A dt

(23)

At this point we should recognize that Equation(23)
gives elliptic solutions when E < Gﬂlgm.
If r = 7&58}03(9) then,
dr r df
i :I:%% (g2 = 1)r2 —r2 + 2rrg

Equate, with, Eqn(23)

2
\/(52 1) —1 42—
To To
2GMm?2

Em GMm?2
— - 2 _ -
\/2(A2 5 )r 1+ 57 (24)

A? 2 GM 2\ GM
So, ro = T = % and F = 7}%’" — (1 — &%)~ 2rom

At € = 0 we get circular orbit solutions since r = rq
= Constant. At ¢ = 1 we get escape velocity trajec-
tories because r — oo for certain values of . There-
fore bounded orbits exist as long as 0 < ¢ < 1 or

when G]\ém — Gé‘fom < F < Gﬂlgm we can also write

the Energy limits as — G?ﬁmg < EF < G”%
which implies that for a given angular momentum A
GMm _ G*M?*m?® ; :
Emin = 7™ — T35z is the least possible energy in
the Kepler-1-Body approximation. If the mass has to
lose further energy (below E,,;,), it has to lose angular
momentum also. However there is no such restriction
on acquiring more energy at the same angular momen-
tum. At the lowest energy state (for a given Angular
momentum) i.e. E = E,;, we get circular orbit solu-
tion. Energy added above E,,;, at constant A goes into
increasing the eccentricity of the elliptical orbit. Con-
versely circular orbits are also states of highest angular
momentum for a given Energy. If we have to increase A
above this we also have to add energy.
When € > 1 or when E > Gﬂ}gm we get a different so-

lution other than r = #ﬁs(a) from the integral equa-

GMm
R

tion in Eqn(23). However, since we are interested in the
bounded orbits, we shall work in the limit 0 < e < 1.

B. 1-Body Apsidal Precession in 2D

With a little modification of Eqn(14) we can get pre-
cession. Let us write the modified equation as Eqn(25),

d6
A=m? (=2
wr? (%)

1 dr\? 1A2x2 GMm GMm

2 mr2 R T

(25)

The solution to Eqn(25) is,

r= H%Oos(mﬁ)m#l = Precession
A?i? GMm GMm
= E = —(1—¢? 2
0T GMm? r U, (9

Eqns(25,26) are what Newton called as Revolving or-
bits. This ocgurs, when anizsturbance alters rotational
energy term m — % in the Energy equation

without altering Angular momentum per unit mass.
C. 2-body problem, in 2D
Consider 2 bodies of mass m, and mo kg situated at

(r1,61) and (ra,02) respectively in the circular-polar co-
ordinate system. We can write the net energy(E) as,

1 (R AR\ 1 (diy di
E=gm <dtdt) T gme <dtdt)

Gm1m2
\/le + T22 — 27“17‘2008(61 — 92)

(27)

Note that we have dropped the binding energy por-
tion from Eqn(27) just for some mathematical simplic-
ity. If Ry is the radius of mass m; and R is the ra-
dius of mass my and if x is the distance between the

masses excluding the radial lengths then we can define
P = GMm _ _GMm _— GMm _ GMm

~ Ri+R» Ri+Ra+xz — R roo
In scalar form Eqn(27) is,

1 d’l"l 2 1 d’l“g 2
E=gm (dt) T gme (t
1 L (d\? 1, [(dh)\?
Famn (dt) amare G
Gmims

- (28)
\/7’12 -+ 7‘22 — 27”‘17’2005(01 — 92)

The total angular momentum(A) of the system is,

de de
A=myr? <dt1> + moars® (alf) (29)

The relative angle between the 2 masses remains m, i.e.
they are always on a straight line

92 — 91 =T
dty dby dof
Socqt T at ot (30)

Eqn(30) implies that the 2 masses have the same(but
not constant) angular velocity %.



Assume the center of mass is stationary at the origin.
Origin = Center of Revolution.

m1771 + 777/27?2

=0i+ 03’, So,mir1 = mars
mi + mo
myr1Cos(01) = —maraCos(0s)
mlrlSin(Gl) = —mg’/‘QSin(eg) (31)

Use Eqns(30,31) in Eqn(29) to reduce variables,

do mo dé
A= 14+ — = 1 32
m1(+ )ldt mz(-i- )th()
Let us define ( =14+ 7 and (' =1+ 2 m2 . We can ex-
press energy(E) in two dlfferent forms, one Wlth (ma,r1)
and another with (ms,ry) variables. Because we can re-

duce the 2-body problem to 1-body format.
Using Eqns(30-32) in Eqn(28)

1 dri\? 1 A2 Gmimg
E— - _
leg ( dt ) * 2 m1Cr12 T1<
1 dro 1 A2 Gmims
2" ma(’ ( > - 2maC'r? ol (33)

Apply Eqn(30) on Eqn(27),

1 dT‘1 dFl 1 d’Fg d'FQ
E=gm (dt dt)+ 3" (dt dt)

7Gm1m2 (34)
ry+1ro
Taking time derivative of Eqn(34)
dE > dF N d*Fy _dry
i L 212,272
at Vae o T ae ta
Gm1m2 d’f‘l Gm1m2 d’f‘g
—_———  ———= = (35)
(r1+1r2)2 dt (r1+1r2)2 dt
Noting that m1 5 d” = —Mgy ddrf and mg d;tg = —Mgy d;F2
@ —m d 7‘1 Gmgfl dTl —0
a a2 12| Tt
dE _ (1pm2)[E7  Gm ] dr2_
dt - mi dt? 7”‘1 + 7”'2)2 dt B
(36)

The 2 terms inside the square brackets in Eqn(36)

2 = - 2 = ~
% + (i”ligz and % + (7?1;2?2 are nothing but the 2
Force balance expressions that we would get by applying
Newton’s method on the 2-body system in 2D. As noted

wrt Eqn(19) here again we note that Newton’s method of

dz’l?l + szfl _0

equating the 2 expressions to zero i.e. ritra)? —

and d;t? + (gT;SQ = 0 is a subset of all possibilities of
Eqn(36). We could also get djgl + (TGf_ﬁiSQ 1 dd—il and/or

dQ’FQ Gm1T2 dT2
dt? + ('r'1+'r2) J_ :

Below we briefly derive the Solution based on equiva-
lence with Eqns(23,24).

Define, m = m1¢( and M = %32
Use it on Eqns(32,33) to get Eqn(37)

1 d?“l 2
E=-m(2L
2" ( dt >
Eqn(37) has elliptic orbit solutions such that,
A? A? A2
"= aMme T Gmgm%’mo - Gmim3

1 A2 M
A GL7A mr? C;f(gm

2 mr? 71

r:f’owg =GM = Gmg/(ml + mg)2
ryowy = Gmi/(my +ms)?

710 720
r =

1+eCos(6)’ 2TIT eCos(0)

r10 = Semi-latus rectum of my
r90 = Semi-latus rectum of ms.

We get bounded orbits when, miﬁs)lﬂ <E<O.
Or in other words when 0 < ¢ < 1. If we had retained
the constant binding energy term FEp in Eqn(27) then

E, — 2(;;1117;7:)1142 < E < E.

r1 and ro show individual trajectories of masses m;y
amd mo respectively. In case of the generalized 2-body
system in 2D r; and 79 are confocal ellipses sharing a
common focus and having the same eccentricity. But

size and orientation of the ellipses may be different.

IV. 3-BODY PROBLEM IN 2D

A. Lagrange type Periodic Orbits

Energy Method, Method B
Consider 3 bodies of mass mq, mo and mg Kg situated at
(r1,61), (re,62) and (rs, 03) respectively in the circular-
polar coordinate system. Then there exists 3 potential
energy components due to >Co combinations of masses.

» B Gmims
12 \/7”12 +ry2 — 27”17‘2005(91 - 02)
— Gmoms
23 V122 4 132 — 2rar3Cos(0s — 03)
Gm-
P3y e

a \/T‘32 + T12 - 27"37’1008(03 - 01)

Then we can write the energy(E) conservation equation
of the system as,

_1 d’l“l dTl 1 d'FQ dFQ
E=gm (dt dt)+ 3" (dt dt)
1

drs  dr-
+5ms ( dt3 d;) + P2 + Po3 + Pa1



1 (dn dr:\? 1 (dry

E‘2m1< > <d> 2 (dt>
1 o, \* 1 do
tymn’ (dtl> P <d152>

1 do
+§m37"32 ((;) + Pio+ Pos + P3 (38)

The net angular momentum(A) of the system is,

do do do
A= m1'r12d—t1 + m27’22d—t2 + m3T3275

Assume, Center of Mass =

(39)
Origin.

m1F1 + mgfg + mgfg
mi +mo +ms3

myr1Cos(61) + maraCos(02) = —mgrsCos(63)

mir1Sin(01) + maraSin(fz) = —mgrsSin(fs) (40)

=0i40j

- mlrlSin(Gl — 93) - m1T1Sin(92 — 91) (41)
2= mgSm(Gg - 02) 8= mgSm(Gg - 92)

Rearranging Eqn(41)

mir

Sin(0s — 02)

maT2

Sin(6; — 05)

mars

S’Ln(92 — 91)

Like in the 2 body case where we see that the angle
between the 2 bodies remains constant (= 7 Radians)
here also we can assume that the relative angles between
the objects remains constant. That is,

Cos(02 — 01) = Cos(a) = Constant
Cos(f3 — 03) = Cos(B) = Constant
Cos(0; — 03) = Cos(y) = Constant
a+B+v=2rm
doy  dfy  dbs
Therefore, T T (42)

Thus we get that, the three masses have the same an-
gular velocity(not constant, but same).
Using Eqn(40,42) we can express ra, r3 in terms of
mySin(7y) mqSin(a)
= — 3 = — < 43
"2 maSin(B) T m3Sin(B) " (43)
Let 7o = pory and r3 = usry. Where p’s are Constants.
Using Eqns(40-43) in Eqns(38,39) we can reduce the
3-body problem to Kepler 1-body format.
Eqn(39) becomes,

5 dby
A=myri— 7 <1 + ﬂjﬂ2 + m3u§> (44)

Let us define, m = my (1 + %,u% m,u%) and,
M — myma/m + mams/m
V1+ 43— 2p9Cos(a) /3 + p3 — 2uap3Cos(f)
msmy/m

+ 2
Vi3 +1—2p3C0s(7)

So Eqn(44) gets simplified as A = mrfdd—%}.

Use Eqns(40-43) and the above definitions in Eqn(38),

L (dn 2 1 A2 GMm
E=- +o—5 -
dt 2 mr? r
dE d 71 A? GM
-—L4+==0 (45)

dry  di2 mgrd ]
dr =0 = E = Constant
1

Eqns(44,45) have elliptical solution such that,

- 10 - A2
T +€Cos(91)’rlo - GMm?
ry = r1062 r10G3 (46)

1+eCos(y — )’ BTIY eCos(fs5 + )

That is we get 3 ellipses with the same eccentric-
ity and sharing a common focus but with different
sizes/orientations. But from the work of Lagrange we
know that Newtonian equations give a very different so-
lution than Eqn(46).

Force Method, Method A
Let us find the scalar equation for the 3 body case formed
by using Newtons method i.e. m; L5t T F = 0. From
Eqn(9) applying angular momentum conservation and
usmg, =7 [008(91)2 + Sin(61)] 71,

Ty =T [005(92)2 + Sin(62)7 ]
73 = r3[Cos(#3)i + Sin(03)j] we get,

|:d27’1 A% :| “
mq | —= — T1

3
a2 mary

Gmims ,_, Gmims ,,
= —m(ﬁ — 7'2) — m(’rl — 7”3) (47)

Comparing the i component and rearranging,

A7
dt? mlr:f

s(6
r2 chEef@]

B (12 4+ 73 — 2r1r3Cos(62 — 61)]3/2

Cos(03)
k! Co.s(@?)]

B [r? + 12 — 2rir3Cos(01 — 63)]3/2

Gmima[r; —

Gm1 m3[

(48)



Comparing the j component and rearranging,

|:d27’1 A% :|

o 3
a2 mary

Sin(62)
T2 Szn(@i)]

B [12 + 12 — 2r1r9Cos(0y — 61)]3/2

Gmlmg[

Gmima[r; —

Sin(03)
-3 Sm(é?)]

B [r? + T§ —2r173C0s(0; — 63)]3/2

(49)

Taking the difference of Eqns(48,49) and rearranging,
Sin(6) =03) ]
_ Sin(61)Cos(61)
(12 + 13 — 2r175Cos(0 — 1)/
Sin(601—6
. Gm1m3rs[m]
[r} 4+ 13 — 2r1r3Cos(6 — 03)]3/2

Gmlmgm[

Using Eqn(41) in the above equation gives Equilateral
triangle solutions,

|T1*T2| = |7?2*7?3| = |F3*7?1| =Tc
Using this in Eqn(47) reduces it to,
|:d27“1 B A% :| . G(m1 + mo —|—m3)

= — 7 50
dt? myr} " r?j i (50)

Eqn(46) gives a family of solutions for a given set
of m1, mo, m3 values depending on «, 5 values whereas
Eqn(50) gives just one possible solution for a given set of
mq, ma, mg values because it also determines unique val-
ues for a, 8. Suppose m; = mz = mg then from Eqn(43).

noora T3
Sin(B)  Sin(y)  Sin(a)

the Equilateral triangle constraint implies

7“% + r% —2r1r3Cos(a) = r% + r§ — 2r9r3Co0s(f)

1~ 2 Cos(a) = 1 LoCos(s)

Sin?(B) _ 28in(B) s(o) = Sin?(a) ~ 28in(a) os

sint(z) ~ Sin(n) O T Sinr3) ~ Siniy)
Sin?(B) — Sin*(a) = 2Sin(B — a)Sin(y)
Sin?(B) — Sin*(a) = —28in(B — a)Sin(B + «)
Cos*(a) = Cos?(p)

a=p3=vr1=r2=r;3

Method A: In Eqn(47) when m; = my = mg the only
possible solution is 11 = ro = ro, a = 8 = 7 such that
the 3 masses are placed at the 3 vertices of an equilat-
eral triangle and are revolving about the center of mass.
The size of the triangle can be either static in time or
pulsating (imploding - exploding). If we slightly alter
the conditions such that r; — r1 + §,0 << r; and inte-
grate Eqn(47) we get (wrong)unstable trajectories which

10

do not conserve energy. And do not resemble the Equi-
lateral triangle configuration.

Method B: In Eqn(46) When m; = my = mg3 we get
a family of solutions such that Sizl( 7 =

Si:f('y) = Sz:fioz)
The configuration can be any general static/pulsating
triangle with the masses revolving around the center
of mass. If we slightly alter the conditions such that
r1 — r1+0,0 << 11 then from Eqn(46) we get slightly al-
tered but stable orbits. But beyond a certain limit on the
perturbation, the solution shifts from the Lagrange type
periodic orbits with 1 center of revolution common to
all 3 mass to a state like the Sun-Moon-Earth restricted
3-body system with 2 centers of revolution. Method B
covers the entire possible solution space whereas Method
A catches only a few special cases. Most often Method
A gives wrong results.

From the Energy method we can derive elliptical orbits
with general N-gon configurations with N-masses. In this
solution all the masses are in one phase, moving in unison
around a single center of mass. But in case of restricted
N-body problems there are multiple centers of rotation
and the bodies are not moving in unison.

B. Switchover from 1 Center to 2 Centers of Revolution

In the condition inspired by Eqn(41),

miry o maTo o msrs 1
Sin()  Sin(y) _ Sin(a) NG
Of the 9 variables mi,ms, m3,7m1,72,73 and «, B,
specifying only 6 of them determines the constant \/Q
and also the remaining 3 variables.

Sin(B) = vV Omyry, Sin(y) = VQmars, Sin(a) =

= Constant =

\@m37‘3

Assume we specify mq,mo, mg,r1, 72,73 and we have
to determine, «, 3,

Sin(y) =v/Qmary = —Sin(a + )
—V/QmsrsCos(B) — v/ Qmyir Cos(a)

maore = marsy/1 — Omir? £ myriy/1 — Omir?

2.2 2.2 2,272

M5T5 — MAars — mir

272 373 171 2 2

+ [msr3]Q =1
2mimsrirs

If @ > 0 then we get Lagrange type periodic orbits
with just one common center of revolution. If Q < 0
then we get restricted 3-body type orbits with 2 centers
of revolution.

Suppose m; = my = m3z = m = Constant and r; =
r3 = r = Constant, we vary ro from 0 to oo then Q
becomes 0 at ro = 2r and Q@ < 0 when 79 > 2r.



m?r3]Q =1

2
m2r2 —m?r? — m2r? o
2m2r2

[T— ]24‘[7”27“3]9 1

V. 2-BODY IN 3D, IDEALIZED PRECESSION

A. Unperturbed Orbit in 3D

FIG. 1 Motion on an inclined elliptic orbit. Lines OX, OY,
OZ represent the 3 geometric axis. OX and OY are in the
horizontal plane OZ is the vertical axis. The ellipse is inclined
to the horizontal plane at some angle. O is one of the foci of
the ellipse. OC is the semi-latus rectum in the horizontal
plane. R is the instantaneous position of the moving object.
BR is parallel to OZ. Point B is the projection of R on the
horizontal plane. Lines OB and AB are in the horizontal
plane. Line AB is perpendicular to Line OC. Angle RAB is
the Inclination of the ellipse and Angle AOR is the angular
displacement(A) in the plane of revolution.

We observe Nodal and Apsidal Precession in case of
both Artificial Satellites in orbits around Earth and in
case of Moons orbit around Earth. In the Spherical-Polar
Co-ordinate system (r,0,¢) where 7 is the position vector
f = longitude angle and
¢ = latitude angle such that the position vector 7 is,

7 = r[Cos(¢)Cos(0)i + Cos(¢)Sin(0)] + Sin(¢)k].

Let,

= Cos(0)i + Sin(0)], @y = —Sin(0)i + Cos(0)]
Let us find ‘fl’t",
dr dr . do _,
o rSm(d))Eul

+7"C’os(¢)2—fﬁg + rCos(QS)%I% (51)
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Let us also find & dtz ,

er_ [ (o
a2~ | de2 a) |”

dr d¢ df d2¢

+ [22:2? +r % —2Ta (</>)7"Cf;fcﬂ Cos(¢)iz
+ [232‘25 +r ﬁf] Cos(¢)k (52)
Let us also find, 7" x 4
mi x di; :mr20082(¢)%f§
—mr2d—fu2 _ %mﬁsm(w)gﬁl (53)

From Eqn(53) we can deﬁne the i, 7, k components of
angular momentum A = A;i + Aj] + Ak where A =

7 X mdt Note that,
A oa (49
= = — | (54
Cos?() e <dt> (54)
Consider the energy equation,

1 (dr dr) GMm
E=—m +T_

A% = A7 + A2+ A}

GMm

r

2 dt dt

Assume the k' component Ay = mr2Cos?(¢)% =

dat
Constant.

1 [dr\*® 1 A2 1 do\ 2
E == - k4 2 2
2m<dt> +2m7"20052((b) +2mr <dt>

GMm GMm
- 55
R r (55)
If we assume A = Constant then we can reframe
Eqn(54) as,
1A Lo (do\* _ 1 AR
ST a3 TS — | =3 56
2mr2Cos%(¢) o ( t) 2 mr2 (56)
Using Eqn(56) in Eqn(55)
1 dr\’ 1A2n2  GMm GMm
E=—- - 1k _
Qm(dt) + 2 mr2 + R r (57)

Let X\ be the angle wrt semi-minor axis in the plane of
revolution then

z = rSin(A)Sin(édm) = rSin(¢) (58)



From Eqn(56) we get,
1, [do\> 1 A2 [, 1
2 ([22) = 2 n? —

2 dt 2 mr? Cos?(o)
do
A = mr20052(¢)$

()" -coro (8 - ]

Note, W = Sec?(¢) =1+ Tan?(¢)

do _ a0 30
= = +£C05*(9) /0 =1 —Tan*(9)
Tan(p) = v/n? — 1Sin(0. + 0)

Tan(¢) = Tan(¢pm,)Sin(f. + 0) (60)

0. = Constant of integration 1 = Sec(¢dm,)
Let % = nCos>(¢) % 49 So, Apn =mr?%

Differentiating Eqn(60)

Sec?(¢)dp = Tan(¢p,,)Cos(0,. + 0)(+dh)
dp = Tan(¢,,)Cos(0, + 0)(£Cos?(¢)dh)
Cos(¢)

S () —
Integrating Eqn(61)
Sin(¢p) =
Equate Eqn(58) and Eqn(62) to get,

d¢ = £dv (61)

Sin?(9)

Sin(¢m)Sin (v. £ v) (62)

Sin(A) = Sin (v, £ v)
A=v.,tvV

ax _ dv do (63)

1 dr\? 14272 GMm GMm
FE== — Tk —

2" (dt) * 2 mr? R r
5dv d)\

de
Apn = ngmr?Cos*(¢)— pria i +m o (64)

The solution to Eqn(64) is,

) Azn?

T T cCosn N 0T

B. ldeal Perturbation

The easiest way to induce nodal precession in
Eqn(55-56) is to introduce a disturbance of the
same form as the energy term due to (Ax)Angular

A2
Momentum (Z e. éW;szw))

%m in Eqn(66) is the added disturbance. B can

be both +ve or -ve.

The Energy term

12

And the easiest way to induce apsidal precession in
Eqn(55-56) is to introduce a disturbance of the form
12 (in Eqn(66)). C can be both +ve or -ve.

lm dr dr +1 B
N at*dt 2mr2Cos%(¢)

GMm GMm

R

1 C

2 mr?

1 dr
E=-m(Z) +2 -
2" (dt + 2mr2Cos%(¢)  2mr2Cos?(¢)

C

mr

1 do\°> GMm GMm
7 () +

Using ro = dt and

1
2

r2

.
2

>1A§ 1 B

+

(Cos(8)i + Sm(@) j)edr = rSz'n(¢)%f — Cos(¢)%r
dE v Z] dr
= lme—e — F| e— =
i {m TE } o = (67)
Where,
= GMmF_F mr? T+ (Cslsr(fg(;gzg)(e)j)

Let us extend the observation made about rotational
energy terms in Eqn(56),

2

LA4B) 1 C 16\ 1A

2mr2Cos%(¢) 2mr2 2 dt 2 mr?
(68)

Note A? = A? + AJQ- + A2 = A2n}. A and A, remain
constant, A;, A; get modulated by the additional B and
C terms in Eqn(66). From Eqn(68) we get the solution,

n —1

L (3:20)
?%‘Sin <1 /1 2 [0 + 9]>
Tan(p) = Tan(¢y,).Sin ( 1+ %[96 + 0]) (69)
V k

Eqn(69) is similar to Eqn(60) but with modifications
1+ &
modulating 6 indicates Nodal Precession. When B = 0,
there is no Nodal Precession and we get back the same

solution as in Eqn(60). n; is some constant depending
on A2, B, C and Sec(¢,). From Eqn(69) we get

= i\/{l + A%j Sec?(¢pm) + Agi'

Note that 7 and j components of Ang. Mom are not

Tan(g) =

induced by the disturbance term B. The term

conserved separately but A? + A? = Constant.
Using Eqn(68) in Eqn(66)
p_ Lo (dr\* 1AW GMm  GMm
2 dt 2 mr? R r
do dv
Agpn = .
kn = mmr2Cos*(¢) — il (70)



Differentiating the T'an(¢) Eqn in Eqn(69) and using

A = mr?Cos?(¢) ‘fii) we get,

1 B 1
VTa ) —Ta (@) =S\ ™ ™

Integrating Equn(71) we get,

Sin(¢) = Sin(¢m)Sin (AC + m 56075¢>m>y>
k 1

(72)

Eqn(58) is still valid, if A is the angle wrt semi-minor
axis in the plane of revolution then

Sin(p) = Sin(pp,)Sin(N)

/ B Sec(om)
= +4/1
A=A + A2 ” —v

C
V_i\/u CErrrem G O

Solving Eqn(70) we get,

_ 70 _ Aiﬁ%
r=————,r0 =
1+ eCos(v) GMm?
r= 1o (74)

c
1 =+ ECOS (\/1 + m()\ — )\c))

Eqn(74) is similar to Eqn(65) but with modifica-
tions induced by the disturbance terms B,C. The term

\/1+(Ai+3)% modulating A\ indicates Apsidal

Precession. When C = 0, there is no Apsidal Precession
and we get back the same solution as in Equ(65).
In case of ideal perturbation we can verify that in

Eqn(67) mdtg —F= —GMmpy Oy B(Cﬁffg;‘gég)(e)j)
or m% — F = 0. Hence Newtonlan method gives the

same precession rates as the Energy method. Possibly be-
cause Eqn(66) is a 2-body system which can be expressed
entirely in terms or one variable r using Eqn(68). Also
both the net Angular momentum(A) and k** component
Ay are conserved like in the 1-body approximation case.
But this is not true in case of precession of Moon or Arti-
ficial satellites around the Earth. The perturbations are
not ideal there.

VI. SUN-MOON-EARTH 3 BODY SYSTEM
A. Unperturbed Orbit

3 bodies with 2 different centers of revolution. Let us
denote Earth as mass m; and Moon as mass mo. As-
sume that the Sun is stationary at the center of revolu-
tion(Origin) around which m1,mg revolve together. Let
1, X2 be the position vectors of mq, my respectively.
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Sun

FIG. 2 Sun-Moon-Earth 3-body System. O is the Origin of
3-axis, Vector X3(Sun) and Vector X lie on the horizontal
plane(as the page). Vertical axis is out-of-the-page. C is a
point along Vector X(Center of Earth Moon System) in the
horizontal plane. Moon is elevated up at an angle(¢) wrt
page(horizontal plane) and the Earth is below the horizontal
plane at the same angle(¢). Vector 71 connects C to Earth
and Vector r2 connects C to Moon. Note again vector rg is
inclined up, vector r; is inclined down. 6 and 1 are angles
wrt a line parallel to OA.

Let & be the Center of Mass(CoM) of Earth+Moon
(m1+ms3) system

(m1 + mg)f = mlfl + mgfg
- -

f+F1=fl,$+T2=f2

mir1 + meois =0

The vectors 71, 72, & and &3 are described as below
The vectors & and Z3 are co-linear

71 = —r1[Cos(¢)Cos(0)i + Cos(¢)Sin(0)] + Sin(¢)k]
7o = r9[Cos(¢ A) 05(0)i + Cos(¢)Sin(0)] + Sin(¢)k] )
T = x[Cos(1h)i + Sin(v)i], &3 = —x3[Cos(v)i + Sin(1))i]

The center of mass of Sun-Earth-Moon (mq, ma, ms3)
system is stationary.

miT1 + Maody + M3z = (m1 + mg)f"f' msTs3 =0

Let us find %2 and %22

dz dz | di dtd c(lit , dr,
ary __ l ary xz __ ax rz
dt + dt > dt +
diy gdZ; 4 o dT dary d""l dz o dify
Mg e = Mg @G e e T+ 2ma r ety
dZy g dZs dz o dZ dra dﬂ dZ o dify
Ma~g @ gy — M2 dt' +m2 at ® + 2m2 [e dt



The net Energy(E) equation is,

- 1 dml dl‘l 1 dfg dfg
E=gm (dt dt) T gma (dtdt)

1 (dl’g d.’133) GMSml GMS’ITLQ Gm1m2
M (et | - s - T -
2 dt dt |1‘1 — $3| |.’,E2 — I3| ‘IQ — :l?l‘
(75)

1 dz\? 1 o [dip\?
E= §(m1 +ma) <dt> + §(m1 +ma)z (dt)

GMsml GMst Gm1m2 1 (d?”1>2
= + -my

|£L’1 — CL’3| |£L’2 — LE3| (& + T2 2 dt

1 do\® 1 do\*> 1 dra\
+5miriCos’(9) <dt> +gmary <dt> +5m2 (dt>

1 do\* 1 g\
—|—2m2r2005 (¢) (dt) + ,mzrg <¢>

2
LL(dus)t L
2 B\ at 2

dy
s dt
(my + ma)x = maxs

Let us find #; x dd% and T9 X dd%,

my(Z + 7)) x (4 4 dn)

di 2 ATy = dz = dry
dt+m1x>< at + miry X dt+m1T1>< pr

dE

dr: = dz -
at th-l-mgrgx——&—mgrgx

+ moX X i

dt

)
ar Ty

do
+ [mlr% + mgrg] Cos? (¢)d—

Ay z(m1 + mg)x
(77)

Let’y—%ﬁmBNI so x + x3 = vyx, and
GMSml
|1 — &
GMSmQ
|2 — T

o GMSml o
| — &3+ 7| |yZ+ 7|
GMmo GMsmeo

_ _Wste M (78)
|& — T3+ 72|  |yZ+ T

GMsml

GMymy
VE+m]
GMgmy
@+ 7

GMSml

V222 4+ 13 — 2yar Cos(¢)Cos(0 — 1)
GMSmQ

V222 413 + 2yaraCos(¢)Cos(0 — 1)

Using Taylor Expansion upto 2"? order. No 7"—1 terms
will be left in L s+ m2 . Ignore the 3"¢ and hlgher order

(76)
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terms. So the perturbation A is given by,

A= GMs(ml —|—m2) _ GMymq B GMymso
YT T13 T23
GMsm [ r 2 9 9
e <'yx) [1—3Cos*(¢)Cos*(6 — ¥)](79)
Where, m = (m; + mg)m1 =mq(

In Eqn(79) we can express

Cos*(0 — ) = (1 + Cos(2[0 — 1)) /2.
The averaged out value of Cos(2[0 — v])) is zero.
So the secular effect of the disturbance is A,

_ GMgm (11\? 3 9
Ao =505 (7) [1 3C0s “”}

(80)
Using Eqn(80), Eqn(76) becomes

1 dz\* 1 dy\?
E =§(m1 + ma)y ((;Z) + §(m1 + mz)vxz (z/;)

dt
GM (m1 + m2) 1 dT1 2
TSN T2 A - it
Yy t Bav r1+ 7o + 2m dt

1 doN? 1, (do\?
+2mr1Cos (¢) <dt> + CULE <dt>

Assume Ay, is not altered by A,,, From Eqn(77)

Gm1m2

(81)

d do
A =(my + mg)yde—f + mTfC’osz(qﬁ)a
1 and 6 are angles in the XY plane the CoM of mq+maq
system is revolving in the XY plane. ¢ is the angle of
elevation wrt the XY plane. 6 is calculated wrt to the
line joining CoM to Sun. And % is the angle of the line
joining CoM to Sun wrt to some reference axis. The
angles 6 and ¢ of my and my are offset by 7 Radians
such that they both have the same % and Values.
In Eqns(81,82) let us assume
x = Constant and % = Constant.
define a new constant Fjy
From Eqn(81),

1 (dn\ 1 5, o\ >
EQ —§m (dt) +§m’l"1008 ((b) E

1 do\ 2
oy (dt) -

In Eqn(83) if A,, = 0 then we recover the 2-body
configuration between Earth and Moon without the effect
of Sun.

Similarly from Eqn(82),

(82)

Therefore we can

Gm1m2
r1+ 179

+ Agy (83)

g
dt
The pair of Eqns [Ag, Fy] describe the altered elliptical

orbit of Moon including the effect of Sun to some degree
of approximation.

Ag = mriCos*(¢) (84)



B. Solar Gravitational Perturbation on Moon

Thus the Fy eqn would be,

With ¢ =1+ 74, m = (mq +ma) it and M = 22

(@)

1 (dr\? 1 A2 1
Ey =5m (Tl> —l—*ia—kimrf

dt 2mr?Cos?(¢)
GMm  GMgmr? 3 9
— 1-2
" + DR [ 2005 ((b)} (85)

In Eqn(85) we can not make a similar assumption as in
Eqn(68) because it gives contradictory results.
In vector form of kinetic energy term

B, :1 (d’rl dn) _ GMm
dt dt 71

GMgmr?
2323

{1 - Zcos2(¢>>}

Find % assuming x is constant

dE, _ &7 diy | GMm . di  GMm di

et dt2dr 3 At 483 U dt
3G Mymry drq . do
_WCOS((;S) Cos(qﬁ)ﬁ - rlsm(tb)d—

(—Cos(#)i — Szn( )7)e % = dstlC’os(QS) — 7’1Sin(q§)%‘f
(Cos(0)i 4 Sin(h)j)e dd—Q = %C’os(gb) —r35in(¢) ‘fi‘f

dE9 d2F1 dTl + GM’ITL# d’Fl + Gqu“ dfl
_— = —_— o — —F 10—
at  ae St B a8
73GMsmr1

2323

dT’l

Cos(¢) (—COS(@)% — Sin(0 )j) 2L (56)

If energy is conserved then [m Fl} d” =0. So

F can be written as,

- GMm GMsm
Fy =— S
3GMsmr1 ~ . ~
g Cos(9) <7Cos(9)z — Sin(9) g) (87)
, M 3
7 = Gm13m2 mo 7 GMsmy mj 7

3 (m1+ mo)?
+3GM5m1r1 m3
223 (mq 4+ mo)?

Cos(9) (—Cos(&)% - Szn(9)5> Cos(¢)Cos(0 — )T
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C. Newton’s Method

We can write down the forces on mass m; and ms
using Newton’s Law of Gravity. The reference frame in
a genuinely 3-body Sun-Earth-Moon problem must be
the center of mass of the 3-body system which will be
located close to the center of mass of Sun itself. Hence
for simplicity we can consider Sun as stationary at the
center(Fig-2). So the force balance equation on Moon
with reference to Fig-2 becomes (Brown, 2016; Curtis,
2010)

d2f1 GMSml (_, _,) Gm1m2 (_. —;)
m = — T —23)— ———— (71 — T
T =z Y T R Pt
427 GM G
mp T2 = - TR (g ) - TR ()
dt? | Ty — Z53 |7y — 713

Using &1 = & + 71, 2 = T + Ta, m17T1 + mors = 0 and
7 = r{ + 73, we can rewrite the above eqn as,

>z d? GMym, , Gmims .
Mg T e = T E e OE )
>z d>7 GMsms . Gmims
Mg Y g T TR Rp Ot T T
(88)
Note v = 7m1+m2+m3 ~1

By mampulatlng the 2 equations in Eqn(88) we get,

d27?1 GMng |: 1 1 :| N
= el — T
dt2 mi+me [N+ 7P W+ 7
Gm2 R GM5F1 [ miq mo i
T2 T AR N
r my +mg | |YT + 71| |v& + 753 |
d>7 GMymq 1 1 .
=— - — T
dt? my+mo | |VE+ 73 YT+
Gmi. GMg7y [ m m i
_ 2174_ 2 _ 1434_ _ 2q3 (89)
r my +mg | |YE + 71| |v& + 753 |
Using Taylor Expansion upto 2"¢ order,
d?7, SGM
LRy Tl Cos(¢p)Cos(0 — )&
dt?
Gmg . GM 1.
T2 T 343 1
d?7,  3GM,
£n NJCOS(@COS(& e
dt?
Gm1 " GMSTQ .
— T2 T — ngg T2 (90)

Let us define 2 unit vectors U1, Us, R R

U1 = Cos(6)1 + Sin(0)7 and vy = Sin(0)i — Cos(6)j

Z = Cos(0 — )01 + Sin(0 — )v

=Cos(¢)Cos*(0 — )
+Cos(p)Cos(0 — 1) Sin(0 — 1),



Averaged out (Secular) effect would be,

Cos(¢)Cos(0 — )& = $Cos(d)T

d2F1 3GMST1 ~ . A
— NWCOS(Q»[*COS(@)Z — Sin(0)y]

dt?
Gmg . GM;
- ’I"2 - 731,3 T1
7y 3G M,y .
dt2 29373 Cos(¢)[Cos(8)i + Sin(0)j]
Gmy, GM,
N r2 73273 2 (91)

We can note that RHS of ddtZl equation in Eqn(91) and
RHS of F} in Eqn(87) are the same, only ml%—ﬁl #0.

By adding the mj, ms equations in Eqn(88) we get,

a2z . m m
(mq +m2)w = —-GMyyi¥ L ! + 2 }

1 1
—GMym, 7 _
i [wm P+ a|3]

Following the same procedure of Taylor approximation
and averaging out we get,

2z GMg(mq +mg) .
(1 m2) G = G

3 GM mr? 3 R

Eqn(92) implies that in Newtonian method there is
an insignificant level of inherent Apsidal precession. In
principle we can not get rid off this precession. Hence
the similarity we noted between Eqn(91) and Eqn(87)
may not be really valid because Eqn(91) has an inher-
ent Apsidal Precession. And Eqn(87) was derived after
assuming a constant circular orbit for the Earth-Moon
system around the Sun.

Let us now find the scalar version of Eqn(91) to esti-
mate the precession rates predicted by it, By comparing

the 17, 7, k components on RHS and LHS of Eqn(91) and

d T1
dt?

Eqn(52) we get the scalar equation.

2 2
d?“l —r (d(ﬁ) +( Gmg

dt2 dt 1+ 7T2)?
do\*>  GM,r 3.,
= T10052(¢) (dt) — 73553 |:1 — 5003 (¢):| (93)

Let us simplify the analysis of the 2 equations
Eqns(85,93) by splitting them into two limiting cases
case (i) when ¢ = 0(XY-plane orbit) and
case (ii) when r = rg(circular orbit).
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(i), ¢ = 0, Apsidal Precession From Eqn(85) we get,

2
Eezlm (drl) 1 A2 ~ GMm

£ o (3)

2 mr? o 2 293

(94)

limit(i), r1 ~ r10 and ¢ =0
Use Eqn(94) the XY-plane orbit approximation to es-
timate the pure apsidal precession rate.
Let ry = ri9g + h,h << 119 and r19 = Constant. Let us
use some approximate expansion of r? in Eqn(94)
2
= T%O(Tlr_ilh)z = T%oﬁ

rl

2
T%:T%or%
3= [1+28 +35], 7"%77”10 [6- 820 + 373 |

terms into Eqn(94)

is undesirable and if we approximate them back to forms
with only % and T% terms then the approximation more
1

Introducing higher order

37 47'
1

or less reduces to the 2" order approximation already
shown. So that seems to be the best approximation.

1 (dr\> 1 A2 3 M, 13y
E, =5m
o ( ) *3 2mr1 2 M 23
2M,r3, 3G Mymri,
— 95
Max3 } 223 (95)

Comparing Eqn(95 with the analysis of Apsidal pre-

_GM
m [ 1
)
cession in Eqns(25-26) and Eqns(66 74) we get,

(96)

T~
3
s 1

)

x

“o

1—1—5003(91 1—%

At 61 = 0, r = 12. If there was no Apsidal pre-

cession then At 6 = 27 we would get r = 1% again.

But in Eqn(96) when 614/1 — 3 ]1V\14 Tl" = 27 we get back

1205 Or when 61 ~ 27 (1 + is‘)) That is there
M, T8 Tig

M z3

tween the variation of 6; and r; in each cycle. That is

r1 gets delayed and the maxima(or minima) of 1 keeps

drifting from its previous position. It revolves in the same

direction as ;. That is a prograde apsidal precession.

M, = Mass of Sun = 1.989*10%° kg,

my = Mass of Earth = 5.972*10%* kg

mo = Mass of Moon = 7.348%10%2 kg,

§—1+m1 =82.27, M = m:01086*1020 kg

x ~ Distance between Sun and Earth = 147.1%10° m

roo = Barth-Moon Distance = 0.3844*10° m

r19 = Distance between Earth and the Center of Mass of

Earth-Moon system = 2 = 4.672*10% m

Therefore 1 — 3 A % = 0.9956 Therefore,

710
1+ eC0s(0.9956 * 61)

_ 3 M,
r= iM
3
1

builds up a phase difference of 27w ( ) radians be-

T =~ (97)

Phase difference in each cycle = & = 27 (% i %)
® = 27 % 0.0044 radians.



No of cycles needed for a phase difference of 27 = <& =
m = 227.3 cycles.
Each Moon cycle (Synodic Month) = 29.5 Days
So, 227.3 cycles = 18.36 years... But the observed
Lunar apsidal precession rate is 8.85 years.
(i), ¢ = 0, Apsidal Precession From Eqn(93) we get,
d27‘1 sz

do\ >
dt? * (7"1 +7”2)2 - <dt> (98>

Because it is in 1 variable we can get away with the
following analysis, extending such equations through the
potential gradient method is flawed and should not be
used. So let us consider the d% =0 from Eqn(94).

GMS’I’l
2323

1 dEy d?rq do Gma GM,

il A L S av _ r

m drq dt? Y\ at (ri14+r2)? 27323 !
d?ry Gmy do\?>  GM,r

€., = — —_— 99

1.€ dtQ + (’/‘1 n 7’2)2 (dt) 273333 ( )

Both Method A and B predict the same(wrong) apsidal
precession rate. Predicted precession rate 18.36 years.
Observed Lunar apsidal precession 8.85 years.

(ii), 7 = 710, Nodal Precession From Eqn(85) we get

2 2
Ey 217/19 + 1mrfo <d¢>

2mr2,Cos?(¢) = 2 dt
GMm GMgmrfO 3 9
— 1-2
10 + 2~y313 2008 (#)

limit(ii), 7 = r10 and ¢ ~ 0 Using the approximation
1-— 30052((25) ~ 20%2((17) — 2 when ¢ ~0

GMm 10 2 GMm 1 2 d@b
E 210 ——
8+ vz ( T ) + T10 2 dt
1 A2 3 M; r3,
- e 2 2100
T3 mri,Cos?(¢) [ 2 M z3 (100)

Comparing Eqn(100) with the analysis of Apsidal pre-
cession in Eqns(25,26) and Eqns(66-74) we get,

3 M 13,

¢ ~ ¢)7rLaa:S7fn (91 1+ 2M> 7¢’maw ~ 0

¢ ~ GmazSin (1.0044 % 6;) (101)

Thus energy method predicts a retrograde nodal preces-
sion of 18.36 years period. The observed Lunar nodal
precession is retrograde with 18.6 years period.

limit(ii), 7y = r190 From Eqn(93) with Newton’s
method we get,

(9 2+GM
W\ ar T’%O

2
=r10Cos*(¢) (cl9> - G

dt [1 a 20082(@}

(102)

~323
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Multiply by X%mrlo
1 dqb
2 5" dt

RS B CUAY
— 2mr3,Cos2(¢) \ dt

limit(ii), 7, = r10 and ¢ = 0, Ey =~

1GMm
2 7‘10

_ GM; mrlo
R [1 — fC’os }

% Mm {Jsing the
T10
approximation 1 — 2Cos?(¢) ~ ﬁ%ﬁ) — 2 when ¢ =~ 0

1 do
2 3mrio dt

_L A (0T
-~ 2mr3,Cos2(¢) \ dt

Comparing Eqn(100) with the analysis of Apsidal pre-
cession in Eqns(25,26) and Eqns(66-74) we get,

1GMm
2 T10

2
GMmri,
7323

3 M, 7‘10
2 M 23

. 3Mr
= OmazSin (01 2 M ;g) s Prmaz = 0

O = GrmazSin (0.9956 * 01) (103)
Newton’s method predicts a prograde nodal precession
of 18.36 years period. The direction of precession is op-
posite to that of the observed.

The value of apsidal precession rate predicted by both
Newton’s and Energy method is also 18.36 years instead
of the observed 8.85 years. Perhaps we might need to
reframe Eqn(75) itself as adding higher order approxi-
mations do not seem to improve the situation. Also we
can not solve the full equation Eqn(85) because we have
2 variables 71, ¢ and only 1 equation. We need to derive
laws regarding ¢ evolution from 3D observations.

However if we can alter a term of the perturbation
function in Eqn(80) to,

GMsm /ri\2 (|1 3 9
A = - - _Z
W= oy (x) {2 pCos (@}

Then we get close to the observed apsidal precession rate
without altering the calculated nodal precession rate.

VIl. MOON ORBIT PERTURBED BY OBLATE EARTH

A. Js Perturbed Orbit

The effect due to oblateness(which is the supposed rea-
son for Nodal precession of near Earth satellites) of the
Earth is not as easily integrable as the ideal perturbation
terms %m and 1-%; in Eqn(66). The oblate-

ness geopotential factor is represented by J GM i (1-
3Cos*(¢)) where Jo = 1.082% 1073, (Frick and Garber,
1962)

2mr




We can modify Eqn(55) to include the J perturbation,

1 (dr\®> 1 A 1, (dp\?

Ei (dt> +§mr20082(¢)+§mr (dt)
2

G]\léfm_GMm 2GJ\/.I'mR (1—20082(¢))

(104)

In Eqn(104) we can not make a similar assumption as in
Eqn(68) because it gives contradictory results.
Eqn(104) in vector form of kinetic energy,

E—l @’.@ +GMm_GMm
— oM\ R r

GMmR? 3 9
dE_ | @7 7 GMm dF
at aedt r2 F dt
GMmR2 N o dr

—3J3 Cos(¢)(Cos(0)i + Sin(0)j)e

MmR? 7
—3J2G7mR <1 - ;0032(@) f.%

dt

. (105)

(Cos(0)i + Sin(0)))e% = 4Cos(¢) — rSin(¢)%e

=~ GMm GMmR? 5 .
F=— e + 3J2T (1 - 20052(¢)) 7
GMmR?

+3JQT7003(¢)(005(9)% + Sin(#)j) (106)

When E is conserved, Eqns(105, 106) imply

@7 ff_'.@fo
dt | dt? dt

= 0 then we get the scalar equation,

d9\*  3J,GMER? 3
2 2 2
rCos”(9) (dt) + —a [1 - §Cos ((b)}(lO?)
Let us compare the 2 equations Eqn(104)(Energy) and
Eqn(107)(Newton) in the 2 limits when r = ro(circular
orbit) and ¢ = 0(XY-plane orbit).
(i), ¢ = 0 From Eqn(104) we get,

ol (4, 1A GMm
2 dt 2 mr? R
M 1 MmR?
G m_iJQG mR (108)
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From Eqn(107) we get,

r  GM  A? 3 Jo,GMR?
ﬁ_k 2 m23 2 gt
Like in the case of restricted Sun-Earth-Moon 3-body
system, we get the same equation from both Method A,
Eqn(107) and Method B, Eqn(104) when ¢ = 0 in case
of .Jo perturbed apsidal precession.
Calculating Apsidal Precession Expand sda GMmR in

(109)

Eqn(108) in the limit r = o+ h, h << ry, to get & term
like in the ideal perturbation term,
GMmR? 1 GMmR?
A*Jé =~ A,Jb
r3 2 “r2(ro+h)
1. GMmR? h  h?
1, GMmB (| b I
2 27 ro rd
1 GMmR? r—r r—1g)>
~ s Ja——s (1 0y 20)>
2 7470 o g
1. GMmR? 3 2
L L G (s
2 27 ro 1§
1 GMmR? N
272 3 -
3 GMmR? GMmR? GMmR2
— - = J (110
272 r2p 272 rré + 272 3 )

Thus, the %mA—; term in Eqn(108) is affected by

-3 GMTR term in Eqn(110),

GMmR? 1 A2

27 2 mr?

1 A?
2mr2 2

A4’ 2 D2
{1 i 3J2GmR]

2
Noting A% ~ GMm?ry we get,

1 A2 GMmR?> 1 A?
omr2 272 27 2m

2
[1 — 3J2R2] (111)
To

The factor 1 — 3.J5 fz

Eqn(111) deterimines the apsidal precession rate as we
get a solution of the form,

appearing Wlth

To

1+eCos (0, /1 — 3J2f—§)

Assuming R = 6.378*10° m and ry = (0.75+6.378)*10°
m. i.e. an orbit at &~ 750 km altitude. we get,

T

(112)

7o

1+ eCo0s(0.9987 % 0)

In each cycle the phase difference is 27 % (1 —0.9987) =
27 % 0.0013
Period of 1 cycle =T = 4;:5
No. of cycles in 24 hours = C = =5
Total Phase Difference in 24 hours = 27 % 0.0013 « C' =
6.75 Deg/Day. Observed is about 13.5 Deg/Day.

r=

86400



Both Method A and B predict only half the observed
apsidal precession rate. Similar to the case of Sun-Earth-
Moon apsidal precession noted after Eqn(99).

(ii), r = ro From Eqn(104) we get,

2
Ll 4 +1m0<d¢>

1 GMm
2mr3Cos?(¢) dt

R

M MmR?
_GMm + JQG TR <1 - 30052(¢)> (113)
70 5 2
E ~ G]\]gm Géb:om
L (49N _GM A2
O\dt ) 2 m2r3Cos?(¢)
2
—w (1 - gcos%)) (114)
To

From Eqn(lO?) we get,

dp\? eM A2
dt) 12 m2riCos%(¢)
2
—?"]“’G# (1 _ 30032@))) (115)
0

We get different equations from Method A, Eqn(115)
and Method B, Eqn(114) when ¢ # 0 in case of J per-
turbed orbits. Because in Method A the perturbation
% (1 — 3Cos*(¢)) whereas in Method

B the perturbation term is, w (1—2Cos*(9)),

lowered by a factor of 1.5. But Method B, Eqn(114) pre-

dicts the correct nodal precession rate while Newton’s

method underestimates the period of precession.
Calculating Nodal Precession Using ¢ ~ 0 we can de-

rive 1 — 2Cos?(¢) ~ ﬁ%ﬁ) -2
2
5#&92@ in Eqn(113) gets modulated by

the term Jo GA{NTRz ( 3
0

term is, —

The term

2Co0s2(p)
%) factor

2) lets consider only the

terms with c

1 A? GMmR? 3
= + Js 3 3
2mr3Cos?(¢) re  2Cos?(9)
1 A? GMm?*R?
2 mr3Cos?(¢) roA?
1A R2
2mrgCos?(¢) ré

{1 + 3Js

{1 + 3= (116)

Eqn(116) has nodal precession solution given by,

2

b~ mazSin (9 1+ 3J2]f—2
0

) s Pmaz ~ 0 (117)

Total Phase Difference in 24 hours = 27%0.0013xC' = 6.75
Deg/Day. This is the correct rate of nodal precession.
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Eqn(116) based on Energy method predicts the correct
nodal precession rate, whereas Newton’s method gives,

R2
¢~ PmazSin | 041+ 5 Jz s Omaz ~ 0 (118)
0

Total Phase Difference in 24 hours = 27 % 0.0013 « C =
10.13 Deg/Day. The correct rate is 6.75 Deg/Day.

However if we alter a term from the Js perturbation
function in Eqn(104),

2
J2G.MT772nR (1 - 36’082((;5)) —
GMmR?
— JQT (2 — *COS (¢)>

Then we get the desired apsidal precession rate without
any change to the calculated nodal precession rate in the
Energy method. However the nodal prcession rate from
Newton’s method would still be wrong.

Thus, not only Newton’s method of framing equations
in terms of 47 %= is wrong(in general) even the idea of In-
ertia is problematic.

Definition of Inertia Let us look at the original experi-

ment conducted by Galileo. He was rolling balls down
an inclined plane and he noticed that if he connected
another inclined plane rising up in height as the first in-
clined plane touches ground, the ball will rise up the new
inclined plane. It will rise up to as much height as it orig-
inally had when it was rolled down the first plane. He
called this height conserving property as Intertia (Good-
stein, 1985). Today we know that it is the energy conser-
vation that causes the ball to rise up the second inclined
plane. So we should replace the term Inertia by its equiv-
alent term Energy.

VIIl. CONCLUSION

In the Kepler-1-Body approximation if E is the total
energy and F' is the Newtonian Gravitational Force on

mass m then, F = m(%.%) Gf\fm and F = _G%mr—»
2 = —
therefore %J = [m% - F] o%. Thus, Newton’s Force

equation m di; —F=0is only a subset of all possible

solutions of fgf = 0. In certain cases like the inclined
plane and brachlbtochrone problems near Earth surface
we find that md1t2 F # 0 but mﬁ ~F1 ‘fl—f. Because
we have to make free body diagrams and determine the
force components based on the particular problem setup,
we have to appropriately modify Newton’s law as, m%
= some undermined component of For —GJT”#F.

In 1-body approximation problems in 2D, it is hard to

miss the relationship between spatial derivatives of En-
ergy and Force components. That is if £ = m (’fl:) +

1_A? GMm dE _ . d*r _ GMm
50z — = then &2 = m&Gz mT?,—i— = 0. Thus




radial acceleration = % = 7:14:3 — GJTwiQm We could get
swayed by this property and extend it to all other prob-
lem configurations. It is usually assumed that if net en-

ergy (E) is conserved then m%rf = —VP. But it is true

only in some special cases, in general m%f = Some com-
ponent of —V P. This is a relationship which can not be
generalised to multi-body systems. Above all just defin-
ing the gradients of net Energy of an object(or the whole
system) and defining the gradients of individual particle
kinetic energies is a dubious operation. Best is to not
perform them.

The correct relationship between Force and Energy (if
needed for any calculation) is arrived at by extending

dt? dt>
derivative of Energy not its gradients.

In the Kepler-N-Body (N > 2) problem if F} is the sum
of all the Newtonian gravitational force balance terms on
mass m; then F;, = — gjlvﬁgz %(Fl —7;). fEis
the net Energy of the N-body system then,

dE _ i=N d%7 7| o dfs
T = 2o [mz ai? _FZ:|.dt'
d>F,

not necessary that m; gzt — F‘z = (0 V 7. For example in
the case of Lagrange type periodic orbits solution of the
3-body problem we see that Newtons method does not
cover the entire solution(incomplete) space.

1-body approximation is an extreme case of general
2-body systems. In 2-body systems in 2D if the net
Energy of the system and individual Angular Momenta
are conserved and if the Energy equation can be written
down entirely in terms of one variable then both New-
ton’s Method and Energy method give the same equa-
tions. Because both the time derivative of Energy and
its gradients give same force equations.

In case of both Lunar orbit and orbits of artificial
satellites around Earth we get the same Apsidal preces-
sion rates from both Newton’s method(Method A) and
Energy method(Method B) and both methods under-
estimate the rate of apsidal precession by half. However,
we get different results for Nodal precession rates from
Newton’s method and Energy method. Energy method
gives results closely corresponding to the observed nodal
precession. In case of Lunar nodal precession Newton’s
method gets the nodal precession rate correct but in the
wrong direction and in case of near Earth satellite Nodal

equation of the type ‘% = [mﬁ — ﬁ] %" through time

Even when dd—]f =0itis
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precession, Newton’s method gets the direction of pre-
cession right but the rate of precession has a large(33%)
€error.

Thus we ought to accept that the form of the grav-
itational potential energy term is more universal than
the form of Newton’s Law of Gravity yet those energy
terms may not still explain the observed precession rates.
Hence we need to replace Newton’s Laws of Motion by
an Energy conservation principle. And we need to find
more observational laws governing the 3D and N-body
trajectories to properly frame and solve the equations of
motion.
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