On some Ramanujan’s Nested Radicals: mathematical connections with ¢, {(2),
and various parameters of Cosmology and Particle Physics.

Michele Nardelli', Antonio Nardelli’

Abstract

In this paper we have described and analyzed some Ramanujan’s Nested Radicals.
Furthermore, we have obtained various mathematical connections with ¢, {(2), and
several parameters of Cosmology and Particle Physics.
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From:

https://www.cafepress.com/+ramanujan_and his equations tile coaster,1118423143

fHIE/U,H)EKHﬂmm!!- e {'r(uﬂ)r(bmm, -t}
T el T

14 1x5 1x5x9 9%
1+9(Z)+”(4x8) +25(4x8x12) T a2 (E)

13\ 1 x 333 1x3x5\3 2
1_5(5) +9(2:~:4) _13(2x4x{3) =

-S. Ramanujan

https://spiritoframanujan.com/elementor-popup/sor-logo-explanation/

3=\/1+2\/1+3\/1+4\/1+---

Sqrt((((1+2sqrt(((1+3sqrt((1+4sqrt(1+5sqrt(1+6(sqrt(1+7sqrt(1+8sqrt(1+9sqrt(1+14s
qrt(1+19sqrt(1+26)))))))))))N))))



Input:

1+2 1+3 1+4 ||1+5 1+6 1+7 |1+

\ \ \ \ \ \ \
| .
8\ 1+9\4I|1+14\I|1+19~J 1+26

Exact rgsult: _

1+2 |11+3 |[1+4 [|1+5 ||1+6 ||1+7

LS | G G GO { G

[ |
\“8'\ 1+9y 1+14\f1+5?ﬁ

Decimal approximation:
3.000652179457976056768846201107765783832522692312596263702...

3.0006521794...

Alternate form:

|||[1 +2 |||[1 +3 |II
\ \ \

1+4 ||I[l+5 |||[1+5 ||I[1+?
\ viooN

—

| | | ———
1
|'[1+s |'[1+4—_9 |'[14\11-149?45 +
\ V2

V2 {147 2:( Vo746 - ]ﬂﬂmﬂ




1073+((([sqrt(1+2sqrt(1+3sqrt(1+4sqrt(1+5sqrt(1+6sqrt(1+7sqrt(1+8sqrt(1+9sqrt(1+

14sqrt(1+19sqrt(1+26)])))))))))))))"6-1/golden ratio

Input:

LR { O | S { O { S

\l+9\q| l+14~\|' 1+19+ 1+26

=

Decimal approximation:
1729.333360596523026837844259532392509477883343763566915218...

1729.3333605965...

# iz the golden ratio

https://curiosamathematica.tumblr.com/post/116792561352/one-of-the-abundance-

of-beautiful-formulas

1—|—1-J1+2+\X1+3+\/1—|—4-1,.-'1-|-5-\,«“--+—:-2

[[[[sqrt(1+1sqrt(1+2sqrt(1+3sqrt(1+4sqrt(1+Ssqrt(1+6sqrt(1+7sqrt(1+8sqrt(1+9sqrt(1

+14sqrt(1+19sqrt(1+26)]]]]



Input:

\

1+1 [1+2 1+3 [l+4 [1+5 [1+5 [1+? [l+3
R { SO G { G | G { O { G
| ;
¥1+9\1I|1+14\I|1+19~,f1+25 ””“”

1+ ||1+2 [11+3 ||1+4 |[1+5 ||1+6 |({1+7

(O S A G AN

Exact result:_

[ |
\“8'\ 1+9y 1+14\f1+5?ﬁ

Decimal approximation:
2.000163038219128790020373522793788581407738969817464091803...
2.000163038219...

Alternate form:
|

||[1+ |
vioy

1+2 ||I[l+3 |II
\ \

1+4 |||[1+5 ||I[l+I5 ||I[l+'?
\ \ \

| | | ,
| | 1| —
(11+8 [[1+—9 [|144/1-iy 9746 +
‘4[ ‘»J[ V2 ‘»J[ v

V2 [172(5746 1) ﬂ]ﬂ]ﬂm




172+27[[[[sqrt(1+1sqrt(1+2sqrt(1+3sqrt(1+4sqrt(1+5sqrt(1+6sqrt(1+7sqrt(1+8sqrt(1+
9sqrt(1+14sqrt(1+19sqrt(1+26))))))))1111"6

Input:

L { S | GO | S | OO | S L

\\l+9~.q| l+14\|' 1+194 1+26

Exact result:

1
5+2? 1+ 1+2 1+3 1+4 [|1+5 1+6 1+7

LLO { GO | G | G (O

|
| | —
.\1+s.\ 149, 1+14\|"1+5?~¢'3

Decimal approximation:
1729.345362394553392967575467370089140613967694200606639172...

1729.345362394...



1/2-
Pi+2[[[[sqrt(1+1sqrt(1+2sqrt(1+3sqrt(1+4sqrt(1+5sqrt(1+6sqrt(1+7sqrt(1+8sqrt(1+9s

qrt(1+14sqrt(1+19sqrt(1+26)))))NMNIITT"6

Input:

1
5—;r+2 1+1 142 1+3 1+4 ||14+5 1+6 1+7 |[1+8

LU LG | GO | G { G (S | SO

|'
\l+91u| l+l4\|'|]_+191.," 1+26

Exact result:

-+2(1+ 1+2 1+3 1+4 [|1+5 1+6 1+7

LLON { GO | G | G (O

|
| | —
.\1+s.\ 149, 1+14\|"1+5?~¢'3

Decimal approximation:
125.4210267830437914258022060515419149390596968377068674510...

125.421026783...



Property:

- +2|1+ 1+2 1+3 1+4 |[1+5 1+6 1+7

LLOR (S (R (S (S

[ |
.\1+s.\ 1+9y 1+14\f1+5?ﬁ

3

is a transcendental number



Alternate forms:




1
17 + 24
2

1+5 [lﬂﬁ [l+?
(o

1+3 [l+4
Yooy

\

.\1+3\ 1+9\H||1+14\I|1+5?ﬁ ”m

1+4 [l+5 [1+5 [l+?
UYL

+12 [1+2 [1+3
[N |

4 ] .
[l+2 [1+3 [1+4
] YOO8 N

|
\_1+3\ 1+9y 1+14\Il+5?1ﬁ

15 [1+5 [u?.\ 148y 1+9y 1+14\I|1+5?«E
\ \

[
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}[1?+24 |I 1+3 ||[1+4 |I 1+5 ||[1+5 ||[1+?
< \ \ \ \ \

u||[l+8_\|||[l+—9_ul[l4\‘l iy 9746 +

]|

va

| w,"?[l+?421 49?45+-1]]]]]

12 ||I[l+2 ||I[l+3 |I 1+4 |||[1+5 ||I[l+I5 ||I[l+'? |||[1+8 ||I[l+
\ \ \ \ \ \ \ \

—

|
—9 ([144/1-iy 9746 +
V2 \'[ V{

rfetima )

1+4 ||I[l+5 |||[1+5 |||[1+? ||I[l+8 ||I[l+L
\ \ \ \ \

|
| |
411+2 |[1+3_\||

P

|
94[14\( 1-iy 9746 +4/2

i

L1+172+2[[[[sqrt(1+1sqrt(1+2sqrt(1+3sqrt(1+4sqrt( 1+5sqrt(1+6sqrt(1+7sqrt(1+8sqrt(
1+9sqrt(1+14sqrt(1+19sqrt(1+26)))))))1111"6

1+3 [1+4 1+5 {lﬂﬁ [1+?
Yoo U YO N0

it |

11

Input:

11+%+2 [1+l [1+2
YO8N

1+8




Exact result:

23
— +2|1+ 1+2 1+3 1+4 [|1+5 1+6 1+7

2
LLO { GO | G | G (O

| —
.\1+s.\ 149, 1+14\f1+5?ﬁ

Decimal approximation:
139.5626194366335846642648404348214178232568662370819732720...

139.5626194366...
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From Wikipedia:

Srinivasa Ramanujan demonstrated a number of curious identities involving nested radicals. Among them
are the following:[Z]

3+2‘f/5_17§+1_l 4 4
1\7’{)’_2‘75—‘4/3_1—2(3+\/§+«/5+~/m),
EBE_5E=E-i+5i_5£
Vs V5 Va5 V25 |25
1 2 4
3 5 _1_ 3+ _ 84 8 = [3]
Ja-1={5-{5+1s

Other odd-looking radicals inspired by Ramanujan include:

15+ 20/6 + /49— 205 = 215
\V(ﬂ+¢3)(5—¢ﬁ)+3(2¢§+3¢§) =\/10—13_—5‘/E.

5+ /6

Ramanujan stated the following infinite radical denesting in his lost notebook:

5+\Js+d5—\/5+\/5+\/5—m AL 15—6\/5'

2

The repeating pattern of the signs is (+, +, —).
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We have that:
sqrt(5+sqrt(5+sqrt(5-sqrt(5+sqrt(5+sqrt(5-sqrt(5)))))))

Input:

¥5+35+¥5_¥5+J5+J5_JE

Decimal approximation:
2.747596719439494832200663080804574733313975781044390880585. ..

2.74759671943...

Alternate form:

.'
JSvE-m’S-sz +9 54245
54+ .5+ |5-.15+

R R ¥z

All 2nd roots of 5 + sqrt(5 + sqrt(5 - sqrt(5 + sqrt(5 + sqrt(5 - sqrt(5)))))):

f
[ |
|5+ _ 5+ .‘1 L ;\ 5+ \‘l 5+ \/ 5- \E &” = 2.7476 (real, principal root)

\

|
| ' .
|5+ _5+\-5—\ 5+\‘|5+\IS—\E e'" =—-2.7476 (real root)

\

1/2(2-+sqrt5+(15-6sqrt5)10.5)

Input:

—_—
% 2+\E+\f'15—5£

14



Decimal approximation:
2.747238274932304333057465186134202826758163878776167987783...

2.77472382749...

Alternate forms:

1 e (P
5[2+w,"5+‘13{5—2w,"5]]
v5 1 | —
l+?+5~.‘|'15—l5~.,"5

v5 1 |

1+?+5.\;'3[5-2«E]

Minimal polynomial:
x*-a4x® —4x® +31x-29

From which:
((1/2(2+sqrt5+(15-6sqrt5)°0.5)))*1/2

Input:

1 — |I —
5 2+45 +-.‘|'15—|5~..f5

\

Decimal approximation:
1.657479494573704924740483047406775190347623094018322205669...

1.657479495.... result very near to the 14th root of the following Ramanujan’s class
invariant Q = (6505/6101/5)3 =1164.2696 i.e. 1.65578...

Alternate form:
| T —
|1 — | —
‘Hl . [2+ﬂj5 +\(3[5-2uf5]]

Minimal polynomial:
x"-axf-axt+ 312 -29

15



All 2nd roots of 1/2 (2 + sqrt(5) + sqrt(15 - 6 sqrt(5))):

|
2445 + ‘j 15-6+4/5 | &”~1.6575 (real. principal root)

1
\5

|
2445 + ‘j 15-6+4/5 | & " ~-1.6575 (real root)

1
\5

We have also:
(Pi/2)[6*((((1/2(2+sqrt5+(15-6sqrt5)"0.5)))"1/2))]"3+144+34+5

Input:

3
]_ — | —
% 5‘\5[2“!5 +\115-5115 ” +144+34+5

Exact result:

432
= ' T | ' SR
183+ 274/ 2 [2”}5 +.\|' 15-5&5] T

Decimal approximation:
1727.963134811810809209576308733239071871987614602680671529...

1727.96313481...
Property:
 EEE— T
183+27+ 2 [2 +4 5 + .\|'I 15-64/5 ] mis a transcendental number

Alternate forms:

183+27/ 2 [2+1;'I'E +\f|3 [5 : 21}?] ]3;2 x

| :
| | B >
183+54./19+13v 5 +3\/5[55-19w15] }1'

\
3[51+9~,G [2+~,E+\f3[5-2~,f?]]3;2n]

16



Series representations:

}[5‘€%[2+\E+\115-5£]] 1A R

2

3[51+9\'E;r

2+¢I§4*[E]+ﬁ\£5-2\f’1§4*[5]]3;2]

3
} 6 E 2+\E+\115—5\E T+ 144 +34 +5 =
2 ‘12
1k

351+9\Fn2+.j_2‘[ [ ) \/_ ls- 21‘,42‘[1}*:[‘51};;

k=0

3
1 1
5[5‘1&5[2+\E+\115—5\'E]] a+ 144+ 34 +5 =

— T (5 — 301" 25
351+9\Efr 2+1,."z.;.i [ } 1 i +
= k!
5 |5 e @ (-1 (-7), 6-20f "

k!

]

Now, we have that:

28— 2 = 1 (Y08 - - 1)

(28)N(1/3)-27)N(1/3))"0.5

Input:
iz iz

Exact result:
|
\( 22337 -3

17



Decimal approximation:

0.191282440060928016751205506478335008072307207254571910553. ..

0.19128244...

Alternate form:
l ! |'_ |'_ i3
S V7 +§2 77

Minimal polynomial:
¥ +xt+5x-1

All 2nd roots of 2*(2/3) 7*(1/3) - 3:

|
“|'I g3 i" S 0.191 (real, principal root)

—
“||' 22337 -3 " +-0.191 (real root)

1/3((98)7(1/3)-(28)(1/3)-1)

Input:
> (/o8 328 1)

Result:

oo 7 .z )

Decimal approximation:
0.191282440060928016751295506478335098972307207254571910553...

0.19128244...

Alternate forms:

F x® +x? +5x-1 near x=0.191282
1 1 209 i 1 ] 7
—— -2 Y7 -2
373 Yk gy
Minimal polynomial:
¥ +xt +5x-1

18



From

Vi i
we obtain:
27(((L2/(((28)™M1/3)-(27)™(1/3))10.5)) )+golden ratio)))-8-1/2
Input:
12 1
27| ————+¢[-8-7
V28 -427

# iz the golden ratio

Exact result:

- 12 17
=
\/22-"3 V7 -3

Decimal approximation:
1729.017255163702494621285892062689763173866971633624900227...

1729.0172551637...

With regard 27 (From Wikipedia):

“The fundamental group of the complex form, compact real form, or any algebraic
version of Eg is the cyclic group Z/3Z, and its outer automorphism group is the cyclic
group Z/2Z. Its fundamental representation is 27-dimensional (complex), and a basis
is given by the 27 lines on a cubic surface. The dual representation, which is
inequivalent, is also 27-dimensional. In particle physics, Egplays a role in
some grand unified theories”.

Alternate forms:
324
27— — +

223

27

2
\/223

19



27 %[1+-4€]++ -12—?

V2237 -3
Minimal polynomial:

64 x® — 209280 x° + 159557712 x* + 14653178048 x° +
7208631334284 x° + 351845703912 552 x + 78 030570 956 222 359

24%1/((((2)M1/3)-(27)M(1/3))10.5)))

Input:
24 :

|
| J— I—

\‘ffES—fET

Exact result:
24

,jl 2237 -3

Decimal approximation:

125.4689138864781728681305220396161136292002684280643928111...

125.46891388...

Alternate form:
8 [5 +2.2933%7 ¥ ?2-"3]

Minimal polynomial:
x -120x* -576 x - 13824

24%1/(((((28)7(1/3)-27)N(1/3))"0.5)))+13+1/golden ratio+1/2

Input:
24 +13 +

“f?.fzs _¥27

B2 | =

+

B |

Exact result:
1 27 24

RN G i
¢ 2 f
227 -3

20

# iz the golden ratio



Decimal approximation:
139.5869478752280677163351088739817517470105776078701556732...

139.5869478...

Minimal polynomial:
64x% - 20352 x° + 2008272 x* ~65731136x° + 1178107980 x* - 11188527864
x+53122326431

Alternate forms:

27 2 24
s — +
2 1+¥5 [
V22237 -3
f 64x5-20352x° +2008272x* -65731136%° +
1178107980 x% - 11188527864 x +53122326 431 near x = 139.587

|

3p5+942ﬁ335-3]

1
3y

V5
2

+

P |

|
242ﬁ3$?-3

Now, we have that:

[3+2¢5 _ V541 _

i
V3-295 -1 7

*J

L ¥

(3 + /5 + +/5+ 4/125)

[(B2(5Y\(1/4)) / (25 (1/4))] /4

Input:
3+2V5

-1 N

\3_-2¥5

Decimal approximation:
5.037559141801560179168619014582714656372127037744309946818 ..

5.0375591418

21



Alternate forms:

2y5 3
N3_-2¥5 3-2%5
—
| B
4| 4_—1
\ 3-2V5
3 5 | —;
E+?+.\I|—[5+31u'|5]

Minimal polynomial:
¥t _Bx 46X —6x+1

All 4th roots of (3 + 2 57(1/4))/(3 - 2 5~ (1/4)):

3+2%5

e® =5.04 (real, principal root)

™2 504

e ~-5.04 (real root)

—{iny2
e FTHS 504

From which:

(([(B+2(5)(1/4))) 1 ((3-2(5)"(1/H))]*1/4)))"3-¢

Input:

3+2v5
4

N3 a¥E

Result:
[3+2$§T”
-

I

22



Decimal approximation:
125.1198671279241931538321300790662578948777755128760341821...

125.1198671...

Property:
[3+2$§

3/4
. ] —¢ 15 atranscendental number
3-2+5

Alternate forms:

4— = A = 4—
PE R 12 V5 o | _4vs 12 V5 o
: [{3-2 1!?]2 ! {3-2 1!?]2 ! {3-2 ‘:5'—5]2] [{3_2 1:?]2 ’ {3_2 ‘:3'—5]2 ’ {3_2 Vs |
\ 3-2V5 L

cie 29;€+\fé[4035+182? 5]-¢=

Alternative representation:

3 |
4:3+22‘E 4,3+22‘E .
| —— -e=4——— -—exp@ for !
\3-2¥5 \N3-2V5

Series representations:

4§3+23‘E _P:[3+2?E]3'4_ii
\3-2¥5 3-2V5 oK

1 AR
I 3+2V5 _P:[3+2$5]3"4_Ek=n 5
\3-2V5 3-2V5 z




1/2(3+(5)N(1/4)+sqrt5+(125)~(1/4))

Input:

~(3+¥5 5 Y125

Result:

é [3 + t'llg + !.,'"E + 53';4]

Decimal approximation:
5.037559141801560179168619014582714656372127037744309946818...

5.03755914...

Alternate forms:
Minimal polynomial:
x -6 +6x° -6x+1
Now, we have that:
HSE_EH=EL+51_EE
5 5 25 25 25

(((32/5)°(1/5)-2T/5)N1/5)))1/3

Input

I ——
| |32 (27
| ! e~ Fresgie
‘u' 5 V5

24



Exact result:

| 2 gls
| Bt o
\¥s 5

Decimal approximation:
0.364501841216068035176260674465207376373195365171314144936...

0.3645018412...

Alternate forms:

v2-33%8

V5

{J root of ¥ —5x* -5x° +65x2 +155x -1 near x = 0.00643426

Minimal polynomial:
¥ -5x% _5xP +65x" +155%° -1

All 3rd roots of 2/5~(1/5) - 37(3/5)/5~(1/5):

|| 2 3
‘? FIETha ¢ =0.365 {real, principal root)
V5 V5
3/5
| 2 3 (2im)3
‘E:I| FIPT c: e T 20,1823 +0.3157
V5 v5
| 2 33_.'5

e Bimi3 . _0.1823-0.3157i

(1/25)°(1/5)+(3/25Y\(1/5)-(9/25)(1/5)

Input:

i 1 I 3 i 9
5 Bt _ Ry ity
\( 25 +\H 25 \H 25
Result:

325 1 V3

'[E] T gas T g2s

25



Decimal approximation:
0.364501841216068035176260674465207376373195365171314144936...

0.3645018412...

Alternate forms:
1 5o o2/5Y) 35
= [1 +43 -3 ]5

1+v3 -3

Minimal polynomial:
2 B 5 B85 4155 2" =1

From which:

sqrt((1/((((((32/5)*(1/5)-(27/5)~(1/5))))*1/3))))

Input:

1
E

|| |
] 2T

SN

Exact result:
1
?
|| i 33_"5
B

&
‘q 5 v

<N

Decimal approximation:
1.656342466624655640153305028221103961499541914582185361537...

1.6563424666.... result very near to the 14th root of the following Ramanujan’s class
invariant Q = (6505/0101/5)3 =1164.2696 i.e. 1.65578...

26



Alternate form:
30—

V5

-,'5|' o 33_-'5

All 2nd roots of 1/(2/5°(1/5) - 37 (3/5)/5~(1/5))*(1/3):

(4]

= 1.656 (real, principal root)

R .
"q VS V5
im
=—-1.656 (realroot)
f & -
] ]

3*13%16/((((((32/5)°(1/5)-(27/5)(1/5))))"1/3))+13+5-1/golden ratio

Input:

1
3x13 +134+5--
—— = &

"'l 5 5
Exact result:
1 624
—; +18 +
3' i _ 33_“5
\,J' ¥5 V3

Decimal approximation:
1729.307474859661158677869554361884364927232910606756859694. ..

1729.307474859...

Alternate forms:

1 624 V5
i +
# V2-33s
624 v,
18 + -
: 1445
R e
| 55 ¥5

27

#is the golden ratio



3, _3/s 3, _L3/5
I@E[ﬁ[mmg”i ]¢-“f“ ]

13 135

-\BII 9 _33_-'5 &

Alternative representations:

(31316 1 H24 1
+13+5--=18+ T
— — i I — — s )
3’52_52_? 3’_5§+5§
\H\JS 5 \ \Is \Is
(31316 1 1 624
+f|.3+5——:153——2 T +
[z J= f it (I gl
3l 5 22 _ g 27 3l —5f 27 4 g5 322
9% -5 § 2y
(3 1316 1 624 1
+13+5-- =18+ ——2. 666 -
— — o f — — sIn( )
3 5 32 _g 27 3’_5§‘+52
Vs V5 A

Now, we have that:

ma\6+ )\ 54+ J 94 + d 6+ \/5424— }Xﬁ?l + \/25?0464— v 278255738

sqrt(6-+sqrt(5+sqrt(94-+sqrt(6+sqrt(542-+sqrt(691+sqrt(207046+sqrt(278255738))))))))

Input:

‘ | .
|
84 +4/ 6+ “1 542 + "ﬂ’ 691 +J2G?D4ﬁ+m‘ 278255738

;6+

'\1.

|5+

NN

28



Decimal approximation:
3.141592653589793238450109266756044852957448370402056408754...

3.141592653589.....==

All 2nd roots of 6 + sqrt(5 + sqrt(94 + sqrt(6 + sqrt(542 + sqrt(691 +
sqrt(207046 + sqrt(278255738))))))):

.'
|6+ ;5+\_ 94+ 5+.‘1'542+,,ql 591+\120?D4ﬁ+q 278255738 <% ~3.1416

\

(real, principal root)

:
_ 94+.“ 6+ | 542+ \ 691+ \J 207046 ++ 278255738 "

\

=—3.1416 (real root)

| 6+ |5+

29



Now, from:

Rediscovering Ramanujan - a thesis presented by Momin Meraj Malik
to The Department of the History of Science in partial fulfillment

for an honors degree in History and Science - Harvard University
Cambridge, Massachusetts - 8 December 2008

Fora=3, we obtain:

1/6(1+sqrt(12-7)) + 2/3 (12-sqrt(12-7))*0.5 * sin(((1/3*tan™-1 (((2sqrt(12-7)-
1)/(3sqrt3))))))

Input:
}(1+,12_?)+g 12—m sin[ltan_l[z—u_?_i]]
6 3 3 343

30



Exact Result:

I'— —
é [l+\E]+ 2 \I 12—1.,"? sin[% tan'l[EqS - l]]

3vV3

(resultin radians)

Decimal approximation:
0.945763722196398446155536122455865440817511522937106097926...

(resultin radians)

0.945763722196.... result very near to the spectral index ny , to the mesonic Regge
slope, to the inflaton value at the end of the inflation 0.9402 and to the value of the
following Rogers-Ramanujan continued fraction:

e’ e

=1- - ~ (0.9568666373
\/(¢—1)\/§—¢+1 1+e—_3ﬂ
1+ © ;
e—ﬂ'
1+
I+...

Alternate forms:

b 3v3

1 ' 1 245 -1
- 1+\E+4\112—£ 5111[5 tan'l[ ]]]

1 5 2 | 1 245 -1
G + T + 5 ‘J 12 - \E 5111[5 tan'l[ -~ ]]
2 |
: \hz-ﬁ root of 560344 x12 — 1708 032x1° + 1921536 x° - s
990464 x® + 224688 x* - 16 704x% + 361 near x = 0.195098
l —
E[1+'\'I5]

Alternative representations:

I'— IS ST
é[1+ﬁ12—?}+%[\r 12 412 -7 sin[%tan'l[wmzz

3v'3

2 1 ~1+245 Y} | — 1 —
—CDSE——tElll_l-r— ‘(12—\,"5 +—[1+\."5]
2 3 I3 B
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1 1( | 1 RV e e
E[1+ﬂd 12-?}+§[ 12 il 1277 sin[gtan_l[—_]]]ﬂz
3V3

—_—
o cns[% - % tan'l[ﬂ]]\l 12 - ME + :—é [1 +ME]

3V 3
é[l+\'ﬁ]+

L, tuy1{2122YE g —\Jl o
2[_‘u 2 [ 13 ]+f1.l31tzm |:|:-1+2u'5]:.|:3~33]]] 12 -5

1 2v12-7 -1
12-y12-7 sin[gtan'l[— ]]]2 =

3v3

- é [l+‘j€]

320

Series representations:

1 2v12-7 -1
W 12-412-7 sin[gtan_l[—_]]]ﬂ -
3v3

i

:—é[1+ 12-?]+%

g el =y 142k

{2 [ g

6 6 3 i (1+2ky
—[1+\f 12-?%%[1.'12-1# 127 sin[%tan_l[%ﬂ]ﬂz

; el = 2k

52 (g g e )

6 6 3 & 2k)!
}[1+¢12-?]+5[1f12-1f12-? sin[itan_l[Lf_l]]]2=E+£
3] 3 3 343 6 6

36° tan~! @ _zsr[s}
! V) a2 S, e
g 3\'@ j=0 F[E—s}

Integral representations:

1 2v12-7 -1
W 12-412-7 sin[gtan'l[—_]]]z -
3v3

M S
2 -1+2v5 ) 1 -1+2+5
+—\(12—\'{E tan'1[+— chas[—ttall'1[+—_ dt
9 3V3 0 3 33

T

L | =

:—é[1+ 12-?]+

|

+

1
B
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1 — 1 (1 AN TI=TF ] 1 +5
—[1+1}12-?]+— 12-412-7 sin|= tan™ . Siarsged — e
] 3 3 33 6 6
e s—tan_l[_lmj_ E,-'II-:BISSJ
1 | 12-+5 _1[—l+2‘u"5 i sty @ 3v3 j
— .| tan | ——— J ; ds
18y = 3v3 P 32
1 — 1 (1 I TT =7
—[1+~112-?]+— 12-412-7 sin|-tan}|Z—/—"— " |||2 =
6 3 3 3v3
- CA——— 1, =1f-142 45 Y\1-25
1 V5 1, [12-95 ien(prn(TH)) e
e [ - ds tord l
& G 3 "1] Fis o i a4y r[E—SP
2
and:

(((L((1/6(1+sqrt(12-7)) + 2/3 (12-sqrt(12-7))"0.5 * sin(((1/3*tan"-1 (((2sqrt(12-

7)-1)/(3sqrt3))))NN)™9

Input:
1
1(14¥12-7)+ 1V 12-V12-7 sin(] tan-}(20I2241))
B 4 3 3v3

Exact Result:
1

[—; (1+v5 )+ ‘E vi12-v5 sin[% tan'l[
(resultin radians)

Decimal approximation:

245 -1

=)

tan

1 ; : ¢
(x)1 is the inverse tangent function

1.651794968339342584809560014494074500933210200121297367702...

(resultin radians)

1.651794968......

result very near to the 14th root of the following Ramanujan’s

class invariant Q = (Gsos/G101 /5)3 =1164.2696 i.e. 1.65578...

Alternate forms:

10077696

[l +¥5 +4v¥12-+5 sin[—; tﬂn'l[z:

)
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1 43)|

2
1},-5 12 -+/5 | root of 569344 x12 ~1708032x%° +1921536x° - +
000464 x® + 224 688 x* - 16 704x + 361 near x = 0.195098

|

1 1 i(2v5 -1) i(2V5 1)
5! 12—\/? [EXP[E [bg[l_W]_ng[l-'—W]]]_

1 i(2V5 —1) i2vs —ymf
Exp[ﬁ [lag[l + —3 Nes ]— lag[l - —3 Nes ]]]]]

oz(x) is the natural logarithm

Alternative representations:

=
1
1(14v12-7)+ 1 (V12-V12-7 sin(} tan}( 202222
! yaes 3 33
=]
1
2 cos(2 - Lan ) 245 )]y 125 +1(1+V5)
5 2 3 343 i .
=
1
1(14v12-7)+  (V12-VIZ-7 sin(2 tan}( 22221} )2
! s 3 33
=]
1
-2 cos(2 + Lean(L2Y5 )|V 12 V5 +1(14V5)
= 273 343 6 -
=
1
_1[1+m}+l[ 12-412-7 sin[—l tan‘l[z—“z;?'l]]]z
: yas 3 343
r =
1
L poo-1(=142YVE T A EE]
g = [ 3v3 ]+p1"3‘m" H[-1e2vs )33 V125
1
— i (1+ ‘u"'g}
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Series representations:

=]
1
-1[1+~.f12—?}+l[ 12-vV12-7 sin[lran-l[w]]]z
& 3 3 3 3+ 3
1
ik 312k [ 1+‘ws]1+“c g
1 2, 0 ' 33
[6 [1+E}+3 12-V5 Zk:ﬂ (142k)! ]

k=)
1
[_;[hmm[m sin[-lfﬂn'l[@]]]zl
: 3 3y 3

1

: =] [= T 2 ko
[”“ Ve yy, T ) ]
[ . 3 G

(zk)

o
1
[—; (1+ mh %[ 121257 sin[—; ran'l[ﬂf'ln]E]

1f[é{1+£}+é\/[12-ﬁ]n

[ 1+245
tan

]Z eSs-

— _2 gi
36° tan'l[@] ’ FES}]
3v3

-
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From:

Gravitational Wave Anisotropies from Primordial Black Holes
N. Bartolo, D. Bertacca, V. De Luca, G. Franciolini, S. Matarrese, M. Peloso, A.
Ricciardone, A. Riotto, G. Tasinato - arXiv:1909.12619v2 [astro-ph.CO] 9 Mar 2020

The rontraction forced &y = ko m Firp (2.2) using Fe. (2.1). In this case the time average
procedure in (2.2) became straightforward, namely

<.-'-:'e'r1E (ky q])T = (frmﬁ (kq 'J’]‘}}T = 1/2, (sin{kyn)ecos (kyq))p =0 (2.h)

Following the standard convention, in the first line of (2.4) we defimed the fractional energy
density in the GW for log interval. The quantity p. = 3H Eﬂ-fg denotes the critical energy

density of a spatially flat universe with Hubble rate H. The notation in the second line
of (2.4) exploits the fact that the integral over the two angles d{); can be made trivial by
exploiting that the only angular dependence of the integrand is on the angle between El and
p1 (this is a consequence of the statistical isotropy of the background). By introducing the
rescaled magnitudes = = py/ky and y = !f { — pi|/k1, the expression (2.4) reduces to [49]

1 z? (l—.f—itg—yg)g ? 5

where the integration region S extends to = > 0 and to |1 —z| < y < 1 + = and where we
defined Z? = I2 + I2. For a Dirac delta power spectrum of the scalar curvature perturbation
on small scales, P¢, (k) = A, k. 6 (k — k.), this expression then becomes g

2

1 A B T4k . wd ks T :
Qow(k,n) = 2H22 15552 K2 [ 2 1] 02k, — k) T (T T) (2.7)

where # is the Heaviside step function, and

(k) e (k) e ()
729 [ k\"2 2k2\* S A 4k2
-~ (xl =7 !‘*(2‘3?3) (-

We note that the result (2.7) for the one-point expectation value of the GW energy density is
independent of position. This follows from statistical homogeneity of the FLRW background

)r+w?9 (3/’%& —1)

(2.8)

universe (at the technical level., it is due to the fact that the contraction of the four (
operators in Eq. (2.2) forces k1 + ko = 0). However, as explained in the introduction, one
does not expect that the sourced GWs are perfectly homogeneous across the universe. As
a consequence, the SGWB reaching us from different directions will present some angular
anisotropies.
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where 6=1/2 and k/k =10 k /k=1/10, we obtain:

729/16 (10)*12 (3-(2*1/100))4 [(((((4(2-3*100)*-1) — In(1-
(4/(3*100)))))))) 2+Pi*2*1/2(((2/sqrt3)*1/10-1))]

Input:

729 1 4 4 w2 o, 12 1
729 102 (3-2x 2T (ot gt st et L (R
16 100 2-3.-100 3100 243 10

log(x) is the natural logarithm

Exact result:

1( 1 5 75 2
3503127283200000 |- “1lr +(1Dg[_J_ _®_
21543 74] 149

Decimal approximation:
-1.568392989594878313152701841907460612586995638707435... x 101®

-1.5683929...%10'°

Alternate forms:
_ 75y Y
119770909443000 (¥ 3 - 15) 4% + 161845290000 [149 lng[i]— 2}

3593127283 290 000 [_1 H3 15] 2 [1 [TSJ 2 ]z]
e 0 _ - —
30 T 72) 149

647381160000 - 1796563 641645000 x° + 119 770909443000 3 »° +
75 75
3593127 283290000 1ag2(i} ~ 96459 792840000 lag[iJ
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Alternative representations:
1 5 2 v 4 4 w1 ,( 2
T ?29[3-—] [——lng(l— ]] il [— g}
16 100/ W2-3.100 3100 2" \y3 10
= 1(:12[3- } [[ [ J + E;TZ[—1+ 2 ]]
16 100 300 298 2 103
7 4 4 2 1 2
1012 ?29[3-—} [[ log(l— ]] +—n2[ - -1]]:
100/ W2-3 mo 3100 27 \y3 10
E 102 (3——} [[ ( J i +}}1’2 [—l+ - ]]
16 300 298) 2 10v3
7 4 4 2 1 2
1012 ?29[3-—} [[ log(l— ]] +—n2[ - -1]]:
100/ W2-3.100 3100 2" \y3 10
i

729 . 4 4 1 2[ 2 ]]
227 102 (3- <) [[-1og@)1 [ —} e P by
16 ( J [ OB 0%a(* — 55p )  T298) T2 T T

Series representations:

i e 2 \b 4 4 w1 ,( 2
T ?29[3-—] [——lng(l— D il [— g}
16 100/ 223 100 TR ) B W

5394843000

__-k s {3
[ + 666030 X 7a)

[i]
120 33301527 +22201+ 3 »? + 17880 Z‘

1 s 2 4 4 4 W 1 ,( 2
— 10 ?29[3——] (——lng{l_ D +on | ——-1]| =
16 100/ \2-3 100 3100 gl
1
3593127283290000 | [-15 +V3 ]frz +

+lugx}—2£ k forx <0
k=1

T 4 4 4 w1 ,( 2
— x10 ?29[3-—] [—-103(1- D o0 | —— -1 =
16 100 ~3x100 3.100)) " 2" \y310
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Integral representations:

S 2 4 4 4 w2 1 ,( 2
Bt 01 ?29[3-—] [——lug[l— D . | Y |
16 100/ (2-3 100 axw0l 27 (i3 10
5394843 000
[120 33301572 +222014 3 #° -1?sal:nj dt+666D3DU ]z]
1

12 2 4 21,
102 720 [3 : —] [— o lcg[l D g i
100 2-3 100 3 100 2 e
3503127 283290000
1 2 .l eyl i A
L (1 y3)st (L e o [ 2,
3':' 149 2}Tn—4\u+}- r[l—.ﬁ}

From which:

(x+1)/16 (10)*12 (3-(2*1/100))4 [((((((4(2-3*100)*-1) — In(1-
(4/(3%100))))))) 2+Pir2*1/2(((2/5qrt3)*1/10-1))] = -1.568392989¢+16

Input interpretation:
x+1

. 1 4 4 2 o, 102 1
10% (32 | (555 - lo#(2 - )| +r S| = -1
16 100/ \2-3.100 3100 2\y3 10

~1.568392089 - 10'®

logixy is the natural logarithm

Result:
B 75, 2 o
4928844ﬂ1ﬂnnn[x+1}[—[— 1]n +[10g( ] =l ]:—1.55839><1D
2543 74 149
Plot:

-1000 1000

— 4928844010000 (x+1) (L [——-1| n? 4
2 \5 i

-1 %106 |
! T51 1P
(log{ 2)=-—=]°

=l 74! 140! |

-2 %108 | .
: — -1.56839x10'8

Alternate forms:
1
4028844010000 (x + 1) [ﬁ [ﬁ ¥ 15] & [lug(

75y 2 2
J —J ]= _1.56839x10'®
74)” 149
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22201000 — 752
e (x+ 11[22 201 (V'3 -15)* + 30 [2 149 lng[ﬂn ]: 1.56839x10'°
492884401000 »* x 4

_ 2464422005000 »* x + 888 040 000 x +

V3
75 75 16
4028844010000 x 10g2[?—4J— 132317960000 x 1Dg[£J+ 1.56624 %10 =10

Alternate form assuming x>0:
2464422005 DDD[ - 1];r2x+

5v3 : :
4928844010000 x [- 145 ~108(2)+10g(3) + 2 1og(5) - lug[B?}J i

1
2464422005000 [ — l]fr2 +
S5v3

2
4928844010000 (_EQ - logi2) + logi3) + 2 log(5) - 1ag[3?}]2 — -1.56839x10'®

Expanded form:

492884401000 »* x g
- 2464422005000 7~ x + 888040000 x +

V3
75 75
4028844010000 xlcgz(ﬂJ - 132317960000 x lng[ﬂJ +

492 884401000 »°
v3
75 75
4928844010000 1ag2[?—4}- 132317960000 Lag[ﬁJ = -15683929 890 000000

— 2464422005000 »° + 888 040000 +

Solution:
X = ?2 8 i

728 (Ramanujan taxicab number)

and:

729/16 (10)2 (3-(2*1/100)" [((((4(2-3*100)*-1) — In(1-
(4/(3*100)))))) 2-+x 2% 1/2(((2/sqrt3)*1/10-1))] = -1.568392989¢+16

Input interpretation:
729

; 1 (4 4 1(2 1
222 %10 [3-2 —] [——lug[l— ]] it x| —x——1||=
16 100) \(2-3 100 3100 2\y7 10

~1.568392089  10'®
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logix is the natural logarithm

Result:
1( 1 75, 2 ¥
3593127283290000 |- | —— -1 x2+[10g(—}—— — _1.56839x 10
2 g y3 74) " 149
Plot:
B -1 _7 5 7 4 &
~2x1018 |
-'.i*:llf]”-:'é
_4x1016 | — 3593127283290000 |1 [—=-1] x? +(logf
. \2\sv3 -
' 74! 140!
SR — -1.56839x10'°

Alternate forms:

119 770909443000 v 3 % — 1796563 641645000 x° + 1.56839 x 1016 = 0

75
119770909443000 (V' 3 - 15)x* + 161845 290000 (149 lcg(ﬂ]—E]z _
~1.56839x 10'°
1 75\ 2
3593127283 290 000 [— [ e 15];:2 + [lng(—]— o
30 149

i 16
] ]: ~1.56839x 10
74

Expanded form:

119 770900443000 y 3 x° — 1796563641 645 000 x° +
75
647381160000 + 3593 127283 290 000 1ag2[?—4J_

75
96459 792840 000 log[ﬂ] — 15683929890 000 000

Alternate forms assuming x>0:

1 75y 2y
1796563 641 645 000 [E[ e 15];:2 +2[1ag(—]- ﬁ] ]: ~1.56839 x 10'®

74
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1
1796563641645 000 [— - 1]1‘2 +3593 127283 290000

i

5+ 3
[— 13_9 ~log(2) + log(3) + 2 log(5) - log[ET}Jz — ~1.56839x10'°
Solutions:
X =-3.14159
X =3.14159
3.14159 ==«

We have also:

((CCCC(-729/16 (10)°12 (3-(2*1/100))™4 [((((((4(2-3*100)*-1) — In(1-
(4/(3*100)))))))"2+Pi"2*1/2(((2/sqrt3)*1/10-1) DN 1/5

Input:
72 4
[-—g 1312[3-2 i}
16 100

4 4 s Al 1 s
[ —lug[l— ] +r = | — x— —l] (1;5)
2-3.-100 3100 2\y3 10

Exact result:

I
; Lj -l 75 2
5190 5[ (1) foglZ)- 2 ])
\ 2543 149

log(x) is the natural logarithm

Decimal approximation:
1734.167242948033764195427187860357602266057441302800682852...

1734.167242948......

Alternate forms:

|
. 1 75y 2o
3 1490%° 5||-—[ 3 —15];r2—3[10g[—]— —]
y 10 74) 149

31490% i|||3[%[15-ﬁ]n2_[1ag[ﬁ] 2 ]2]

74)" 149

[
R T
\ 2 10vV3 74) 149
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All 5th roots of -3593127283290000 (1/2 (1/(5 sqrt(3)) - 1) a2 + (log(75/74) -
2/149)72):

|
3. 1490%° &° ‘3’ 3 [_% (—=-1)# —[lag[E

— ] -— ] =1734.2 (real, principal root)
543 741 149

|
5 winy 1i A 75y 2 Y
3. 1490%3 (215 3[-— [— . 1]n2 4 [lag[—]— —} ] ~535.9+1649.3
\ 2543 74) 149

B =

|
o 1 75, 2
314905 (45 3[- [— . 1],fr2 —[lng[ J ] ~-1403.0+1019.3 4
\ 543

74) " 1a9

|
— i:f 75y 2
3 149D4"5f'4”"55||3[—5[——l];r2—[10g[—J St ]1-14u3.0-1|:319.31

\ 5v3 74 149
|
; e 1( 1 75y 2
3 149043 ¢~ 2imi3 ;_:! 3 [-5 [—_ E 1];3 . [lug(iJ g ] ~535.9-1649.3
5v3
Alternative representations:
[ 1 o 2 4 4 4 w2 1 5( 2
5} — % 10 [—?29}(3——] [ —lag[l— D - |—-1
\ 16 100/ \\2-3 100 3100 2 \y3 10

|

72 2 @ 4 4 @ 1 2

e -2 a0 i L [l ek ol [l
y 16 100 300/ 298) 2 10vT

foas e 2 4 4 w2 1 ,( 2
o — x10 [-?29}(3-—] [ —lag[l— ]] it
\ 16 100) \2-3 100 Tl 3" g

|
72 2 4 4 1 2
:5’-—9 1|:|12[3-—J [[-lag,.[l-—]+-— +—n2[-1+ ]]
\ 16 100 300/ 298/ 2 103

o 9 4 4 4 w 1 ,( 2
§ — 10 [—?29}(3-—] [ -1ag[1- D et .
\ 16 100) \2-3 100 3.100/) T27 (g3 10

3
|

72 2 4 4 4 1

WS SR T ATLL  F (RO )
V16 100 300/  298) " 2 10v3
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Series representations:

[ . e 2 4 4 W o1 ,( 2
| —x10 [-?29}[3-—] [—_105[1_ ]] il 2 4
\ 16 100/ \\2-3 100 3-100)) " 2" L3 10
1 5 2 &ba)
- n-T I 2 _af_ T ™
= 314907 4 10[ 15 + a]n -5 X4

|| 1 12 2 ¥ 4 a2 b 2 2
s} == % 10 [—?29}(3 - —J [— - lag[l - D +-—n|——-1
G 100 2-3 100 3100 2 V3 10

\ 1

ik

:3%{;14954!55—l[—1+ : ];rz__i_w“[_'?“r}
2 5v3 149 & &k

\

1 12 2 44 4 4 2 5 2
51 — x 1 [—?29}(3 - —] [— = 103[1 = D ton — =1
16 100 2-3 100 3100 2 V3 10

<1 1
=333 1490M% |2 [-1+ ];rz—
2 543

75 k(7s _ ik k
—i +2in arg{;_x} + 1o [x}—i -1y ['?4 x} * {1y
149 2n 3 k
k=1
5) forx <0
Integral representations:
1 G 2 4 4 4 w2 o1 ,f 2
o — 10 [-?29}[3-—] [——lag[l— D el
6 100/ W2-3 100 3100 27 \y3 10

‘-ql
I
:31,'5 3 14503 5"_[‘1+—]N2-[——+J?4—dt]z
y 2 53 149 1t

J 1 12 2 4 4 4 21, 2
o} = % 10 [—?29}[3 - —] [— = 102[1 = D o = =
16 100 2-3 100 3100 2 V3 10

— 3+ 3 1490*°
1 ] 4 [ 2 i ficsy 7= (1 +5) ]Z _
T == J das for -1

|
-2
5l —— =1+ _#E
\ 2 53 ; [(l-s)

149 2

—i sa4y
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From the formula of coefficients of the '5th order' mock theta function ¥(q):
(A053261 OEIS Sequence)

sqrt(golden ratio) * exp(Pi*sqrt(n/15)) / (2*5”(1/4)*sqrt(n)) for n= 181 , we obtain:

sqrt(golden ratio) * exp(Pi*sqrt(181/15)) / (2*5”(1/4)*sqrt(181))

# iz the golden ratio

Exact result:

P S—

| |
V1815 | &
¥ \'I 181
2V5
Decimal approximation:
1735.125533153011008619695955154105542578248297442381526157....

1735.125533153...

Property:

—

I |

i i T |
oV 18115 m d
181

15 a transcendental number
4.—
2v5
Alternate forms:

1 ||5+~.€ J181/15
2\ 1810

L (1+V5) ¥ BV

‘-,}II 362

25
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Series representations:

|l o (-3) 1131 & -1 (-7 ), 620 z5*
' exp[;r % exp|lr Vzo I, wf ]Ekﬂj h-kk!
2V5 vIBT oo V(-3 ) 181z K ¢
Lk:ﬂ k!
for (not (zgeR and - < z¢

T exp[n 161

13

argi¢ — x)
= [exelin| /)

2V5 V181 2
181 [ k{181 ki1
- arg[E—x] \Gi[_l} [E—x h's [_E}k
P P —Efr 2 o
& k! /
; arg(181 - x) ﬂ[—l}k[lﬁl—x}kx‘k[—il}k
245 Exp(”r{—nzl
2 i K
forix e R and 0
V'?exp[:r %]
25 VIsT
*
12|alg|}181—3|:|l|.":2ﬂ| 12|:1+|a|g|:181—z|:|'|.'-:2-r;|l'| @ (- 1'I' [ }k[lﬂl —ZD} Zak
EXp}T[ ] Ty 2‘
%o k=0

[ 1 J— 12 [angll8l-—zn 2 mi|+1)2 |argld-zn Wi2m)]  _ 1)2 [aug(181-2q W2 1+ 1/2 [au gig—=q V(2 m)
o e

0
En

S [_1}*‘[ } (¢ — 20 25 ] w (-1 [ ] (181 —z)* =g~

E-J__EL

2 o

r e k!

Furthermore, we obtain also:

(((((((((729/16 (10)*12 (3-(2*1/100))4 [((((4(2-3*100)"-1) — In(1-
(4/(3*100))))))) 2+Pir2%1/2(((2/sqrt3)* 1/10- 1) )))))))AL/S -5

Input:
72 4
[——g 1012 (3-2 i}
16 100

[ 4 4 O i 1 s
(— —lug[l— J +ru = — e — =1 (1;5)-5
2-3.-100 3100 2\y3 10

log(x) is the natural logarithm
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Exact result:

aye Ja{0F A " 75y 2
3. 1490%° s 3(- =1 | -[mg[—]-— 25
\ 5v3 74) 149
Decimal approximation:
1729.167242948033764195427187860357602266057441302800682852
1729.1672429....

Alternate forms:

|
: 1 2
3. 1490%5 5| - — (V3 -15)7 —3[10g[ J 2
y 74

75 ] 2
149

s 2w o505 5)2 () )

'?5} i ]_5

I
; 1
3 1490%° 3 [[— - ];rz -(mg[_ s
\ 2 10+v3 740 149
Alternative representations
|I 1 5 2 4 4 w2 1 ,f 2
J =10 [—?29}(3-—] [[— -1ag[1- ]] by [ g 1]]
\ 16 100/ \\2-3 100 3100 2° \y3 10
i
72 2 4 4 1 2
- +5||——';I 1':'12[3——J [['1[—J+—— +—;r2[—1+ ]]
\ 16 100 300/ 298/ 2 103
|
1 2 4 4 2 2
f — x 1012 [—?29}(3- —J [[— -1ag[1- ]] i 2[ L 1]]
\ 1 100/ \\2-3 100 3100 2° \y3 10
-5 =
72 234 4 4 1 2
- +5||——';J 12[3——} [(—10g,.(1——]+—— +—II'2[—1+ ]]
\ 16 100 300 208/ 2 10v3
1 2 4 4 2 2
o — x 1012 [—?29}(3 . —] [[— _ 1ag[1 - D 2 [ g 1]]
\ 1 100/ \\2-3 100 3100 2° \y3 10
G g
72 234 4 4 1 2
L +s|'-—';J 1(312[3-—] [(SD_I[_] —— +—;r2[-1+ ]]
\ 16 100 300 208/ 2 10v3
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Series representations:

v 2 4 4 W 1 o[ 2
3| 107 (-729) (3 = _] [— = lﬂg[l = ]] +-n|—-1
| 16 100/ \\2-3 100 3.100/ T2" \y3 10

1
a5 | L1 2 FE - [_EP
_5=-5+3 1490 i—ll:l[—15+1|'l3]fr -3-14@-k 3

a1

7 2 4 4 4 2 1, 2
s} == % 10 [—?29}(3 - —J [— - lag[l - D +-—n|——-1
16 100 2-3 100 3100 2 V3 10

\

1
_5=-54+3% 3 1490*° 5.—%[-1+ - ];rz— -i-i[ Lo

i

s 2 4 4 w2 1 ,( 2
f = x10 [—?29}[3-—] [——lag[l— ]] i
| 16 100) \2-3 100 3.100) T27 \y3 10

S
73
1 1 2 arg|— - Xx
_5+3+ 3 1490%° -—[-1+ ];rz- M I T [?“ )
2 54T 149 2
k
o [—l}k{%—x} x*
103[1‘}—2‘ ' P {1} 5) for x <0
k=1

Integral representations:

s 2 2 4 w2 1 ,( 2
o — 10 [-?29}[3-—] [——lag[l— D el
\ 16 100) \2-3 100 z.100/) 27 43 10

|
: 1 1 2 g

_5=-54+3% 3 1490%° s||-—[-1+ ];rz-[-—+j?4—.;rr]z
Y 2 53 149 1t

s 2 4 4 w2 1 ,( 2
o — x10 [-?29}[3-—] [——lag[l— ]] i
| 16 100) U223 100 z.100/) T27 43 10

_5—_-54+3%3 1490*5
|

sJ 1[ i L ]2 z 5 [u-mr?ars I(-sy [l+s)
] e B e T =l
\ 2 53 149 Ty r(l-s)

for -1 0
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Now, for:

- g =105

log® (k/k.)
‘P,;s — PD cxXp {—T
fNL =3.5

u«=0.238095 (,=0.28 0r0.272 (. =0.6 or 0.61803398...

from:
B B _ (25+30C fri + 36 £2,02 — 5v/25 + 60C.fur, + 367372 ¢ = be;
’ 5 3 funo2v/25 + 60, fxy, + 362,02 )
(4.4)
we obtain:

(((25+30%0.28%3.5+36%3.5/2%0.5"2-
5%sqrt(25+60%0.28%3.5+36%3.5/2%0.5/2)))/(((3*3.5%0.5°2*
sqrt(25+60%0.28*3.5+36%3.5°2%0.5"2))))0.6

Input:
25 + 30 % 0.28 % 3.5 + 36« 3.52 < 0.5% -5V 25 + 60 » 0.28 « 3.5 + 36 « 3.5% » 0.5

0.6

3.35-05%4254+60-0.28-3.5 + 36« 3.52 . 0.52

Result:
1.55878...

1.558778977819865287107442319063385563915034662116612179682...
1.55877897781...
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1H1A(((((25+30%0.28%3.5+36%3.5°2%0.52-
5%sqre(25+60*0.28%3.5+36*3.5/2%0.5°2))))/(((3*3.5*0.5/2*
Sqrt(25+60%0.28%3.5+36*3.5°2*0.5/2))))0.6))

Input:
1+

1

25+430+0.28+3.5+36:3.52 40,52 -5 1|.'I25-+I5|EI 0.28+3.5+436:3.52 «0,52 0.6

3.2.5.0.5% v 25460.0.28-3.5436-3.5% .0.52

Result:
1.641527768996870203160293248890554686971019123902890029778...

1.641527768...

1H1/(((((25+30%0.28%3.5+36*3.5/2%0.5/2-
5%sqrt(25-+60%0.28%3.5+36%3.5/2%0.5/2))))/(((3*3.5%0.5°2*
Sqrt(25+60%0.28%3.5+36%3.5°2%0.5°2))))0.6)) - (21+2)1/10*3

Input:
1

1
1+ 21 +2)~ —
7 3 f 2 7 ]_I:I3
25430.0.28-3.5436-3.5° 0,55V 254600 28-3.5436.3.5° 0.5 0 EI

3.2.5-0.52 y 25460.0.28-3.5436-3.52 0,52

Result:
1.6185277689968702031602932488099554686971019123902890029778. .

1.61852776899...

((((25+30%0.28%3.5+36*3.5/2%0.5/2-
5%3qrt(25-+60%0.28%3.5+36%3.5/2%0.5/2))))/(((3*3.5%0.5°2*

sqrt(25+60*0.28*3.5+36%3.5/2%0.5"2))))0.6))"17-123-47+7-golden ratio

Input:

[[25 +30x0.28 x3.5 + 36 ¥ 3.5? 0.5 -5 25 + 60 x 0.28 3.5 + 36 « 3.5% » 0.5° ]

[3 3.5.05° v 25 +600.28 - 3.5 + 36 - 3.5° D.52]

17

CI.E'J -123-47+7 - ¢

50
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Result:
1729.20...

1729.2...

Series representations:
([D.ﬁ (25 +30-0.28 - 3.5+ 36 - 3.52 . 0.5 -
/

5v’25+50 0.28 3.5+36  3.5° 0.5° ]]j,
17
[3 3.5 0.52J25+5D 0.28 - 3.5 + 36 - 3.5 . 0.52 D S e o

1 w17
9.67973 [-32.93 o A R C R oy sl [ 2 ]]
k

1 117
103.05 7 [Z:;: o maRiva g [ 2 ]]
k

47+ T —p=-163 - p -

((0.5 (25 +30-0.28 35+36-3.5% 05°-
5 wJ 25 +60  0.28 3.5+36 3.5 0.5° ]Lf

17
[3 3.5 0.52—\/25+5|:| 0.28 - 3.5+36 35 .0.5° D S i o
-:—U.DDSISDDlel:—I;]k]l?

9.67973 [-32.93 +V 193.05 I, T

47 + T —p=-163 - -

o=, (-000518001f% (-1} 7
v193.05 7 [).L; . | z-k]

([D.6(25+3D 0.28 3.5+36 352 0.5% -
5425+60 0.28  3.5+36  3.5° 0.5 Dfﬁ
17
[3 3.5 u:n.52wf25+5r:| 0.28  3.5+36 - 3.5 0.5 D =

123 -47+7 ¢ =163 -

o+

7.9879 x 10! [v’? -0.0151837 L2, Res,_ 1, e 2% (>
2 L

. 17
—s}r[s}]

[Ziﬂ Ressz_%ﬂ_ p-5:26295s r{_é B 5} F[s}]l?
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Pi(((((25+30*0.272*3.5+36*3.5"2*0.5"2-
5*sqrt(25+60*0.272*3.5+36%3.572*0.5"2))))/(((3*3.5*0.5"2*
sqrt(25+60%0.272*3.5+36*3.572*0.572))))1/golden ratio))

Input:
25 +30x0.272 3.5 + 36 x3.52 x 0.52 -5 25 + 60 x0.272 x 3.5 + 36 x 3.5% x 0.5

i

3-3.5 0.52425+5n:| 0.272 + 3.5 + 36+ 3.5% « 0.5°

| =
e —

#is the golden ratio

Result:
5.037533085615440475027679384730873132513519921270768323747...

5.0375330856... result practically equal to the solution of the above analyzed
formula:

J31t2V5 _ V5+1

= (3+v5++/5+125)

3_245 5—1
= 5.0375591418

Series representations:

;r[25+3|:| 0.272 - 3.5+36 . 3.5° D.52-5v“25+5u 0.272 - 3.5+36 3.5° D.Sz]

(3 3.5 0.5° '\"IES+6D 0.272 - 35+36 3.5° 0.52};:
1.90476 & 62.4038 1

= +
1
‘p“.' 191.3? Z:-':DP—S.ES‘EHE [ 2 ]
k

;r[25+3|3 0.272  3.5+36 3.5° D.52—51J'I25+|5Cl 0.272 - 3.5+36 3.5° D.SEJ

(3 3.5 0.5° -J25+5r:| 0.272 . 35+36  3.5° 0.52}¢
1.90476 & 62.4038 &

= +

$#v191.37 Efﬂ:

11
1-0.00522548]*‘{-El|k
k!

52



;r(25+3c| 0.272 - 35+36 - 3.5° D.52-5J25+5D 0.272 . 35+36 3.5° D.SEJ

[3 3.5.0.52 v 25 + 60 - 0.272 - 3.5 + 36 - 3.52 n:n.sz}p

1.90476 x 124.808 7V 1
= - +
al] -5.25421s _1 a i
¢ J:aLJ;:D RES;=-;—+j‘“ r[—2 §|T(s)
From

On the slope of the curvature power spectrum in non-attractor inflation
Ogan Ozsoy, Gianmassimo Tasinato - arXiv:1912.01061v3 [astro-ph.CO] 31 Mar
2020

10
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0.001
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We have:

Pr(k) = e (4.5)

2
[64(;“;’%;?)_4 +eg (k/kp) = + caja (k/kp) /% + 04 (kfkp)ﬂ'i}

with an aim to compare our results with the results of [39]. In the last choice of power spectrum
in eq. (4.5), we have the following parameter choices cs =2.42 x 1075, ¢3 = 2.94 x 1074, €32 =
5.7 x 107", c_g4 — 2.15. For the power law profile in (4.4), we make the hypothesis that
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For:

O
L
=0.0035 from which: Q, = k>’ =4>> =24.251465;

Thence:
0.0035x"2=24.251465

Input interpretation:
0.0035 x" = 24.251465

Plot:

100 |
B0 |

@0

C,

- A TG
150 100 50 - 50 100 150 24.2515

Alternate form:
0.0035x° - 24.2515 =0

Alternate form assuming x is real:
0.0035 x° + 0 = 24.2515

Solutions:
x = —83.2406
x = 83.2406

83.2406
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For k/k,=4/5=0.80; A; = 83.2406; Q,, =24.251465;

From

Pr(k) = A (4.5)

2
[’-"4(;"-;”“1?)_4 +c3 (k/ka_g + C3/2 (k/kp)_g”m +c_04 (kf‘kp)o"i]

with an aim to compare our results with the results of [39]. In the last choice of power spectrum
in eq. (4.5), we have the following parameter choices cg = 2.42 x 1075, c3 = 2.94 x 1074, Capn =
5.7 x 107!, ¢_g4 = 2.15. For the power law profile in (4.4), we make the hypothesis that

we obtain:

(2.674*83.2406)/[(2.42e-5)*(0.80) -4 + (2.94e-4)*(0.80)"-3 + (5.7e-1)*(0.80)*-1.5 +
(2.15)%(0.80)10.4]"2

Input interpretation:
2.674 . 83.2406

-5 -4 T v2
[2.42 =11D 4 284 ;l:u 5.7 111::5 +2.15 0_30.4}
0.8 0.8 o.sl

Result:
20.14287088318658341189405765817048474670752058466300406545 .

29.14287088318... = 29 (Lucas number)

5 /10"3+47*1/((((2.674*83.2406) 1/[(2.42¢-5)*(0.80) -4 + (2.94e-4)*(0.80)"-3 +
(5.7e-1)%(0.80)-1.5 + (2.15)*(0.80)"0.4]°2)))

Input interpretation:
1

e AP
10° (2.674 - 83.2406) - 41 :
242 210 +E.'§'4 10~ +5.? 10~

0.8t 0.g3 0.els

3
42,150,804

55



Result:
1.617744337659463138176189370286230523830495054601458060787...

1.6177443376...
and also:

((((2.674*83.2406)/[(2.42e-5)*(0.80) -4 + (2.94e-4)*(0.80)"-3 + (5.7e-1)*(0.80)*-1.5
+(2.15)*(0.80)10.4]°2)))"1/7

Input interpretation:
2.674 . 83.2406

7 aiz -4 -1 2

242 <10 294 <10 3.7 x10

| (e T e o o e
0.8 0.8 0.8t

Result:
1.618895830739667306067153533807225516207796095747679133677...

1.61889583073...
and again:

(55+5)*((((2.674%83.2406)/[(2.42¢-5)*(0.80)"-4 + (2.94e-4)*(0.80)"-3 + (5.7e-
1)%(0.80)*-1.5 + (2.15)*(0.80)10.4]*2)))-21+golden ratio

Input interpretation:

2.674 - 83.2406
(353 +3) e = = = 21 +¢
[2.42 10 + 224 10 5.7 10 +7.15 D.SDA}

0,84 0.g3 0.8l-5

#is the golden ratio

Result:
1729.190286979944890561848046324594722920171544259640006789...

1729.19028697...
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(((((55+5)*((((2.674*83.2406)/[(2.42¢-5)*(0.80)"-4 + (2.94e-4)*(0.80)"-3 + (5.7e-
1)*(0.80)*-1.5 + (2.15)*(0.80)0.4]"2)))-2 1 +golden ratio))))*1/15

Input interpretation:

2.674 - 83.2406
d 55+5) ~ - - — -21+¢
[2.42 10 n 294 10 " 5.7 = 10 +2.15 D.EDA}

o.84 o.8? o.8-5

# iz the golden ratio

Result:
1.643827288921140847597736479259962200851459140815595498330...

1.6438272889...
From which:

sqrt(((6(((((55+5)*((((2.674*83.2406)/[(2.42e-5)*(0.80)"-4 + (2.94e-4)*(0.80)"-3 +
(5.7e-1)%(0.80)"-1.5 + (2.15)*(0.80)0.4]"2)))-2 1 +golden ratio))))*1/15)))

Input interpretation:

2.674 . 83.2406

6.1(55+5) -21+¢
_ 15 N [2.42 10> 204 10% 57 107} 4215 DEDA}E ’
\\ o.g4 083 o.gls ’ ’
# iz the golden ratio
Result:
3.140535580681557106434905203306649024676932865438307528100. ..
3.1405355806815...... =T
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Now, we have that:

T T Ty T TH
|
" AN=2.76 :

105 225 | -
L |
= |
I ex=00 |
" ca |

Pr () 1000} " - | ]
e H |
As(Tk) L :
L |
|

1L , ]
| "*‘\, |

_||||I 1 1 M S| 1 1 I T Y B | 1 1 | EESY e I 1 1

0.001 0.010 0.100 1

KiH,

For modes that leave the horizon during the initial slow-roll era, ¢.e. & > 1, shape of the
power spectrum in Model 1 can be determined solely through the & dependence of the functions
DO () F(r), Gi(r) Ga(ry) in (C.4), (C.10), (C.22) and (C.23) as they appear inside the
enhancement factor in (3.7) and (3.8).

In these expressions, it is important to realize that k& dependent terms have coefficients that

can be organized in a hierarchal way in powers (determined by 7) of a(7y)/a(m) = eAN

where
AN is the duration of non-attractor era in number of e-folds. This result reflects the fact that
modes that leave during the slow-roll era are enhanced due to the presence of non-attractor era
that follows it. It should be also noted that for modes that leave the horizon during slow-roll
phase, & dependence of the functions D% (7z) F(1), Gi(tr) Ga(7r) is fixed and do not depend
on the properties of the background model (such as the value of 7)) during the non-attractor era
that follows it.

We have that:
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Gi(my) _ n2 e”CnAOAN - p2@ne+1) e~ (RHIAN g (3o + 11) e~ (ADAN
(Tﬂ)d {Wc = 3)2(??0 + 1}2 2(ne + 3)2 (7?0 == 1)("?': =+ 1) 2("?-: +- 1)2(??3 == 5}('7?‘: + 3)
Me (3?;2 + 197, + 18) o ool (rge:—3) & AN
(e +32Mme +5) 4 +3)(me+1)  8(ne+1)% (e — 1)
L e~2NH+6AN 9, —(N+3)AN .\ 7
L (e +3)2 3(n+3)2  9(nc+3)?
L [ e e~ (2 +OIAN 7e (117 + 9) e—Me+3)AN (3ne + 11) e—(me+5)AN
L. == — - — ;
) i (77 + 3)2('??(; +1) b(?k - 3)2(??¢: +1) 2(??-: -+ 5)("?{3 = 3){?}'-: +1)
e (22?;? + 12217.: +48) ne e 2AN
60(rc +3)2(nc +5)  6(ne +3)(ne + 1)
+ x| — iy o e
6(n.+3)  18(nc+3)
at] o—(nc+3)AN - - - c—2AN . 7l —_—
Ml 6me+3)n-+1) 12(n.+3) 12(n.+1)| ' 360° .
4
=C5 4+ C5 12+ CFt 271 + €O 1 +CC) I“+360 |
GQ(T;;} & 3 e—{QT}c—E—GJ.ﬁN 2?]6 e—[?k—l—?:}l&.l'\r ?}3 &
o - | T 3 et 3T 3 +3P ()
{3?? e (nAAN 3. —(ntB)AN 3 o~ (Mc+5)AN
+ +
F e 132+ D) T (me+3)? (et5)(mtl)
6 (7?3 + 61 + 4) Tle }
10(ne + 3)2(ne + 5)
+ -LA—I _E_KT?C+3)A."\-'- T;'LC + J_,f
(e +3) 3(ne + 3)
2
Esz i';“i—f—Cg’ﬂ L_3+C1G° 1;1-1— e’ &% =,
From (C.22), we obtain:
?h‘.:'! e—(2n+6)AN : ‘2{’3% i 1} e—(n+3)AN e {3,% i 11} e—(mc+3)AN
{:"'?E‘ +3)E(??:: = 1}2 r}{"’}’c > = 3} == 1 {??c -+ 1 2{:?}'-: + 1)9{'?]":: 7 5}“?-: =+ 3}
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[(-6.8"2 e ~(((2*-6.8+6)*2.73))/((-3.8)"2(-5.8)"2)] + [(-6.8"2(3%-6.8+1) e~(((-
3.8)*2.73)/(2(-3.8)2(-6.8)(-5.8))] + [(-6.8/2(3*-6.8+11)e -(((-1.8)*2.73))/(2(-
3.8)"2(-1.8)(-3.8))]

Input:
5.82 P—':':2 (—6.8)46)2.73)
(-3.82 (-5.8%°
6.82 (3(-6.8)+ 1) e 3F27)  £82(3:(-58)+11)e 18273
2 (-3.8)° «(-6.8)%(-5.8) 2 (-3.8)% x(-1.8)x(-3.8)
Result:
-0.75490. . = 107
-9.7549...*10’
7. (392 + 197, + 18) % i, AN (e —3) e AN
4[??c‘|'3} (net5) 4(ne +3)(ne +1) 8(nc + 1) ;{T.i'f =k}

[(-6.8(3%6.8/2+19%-6.8+18))/(4(-3.8)2(1.8))]+[(-6.8*e"(-2*2.73))/(4(-3.8)(-
5.8)H[(-9.8%e(-4%2.73))/(8(-5.8)2(-7.8))]

Input:
-6.8(3 6.8 + 19 x(-6.8) + 18) B Re ~g.§g 2N
4(-387 1.8 T 4.(-3.8)%(-5.8)  8(5.87~(_7.8)
Result:
~1.80027...
-1.80027...
+ _9 E_{Eﬂc‘l—ﬁ}ﬂﬁr‘- 2.”‘: E_EITE_FB_]&_'"V- i I?g
Ty . : .
’ (e +3)2 3(ne + 3)2 9(ne + 3)2

1/9 [(e"-(2%-6.8+6%2.73))/((-3.8)2)+(2*-6.8%e -(-3.8%2.73))/(3(-3.8)2)+((-
6.8)2)/(9(-3.8)2)]
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Input:

1 [ o-2-6846:2.73) g [_5_3“,—-:—3.8 2.73) [_5_3}2

9 (-3.8Y° i J(-3.8y° " 9(-3.87
Result:
-1116.77...
-1116.77
| | 2n e~ (neFOAN B ne(1lme + 9) e~ (e+3)AN B (3nc + 11) e~ (ne+5)AN
’ (ne + 3]2(”(' +1) 6(7c + 3)2(??-: 1] 2(ne +5)(ne +3)(n. + 1)
e (22-‘;;3 + 1225, + :18) e c—2AN

60(n. + 3)9{*&: + 3) 6(ne +3)(ne + 1)

1/3 [-(2%-6.8%e"-(2%-6.86)*2.73)/((-3.8)"2(-5.8))-(-6.8*(11*-6.8+9)e"(-
3.8)%2.73)/(6(-3.8)"2(-5.8))-((3*-6.8+11)*e-(-1.8)*2.73)/(2(-1.8)(-3.8)(-5.8))~(-
6.8%(22%-6.8"2+122%6.8+48)/(60(-3.8)2(-1.8))-(-6.8*e -(2*2.73))/(6(-3.8)(-5.8))]

1/3 ((-(2*-6.8%e -(2%-6.8+6%2.73)/((-3.8)2(-5.8))-(-6.8*(11*-6.8+9)e (-
3.8%2.73)/(6(-3.8)*2(-5.8))-((3*-6.8+11)*e (-1.8%2.73)/(2(-1.8)(-3.8)(-5.8))))))

Input:
1 —24-6.8)+6-2.73) f—-:—3.8 2.73)
- [— 2 (—6.8) —|-6.8(11~(-0.81+ D) -
3 (-3.8)° «(-5.8) 6(-3.8)° « (-5.8)
f—':-l.S 2.73)
(3x(-6.8)+11)
220-1.B)=(-3.81-(-5.8)
Result:
-0507.89...
-9507.89...

-9507.89+1/3%(~(-6.8*(22%-6.8"2+122%6.8+48)/(60(-3.8)"2(-1.8))-(-6.8*e"-
(2%2.73))/(6(-3.8)(-5.8))))

Input interpretation:
22(-1)+6.87 +122-6.8+48  -6.8¢ 27 ]]

60 (-2.8) » (—1.8) " 6x(-3.8)~(-5.8)

1
-9507.89 + 3 [—[—5.8
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Result:

-0507.609...
-9507.69...
el o—(me+3)AN ) e
| 6(nc+3)  18(nc +3)

3[-(e-(-3.8%2.73))/(6(-3.8))+(6.8)/(18(-3.8))]

Input:
F—':—E.S 2.73) 6.8
" 6.(-3.8) 18 [—3.8}]
Result:
4212.37...
4212.37...
2l Te e—(me+3)AN - e B e—2AN L 71';-
Ml 6me+3)e+1) 12(p.+3) 12(pc+1)| 360

9 [-(-6.8%e"-(-3.8%2.7))/((6(-3.8))(-5.8))+(6.8)/(12(-3.8))-(e (-2*2.73))/(12(-
5.8))[+(7%3/4)/(360)

Input:
-6.8 E,—':—B.E 2.7y 6.8 F—.’Z 273 1

£ + 3 + — (7237
(6x(-3.B=(-5.8) 12x(-3.8B) 12x(-5.8)] 360 :

62



Result:

13220.8...
13220.8....

Thence:
(4212.37 -9507.69-1116.77-1.80027+13220.8)

Input interpretation:

4212.37 -9507.69 - 1116.77 - 1.80027 + 13220.8
Result:

6806.90973

6806.90973
The final result is:

[(-6.872 e”-((2*-6.8+6)*2.73)))/((-3.8)*2(-5.8)"2)] + [(-6.8"2(3*-6.8+1) e"(((-
3.8)%2.73)/(2(-3.8)"2(-6.8)(-5.8))] + [(-6.8"2(3*-6.8+1 1)e -(((-1.8)*2.73)))/(2(-
3.8)72(-1.8)(-3.8))]+6806.90973

Input interpretation:
5.82 P—':':z -6.83460-2.73) 582 [3 [—5.8}1' l-llf—':—B.S 2.73)

(—3.8)° (-5.8)° 2 (-3.8)° x(-6.8)%(-5.8)
6.8% (3% (-6.8)+ 11) ¢ 1227

- 151.60607
2 (-3.8)° x(-1.8)%(-3.8)
Result:
-0.75492.  « 107

-9.75492...%10’
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Alternative representation:

5.82 f—{12¢—5.3]+5]2.?33 582 [3 [—58}+ 1}‘,—{—3.3 2.73)

(-3.8)% (-5.8)2 2 (-3.8)° (-6.8)(-5.8)
5B (3 LA B 1) T )
2 (-3.8)° (-1.8)(-3.8)
6.82 Exp—1<24—6.s:+632.?33[z} 6.82 (3 (-6.8) + l}exp"“g's 2.?3:[2}
+ - +
(-3.8)% (-5.8) 2 (-3.8)° (-6.8)(-5.8)
6.87 (3(-6.8) + 1) exp™"18 273z

-151.696 =

- 151.696 forz =1
2(-3.8% (-1.8)(-3.8)
Series representations:
5.82 f—-:-:2¢—6.81+612.?33 582 [3 [—58}1' l}f—{—g.ﬂ 2.73)
 (-387(-5.87 = 2(-3.87(-6.8)(-5.8)

6.82 (3(-6.8)+11) g "1 Ex27)
2 (-3.8)% (-1.8)(-3.8)

| 4214 ® q 10.374 o 0. 748
[—58.941?+ LZ E] +0.357926 LZ' E] ~0.0432616 LZ E]Z ]
! ~ ! !

=0 =0

-151.696 = 2.20035

5.82 f—'i'iZli—En.SHEn]Z.?EJ 582 (3 [—5.8}+ 1}‘,—4—3.8 2.73)
o + - +

(—3.8)% (-5.8)° 2(-3.8y (-6.8)(-5.8)
6.8% (3(-6.8)+ 11j 18 273

2 (-3.8)% (-1.8)(-3.8)

& 1 +J!{ 4,074
0.0729846 [-20?3.4? + LZ ?J
=

10.274 0. 748
o 1+k e 1+k
0.00813147 [»Z ?] _7.40616x10 [»Z ?]z J

-151.696 =

5.82 f—'i'izli—ﬁ.ﬂ]+6]2.?3:l 682 (3 [—E‘IE}+ l}f—d—g.ﬂ 2.73)
- +- +

(-3.8)% (-5.8)° 2(-3.8y° (-6.8)(-5.8)
6.87 (3(-6.8) +11) 18 279

2(-3.87 (-1.8)(-3.8)
@ 1 +k? O
2.20035 [—58.941?+ [»Z S +
=0

© (_1 4k 10.374 ® (1 +ky 0.748
0.357926 LZ T}} —0.0432616 Z T}

=0 =0

-151.696 =

64



Note that, the final result is practically equal to the following part of the expression:

[(-6.8"2 e -(((2%-6.8+6)*2.73))/((-3.8)"2(-5.8)"2)] + [(-6.8"2(3*-6.8+1) e~(((-
3.8)*2.73)))/(2(-3.8)"2(-6.8)(-5.8))] + [(-6.8"2(3*-6.8+11)e -(((-1.8)*2.73)))/(2(-
3.8)"2(-1.8)(-3.8))]

Input:
6.82 o112:-6.81+6):2.73)

(-3.87 (-5.87
6.82 (3x(-6.8)+ 1) e 3827 £.82(3(-6.8)+11) 1827

2({-3.8 «(-6.8)«(-5.8) 2(-3.8° x(-1.8)%(-3.8)

Result:
-0.75490. . = 107

-9.75490...%10’

Alternative representation:
& 82 P—':'!E-:—E.SHE]E.?EJ
= +

(-3.8)% (-5.8)°
6.82(3(-6.8)+1)e 38270 582 (3(_6.8)+11)e"1E273)

+
2 (-3.8)° (—6.8)(-5.8) 2(-3.8)° (-1.8)(-3.8)
6.82 exp 268462737y g 82 (3 (—6.B)+ 1)exp 38 2T g

"
(-3.8)% (-5.8) 2 (-3.8)° (-6.8)(-5.8)
6.87 (3(-6.8) + 1) exp™"18 273z .

2(-3.87 (-1.8)(-3.8)

+

Series representations:

£.82 112(-6.8)+6)2.73)

(-3.8)% (-5.8)°
6.8% (3(-6.8)+ 1)e 38 273 682 (3(-6.8)+ 11y "1E 273

2 (-3.8)2 (—6.8) (~5.8) T 2(-3872(-18)(-3.8)
o 1 4974 w1 10.374 o 1 0. 748
2.20035 [[%D :F] +0.357926 [42_6 E] - 0.0432616 [%D :F]z ]
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5.82 f—{12¢—5.3]+5]2.?33 582 [3 [—5.8}-? 1}{,—'{—3.3 2.73)
- + - -

(-3.8)% (-5.8)2 2 (-3.8)° (-6.8)(-5.8)
6.82 (3(-6.8)+11)e "1 273

2(-3.8)° (-1.8)(-3.8)

4074 10.374 0.748
© 14k = 14+k shE sk
[Ll ?] +0.00813147 [; ?] _7.40616%10 LZ‘ ?]Z ]

=0

= 0.0729846

5.82 f—{12¢—5.83+5]2.?33

. +
(-3.8)° (-5.8)
6.8% (3 (-6.8) + 1) g 3E<27) 6.82 (3(-6.8)+11)e 718 273
2(-3.8)" (-6.8)(-5.8) 2(-3.87 (-1.8)(-3.8)
LITE T ) ol el © (1 4k |03
2.20035 [[}‘ i ] +0.357926 | 3’ = _
- 0.748 =
Ly 3 3 8
0.0432616 LZ‘ - ]Z ]
=|:|
From which:

((([(-6.8°2 " ~(((2*-6.8+6)*2.73)))/((-3.8)*2(-5.8)"2)] + [(-6.8"2(3*-6.8+1) e"-(((-
3.8)*2.73)/(2(-3.8)2(-6.8)(-5.8))] + [(-6.8"2(3*-6.8+11)e -(((-1.8)*2.73))/(2(-
3.8)°2(-1.8)(-3.8)])))*1/37

Input:

5.32 f—':'iz {-6.8)+6)-2.73) 5.32 (3 [—EI.E}-l' 1-“?—(—3.8 2.73)

(-3.8)% (-5.8)2 2 (-3.8)° x(-6.8)%(-5.8)
6.8 (3x(-6.8) + 11) £ 1027

2 (-3.8)° x(-1.8)x(-3.8)

~(1/37

Result:

1.63816... +
0.139428...:

Polar coordinates:

r = 1.64409 i::-i!!!'~, f = 4.86486° .:!!j'!"
1.64409
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Now, from (C.23), we obtain:

| 3enteaN g —(e+B)AN ne
kT et 3)° (ne+3?  3(ne+3)?

1/81 [-3%(eM-(2%-6.8+6%2.73))/((-3.8)"2)-(2*-6.8%e"-(-3.8%2.73))/((-3.8)"2)-((-
6.8)"2)/(3(-3.8)"2)]

Input:
i 5 i 2A-BBHE2.73) o (—6.8) ¢ -3.8:2.73) i—6.812
81 (-3.8) (-3.8) 3 (3.8
Result:
372.256...
372.256...
s 3.}.&‘ E—(Q?}C—I—E}.ﬁ_-"\.’ 3”[. E_(T.'I'c_“g]'i-'u 3 E—{T]c+5}ﬁ.ﬁ'ﬂr
+z° - -
k {TI-: i 3}2("_’?43 I 1) (T?c =+ 3}2 {T]'c = £ 5){??£‘ + 1:]

6 (72 + 67 +4) 7
10(n. + 3)2{'3?-: +3)
1/27 [3%-6.8(c ((2*-6.8+6)*2.73))/((((-3.8)°2)(-5.8)))+(3*-6.8* ¢ -(-3.8%2.73))((-

3.8)2)+3(e -((-1.8%2.73))/((-1.8)(-5.8))H((6(-6.8"2-+6%-6.8+4)*-6.8))/(10(-3.8)"2(-
1.8)))]

Input:

1 —~{{2x({-6.8)+6)-2.73) 3.(-6.8) p i THE2T3)
— |3 x(-6.8) -

27 (-3.8)% x(-5.8) (—3.8)

[ TREt 2-?3-*] 6(~6.8% + 6 (-6.8) +4) < (-6.8)
= +
1.8 +(-5.8) 10 (-3.8)* x(-1.8)

Result:
9.24559 % 10°

9.24559...%10°

67



Alternative representation:
1 [3[_5_3}{,—-:-:2¢—6.83+6_12.?3: 3 (<6.8) e-38 2.7

e +
27 (-3.8)° (-5.8) (-3.8)°
318273 §(_6.8° +5[—5.s}+4}[-5.m]
£s - ——
1.8(-5.8) 10(-3.8¥ (-1.8)
1 [3 (-6.8) exp R -BENO2T gy 3(_6.8)exp 3 2T g
== + +
27 (-3.8)% (-5.8) (-3.8)2
Jexp ¥ 27z 6(-6.8° +6(-6.8) +4}[—ﬁ.8}]
= + : fors =1
1.8(-5.8) 10 (-3.8° (-1.8)

Series representations:

1 [3[_5_8}{,—-:-:2¢—6.83+6_12.?3: 3 (=6.8) e-38 2.7

T +
27 (-3.8)° (-5.8) (—3.8)
3418273 6(-6.8% +6(-6.8) +4)(-6.8)
= + - — 0.0106428
1.8 (-5.8) 10(-3.8) (-1.8)
& 1 4074 Q'-j-. 1 10.374 o 1 0. 748
_45.3615 + Z 5 ~4.91634 L o +0.847645 Z o
=0 =0 =0
1 [3 [_5_8}‘,—'{-{2¢—6.8]+6]2.?33 3 [_5_8}‘,—{—3.8 2.73)
b +
27 (—3.8)° (-5.8) (-3.8)°
3187273 6(-6.82 +6 [—5.8}+4}[—5.8}]
il + —
1.8(-5.8) 10(-3.B (-1.B)

0.000353017

?:-.- o 4,274 & 2 10.374
_135?.5?+[}‘ ; ] -0.111601| Y _‘; 3
=0 5 d

=0
® 14k P78
0.0000145113 Z.?
=kt

1 [3[—E.E}e““z‘-ﬁ-ﬂi+6!2.?3; 3(-6.8) ¢ 38273

£
27 (-3.8)° (-5.8) (—3.8)?
3e-18°273)  £(_6.8% +6(-6.8)+4) [—6.8}]
— + e
1.8 (-5.8) 10(-3.8)2 (-1.8)

+

o (L1 4k? PO
0.0106428 [-45.35 ey [}‘ k—i}]
=~ ki

o (L1 4f) P07
0.847645 LL %T

=0

T AL ]10.3?4

-4.91634 LZ =
= '
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+-r_;: == 15-

g c—(Me+3)AN e ~Lf,
(Ne + 3) 3(ne +3)

1/3 ((((-(e"-(-3.8%2.7)))/(-3.8)+(6.8)/(3(-3.8)))))+9/15

Input:
} [_f—':—B.S 2.7 6.8 ] ]

- +—
3 -3.8 3x(-3.8) 15

Result:
2506.26...

2506.26...

We can write also:

1/27 [3*-6.8(eM-((2%-6.816)*2.73))/((((-3.8)2)(-5.8)))+(3*-6.8%e"~(-3.8%2.73))/((-
3.8)"2)+3(e-((-1.8%2.73)))/((-1.8)(-5.8))+((6(-6.8"2+6*-6.8+4)*-6.8))/((10(-3.8)"2(-
1.8)))]+372.256+2506.26

Input interpretation:

1 ~(2-(-6.81+6)-2.73) g (—6.8) ¢ 3.8:2.73)
— [3 (—6.8) -
27 (-3.8) x(-5.8) (-3.8)°
e L2 Y 6(-6.8% +6x(-6.8) +4)x(-6.8)
3| i : +372.256 + 2506.26
1.8 «(-5.8) 10 (-3.8)° x(-1.8)
Result:

9.24847... % 10%

9.24847...*%10° (final result)

Alternative representation:

L (IR ERRILE  grapgpe e gl

== + +— +

2?[ (—3.8)° (-5.8) (-3.8)° 1.8(-5.8)
6(-6.87 + 6 (-6.8) +4}-6.8)

10(-3.8)% (-1.8)
1 [3[_,5_3],Exp—f.czf.—&.snrsm.?zy[m 3(-6.8)exp 38 275
o +

27 (-3.8)° (-5.8) (-3.8)2
—+4-1.8 - 2.73)

+372.256 +2506.26 =

-

3 exp (z) 6(-6.87 +6(-6.8)+4)(-6.8)

+
1.8(-5.8) 10(-3.8)° (-1.8)
372.256 +2506.26 for

-+
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Series representations:

27

+ +
(-3.8)° (-5.8) (-3.8)° 1.8(-5.8)
6(-6.8% + 6 (-6.8) + 4) (-6.8)

10(-3.8)° (-1.8)

« 1 4,274 ® 1 10.374 ® 1 0. 748
270 420. + [; E} -4.91634 LZ‘ E] + 0.847645 LL 5 ]

1 [3 —6.8) o 12(-6.8146)2.73) o -6 E}P-f.—z.s 2.73) 3o -18 273

]+ 372.256 +2506.26 = 0.0106428

=0 =0 -0
1 [3[_5_8“,—-:12<—6.sm+632.?3; 3(-6.8) 28 273 3 -1E+2.73)
o + + -
27 (-3.8)° (-5.8) (-3.8)° 1.8(-5.8)

6(-6.8% +6(-6.8)+4)(-6.8)
10(-3.8)% (-1.8)

4074 10,374
= 1+k = 1+k
&
8.15268 = 10 +[JF Kl ] —D.lllﬁgl[E 1 ] +

]+ 372.256 +2506.26 =

0.000353017

=0 =0
= 1.k 0. 748
0.0000145113 LL o ]z ]
=|:|
1 (3(—6.8) ¢ 2-63H6273) 3 g gy ,{-38 270 3 ,-18 273
e + iy
2?[ (-3.8)? (-5.8) (-3.8)° 1.8(-5.8)

6 (-6.8% + 6 (-6.8) +4)(-6.8)
10 (-3.8/ (-1.8)

® 1 4k 4914 ® 1 4kP 10,374
0.0106428 [2?!342!3. +L2‘ ] -4.01634 z‘ P +

]+ 372.256 +2506.26 =

k1
- 0. 748 =
".‘E.. (& Tk 2 N
0.847645 [EL ::1 !
ko

From the two results, we obtain:

(-9.75422282572712918181755329405418934095960088879 x 10"7 /
9.24846551226898832717947424657876559138891653975 x 10"6)

Input interpretation:
9.75422282572712918181755329405418934095960088879 - 107

9.24846551226898832717947424657876559138891653975 - 108

Result:
-10.5468553813464564749672079095730310208290773715267896714...

-10.54685538...
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-(-9.754222825727129 x 1077 / 9.24846551226898 x 10"6)

Input interpretation:
9.754222825727129 - 107

0.24846551226898 108

Result:
10.54685538134646577460529407183095824259574844505368098552. ..

10.54685538134....

From which:
1/(10719)*(-(-9.754222825727129 x 107 / 9.24846551226898 x 1076))"1/5

Input interpretation:

| b
1 0.754222825727129 . 107

| —
10\ 9.24846551226898 - 10°

Result:
1.601860152831229... = 1071

1.601860152831229...%10™" result very near to the electric charge of Positron

(-(-9.754222825727129 x 107 + 9.24846551226898 x 1076))"1/2+golden ratio

Input interpretation:
.'

\;'—[—9.?54222825?2?129 107 +9.24846551226898 - 10°) + ¢

#is the golden ratio

Result:
0308.094115212088...

0398.094115212088... result practically equal to the rest mass of Bottom eta meson
9398
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(-(-9.754222825727129 x 107 + 9.24846551226898 x 1076))"1/38

Input interpretation:

I %
3,?'—[—9.?54222325?2?129 107 +9.24846551226898 - 10°)

Result:
1.6184654087395343. ..

1.6184654087395343...
Note that:

(-(-9.754222825727129 x 10"7 + 9.24846551226898 x 1076)

Input interpretation:
~(~9.754222825727129 - 107 +9.24846551226898 mﬁ'}

Result:
8.820376274500231 = 107

8.8293762...%10’

If we perform the following exponentiation:
(golden ratio)"38

Input:

¢38

# iz the golden ratio

Decimal approximation:
8.74038029999999885588502367568590705382933399524990459... x 107

8.74038029...*%10’
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Alternate forms:
87403803 3908816945

-+

2 2

(1+V5 "
274877906 944

1 —,
5 87403803 + 3008816945 ]

Alternative representations:
% = (2 sin(54 *)*®

&% = (-2 cos(216 7"

% = (2 sin(666 =)°°

Integral representation:

ooty D{s)T{—a-s) Is
(142 = L
(270 Ti—a)

From the formula of coefficients of the '5th order' mock theta function 1 ,(q):

(A053261 OEIS Sequence)
sqrt(golden ratio) * exp(Pi*sqrt(n/15)) / (2*5"(1/4)*sqrt(n))
(((sqrt(golden ratio) * exp(Pi*sqrt(767/15)) / (2*5°(1/4)*sqrt(767)))))

Input:

| 767
EXp }T\II =

IVE + 767

Ve

Exact result:

! f
Y 7E71S r | &
e
76T

245

73
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Decimal approximation:
8.76200563767474272614546746970590058028079697040038402.... x 107

8.7629056...%10’

Property:
f\-' TET/15 « ' &
767
py— 15 a transcendental number
2%5

Alternate forms:

S

1 {5 +V5  [renis
£

2V 7670

- it s ey
14y 5 r‘-" TET15 m
1534

2V5

Series representations:

. ' — 1 (-2 (B oz f -1 (-L) @-=g 5"
v exp[;r\/ '71—6; ] exp[;r Yo X, 2k J.:!15 P E.kk!
2V5 + 767 v5 7 (1K (L) 76720 ¢
k=0 Lt
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= [ argig — x)
- - exp[m{ - J]
245+ 767
TET y 767 ko ki1
EXP[JTEXP[HT a—rg[E_X] ]ﬁi[ 1} [ Nl [_E}k]
2m k1
k=0

4 arg(767 - xy & U 767 —xy 17 (-2),
245 Exp[zfr{—“ 2

Tor (2 Randx <0

V'Fexp[;r,ll ?1—6;]
2V5 + 767

[ 1 2 |arg{ I -z )12 m)| 12I:1+|atgll 7 o )fizm|) &, (- 1) (- }k[?ﬁ? -Zn}kzﬁk]
EXpP|m [_] Ay
g

k!
k=0
( 1 ]-1-"2 larg(767-zg W2 mI+1/2 largld-2o M2l 313 |01 g(767-2 (2 m)]+1/2 |ar gid-zq (2 )]
. %
-ty ?
o [—l}k{ } [ — z.;.} z,:, ,j_ - 1} [ }k [?6?—2.;.]-"‘2.'5“‘
k! 12 Z k!
k=0

From which, we obtain:

(((sqrt(golden ratio) * exp(Pi*sqrt(767/15)) / (2*5"(1/4)*sqrt(767))))) 1/38

Input:

exp[;r A ?1#‘: ]

g x—
25 + 767

# iz the golden ratio
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Exact result:

§ || i
{'1"38\' TOT/1S m 7 @
TET

38 152
2 ¥5

Decimal approximation:
1.618143586265540551846619270313146005139478682197079957383. ..

1.618143586...

Property:
QL8 V TET15 7ol @
767
P 15 a transcendental number
V2 Y5

Alternate form:

o w7 e
?{I L (1+v5) 1138y 767/15
767 ‘

93/76 15,?‘,-'3

All 38th roots of (e”(sqrt(767/15) m) sqrt(¢p/767))/(2 5*(1/4)):
Ll

| |I i T
SL3BY 76715 1 0 76 9

TET

=1.6181 (real, principal root)

| NN |'_
138 y TETI1S Simi1e ?# &

7
=1.5061+0.26634 ;

W2 s

II ll II [ II
SM3BY 76715 m (2im)19 75 &
TET

— =1.5305+0.5254;
v 2

5

<1

II ll II [ II
SN3BY 76715 m (3im)19 75 &
TET

=1.4231+0.7702

Wz s

|
| { f T il
fl.gs‘q TATI1S f,':'4JT:|. 19 :,r{‘ [

TET

=1.2769+0.9939;

Y7 s
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Series representations:

-1 (-1} Fﬂ—:ﬂTk""“ 1R (-1 @-sgF 55~
explr 7o Ejy —— 218 LR |y T Tl TR07 0
“he=0 k!
3 =
235 767 V2 Vs
for (not (zg € R and —e < 2o < 0)
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Integral representation:

‘jm+}- Misi[{-a=5) d.ﬁ
Fi BT o et AR o for (0 <1 Reia) and |arg(z)
2xnli-a)

The three values (there is also the result of the formula of coefficients of the 'Sth
order' mock theta function y¥,(q))

8.829376274500231*10’
8.740380299999998%*10’
8.7629056*10’

are all very near and this means that the value or result of equations of many physical
and / or cosmological parameters could very well correspond to powers, of positive
or negative sign, of the golden ratio.
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Observations

From:

https://www.scientificamerican.com/article/mathematics-
ramanujan/?fbclid=IwAR2caRXrn RpOSvJIOxWsVLBcJ6KVgd Af hrmDYBNyUSm
pSjRs1BDeremA

Ramanujan's statement concerned the deceptively simple concept of partitions—the
different ways in which a whole number can be subdivided into smaller numbers.
Ramanujan's original statement, in fact, stemmed from the observation of patterns,
such as the fact that p(9) = 30, p(9 + 5) = 135, p(9 + 10) = 490, p(9 + 15) = 1,575
and so on are all divisible by 5. Note that here the n's come at intervals of five units.

Ramanujan posited that this pattern should go on forever, and that similar patterns
exist when 5 is replaced by 7 or 11—there are infinite sequences of p(n) that are all
divisible by 7 or 11, or, as mathematicians say, in which the "moduli" are 7 or 11.

Then, in nearly oracular tone Ramanujan went on: "There appear to be
corresponding properties,” he wrote in his 1919 paper, "in which the moduli are
powers of 5, 7 or 11...and no simple properties for any moduli involving primes other
than these three." (Primes are whole numbers that are only divisible by themselves or
by 1.) Thus, for instance, there should be formulas for an infinity of n's separated by
573 = 125 units, saying that the corresponding p(n)'s should all be divisible by 125.

In the past methods developed to understand partitions have later been applied to

physics problems such as the theory of the strong nuclear force or the entropy of
black holes.

From Wikipedia

In particle physics, Yukawa's interaction or Yukawa coupling, named after Hideki
Yukawa, is an interaction between a scalar field ¢ and a Dirac field y. The Yukawa
interaction can be used to describe the nuclear force between nucleons (which
are fermions), mediated by pions (which are pseudoscalar mesons). The Yukawa
interaction is also used in the Standard Model to describe the coupling between
the Higgs field and massless quark and lepton fields (i.e., the fundamental fermion
particles). Through spontaneous symmetry breaking, these fermions acquire a mass
proportional to the vacuum expectation value of the Higgs field.
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Can be this the motivation that from the development of the Ramanujan’s equations
we obtain results very near to the dilaton mass calculated as a type of Higgs boson:
125 GeV for T = 0 and to the Higgs boson mass 125.18 GeV and practically equal to
the rest mass of Pion meson 139.57 MeV

Note that:
g2 =1\/(1+ \/E)
Hence
6493 — V2 _ 244276 VR _ ...
64g52t = 4006 ™VE 4 ...,
so that

64(g33 + gt) = ™V — 2 + 4372 "VE - o = BA{(1 + V)2 + (1 —v2) "2}

Hence .
e™2% = 2508951.9982. . . .
Thence:
6495 = 4096e V2 4 ...
And
64(g22 1+ go2t) = €™V _ 924 1 4372V ... = 64{(1 + V2)2 4+ (1 — v2)2}

That are connected with 64, 128, 256, 512, 1024 and 4096 = 64°

(Modular equations and approximations to « - S. Ramanujan - Quarterly Journal of
Mathematics, XLV, 1914, 350 —372)

All the results of the most important connections are signed in blue throughout the
drafting of the paper. We highlight as in the development of the various equations we
use always the constants m, ¢, 1/¢, the Fibonacci and Lucas numbers, linked to the
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golden ratio, that play a fundamental role in the development, and therefore, in the
final results of the analyzed expressions.

In mathematics, the Fibonacci numbers, commonly denoted F,, form a sequence,
called the Fibonacci sequence, such that each number is the sum of the two preceding
ones, starting from 0 and 1. Fibonacci numbers are strongly related to the golden
ratio: Binet's formula expresses the nth Fibonacci number in terms of n and the
golden ratio, and implies that the ratio of two consecutive Fibonacci numbers tends
to the golden ratio as n increases.

Fibonacci numbers are also closely related to Lucas numbers ,in that the Fibonacci

and Lucas numbers form a complementary pair of Lucas sequences

The beginning of the sequence is thus:

0,1, 1, 23,58 13,21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765,
10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811, 514229, 832040,
1346269, 2178309, 3524578, 5702887, 9227465, 14930352, 24157817, 39088169,
63245986, 102334155...

The Lucas numbers or Lucas series are an integer sequence named after the
mathematician Francois Edouard Anatole Lucas (1842-91), who studied both that
sequence and the closely related Fibonacci numbers. Lucas numbers and Fibonacci
numbers form complementary instances of Lucas sequences.

The Lucas sequence has the same recursive relationship as the Fibonacci sequence,
where each term is the sum of the two previous terms, but with different starting
values. This produces a sequence where the ratios of successive terms approach
the golden ratio, and in fact the terms themselves are roundings of integer powers of
the golden ratio.”" The sequence also has a variety of relationships with the
Fibonacci numbers, like the fact that adding any two Fibonacci numbers two terms
apart in the Fibonacci sequence results in the Lucas number in between.

The sequence of Lucas numbers is:

2, 1,3, 4,7 11,18 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778,
9349, 15127, 24476, 39603, 64079, 103682, 167761, 271443, 439204, 710647,
1149851, 1860498, 3010349, 4870847, 7881196, 12752043, 20633239, 33385282,
54018521, 87403803.... ...

All Fibonacci-like integer sequences appear in shifted form as a row of the Wythoff
array, the Fibonacci sequence itself is the first row and the Lucas sequence is the
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second row. Also like all Fibonacci-like integer sequences, the ratio between two
consecutive Lucas numbers converges to the golden ratio.

A Lucas prime is a Lucas number that is prime. The first few Lucas primes are:

2, 3,7, 11, 29, 47, 199, 521, 2207, 3571, 9349, 3010349, 54018521, 370248451,
6643838879, ... (sequence A005479 in the OEIS).

In geometry, a golden spiralis a logarithmic spiral whose growth factor is ¢,
the golden ratio."" That is, a golden spiral gets wider (or further from its origin) by a
factor of ¢ for every quarter turn it makes. Approximate logarithmic spirals can

3]

occur in nature, for example the arms of spiral galaxies™™ - golden spirals are one

special case of these logarithmic spirals

We observe that 1728 and 1729 are results very near to the mass of candidate glueball
fo(1710) scalar meson. Furthermore, 1728 occurs in the algebraic formula for the j-
invariant of an elliptic curve. As a consequence, it is sometimes called a Zagier as a
pun on the Gross—Zagier theorem. The number 1728 is one less than the Hardy—
Ramanujan number 1729 (taxicab number).

Furthermore, we obtain as results of our computations, always values very near to the
Higgs boson mass 125.18 GeV and practically equals to the rest mass of Pion meson
139.57 MeV. In conclusion we obtain also many results that are very good
approximations to the value of the golden ratio 1.618033988749... and to {(2) =

2
’% = 1.644934 ...

We note how the following three values: 137.508 (golden angle), 139.57 (mass of
the Pion - meson Pi) and 125.18 (mass of the Higgs boson), are connected to each
other. In fact, just add 2 to 137.508 to obtain a result very close to the mass of
the Pion and subtract 12 to 137.508 to obtain a result that is also very close to
the mass of the Higgs boson. We can therefore hypothesize that it is the golden
angle (and the related golden ratio inherent in it) to be a fundamental ingredient
both in the structures of the microcosm and in those of the macrocosm.
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Appendix

The OFIS Foundation is supported by donations from users of the OEIS and by a grant from the Simons Foundation.

013821 THE ON-LINE ENCYCLOPEDIA
%151 OF INTEGER SEQUENCES ®

10 2211 21

founded in 1964 by N. J. A. Sloane

A053261 Coefficients of the 5th order' mock theta function psi_1(q).
1, LA A, 1, T2 A A, 3, 9, 30 B, B3, 3 3, 300800 A, K K05 5 B BRI B BT
8, 8 ¢, 1e, 16, 1@, 11, 11, 12, 13, 13, 14, 15, 15, 16, 17, 18, 19, 20, 2@, 21, 23, 24, 25, 26,
27, 28, 38, 31, 32, 34, 35, 37, 39, 48, 41, 44, 45, 47, 58, 51, 53, 55, 58, 68, 63, 65 (list; craph; refs;
Listeny hastory: text; internal format)

UFFSEL 8,7
COMMENTS Number of partitions of n such that each part occurs at most twice and if k occurs
&5 a part then all smaller positive integers occur.
Strictly unimecdal compositions with rising range 1, 2, 2, .., m whera m ic the

largest part and distinct parts in the falling range (this follows trivially from
the comment above). [Josrg Arnct, Mar 26 2814]
REFERENCES Srinivasa Ramanujan, Collected Papers, Chelsea, Nzw York, 1962, pp. 354-3E55
Srinivasa Ramanujan, The Lost Notebook and COther Unpublished Pepers, Marosa
Fublisning House, New Delhl, 1988, pp. 19, 21, 22
LE¥ERS Yaclav Kotesovec, Table of n, a(n) for n = €..10088 (terms ©..1800 from Alols P.
Feinz)
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