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1 Abstract

The Riemann Zeta function is defined as

((s) =521 1/n", Re(s)>1

The Zeta function is holomorphicin the complex plane except for a pole at

s = 1. The trivial zeros of ((s) are —2,—4, —6, .... [ts non trivial zeros lie in

the critical strip 0 < Re(s) < 1.

The Riemann Hypothesis states that all the non trivial zeros lie on the critical line

Re(s) =1/2.



2 Proof

Analytic continuation of ((s)is defined as [see 1, p.14, Eq.2.1.4]

C(s) = sfpe Ettagpy 141 (1)
Here [.] denotes the Greatest Integer Function.

Let,s = o +it.

For 0 <o <1, [see 1,p.14],

S rda= 5.

So, using 5 = £ [° —dx in (1),

C(s) = sfpo omiagey Lo spoo 1 gy

C(s) =s[" [z]gcaﬁLQd +3 fl ledw%——

((s) = sf* [r];;ff? dr+s [ Ils/fl d:v—l—s%1

(s) = s ot
Let, p be a non trivial zero of the Riemann Zeta Function.

Then, ((p) =0; 0 < Re(p) <1
C(p) = pfi™ EEE dot 1 = 0

Jro EEr  d= iy 0 < Re(p) <1 (2)

The functional equation of the Riemann Zeta function is [see [1], p.22,2.6.4],
720 (s/2)¢(s) = 7~ U7IRD((1 = 5) /2)¢(1 — 5).

So, by functional equation if pisa zeroof the Riemann Zeta function then
1 — pis also a zero [see [1],p.30].



((p) =0=¢(1—p)=0.
(A=p)=0=p))" [xxfjldx > =0

Jee it gp— L 0 < Re(p) <

z2=e p(1—p)’

Equating left sides of equation (2) and (3),

Jie R de= [ EEE o

J2([] = @+ 1)( s — 5)da=0
Let,p=0c+1t ;0 <0 <1,

Since, 0 < 0 <1 so we discuss 2 cases
1/2<oc<land0<o<1/2.
Casel:1/2<o0<1.

Putting, p = o + it in equation (4),
Fo (2] = 2+ 1) (5w — o= )da=0.

J2(le] — @+ 1) (B — 25 )da=0,

it(lnz) it(lnz)

[ (] — o+ 1) — ey g,

f1oo([x] —r+ 1)<coigti7}w) _ cosgc2 lgoc )dl)ﬁ—f-

Zfloo([x] —r 4+ 1)(7s;z(il1na:) . sm(t lnx) )d -0

Equating Real part to zero,

(o] — @+ 1)( 02 — iy g
(o] = 2+ 1)(hn

S ([#] = 2+ 1) (55 — A )cos(Hna)de= 0

—+=)cos(tinz)dr= 0




Let, I =[°([x]—2+1) (= — = )cos(tina ) da= 0

Claim : For, 1/2 <0 <1, -5 — xgﬂl > 0.

x2—0o
1 1
z2—0 ~ po+l
— 6(0'72)ln:v _ 67(0'+1)lnx

e(2o—1)inz_q

=
For, 1/12<o0<1, 20 —12>0.
forx>1, Ilnx > 0.

(20 — 1)lnx > 0.

o—Dinz > 1

e(2o—inz _ 1 > )

1 1 - e(20—1)lnz—1
SOJ r2—0o - pot+l e(o’+1)lnz Z 0

7 g 2 0.

which proves the claim.

Equation (6) gives,

J([2]) =z + 1) (5 — === )cos(tinz)dz= 0.
0 =|/([z] — 2+ 1)(r — =5 )cos(tinz)dz|

0 <J° | ([2] — 24 1) (57 — = )cos(ting) | dz

x2—0o



0 <7 | ([z]—=+1) || (Ia+1 2= o) |
0<z—[z]<1
O<[z]—2z+1<1.

Also, | cos(tinz) |< 1.

cos(tinz) | dx

Using the above inequalities in (8),

0</"| (xo+1 = o) | d.
Since, by (7)

. —)

a;0'+1

0<f” ( oFT T ﬂ%o)dx

0< =L _ 1

S oo T oD
1

Since, 0 <o <1/2, so % and -

Since, by Case (1),
1/2<0<1.

1—20
= 5oy =0

Combining equations (9) and (10),

— Oasz — o

(10)



o=1/2.

Now we proceed to Case 2
Case2:0<o0<1/2.
Let,p=0+it,0 <o < 1/2.
Let, ((p) =0

The functional equation of the Riemann Zeta function is [see [1], p.22,2.6.4],
D(s/2)m2¢(s) = T((1 — 8)/2)m0-9/2((1 — 5).

So, by functional equation if p = o+itis a zeroof the Riemann Zeta function then
l—p=1—0—1t 1isalsoa zeroand then

l—p=1—o0+it isalsoa zero [see [1],p.30].

((p) =0=¢(1—p)=0.

(1—p)=0=C(1—p) =0

Since, p =0 +1it.

C(1—p)=0=((1—0o+it) =0.

0<o<1/2=1/2<1-0<1.

((l—o+it)=0, 1/2<1—0 < L.

Let, o' =1—o0.

(o' +1it) =0, 1/2< o' < 1.

So, by case (1),

o=1/2=(1-0)=1/2



o=1/2.

So, by the above two cases we get that

C(p) =0;0< Re(p) <1; t € (—o0,—1/2)U(1/2,00)
= Re(p) =1/2

,which proves the R.H.
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