TRIGONOMETRIC IDENTITIES

Suaib Lateef
ABSTRACT: | present the proof of Trigonometric Identities involving Sin(x) and Cos(x).

1. INTRODUCTION
We are aware of the following identities;

2SinxCosx = Sin2x
2Cos’x = 1 + Cos2x

The question is have we ever been aware of the fact that the above two identities are special cases
of some other identities? Well, they actually are, and i will try to show that.

2. NEW IDENTITIES

n

n
2"Cos"xSin(n)x =Z(k)8in2kx

k =0

n
2"Cos"xCos(n)x =Z(k)C032kX

k =0

n

Sin(n)xz: =0(E)Coska =Cos(n)xzk =0(E)Sin2kx

3. PROOF OF THE NEW IDENTITIES

Using binomial expansion, we see that;

(1 +e2)" =z: =O(E)e2ikx 1)

Now, let’s try to manipulate LHS and RHS of (1);

LHS;
(1 +™)" =(e"(e™ +e)"
(1 vy =)
We know that;

Cosx = (—eix +e—ix)
2



So,
(1 +&™)" =2"™cos"x
We know that;
e™ = Cosnx + i Sinnx
Therefore;
(1 +e®)" =2"(Cosnx + iSin(n)x)Cos"x

(1 +e®)" =2"Cos"xCosnx + i(2"Cos"xSin(n)x)

RHS;

n

zk =0(E)e2ikx =5, =O(E)(0032kx +1Sin2kx)
Zk =0(E)e2”"‘ - zk =0(E)C°~°’2kx * 'zk =O(E)Sin2kx

We see from (2) and (3) that;

2"Cos"xCosnx + i(2"Cos"xSin(N)x) = (z: =0(E)C032kx) + i( z: =0(E)Sinka)

Equating the real and imaginary parts of (4), we see that;

n n
2"Cos"XSin(n)x =Z ( )Sinzkx
k =0\K

n

n
2"Cos"xCos(n)x =z ( )Coska
0

k

Dividing (6) by (5), we see that;

n n n n
Sin(n)xz ( )Coszkx =Cos(n)xz ( )Sinzkx
k =0\K k =0\K

4. GENERALIZATION OF THE NEW IDENTITIES
~n

e 2"Cos"xSin(n +m)x = Sin(2k +m)x
2

e 2"Cos"xCos(n +m)x :Z(

k =0

n

I()Cos(Zk +m)x

()

3)

(4)

(5)

7)



n

Sin(n +m)xZ(E)Cos(2k +m)x =Cos(n +m)xZ(E)Sin(2k +m)x

k =0

5. SOME OTHER NEW IDENTITIES

n
2'Sin"xSin(n +m)x =Z(k)( 1)<Sin(2k +m)x
k =0
n
2"Sin"xSin(n +m)x =Z(k)( -1)*Cos(2k +m)x
k =0
n
2"Sin"xCos(N +M)x =Z(k)(-1)ksm(2k +m)x
k =0

2"Sin"xCos(N +M)x =Z(E)(—1)kCos(2k +m)x

k =0

(nis even)

(nis odd)

(nis odd)

(nis even)



