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1 Abstract

The Riemann Zeta function is defined as

((s) =521 1/n", Re(s)>1

The Zeta function is holomorphicin the complex plane except for a pole at

s = 1. The trivial zeros of ((s) are —2,—4, —6, .... [ts non trivial zeros lie in

the critical strip 0 < Re(s) < 1.

The Riemann Hypothesis states that all the non trivial zeros lie on the critical line

Re(s) =1/2.



2 Proof

Analytic continuation of ((s)is defined as [see 1, p.14, Eq.2.1.4]

C(s) = sfpe Ettagpy 141 (1)
Here [.] denotes the Greatest Integer Function.

Let, s=o0+1it ,0<0 <1.

By, [1,p.14],

S rda= 5.

So, using 5 = £ [° —dx in (1),

a]-z+3 s oo
C(s) = s/ [ Ls+j2d$+ﬁ + §f1 leJrldx

z]—z+2 s (oo
C(s) =s[" Hﬁ%dl’_’_ifl #dw%—ﬁ

((s) = s 7™ EEE oty
Let, p be a non trivial zero of the Riemann Zeta Function.

Then, ((p) =0; 0 < Re(p) < 1.

Clp) = pfi* B dat -1 = 0, 0 < Re(p) < 1

e [x]g;ﬁrldx: p(ll_p)§ 0 < Re(p) <1 (2)

The functional equation of the Riemann Zeta function is [see [1], p.22,2.6.4],
D(s/2)m=*¢(s) = T((1 = )/2)m~ U 7I2¢(1 - s).

So, by functional equation if pisa zeroof the Riemann Zeta function then
1 —pis also a zero [see [1],p.30].

((p)=0=((1—p)=0.



C(1=p) = (1= p) [ 50 da—1 = 0; 0 < Re(p) <

S s gp— 1 0 < Re(p) < 1

w2 P=p)’

Equating left sides of equation (2) and (3),

floo [zl;f;i—ld fl [a: a:-‘rl dr

J (2] = 2+ (555 — 525)da=0
Let,p=0+1i;0<o0 <1

Since, 0 < o <1 so we discuss 2 cases
1/2<o<land0<o<1/2.

Casel :1/2 <o < 1.

Putting, p = o + it in equation (4),

floo([ ] — T+ 1)<zo'+1+zt - xz—};_it)dliz 0.
[ (] — o+ 1) (s — £ )= 0.

[ (] — o+ 1) () g,

floO([x] —r+ 1)(00;817;:2) _ cos( lnac )d$+

4[] — o 1)) ““;z (2)) gy =
Equating Real part to zero,

floO([x] —r+ 1)(00222[39:) _ cos( lnz )d -0

S (2] =2+ 1) (o —xg%o)cos(tlnx)dx:()

<1



Let, I =[7°([z]—2+1) (5557 — 225 ) cos(tinz)dz= 0

cos(tinz) < 1.

]Sffo(xa%_ : )dzx

s
I ot 1250 <1
1
1, 1
I< o + (o—-1)

Since by equation (6), I =0, so

1 1
0< E+ (o—1)

20—1
0< o(o—1)

O S 1—20 (7)

Also by Case 1 we had 1/2 < o < 1.

= 120 <, (8)

o(l1—o)

Combining equations (7) and (8),

o(1-o0)
1-20 __
o(l—o) 0
1—-20=

o=1/2.

Now we proceed to Case 2



Case 2: 0 <o <1/2.
p =0 +it.

Let, ((p) =0

The functional equation of the Riemann Zeta function is [see [1], p.22,2.6.4],
D(s/2)7*/2((s) = T((1 — )/2)m~1=92(1 — s).

So, by functional equation if p = o+itis a zeroof the Riemann Zeta function then
l—p=1—0—1t 1isalsoa zeroand then

l—p=1—o0+it isalsoa zero [see [1],p.30].

((p)=0=¢(1-p)=0.

((1=p)=0=C(1-p) =0

Since, p =0 +it.

C(1—p)=0=((1—0+it)=0.

0<o<1/2=1/2<1-0<1.

((1—o+it)=0,1/2<1—0 < 1.

So, by case (1),

(1—-0)=1/2.

o=1/2.

So, by the above two cases we get that

C(p) =0;0 < Re(p) <1= Re(p) =1/2 ,which proves the R.H.
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