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1 Abstract

The Riemann Zeta function is defined as

C(s) =202 1/n7, R(s)>1

The Zeta function is holomorphicin the complex plane except for a pole at

s = 1. The trivial zeros of ((s) are —2,—4, —6, .... [ts non trivial zeros lie in

the critical strip 0 < Re(s) < 1.

The Riemann Hypothesis states that all the non trivial zeros lie on the critical line

Re(s) =1/2.



2 Proof

Define a function (*(s) as,

¢ (s) =x52, 5, R(s) > 0.

ns ?

Let, s=o0+1it, o > 0.

C(s) =2, B o > 0.

n=1 po+it»

( 1)nef7lt inn

¢(s) =20 — > 0> 0.
C*(S) _ 20:1 (71)"csi(t Inn) ZZ s;:z(t lnn), o> 0.

Since , for o >0, n% s monotonic
and X — 0 as n — oo . Also |01, (—1)"cos(t Inn) |is bounded.

So, by Dirichlet's test(see [6]),500, S st i) i convergent

n=1 o
for o >0

Similarly, by Dirichlet's test (see [6]),>0° Wis convergent
for o >0

Thus, (*(s) =202, W —iy o w o > 0is convergent.

C(s) =222, L) R(s)>1

n=1 ps?

¢*(s) =52, G2 R(s) > 0.

ns ?

C(s) + ¢ (s) =002, S35 R(s) > 0.
() +C(s)=N+g+s+5+.]F[-1+5—5+5+—..]
C(s)+C(s)=2+2+...

C(s)+C(s)=2(L+5+..)



The Right hand side is convergent for R(s) >0
Thus, ((s) has an analytic continuation to R(s) > 0 de fined as,

((s) = 5251 R(s) > 0

21—s_1>

Let, us assume, ((s) =0, 0 < R(s) <1

= ("(s)=0, 0<R(s) <1

Zol(_nls)zo
o EDP_ g<o<1

n=1 n0+zt

00 (_1)n67it lnn: O
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Equating real and imaginary parts to 0,

so  (=D)"cos(t 1
n:l( )czi( nn) _

;.LOZI (—1)ns:‘1na(t Inn) 0 (1)

sin(t Inn) < 1, so, Equation (1) gives

0 Z szn(t Inn) <Z 1)”

OSE?;Q% (2)
O<o<l=1<n’<n.

L <1,

no



[e%¢} (*16)71 <ZZO:1 (_1)n

n=1 n

o

o (=1)"=0, if nis even

< (=1)"=—1, if nis odd

n=1
Equation (3) gives,

o (="
n=1 no

< 0.

which contradicts (2), since by (2),520, E2> 0

9 n=1 no

So, our assumption that ((s) =0, 0 < R(s) < 1 is wrong.

Thus, ((s) #0, 0 <R(s) <1

Thus, we have disproved the Riemann Hypothesis.
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