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Abstract : We can see that Feit-Thompson conjecture is true using factorizations of cy-
clotomic polynomials on the finite prime field.
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Feit and Thompson conjectured in [2, p.970, last paragraph]
¢ —1 . p?—1 ot :
s:=d,(q) = [ never divides t := ®,(p) = ] for distinct primes p and ¢,

where ®,,(z) is the m-th cyclotomic polynomial. The utility and the cause of this con-
jecture are also stated in [1, p.1], and [3, B25]. Stephens [8] found the unique example:
for p = 17 and ¢ = 3313, the prime r = 2pq + 1 = ged(s, t) that shows s 1 ¢ from r < s
(see the next page R1 or [6, p.82]). We show this conjecture is true. The next classical
results on cyclotomic polynomials are important for our Theorem.

1. Let £ be a prime with ¢ m. The m-th cyclotomic polynomial ®,,(x) := ®,,(z) on
FF; has square free factors and the root (,, of ®,,(x) is of order m for ®,,((,) = 0 by the
equation z™ — 1 =[[,,, ®,,(r) since ™ — 1 has no multiple roots for £ {m (see also [4,
p.64, 2.45. Theorem)). O

2. Let |al,, be the order of a mod m for natural numbers a and m with ged(a, m) = 1.
®,, () factorizes into irreducible polynomials @ (x) = Hlf';’g)_l(x—ff#n) of the same degree
|€|m, where k satisfy ged(k, ¢m) = 1 and 1 < k < m, since 4 (z) are invariant by Frobenius

automorphism oy : (¥ — (¥ (see also [4, p.65, 2.47.Theorem.(ii)]). O
By 1, 2 and Chinese remainder theorem, ®,,(z) := ®,,(x) on F, has the minimal

splitting field Fy,, since all square free ¢(m)/|¢|,, irreducible factors with the same
degree |{|,, where ¢(m) = deg ®,,(z).

Three proofs of our theorem yield from proving contents of Kummer’s theorem (see [7,
p.84 Theorem 2.17]) and Stephans’ examples giving the assertions: a prime r | ged(s,t)
if and only if |p|, = ¢ and |g|, = p by r = 1 mod 2pq.

. Theorem. If s divides ¢, then p is odd and p = q.

PrROOF. We may assume p < ¢, namely, s < ¢t by the next page R3 or [5, p.16 Remark].
If p=2, then st since s = ¢+ 11is even and t = 29 — 1 is odd. Thus we assume p > 2.

We also see that s,t are odd and » = 1 mod 2pq for any prime divisor r of s by the
next page R2 or [8] or [5, p.16, Lemma.(3)]. We can see |p|; = ¢, |p|s = ¢ and |q|s = p by
p?=1modt¢,p? =1mod s and ¢ = 1 mod s from p < ¢ < s and s | t.

p : Both ®;(z) and ®4(x) on F, have the splitting field F,e from |p|; = ¢ = |p|s. Thus
by the isomorphism ¢; — (5 over [F,,, s = ¢ is contrary to s < t. O

q: ®;(x) on F, factorizes into ¢(t)/|g|: irreducible factors. We have |¢|s = p divides |g/;
by ¢!?* = 1 mod s and the inequality ¢(t)/|q|; > ¢(t)/]qls = ©(t)/p by |q|s = p because
d,(x) on F, is already factorize into ¢(s)/|q|s = ¢(s)/p irreducible factors and hence

®,(z) factorizes at least into (t)/|q|s = % . @ irreducible factors. Thus |g|; = p.
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If a prime ¢ | ged(t,(¢ — 1)), then ¢ = 1 mod ¢ then we have |q|, = 1 is contray to
¢ | ged(t, (¢ — 1)), by the same method as the above. Thus ged(t, (¢ — 1)) = 1 and
t | s(q— 1), namely, |g|; = p imply s = ¢. It is contrary to s < t. O

p and q: ®;(x) and ®,(x) on I, (resp. F,) has the minimal splitting field Fpq (resp. F,»)
by |pl: = |pls = ¢. (resp.|qlt = |gls = p.) Since ¢, on F,, on F,, and on Q have the
same order, ®;(x) and ®,(x) has the only one minimal splitting field Q(¢;), we obtain a
cotoradiction p? = |Fpe| = |Fype| = ¢P. O

Remarks. We use the same notations and assumptions in the above discussions.

R1 Example of Stephens. Using the program [MPQSX3] attached to the package of
language UBASIC designed by professor Yuji Kida, we have the prime factorization s =
rirars for p = 17, ¢ = 3313 where 71,79 and 73 are primes with r, — 1(k = 1,2, 3) are as
the next table. We can see ged(s,t) =1 by ¢ = 33131 (r5 — 1)(r3 — 1) in this table.

ri—1 = 2x17 x 3313,
ro—1 = 2x2x5x17x 35081 x 2007623,
rg—1 = 2 x 17 x 1609 x 763897 x 1869248598543746584721506723.

R2. r = 1 mod 2pq for any prime divisor r of s under the conditions s | t and 2 < p < q.

Ifr|sand g=1modrthen0=s=¢"'+---+¢+1=pmodr and r = p. We have a

contradiction 0 = ¢ = 1 mod r by r = p. Thus |g|, = p by ¢? = 1 mod r and ¢ # 1 mod r.
Similarly |p|, = ¢. Hence we have r = 1 mod 2pq by Fermat little theorem.

R3. Since 102 - is strictly increasing for 3 <z <y,
r—1 v—1 v—1
T o< y,yx<xyandy <x <x )
logz  logy y—1 y—1 x—1

Thus we have s =t is equivalent to p = q.
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