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Abstract

In this paper we have described some Ramanujan’s integrals of theta-functions and
incomplete elliptic integrals of the first kind. Furthermore, we describe new possible
mathematical connections with ¢, {(2), and various parameters of Particle Physics
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Junwasa /f’amamyan (1887-1920)
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We want to highlight that the development of the various equations was carried out
according an our possible logical and original interpretation

From

INCOMPLETE ELLIPTIC INTEGRALS IN RAMANUJAN’S LOST
NOTEBOOK
BRUCE C. BERNDT, HENG HUAT CHAN, AND SEN-SHAN HUANG

We have that:

Proof. By cubing both sides of (10.1), we deduce that
3
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For PQ=1;
1+9734+27(1+9)

Input:
1+9°+27(1+9)

Result:
1000
1000
Input:
_]_ |
1000 = |2 + —
[x +x3]

Alternate form assuming x is real:
s 1
X+ - =10x"
X

Alternate form:
(2 + 1) (x* -2 + 1)

=]
X

1000 =

Alternate form assuming x is positive:
¥r1=10

Expanded form:
o 1 g il
1000 = x i +3x +—
X J‘.'3
Real solutions:
3|I -
X = \‘|' E_2406

|
—

3 |
x—“f5+2\.'l5



Indeed:
(((((5 + 2 sqrt(6)) (1/3))3+1/((5 + 2 sqrt(6))(1/3))*3)"3

Input:

3

3

f i s 1
i‘E+2‘u‘lﬁl -

3

#5+2J€

Result:
1000

1000

R = (5 + 2 sqrt(6))(1/3) = 2.14715538606750

5 4 - 2
OE+—=—P6+Q—$_= (Ri".;i,) —QT(REJFL.)
. - P R? R*)  (10.7)

(((((5 + 2 sqrt(6)M(L/3N"3+1/((5 + 2 sqrt(6))M(1/3))"3)™4 - 27((((5 +2
sqrt(6))~(1/3))"3+1/((5 + 2 sqrt(6))(1/3))"3)))"2

Input:
4

| e | 3 l

3 [-:= 3 [=

45+2d5 ‘- —; -2?J5+245 ——

ﬂ5+245 35+2JE

Result:
7300
7300



X 6+913/x76+x76+9"3/x"6 = 7300

Input:
3 3
it S S
1'6 I'Is
Result:
o 1458
x° + = 7300
X

Alternate forms:
x'2 ~3650x% = —729
2 (x™? +729)

x5

2 (x* +9)(x® -9 x* +81)

1_6

= 7300

= 7300

Alternate form assuming x is positive:
x'? +729 = 3650 x°

Real solutions:

3
X =—

&f =
v 1825+ 2+ 832474

3
X =

5
v 1825+ 24832474
:
A _,'il 1825 + 2+/ 832474

:
x = :j' 1825 + 2 832474

Real solutions:
x = —0.76456

x = 0.76456
x=-3.9238
x = 3.9238



Q :P:
:
A {I 1825 + 2+/ 832474

=3.9238

3.9238"6+973/3.9238"6+3.9238"6+9"3/3.9238"6

Input interpretation:
3 3

3.0238% +

-+ 3.9238% + ;
3.0238 3.9238

Result:

7209.530745088849365915298680576856903148201746378856021336...

7299.530745... = 7300

From (10.8), we have that:

Q=2,P=3

. g? .9 .1 T
rel-p-to (o) {(-5) o

276+913/276 — 376 — 9°3/376

Input:
9 93
] &
27 + ; -3 - 3_6

Exact result:
41895

&4

Decimal form:
-654.609375

-654.609375

(

(-

S3

)}



(x"3-1/x"3) [(x*3-8/x"3)"3+27(x*3-8/x"3)] = 654.609375

Input interpretation:
[ B %J[[ . %]3 + 2?[;»:3 : %]] — 654.609375

X X X

Result:
-3l e 5)-snss

Alternate form assuming x is real:
1 147794 s
x = 26.0561 x

+

X

Alternate forms:
(x® - 8) (x® - 1) (x'2 + 11 x® + 64)

1_12

%[I—l}[x+1}[x2—2][x2—x+l][x2+x+1][x4—x2+4][x4+2x2+4]
X

= 654.609

(x* —3x" +5x" —6x+4)(x* +3x° +5x° +6x+4) = 654.609

Alternate form assuming x>0:
3 83 3 8
g8 43 8 X — = 27 |x7 - =
[3-—3] x3+2?[x3——3Jx3—[ ) 2 | "3}:654.609

X X JC3 I3

Alternate form assuming x is positive:
(x - 2.62861)x + 1.56655 = 0

Expanded form:

512 488
¥ e 2xf —— 27— 654.600
x12 IE‘

Real solutions:
x=-1.71536

x = -0.913246
x=0.913246
x = 1.71536



and for R =S =1.71536, we obtain:

(1.7153673-1/1.71536°3) [(1.715363-8/1.71536"3)"3+27(1.71536"3-
8/1.71536"3)]

Input interpretation:

8 |
-[1.?15353 i ][[1.?15353 e ?15353J + 2?[1.?15353 i

1.71536° 1.71536° ]]

Result:
-654.613525021721495430136740390770980741084626760548864120...

-654.613525...

From which:

(-(1.71536"3-1/1.715363) [(1.7153673-8/1.71536~3)"3+27(1.71536"3-
8/1.71536"3)])+123+4+1/golden ratio

Input interpretation:

. 8 3
-[-[1.?15353 - ][[1.?15353 - ] + 2?[1.?15353 - ]]]+
1.71536° 1.71536° 1.71536°
123 +4 + -
&
# iz the golden ratio

Result:
782.232...

782.232... result practically equal to the rest mass of Omega meson 782.65

Alternative representations:

—[—1}[[1.?15353 s }
1.71536°

[[1.?15353 -

]
] + 2?[1.?15353 -

1.715367 1.71536° m N

1
123 +4 + = 127 + [1.?15353 -

1.71536° ]

1
]+ [1.?15353 _

3
1.?15353] ]+ 2 sin(54 )

[2? [1.?15353 _
1.71536°



—[—1}[[1.?15353 S —]
1.71536°

e |
[[1.?15353 - J + 2?[1.?15353 -

1.71536°

1
123 +4+~ =127+ 3 (1.?15353 -

a2 cos(216 )

[2? [1.:»*153&3 - ]+ (1.?15353 -

1.71536°

—[—1}[[1.?15353 s —J
1.71536°

[[1.?15353 -
1 3
123 + 3+~ =117+ [1.?1535 = ]
& 1.71536%

[2?(1.?15353 - ]+ [1.?15353 -

1.71536°
From (10.10)
: 1 : X
3 o3
We obtain:

((5 + 2 sqrt(6)) (1/3)3-1/((5 + 2 sqri(6)) (1/3))*3 =

Input:

' g 1 8

VN S . )
|
a5+2\{€

Exact result:
1

54246 - ——— = =

5:2v6 2

Alternate forms:

8
4 5:1‘3+—

(5+ zw,ij]x'f‘ +(-48 -zﬂwﬁ]f =_40-1646

9

3
1.?15353J ]

J)
1.71536° N

)

1.?15353J

8 3 8
—} + 2?[1.?15353 - —m+
1.71536% 1.715367

1
© 2sin(666 7

xN3+8/x"3



Alternate form assuming x is positive:

4ng3fx6+8-

Real solutions:
xfifz[-\.f?-z]
s sz[zw'?]

S=x=(2 (2 +sqrt(6)))(1/3)

Real solutions:
x = 0.96512

x ~ 2.0723
S=2.0723

We have that:

For P =3.9238

93

; 768
Pé+ — —=85_6+

P 56T

3.9238"6+93/3.9238"6

Input interpretation:
3

3.9238°% 4

3.9238°%

Result:

3640.765372544424682057649340288428451574100873189428010668. ..

3649.7653725444246...

4096

S12

(x"6-6+768/x"6+4096/x"12) = 3649.7653725444246

Input interpretation:

768 4096
JCE‘ -6+ _6 + 12
X x

= 3649.7653725444246

10



Result:

4096 768
12 +x° 4+ — -6 = 3649.7653725444246

X X

Alternate form assuming x is real:

1.000000000000000 2 4273.13835838520
: X+
X

— 3656.72391861911 x°

Alternate form:
x'® —6x12 + 768 x5 + 4096

1_12

= 3640.7653725444246

Alternate form assuming x is positive:
x(1.0000000000000000 x - 4.95123065987505) + 4.02832491538684 = 0 (1o

Real solutions:
X = —3.0248725005027882

x =-1.02635815937225912
x = 1.02635815937225912
x = 3.9248725005027882

For S = 3.9248725005027882

(3.9248725005027882"6-
6+768/3.9248725005027882"6+4096/3.9248725005027882"12)

Input interpretation:

. 768 4096
3.02487250050278827 —6 +

+
3.9248725005027882° 3.9248725005027882%°

Result:
3649.765372544424427460567616105148153586212548204467436573...

3649.7653725444244...

Or, reducing the decimal digits, we obtain:
(3.924872576-6+768/3.9248725"6+4096/3.9248725"12)

Input interpretation:

6 768 4006
3.9248725° - 6 + +
3.0248725% 3.024872512

11



Result:
3640.765360734850583735855257404617178131290732802516307174 ..

3649.765369734...

From which:

(3.9248725"6-6+768/3.9248725"6+4096/3.9248725"12)/2 +47-sqrt5

Input interpretation:

1 5 768 4096 —
- [3.9248?25 -6+ - ]+4?-uf5
2 3.0248725% 3.924872512

Result:

1869.647. ..

1869.647... result practically equal to the rest mass of D meson 1869.62

From:

ﬁ — Vv =VEK2 4,

A
(1/(sqrtx))-sqrt(x) = [(((1/(sqrtx))+sqrt(x)))*2 — 4 ]

K= + /1.

Input:
L Vx =[x -4
VX VX

12



e —
0.2 0.4 0.& 0.8 1.0 T Re—

Alternate forms:
l-x 1
A ol 2
v x X

Vx -y(Vx +1)  (Vx -1 (Vx +1f

Vx X
Alternate form assuming x is positive:
Vx x-2)+1=0

Expanded form:

1 5 1
— —yx =x+--2

vV X
Solutions:
r=1

W

3
X=—--—
2 2

v = 0381966011250 = (3/2 - sqrt(5)/2)

13



Now:

1

K ::V$

+ /.

1/(sqrt(3/2 - sqrt(5)/2)) + (sqrt(3/2 - sqrt(5)/2))

Input:
e
1, (3.5
+ ‘H 2

=

Decimal approximation:
2.236067977499789696409173668731276235440618359611525724270...

K =2.23606797749...

[T I 5

ba 0

Alternate forms:
V5

5-45
v6-2v5

5-v5

sz-ﬁ?}

Now, we have that:

,_16v2-13 ., C32v2(1—v)? — (16v2 —13) {(1 — v)? — (1 + v)?}

2va 32,/2(1 — v]?

(16v2 +13)(1 —v)2 + 7(1 + v)?

8.19 s |
{ | 32v/2(1 — v)2

14



(((16sqrt2+13)(1-(3/2 - sqrt(5)/2)"2+7(1+(3/2 - sqrt(5)/2)"2))) / (32sqrt2(1-((3/2 -
sqrt(5)/2)"2)))

Input:
(16vZ +13)(1-(2 - 7?]2 +7(1+(2 - T5]2]]

27 (13- 5)

Decimal approximation:
8.180823011437741911858663781534938015714258633106972203745...

8.18082301143...

Alternate forms:

3—;0 [32 i1 \E] [5 +21 \E]

1 21 |I 37 687 3549

g + mrvn
2 v5 | 1280 25645

13v2 2145 273410 1
+ + +§

64 10 320

Minimal polynomial:
6553600 x" - 13107200 x° — 375662 080 x° + 191421440 x + 1397 787 769

We have that:

i g . 9
dp/dt 5\/’ 1 — 5z 8In“ P

7.20) =— :
[ ' dv/dt v1—10v — 13v% + 10v> 4 v*

For (3/2 - sqrt(5)/2)=v,and ¢ =7/ 6, we obtain:

(5sqrt(1-9/25sin"2(Pi/6))) / [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))*2+10((3/2 -
sqrt(5)/2))"3+((3/2 - sqrt(5)/2))41(1/2)

Input:
—
5\/ 1- 2‘—05 sinz[’é}

{1103 )13(2 T r0(3 )

15

_ﬁ]“
2

b3 1



Exact result:

1 & (1-10(3- F)-13(3 - BF 10(f - ZF o[- T

Decimal approximation:
2.344810028649445213017009536907374764691687779773423987549... i

Polar coordinates:
r=23448]1 (racdius #=090° ancle

)

2.34481

Alternate forms:

:111 r%[zhnﬁ]

—
|91

1
il e ——
2 ‘ql 26 V5 -54

|I o1

1
2y 2(13v5 -27)

Minimal polynomial:
7424 x* + 39312 x* - 8281

Alternative representations:

——
E,J [ 2—95 sinz[’é}

16



Series representations:

L% i [ 2—95 sinz[’é}

I s b =t

20 \/ 1- 22 (2, O Ja()f

a5

V_71_956 45 +182v52_32y53 4+ y5*

&

{-l'fc#—:r:"?k
a w L9
20 “H/ b [Eki' (2K

V_71-256 V5 +182v52_32v5 s+ v5*

17



K g-1-2k 142k
[1+2 &)

V-_71-356V5 +182V5 - - 325 45

and from:

q P -
J F(=OF YV (=) (=)t

1 2tan—'(1/v5) : - e,
:_[ DR — (B )

5 _1( 1 f1—11v—u2
2tan ?I-x"l' Tiv_ i j

. e — 131 4 e =
V1 —10v — 1302 + 1003 i

X .

from the last term, we obtain:

sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))2+10((3/2 - sqrt(5)/2))*3+((3/2 -
sqrt(5)/2))4] / (5sqrt(1-9/25sin*2(Pi/6)))

Exact result:
| [3 »E] [3 ».E]Z [3 E]B [3 \E]“J
pegg et by | Seid S P g se o et
2 2 2 2 2 2 2 2

[ 1
2. | —
Decimal approximation:
0.426473781577937129189447079379845358870492223418687053343.... i

\ 91

18



Polar coordinates:
r = 0.426474 (radius), 8 =90° (angle

0.426474

Alternate forms:

’w— 54
7 91

2;\!%[13@-2?]

2i
| Q1
J _r.u+:-u_5_ [3_1_‘?_]4

Minimal polynomial:
8281 x" -39312x7 - 7424

Alternative representations:

s

19



Series representations:

J1-10(2- ) -13(2 ) va0(2- L] (2 E

L gin2(®
5\/1_25 st [6}9
Jﬁ{—?l—256U?+182v’§2—32v’§3+\."§4}

5 \/1— i sinz[g}ﬁl

Jﬁ{—?1—256U?+182v’§2—32v’§3+\."§4}

o 'I‘l']k“”’zk
5\]1_%[2#::0 quk]! ]Z

Lt
5\/1_25 BT [6}9
Jﬁ{—?1—256U?+182v’§2—32v’§3+\."§4}

5 |18 (T kel 2k, 142k
25 | Lik=0 {142k}

20



y = 1/5x * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2 -
sqrt(5)/2))3+((3/2 - sqrt(5)/2))4] / (5sqrt(1-9/25sin*2(Pi/6)))

Input: |
| 13- F) -5 FF o3 5 o
X

y:g 5 Il ; ——
\I - 5 sin [E.Jll

i ﬁ]“
2

[ ]

Exact result:
2 II 1

[3 V5 [3 VE P [3 YR [3 V5 |
g e iyeyglead = maygktare o g Sesis i plsasst — I
5 91 3 3 2 2 3 3 2 2
Plot:

¥

0.05 |

== x
-1.0 -0.5 | 0.5 1.0 (x from =1 to 19
o s
5| — 1eal part
— limaginary patt

Alternate forms:

I

2 [2V5 54
= -— x
Y=5'\ 77 Ta

2

I|2
J’=E"qli[

13@-2?'] x

Alternate form assuming x and y are real:
2ix

_}":

|| 21
| 61 ,21vE _[z_ﬁ_]“
2 2 272 |

\

Properties as a function:
Domain

R
Range

I¥eR:{-feo <y <ico)

Parity
odd

21



K is the set of real numbers

Partial derivatives:

| — — — —
alg: 3 5 3 5 3 V5P (3 V5V
—|=.] =lh=1p|=-c—|cas|-s—] s10|=2—| #|=2 =] [ %]=
ax|5 | 91 e i 0 3 ¥ 3 g 3
| o = —

[ 1 3 45 3 45 3 V5P (3 +5Y

| = [1=10| == —=1-19| - =] #10|= = — | :#| ==—=
y 91 S s R 5 g

| — — — —
2 la [3 V5 [3 V5 [3 V5 [3 VE

= | Zreap |z ol |eagls o= spl oo — #leei=| | xl=0
5 91 5 3 ¥ 3 3 3 2 2

i ea

i
i ¥

From

-
|25 54

2
Y=5 7 T
we obtain:
y=1/5((y / (((2/5 1 sqrt(-54/91 + (2 sqrt(5))/7)))))) * sqrt [1-10((3/2 - sqrt(5)/2))-
13((3/2 - sqrt(5)/2))"2+10((3/2 - sqrt(5)/2))"3+((3/2 - sqrt(5)/2))"4] / (5sqrt(1-
9/25sin"2(Pi/6)))

Input:
1 ¥

iizthe imaginary unit

Alternate form:
True

Alternate form assuming y is real:
J."' =

-

22



Input:
J_n"

[ 54 1 ja.= Y
91|-2=+= (245 )

= 4
6l 1 =i [32_¥5
'\ —?+7||31".15I|—[5—T]

Result:
J_n"
(253
S E 5T
Plot:

y from =1to 1)

Geometric figure:
line

Alternate forms:
1

T

J_(

Alternate form assuming y is real:
26 V5 -54

2 s =4

Properties as a real function:
Domain

R

Range
R
Bijectivity

bijective

23



Parity

odd

Derivative:

4 y _ 1

dy| | O —

= o1 145 54)
-S| e T

Indefinite integral:

j y e ¥
A | =
D el \ LY

If y=2
Input
2
Dll:—%+1§l:2\-"_5 I
— = 4
*\ -'52—1+]§|:3H5 I—[%—%

Result:
2

2

Thence, for y = 2 we obtain 2, for y = 3, we obtain 3, and so on.

Now, for y =2, we obtain from the previous expression:

24

K iz the set of real numbers



2 = 1/5x * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))*2+10((3/2 -
sqrt(5)/2))3+((3/2 - sqrt(5)/2))4] / (5sqrt(1-9/25sin 2(Pi/6)))

Input:

Alternate forms:

e
2 [2v5 54
2= | T x
55y 7 =

|
i |';1[13£-2?'] x

2
5y

—ix | root of 8281 x* +9828 x° —-464 near x =0.213237 | =2

Alternate form assuming x is real:

2ix
2=
5 | =1
| 81, :1vE 3_1?_]4
. Rl [2 2 |
Complex solution:
—_—
91
x=-5i || TR ——
\ 26V5 -54

Complex solution:
X = —23.448 |

-23.448i

25



and:
1/5(((-5 1 sqrt(91/(-54 + 26 sqrt(5))))))

Input:

| 91
-5 O
[ 1\4' ~54 +26 V5 ]

Result:

AL
!

(-
\ 265 -54

Decimal approximation:
- 4.68962005729889042603401907381474952938337555954684797509...

Polar coordinates:
r=4.68962 (radius , #=-90°
4.68962

Alternate forms:

f [
—mz\f52?8[2?+13 w,"S]

root of 464 x* + 0828 x? — 8281 near x = —-4.68962;

—éz I; [2?+131}E]

Minimal polynomial:
464 x* + 9828 x° - 8281

Thence, from

q : = =
[ (=) F(—t3) F(—t3) f(—t1%)dt
Ji

1 2tan~Y(1/v/3) ; . .
= [ e HEOI ) ) (=)
: :L_‘Lau—‘(_?:—‘v'ﬁ—}
V1 —10v — 13v2 4+ 1003 + v4
X 5
dv - '
ﬂr—tf 1— %5'1112 ]

26

iisthe imaginary unit



we obtain:

2tan—'(1/+/5) . r
s/ . FOF () (1) (1)

= ian‘](__{: L“-ﬁ?
75\ =

= - 4.68062005729889042603401907381474052038337555054684797500. . &

then:

-4.68962005729889 i * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))*2+10((3/2
- sqrt(5)/2))3+((3/2 - sqrt(5)/2))*4] / (5sqrt(1-9/25sin"2(Pi/6)))

Input interpretation:
-4.68962005729889 i

J1-10(2-35)-13(2 - 4 10(2- B) +(2- 5

iizthe imaginary unit

Result:
2.00000000000000...

2 result equal to the graviton spin

27



Alternative representations:

/ [3 V5 3 yE [3 VEY (3 yE
S0 o R R e Y I A il T
‘q 2 2 2 2 2 2 2 2
1
4.6806200572098890000 = - | 4. 689620057208890000

@ 1
5\‘4 1_5 [ca:l:g:l]z

,Jl_la[g_E]Z+m[§_ﬁ]3+[§_ﬁ]4_m[§_E]

2 2 2 2 2 2 2

1

5\11——5111

o3 uB- 5T o3-S - 5

[
(—1)4.689620057298890000 = —|[4.689620057298890000 :

2 2

2 2

2 2

| [3 ET (3 ﬁ]z‘ [3 E]“ [3 V5
+10 + -10

[‘*f““[?-?l-w@—?rm[;?]ﬂ@?]‘“‘l

4.689620057298890000 :

o
=
s
o
oo
]
o
(%)
=
=
o
=]
B
¥s]
(3]
oo
]
=
=
=
=
|

I

= =

|I 3 5 (3 V5% (3 57 3 5
__q|1-13[5- : + 10 ]+[ ]-10[

R

2 2

2 2

2 2

28



Series representations:

LT s 22 sinz[’é}

{ [3 ﬁ] [3 \@]Z [3 \E]E [3 \E]“
O G 1] o W) [ e ] I )
‘q 2 2 2 2 2 2 2

(-1)4.689620057298890000 =

0.9379240114597780000 ; \/ ﬁ [-?1 _ 95645 +182vV5°--32vV5" +x.f€“}

_ TR

T s 23 sinz[’é}

{ [3 JE] [3 ﬁ]z [3 »E]B [3 E]“
0 G T ] [ R Y o e ] ) )
‘q 2 2 2 2 2 2 2

(-1)4.689620057298890000 =

0.9379240114597780000 ; \/ ﬁ [-?1 _ 95645 +182v5- -32v5" +~E“}

fr-2 5z, BT

/ [3 ﬁ] [3 JE]Z [3 E]E [3 E]“
PO 7 (e IO £ Pl B Y oy B
\ 2" 2 58 3

(-1)4.689620057298890000 =
0.9379240114597780000 ; \/ ﬁ [-?1 _956+5 +182¥5° -32V5 0§ v’?‘}

1 (-1 6-1-2k 142k
25 (zm (142 k)t
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Thence:

2 L B E
/f{—t)f(—r*),ﬂ—r”‘)f(—t”}dt
0

1 2tan~ " (1/+/5) £
" ] |  F(=DF (=83 F(—5) F(—15)
2

; F..an_](—l_— L‘E—)
.\V;"'\" 1} o— !

v1— lfhl — 1392 + 1003 + 4

\/ 1— 5111

-4, 58952'3()5?298891

[1-10(3-5)- 13- ZF -0fz- 5 +(z- ]

= 2.00000000000000...

from:

2 =1/5x * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2 -
sqrt(5)/2))"3+((3/2 - sqrt(5)/2))*4] / (5sqrt(1-9/25sin"2(Pi/6)))

for x =-23.448 1, we obtain:

((((1/5%(-23.4484) * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2 -
sqrt(5)/2))3+((3/2 - sqrt(5)/2))4] / (5sqrt(1-9/25sin*2(Pi/6)))))))

Input interpretation:

1
—(-23.448 1
5

iizthe imaginary unit

Result:
1.99999_ .

1.99999... =2 as above
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Alternative representations:

23.4481\/1—13[3 -%]ﬂm[ -%]2[3 —%]4—113[3

[23.4481}\/1—1D[§—‘“ ]—13[ -‘“—]2+1o[§_§]3+[§_

23.4481\/1—13[3—" ]2+1r:|[ -%]2[3-%]“-1&[3

[23.4481}\/1—113[5—‘“ ]—13[ -r]2+1r:|[§_§]3+[§_

23.4481\/1—13[3 2 r]ﬂm[

Series representations:

[23.4481}\/1—1D[§ —%]—13[ -§]2+1D[§ -%]2[3 5

[5 [ ::is 51112[56} ]5

9.93?921Jﬁ [—?1—255E+182ﬁ2—32ﬁ3+ﬁ4}

J1-2 (50, v )
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@344 1-10(3 - ) -13(2 - v20(3 - E 43 - 5"

[5 \fl [ 235 sinz[%} ]5
" =4

0.93792i \J 3¢ (-71-256 V5 +182 V5°-32v5" +V5 )

1-2 [y Lol ot
‘-ql 25 k=0 2k}

[23.4481}\{1—10{5 —%]—13[ - r]ﬂm[ﬁ -%]EH[

[5 \fl [ 235 sinz[%} ]5
— &

.-
0.93792i \J 3¢ (-71-256 V5 +182 V5°-32v5" +V5 )

|1 9[-_.W ,:_hk,s-l-zknnszz

25 | £ak=0 (142 k)

1‘4' T 25

From which:

((((1/5%(-23.4481) * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2 -
sqrt(5)/2))"3+((3/2 - sqrt(5)/2))"4] / (5sqrt(1-9/25sin 2(Pi/6)))))))"6

Input interpretation:

| 3 = 12 = 43 = 4 2
! LA (G0 =) 410 00 =20
E[—23.4481}
5 \( T % smz[g}
iizthe imaginary unit
Result:
63.9984. ..

63.9984... = 64
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and:

2% ((((1/5%(-23.4481) * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2 -
sqrt(5)/2))*3+((3/2 - sqrt(5)/2))*4] / (5sqrt(1-9/25sin"2(P1/6)))))))"6-golden ratio”2

Input interpretation:

1
2|-(-23.4481) o
5

o
i is the imaginary unit
#is the golden ratio
Result:
125.379...
125.379...

Alternative representations:

2[assuan J[1-20(3- F)-ual5-F o3-S oG- F )/
5=z

L IR R R A R )]
braape-
sl -] -5

S
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s ol [zgrm[z %]-6-)
[z 5=6))¢]) -

—¢2+2[—[[23.4481 [1 13 3_"@]2
2 2

o3-S ) [ 41—— {55 )

7] 62

Series representations:

oo -la- Fhof- 5Tl 5 -G 2T
[z -

&
1.3515216\/ﬁ (-71-256 V5 +182V5° -32V5 " +¥5%)

1= 2 (S, F hsd o)

s (-3 5055 T o3-S 65T
[z @)) -

1.351521'3\/ [?1 255f€+182v“§2-32€3+v’_4}
2

/1_ 9 [ -1k 612k 142k
\ 25 k=0 (142 k)

3
1-10(= -
2

_,1,2 i

]

==

]
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r 3 V5 3 V5 3 v5F (3 5 V1)),
2—[23.448:}\]1—10————13——— PO | ECHPSSG.ciac) U ,.
g 2 I g g 2 2 /
51— 2 n2(T) |5 e
\f -5 sin [6] -f =
1 — —2
-[[-1.351521 L i = ]k ?1-255@5 +1824/5 -
ki\o 16 k
| 4 k 2
3245 +4/5 -163) za“] +
-1 [—l [1—551112[5}—2*3“" ;
2| 2}.&: 25 s) %) /
¢ | /

o k!

w (-1 —%}k 1—%511‘12 i—z.;.}k o 5
[L =3k ( (3) H

k!
k=0

2% ((((1/5%(-23.4481) * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2 -
sqrt(5)/2))*3+((3/2 - sqrt(5)/2))*4] / (5sqrt(1-9/25sin"*2(Pi1/6)))))))"6+11+1/golden
ratio

Input interpretati0n°

&
3_¥5Y_q19fa_d5Y 3 _NEW.Lfa JEN
1 1 m[z 2] 13[2 2] +lCI[2 2] +[2 2]
2 E[—23.4—431} +
|
= 2(n
5 ,J 1- =sin [6
1
11+ -
b
iizthe imaginary unit
# iz the golden ratio
Result:
139.615...
139.615...
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Alternative representations:

o {(zosea -7 oL
(s (3) )
sl 2

—
L=}

e ol

[z w3 -
w oo b-o(3- 5]
o35 )k

3 45
+10]| - - —
J 1033

e+l T

V5

2

[[5\/1—2—95 sinz[g] ]5]]]6+11+ i -

1 [[[ r[ [3 ».E]Z [3 V5
11+—+2—23.4481‘jl—13——— T ] e
&

2 2

o3 )l oot )

Series representations:

3 +5 3
2|-|23.4485 [[1-10|= - —|-13|=-
2 2 2

V5

2

2 2

[ 2T
.

i
(RSN
~<lei
(LS
B

: 3
G-
[2t-9)

[[5\/1—2—95 sinz[;—T] ]5]]]6+11+ i -

3 V5
+10| - - —
J 1033

f - s —a. B
1.3515215\{ 1—;‘[-?1-255@”82 V52 _32 w.f53+~.f54}

11+ -+

@

J1-2 (S, na2)f

&



i T i R
gt o

| i E -y —a B
1.35152:'5\{ 1—16[-?1-255v’§+132 v5° 32 v53+v54}
11+ -+

L | &

’1_ ) [ — g0 1—1]k6_1_2kn1+2k
\_4 25 k=0 (1+2 k)

o [fessssn J[1-10[3-F | (3] o

(=53

e (5455 3} -5 v
25" V5 - 16%) *}

: : _ .
0.734472 [i -1 [_ %L [1 - % 51112[%}—2.’.:,} zu-k

k!
k=0

w TR (2D) (1- 2 sin?(T)o gz T
8.0??19¢[Z [ Z}k[ et [6] %) % ]”f

k!
6]

27% ((((1/5%(-23.448i) * sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2
_sqrt(5)/2))"3+((3/2 - sqrt(5)/2))4] / (5sqrt(1-9/25sin2(Pi/6))))))) 6+ 1

&

+

k=0

o, O (2] 1~ 2 () -=of s
L] X

T Aot | B arnd
[T\ not 1£Lpg €K and —

Input interpretation:

1
27 S (—-23.448 1)

iizthe imaginary unit
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Result:
1728.96...

1728.96... = 1729

With regard 27 (From Wikipedia):

“The fundamental group of the complex form, compact real form, or any algebraic
version of Eg is the cyclic group Z/3Z, and its outer automorphism group is the cyclic
group Z/2Z. Its fundamental representation is 27-dimensional (complex), and a basis
is given by the 27 lines on a cubic surface. The dual representation, which is
inequivalent, is also 27-dimensional. In particle physics, Egsplays a role in
some grand unified theories”.

Alternative representations:
[ [ 3 V5 3 V5 3 V5 Y
2?—[23.448:}\]1—105———13——— w10 o]

2 2 2
[[[ 3 V5 Y (3 V5V (3 V5V
i 23.443;\][1 13[2-? +10 —_—] +[__ _

Eaal i QBT
m[g_

2?[—[[[23.4481}\][1—1(:'[3—g]—]ﬂ[g—g]z+lﬂ[g—§]g+
He| I
1+2?[—[[23.4481‘j[1 13[2 g 6
Yl

e
e —
| —
'\-\.\_\___\_\_
—,
[ ¥
T
—
—
|
it ]
0 | o
—,
s
1771
L
- NE
"
—_—
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o

,_____,
—
Mlm
*—r\a
=i

]
—_—
B3| e
|
s[5

La
+

- ]J;[[SJI—%STE[%HSL
ol sl 2 2 3] 5

ol TIEbL -zt )

35'[76[?535537??3?é] o2
)bz

[ 6
IE.BEDEzﬁJﬁ [-?1-255J§+182J§2-32~f§3+v5 }

J1- B (S e )

[[[ ‘j[ [3 v?] [3 v’?}z [3 ﬁ]g
9% |- |28 998 s (11 =181« — |19} 5 = 2] 48] 5500
2 2 7 2

2

Y- -

| ey
18.38&515\{ﬁ [-?1-255~E+182@2-3263+f54}

/1_ E["‘W (1K g-1-2k 142k
\ 35 k=0 {142k)r

B2 | L2

1+

&

1+

&
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2?[-[[[23.448:}J[1-1D[§-g];lj[g-%gf]zdu[g-g]g +6
[g -%] ]]Jf[[s\l 1-2—9551112[2]]5m P
[13.3805[1'5[;‘$(-%N-%L[-?l-ﬁﬁ 5 w1345 =

(5]
== 4 k
3245 +45 -163) z.;“] "

o (~1F(-2] (1- 2 sin? E'—z'.;.'kzr.ﬁk F
0.0544053 >_‘ [ 2}.1:[ 251 [usj j ;'f
k=0 k!
(1) [—l' [1— = sin‘?[E . e g
[1’”* 2}&: 25 6} ':'} Zo ]
k1
k=0

(((R7((((1/5%(-23.448i) sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))"2+10((3/2
- sqrt(5)/2))"3+((3/2 - sqrt(5)/2))4] / (5sqrt(1-9/25sin 2(Pi/6))))))) 6+ 1)) 1/15

Input interpretation:

1
27 s (-23.448 1)

15)

iizthe imaginary unit

Result:
1.64381241816143950732673118721632908702043977413135247440923 .

1.64381241816...
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(((27((((1/5%(-23.448i) sqrt [1-10((3/2 - sqrt(5)/2))-13((3/2 - sqrt(5)/2))*2+10((3/2
_sqrt(5)/2))3+((3/2 - sqrt(5)/2))4] / (5sqrt(1-9/25sin”2(Pi/6)))))) 6+ 1)) 1 /15-
26/10°3

Input interpretation:

1
27 = (-23.448 1)

iizthe imaginary unit

Result:
1.617812418161439507326731187216329870204397741313524744923 .

1.61781241816...

Alternative representations:

[ [ ,r[ [3 v?] [3 xff]z [3 ».f?]g
27 |-||@3.4485 [|1-10|=- - —|-13|=-—| +10|=-—| +
y 3 2 2 2 2 2
3 V5 ')y 'I 9 | gm f o
[5 - ?] ]]f [[E\I 1_E sin [E]]Sm +l]
[1'15}-2—-E 1 2?-[23443 I 13 ]2
: 100 100 | 1\{ N

[
-5 S?T—m[%?]ﬂf
|

(1/15)
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e E ST ol S
Y )
——[[[[44 Je-| 4-?5]2
EER T
e-F=et3-H))) s

e ool |
-5 nruwl-z—zngmsm 2
2B et 2
- T -2
b=z (eolz 3 ) )

*—K,

Series representations:

o s ool Fsfs 5T+
ot 2] -5

[[5 \fl_ % sinz[g] ]5]]]6+ 1]"*[1;15}- 12—; ”

. — — — =
13.38&515\/1—16[-?1-255 V5 +182V52_32 453”@“}

13
e SO B O 1
500

{ Ji- 2o )

f
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R
-5 - 7))

[[5 \/1_ > smz[E] ]5]]]6+1]’*[1;15}_ 12—; :

' 6
13 18.38[)616\/1—16[—?1—256@+182v’§2—32v€3+w’§4}
-—+ |1+
500 6
e /l—i[ o (1K E-1-2k 142k
A \ 25 | £ak=0 (142 k)t

R
5] )

[&]
9 | g7 o 26
[[le-Esm[g]]sm +1J [1;15}-E=
1 ® 1 1k 1
——_|-13+500(1+|18.3806 Z—[-—J (-—J [-?1-255 5 +182
500 ~ k1 16) 2k
[&]
k
1352-321.!53”.?54-152—0] za“] ];‘f

[*:: V(3 (1 3 sin?(t) - =of ]

k!

~(1415)
k=0

tor (not (zgeR and —ea < 2 = 0)

Now, we have that:

Lemma 7.7 (Second version of Landen’s transformation). [f 0 < o, <
7/2,0 < x <1, and tan(f — a) = V1 — z? tan v, then

dy
/\/1—1 2sin” 1+V1—TE/ﬂ \/1 (1—«m)2ma.,'
T\ 112 ¥

If =0, then a = 2tan—'(1/v/5). In comparing (7.11) and (7.12). we must
prove that, with the agrument g deleted for brevity,
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2 tan™-1(1/(sqrt5)) = a

_(1—v?) [ (A+ve)(l—ve)
(7.22) tan(A/2) = T 32e9) \/u — ve1)(1+ ve3)’

for if g =0. then 8 = /2.
Set t1 = tan(a/2) and t2 = tan ({8 — a)/2). Then
2ty
1=

8t

=tan(f —a) = 2ta na:&{l—t}

If we consider the extremal equality as a quadratic equation in t3, a routine
calculation gives

” ] A 1) 25(1 — 63)°
23 ty = 4
{'r ] 2 Rf]_ 9 1/ 161% | ;

since t9 > U. Using (7.21) and the definition of t;, we find that

g 4144w —v?)
7.24 S B i
(7-24) 1= Bl +v—1?)
and
(7.25) 25(1 — 13)° 4 9(1 + v?)?
(i _ = - .
- 1617 (1+v—v2)(1—11v—¢2)’

after a lengthy calculation. Employing (7.21), (7.24), and (7.25) in (7.23),
we conclude that
V5(1+4v — v2) +3(1 4 ¢2)
2/ (1 4+ v —v2)(1 — 11v — v2)
B (e —v)(e® — 1)

B V(1 —ve ) (1 +ve)(1 — ved)(1 4 ve)

eV — B

(7.26) :E_g\/{] I u v_z)}.

(14 ve)(l 4+ ve

to — —
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We analyze (7.23) and (7.25):

{1—1‘2) ,25{1—f1}
R TN + 4,
* n 2\ 18

2 tan™-1(1/(sqrt5))=a t; =tan (a/2) =tan (((1/2 * 2 tan”™-1(1/(sqrt5)))))
-5(1- [tan(((1/2 * 2 tan™-1(1/(sqrt5)))))]*2) / ((8*(tan (((1/2 * 2 tan”-

1(1/(sqrt5))))))))+1/2*sqrt[(25(1- [tan(((1/2 * 2 tan™-1(1/(sqrt5)))))]"2)"2)/(16(tan
(((1/2 * 2 tan™-1(1/(sqrt5)))))"2))+4]

Input:
1 —tan‘?[é Etﬂn'l[%]] 1 |25 [l —tanz[—l Etall'l[é]]]z
_5 ‘*5f i 2 G il
Etan[é Etan'l{ﬁl] 2 \ 16 tanz[é Etan'l[ﬁn
tan : (x) is the inverse tangent function

Exact Result:

3 5

i g

(result in radians)

Decimal approximation:
0.381966011250105151795413165634361882279690820194237137864 ...

(resultin radians)

0.38196601125...

Alternate form:

é[s-d?]

Alternative representations:

{1 -rez ()

= +
-’:Etzu'.t[g tan” 1[% ]
o 5

-5 (1 (-eor(-5 + (5 )))

1
-8 cot[ I +tan” [éS ] 2 \' 16 [—cut[—i +tal1'1[é]]]2

s 1w o ()

|

+4 =

16 tan [ ran 1[%
V5

B3| =
—
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5[1—ran2[§tan‘1[é]]] : EE[I—tanz[itan‘l[ﬁmz

~ s o1 o
Btan[i tan'l[ﬁ] 2 16 tanz[gtan'l[ﬁn
2
2 [1 - [_! 4 L2 mnzjl{lah?]] ] 1 . 23 [1 . [_! 4 i mz_‘l“l”?]]sz
- . ty + |
3 [_1 i 1+P2:'tan2‘I1‘1|l."'1.n'?]] \ L [_l * L mz_ll{ 1:;"&—5]]2
5[1 tan [ 1[ N m 1 25 [1 tanz[i tan'l[ﬁmz 5
= = PR
Etan{ tan” [%] E 16 tanz[gtan'l[ﬁ”
V5

_[—Hsm 1{ | ;mn-l{lws]J

5|1- :
e 1VE] i (1/v%)

< [F—J tan_l{lll."lu'?]_rr' tan-l{l;'"u'?]]

ian”! {1;'1;?]”.' an~1{1/VE

_[-nan‘l{lj'u'?] :'tzm_lllll.".u'?]]
I|e ! i C

25|1- . .
~itanH1/VE] imnl1/4E)
e ! + " J

B | =

[ - (1/VE) tzm_wl:."'u'?:l]
16
‘1|| ¢

P O = TP I e
-imn~!1/VE ]H: mn~1{1/V5 |
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Series representations:

5 [1 —tanz[ﬁ tan'l[ém

B vs | 1 V5 A
Stan[ﬁ tan'l[ﬁ]] 2 "" lﬁtanz[ﬁtan'l[ﬁ]]

(

. 2
2| = k 2iktan™{1/¥5)
-545i Z -1y ¢ 7 T sgnik)| +

==

arg|4 -—x+

25[—1+m"2[m"‘1[;1—;l]f]
o ]

diexplim \G

2

® @ g N TR I
2‘ 2‘ = 1katka Jitan [1/¥'5 Jky k2 (__J
ke ! k

2
k1 =—kg=0 .

[[[—mr ;

16tan? [tan'l[ L ]

sgn[kl}[4—x+
V5

. k 2iktanl(1/V5)
Bi ) (-1)e 1Y P sgniky | for

k=—m

47



%]

b - I El'ktan_ll;l."lu'?:l
5 +5; Z -1y e / sgnik)| +

==

arg|4-x+

2 (o () ]
16 tan? [tzm'l [L_”

diexplim &, \{q

<

2
i i i [_1}k1+"=2 fZ:'tan_ll:llln':'.n'?]kl x_kz (_EJ
k1 =—oa k=0 ka! 2 )z

25[1—tan2[tan‘1[$]]]2]‘2 #
)

16 tanz[tan'l[%]

sgn[kl}[4—x+
W5

. i n~! V5 -
[81 Z [—l}k : o Il1-"1’15:|sgn[1!{]|] forixe Randx <0

k=—m
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8 tan[i ran'l{é]

{

-5+320 ran'l[—
[

k

o

( 25[ 1+t'zu'|2[t'zl1'|_]'[;]"E—]J]E

; arg|4 - x+ 15mn~[mﬂ—1[L_]]
32 tan_l[—]exp im ¥s
V5 2
25 |-1+tan? [tan~1 | = 2 2
[Froea e ()

e e B

Z Z vE
ky=1kg=0 kz‘[—4tan 1[%]2 +rr2[1—2k1]'2}
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Continued fraction representations:

2fz —1f _ran2f 2 -1
_S[l—tan [Ztan {\.'? ]]] +£ 25[1 tan [Ztan [
2 -1f 1Y) 2 4 afz ., -af 1
Stan[z tan [‘.’_5 J] \ 16 tan {2 tan [v'_s
@ i
25(-1+ kl=<1 i ])].
mn-1 L]
1 5 x - 5 )
: _5|K +4 |44 i L
8 KJ S k-1 142k
f=1 —SLidk = IL| N i
- Vs K
= (7 181 =
\ =)
V5
1 5
8| _ 1 -
_ 1 . 1
- T 1 5 + _13 1 tan_l[%]
x; 7 + 7 1 tan (:]
+ tan [—_] V5
o V5
V5
- 1
. 1 " 1 +
- 1 1 c + 3 tan‘l(i]
= = + i1 tan_l[é] V5
Wil tan~ [—_] V5
tan” (ﬁ] v5
/ / 1
4 |]4+1|25 _1+_lf —lj,- = 1 : 35 +
7 -1 1
(1 + tan [—_]
\ tan [:] V5
V5
3 1 ;
N /
tan_l[i_] tan_l[i_]
V5 V5
! ' 1
16(-|1/]|-[1/-
H 1 5 N
7t +
. * t'ln_l[i]
1 1 © =
tan {—_] v5
V5
3 1
+
tﬂll_l[,é] tﬂll_l[é]
V5 V5
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s 1-ewz 5 )

sfi-clzen () S
= - + = =
Stan[i tan'l[%” 2 \ lﬁtanz[gtan'l[ﬁ]]
~las — 2 ] |
& k=1 -142k
K= [ =g
mn'l[é] V5
. 25[ l+4tan [mn'l[;l?—]“z]
=3+ :
oz 16 usmnlﬂ[ 1[%]] A
k=1 S
1 4 5
g " 3
- 1 L 5 + 13 1 +tﬂn_l[
e 7 N + _1[ 1 ] tan” [E]
tan‘l[é] tan N
V5
B 1
e 1
7 — 5 13 1 +ta“_1[
- + Rt R
17 Tk tan‘l[i_] ran [V’g]
tan” [E] V5
1
16
2 l-r 1
2
2 %-r 1
2 l+ 1 ]
b




25 [1 —tanz[ﬁ ran-l[L]]]Z

Vs

; 4
< + = e
Stan[ﬁtan'l[%J 2‘ 15&1112[%1‘&111‘1[%]]
@ —mn-l[ﬁlz
G| K ———=—
1 5ran‘1[%] Rel  -le2k
— 4+ i3 - - "
@ _m“_l[ﬁ_] tan 1[%]
kl=(1 ~142k
i
% 3+ ﬁ
K ¥E /
16 kK1 ; N
A6 1 5tan‘1[é]
a4y ¢
) tan_l[%]z
tan'l(i_]2
1- V5
1 1 tan_l[i]z
2 5+ - =
tan_l[%]g
d %+ : 3 T+...
1 1
2|5+
[2 2(3+-)
tan_l[%]z
5]-
tan_l[i_]z
1- V5
tan_l[i]z
3- V5
ran_l[v{i_s]z
T,
-l

52
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by is a continued fraction



Multiple-argument formulas:

(1w an ()

- +

Etan[ﬁ tan'l[ﬁ]]

'\1’ 64tan2[§ tan'l[

5[1—5ta112[51tan [éﬁﬂan“[ tan 1[%]]]

)

16 tan[é tan'l[ﬁ ]]

ﬂ[— 1+ ranz[ tan 1[ :m

L]
1

L]

25[1-ran[ tan” [L_E]]]

1
5\1 lﬁtan[ tan- [

5 [1 —tan {2

=)

i
8 tall[ tan” [% ]

+

1
2 \," 16 tanz{i tan'l[ A ]]

1 1 4f 1 41 -1
— 44+|25|-1+15tan®| = tan'|— ||- 15tan*| = tan
2 3 V5 3

b L)) ol
oo (oo

%]] -15 1:3114[ - ran'l[% ]] - tan's[ =tan-
i 3 i

[1 —3ran

5 [—1 +15 tanz[—; ran'l[

Etan[i tan'l[ﬁ]] [3 -10 tanz[—; tan'l[é]] +3tan? —;

va3
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5
afL e [ L jtmn?
25 [l - Stanz[—; tan‘l[ﬁmz [l _ [Bm [3 i [ J] =
: 4 + 3

16 [3 tan[% tan'l[ !

5 [1 - Btanz[—; tan'l[

e
- Lot

[l_gmnz[;_mﬂ_l[%]]]z ]

8 [3 ran[;l tan'l[

From which:

1/((-5(1- [tan(((1/2 * 2 tan™-1(1/(sqrt5)))))]"2)/((8(tan(((1/2*2 tan”-
1(1/(sqrt5))))))))+1/2*sqrt[(25(1-[tan(((1/2*2 tan”-

1(1/(sqrt5)))))1"2)"2)/(16(tan(((1/2*2 tan™-1(1/(sqrt5)))))"*2))+4]))-1
Input:

1
1

5 l—mna[a 2tan'l[ﬁ.”

+
8 tan % zmn'll—l:]]
2 ¥5

-1
| 25[1-mn3[]5 2tan! EJ”E 3

1
4 \‘l lﬁmnz[é 2ta11'1[;1__5—]]

tan I (x)is the inverse tangent function
Exact Result:
1
— -1
3_¥5
2 2

(resultin radians)

Decimal approximation:
1.618033988749804848204586834365638117720309179805762862135...
(resultin radians)

1.6180339887...
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Alternate forms:

é[l+£]

¥5
2

=

ot () J :

-8 cut[—? +tan! [—1:]] =

(oo () J st ()

-1+

51—

—i+

Stan[ztan_l [—1—]] 2
2
2
25 1| i+  —
2imn 1|1 /VE |
1+4¢ L !

2
2

X 2ian~(1/VE )

_ 4 ' .

2
2imn (1Y)
1+4¢ L !

Vg
]
2i
2itan[1/VE |
14 " !

8-+

55



s
| S, 1 5 N R | i S, G 1\
pepe(p]) | [l
2, <fid 2 g, S

St'an[ tan [1..'?]] l&tan [Et'an [\..'?]]
( . ,
L INEY sl fVE T2
[ i (1/v3 ]_r; mn (145 ]]
5(1- .
5 =] | o= . -1 | —_—
i (1/v3 ]H; mn1{1/V5
-1+1 /|- , - +
f [ ~mn1/VE) mn_l{ll."\.n"?]]
Bile v -£ ! !
Sian 1 VE | ianl{1/VE )
e f ‘+e f
A mn‘lélf’v—s]_: mn—l{llla"u'—s]] =
251 - . .
~itanH1/VE) iwnl1/VE)
1 % £ J +e 1
= 3 : :
2 [ ~imn~|1/V5) J'mn'1§1.a'u'?]]
ile - L d
16 . .
~ianH1/VE) imnlf1/vE)
'\‘1 £ v +e AL
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Series representations:

ool | J i ()

arg|d - x + N
lexp lﬁtnnz[tan 1[%]] ] \{;
I, b
2 2m
2 _ 2
p ) e )
; o )
& T
to1 R and nd 11
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hic . -1 P o—_
I Z [_l}k‘ukamn ‘1"NS]Sgn[k}+

k=—00

ik [_ki ik fzikm_lql"‘:‘EJ sgnik)| +

arg[4—x+ lf’m“z[m“_l[ﬁ”

41E}{p1;r / \G

2

! N- . - { —
2 2 L afatka FiE VS [‘l]
k! 1

k1=—Nk2=ﬂ 2

sgniky) |4 -x+

25 (-1 anfn [%mT x

16 tanz[ran [L? ]

|

2 % [ Ziktan_llllln"lu'?]
-54+5i 2‘ [_1} e ! 'Sgl‘l[k} e

==

o

4 EXp|im ﬁ

2

1
Z z [ 11 ke 2itEm” H1/V5 Ky _kq (__] e

k) =—cakq=0

4—x+

25 [—1 +ta112[tan [L?mz r

16 tanz[tan [ L? ]
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{

\i i o I
~5+5¢ LL L e (1/¥5) i

\ i % [ R
—|1-5-8i Z [_l}k fZkaTl ‘lll.'\.'S]Sgn[k}-f

s

k Zl'kta-n—lt ll."lu'?]
f i

54 [J(i -1y —_—
=I,'°° 2[ 1[_1_]]]2
i i V5
arg[4—x+ lgmnz[m“_l[%]] ]
4iexplim - ﬂ

2n

LIRS | o _ 1
§ 5 0 i 1
k]_:—mkzﬂa 2:° kz

—_—

zs[l-ranZ[ran-l[ﬁ]mT x

16 tanz[ran—l[é ]

Sgn[kl}[4—x+
v 5

+

Sm—

=—aa

diexplim ] ﬁ

S Vel NS . .
z Z Rt 1f1tkz 2 {1/V5 )k k2 (_5] sgniky)
kq=-wakq=0 2° 5

N S )

(o )




Continued fraction representations:
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1

e
a2, (1 | 2(2, 1L )
e () (b )
2, 11 ] 2(2, -1 1
St:m[atsm [\.'—5]] \ 16tan [Et'zm [v—s ”
-1+
3.2
25|14 K — L
kel =143k
s Izm_l[_l___]
P a1 V5 !
= = -3 klfl srvral el ki 2
kel _ -l42k mn~! L_] 0
Izn_l[—l__— Ve 16 i) _1_+1'>k
V5 z
fan~! _1,__]
\ V5 )
1+8/ 2
-1+8/ § 1
-t l * 1
B 1 3 -1
& 1 + o +ran"1[i] o [
z + t'1n'1[ 4 ] Vs
(1 : V5
tan l[—] V5
V5
. 1
T L : + 2 +tan'1[
e = 1 + 5 1 tan_l[i]
T Fein tan'l[:] V5
tan”~ [—_] V5
v5
4 ||a+]25]|-1+|-|1/]-|1/]- )
/ A 1 i 5
7 -1
. ETIE] +. tan [
\_ tan [.—_]
Y
3 1

! / :
16 (-1 /|-|1/ |-
! I 1 Fl 5
7 -1 _1
30 1 + tan [:
tan [—] V5
V5
3 1
+
tan"l[i_] tan"l[i_]
V5 V3




1
S [
5[ e [ - [ ”] l 25[ —tan* [ tan” [\.:5 m id
sm"[ _1[_1_ 2 \i S [“m [;1—5_”
; I}
-1+ :
5 15[1+Iz11[ ‘1[\,5]”
) == 28 16 mn? [lﬂ [_l_”
4+ - : -5|K —1+12k L 2
© 3 k=1 k=1 g
kel —=le2k m_l[%— -
mn-l[jl:] V5
¥5
# 5
_1+8;: 4+ 1 _
-- 1 r
- 1 I & :
: ¥ T tan [:]
= - 4 ST tan [—] R
tan—l[L]-h i (ﬁ] N
s
] 1
= 1 -
__ il G +tan"1[i
= . 1 + 15 1 tan'l[i— L
T +. tan” (E] 1.
tan [E]
1
16
2 L + =
2
2|11
2|2+ — ]
it
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1

) [abm
T i)

1

-1=

N =-1+
ANF: - 21| K =
R—— L3k
RETER (%)
VS 1 las =
2
“ 0 A
g b 142k 18 kol 142k
=1f 1 ol
" [rs] \ " [\.'?]
/ / / : 3
LA A |
/ Anwans 1 . [
+ t JE
. St an —
T tan [:] X3
tan” [:] %
V5
1 !
t'lll_l[i] j
v
s|-[1/ :
_ i 12
. —L ——
— B i 8 B PR [__]
o tan” [:] L
tan l[:] ¥s
V5
1
4
tan_l[i]
V5
= laslas|a-|-[a /|- /|- ; )
/ Mo 1 + >
17 = t'm‘l[i_]
\ tan” [:
v

.Ill 'lf l
16|-[1/]-[1/ 1 >
_ +

7 +. tan 1[—1 ]
T 5

tan [ '—] ¥s

N

" 1
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ko
K ag /by is a continued fraction
L=k

Multiple-argument formulas:
1

J et G

]

{rmilim ()

et (L))

S #[1 J4+ 25[1—51’&1112[51 ran'l[%] +tan4[§tan'1[ﬁ]] i
/]2

64 tanz{é ran'l[ﬁ ]]

Fod |

5 [1 -6 tanz{é tan'l[%]] + tan4[§ tan'l[ %m
16 tar.l[El tan'l[ﬁn
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tan® E1:5LI1'1[L] ]Z] "'1[15 1:':1112[E tan~ [L_]]
3 s I 3 V5
1

|
—
[ ]
|

1 1
25 [1 -3 tan‘?[— tan'l[—_ ]]]2
3 V5

1[
4+

+;25

\

[1_[sran[-;ran-l{ﬁn—ranzuran-l{ﬁnr ﬂ

(1-3tan?(}tan”( L ]]]2

V5

oo oo ()
b (7))
i

3
1

5 [1 -3 tanz[i tan‘l[é m [1 ) [3 tﬂn[; tan—1 [ﬁ ]}mn

¥a [I—Etanz[%tan_

8 [3 tan[% tan'l{ﬁ ]] — tang[gl tan'l{é]
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From the left hand-side of the previous expression, we obtain:

25117  ,_ 0(1 4+ v?)?
1643 (14+v—v2)(1—-11v —v2)’

[25(1-(tan (((1/2 * 2 tan™-1(1/(sqrt5)))))"2))"2] / [16*(tan (((1/2 * 2 tan”-
1(1/(sqrt5))))))"2] + 4

Input:
25 [l - tﬂn‘?[E1 2 tan'l[ ﬁ]]]z
+4

16 tanz[ El 2 tan'l[ﬁ ]]

tan I:xuistheinuersetangentfuncﬂnn
Exact result:
9
9
Alternative representations:
25 {1 —tanz[ﬁ tEln'l[ﬁ]]]2 25 [1 - [—cot[ - +tan” [%] ]2
. +4 =4+
16 tanz{i tan'l[ﬁ]] 16[ cnt[—g +tan” l[ﬁmz

25 [1 tan [2 tan” l{émz 25 [1 B [_1 ’ LA mnz‘in:ll,:"u'?]]z]z

+4 =4+

15t'111[ tan l[ﬁ]] lﬁ[—H 2i Jz

Zitan 1 /45

1+&

66



; —u'lan_ll:lln"lv'?ll Itzm_1|:1|."lu'?'| ¢
ile ! e ! !

SHELEE suaig 211 ~ian L 1/VE) sanl(1/VE]
ES[l—tan [E tan [E]]] aal ¢ +e
16 tanE[ i tan- 1 [ é ]] : [!l_; tan~! |: 1:.".\:'? ]_!.‘. tan ! |: 1:".'”,-—5 ]
16

~ian~! I1 .."I\.n"_S | itan7! 1 I."I\.n"_E |
€ | 4e / '

Continued fraction representations:
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[+4)
25|-1+| K —=%
k=1
a1
2f 2 -1 _1 2 fan ! =
25[1—':311 [ztan [?m - [-.,lg] ey
2fz -1 1
16 tan [ztan [u'—s]] ’ ﬁ k-
1 5
kel =143k
mn_l[%]
V5
r r
1
25|-1+|- 1 - " 1 .
- I —1[_
B 1 - 2 +ta11_l[i_] o V5
- ? + tan_l[i] "4'15
ALy V5
tan 1[E
2
6 L 1
16 |- 1 i
- 1 - 3 tan_l[i._]
B 1 + 3 tan"l[i] V5
z 1 +. tan‘l[i_ V5
ran_l[ﬁ V5
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25 [1 -tanz[i tan'l[ﬁmz sd_4y

16 tanz[ﬁ tan'l[é]]

2
¥ 35 1l5tan'1[%]
V5
i/ T3
) tan 1[%]2
25 [tan~! é - |-
["5] t111_l[%]2
1—
tan_l[%]z
q_
tan_l[%]z
5- Fopi,
4+ 2

f i )2 B V5

16 tan [ﬁ] - [L]Q

V5

]__
tan 1[%]2
3_

tan l[L]E

£ V5

T+

Multiple-argument formulas:

25 [1 _tahz[i tan'l[ﬁmz g

16 tanz[ﬁ tﬂl‘l_l[ﬁ].}
25[1—5tﬂ11 [2 tan” [%]]rfan [ tan” 1[%]]]2

. == Vs
64tan‘2[§tan [L_S]][ l+tan[ tan” [ﬁmz

e 15 a continued fraction



25 [1 - tanz[i tan'l[ %mz
16 tanz[i tan'l[ﬁ].]

25 [—1 - lStanz[% tan'l[ﬁ]] -15 tan“[% tan'l[én +tanﬁ‘[—; tan'l[ﬁ.]] 3
2 ;

4+

16 tﬂllz[-; tﬂll_l[ﬁ].] [l - 3tanz{§ tan'l[ ﬁ]]] [—3 + ranz[i tﬂn'l[— ]]]2

V5

From the right hand-side

5 —87 . 9(1+ v?%)?

1612 T A+v—0)(1-1lv—12)

For v =2, we obtain:
(9(1+4)"2)) / ((1+2-4)(1-22-4)))
Input:

0 (1 +4)y
(1+2-4(1-22-4

Result:
9
9

We note that:

((([25(1-(tan (((1/2 * 2 tan-1(1/(sqrt5)))))*2))2] / [16*(tan (((1/2 * 2 tan’-
1(1/(sqrt5)))))"2] + )3 - 1

Input:
25 [l - tanz[gl 2 tan'l[ %]]]2

)

3

+4| -1

16 tanz[ 1.2 tan'l[é
2 V5

1 J ; ]
tan  (x) is the inverse tangent function
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Exact result:
728

728

Alternative representations:

25 [1 - tanz[i tﬂn'l[ﬁ]]]z

3

16 tanz[i tan'l[é]]

+4 -1=

Y 3

. [4+ 25 [1 g [—cat[—g +tan'1[

16 [—cnt[— 24 tan‘l[ %mz

[25[1‘““25tﬂ“*[ﬁ]lf

16 tanz[i tan'l[%]]

[25[1@2@mn-l[%nf

16 tanz[i tan'l[

=
wl |~
e’
—
a3
o
%]
—
wa

i

—itmn~! |: 1 u'?] itan~ |: 1 'u?'|
£ ! ‘4 ! !

|

-1+|4+

= tmm |:1I."Iu'?'| i tzm_ll:ll."lu"_S ]]
: / ! e / !

i
16 : .
[ —i lan_ll:ll."'-.-"_E ] i tzm_1|:1|."\.-"_5 '|
. / L. / !

|

71

(%)




Continued fraction representations:

W

25 [1 —tan‘?[i tall'l[%J]]z ) e T

R
—r

16 tanz[ = tan'l[%
2 v 5

16 |-|1/|-|1/ |-




25 [l —tanz[i tan'l[ﬁmz

-1+

-1+

[2 [ e +4] -1=
16 tan®| = tan™ ! —=
) )
Y P B
af 1 ¥ o5 s
25 [tan [\E] s T2k
4+ ] 2132 -
. sl _mn_l :]
16 '[5111'1[#]:2 K LI
V5 k=1 142k
. tan_l[%]z
25 [tan! % -|-
[us ] tan_l[%]z
1- Y
tan_l[%]g
3-
tan_l[%]z
5_
A 7+
[ ]2 tan_l[%]z
16tan Y = |7 |- v
A tan_l[%]z
1-
tan_l[%]z
3_ ‘I
tan_l[%]z
S

73
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continued fraction



Multiple-argument formulas:

[25 [1 —tan‘?[i tﬂl'l_l[ﬁ].]]z +4]3 ]

16 tan‘?[ﬁ tan'l[ﬁ]]

L]

[ 25 [1 - l5te1112[§ tan'l[ﬁ)] +tan4[§ tan'l[émz ]3
-1+|4+

54ta112[§ tan'l[ % ]] [— 1+ mnz{g1 tan'l[

W

[25 [1 _tanz[ﬁ tﬂn_l[ﬁmz +4]3 “1=-1+

ll':tan‘?[g tan'l[é
2 V3

o
—

and:

4+

25 [1 - 31:::'[112[—; tan'l[%

=)

Va3

) p- et |

16 [3 tan[i tﬂn'l[

, o
%}] —tz1113[l tan'l[%m
V5 3 Vi

1073+((([25(1-(tan (((1/2 * 2 tan™-1(1/(sqrt5)))))*2))"2] / [16*(tan (((1/2 * 2 tan’-

1(1/(sqrt5))))"2] + 4)))"3

Input:

10% + ok

25 [1 = tanz[il 2 tall'l[%]]]z

16 tﬂl‘lz{il 2 tan'l[ﬁ ]]

Exact result:
1729

1729

Alternative representations:
25 [1 - tanz[ﬁ tan'l[ é]]]z

16 tanz{i tan'l[ﬁ]]
L
2

10° +

10% + (4 +

25 [1 - [—cot[—’ - tan'l{

3

+4

16 [—cct[—g + tan'l[

74

tan

1 ; : :
(x)i= the inverse tangent function



10° +

25 [1 —tanz[i tan'l[ %mz

+4| =

16 tanz[i tan'l[é

10% + |4 +

e

|

Y3

242 43
25 |1 |- 21 __
[ [ o 2:‘::.11‘1{1..-'9?]] ]z
l+e ol ;

2i
35 [_1 i L2 :an'1|}1:.-"u'—5]]z

25[1—ran2[§ ran_l{émz 3

107 +

10° +

16 ranz[i tan'l[%]]

{

25|1-

Y 5

[ -ian 1 1/¥E) fmn'lﬂll."lﬂflll 4
e / '—& v '

-i mn_ll:lln"lu'?ll i tzm_ll:lln"lu'?ll
e ! Lve / y

16

; [!I—J mn—t {lllf'lﬁ? ]_!.I mn—t I: lll."lu'? '|]

~itan~! i1 I."Iu'?ll itan! 1 I.".u'?ll
| ve | ;

75
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Continued fraction representations:

107 +

25 [1 - tanz[ﬁ tan'l[

1000 +

1000 +

4+

)

S
lﬁtanz[ﬁ tan'l[ﬁ

3
o) _1
251-1+ kli T asik
) mn~! sk
¥5 )
fa) _1
2 tan o
i
1% g I :
Ecin ANk 1 . 5
z + t'm'l[i
-1 1 : g
tan [—_] V5
V5
3 1
+
tan_l[i_] tan_l[i_]
V5 V5
/ / 1
16 |-11/ -1/ |-
ARa 1 ,__ 5 K
L + t'111'1[L]
Aar 1 : : =
tan [:] V5
V5
3 1
+
tan_l[i_] tan_l[i_]
V5 V5
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10° +

25 [1 - tanz[ﬁ tan'l[ é

1000 +

1000 +

16 tan‘?[i tan'l[L]

4+

4+

Vs
) —tzm_l[L]E bt |
-1 1 2_ b \.-"_5.
25 [tan [‘E] = e
i e =
o[ 2 =)
lﬁtan'l[%] K L
v 5 k=1 -142k
2
. tan_l[%]z
25 [tan! é -1-
[us ] tan_l[%]z
1=
1:&111_1[%]2
3
tan_l[%]z
S- 7+
2
[ ]2 tan_l[%]z
16tan Y = | |-
e tan_l[%]g
1- V
tan_l[%]z
g
tﬂn_l[%]z
5- T+
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]
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Multiple-argument formulas:

i [25 [1 —tanz[i ran'l{ﬁ]]]z +4]3 _

16 ranz[i tan'l[i_.]]

Y 5

i

25(1 - 6tan?(? tan™ L_ +tan?|itan™? é 7
B s e ) e Ao )
64ta112[§ tan'l[ﬁ ]] [— 1+ tanz{il tan'l[ Em
) [l (g P ()
g [l_tanz[g tan—l{L']Dz > 25 [1 - 31’3112[51 tan 1[%]]]2 [1_ 3 [l_gmnzs[]gmn_l [;mz Vv
2 V5 Vg Ml

1 16 tan?( 2 tan~ (= il e e 1 -1 L) 3( 1 -1

G () ofs sl (5 ) o Lo ()

We note that, from the Ramanujan taxicab numbers:

7 410 "= (34 )
53%‘_6}3 :*_?3._/

that are 1729 and 728 respectively

In conclusion, we obtain:

(((1073+((([25(1-(tan (((1/2 * 2 tan™-1(1/(sqrt5)))))*2))*2] / [16*(tan ((1/2 * 2
tan?-1(1/(sqrtS))))) 2] + 4))) 3)))M/15

Input:
4107+ 25[1—ta112[51 Eran‘l[ﬁmz +43
1|'i: lﬁtanz[al zmn_l[ﬁ]]

1 ; : :
tan (x) is the inverse tangent function

Exact Result:
Y 1729

(resultin radians)
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Decimal approximation:

1.643815228748728130580088031324769514329283143699940172645...

(resultin radians)

1.643815228748...

(((10°3+((([25(1-(tan (((1/2 * 2 tan -1(1/(sqrt3)))))"2))*2] / [16*(tan (((1/2 * 2

tan-1(1/(sqrt5))))))"2] + 4)"3N) /15 -26/10"3

Input:
; 11y 2 3
| . 25[1—'[&1112[151 2tan 1[:%?]]] . _2_53
\1 ll.’itanz[E Etan'l[ﬁ]] 10
tan
Exact Result:

— 13
15
1729 — —
“II 500
(resultin radians)

Decimal approximation:

1.617815228748728130580088031324769514329283143699940172645...

(result in radians)
1.617815228748...

Alternate forms:

5_|:lmr3 [EDD 1729 - 13]

— ||500

26511 248432500000 x* + 58245 212806 202500 x -

rx=1.11045%10°

79

31250000000000 x° + 686562500000 000 x* + 6033511250 000000 x* +

52764892578 124999999999 999548 814 106 985 909 243

+2197

1 J ; ]
(x)is the inverse tangent function

™1;/3-13




Alternative representations:

o [25 [1 - tal‘lz[i tan'l[ %mz

16 tanz[i tan'l[é]]

2
l‘j 16 tﬂnz[— tan'l[ﬁ]] 10°
25[1—[—1Jr i . ]2]2 d
_E+ 10 4 las PR (145
10° 7 15[—1+ 2 JZ
\ W = 1/¥5 |
o [Pl G
l‘j 16 ranz[i ran‘l[ﬁ]] 10°

_[—fran‘lﬂll."ln"fll fmn_lﬂlaf'lﬂ?ll] 2 43
ile ! ' !
25|1- . .
[ [ -i mn_l{lln"u"ill J-[Eﬂ_lllllln'l".l'?ll ]

26 £ ! Y4 ! J
Ay |10t e ]as , ,

10° _[mn-l.:mﬂ ;-mn—lmml

ile f '—e ! d
16 . .
1{.‘ [ —imn 1/VE ] imnl1/VE)
| £ ! ‘4 ! !

Series representations:

- [25 [1 —tanz[i tan'l[ﬁmz .

16 tanz[i tan'l[é]]

|
15

\

1000 +

25(1-#(1+238, 1 ?F )Y
4
T 162 (1+2 57 1f k) |

_ﬁ +15I
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25 [1 —tanz[i tan'l[ émz i 26

r 1074 +4| - =
16 tanz[ z tan'l[é]] 10
2 V5
; r 242 43
. 25 [-1“2 [E;JHJ Ikt hws]sgn[k}]]
s _13+SDD15' 1000 + (4 + n
| 16 [Z‘k k Zlkt:m l:“ulE]SgIl[k}]z
tan?(Zhan-i 2R ¥
| 107 25[1 tan [ztan [u?m i _E )
-y 22, . -1 1 108
l6tan [—tan [:]]
2 V5
- 242 43
X 25[ [Ek L 1 2ikean ':lwﬂsgn[k}]]
s —13+5|le2|15| 1000 + (4 + .
| 1'5! [Z‘k k ZJktEm I:l.'\n'S]Sgn[k}]

Continued fraction representations:
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\

|s0a
4 107+

13
i

500

13
-— +
500

25 [l —tanz[i tan'l[

W

=) )

16 tanz[ﬁ tan'l[

5

L
=

)

1000 + |4 +

1000 +

4+125

16 |-

16

-1+

~(1;15)




15

\

25(1 -tan?(2 tan~} X
- 26
1107 + [ [2 [\"5]]] +4 T ad
16 tanz[ 2 tﬂn_l[é]] N
2 ¥
s —tED I[L.—]E Y
25 tan'l[L]E_ 5 5
N R -1+2 k
13
~— + | 1000+ |4+ ] :
500 2o =55 ]
| -1 1 -
]i: 16 tan [ﬁ] k=1 A
i ( il
y tan_l[% ]2
25 |tan" Y = | - |-
[vs ] tan_l[%]z
1-
tan_l[% ]2
33—
tan~ ! %]E
13 - -
-—+ |1000+ |4+
500 | |
’ tan_l[% ]2
16tan Y= | |-
{u 5 ] tan_l[%]g
1_
tan_l[% ]2
3-
tan™1 %]Q
15
5= 7+
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500

— 4

" 500

25 [1 —tanz[i tﬂn_l[%mz < 3 w0 o
16 tanz[i tﬂn_l[ﬁn 103
(]
K _1L‘f
- 2
25tan” (L) [1- (]
1000 + |4 + _
_mn_ll%la
16 ﬁ S &, f S
ko1 -1+2k
5
(]
V5 )
o tan~t %r
ol L f
tan~! L—
’s S 1 a5 “'_7+.\\j.5]Z
S T ) e (7]
1000 + |4 + i
ol t'm_l(%]g
_1[_L_F
tan
. V5
tan_l(%]z
3-
tan~1 %]2
5- T+...
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K ag /by is a continued fraction
I'. A

Multiple-argument formulas:

et G
+4 - -

16 tanz[i tan'l[L]]

V5

3
15 10 +[

)

13
— + | 1000 + |4 +

500 _ 64tanz[§ tall'l[%]]
15|

i

3

+4

‘ ; [25 [1 —tanz[i ran'l[ﬁmz

4 0 16 tanz[i tan'l[ﬁn

\

—% + [mm + [4 + [25 [1 = tanz[% tan—l[% ]]]2
[1- pron(3 e () - mwf]z]f

[1 -3 tanz[—; tan'l[ ﬁ]]]z

O R ) | B
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Observations

From:

https://www.scientificamerican.com/article/mathematics-
ramanujan/?fbclid=IwAR2caRXrn RpOSvJIOxWsVLBcJ6KVgd Af hrmDYBNyUSm
pSjRs1BDeremA

Ramanujan's statement concerned the deceptively simple concept of partitions—the
different ways in which a whole number can be subdivided into smaller numbers.
Ramanujan's original statement, in fact, stemmed from the observation of patterns,
such as the fact that p(9) = 30, p(9 + 5) = 135, p(9 + 10) = 490, p(9 + 15) = 1,575
and so on are all divisible by 5. Note that here the n's come at intervals of five units.

Ramanujan posited that this pattern should go on forever, and that similar patterns
exist when 5 is replaced by 7 or I1—there are infinite sequences of p(n) that are all
divisible by 7 or 11, or, as mathematicians say, in which the "moduli" are 7 or 11.

Then, in nearly oracular tone Ramanujan went on: "There appear to be
corresponding properties,” he wrote in his 1919 paper, "in which the moduli are
powers of 5, 7 or 11...and no simple properties for any moduli involving primes other
than these three." (Primes are whole numbers that are only divisible by themselves or
by 1.) Thus, for instance, there should be formulas for an infinity of n's separated by
573 = 125 units, saying that the corresponding p(n)'s should all be divisible by 125.

In the past methods developed to understand partitions have later been applied to

physics problems such as the theory of the strong nuclear force or the entropy of
black holes.

From Wikipedia

In particle physics, Yukawa's interaction or Yukawa coupling, named after Hideki
Yukawa, is an interaction between a scalar field ¢ and a Dirac field y. The Yukawa
interaction can be used to describe the nuclear force between nucleons (which
are fermions), mediated by pions (which are pseudoscalar mesons). The Yukawa
interaction is also used in the Standard Model to describe the coupling between
the Higgs field and massless quark and lepton fields (i.e., the fundamental fermion
particles). Through spontaneous symmetry breaking, these fermions acquire a mass
proportional to the vacuum expectation value of the Higgs field.
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Can be this the motivation that from the development of the Ramanujan’s equations
we obtain results very near to the dilaton mass calculated as a type of Higgs boson:
125 GeV for T = 0 and to the Higgs boson mass 125.18 GeV and practically equal to
the rest mass of Pion meson 139.57 MeV

Note that:
Hence
64932 = VR _ o Lomps VR ..
Bl = 4006 ™V 4 ...,
so that

64(g33 + gt) = ™V — 2 + 4372 "VE - o = BA{(1 + V)2 + (1 —v2) "2}

Hence .
e™2% = 2508951.9982. . . .
Thence:
64952 = 4006¢ "V 4 ...
And
64(g22 £ g 2t) =@™VB 24 L AgTIe VR Lavo= A1 VDR 4 (1~

That are connected with 64, 128, 256, 512, 1024 and 4096 = 64°

(Modular equations and approximations to « - S. Ramanujan - Quarterly Journal of
Mathematics, XLV, 1914, 350 —372)

All the results of the most important connections are signed in blue throughout the
drafting of the paper. We highlight as in the development of the various equations we
use always the constants m, ¢, 1/¢, the Fibonacci and Lucas numbers, linked to the
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golden ratio, that play a fundamental role in the development, and therefore, in the
final results of the analyzed expressions.

In mathematics, the Fibonacci numbers, commonly denoted F,, form a sequence,
called the Fibonacci sequence, such that each number is the sum of the two preceding
ones, starting from 0 and 1. Fibonacci numbers are strongly related to the golden
ratio: Binet's formula expresses the nth Fibonacci number in terms of n and the
golden ratio, and implies that the ratio of two consecutive Fibonacci numbers tends
to the golden ratio as n increases.

Fibonacci numbers are also closely related to Lucas numbers ,in that the Fibonacci

and Lucas numbers form a complementary pair of Lucas sequences

The beginning of the sequence is thus:

0,1,1, 2 3,58 13,21, 34,55 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6763,
10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811, 514229, 832040,
1346269, 2178309, 3524578, 5702887, 9227465, 14930352, 24157817, 39088169,
63245986, 102334155...

The Lucas numbers or Lucas series are an integer sequence named after the
mathematician Francois Edouard Anatole Lucas (1842-91), who studied both that
sequence and the closely related Fibonacci numbers. Lucas numbers and Fibonacci
numbers form complementary instances of Lucas sequences.

The Lucas sequence has the same recursive relationship as the Fibonacci sequence,
where each term is the sum of the two previous terms, but with different starting
values. This produces a sequence where the ratios of successive terms approach
the golden ratio, and in fact the terms themselves are roundings of integer powers of
the golden ratio.”" The sequence also has a variety of relationships with the
Fibonacci numbers, like the fact that adding any two Fibonacci numbers two terms
apart in the Fibonacci sequence results in the Lucas number in between.

The sequence of Lucas numbers is:

2, 1,3, 4,7 11,18 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778,
9349, 15127, 24476, 39603, 64079, 103682, 167761, 271443, 439204, 710647,
1149851, 1860498, 3010349, 4870847, 7881196, 12752043, 20633239, 33385282,
54018521, 87403803... ...

All Fibonacci-like integer sequences appear in shifted form as a row of the Wythoff
array, the Fibonacci sequence itself is the first row and the Lucas sequence is the
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second row. Also like all Fibonacci-like integer sequences, the ratio between two
consecutive Lucas numbers converges to the golden ratio.

A Lucas prime is a Lucas number that is prime. The first few Lucas primes are:

2, 3,7, 11, 29, 47, 199, 521, 2207, 3571, 9349, 3010349, 54018521, 370248451,
6643838879, ... (sequence A005479 in the OEIS).

In geometry, a golden spiralis a logarithmic spiral whose growth factor is ¢,
the golden ratio."" That is, a golden spiral gets wider (or further from its origin) by a
factor of ¢ for every quarter turn it makes. Approximate logarithmic spirals can

3]

occur in nature, for example the arms of spiral galaxies™™ - golden spirals are one

special case of these logarithmic spirals

We observe that 1728 and 1729 are results very near to the mass of candidate glueball
fo(1710) scalar meson. Furthermore, 1728 occurs in the algebraic formula for the j-
invariant of an elliptic curve. As a consequence, it is sometimes called a Zagier as a
pun on the Gross—Zagier theorem. The number 1728 is one less than the Hardy—
Ramanujan number 1729 (taxicab number).

Furthermore, we obtain as results of our computations, always values very near to the
Higgs boson mass 125.18 GeV and practically equals to the rest mass of Pion meson
139.57 MeV. In conclusion we obtain also many results that are very good
approximations to the value of the golden ratio 1.618033988749... and to {(2) =

’%2 — 1.644934 ..

We note how the following three values: 137.508 (golden angle), 139.57 (mass of
the Pion - meson Pi) and 125.18 (mass of the Higgs boson), are connected to each
other. In fact, just add 2 to 137.508 to obtain a result very close to the mass of
the Pion and subtract 12 to 137.508 to obtain a result that is also very close to
the mass of the Higgs boson. We can therefore hypothesize that it is the golden
angle (and the related golden ratio inherent in it) to be a fundamental ingredient
both in the structures of the microcosm and in those of the macrocosm.
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