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Abstract: Based on functional equations of the Riemann Z-function and an
application of the L’Hopital rule, it is shown that the Riemann Z-function has only
real zeros.

1. Introduction

The Riemann &-function is the entire function defined by the formula

£(s) =2 s(s-Dm*/2 T C )5 () (1)

Its zeros are exactly the non-trivial zeros of the Riemann zeta function £(s), those
that lie in the critical strip 0 < Re(s) < 1. The Riemann E-function Z(z) = §(§+iz),

obtained using the variable change s = §+ iz which send the critical line Re(s) =

% to the real z-axis, has the Fourier integral representation
E(z) = 2f, ®(D)cosztdt )
in which

ot 5t
O(t) = Y (4% n* ez - 6nn? ez )exp(-nn? e?t), 0<t< oo,

is a rapidly decreasing function [1]. The Riemann Z-function satisfies the
functional equations Z(z) =EZ(-z) and Z(z) = £(2) .

2. Zeros of the Riemann E-function

Let us denote non-trivial zeros as zo= oy + it ItS conjugate z, =op - ito. Then
E(z) = 2, ®(t)cosz,tdt =0,

and E(2,) = 2f,” ®(t)coszotdt =0

From the functional equation Z(z) = Z(Z), it means thatf(—z_o) =2 =

=(Zo



By the L’Hopital rule [2],
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u-c — 2J, ®® coszytdt

Thus, by the Leibniz’s rule for differentiation under the integral sign,

lim 2%t =1 (4)

u—oco COS ZgU

Eq. (4) is satisfied if to=0.
3. Conclusion

Based on functional equations of the Riemann Z-function, all zeros of the
E-function are real.
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