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Abstract
This article includes the theorems [7], [8] and the lemmas, using them to prove the
Beal conjecture and the Fermat - Catalan conjecture, through which we learn more about
rational and irrational numbers. I think the method of proof will be useful for solving other
Math - problems, and they need more research

1 The theorems

Theorem 1. For positive integers x,y, z, k; and A,B coprime integers, and ay,ap_1, ..., a1, Gy
are fixed numbers.

VAT + BY = a;s" + ap_15" 7 4 ap_ost T2 + 4+ arstP T+ ags® for any s,t coprime integers.

= ! + ! + ! + ; > 1
r y =z LCM(z,y,z)
In other worlds, the C' = v/A* £ BY (A, B,C # 1, coprime)can not be expressed as
aps* +ap_15F Mt ap_os" 2+ Haysth T Fags® with all fived coefficients , s,t coprime integer if
1 1 1 3

S A |
x+y Z+LC'M(x,y,z)

Notes:
LCM (z,y,z): least common multiples of x,y and z.

Fxcept A=3,B=2,v3>—-23=1
Theorem 2. For positive integers x,y, z, and A, B,C # +£1, coprime integers:

Th Hon A+ BV =(C* = -+ -4 -4y
e equation + x+y+z+LCM($,y,z)
In other worlds, the equation A* + BY = C%has no solution (A, B,C # +1, coprime )in

integer if

> 1

Notes:
LCM (z,y,z): least common multiples of x,y and z.

As above, if A, B and C have a common factor, we always find a solution as below:
Let af + b = co then cfag + cfb = it
so A% + B* = C**1 (A = cpag, B = coby, C' = cp)
Or
Let a2 + bY = ¢o then ¢¥ag + VbY = f¥*
so A* + BY = C™t (A = cbag, B = ctby, C = cp)



2 The lemmas

Lemma 1. For any integer N ,s,t (s,t = 1), there exist integers ay, ay_1,ax_2, ..., ag such that :
N = aps® + ap_15" M + ap_os*2t2 + ... + aystF1 + aptF

In others wolds, any integer N can be expressed as:

N = ais + (lot

N = (Z282 + alst + G0t2

N = aps* + ap_158" 't 4+ ap_o5" 722 + ... + a1 stF ! + agth

Proof. 1t is known, given any integer s, t coprime, then exit the integers Ny, Ny, such that any
integer N can be express as
N = N;s + Nyt
then, we express for N; and Ny:
N1 = Nyis + Nyt
Ny = No1s + Noyot
it gives:
N = (Ny1s + Nigt)s + (Nois + Noot)t = Ni1s? + (Nig + Nop)st + Noot?
Then we express for Ni1, (N1g + No1), Noo
and so on we obtain the express N = a;s* + aj_15* 't 4+ ar_o8" 2% + ... + ayst* 1 + qt*
O

* Clearly, expression for N above is also true when N is not a integer, then all a; are also
not simultaneously integers.

Lemma 2. The equation u,s" + wy_15" 1 + wup_os* 212 + ... + ursth =t + uoth = 0 for any s, t
coprime if the coefficients u;satify :

1. Each coefficients satify :
U = hkt
Up—1 = —hps + hp_1t
Up—o = —hp_15 + hy_ot

U = —hQS + hlt
Ug = —hlS

2.All coefficients (u;) equal to zero( all h; =0)

Note that the number hy, hy appear once, the remaining h; appear twice in two successive
it (i — 1) equations with opposite signs. Change each other’s sign, the result will remain the
same.

Proof. From the equation wuss® + up_15" 7't + up_0s" 22 + .. + urstF "t +ugth = 0 = w, =
hit, ug = —hys, substitute into this equation, it gives:

his®t + w18 + up_os* 22 + L+ ugstFT — hystF =0

st(hps® 1+ up 1872 +up_os® U+ L+ ugth T2 — btk =0

(his 4+ up—1)8* 2 +up_ot* 3s+ ..+ (ug — t)tF "2 =0

= hipS+Up—1 = —hp_1t = up_1 = —hps + hy_1t

and = u; — hit = —hys = uy = —hgs + hyt

and so on. O



3 Proof of theorem 1 and 2

A* 4 BY = C*

1. Case A: z = y = z (Fermat Last’s theorem)
Express A,B, and C as polynomial of the same degree by using lemma 1:

A =apst 4+ ap_18" 1t + ap_o5FHE 4+ .+ agsthT 4 apt®
B = bps® 4+ by 1557 4 b_o5 22 4+ .+ bystFT 4 bot®
C = cps® 4 187+ oS 22 + ...+ ey stF 4 cot®
And we obtain the equation below:

(aps® + ap_18" 7 + ap_osP 722 + .+ apstPT 4 apth)”
+(bps® + bp_ 1857+ b o5t T2 L+ bysthTL 4 botF)®
= (cps® + cp_18" M + cp_os®THE 4+ L+ cysthT 4 pth)®
Combine coefficients with common s#/ we obtain the equation:

(af 4+ bF — c&)sk + x(af rap1 + b by — ¢ Tep1)sP T L+ (af B — )T =0
Using the lemma 2, we get kx 4+ 1 equations below:
1 af + b — = hyt

oth . ai’lak,l + biilbk,l — c}’flck,l = —hgs + hp_qt
(kx +1)":af + b5 — g = —Iys
If all coefficients a;, b;, ¢; of A, B and C polynomials are fixed numbers, then:
1 af + b8 —ct =0

oth . aiilak,l + biilbkfl - Ciilckfl =0
(kx+1)":al+ b8 —ct=0
And the number of variables, for a; : K+ 1, for b; : k+ 1 for¢; : k+ 1
The total of variables is 3k + 3.
The total of equations is kx + 1.

2. Case B: x, y and z are not the same, we need to homogenize the degree:
- Homogenization for degree:
-We denote 1 = LCM(x,y,z) as the least common multiple of x,y and z, we convert the equation
to the equation with the same degree,( degree= kl) by selecting the polynomials below:

B = bkl/yskl/y + b(kl/y),ls(kl/y)flt + b(kl/y)iﬁ(kl/y)*?t? + o+ by st/ botkl/y
C = Ckl/zskl/z + C(kl/z),ls(kl/y)_lt T C(kl/z),gs(kl/z)_2t2 Lo+ clst(kl/z)—l + Cotkl/z

Since 1 = LCM(x,y,z),hence = | I,y | I, z | [, that means kl/x, kl/y, kl/z are integers.
And we obtain equation below:

(akl/xskl/w+a(kl/x)fls(kl/m)_lt+az(kl/x)723(kl/m)_2t2+---+a1$t(kl/m)_1 +a0tkl/x)x +
(5107 by 150D 4 by s D242 4 by st 4 oy
(Ckl/zskl/z 4 C(kl/z)_ls(kl/z)—lt + C(kl/z)_2s(kl/z)—2t2 4o+ Clst(kl/z)—l 4 Cotk‘l/z)z



with degree = kl.
Combine coefficients with common s#/ we obtain the equation:

x 2 z— -1 z— - T
(akl/x + bzl/y - Ckl/z)skl + (xam/;;a(kl/x)—l + ?/bz;/yb(kl/y)—l + chl/ic(kl/Z)—l)skl Y4 A (af
by — )t =0
Using the lemma 2, we get kl 4+ 1 equations below:

1th : ail/x + bZl/y o CZl/z = hkt
2t mil_/ia(kl/x)—l + yb%f/;b(kz/y)q — Zcil_/ic(wz)—l = —hps + hp_1t
(kL4 1) af + b — g = —hs
If all coefficients a;, b;, ¢; of A, B and C polynomials are fixed numbers, then

1" af,,, + by = Ciage =0

2" - wa g1 + YOy by — 26 w1 = 0
(kl+1)":al+b)—c5=0
And the number of variables, for a; : (kl/x) + 1, for b; : (kl/y) + 1 for ¢; : (kl/z) +1

The total of variables is kl/x + kl/y + kl/z + 3 .
The total of equations is kl + 1

The system of equations is overdetermined if the number of equations is higher than the
number of variables = kl/x + kl/y+ kl/2+3 < kl+1 <= kl/x + kl/y+ kl/z + 3 < ki

Divide both sides by kl we obtain:

1+1+1+3 1
oy oz okl
11 1 3
—+—+ -+ — ismaxif k=1, we get
x Yy z ki
1 1 1 3
—+-+-+-<1
x oy z

* Special case v =y =2 =1
This formula is mentioned in the theorem 1 and 2.

If all coefficients a;, b;,¢; of A, B and C polynomials are not simultaneously fixed number
for any k, then at least one of A, B and C is not determined.Thus, for any degree of A, B and
C, there must be exist k so that all coefficients are fixed, meaning that for this value k, then
all right sides are equal to 0.

11 1 3 1 11 3
If all right sides are equal to 0,then for the case:— + + - —i— k;l —|— —|— + - 7S < 1 the
Y Y

system of equations is overdetermined, and all equatlons in the system above are mdependent,
hence the system is inconsistent , and have no non- trivial solutions.



Theorem 1 is proven, the theorem 2 is also true [8], the algorithm of the proof for general
theorems [7], [8] is similar.

And adding argument in [7]the Beal conjecture and the Fermat - Catalan conjecture are
proven.
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