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Abstract

In this paper we will prove a relationship for sums of powers of re-
cursive integer sequences. Also, we will give a possible path to discovery.
As corollaries of the main result we will derive relationships for familiar
integer sequences like the Fibonacci, Lucas, and Pell numbers. Last, we
will discuss some applications and point to further work.

1 Introduction

Let (Un), >, be a recursive integer sequence with initial values of
a=U; = U,,
where a > 0, and, for n 2 2, a general term of
Un1+p-Uy=Upt1,
where p is a positive integer. Then we have the following result:
Proposition 1. Given (Un),,>;,

n k+1 n

n—1
MUY (Ukgs = Up) Y U™ = Upya DU,
k=1 =1 k=1

k=1
where n 2 2 and m is a positive integer.

Let (Vn)nz1 also be a recursive integer sequence but with initial values of
b=V, <V =c,
where b > 0, and, for n 2 2, a general term of
Vo1 +q- Vi = Vg,

where ¢ is a positive integer. Then we have the analogous result:
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Proposition 2. Given (V,,),,>,

n n k n
DV Y Vewr = Vi) YV = Vo 3 VI,
k=1 k=1 =1 k=1

where n 2 1 and m is a positive integer.

We will prove these results rigorously. But, before we do that, we will give
a possible scenario for how someone might discover them.

2 Discovery

In order to illustrate how someone might discover such results, and to offer a
concrete case to be kept in mind for later material, we discuss an example from
the Fibonacci numbers.

Let (Fy),>; be the sequence of Fibonacci numbers with initial values of

1=F=F
and, for n = 2, a general term of
Fn—l + Fn = Ln+1-

There is an argument from antiquity [4, section 2|, using little more than a
simple diagram, which leads to the fundamental result of

1
1+2+-~-+n=%.
We modify it for our present purpose.
Let us start with
4
N R} = F+F;+F+F] = F\F} + R F) + FsFy + FyF}
k=1

= F}' + F} + 2F + 3F}.

We place it in a table as follows:

FYFy | Fy | Fy
By | Fy
Fy

In order to fill in the table we write



FI Rl | FA | B3
R F

This sum is equal to

2-1) (F{+F))+B-2) (Ff +Ff + F) + (5-3) (F} + F5 + F{ + F})
= (Fs—Fo) (F' + F)) + (Fu — F3) (F{ + Fy + F§) + (F5s — Fu) (F}' + Fy + F5 + FY),

which is
3 kt1
> (Frez— Fen) Y R
k=1 =1

For the entire table

we write the sum in a different way:
4 4
5y Fi=F)» F.
k=1 k=1

Together we have

4 3 k+1 4
SR+ (Fue—Fep) Y F =F Y K.
k=1 k=1 =1 k=1
This suggests the general case will be
n n—1 k+1 n
ZF;;"H + Z (Fryo — Fry1) Z F"=Fon Z e, (1)
k=1 k=1 =1 k=1

where n = 2 and m is a positive integer.

3 Main Result and Corollaries

Now we prove the main result of the paper. The reason for two cases is the
different initial values for the sequences. The proofs will make this apparent.



Proof of Proposition 1

Proof. we proceed by mathematical induction. Again, the relationship we want
to establish is

n n—1 k+1 n
DU Y Uk = Uien) YU = Unia Y UR (2)
k=1 k=1 =1 k=1
For the base case of n = 2,
2 1 k+1
DU Y (Ungo = Uka) UM = UM+ U+ (Us = U) (U + USY)
k=1 k=1 =1

= Ut L UPT L UsUT + UsUS — U, U — Ut
:US(U{n+U;L)+(U1 —Us) UT".

Since U; = Us, this is equal to Us41 Zi:l U}, as desired.
For the inductive step, assume that (2) is true for some n = 2. Then

n+1 n k+1 n
S P 3 W) S0P = Yuph sy
k=1 k=1 1=1 k=1
n—1 k+1 n+1
+ > (Uk+2 — Uk1) Z U™+ (Unt2 — Unt1) Z ur
k=1 1=1 =1
n n—1 k+1
S0+ S G- v Yo
k=1 k=1 1=1
n+1
AU Uy + (Ungz = Ungn) DU
=1
n n+1
= Unt1 D U + Una Uiy + (Ungz = Unya) DU
k=1 =1
n+1 n+1
=Uni1 Y Ul + (Uniz = Unia) Y U™
k=1 =1
Notice that S35 U = 77 U™, The same sum is expressed in two different
notations. Therefore
n+1 n+1
(U1 + Unga = Uni1) D U =Uny2 » U
k=1 k=1



Proof of Proposition 2

Proof. we proceed by mathematical induction. The relationship we want to
establish is

n n k n
Z [ Z (Vis1 — W) Z V™ = Vit Z Vit
k=1 k=1 =1 k=1

The inductive step is analogous to the one just given. Therefore we justify only
the base case of n = 1:

1 1 k
STV (Vi — V) DV = (V= ) Y
k=1 k=1 =1
Since Vi < V5, we have

1
VI L RV VT = RV = Vi Y W
k=1

Corollaries

Now we state the main result in terms of more familiar integer sequences like the
Fibonacci, Lucas, and Pell numbers. ([1, 2] contain background information on
these sequences.) For the Fibonacci numbers this will establish the conjecture
of the previous section.

The Fibonacci numbers (F,), >, have equal initial values. Therefore we
apply the first case of the main result. Since Fj o — Fyi1 = Fy, we get

Corollary 1. Given (Fy,), >,

n n—1 k+1 n

1
Y FMTN N R R =Fua Y F
k=1 k=1 =1 k=1

where n 2 2 and m is a positive integer.

The Lucas numbers (L,),,>, are defined identically as the Fibonacci num-
bers,
Ly 1+ Lp= Ln—i—h

where n 2 2, but with the different initial values of

lelandL2:3.

Also, it is common to set Ly = 2. Since Lyy1 — Ly = Li_1, the second case
tells us



Corollary 2. Given (Ly),>1,

n n k n
STLET 4> L > L= Loy Y LY,
k=1 k=1 =1 k=1

where n 2 1 and m is a positive integer.

For the Pell numbers (P,),,>, we remind ourselves that
P1 =1and P2 =2

and, for n = 2,
Pn—1+2Pn :Pn+1-

Also, we set Py = 0. Since Px11 — Py = Px_1 + Py, the second case tells us

Corollary 3. Given (P,),>1,

n n

k n
SPMEY (Pea+ P)Y P =Pap » P,
=1 k=1

k=1 k=1

where n 2 1 and m is a positive integer.

4 Applications and Further Work

Now we discuss some applications of our results and point to further work.

Subsequences

It is quite natural to apply these ideas to subsequences of recursive integer
sequences. For example, suppose we look at Fibonacci numbers of even and
odd indices, Fb and Fy_1. For even indices, Fo(1y < Fy(g) tells us

n n k n
ZF;}CL"‘l —+ Z (F2k+2 — ng) ZF;? = F2(n+1) Z FQTZ
k=1 k=1 =1 k=1

Since Fopyo — Fop = Fogy1, we can write it also as

n

n k n
STERT Y FPappr Y 3t = Faany > F3p (3)
k=1 =1 k=1

k=1

For odd indices, Fy(1)_1 < Fy(z)—1 tells us

n n k n
ZFQZE + Z (FQ(k-+1)—1 - F2k—1) ZFQT_l = Fynt1)—1 Z Fop_q.
k=1 k=1 =1 k=1



Since Fopy1 — Fop—1 = Fby, we can write it also as

ZFWHZF%ZFZ 1 = Fonan 1ZFQk . (4)
k=1

k=1

For the Lucas and Pell numbers and other recursive integer sequences we
can do the same thing.

Generating Sums of Powers

The title of the paper contains the word “generator.” Up until now we have not
said anything about that. It should go without saying that the positive integers,

1,2,3,4,...,

are the prototypical recursive integer sequence. The initial term is 1 and we
derive all subsequent terms by adding 1 to the preceding term. Looking at our
main result, we see the sequence is of the second type:

Corollary 4. Given Z,
n
STERES 9D IERITEEE o ®
k=1 1=1 k=1
where n 2 1 and m is a positive integer.

In [4] the author discovered and proved this relationship, and without any
consideration of a more general setting. (At a later time he learned al-Haytham
might have gotten there 1,000 years earlier ([3, A000537]).) His purpose was
the following. Suppose we start with

n 1 2
— 2 2

We can “feed” this result into (5) to “generate” an explicit expression for Y _, k2.
Then we can use the new result for >_;'_, k? to generate an expression for the
next case of _, k®. We can do this for as many powers as we please.

It is tempting to try to derive sums using the more general expressions of
Propositions 1 and 2. Unfortunately, simplifying the intermediate sums would
require intricate relationships for (U, )n>1 and (V},),>;. Therefore we will leave
this matter for another time. -
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