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Abstract: Based on functional equations of the Riemann Ξ-function and an 

application of the L’Hopital rule, it is shown that  the Riemann Ξ-function has only 

real zeros. 

1. Introduction 

 

The Riemann -function is the entire function defined by the  formula  

 

                     (s) = 
1

2
 s(s-1)𝜋−𝑠/2  𝛤(

𝑠

2
 )(s)                                           (1) 

 

Its zeros are exactly the non-trivial zeros of the Riemann zeta function  (s), those 

that lie in the critical strip 0 < Re(s) < 1. The Riemann Ξ-function Ξ(z) =   (
1

2
+iz), 

obtained using the variable change s = 
1

2
+ 𝑖𝑧  which send the critical line Re(s) = 

1

2
  to the real z-axis, has the Fourier integral representation  

 

                              Ξ(z) = 2∫ Φ(t)𝑐𝑜𝑠𝑧𝑡𝑑𝑡
∞

0
                                                   (2) 

in which 

                      

                 Φ(t) = ∑ (4𝜋2∞
1 𝑛4 𝑒
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2 )exp(-𝑛2 𝑒2𝑡 ),  0 < t < ∞, 

 

is a rapidly decreasing function [1]. The Riemann Ξ-function satisfies the  

functional equations  Ξ(z) = Ξ(-z)  and  Ξ(z) = Ξ(𝑧̅)̅̅ ̅̅ ̅̅   .  

 

2.  Zeros of the Riemann Ξ-function 
 

Let us denote non-trivial zeros as z0 = 0 + it0. Its conjugate  𝑧̅0 = 0  -   it0 . Then 

 

                                    Ξ(z0) = 2∫ Φ(t)𝑐𝑜𝑠𝑧0𝑡𝑑𝑡
∞

0
  = 0, 

 

and                              Ξ(𝑧0̅) = 2∫ Φ(t)𝑐𝑜𝑠𝑧̅0𝑡𝑑𝑡
∞

0
  = 0 

 

From the functional equation   Ξ(z) = Ξ(𝑧̅)̅̅ ̅̅ ̅̅ ,   it means that 
 Ξ(z0)

Ξ(𝑧0̅̅ ̅ )
  = 

0

0
  =   1 



 

 

By  the L’Hopital rule [2], 
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   = 1                                                 (3) 

 

Thus, by the Leibniz’s rule for differentiation under the integral sign, 

 

                                       lim
𝑢→∞

𝑐𝑜𝑠𝑧0𝑢

cos 𝑧̅0 𝑢
          = 1                                                 (4) 

 

Eq. (4)  is satisfied if  t0 = 0. 

 

3. Conclusion 

 

Based on  functional equations of the Riemann Ξ-function, all  zeros of the  

Ξ-function are real.  
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