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Abstract. It’s well known that every prime number p > 5 has the form 6k —1 or 6k +1.
We’ll call k the generator of p. Twin primes are distinghuished due to a common generator
for each pair. Therefore it makes sense to search for the twin primes on the level of their
generators. The present paper developes a sieve method to extract all twin primes on the level
of their generators up to any limit. On this basis importend properties of the set of the twin
prime generators will be studied. Finally the Twin Prime Conjecture is proved based on the
studied properties.
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Notations

We’ll use the following notations:

N the set of the positve integers,
P the set of the primes, P* primes > 5,
P_.={peP'|p=—-1(mod6)} andE_ ={neN|6n-1cP_}
P, ={peP'|p=+1(mod6)} andE; ={neN|6n+1ecP,}
andE=E_NE;
and E* =E_UE,.

1. Twin Prime Generators

It’s well known that every prime number p > 5 has the form 6k — 1 or 6k + 1. We'll
call k the generator of p. Twin primes are distinghuished due to a common generator for each
pair. Therefore it makes sense to search for the twin primes on the level of their generators.
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Lemma 1.1. All squares p*> of primes have the form p*> = 6k + 1 with a generator
divisible by 4.

Proof. With p = 6u £ 1 we have

(6u+1)? = 36u®+12u+1
= 6u(but2)+1
= 6k + 1, with k = u(6u £ 2)
=k = 2u(3utl).

If w is even then 2w is divisible by 4. If « is odd then 3u = 1 is even and k is divisible by

4 too. |
Let be
1
P+’ forpe P_
k) =19 54 (1.1)
. forp e Py

an in P* defined function, the generator of the pair (6x(p) — 1, 6x(p) + 1).
A number z is a member of E if 6z — 1 as well as 6= + 1 are primes. This is true if the
following statement holds.

Theorem 1. A number x is a member of E if and only if there is no p € P* with
p < 6x — 1 where one of the following congruences holds:

x = —k(p)(mod p) (1.2)
x = +k(p)(mod p) (1.3)

Proof.

A. p € P_ , therefore is p = 6k(p) — 1:
If (1.2) is true then thereisan € N:

x = —r(p) +n-(65(p) — 1)

62 = —6k(p) + 6n - (6k(p) — 1)
6z + 1= —6k(p) +6n- (6k(p) — 1)+ 1
— (60— 1)(65(p) — 1)
= 62+ 1=0(mod(6r(p) — 1)) =2 ¢E

For (1.3) the proof will be done with 6z — 1:

6x —1=06k(p)+6n-(6k(p) —1)—1
= (6n +1)(6k(p) — 1)
= 62 — 1 =0(mod(6r(p) — 1)) =z ¢ E
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B. p € P4, therefore is p = 6k(p) + 1: We go the same way with (1.2) and 62 — 1 as well
as (1.3) and 6z + 1:

6z —1 = (6n —1)(6k(p) +1) = 6z — 1 = 0(mod(6x(p) + 1))
6x + 1= (6n+1)(6k(p) +1) = 6x+ 1= 0(mod(6r(p) +1))

With these it’s shown that = ¢ E if the congruences (1.2) or (1.3) hold. They cannot be true
both because they exclude each other.

If on the other hand = ¢ E, then is 62 — 1 or 6 + 1 no prime. Let be 62 — 1 = 0(mod p) and
p € P_. Then we have

6x — 1 = p(mod p)
= (6r(p) — 1)(modp)
62 = 6k(p)(mod p)
x = k(p)(mod p).

For p € P, we have

6z — 1 = —p(mod p)
—(6r(p) + 1)(mod p)
6x = —6k(p)(mod p)

x = —k(p)(mod p).

The other both cases we can handle in the same way. Therefore either (1.2) or (1.3) is valid if
x ¢ E. O

If we consider that the smallest proper divisor of a number 6x — 1 or 6x + 1 is less or
equal to /6z + 1 than p in the congruences (1.2) and (1.3) can be further limited by

p(z) = max(p € P* | p < b6z +1).

Because we consider only primes as modules we have independent congruences. Now we have

x = —k(p)(mod p)
or ,p P p<px) (1.4)
x = +k(p)(mod p)

as a proofable system of criteria to check a number z > 4 to be not a member of E.

2. The Twin Sieve

The congruences in (1.4) can be combined in the following way:

2? = k(p)*(mod p) for p € P*,p < p(x), (2.1)
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because if z = £x(p)(mod p) then there is a number ¢ with = = £x(p) + tp. Squared this
produces 22 = x(p)? + p(t?p + 2tx(p)) and we get 22 = x(p)?(mod p). This is a system of
sieves with a sieve function (z, p) for which is

2* — k(p)* = ¢(z,p)(modp)
or for p € P*,p < p(x). (2.2)

¥(z,p) = (22 — K(p)*) Mod p

Obviously ¢ (z, p) is a periodical function in = with a period length of p. It is ¢(x,p) = 0 if
and only if (1.4) is true for p. We’ll call the sieve produced by ¢(x, p) as S,,. For the system of
the sieves S5 x ... x S, we’ll build the aggregate sieve functions

p
\I/(a:,p) _ H ¢(27Q)

qeP*
and (2.3)

U(w) = (2, p(z)).

Because the value set of ¢/(x, p) consists of positive integers between 0 and p — 1, ¥U(x, p) and
U (x) have rational values between 0 and < 1.
A number z will be “sieved” by S, if and only if ¢)(x, p) = 0. With this the statement of

Theorem 1 can be newly expressed:

Theorem la. xis a member of E if and only if

() #0.

In contrast to the sieve of ERATOSTHENES in our sieve the exclusion of a number x will be
not controlled by x Mod p = 0, but by (x2 — n(p)Q) Modp = 0.
Let be

Op = min(z € N| p(z) = p). (2.4)

For x > O, “works” the sieve S, i.e. O, is the origin point (in future we will call it: OP)
of the sieve §,. Every sieve has up from O, in every t)—period just p — 2 positions with
¥ (x, p) # 0 and two positions with ¢ (x, p) = 0, once if (1.2) and on the other hand if (1.3) is
valid. We speak about a— and b-bars of the sieve S,,. From (1.2) and (1.3) it is easy to see that
the distance between an a— and a b-bar is 2x(p).

Itis p < p(z) < V62 + 1 and therefore p? < 6z + 1. Then

p*—1
6

is the least number which meets this relation. Because of Lemma 1.1 this is a positive integer
divisible by 4.

0, = (2.5)

Theorem 2. Every sieve S,, | p € P* starts at position O, with a sieve bar and we have

w(Olhp) = O
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Proof. 'We substitute p by 6 (p) = 1. With this and (2.5) holds

(6r(p) £1)* — 1
6
6 (p) (65 (p) +2)
6
= k(p) (6k(p) £1) £ k(p)
k(p) -p £ K(p)
+£(p)(mod p) — ¥(Op,p) = 0.

0, =

It’s evident that S, starts for p € P_ with an a—bar and in the other case it starts with a b-bar,
2k(p) behind the a—bar.
Because every sieve has two bars per period only, the density of bars of the sieve S, is

olp) = - (2.6)
For every x > O, the local position in the sieve S,, relative to the phase start D can be deter-
mined by the position function T(x,p):
x + k(p) = 7(x, p)(mod p) with
7(x,p) = (z + #(p)) Mod p. 2.7)

Between the sieve function ¢(z,p) and the position function 7(x, p) there is the following
relationship:

P(x,p) = 7(x,p) - (x — r(p)) Mod p
=7(z,p) - (7(z,p) — 2x(p)) Mod p. (2.8)
Obviously is ¢(z, p) = 0 if and only if 7(z, p) = 0 (a-bar) or 7(z, p) = 2k(p) (b-bar).

Theorem 3. The sieve S5 has for p > 5 at all positions O, + 1 a sieve bar. It is

PY(Op+1,5)=0.
Proof. Itis k(5) = 1 and with (2.7) we get

Op+1 = 7(0p,5)(mod5) | -6
60, + 6 67(0p,5)(modb) | =5
60, + 1 (GT(Op, 5) — 5)(mod 5)
p?=60,+1 = (67(0p,5) —5)(mod5)

= 67(0y,5)(mod 5)

= (57’(01,,7 5) + 7(0p, 5))(mod 5)

= 7(0p, 5)(mod 5).

D" For p € P_ the phase start is O, and else it is O, — 2x(p).
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Therefore is
7(0p,5) = p* Mod 5.
The prime p as odd number ends for p > 5 on 1,3, 7 or 9 and therefore p? on 1 or 9.

(1v9)Mod5 =1V 4 and therefore
(0, +1,5) =2V0 = (0, +1,5) =0.

Corollary 2.1. Because of the periodicity of the sieves the Theorem 3 is valid for all
positions O, + 5t +1 |t =0,1,2,...too

PO, +5t+1,5)=0|t=0,1,2,....

3. The Permeability of the Sieves S5 X ... X S,

Let’s say p’ = min(t > p | t,p € P*) is the first prime following on p. Then p(x)
persists constant on value p in the interval

Ap = [0p, Oy — 1] . 3.1)

The length of this interval will be notated by d,, .
d, is depending on the distance between successive primes. Since they only can be even, it is
valid witha = 2,4,6, ...

d, = -

a a

= g(p+ 5)

2
g(p +1). (3.2)

If a = 2 then is (p, p + 2) a twin prime. Thus is p € P_ and therefore

v

S0+ 1) = S(65(p) 1+ 1) = dn(p).

On the other hand it results because of p’ < 2p (see [3], p. 188)
p/2 -1 p2 -1

b = 5 6
_ P2 — p?
6
_ @+ —p)
6
3p-p P
S T 2
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p? is odd. The last even number is p?> — 1. Thus for the upper bound is valid

p*—1
2

=30,

and therefore

IS8

4k(p) < dp < 30,,. (3.3)
The congruences from (2.7)

x4+ k(t) = 7(z,t)(modt), t<pl|teP” (3.4)

meet the requirements of the Chinese Remainder Theorem [3, p. 27]. Therefore itis (mod 5-7-. . .-

uniquely resolvable. With
P
pis =[]t (3.5)
tepP*
it’s (mod pfs) 2 uniquely resolvable. In other words there are pf5 different tuples
(7(x,5), 7(x,7),...,7(x,p))

in the sieves S5 x ... x S, from O,,. Therefore the aggregate sieve function has the period
length pfs:

U(x+a-pis,p) = ¥(z,p) |a €N
Let be
K, ={x > O, | ¥(z,p) > 0}. (3.6)

The set K, contains all numbers which are not sieved by the sieves S5 x ... x §,,.
Since from O,y already the sieve S,/ is working, the members of K, from this point on are
not necessary generators of twin primes. On the other hand there is no twin prime generator
(> O ) which is not a member of K,,.

Definition 3.1. A positive integer will be called an “w,—number” if x is a member of
K, which means ¥ (z,p) > 0.

Let be
Pp = [Opv Op + plis — 1]
the interval of the period of the sieves S5 x ... x S,,. Evidently is d,, < pi5 and it is for all p

A, C Pp.

2 Itispis = %pﬁ, with the primorial pf.
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Lemma 3.1. At the beginnning O, + a - pfis | a € N of every further period of
S5 X ... X 8, it cannot be an OP O, of a "later” sieve S,.

Proof. The equation
2 2

p°—1 g —1
G Taoph=

is for no prime ¢ solvable, because of ged(p, ) = 1. O

and thus p? + 6a - pf = ¢*

Reversed it concludes that every sieve S,, starts always in the inner of period sections of
the ”previous® sieves S5 x ... x S,. And it is easy to verify that for p > 11 is

pis — 1
O, <
P 2

The values of the function 7(z, t) are the numbers 0, 1,...,¢ — 1. Two of them produce
the exlcuding of z and ¢ — 2 don’t. Therefore by working of the sieves S5 x ... x §,, we have

: (3.7

P

o) =[] t-2 (3.8)

telp*

wp—numbers in P,,. If these are in A, they are members of [E, consequently generators of twin
primes because the sieves S5 x ... x §), here are working only. The relation between (3.8) and
the period length of (3.4) results in

(») = e(p) _ yrt-2

_ o) , 3.9
s 5:9)

telp*

as a measure of the mean “permeability” of working of the sieves S5 x ... x §,, or as the density
of the w,—numbers in P,. Obviously 7(p) is a strong monotonously decreasing function. Its
inversion

op) = — (3.10)
discribes the mean distance between the w,—numbers up from O,,.

Theorem 4.

3
n(p) >Z; forpe P, p>T.

Proof. LetT, ={tecP* |t <p}and U, = {u = 1(mod2) | 5 < u < p}. Because
all primes > 2 are odd numbers T,, C U, for p > 73 is valid. All factors of 7)(p) are less than
1. It results

®) ﬁu—2_§§z p—4 p—2 3
ne 5 79 p—2 p P
uelp,

Y Forp < 7isT, = U,.
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By inversion of this relationship, we get

3(p) < g. (3.11)
For the number of the w,y—numbers in P, is corresponding with (3.8)

() = o) - (' —2).

In P, the ¢(p) wp,—numbers are distributed on pfs positions. In P, there are p’ - p(p) wy—
numbers, the p'—times. In comparison to the w,—numbers we see

P o) — o) =1 - o) — (' —2)- o) = 20(p). (3.12)

We loose by the working of S,/ in the interval P, just 2¢(p) potential generators of twin
primes in comparison to the

9
P'ts - o(p') = p'ts - v 2pts

sieve bars of S,/. In other words, the sieve S,y has in P, 2¢(p) “working” bars. At these
positions x is

U(z,p) > 0and ¢ (z,p’) = 0. (3.13)

4. Quadratic Residues

Theorem 5. Let be r for q¢ < p the quadratic residue of p modulo q:

p* = r(mod q).
Then holds
rek(g) = { 7(Op a)lmodq) Jora € - 4.1)
(26(q) — 7(Op, q))(mod q) for q € Py.
Proof.
a. geP_:
Op +6(q) =7(0p,q)(modq) | —£(q) [ 6] +1
60, + 1 = (67(q) — 6r(q) + 1))(mod q)

And because 60,, + 1 = p? it holds
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Additionally holds p? = r(mod ¢) and with it

r

67(0p, ¢)(mod q) | %(q)

r-£(q) = (6r(q) - 7(Op, g))(mod g) | 6r(q) = ¢ +1
((g +1) - 7(Op, g))(mod g)

7(Op, ¢)(mod g).

b. g e P, :

60, +1=p* = (67(0p,q) — 6r(q) +1)(modq) | ¢ — 2 = 6r(q) — 1
und somit
p* = (67(0p,q) — ¢+ 2)(modq)
(67(Op,q) +2)(mod q).

Forward like above:

r-r(q) = (6r(q) - 7(Op,q) +2)(modg) | 6k(q) =¢—1
((g=1) - 7(Op,q) + 2)(mod q)
= (2k(q) = 7(Op, ¢))(mod q).

O
From (4.1) it follows immediately
r - k(q) Mod for P_
m(Opa) = { (q +(;J)— T)/a;(qq) Mod ¢ forZ E P,. (2
If we put this in (2.8) then we obtain finally
V(Op, q) = K(q)? - r(r — 2) Mod g, for ¢ € P*. 4.3)

Theorem 6. [n all OP’s O, there are exactly 5= dlﬁ”erem‘ T — values.

Proof.  Modulo to every prime g there are 45~ ! quadratlc residues (see [2], p. 125, Corol-
lary C). Hence the right side of (4.2) can have exactly 221 different values for a fixed q. Then
this holds for the left side of the equation too. |

Corollary 4.1. For every positive integer a as an equal offset is for all p > ¢
7(Op + a,q) = (7(Op, q) + a) Mod g. 4.4)

Therefore the range of 7(O), + «a, ¢) contains by fixed offset a over all p equally many different

values like in the OP’s. Corresponding with Theorem 6 this are q%l.
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Corollary 4.2. While a square number is for every modul a quadratic residue # it holds
not for 2. This value is quadratic noresidue f.i. for the moduls

5,11,13,19,29,37,43,53,59,61, ...
. How with (4.2) and (4.3) can easy be checked, it holds for r # 2

¥(0p,q) # 0, fiir g < p,q € P*.

Hence it cannot be a sieve bars in the OP’s of all the sieves S, for their order ¢ the value 2 is a
quadratic noresidue and with EULER (see [2], p. 131 below) holds

2% # 1(mod q).

Also like Corollary 4.2 there are sieves S, whose 7—values in the OP’s cannot have the values
0 und 2x(q), so there are sieves S; for which with an equal offset a to all OP’s O, holds

T(Op+a,t) # 0V 2k(t),Vp e P*,p > t.

Hence in these sieves the yY—function at these positions is not zero. Let be T, the set of the
orders of these sieves and
Pt -2
na(p) = {1 ——
teT,
the permeability rate of these sieves. We will call them T,—sieves. At all positions Os+a | Vs > p,
s € P* then there are with “’probability*

_ ) _ prae-2
Walp) = na(p) qga q

wp—numbers because at these positions there are no sieve bars in the sieves S, | ¢ € T,.
Therefore only the remaining sieves can make for sieving.

Example. 1,3,4,9,10 and 12 are the 6 possible quadratic residues modulo 13. From
this with (4.2) we can calculate the corresponding 7—values at all OP’s:

2,6,9,10,11 and 12
and with (4.4) calculate the 7—values of the by 285 shifted positions which are
1,5,8,9,10 and 11.

Neither 0 nor 2x(13) = 4 are among the 7—values. Hence the sieve S13 has at no position
Op + 285 | Vp € P* a bar. The same holds also for the sieves S5, S7, S11, S19, S23, S37, Sa1,
S47, S53, S61, S67, S71, S73, S79 and ... They are ’IFIQ’%—sieves. In the consecutive sequence
up to the sieve S7g are only absent the sieves Si17, Sog, S31, S43 und S59. In 14 of the 19
sieves with the highest bar density there are no sieve bars at the positions O, + 285 | p > 79.
The “probability** to meet at any position O,, 4+ 285 with p > 79 to an wrg—number is here
about 71%. In fact O79 + 285 = 1325 is an wyg—number. Also in the three subsequent period
sections Pg3, Pgg und Py there are at the positions O, + 285 wrg—numbers. Only Pjq; breaks
this serial.

4 This deduces from the Euler-Criterion (see [2], p. 131) and the Little Fermat Theorem.
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If @ < dj then O, + a remains in the interval A4,,. Then because of (3.2) all O, + a are for

3
p>§a—1

with “probability” W, (p) Twin Prime Generators.

5. The Function n(p)

There is an interesting relation of the n—function to the Twin Prime Constant C (see [3],
p.- 202)

1 3 171 PP —2)
a-T(1- o 2) - T2
B e-n7) "1l o=
p>2
(' is the limes of the function x(p)

x(p) = § ﬁ M with Cy = lim x(p).
4 qeP* (¢ —1)? e

X(p) is obviously a strong monotonously decreasing function. Therefore holds
X(p) > Cy, forall p € P*.

Let be

X(p):% ﬁ a(g-2) _3 77 ¢@—-2) _3
e W=D 4 fale=12 4 m(p)?
and hence
4 2 4 2
n(p) = 3x(p) - m(p)” and also n(p) > 3C2 - m(p)
and

4
lim ( ”(p)Q) > ~Cy ~ 0,880173.
=00 \11(p) 3

It is well known that is

T

105

peP

% In this logic is our n—function the function 72 (p).
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(see [2], p. 40). Hence we have

3
mp) < ) and because of n(p) < n1(p)

ogp
3

n(p) Togp

and finally with Theorem 4

> ()>3
np) > —.
log p P

Because both bounds for p — 0o go to 0, it holds also

Jim n(p) = 0.
Let be
" n(q)
Ap) = E —
q—2
qeP*

Between this function and 7)(p) there is an amazing connection.
Lemma 5.1. 7(p) + 2A\(p) = 1.

Proof. From (3.9) we get

The proof will be done by mathematical induction.

p=5:
3 1 3
2 — 249.2.2
NE)H2AGE) = Sael
3 2
= 24t
) + 5
p: We assume that holds n(p) + 2A(p) = 1.
p’: We consider for p’ ©:
N n(p')
Ap) = A(@?)er,_2
/ / / n(p’)
nP) +22p) = n)+2(Ap) +
= N1 2
n(p’) < +p,_2> + 2A(p)
p/
= /. 2A
n(@) 72t ()

= n(p) +2A(p) = 1.

®  Note that p’ is the on p immediately subsequent prime number.

13

(5.1)
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The with Theorem 4 found lower bound for 7(p) can be improved.

1
Theorem 7. 7(p) > — | p > 19.
(p) \/ﬁl

1,9

1,8

17

16

1,5

14

1,3

1,2

11

/

\ S~

W VaUAAE
A

Figure 1. pn(p)*forp =>5...149

Proof. 'We consider the properties of pr(p)? for two cases:

A p >p+4:

') —p(p)?® = n(p)’

>

Hence it holds in this case p'n(p’)? > pn(p)?.

149
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B)p=p+2:

/I o\2
P - ) = 1) (ﬁ“”,f)—p)

Therefore is p'n(p’)? = pn(p)? — v(p) with

2p 2
v(p) = —— .
(p) P 571(P)
The “loss function” v(p) is monotonously decreasing, because it is for two subsequent
twin primes p,p + 2 und p + 6, p + 8:
2(p +6) 2
vip+6) = ———=np+6
(p+6) P n(p +6)
2 (p+ 4)?
p+8 p+6
2 (p+4? P

f— . . 2
T p+8 pt6 (p+2)2”(p)

p(p +4)*
(P+2)(p+6)(p+38)
Because this is valid for the least distance of two twin primes, it holds also for arbitrary

distances. How we can see in Figure 1, the minimum of p'n(p’)? lies by p’ = 19 and
p=1T:

n(p+2)

= v(p)-

<v(p).

17-7(17)? > 1,165 and v(17) < 0,123 — 19 -7(19)? > 1.

Because in case A) pn(p)? increases and in case B) always holds v(p) < 0, 123, it holds
forp > 19

1
mp)?® >1— —— <p.
n(p)?

Through a deeper view we see the following situation. The greatest twin prime < 200 is
(197,199). The next prime number 211 belongs to P, and itis 211-7(211)? > 1,5159. On the
other hand is v(197) < 0,0148 and all other v(p) are still less because v(p) is monotonously
decreasing. Therefore we get for p > 200

3 1 2 2
2

> - — < =-p< = 1) <d,.
pi(p)” > 3 o < 3P g(p+1)<dp
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Hence for p > 200 is the square of the average distance between the w,—numbers always less
than d,,:

5(p)? < d,, for p > 200. (5.2)

Now we will look for more properties of the in (3.9) defined function 7(p).

Theorem 8. Let be m(n) the number of primes in the interval [2,n]. It holds for p > 31

Proof. 'We prove at first

/

mp) P
m(p)+1 p' —2

We consider the difference of numerator and divisor

< 1.

m(p)p' = (w(p) +1) (' - 2)
= 2—-9p' <0

From this it deduces the claim. The theorem we will prove by mathematical induction. We
assume that the asserted inequation for p is valid. We transform it and multiply both sides with

) P
m(p)+1 p—2
2 _mp)
m(p) - n(p) <1l m(p)+1 p' —2

For the left side we obtain

/

/

2 7w p
m(p)-np) w()+1 p -2

because 7(p) + 1 = w(p’) and n(p) - b p_’ =n(p’)

(') -n()

The right side is like proved above

) Py
T(p)+1 p—2
Therefore holds
2
< 1.

(') - n(p')
The proof will be completed by the start of the induction
39 15 21 27 _ 2 2

N=2. L .22 22 20 _ )
8D =2 13 19 23731 711 =(31)
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Theorem 9. The function

0(p) :== Oy, - n(p)

is a strong monotonously increasing function.

Proof.
0(p') —0(p) = Op-n()—O0p-nlp)
2
- w0 (o0 (1-5) )
2 20,
Op/<1—p/>—0p — Op/—Op—T/p
p/2 -1
= 0y-0,- P
/
> Oy -0,- %
2 2 !
= w - % and because p’ — 2 > p
L -0 -2%
- 6 3
_o20-1
B 3 3
p—2
= >0
3
Hence we get 6(p’) > 6(p). O

Corollary 5.1. Forallz € A, is also x-7(p) a strong monotonously increasing function
because here 7(p) remains constant, while x strong monotonously increases. The monotony
get lost by the transition from A, to A, because

Op -n(p') = (Op = 1) -n(p) = Oy -n(p) (1 - j,) — (Op —1) - n(p)

= n(p) <1 - zgp/)

- -5

< Ofirp > 3.

Theorem 10. Also the function

0(p) := Op - n(p)*

is a strong monotonously increasing function.
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Proof.
/ 2
~ A p =2
H(Pl) - 9(17) = 77(17)2 (Op’ : ( N ) - Op>
/
9 p—4 40,
= n(p) <O,,/- A
/
P-4 10, 10, 40,
OP' T 2 p/2 = OP/ - Op p/2 - %
22 2
I A ey G
6 6p/ p/
- p/2 _ p2 B ﬁ - l
6 6p/ p/
_rter 1
N 6 6 I
1
1
= (-2 -p
> 0, because p’ — 2 > p.
Hence it holds A(p') > 6(p). o

If we expand the product on the right side of (3.9) then we obtain

ov(d)
n(p) =D nld) =, (5.3)

d|pis

whereupon v(d) means the number of the prime factors of d with v(1) = 0, and pu(d) is the
Mobius-function
1 ifd=1
w(d) =14 0 if d is not sqarefree
(=1)“ @ else.
If we multiply (5.3) with pfi5 then we obtain

w(p) = plis-n(p)
2/(d) py
= D ud) ==

dlpts
and because all d are divisors of pfis,

B 2v(d)py
= > ) [dS] :

d|pfis
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6. Symmetry of the Positions of the w,-Numbers

In the interval P, the element :UI(,O) := pfs has a particular importance. Because pfs is

divisible by all primes between 5 and p it holds

pis = 0(modq) | g < p,q € P
and hence
2l # +r(q)(modq) | ¢ < p,q € P*,
Therefore x}()o) is an w,—number and thus a member of K,,. Because of O, < pis < O, + pii5
the number pf5 is in the inner of P, but near to the end. Furthermore for all primes ¢ between
5and p 7 is
:cz()o) + k(q) = k(g)(mod gq) and therefore

("), q) = (pts + r(q)) Mod ¢ and because of ¢ | pi

= r(q)-
a:](go) is marked by the fact that all sieves S5 x ... X S, on this position have a 7—value of x(q).
This means that for all ¢ < p is

T(:CZ()O) —k(q),q) = 0and
T(:cgo) + k(q),q) = 2k(q), or with the 1) — function
V(e £ k(). q) = 0. (6.1)

Therefore bars are in the sieves S5 X ... x §,, at the positions x,(f) + k(q). Evidently there is
symmetry around pfis with respect to the positions of the bars.

Theorem 11. [n every sieve S, it’s y)—symmetry around on the position pfs:

Y(pls — a,q) = ¥ (pis + a, q).

Proof. Corresponding with (2.8) we have

¥(x,q) = 7(x,q) - (T(z,q) — 2x(q)) Mod q.
We put pfis — a for x and have

Y(plts —a,q) = 7(ps — a.q) - (7(pls — a,q) — 2k(q)) Mod g
= (k(q) — a) - ((k(q) — a) — 2r(q)) Mod ¢
= — (ﬂ(q)2 — a2) Mod g.
For plis + a it results

V(ps +a,q) = 7(pls + a,q) - (7(ps + a,q) — 2r(q)) Mod ¢
= (k(q) +a) - ((k(q) + a) — 2x(q)) Mod q
= — (/i(q)2 — a2) Mod ¢
= Y(ps — a,q).

" Unless otherwise specified the use of the variable ¢ means below g € P* | ¢ < p.
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pHs-2X, 2xp

o
x
3
kel
T

2 pHs-Xp pits PHs+xp

Figure 2.  Sections of symmetry in P,

Hence there is a section of symmetry with a length of 20,, at the end of P, around on

:c](go) = pi5. But in the rest of the interval there is symmetry too.

Theorem 12. In every sieve S there is 1)—symmetry for all primes between 5 8 and p

-1 1
around the middle between the positions Pls 5 and Pl 2+ :

w(pjjf’;l_a’q> :¢(pﬁ52+1+a7q)_

Proof. Because of the periodicity of the sieve function we have

»(Op + a) = (O, + pts + a) and because of Theorem 11
= ¢(pﬁ5 - Op - a)-

Therefore there is symmetry around

0. Optatpls—Op—a _pts 1 (phs—1  phs+1
p - 2 2 2 2 2 '
1
Weputx:ImT—i_—i-aandget
pis + 1 pis +1
@b( 5 +a,q>=w<pﬁ5— 5 4

— 4 <Pﬁ52— I a. q> ‘

Figure 2 shows schematically (and not in scale) the sections of symmetry in P,. The

section around on :c:gl) has a length of pfis — 20,,. It raises more than the length of the section

around on 1:1(00) because of pfi5 raises © more quickly than Op.

® For the case p = 5 we use pffs + Phs —

-2
M has a value of more than 0,99999974.

pis

1 5
, hence Pt

—1
=2 =4.
5 < Os

9 Already for p = 29 the relation



Gensel, Twin Prime Generators 21

Corollary 6.1. Since all sieves S, have the same symmetry qualities, the cooperation
of the sieves S5 x ... x §, indicates these qualities too

U (ps —a,p) =V (pis + a,p) for1 <a <O,

and

—1 1 1
‘P(pttz—a,p) :\If<pﬁ52+ +a,p> for1§a§pﬁ52 —0,.

Therefore the w,—numbers are symmetrically distributed around the axes x](go) und x,(,l).

Corollary 6.2. The 2¢(p) excludings of the sieve S, (see (3.12)) have the same sym-
(0) (1)
p/

and o This means that also the beating bars are symmetrically distributed.

metry around x

Let’s denote the symmetry half sections as

—1
SI()I) = [Op, pﬁ52 ] and SI(,O) = (pf5 — Op, pfis) -

Theorem 13. A positive integer x with k(p) < x < O, is a Twin Prime Generator
(x € E) if and only if x + pii5 is an w,—Zahl (x + plis € K,).

Proof.

a) For all prime numbers ¢ with 5 < ¢ < p holds

(6(x + pfs) = 1) Mod ¢ (62 % 1 + 6pfi5) Mod ¢

= (6x +1)Mod g, because q | pfl5
> 0, because 6z £ 1 € PP.
Hence x + pf5 is an w—number.
b) If x + pf5 is an w,—number and it is > (p) then holds
U(z + ps,p) > 0 and because of the periodicity of ¥ (z, p)
= U(z,p) >0.
And because all wy,—numbers < O, < O,y are twin prime generators therefore z < O,
is a twin prime generator.
The case x < x(p) must be excluded because of (6.1). o

Corollary 6.3. The number of twin prime generators in the interval (x(p), O,) is equal

to the number of w,—numbers in SI()O).

m (p?) =2 (p) = £ (K N1 V)

because it is 60, + 1 = p? and 6x(p) + 1 = p.
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Theorem 14. In the symmetry half SI(,O) there is only at position pfs — k(p) a beating
bar of the sieve S,

Proof.

a. We prove at first: At position pfis — x(p) it is possible to have a beating bar. Let be ¢,, the
p immediately preliminary prime. With p € P_ it holds x(t,) < k(p). Because of (6.1)
holds furthermore for ¢ < ¢, ¥ (pfs — £(¢),q) = 0. Thenis ¥ (pis — x(p),t,) > 0if

p € P_and ¢ (pfls — k(p),q) > 0| Vg < tp.

Due to (6.1) is ¢ (pis — x(p),p) = 0. Then we have at pis — x(p) a beating bar in the
sieve S),. Subsequent up to pfis because of (6.1) it is not possible to have a beating bar.

b. Because of the periodicity of W(z, ) is

U(x,t,) = Y(r+ tpjjg,, p) and because of the symmetry
= ‘I’( pﬁ5 )
= Y(a- tpjjg,—:nt ) and with a = p
= U(pls — z,1p).
Would be at position pfis — x on x < O,, a beating bar of the sieve S,,, it would be
U (plts — 2, tp) > 0 and ¢(plts — 2, p) = 0. (6.2)

However then is also ¥(z,t,) > 0 and x is therefore a twin prime generator. And
in contradiction to (6.2) is ¢(x,p) > 0 because 6x £ 1 as prime numbern cannot be
divisible by p. Therefore there is in the interval (pfs — O, pis — £(p)) no beating bars
of the sieve S,

Accordingly with (3.12) there are in P, just 2¢(t,) beating bars. With it this theorem
(1)

means that in the symmetry half S,
Let be

are all o(t,), at least however ¢(t,) — 1 beating bars.

t(p) := ptis Mod 6 or pfs = ¢(p)(mod 6).
The range of ¢(p) is obviously {—1, +1} and it counts with ¢(5) = —1

N ) —ulp) ifp e P
¥) = { t(p) ifp’ e Py

From the definition of +(p) we see that pfis — ¢(p) is divisible by 6. Hence pﬁ%b(p) is an even
integer. On the other hand pf5 + ¢(p) is not divisible by 3, because only one of three numbers
can be divisible by 3.

phs + 5u(p)

d
an 5

plis — ¢(p)
3

Theorem 15. At the positions

v (Mp) > 0.

there are wy—numbers:

3
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pis — u(p)
3
for all primes 5 < ¢ < p. Therefore below ¢ holds for all primes between 5 and p.

With (2.2) is

()= ( (252 et

Because ¢ > 5 is prime to 36 it holds also

361 <pﬁ5_3L(p>,q> Mod g = 36 <<W>2 - /ﬁ(q)2> Mod ¢

Proof. At first we prove W ,p | > 0. This is equivalent to ¥ <M, q> >0

3

and hence 36r(¢)?> Mod ¢ = 1 and +(p)? = 1 we get

360 <pﬁ5 ;L@),q) Modg — ((619115 TO)L<p>>2 B 1) Modg

= ((4pts(pts — 2u(p))) +4 — 1) Mod g
= 3+#£0.

For ¥ <m5%5b(p), p) > 0 we do analogously. We multiply (m’%w, q) by 36 and
obtain

360 <pﬁ5 +65b(p)

,q) Modgq = (25 - (6/{((_]))2) Mod ¢
= (25— 1)Modgq = 2% -3Modgq
# 0.

Because of Theorem 12 there are w,—numbers at the positions

_ phs +5u(p)
e

plis — t(p)

d
3 and pfi5

plis —

too.

Corollary 6.4. With an analogous way of proof we can show that also

pls + 5u(p)

5 + 2u(p)

pis

and its mirror images by =5*

finally the congruences

pls + 17u(p)
" (6

for all primes 5 < ¢ < p are wy,—numbers. The proof results
,q) Modgq = 8

3¢ <p%_67‘(p),q> Modg = 4,
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which with 1) (m“”%m@) + 2u(p), q) = 0 is never accomplishable.

phs +1

—1
Pl and 5 are wy,—numbers:

Theorem 16. At the positions

1 1
w(mE’Q,p> > 0 and U <pﬁ52+ ,p) > 0.

Proof.  For the position function according to (2.7) with n € N we have

nt(x +¢,q) = (n7(x,q) + nc) Mod g
= (nx + nk(q) + nc) Mod g.

pis +1

Hence with z = holds
1 1
T <pﬁ52—|- 7q> = <pﬁ52—|- + I{,(q)) Mod ¢ and therefore

+1
2r <pﬁ52 ,q> Modgq = (pfs+ 1+ 2k(q)) Modgq

= 2k(q) +1.

This equation is never accomplishable with 7—values 0 or 2x(g). Therefore it holds

1 1
¢(pﬁ52+ ,q>750|5§q§p:>pﬁ52+€Kp.

Because of the symmetry around 951(01) also is

1 1
¢<pﬁ52 ,q>7é0|5§q§p:>pﬁ52 e K,.

Because of 7(z + ¢, q) = (7(z, q) + ¢) Mod g and with

1 firqgeP_
0 firgePy

¢q = 2r(q) — {

we get

A. forqgeP_:

+1
2 (p‘i‘”2 -y q) Modg = (ks + 1+ 2(q) + 2c,) Mod g

= (2k(q) + 1 +4k(q) — 2) Mod ¢
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B. forq e P.:

+1
27 (pﬁ52 + ¢q ‘1> Mod ¢ = (pfs + 1 + 2k(q) + 2¢4) Mod ¢

= (2k(q) + 1 + 4k(q)) Mod ¢q
= (6k(q) + 1) Mod g
=qgModg = 0.

We see in both cases that

<pﬁ5 +1
-
2

+anq> :0|5§qu
and therefore is

pis + 1
1/}( 7 +cq,q)=0!5§q§p-

Because of the symmetry this is for pls —
pis—1  pfs+1

— ¢4 valid too. At these positions around

and

x for which 6x — 1 and 6x + 1 are not primes, there is always a prime divisor ¢ < p(x) of
6x £ 1, whose sieve S, has a bar at this position. Therefore the sieves S5 x ... X S, exclude

there are b— or rather a—bars of the sieves S5 x ... x §,. For positions

-1 1
the positions phs —x and Phs + +azforx =1,2,3,..., ¢, comprehensively. This means
-1 -1 1 1
that in the intervals pﬁ52 — Cp, pﬂ52 — 1] and {pttg, 2+ + 1, 25 2+ + ¢, | there are

no wy—numbers.

Definition 6.1. Let be a and b w,—numbers with @ < b. An interval [a + 1,0 — 1] will
be called w,—gap with a length of b — a — 1 if in this interval there are no w,—numbers.

—1 1
pis and pﬂ52+

other hand we see, that an w,—gap never can reach over the symmetry axis % This means

With this we have around

wp—gaps with a length > ¢,. On the

that every w,—gap occurs twice in P, and has a length of ¢, at least. Because for all sieves
S5 x ... xS, corresponding with (6.1) there are bars around on pf5 too, here we have also two
wp—gaps but only with a length > £ (p). This result is in accordance with the fact that in the
interval [pf 4 2, pf + p| no primes can exist.

In addition to Corollary 6.1 the symmetries around 931(90) and 931(91) are valid for w,—gaps
too.

7. The Statistical Distribution of the w,-Numbers

The intervals A,,p > 5 defined by (3.1) cover the positive integers > 4 gapless and
closely. It is

N={1,2,3}U | J Apand [ A, =0.

peP* pEP*
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They are the beginnings of the period sections P, of the w,—numbers. Hereafter let’s say A-
sections to them. Every w,—number which is in an A-section is a twin prime generator. In
contrast to the A-sections the period sections P, overlap very strong. So the period section
P23 reachs over 1740 A-sections up to the period section Pi4929 and the next Pag over 7864
A-sections up to Pgo429.

Obviously the distribution of the primes on the number line is irregular. Although it is
possible by the formula of Gandhi (see [26]) from the knowlegde of all primes up to p to
predict the subsequent prime p’. But this results no order of the prime distances. It follow
less distances after greater ones and reversed in seeming irregular sequence. Because of the
Prime Number Theorem the distances between primes rise in tendency, the distances cannot be
cyclic. Similar to the decimal digits of irrational numbers we will call such an arrangement as
an irrational distribution.

Corresponding with (2.5) the OPs O, are proportional to the squares of the primes.
Therefore they are irrationally distributed on the number line too with a decreasing density
like the primes. And according to Lemma 3.1 and (3.7) every sieve S, starts always in the

(1)

inner of the symmetry section Spl of the previous sieves S5 X ... X §).

On the other hand the sieves have a strict regular inner structure. Each sieve §,, starts
with a bar on position O,,. The further bars change with a distance of 2« (p) or rather 4x(p) + 1
and are consequently dependent on the prime p. Therefore they follow with their positions on
the number line to the irrationality of the distribution of the primes.

With the transition §;, — S,/ the symmetry of the sieves S5 x ... x §,, in their period
sections P, repeats p'—times oneself in P/, disturbed by the 2¢(p) (see (3.12)) excludings of
the sieve S,/. Which of the 2pf5 bars meet the w,—numbers is uncertain. Nevertheless in P, is
symmetry again (see corollaries 6.1 and 6.2), but only on the whole. In the separate symmetry
half sections, namely in Sl(),l) the order is disturbed. Because of the irregular positions of the
OPs Oy, und therefore of the period sections P, too, the positions of the w,—gaps relativ to O,
change from sieve to sieve unsystematically.

From all these it concludes that the distribution of the w,—gaps in their symmetry half
(1)
'

section S, is irrational and change from sieve to sieve unsystematically. It follow less gaps

to greater ones and reversed in an irrational sequence with a mean of §(p). A lot of empirical
examinations from the author with frequency distributions of w,—gaps for several values of p
verify a very good appoximation to a geometrical distribution with the expected value &(p)
and the variance 6(p)? — 6(p):

G(d)= P(X <d)=1-(1-mn(p))?and thus
P(X >d) = (1-1(p))".

Figure 3 shows the cumulative frequencies of the w,—gaps for p = 1511 in the intervals
from O, = 380520 to 70,, = 2663640 in comparison with the geometrical distribution. In this
intervall there are 95012 wy511—numbers, 217 of these in the A-section. The y’—approximation
test with 50 classes for the gap lengths with a step of 0.2 - §, produces a test value of less
than 0.0582. So we have a very good conformity. Additionally we get a very small theoretical
frequency of w,~gaps with a length greater than &(p)?

P(X > 5(1511)%) = (1 — 5(1511))°051D)* < 240 10710,
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Figure 3. Cumulative frequencies of the w,—gaps for p = 1511 in the intervals [O),, 7O,] in com-
parison with the geometrical distribution

And the frequency for a gap greater than d,, is much smaller:
P(X > dys11) < 1.88- 10712,

It is easy to show generally that

lim (1 - n(p))’® = e~ < 0,4and

pP—0O0

lim (1 —7n(p))°®° = 0.

p—o0

Corollary 7.1. More than 60% of all w,—gaps are less than 5(p) and nearly all are less
than 6(p)?.

8. Another Proof of the Twin Prime Conjecture

Although the Twin Prime Conjecture is already proved in [25] and [27] we will show
here another proof on the basis of the statistical properties of the Twin Prime Generators.

Proof. The proof will be done indirectly. We assume that there is only a finite number
of twin primes and therefore there is only a finite number of generators of twin primes too. Let
be z, the greatest one. It is in the section A, with p, = p(z,), the beginning of the period
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section P, . In the subsequent sections A, with ¢ > p, consequently there cannot be any twin
prime generators and therefore no w,—numbers. But then we have w,—gaps with lengths > d,
in all (infinitely many) sections P, for ¢ > p,. And with (5.2) the gaps are greater than §(g)?
if po > 200.

Because

1. the wy—gaps are irrationally distributed in their period sections,
2. the period sections itself are disordered distributed on the number line and
3. nearly all w,—gaps are smaller than §(q)?

therefore it is not possible to have for all ¢ > p, period sections P, with w,—gaps at their
beginnings which are all greater than &(q)?.

Therefore the proof assumtion cannot be valid and thus the Twin Prime Conjecture is
true.
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