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Abstract

This paper is a review of previous paper [1], which is badly written and hard to read. There

are three reason of writing this paper. First, Some results were presented immediately without

an intermediate process. Second, when i recently read that even i cant find what i want to show.

Third, some derivation was wrong.

1 Solution

This section just present the results of the last paper. The form of the solution was as follows (The

coordinate are in oder ω, t, r, θ, φ, and tilde means five-dimension)

g̃ab =


−N2 − κ2(1− rsr

Σ ) κ(1− rsr
Σ ) 0 0 κ rsrΣ a sin2 θ

κ(1− rsr
Σ ) −(1− rsr

Σ ) 0 0 − rsrΣ a sin2 θ

0 0 Σ
∆ 0 0

0 0 0 Σ 0

κ rsrΣ a sin2 θ − rsrΣ a sin2 θ 0 0 (r2 + a2) sin2 θ + rsr
Σ a2 sin4 θ

 (1)

Where the parameters are:

Σ = r2 + a2 cos2 θ, (2)

∆ = r2 − rsr + a2, (3)

a =
J

Mc
, (4)

rs =
2GM

c2
, (5)

N = const, (6)

κ = const, (7)

where J is angular-momentum. It is interesting to note that N is a constant.
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From Eq.(1), the non-zero Christoffel Symbols are (duplicate terms(Γabc = Γacb) are omitted )

Γ̃tωr = −κrs(a2 + r2)(r2 − a2cos2θ)/(2∆Σ2),

Γ̃tωθ = κrsa2r cos θ sin θ/Σ2,

Γ̃ttr = rs(a2 + r2)(r2 − a2cos2θ)/(2∆Σ2),

Γ̃ttθ = −rsa2r cos θ sin θ/Σ2,

Γ̃trφ = −rsa sin2 θ(a4 sin2 θ − a4 + 3r4 + 2a2r2 − a2r2 sin2 θ)/(2∆Σ2),

Γ̃tθφ = rsa3r(2 sin 2θ − sin 4θ)/(8Σ2),

Γ̃rωω = −κ2rs(a2 cos2 θ − r2)∆/(2Σ3),

Γ̃rωt = κrs(a2 cos2 θ − r2)∆/(2Σ3),

Γ̃rωφ = −κrsa sin2 θ(a2 cos2 θ − r2)∆/(2Σ3),

Γ̃rtt = −rs(a2 cos2 θ − r2)∆/(2Σ3),

Γ̃rtφ = rsa sin2 θ(a2 cos2 θ − r2)∆/(2Σ3),

Γ̃rrr = −∆(rs(r2 − a2 cos2 θ) − 2a2r sin2 θ)/(2Σ∆2),

Γ̃rrθ = −a2 cos θ sin θ/Σ,

Γ̃rθθ = −r∆/Σ,

Γ̃rφφ = − sin2 θ∆(2r5 + 4a2r3 cos2 θ + rsa4 cos2 θ − rsa4 cos4 θ + 2a4r cos4 θ − rsa2r2 sin2 θ)/(2Σ3),

Γ̃θωω = −κ2rsa2r cos θ sin θ/Σ3,

Γ̃θωt = κrsa2r cos θ sin θ/Σ3,

Γ̃θωφ = −κrsar cos θ sin θ(a2 + r2)/Σ3,

Γ̃θtt = −rsa2r cos θ sin θ/Σ3,

Γ̃θtφ = rsar cos θ sin θ(a2 + r2)/Σ3,

Γ̃θrr = a2 cos θ sin θ/(Σ∆),

Γ̃θrθ = r/Σ,

Γ̃θθθ = −a2 cos θ sin θ/Σ,

Γ̃θφφ = −(2 cos θ sin θ(a2 + r2) + (4rsa2r cos θ sin3 θ)/Σ + (2rsa4r cos θ sin5 θ)/Σ2)/(2Σ),

Γ̃φωr = κrsa(a2 cos2 θ − r2)/(2Σ2∆),

Γ̃φωθ = κrsar cos θ/(Σ2 sin θ),

Γ̃φtr = −rsa(a2 cos2 θ − r2)/(2Σ2∆),

Γ̃φtθ = −rsar cos θ/(Σ2 sin θ),

Γ̃φrφ = −(2rsr4 − 2r5 − 4a2r3 cos2 θ− rsa4 cos2 θ+ rsa4 cos4 θ− 2a4r cos4 θ+ 2rsa2r2 cos2 θ+ rsa2r2 sin2 θ)/(2Σ2∆),

Γ̃φθφ = cos θ(Σ2 + rsa2r sin2 θ)/(Σ2 sin θ).
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From above calculations, the Ricci tensor is

R̃ab =


0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 . (8)

This is exactly vacuum solution. This calculation were done by MATLAB [2] and the code can find

at APPENDIX A.

In fact, I started with a general form of metric tensor

g̃ab =

[
−N2 + βλβλ βν

βµ gµν

]
. (9)

However, with plausible assumptions regarding physical phenomena, the condition of N and βµ are

derived. Then, By restricting R̃ab = 0, the general form of g̃ab can be derived.

2 Constant N and κ

Among a higher than four-dimension, after take the one which is related with electromagnetism,

make up five-dimension. Therefore, the constant N amd κ in Eq.(1) must be related with that. Before

deriving them, we need to identify Ũω of 5-velocity.

The line element is

−ds̃2 = −(c̃∗dτ̃)2 = g̃abdx
adxb, (10)

where c∗ is used related with speed of light. To minimize action, the equation of motion is

DŨa

Dτ̃
=
dŨa

dτ̃
+ Γ̃abcŨ

bŨ c = 0. (11)

What we want to get from the above two equations is the Lorentz force

DUµ

Dτ
=

q

m
FµνUν . (12)

As above equation is written by using four-velocity and τ , we need information about four-velocity

from five-velocity which is defined as

Ũa =
dxa

dτ̃
. (13)

Let define four-velocity as

Uµ ≡ dxµ

dτ
. (14)

Then we need to find relation with five-veloicty. When five-dimension foliated about the fifth coordi-

nate ω, there are foliated layer, which is four-dimensional hyper-surface. Four-velocity is projection

to that.

Uµ = Ũµ. (15)
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Although this may seems obvious, but this result depends on ansatz form (see Eq.(9)). As four-vector,

Uµ, is projected vector onto four-dimensional hyper-surface,

Uµ = gµνU
µ. (16)

By using above four relation,

Ũµ = g̃µaŨ
a = Uµ + βµŨ

ω. (17)

To derive Eq.(12), we will use following relation.

DŨa

Dτ
=
dτ̃

dτ

DŨa

Dτ̃
= 0 (18)

d

dτ̃
= Ũa

∂

∂xa
(19)

d

dτ
= Uλ

∂

∂xλ
(20)

The Eq.(18) is

DŨµ

Dτ
=
dŨ

dτ
∗ ẽµ =

dŨa

dτ
δµa + Ũa

(
∂ẽa
∂xν
∗ ẽµ

)
Uν =

dŨµ

dτ
+ Γ̃µaνŨ

aUν = 0 (21)

And this can be rewritten as
dUµ

dτ
+ Γ̃µλνU

λUν = −Γ̃µωνŨ
ωUν (22)

At this point, with comparing with Eq.(12), some parameter should have test particle’s imformation

(charge and mass). The only possible case is

Ũω ∝ q

m
. (23)

And Ũω is assumed equal to q/m (Magnification is optional), which is constant of motion.

With this assumption and Eq.(9) (see APPENDIX.B-(a)),

Γ̃ωab = 0, (24)

Γ̃µλν = Γµλν , (25)

Γ̃µων = gµρ
(
∂ν

(
βρ
2

)
− ∂ρ

(
βν
2

))
(26)

Then the Eq.(22) can be rewritten as

dUµ

dτ
+ ΓµλνU

λUν =
q

m
gµρ

(
∂ρ

(
βν
2

)
− ∂ν

(
βρ
2

))
Uν (27)

By comparing Eq.(12), we can identify βµ as vector potential 2Aµ then Eq.(27) is same with Eq.(12).

Finally, we can get κ,

κ =
Qc

4πε0GM
(28)
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The remaining parts is to determining N. In the previous paper, N was determined as

1

N2
=

8πG/c4

2µ0
=

4πε0G

c2
(29)

If we just list the previous results (The derivation can find at APPENDIX.C),

R̃ωω = −�φ+ FλρFλρ = 0, (30)

R̃ωµ = ∇νFµν = µ0Jµ = 0, (31)

which is field equation as expected, and the five-dimension Ricci-scalar is

R̃ = R− 1

N2

(
FλρF

λρ − 2µ0J
λAλ

)
+

1

N2
�φ. (32)

As can found from coefficient of second term, it is the reason why we determined N as Eq.(29).

And (−) sign of FλρF
λρ is only derived by considering time-like fifth coordinate. We have already

noticed that the above result, which is (−) sign, is given also when we consider the fifth coordinate

as space-like with following ansatz [3],

g̃ab =

[
φ2 φ2Aν

φ2Aµ gµν + φ2AµAν

]
. (33)

But it becomes reversed by considering ansatz form, Eq.(9). But when we convert g̃ωω to space-like

form, N2 − κ2
(
1− rsr

Σ

)
, which gives vacuum solution, was mathematically also possible.

In the previous paper, several conceptual error have been discovered. It is not recommended to

read it for the purpose of seeing them.

3 Chage Q, Mass M and Angular-Momentum J

The Eq.(1), have three-symmetry and there are conserved quantities corresponding to each symmetry:

∂g̃ab
∂ω

= 0, ∂ω → Q, (34)

∂g̃ab
∂t

= 0, ∂t →M, (35)

∂g̃ab
∂φ

= 0, ∂φ → J. (36)

In this section, we will derive explicitly these quantities. The concept is as follows:∫
ρchargedV =

∫
j0
chargedV = Q. (37)

To express above equation in general relativity, the following relation are used:

∇̃aT̃ ab = 0, (38)
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∇̃aηb + ∇̃bηa = 0, (39)

where η is killing vector. As Tµν is symmetric tensor

∇̃a
(
T̃ abηb

)
= 0. (40)

Then, we consider ja as T̃ abηb. In other words,

η = ∂ω →
∫
T̃ 0bηb dV ∝ Q, (41)

η = ∂t →
∫
T̃ 0bηb dV ∝M, (42)

η = ∂φ →
∫
T̃ 0bηb dV ∝ J, (43)

where upper index 0 means time component. The invariant form is as follows:∫
T̃ 0bηb

√
g̃ d5x. (44)

One can think that this integration will get zero as R̃ab equal to zero. In fact, R̃ab equal to zero at

’outside’ of Black-Hole. The integration should be divided by two parts, inside and outside.

Although this paper does not treated the inside of Black-Hole, we can calculate this integral.

There is analogous to this problem: when we calculate total charge of the charged sphere, if we know

outside electric-field, we do not need to know the interior charge distribution. In other words, if we

can convert Eq.(44) to surface integral we can calculate that. We will using following relation:

T̃ab =
1

κ

(
R̃ab −

1

2
R̃g̃ab

)
, (45)

R̃abη
b = R̃baη

b = R̃cbcaη
b =

(
∇̃c∇̃a − ∇̃a∇̃c

)
ηc. (46)

Because η follows killing equation, ∇̃aηa = 0, second term of right side of Eq.(46) vanishes. Then,

Eq.(44) can be written as:
1

κ

∫ (
∇̃a
(
∇̃0ηa

)
− R̃g̃0bηb

)√
g̃d5x (47)

For now, ignore second term. From first integrand term, five-dimensional volume integral can be

converted to four-dimensional surface integral. To calculate easily, by using killing equation, we can

rewrite this as follows:
1

κ

∫
∇̃a
(
∇̃0

(
ηa

2

)
− ∇̃a

(
η0

2

))√
g̃d5x (48)

In section 2, if η = ∂ω , ηµ is identified as 2Aµ. As noted, Then integrand term is,

∇̃aF 0b, (49)

where F is field strength tensor and F 0i ∝ Ei. Now to calculate Eq.(48), we consider r = const
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surface and we can ignore dx4 and dx5. Because of five-divergence, although g̃ab is not function of t

and ω, there are delta function for hidden t and ω also. Note that this result is independent of surface

shape and Eq.(44) guarantees this. It was too long to calculate this.

1

κ

∫ (
∇̃0

(
η1

2

)
− ∇̃1

(
η0

2

))√
g̃dθdφ (50)

From Eq.(1),

Case1. η = ∂ω

− c4

8πG

∫
κ

[
rs
(
r2 + a2

) (
−r2 + a2 cos2 θ

)
(r2 + a2 cos2 θ)

3

]
N
(
r2 + a2 cos2 θ

)
sin θdθdφ

= − c4

8πG
Nκ

∫ 2π

0

[
rs
(
r2 + a2

)
cos θ

r2 + a2 cos2 θ

]π
0

dφ = −NκMc2 = −Q×N c3

4πε0G
(51)

Case2. η = ∂t

c4

8πG

∫ [
rs
(
r2 + a2

) (
−r2 + a2 cos2 θ

)
(r2 + a2 cos2 θ)

3

]
N
(
r2 + a2 cos2 θ

)
sin θdθdφ

=
c4

8πG
N

∫ 2π

0

[
rs
(
r2 + a2

)
cos θ

r2 + a2 cos2 θ

]π
0

dφ = M ×Nc2 (52)

Case3. η = ∂φ∫ [
ars sin3 θ

(
−a2r2 sin2 θ + a4 sin2 θ + 3r4 + 2a2r2 − a4

)
(a2 cos2 (θ) + r2)

3

]
N(r2 + a2 cos θ) sin θdθdφ

=
c4

8πG
N

∫ 2π

0

[
ars cos θ

((
r2 − a2

)
cos2 θ − 3r2 − a2

)
a2 cos2 θ + r2

]π
0

dφ =
Narsc

4

G
= J × 2Nc (53)

4 Over the Five-Dimension

As you may have noticed, mathematically, we can get vacuum solution of ’Any N-Dimension’, which

based on N-1 dimension. I checked this up to six-dimension, doing more was meaningless. Although

this method does not guarantees the general solution, method is simple. Let we know a vacuum

solution of N-1-dimension. Let the form of N-dimension metric,

NgAB =

[
∓N2

c + βwβw βv

βu
N−1guv

]
. (54)

And assume that N−1guv have symmetry,

∂N−1guv
∂xα

= 0. (55)
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Then if we simply put

βu = k ×N−1 gαu, (56)

Nc = const, (57)

where k is constant. Then we can get N-dimension vacuum solution.

5 Summary

1. It is 5D vacuum solution,

g̃ab =


∓N2 − κ2(1 − rsr

Σ
) κ(1 − rsr

Σ
) 0 0 κ rsr

Σ
a sin2 θ

κ(1 − rsr
Σ

) −(1 − rsr
Σ

) 0 0 − rsr
Σ
a sin2 θ

0 0 Σ
∆

0 0

0 0 0 Σ 0

κ rsr
Σ
a sin2 θ − rsr

Σ
a sin2 θ 0 0 (r2 + a2) sin2 θ + rsr

Σ
a2 sin4 θ


2. If we set Ũ5 = q

m , with general form of metric tensor,

g̃ab =

[
∓N2 + βλβλ βν

βµ gµν

]
,

Lorentz equation can be derived,

dUµ

dτ
+ ΓµλνU

λUν =
q

m
gµρ

(
∂ρ

(
βν
2

)
− ∂ν

(
βρ
2

))
Uν .

Then we can identify βµ as 2Aµ. So, from Eq.(1),

κ =
Qc

4πε0GM

3. The Eq.(1) have three symmetry. And there are conserved quantities. For following equation,

1

κ

∫
∇̃a
(
∇̃0

(
ηa

2

)
− ∇̃a

(
η0

2

))√
|g̃|d5x,

the calculated result is

η = ∂ω → Q×N c3

4πε0G

η = ∂t →M ×Nc2

η = ∂φ → J × 2Nc
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6 APPENDIX.A

Figure 1: Code for Ricci Tensor

Note that (+) sign of N2 were used for check. Originally i used (-) sign. And both gives R̃ab = 0.

To calculate Ricci tensor, Γ̃ijk is used as Chr(i,j,k). With this simple code you can calculate Ricci

tensors of all dimensions according to your computer performance. This was done in a few seconds

on my personal computer.
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7 APPENDIX.B

The metric tensor form is

g̃ab =

[
−N2 + βλβλ βν

βµ gµν

]
, g̃ab =

[
− 1
N2

βν

N2

βµ

N2 gµν − βµβν

N2

]
. (58)

We impose two symmetry to metric tensor,

∂ω g̃ab = ∂tg̃ab = 0. (59)

The Christoffel Symbols, Γωab, are,

Γ̃ωµν = g̃ωωΓ̃ωµν + g̃ωλΓ̃λµν

= − 1
2N2 (∂µβν + ∂µβν − ∂ωgµν) + βλ

2N2 (∂µgλν + ∂νgλµ − ∂λgµν)

= − 1
2N2 (∇µβν +∇νβµ − ∂ωgµν)

= − 1
2N2 (∇µβν +∇νβµ)

(60)

Γ̃ωωµ = g̃ωωΓ̃ωωµ + g̃ωλΓ̃λωµ

= − 1
2N2 ∂µ

(
−N2 + βσβσ

)
+ βλ

2N2 (∂µβλ − ∂λβµ + ∂ωgλµ)

= 1
N ∂µN −

1
N2 β

σ∇µβσ + βλ

2N2 (∇µβλ −∇λβµ + ∂ωgλµ)

= 1
N ∂µN −

1
N2 β

σ∇µβσ + βλ

2N2 (∇µβλ −∇λβµ)

(61)

Γ̃ωωω = g̃ωωΓ̃ωωω + g̃ωλΓ̃λωω

= − 1
2N2 ∂ω

(
−N2 + βσβσ

)
+ βλ

2N2

(
2∂ωβλ − ∂λ

(
−N2 + βσβσ

))
= − βλ

2N2 ∂λ
(
−N2 + βσβσ

) (62)

If we set Ũ5 = q
m (constant of motion), from equation of motion,

Γ̃ωab = 0, (63)

then parameter β and N is constrained.

∇µβν +∇νβµ = 0. (64)

Using above equation, by substitute ∇λβµ of Eq.(61) to −∇µβλ, only remaining term is

N∂µN = 0 (65)

As can notice from Eq.64, which is killing equation, the only possible case is

βµ = αg0µ. (66)

Then, βµ is equal to (α, 0, 0, 0). So Eq.(62) gives nothing. Now we have only two condition

βµ = αg0µ, N = const, (67)
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where α is constant. The other parts based on this condition are

Γ̃µλν = g̃µωΓ̃ωλν + g̃µρΓ̃ρλν

= βµ

N2 Γ̃ωλν +
(
gµρ − βµβρ

N2

)
Γ̃ρλν

= gµρΓ̃ρλν + βµ

N2

(
Γ̃ωλν − βρΓ̃ρλν

)
= Γµλν

(68)

(Parenthese of third line equal to zero by condition, and Γ̃µλν = Γµλν is used.)

Γ̃µων = g̃µωΓ̃ωων + g̃µρΓ̃ρων

= βµ

N2 Γ̃ωων +
(
gµρ − βµβρ

N2

)
Γ̃ρων

= gµρΓ̃ρων + βµ

N2

(
Γ̃ωων − βρΓ̃ρων

)
= gµρ

(
∂ν

(
βρ
2

)
− ∂ρ

(
βν
2

)) (69)

(Parenthese of third line equal to zero by condition )

Γ̃µωω = g̃µωΓ̃ωωω + g̃µρΓ̃ρωω

= 0 +
(
gµρ − βµβρ

N2

)
Γ̃ρωω

= gµρΓ̃ρωω

= −∇µφ

(70)

(where φ ≡ g̃ωω
2 )

8 APPENDIX.C

In this section use results of APPENDIX.B.

R̃µν = R̃aµaν

= ∂[aΓ̃aν]µ − Γ̃bµ[aΓ̃aν]b

= ∂[λΓ̃λν]µ − Γ̃ρµ[λΓ̃λν]ρ

= ∂[λΓλν]µ − Γρµ[λΓλν]ρ

= Rλµλν
= Rµν

(71)

(The third line used Γ̃ωab = 0, fourth line used Γ̃µλρ = Γµλρ )

R̃µω = R̃aµaω

= ∂[aΓ̃aω]µ − Γ̃bµ[aΓ̃aω]b

= ∂[λΓ̃λω]µ − Γ̃ρµ[λΓ̃λω]ρ

= ∂λFµ
λ − ΓρµλFρ

λ + ΓλλρFµ
ρ

= ∇λFµ λ

(72)
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R̃ωω = R̃aωaω

= ∂[aΓ̃aω]ω − Γ̃bω[aΓ̃aω]b

= ∂[λΓ̃λω]ω − Γ̃ρω[λΓ̃λω]ρ

= ∂λ
(
−∇λφ

)
− Fλ ρFρ

λ + Γλλρ (−∇ρφ)

= −�φ+ FλρF
λρ

(73)

(By substitutue βµ = 2Aµ, Γ̃λωρ is used as Fρ
λ)

The five-dimension Ricci scalar is

R̃ = R̃abg̃
ab

= − 1
N2

(
−�φ+ FλρF

λρ
)

+ 2βµ∇λFµ λ +
(
gµν − βµβν

N2

)
Rµν

= R− 1
N2FλρF

λρ + 4µ0

N2 JµA
µ − 1

N2Rµνβ
µβν + 1

N2�φ

(74)
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