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This paper is divided into six sections.

Shapter 1 contains a brief introduction in contemporary theory of the degenerate and

singular semi Riemannian manifolds using the linear distributionel geometry based on

L.Schwartz distributions D' (M) on smooth manifold A7 and Colombeau distributional

geometry based on full algebra G(M) of the Colombeau generalized functions on
smooth

manifold M.

Subsection 1.1 contains a brief review the results in General Relativity obtained by
using

the linear and nonlinear distributional approuch in order to resolve problems with

canonical Schwarzschild geometry.

Subsection 1.2 contains the elementary explanation of the basic notions of
Colombeau

generalized functions and Colombeau generalized numbers.

Subsection1.3 contains a brief introduction in point free classical Colombeau
geometry.

Subsection1.4 contains a brief introduction in point-free loop quantum gravity.

Subsection1.5 contains description of the classical point-like phase space variables

corresponding to the classical Schwarzschild metric.

Subsection1.6 contains explanation why classical point-like Loop Quantum Gravity

contradict with a well established the linear Colombeau geometry.

Subsection1.6.1-1.6.2 contains a brief introduction in point free quantum
Schwarzschild

geometry.

Subsection1.7 contains Generalized Stokes’ theorem corresponding to nonlinear

Colombeau geometry.

Subsection1.8 contains derivation of the Colombeau Generalized Curvature Tensor.

Subsection1.9 contains derivation of the Generalized Einstein’s field equations
obtained

in [37].

Subsection1.10 contains explanation why the canonical

densitized Einstein field equations from contemporary literature wrong and revision is

needed,etc.

Subsection1.10.1 contains some importent remarks on the A. Einstein and N. Rosen

paper from 1935.

Subsection1.10.2 contains some importent remarks on Moller abnormal famous paper

from 1943

Subsection1.10.3 contains derivation of the revisited densitized Einstein field
equations

by using the special kind of the linear distributional geometry.

Subsection1.11 contains the nonlinear distributional Moller geometry using the

full algebra of the Colombeau generalized functions originally derived in [5] in order to




avoid the Polchinski’s paradox.
Subsection1.12 contains a brief reviev of the distributional Schwarzschild geometry by

using the linear L.Schwartz distributions and by using the full algebra of the
Colombeau

generalized functions.

Subsection1.12.1 contains a brief reviev of the distributional Schwarzschild geometry

at
the origin by using the smooth regularization of the singularity at the origin.
Subsection1.12.2 contains a brief reviev of the nonsmooth regularization of the
singularity
at the origin.
Subsection1.12.3 contains a brief reviev of the smooth regularization via Horizon in

Schwarzschild coordinates and the smooth regularization at horizon in isotropic
coordinates.
Subsection1.12.4 contains a brief reviev of the nonsmooth regularization via Gorizon.

Subsection1.12.5 Distributional Eddington-Finkelstein Space-time is considered.
Shapter 2 contains a brief introduction in contemporary generalized Colombeau

calculus
Subsection 2.1-2.2 contains basic notions of the canonical Colombeau theory [1],[2]

Subsection 2.3 contains the full derivation of the nonlinear distributional Schwarzschild

geometry. The truncated distributional Schwarzschild geometry and Gravitational
singularity is considered.
Subsection 2.4 contains the full derivation of the nonlinear distributional Schwarzschild

geometry in isotropic coordinates.
Subsection 2.5 contains a brief introduction in generalized Colombeau calculus.

Subsections 2.5.1-2.5.3 contains basic definitions of the super generalized functions.
Subsection 2.5.4 contains the full derivation of the super distributional geometry of the

Schwarzschild space-time.
Shapter 3 contains the full derivation of the linear distributional Schwarzschild

geometry from nonsmooth regularization via horizon
Subsection 3.1 contains the full calculation of the Stress-tensor by using nonsmooth

regularization via horizon.
Subsection 3.2 contains examples of distributional geometries.

Shapter 4 contains quantum field theory of the scalar field in curved distributional
space-time.

Subsection 4.1 contains a brief introduction in canonical quantization in curved
distributional Space-time.

Subsection 4.2 contains example of the distributional outgoing modes.

Subsection 4.2.1 contains a boundary conditions at the horizon of the distributional
SAdS BH geometry.

Shapter 5 contains the full calculation of th energy-momentum tensor by using
Colombeau Distributional Modes.

Shapter 6 contains the main theoretical result of this paper: Distributional SAdS




BH Space-time-induced Vacuum Dominance.
Subsection 6.1 contains the full derivation of the adiabatic expansion of Green

functions in curved distributional space-time.
Subsection 6.2 contains effective action for the scalar quantum matter fields in

curved distributional space-time.
Subsection 6.3 contains stress-tensor renormalization.

Shapter 7 contains novel explanation of the active galactic nuclei.
Subsection 7.1 contains a brief introduction in the current paradigm for active galactic

nuclei and resalts of the observations of the high energy emission from galactic jets.
Subsection 7.1 contains Novel Explanation of the Active Galactic Nuclei based on the

Colombeau distributional Kerr Space-time in Boyer - Lindquist form.

1.Introduction. Classical, semiclassical and nonclassical

semi-Riemannian manifolds (M, g).

The classical Cartan’s structural equations show in a compact way the relation
between a connection and its curvature, and reveals their geometric interpretation in
terms of moving frames. In order to study the mathematical properties of singularities,
we need to study the geometry of manifolds endowed on the tangent bundle with a
symmetric bilinear form which is allowed to become degenerate or singular (or both
degenerate and singular ) on semi Riemannian manifold (M, g) or on submanifolds of

semi Riemannian manifold (M, g). But if the fundamental tensor is allowed to be
degenerate or singular, there are some obstructions in constructing the geometric
objects normally associated to the fundamental tensor. Also, local orthonormal frames
and coframes no longer exist, as well as the metric connection and its curvature
operator.

Definition 1.1. (i) Semi Riemannian manifold (A, g) is nonclassical if the fundamental

tensor g is allowed to be degenerate or singular, (ii) semi Riemannian manifold (M, g)
is

internally nonclassical if the fundamental tensor g is not allowed to be degenerate or

singular but there exists semi Riemannian submanifold (M',¢g'),M' < M,g' = g|,, such

that the fundamental tensor g’ is allowed to be degenerate or singular,(iii) otherwise
we

will be say that (M, g) is classical.

Remark 1.1. In the nonclassical case the main problem arises from the degeneracy of

the det(g;;(x)) on some isolated points: det(g;(x°)) = 0,%° € M or some submanifold

det(g;(%)) = 0 for all x € M' < M and consequantly the corresponding Christoffel
symbols

bicome infinity.

In mathematical literature more than 50 yers accepted that a nonclassical semi
Riemannian manifold mentioned above impossible treated classically, i.e. by using

canonical apparatus of the Riemannian geometry. However in the contemporary
mathematical literature, manifolds with degenerate metric tensors have been studied
only fore some special case called a Reinhart manifold (see for example [3] Refferences
B).




Remark 1.1. In this paper we studied nonclassical semi Riemannian manifold (M, g)

extrinsically,i.e. as degenerate submanifolds of Colombeau generalized semi
Riemannian

manifolds furnished with non degenerate Colombeau generalized or super generalized

fundamental tensor (g;.:), € G§(M,X), see subsect.2.5,Definition 2.5.8.

Definition 1.2.We shall say that Colombeau generalized semi Riemannian manifold

(M, (gi;(x)),) is the Colombeau extension of the nonclassical semi Riemannian
manifold

(M,gi;0(x)) if there exists the canonical imbedding (M,gi;0(X)) < (M,(gi;:(X)),),see

subsect.1.1,where such imbedding is obtained for Schwarzschild space-time with
metric

(1.6) in canonical Schwarzschild coordinates (¢,7,0,¢).

Remark 1.2. The canonical imbedding (M,g;;0(X)) — (M,(gi;:(X)),) easily obtained by

aproporiate e-regularization of the tensor g;;0(x), see subsections 1.11.1-1.11.5.

Remark 1.3. (i) Note that the notion of the classical Rimannian curvature comes from
the

study of parallel transport on a classical Rimannian manifold,see Fig.1.1. For instance,
if

a vector 4;(x) is moved around closed contour (or a loop) on the surface of a sphere

keeping parallel throughout the motion,then the final position of the vector may not be
the

same as the initial position of the vector. This phenomenon is known as holonomy.

The classical holonomy presented by the classical formula (1.1) for the change A4,

in a smooth vector 4;(x) after parallel displacement around infinitesimal closed contour
I.

The classical formula for the change in a smooth vector 4;(x) after parallel
displacement

around infinitesimal closed contour I" or integral measure of the classical holonomy of
the

surface Xr spanning by I reads [4]:

A4 (T) = §5Ak - §r;l(fc)Akdxl. (1.1)
r r
Now applying classical Stokes’ theorem (see Theorem 1.10.1) to the integral (1.1) and

considering that the area enclosed by the contour has the infinitesimal value
(Af"™),one
obtains, (see subsection 1.10.3) [4]:

Adi = 3 Ry () Ai(r)AS™, (1.2)

where Ri, (x) is a tensor field of the fourth rank:

O (x)) — OT(x))
ox! ox™

The tensor field R/, (x) is called the classical curvature tensor or the

classical Riemann tensor.

The classical Riemann tensor that is a tensorial measure of holonomy

+ I3 ()T (0) = D (T (). (1.3)

ﬁ'clm (x ) =




(i) Various generalizations capture in an abstract form this idea of curvature as a
measure of holonomy.

7NN

surface spanning

Fig.1.1.Parallel transporting a vector from
A - N - B - Avyields a different vector.
This failure to return to the initial vector
is measured by the change in asmooth
vector 4;(x) after parallel displacement around
infinitesimal closed contour T" or
by the classical integral measure A4,(I") of the

holonomy of the surface X spanning by contour T

(iv) Note that in classical case the change A4,(I") always finite,i.e. A4x(T") < ©

(v) If semi Riemannian manifold (M, g) is nonclassical the condition A4,(I") < « is not
always holds and we shall say that contour T is regular if A4;(T") < «,see Fig.1.2

if A4x(T") = oo we shall say that contour I" is a singular contour or singular loop,see
Fig.1.3.

Black Hole Regions

: o Singularity

Fig.1.2.Regular contour I
beyond BH horizon.



Definition 1.3.We shall say that a point X, € Zr is a singular point of the surface
Zr cM

if the Levi-Civita connection is not available at point %,i.e. some of the Christoffel

symbols become infinity at point %,.

Black Hole Regions

Fig.1.3. Singular point x, at BH horizon
and corresponding singular countur I'ging.

Remark 1.4. Note that any singular countur I'sne contains at least one singular point
%0 € T'sing, se€ Fig.1.3 and we shall abbreviate T, if £o € [,
Remark 1.5.(i) Note that the classical formula (1.1) holds only for regular loops but
obviously breaks down on singular [00ps I'sing, SinC€ A4 (Ising) = ©.
(if) Note that Egs.(1.2)-(1.3) again no longer hold for singular loops TI'sing (S€€ sect.1.8).
and therefore the classical Ricci scalar and the classical Kretschman scalar is not
holds
at BH horizon. However in classical literature (see [3],[4]) it was just pulled to the BH
horizon by the ears.
Remark 1.6.(i) Note that for trunketed singular contour I'f;,, = Fffng\{)%o} see Fig.1.4,
the
Levi-Civit‘a connection is available at whole contour I'};,, and classical formula (1.1)
reads:
MiTh) = § 4= § Ti®Aar.
g o) g 0}
Obviously for trunketed singular contour I'f;,, = Ffi"ng\{fco} again we get
A4 (T;,\{x0}) = o and therefore the Eqgs.(1.2)-(1.3) again no longer hold for trunketed
singular loops I'f,,.
(ii) The semi Riemannian manifold (M, g) which contain trunketed singular loops
F);‘i‘)ng such that F’;‘fng c M,xo ¢ M,seems as classical since the
Levi-Civit‘a connection is available at whole



Black Hole Regions

Fig.1.4.Trunketed singular contour
(loop) I'fiye = T's,\{%0 > with deleted
singular point x,.

(iii) Note that in order to obtain the full geometrical properties of BH horizon one needs

non classical definition of the integral measure ﬂk(rsing) of the holonomy of the
surface

Zr,e SPANNing by singular loop I'sing such that ’A\ATk(l“sing) is well defined quantity.

(iv) By using contemporary Colombeau approach [1] one obtains appropriate definition
of

the non classical integral measure ﬂk(l“sing) of the holonomy as direct generalization
in

natural way of the Eq.(1.1) (see subsection 1.8 Remark 1.8.8,Eq.(1.8.10))

AMi(Tging) & (Ade), = @rio 5Ak,g> = | § M@’ | . (1.4)
sing &

re

sing

’A\Zk(rsing) € ﬁi,
Definition 1.4.We shall say that a surface =}"¢ — M is a singular surface if =3¢ it has

sing

at least one singular point point Xy € ', see Fig.1.5.

where point £° belongs to BH horizon and ¢ e T'};

sing >



: Black hole

y

Ccontour I
Singularity

sing

Fig.1.5.Singular surface X% with singular
point » = 0,
spanning by regular contour T".
Remark 1.7.Note that for the case of the surface =" again problem arises,
(see sect.1.8.Remark 1.8.3) even if it spanned by regular contour I', see Fig.1.5. In this

sing

case the non classical integral measure My (F,Er )of the holonomy reads:

N(DE™) 2 (M), = ($ 6di) - Gr;;,,g(x,xo)Ak,gdxl) . (1.5)
r €

Definition 1.5.Let M be a differentiable manifold equipped with it canonical topology

Let M* be a submanifold M* & M.The closure M% of a submanifold M* & M of points
in

a topological space (M, 3) consists of all points in M* together with all limit points of
M.

The closure of M% may equivalently be defined as the union of A# and its boundary
OM?,

and also as the intersection of all closed sets containing M. Intuitively, the closure can
be

thought of as all the points that are either in A7* or "near" M*. A point which is in the

closure of M* is a point of closure of M*.

Definition 1.6. Let (M,g) and (M*,g") semi Riemannian manifolds such that (i)
M 2 M,

(i) ML = M and (iii) g* = g|,+- Assume that: (1) the Levi-Civit'a connection

= %[g#l’”][(gik’j +gh« — ghm] corresponding to metric tensor g* is available at

whole semi Riemannian manifold (A*,g*) and (2) the Levi-Civit'a connection

Iy = %[gl’”][(gmk’j + gmik — gim] corresponding to metric tensor g is not available at its

boundary oM*,i.e. (M, g) is a nonclassical semi Riemannian manifold.Then we shall
say

that (M*,g") is a semiclassical semi Riemannian manifold.

Remark 1.8.1t follows from consideration above that semiclassical semi Riemannian

manifolds obviously impossible treated classically as nonclassical semi Riemannian




manifolds mentioned above.
Example 1.1. Obviously the Levi-Civita connection is available at whole Schwarzschild
spacetime (see Remark 1.10.1) (Sch,g3"(1,7,0,9)),

Sch =(S? x {r > 2m} U {0 < r < 2m}) xR,

but spacetime Sch contains truncated singular loops I'f;,, = I's,\{%o} < Sch,see
Fig.1.4,

and in particular the Levi-Civita connectionis is not available at whole its topological

closure (Sch, g3 (z,7,0,4)), where

ij
%o € Seh=(S* x ({r > 2m} U {0 <r <2m})) xR.

Thus Schwarzschild spacetime is not classical but exactly is a semiclassical semi

Riemannian manifold. Similarly the Levi-Civita connection is available at the open
semi

Riemannian manifold (Sch™, gg-“m(l‘, r,0,¢)) above Schwarzschild horizon: Sh*=

(S% x {r > 2m}) x R but is not available at whole its topological closure

(W,g?(i,r,@,@),W:(Sz x{r>2m})xR.

Thus semi Riemannian manifold Sh* is not classical but exactly is a semiclassical
semi

Riemannian manifold.

Remark 1.9. Note that in physical literature the spacetime Sch*= (8% x {r > 2m}) x R

mistakenly considered as classical semi Riemannian manifold. Note that only

spacetimes (Schg,gim) Sch}i=(S* x {r > 2m+8}) xR, 5 > 0 is a classical semi

Riemannian
manifolds.

Region of the classical semi-
Riemannian geometry

Fig.1.6.Region of the classical semi Riemannian
geometry above Schwarzschild horizon
Shj=(S? x {r > 2m+}) xR,5 > 0.

Remark 1.10. Note that in physical literature
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Finkelstein-Eddington Horizon

Fig.1.7.The classical semi Riemannian Geometry
presented by Eddington-Finkelstein spacetime

Remark 1.10. There exist examples of the nonclassical semi Riemannian manifolds.

However in physical literature these nonclassical semi Riemannian manifolds
mistakenly

were considered as classical semi Riemannian manifolds.

1.The Schwarzschild metric represented by Schwarzschild coordinates (z,7,60,$) reads

ds? = —(1- LY@ + (1 - 22) 7 dr)? + r2[(d0)? +sin?0(dg)?]. (1.6)

The Christoffel symbols in Schwarzschild coordinates (z,7,0, 4) reads

_ rs(r=ry) T = I pro—__Ts
273 2r(r—ry) 2r(r—ry)

rf@ = %71—‘?(# = %9 g@ = _(r_rS)srgtﬁ = COtes

(1.7)

[y = —(r—rs)sin20,T%, = —sinfcosb.

Remark 1.3. Note that:(i) the Schwarzschild metric is allowed to become degenerate

and singular at Schwarzschild horizon {r = r,}, (ii) the Schwarzschild metric is
allowed to

become degenerate and singular at Schwarzschild singularity {r = 0}, (iii) the
Christoffel

symbols I}, and I';, become infinity at Schwarzschild horizon {r = r,}.

Thus the Schwarzschild space-time is nonclassical semi Riemannian manifold. The

full nonlinear distributional Schwarzschild geometry at horizon is obtained in subsect.
2.3.

2.The singular transformation of the Schwarzschild metric (1.6) from the usual

Schwarzschild time coordinate ¢ to the advanced null coordinate v with

cv=ct+r+rgln(r-ry) (1.8)

leads to the ingoing Eddington-Finkelstein metric (1.9) with coordinates (v,r,9,¢).The
Schwarzschild metric (1.6) in Eddington-Finkelstein coordinates (v,r,0,4), reads

ds® = —(1 - r—,f)czafv2 + 2cdvdr + r?dQ?2. (1.9)

The Christoffel symbols in Eddington-Finkelstein coordinates (v, 7,0, ¢),reads



2
ry, = sy, = SOUor) b ons po 1
21"2 21"3 21"2 r0 7
F%ﬁ = larée = —%, o = —(r—rs),F2¢ = cot0, (1.10)

2
Ty, = =8I0 10— (s r)sin20,TY, = —sinfcos.

Remark 1.9. The Eddington-Finkelstein space-time is classical semi Riemannian
manifold except any finite neighborhood of singularity {r = 0}.

Remark 1.10.Note that Eddington-Finkelstein space-time is not equivalent with
Schwarzschild space-time, since the transform (1.8) is singular at Schwarzschild
horizon {r = r;}.

3.The Schwarzschild metric (1.6) in isotropic coordinates (z,p,0,$) reads,

ds? = — 1=r/4p 2c2df2 + (1 + iy‘dpz + p%(dO? + sin0d¢p?) (1.11)
1+ rs/4p 4p ’ '

where
2
r= 1+&) 1.12
p(1+ % (1.12)

is the coordinate transformation between the Schwarzschild radial coordinate » and the
isotropic radial coordinate p. The Christoffel symbols reads

4p —ry) 8r 2r
I’ =204 432(/) S e = s I’ = — s
1t 0 8p rsC (4p+l"s)7 L1 16/)2 _rg s+ pp (4,0+1”s),0 )
o 4p—rs ré — 4p —rs 0 4p —rs (1.13)

po — (4p+rs)p, P = (4,0+1”s),0’ 99:_p4p+rsa

_ in2
_ 4;?’;;“1 0 ,I'9, = —sinfcos.

1“545 = cot, Iy =

Remark 1.11. (i) Note that "Schwarzschild space-time in isotropic coordinates" is

nonclassical semi Riemannian manifold, since the metric (1.6) is allowed to become

degenerate at horizon p* = r,/4,(ii) note that "Schwarzschild space-time in isotropic

coordinates" is not equivalent with Schwarzschild space-time in Schwarzschild

coordinates (¢,7,0,¢). The full nonlinear distributional "Schwarzschild geometry in
isotropic

coordinates" at horizon is obtained in subsect. 2.4.

Remark 1.10.Note that the space-times mentioned above in physical literature
mistakenly

were considered as the same geometrical object in different coordinates only.

1.1.Remarks on linear and nonlinear distributional

geometry in general relativity.Why

A degenerate (singular) semi-Riemannian manifold (A, g) is a differentiable manifold
M endowed with a symmetric bilinear form g € T9M named metric. Note that the metric g
is not required to be non-degenerate. In particular, if the metric is non-degenerate, (M;g)
is a semi-Riemannian manifold. If in addition g is positive definite, (M;g) is a Riemannian
manifold.



This paper dealing with Colombeau extension of the Einstein field equations using
apparatus of the Colombeau generalized function [1]-[2] and contemporary
generalization of the classical Lorentzian geometry named in literature Colombeau
distributional geometry. The regularizations of singularities present in some solutions of
the Einstein equations is an important part of this approach. Any singularities present in
some solutions such that Schwarzschild solution etc. of the Einstein equations
recognized only in the sense of Colombeau generalized functions [1]-[2] and not
classically. Note that in physical literature these singular solutions many years were
mistakenly considered as vacuum solutions of the Einstein field equations, see for
example [26],[30].

During last 30 years the applications classical linear distributional geometry in general
relativity was many developed [5]-[31].

Remark 1.1.1. Let (R},.), € Gs(R*) be Colombeau generalized function obtained
using

the standard definition of the Riemann curvature in a coordinate basis,i.e.

(chd,g)‘g = (FZb,c,s)g cbdc) + <Fc‘f8 abs) <Fdfs cbe) (111)

where (I';..), € Gs(R") and T}, .,& € (0,56],6 < 1 is the regularized Levi-Civita
connection

coefficients in terms of the regularized metric gus.e,& € (0,1] such that (gus..),, (&%),

€ G(R*),(det(gu)), # O It has been shown by many authors (see for example [22])
that under apropriate regularization using the Eq.(1.1.1) one can defines the curvature
scalar as a classical Schwartz distribution in D'(R"),[18],[19].

Remark 1.1.2.This is the case even for the well-known Schwarzschild spacetime,
which

is given in the Schwarzschild coordinates (£°,7,0,¢), by the metric

as? = -(1- 4 )@+ (1- %)_lw?)z + 72[(d6)? + sin®0(dgh)?]. (1.1.2)

Here, a is the Schwarzschild radius a = 2GM/c? with G, M and ¢ being the Newton
gravitational constant, mass of the source, and the light velocity in vacuum Minkowski
space-time, respectively. Obviously the fundamental tensor corresponding to ds?> has
the components which is degenerate or singular: (i) at 7 = 0 and (ii) at 7 = a.

Remark 1.1.3.Note that in classical papers [5]-[31],etc. (i) the Colombeau
distributional metric tensor (gu.c), € Gs(R*) related to (R},.), € Gs(R*) by Eq.(1.1.1)
never is not considered as the Colombeau solution of the Einstein field equations, (ii)
Colombeau nonlinear distributional geometry never is not considered as the rigorous
mathematical model related to really physical spacetime but only as useful purely
mathematical tools in order to obtain related to (Rj.;.), € Gs(R*) classical Schwartz
distributions in D'(R"), (iii) there is no any important physical applications of the classical
linear distributional geometry were obtained.

Remark 1.1.4.Originally fundamental physical applications of the Colombeau
nonlinear distributional geometry has been obtained in author paper [33]-[37].

By using now the Cartesian coordinates (£°,%',%2,%3), which are related to (°,7.0, ¢)
through the canonical relations: £! = Fcos¢sin@ , %> = Fsingsind , %3 = Fcos0 ,the
metric (1.1.2) reads ds> = g,,dx*ds", where at points 7 # 0,7 # a the metric g, is given by




[29]:

goo:_(l_h)a §0a:0’ ( )
) _ RoB 1.1.3
gaﬁ=5“ﬁ+h(l—h) 1% a,f=1,2,3

b

with & = a/r. Well known that at points 7 + 0,7 + a :

kTo =0, «xI,=0, (1.1.4)

2B 1" ! ~asp 1"
_sB(_h _ h xX°xP (h” _ h
KTa - 6(1( 2 ;; )+ ~D ( 2 ~D )7

r

where the hatted symbols T:, represent the quantity 7,, in the coordinate system

{&#;u = 0,1,2,3}. Also, we have defined ' = dh/di-and h" £ d*h/di?.
Remark 1.1.5. We extend now the quantity (1.1.3)-(1.1.4) in point 7 = 0 as Colombeau
generalized functions from Colombeau algebra Gs(R*).Regularizing now the function

h = alias (h:), = a/(,/?2 + 32> and the function 287 as — 22 __ ith ¢ e (0,11,

72 (7 +e?),
we
replace now the the singular metric (1.1.3) by the Colombeau generalized metric
ds> = (g, ,d5dR") (1.1.5)
where

(G0.), =~ =ho) o (€)= 05
gagh (1.1.6)
(8upe), =0+ U =) (EEL) | ap=1,2.3

72+ g2

and therefore

20 . 2 La 20 n
() - (e ) (o) - on «(Tawer) o

LB A B 3 2
K(Ta(x,8)>g=5a (W)g— (117)

(( x%h )) ag? (i+( g2 ))
Paer ) )\ +e?)? ) N2 \PP+e? ) )

Note that from Eq. (1.1.7) one obtains

Tu®) 2 w-limeay Ty o (8) ~ -M255060 ). (1.1.8)
Remark 1.1.6.Note that (%g(fc;g)) ,(%f(fc; 3)> € G(R*).Thus the generalized
Einstein 8 '
equation [37] related to Eq.(1.1.6)-Eq.(1.1.7) in Colombeau notations reads:
(G, = (Rue"), = 30 (R, =« (Tu”) (1.1.9)

where



(R(®)), = (R*e()) =

_ 3ag? + 2ag? _ ae? (1.1.10)
(7 +e2)%% ), (#+e2)%% ), G+ )

Remark 1.1.7.Note that the regularized scalar curvature R, has the well-defined weak
limit R,, in D'(R")
Ry & w-limeo R, = —%ﬂa5(3)(5c) . (1.1.11)
Remark 1.1.8.Note that: (i) for any (7,), < R such that st((?;),) = 7 # 0,(s€e
Definition
1.2.5) where rg, € R from Eq.(1.1.10) it follows that

st((Ro(3:)) ) = —st((W) ) - —st<((?tz_mi+z2)5/2> ) —0, (1.1.12)

(i) for any (7,), < R such that (7:) < (&), (see Definition 1.2.4) from Eq.(1.1.10) it
follows that

((Re®),) = -5, (1.1.13)
(iii) at origin (7), =x 0 (see Definition 1.2.4) one obtains
A 2
(Ge62),) 5 - (% ) = - (1114

where ¢ € (0,5].

Remark 1.1.9.Note that the Eq.(1.1.12) in accordance with Eq.(1.1.11) and by
Egs.(1.1.12)-(1.1.14) we have recovered the intuitive meaning about 6-function.
For the regularized quadratic scalars one obtains [29]:

2 2
SV AN B | 3ag? ag? _
Re (MR :(r) = 7|: (;,2 +82)5/2 :| +2|: (;,2 +82)5/2 :| o

2
13 ag?
2 | 2 +ed)

< oy N 4a2 3
R: (r)RPO',UVaE(r) o ”}2 + 82 |: (?‘2 + 32)2 :| -
12a282 9a284 .
F+e)t (P +e?)

(1.1.15)

Remark 1.1.10.Note that in contrast with the regularized scalar curvature &, the
regularized quadratic scalars do not have the weak limits, which can be symbolically
written as

RYB)R () £ limeso R™ (%5 6)R 0 (R €) ~ 4072a*[6OR)]

RPG“V()AC)Rpouv()AC) £ hmﬁofgpcrw(fc; E)Rpouv()%Q €) (1.1.16)
~ 12a2 | 167a® 1 50)(3) 4 1672a2[6D ()]
76 3053

Remark 1.1.11.However Colombeau quadratic scalars (ﬁé‘v(?g)few,g(?g)>g and



A A ~3
(RE™ (P )R pouve (<)) , well defined as Colombeau generalized functions in Gs (IR )

2 2
NI NENE- N _ 1 3ag? a8—2
<R§ (Vs)Ruv,s(Vs)>8 - ?|:( (,';,g + 82)5/2 ) :| + 2|:( (,’;.g + 82)5/2 ) :| >

<RPGﬂV(V)Rpouvs(’”)> Lo ( Lae: ) * (1.1.17)

(72 +€%)°), (72 +e?)*

9q2g*
+ ==L ).
((?%Mz)s)g

Remark 1.1.12.Note that Colombeau quadratic scalars (RE"(*)R,.(#))  and
(izé."’“v(?)f?,,g,w,e(?))8 can be triating only nonclassically as Colombeau generalized

~3 I~ I~ I~
functions extended on R = R xR x R, since at origin (7¢), = 05 we get

2 2
ook, - | (245) |+ (=) |-

R GO 690), = L2 - (1222 1118

9q2¢*
+( (1) )

Remark 1.1.13.In the usual Schwarzschild coordinates (z,r,0,¢), r + a the

Schwarzschild metric (1.1.2) takes the form above horizon » > a and below horizon
r<a

correspondingly

above horizon r > 2m : ds*? = h*(r)dt® — [h* ()] dr? + r2dQ2,

ht(r)=-1+4 = _I—4d
r r (1.1.19)
below horizon r < 2m : ds? = h™(r)dt> — h=(r) " dr? + r?dQ?,

W) =-1+4=2a-r

Following the above discussion we consider the metric coefficients 4* (), [h*(r)]™
h=(r),and [A~(r)]" as an element of D'(R?) and embed it into G5(R?) by replacements
above horizon r > 2m and below horizon r < 2m correspondingly

r22mir=2m— Jr—2m)’+e>;r<2m:2m—r— JCm-r)*+e2. (1.1.20)

Inserting (1.1.20) into (1.1.2) we obtain Colombeau generalized object modeling the
singular Schwarzschild metric above (below) gorizon, i.e.,

dst?), = (hi(dr?), - ([hé]Ndr?) +r2dQ?,

(dSEZ)8 = (h;(r)dtz)e _ ([h;(r)]_ldﬂ)g 412402 (1.1.21)

The generalized Ricci tensor above horizon ([R;]ﬁ)E may now be calculated
componentwise using the classical formulae



(R: D), = (REMI)), = +(0"), + 201),)
B, |, 1+ ),

s
,,.2

(1.1.22)

(R:()12), = (R, = (

where

|:(r—2m)2+82:|1/2
(), = - ([( zr_)zz’f 2]1/2> + ( p >5
r(| (r—=2m €
3 1 N (r—Zm)2 N
(r[(r—Zm)2+82:|1/2> r([(r—Zm)2+82:|3/2>

b

(h:(r), =

r—2m r—2m (1.1.23)

+r2<|:(r—2m)2Jrs2:|1/2>‘g " 1’2([(7'—2711)2+82:|1/2>8 B
2<|:(r—2m)24—82]1/2)S

1’3

From Eq.(1.1.22)- Eq.(1.1.23) we obtain (see sect.3)
w - lim [Rf(r)]] = w- lim [R{()]) = —2mS(r — 2m). (1.1.24)
-0 -0

Remark 1.1.14.Note that the ¢-regularization of degenerate and singular metric fields

originally has been proposed in A. Einstein and N. Rosen paper [32].

Remark 1.1.15.The full non-linear theory of Colombeau distributional geometry based
on

Colombeau algebras in general relativity and its various applications to fundamental

problems of the quantum gravity in curved Colombeau distributional spacetime
originally

has been obtained in authors papers [33]-[37].

1.2.Basic notions of Colombeau generalized functions and
Colombeau generalized numbers.Point values of
Colombeau generalized functions.

1.2.1.Basic notions of Colombeau generalized functions

In contemporary mathematics, a Colombeau algebra of Colombeau generalized
functions is an algebra of a certain kind containing the space of Schwartz distributions.
While in classical distribution theory a general multiplication of distributions is not
possible, Colombeau algebras provide a rigorous framework for this.

Remark 1.2.1.Such a multiplication of distributions has been a long time mistakenly

believed to be impossible because of Schwartz’ impossibility result, which basically
states that there cannot be a differential algebra containing the space of distributions
and preserving the product of continuous functions. However, if one only wants to
preserve the product of smooth functions instead such a construction becomes possible,
as demonstrated first by J.F.Colombeau [1],[2].



As a mathematical tool, Colombeau algebras can be said to combine a treatment of
singularities, differentiation and nonlinear operations in one framework, lifting the
limitations of distribution theory. These algebras have found numerous applications in
the fields of partial differential equations, geophysics, microlocal analysis and general
relativity so far.

Basic idea.

Definition 1.2.1. The algebra moderate functions Cj;(R") on R” is the algebra of
families of smooth functions (f:(x)), £ (f:(x)),.x € R",& € (0,6],6 < 1 (smooth
e-regularisations, where ¢ is the regularization parameter), such that: (i) for all compact
subsets K of R” and all multiindices a, there is an N > 0 such that

sup 0%sx)
or @)™ @)™

with addition and multiplication defined by natural way:

(fe(x)),; + (€:(x)), = (fe(x) +g:(x)), (1.2.2)

= 0(™N),e > 0, (1.2.1)

and

(fe(x)), x (g:(x)), = (fe(x) x ge(x)),. (1.2.3)
Definition 1.2.2.The ideal N5(R") of negligible functions is defined in the same way
but with the partial derivatives instead bounded by O(¢") for all N > 0,i.e.

su 0°fs(x)
P @ T @)

Definition 1.2.3.The Colombeau Algebra Gs(R") [1],[2] is defined as the quotient
algebra

= 0(eN),e - 0. (1.2.4)

Gs(R™) = CH(R™)/Ns(R™). (1.2.5)
Elements of Gs(R") are denoted by:
u = cl[(u:).] = (us)s + Ns(R"). (1.2.6)

Embedding of distributions

The space of Schwartz distributions D'(R") can be embedded into the Colombeau
algebra G;(R") by (component-wise) convolution with any element (¢.), of the algebra
Gs(R™) having as representative a /-net, i.e. a family of smooth functions ¢. such that ¢,
-»dinD'(R")as e - 0.

Remark 1.2.2.Note that the embedding : : D'(R") - Gs(R") is non-canonical,
because it

depends on the choice of the J-net.

Example 1.2.1. Delta function 6(x) € D'(R) for example has the following different

representatives in Colombeau algebra Gs(R)

H(ren(-5)) e (Fan), e oo
%( € ) € g(g(ﬂ?\),%(x%sinz(%)) € Gs(R),

X2+82 €

(1.2.7)

since



1 exp —— ] > 5(x), s1n( ) = o(x),
2 Jre ( ) T (1.2.8)
% e 5(x), L sm2( ) > 3(x)

inD' as¢ — 0.

Remark 1.2.2.However note that embedding D'(R"”) — G(R") does not meant the full

equivalence of the Schwartz distributions and corresponding by embedding
Colombeau

generalized functions. In contrast with the Schwartz distributions Colombeau
generalized

functions has well defined walue at any point x € R” these point values of the

Colombeau generalized functions is the Colombeau generalized numbers.

Example 1.2.2. Delta function 6(x) ill defined at point x = 0 since 6(0) = «. However

any Colombeau generalized function defined by Eq.(1.2.7) has well defined point value
at

point x = 0. For example

( I p( 48))‘ 21 (%> 6@5’ (1.2.9)

%(x“g—ﬁ )s =0 - ?<?>8 < K.

Here R is the ring of real Colombeau generalized numbers [34].

1.2.2.The ring of Colombeau generalized numbers
R s.Point values of Colombeau generalized functions.

Designation 1.2.1. (I) We denote by ﬁl\its,é < 1 the ring of real Colombeau generalized
numbers. Recall that by definition R = Er5(R)/Ns(R) where [34],[36],[37]:

Ers(R) = {(x:), € ROD|(Fa € Ry)(Feo € (0,1))(Ve < go)[Jxe| < €77},

(1.2.10)
Ns(R) = {(x:), € RO |(Va € R,)(Feo € (0,1))(Ve < go)[Ix;| < ]}

(1) In this subsection we will be write for short R instead ;.
Notice that the ring R arises naturally as the ring of constants of the Colombeau

algebras Gs(Q2).Recall that there exists natural embedding 7 : R — R such that for all
reR,7 = (r;), where r, = rforall ¢ € (0,1]. We say that r is standard number and

abbreviate » € R for short. The ring R can be endowed with the structure of a partially
ordered ring: for r,s € R n € R.,n < 6 we abbreviate r <g, S Or simply r < s if and only if
there are representatives (), and (s;), with r; < s, for all ¢ € (0,n]. Colombeau

generalized number r € ® with
representative (r.), we abbreviate cl[(r;),].

Definition 1.2.4. (i) Let § = cI[(5.),] € R. We say that 5 is infinite small Colombeau
generalized number and abbreviate & N 0 if there exists representative (6¢), and some

g € Nsuchthat|o.| = O(¢?) as ¢ - 0. (ii) Let A € R. we say that A is infinite large



Colombeau generalized number and abbreviate A =5 & if A% o 0. (iii) Let R+, be

R U {xw} We say that ® € R... is infinite Colombeau generalized number and abbreviate

0® = * ooz if there exists representative (0.), where |®.| = « for all ¢ € (0,1]. Here we

abbreviate £y(Rs) = Ey(R U {2o0}), MRsy) = MR U {oo}) and Riw = Eyr(Ric )/ MRs)
Definition 1.2.5. (Standard Part Mapping). (i) The standard part mapping st : R > Ris
defined by the formula:
st(x) = sup<{r € R|r <z x}. (1.2.11)

If x € [Ih%', then st(x) is called the standard part of x.

(ii) The mapping st : R-RU {xo} is defined by (i) and by st(x) = oo for x R and for

X € [Tiiw,respectively.

Definition 1.2.6.[37]. Let (f:(x)), € G(R) and X € R,then cl[(f:(X)),] € R.We will say

that Colombeau generalized number cl[(f:(X)),] is a point values of Colombeau

generalized function (f:(x)), at point x € R.

Definition 1.2.7.(Principal value mapping) The principal value mapping p.v. R R

of Colombeau generalized function (f;(x)), at point x € R is defined by the formula:
p.v.{cl[(fe(x)),]} = Sgpl] [fe(®)]. (1.2.12)

We will be write for short p.v.[(f:(X)).].

Example 1.2.3. The principal value of the curvature scalar (1’A€g(r,a)>‘g (1.1.10) at point

7 € R reads

2

p-V.[<1A€8(,‘»,a)>8] = sup ag

—ue (1.2.13)
£<(0,1] (7 +&2)%2

1.5x10°F

R(r,z)  1x10°F

0 21070 4x107° 6x1070 8107 0.01

Fig.1.Plot of the function

2
M _ agc
R(aa I",S) - (’72 + 82)5/2 s

a=1,7=1073,z=¢ € (0,0.01].
R(1073,7 x 10™*) = 1.808 x 108.
p.v.[ (Re(F,a)) ] = 1.808 x 10%.



1.3.The point free classical Colombeau geometry.

The first definition (prior to the well-known five postulates) of Euclides describes the
point as “that of which there is no part” [40].

A huge portion of our mathematics of the physical world is based on the amazingly
simple Euclidean geometry. Indeed, starting from very straightforward assumptions and
theorems such as those found in Euclid’s geometry, it is feasible to build also
non-Euclidean geometries and complex manifolds able to explain issues such as those
in quantum mechanics. One of the main components of Euclidean geometry is the point,
that stands for the most fundamental object. The first definition of a point (prior to Euclid)
is given by the Pythagoreans: a point is a monad having position. Euclid begins his
geometry with the definition of a point [that of which there is no part] (Def.1, Euclid, 300
BCE) and the extremities of a line are points (Def.2). Euclid’s Def.1 is interpreted by T.L.
Heath to mean that a point is that which is indivisible in parts. Therefore, we are
confronted with a primitive notion defined only by axioms that it must satisfy, i.e., the
point upon which the whole apparatus is built, meaning that geometry cannot be
described in terms of previously defined real objects or structures. Here we ask whether
the zero-substance point holds true in our physical world and extend our analysis also to
other Euclidean objects, such as lines, surfaces, volumes and so on [41].

Definition 1.3.1. Let (f.(x)), € G5(R) and cl[(%;),] € R 5. Assum that c[(f:(%:)),] € Rs.
We will say that Colombeau generalized number cl[(f:(X.)).] is a point values of

Colombeau generalized function (f;(x)), at point (X;), .
Example 1.3.1. Forany (#,), € Rs,¢ € (0,5] the point values (R:(#.)) of Colombeau
generalized function (R:(#)) _(see Eq.(1.1.10) reads

N " R 2 (82)8
<R£(7"5)>5 - <R'u#,£(7"g)>g = _(%> - ]5/2 -

72 — ) 2
rgté [(75), + (e7),

56, (1.3.1)

[, + 82D, ]

—d 520

where ¢, € (0,1].

Remark 1.3.2.We choose now (7:), = (77), = n(e), = né(e1),,and from Eq.(1.3.1) we
get

A 52(e1), 52 (1),
<R8(r2f)>g:_a o ) 12 sp - 4 5 5 12 52
[G2), +6%D),, ] [nd(e}), +d%(eh),, ]
2(a2 2(a2
. 5%(e1),, R o~(e1),, - (1.3.2)
[n26%(eD),, +6%(e}),, ] &(ei),, [n* +1]
—a

3D, P+ 117

Thus in "point limit" § < 0 the curvature scalar (qu(;;))g diverges as 63(7°) .
Remark 1.3.2.In order prevent the divergence mentioned above, we assume now that
there exist fundamental generalized length 7* = [ (7;,),, | = nel[ (e1),, ]. &1 € (0,1],



neR, &< n<1,suchthat (7:;), = I*,see [36] sec.2.Thus from Eq.(1.3.1) we get
now instead Eq.(1.3.2)

A 2 a(e?), B
[(RG0)), | < (ﬁ) S, 1"
_ zeb, ! | )
[, +8eD,, 17 [weh, v, 17 [0, + 69,17 (133

ad? 1 ad? 1

[+ 2, + 6,17 T [0, +@,]"

1.4.The Point-Free Loop Quantum Gravity.

We remind that canonical quantization of GRT can be expressed as an SU(2) gauge
theory on the 3 dimensional manifold X furnished by canonical point-like geometry,
where a topology of space-time M of the form M = R x X is assumed, in a background
independent manner. In such formulation of GR, the gravitational field is described by a
pair of conjugate variables (4, E), where 4% (x) is an SU(2) connection and E¢(x) is the
densitised triad vector field, conjugate to 4 :

{AL(x), EL ()} = 8mydishd(x —x'), (1.4.1)

with G the gravitational constant and y the Immirzi parameter.The conjugate pair are
constraint to satisfy the system

G, =D,E! =0,H, = E¢F, =0,

" Dk S =0 (1.4.2)
H= ngFabEjEk_z(l +y )K[aKb]EiEj = O’

which are called Gauss, spatial diffeomorphism and Hamiltonian constraints
respectively.In fact, the task of finding a metric satisfying the Einstein’s equations,
describing configuration of a gravitating system, is now replaced by finding a conjugate
pair (4, E) satisfying the constraint system (1.4.1). On quantization, one smears the

basic fields (4, E) to holonomies of 4¢ along a curve y, defined by /,[A4] = P|:exp (IyA) ]
and fluxes of E¢ through the surface S, defined by E;(S) = Isd%naE?- They form the

holonomy-flux algebra in which holonomies act by multiplication, and fluxes act by
derivation. Using a functional representation of quantum field theory and representing
states as functionals of the cylindrical functions of holonomies, the kinematical Hilbert
space of the theory is constructed. After imposing Gauss and diffeomorphism
constraints as operators on such states, the true gauge and diffeomorphism invariant
states of the theory turns out to be spin networks acted upon by holonomies and fluxes
operators which form a unique representation. More precisely, a spin network is a triplet
(T",j1,in) consisting of a graph I" with nodes in X, labeled by intertwiners i,,, and links
connecting different nodes, labeled by SU(2) representations j,.
Remark 1.4.1.(1)The quantum geometrical picture suggested by canonical LQG [44] is
manifest in quantization of geometrical observables, such as area and volume, as
quantum operators acting on spin network states which result in discrete spectra and
reflect the discrete nature of space-time.



(1) In fact singularity resolution occurs as a result of fundamental discreteness

of space; while in a classical continuum, divergences emerge as distance goes to
zero,

there is no room for divergences in quantum level since there is no zero distance
below

the Planck length.

Canonical quantization of nonlinear distributional GRT can be expressed as an ﬁ(Z)
gauge theory on the 3 dimensional Colombeau distributional manifold ¥ furnished by
Colombeau point-free geometry, where a topology of space-time M of the form

M = R, x X is assumed, in a background independent manner. In such formulation of
GRT, the gravitational field is described by a pair of conjugate variables ((4.),,(E:),),

where (4;,(x.)), is an ﬁ(Z) Colombeau distributional connection and (£¢,(x.)), is the
distributional densitised triad vector field, conjugate to (4;), :
{(Ais(xe)),. (BN (x2)), } = 8my8ish((xe — x1)),, (1.4.3)

with G the gravitational constant and y the Immirzi parameter.The conjugate pair are
constraint to satisfy the system

(Gi,e)g =R (Da,sEge)g =0, (Hb,e)g = (Efs izb,g)g =R Oﬁﬁga

(He), =g €in(Fip EfEL,), =201 +v?) (Kl Ky gELEL ) = O,

(1.4.4)

In fact, the task of finding Colombeau metric satisfying the generalized Einstein’s field
equations (see subsect.1.8), describing configuration of a gravitating system, is now

replaced by finding a conjugate pair ((4.),,(E.),) satisfying the constraint system
(1.4.3). On quantization, one smears the basic Colombeau generalized fields
((4¢),.(E:),) to holonomies of (4f,), along a curve y = (y.),, defined by

(hy[A.]), = P[exp( | A)
(E,-,g(ﬁ))g -~ GE dzﬁnaEig)g.

A spin network is a triplet (f,j,,in) consisting of a graph T" with nodes in T, labeled by
intertwiners i,, and links connecting different nodes, labeled by §U(2) representations j,.

1.4.1.Classical point-free phase space

Definition 1.4.1.(1) The general linear group over Colombeau algebras @,E (the set of
real,complex Colombeau numbers) is the group of n x n invertible matrices of real
(complex) Colombeau numbers, and is denoted by GL, (@),GLH@') or

GL(n,@), GL (n,ﬁ)
(2) The unitary group of degree n over Colombeau algebra €, denoted 'l7(n), or U(n,ﬁ)
is

], and fluxes of (£Y,), through the surface S, defined by

the group of n x n unitary matrices over C.
(3) The unitary group is a subgroup of the general linear group GL (n,E).

(4) In the simple case n = 1, the group U(n,@f) corresponds to the circle group pf,
consisting of all Colombeau complex numbers with absolute value 1 under



multiplication,i.e. T={:ze 36||z| = 1}.

(5) The special unitary group of degree »n, denoted ﬁ’J(n), is the Lie group of n x n

unitary matrices over Colombeau algebra R with determinant 1.

The Colombeau distributional manifold & over Colombeau algebra R having the
symmetry group S with an isotropy subgroup T, can be decom posed as T = S/3xJ/F.
The connection can generally be written as (4.), = (4gz, ), + (AE/F,JS -Then (4sz,)
can be considered as the connection of the reduced theory and its holonomies along
curves in ¥/3 can be quantized.For the spherically symmetric case, T = R;x 32, and the
symmetry group is § = ﬁ(Z). This implies identifying ¥/3 with R and the gauge group
of the reduced theory F with U(1). Therefore, reduced connections are U(l) gauge fields

on R. Roughly speaking, spherical symmetry implies that our basic fields, in the
spherical coordinate ((x.),,0,¢), are independent of angular variables. Thus, the
Colombeau generalized connection (4.(x;)), is just a function of the radial coordinate;
(4:), = (4:(x,)),.These connections and triads of the reduced spherically symmetric
phase space have the general form:

(de), = [(Ax,(xe)) Jr3[(dxe) ] + ([(A1(xe)) S0 + [(A2(xe))  ]72)[(d:) ] +

((1s()72), = (2s(xe)T15100:),) +73(c080:) )[(d9.), ] (42
and
(E:), = (E¥(x.)T38in0.0x,), + (Er(xe)T1), + (1.4.6)
(E3(x:)12)5in0:0p, ), + (Ei(x.)72), — (EZ(x:)T1)0y,),
correspondingly, where 7; = —4-0; are the generators of 5u(2) algebra. They define the
Colombeau generalized symplectic structure:
(Q.), = z%c; (j dxo(dAr, o NdES +2dA1 o A dEL + 2d A, \ dEﬁ))g. (1.4.7)

However, a suitable canonical transformation can be made resulting in Colombeau
generalized canonical variables ((4.,(x:)),, (E¥(x:)),), (y(Ky,e(x:)),, (E?S(xg))g) and

((M:(x2)),, (Pe"(x2)) )

Q.), = 27/%(.“ dxo(dAs, AdEY + d(yKg.s) A dEL + 2dn, /\dPL.’S)>8, (1.4.8)

with (K,,.), being the (¢.), component of the extrinsic Colombeau generalized
curvature.The Gauss constraint, generating ?7(1) gauge transformations, takes the form:

(GolreD), = ([ deata(s +ng)>£ — 0, (1.4.9)

where prime denotes differentiation with respect to x..

Note that in terms of these variables, conjugate pair is not simply the connection-flux
pair which suggests a different situation than the full theory.The Colombeau generalized
Hamiltonian constraint can be written as



(1.4.10)

(j dreN, (x.) J|g_| ((1=T3. + K3 EE + §K¢g,gEsse<Ax€,g+n;>+2E;ser;g,e)>.

&

1.4.2.Quantization
Along the standard lines of constructing basic operators and states in the kinematical
Hilbert space of classical LQG, we start with holonomies of the connections. Holonomies

of (4..), along curves (y.), in R are defined as (h(”) = exp[%(j‘ Axg(x5)> ] which
¢ v .

are elements in Ug(l) = Rs/Z. For (44,.c), point holonomies explip(4y,.:(x:)),] are used
which belongs to the space of continuous almost periodic functions on the Bohr
compactification of real line R , and point holonomies of (1.), € 31, have the form

exp[(in:(x,)),] which are elements of T).
The kinematical Hilbert space of the present reduced theory is the space spanned by
spin network state (7Tgsu.c),

(Tokpe) P

e L[ dvenn)) ) (T v explitearKo () explikanav))

For a given graph g, these are cylindrical functions of holonomies along edges e of g.

(1.4.11)

Vertices V(g) of such spin networks are labeled by irreducible Rgonr representations
(Uve), € Ry and irreducible 3 representation k, € 7., while edges are labeled by

irreducible representations of ﬁ;(l).
Holonomies act on spin network states by multiplication. Their corresponding
momenta, on the other hand, act by differentiation

(B () Tahpe) , = _y 5 ((k “ee) + ko) T oo (1.4.12)
[ v Bl () Tary = Y3, tveTeknes (1.4.13)
J‘dx‘gﬁgg(x‘g)Tg’k,‘u,g = 27/05 ZV kv’g g,k,‘u,g. (1.4. 14)

The generalized volume operator can be expressed as

(Ve), = 4m [ dx ] EL (x| |ES (xo)| (1.4.15)

which is diagonal in spin network representation
(VeTetne) , = VimeTekne) (1.4.16)

where

Vins), = 403 (Z ol [F oo + ksl ) (1.4.17)

&

Implementing the Gauss constraint as an operator on spin networks to select the
gauge invariant states, leads to a restriction on labels



(GelAe)Torue ), = Y, 2O ko) = ko) + 260 Tehns ), (1.4.18)

(CelAe]Ten) = 05 = ky = —%(kf(xg) — k() - (1.4.19)
Imposing now this on (1.4.11) results in the gauge invariant states
(T, g,k,uss)g =

o] dhe(] deettn@a om) (Mo ewtmrkeaon) . 2

&€

1.5. Schwarzschild Black Hole

Remind that the Schwarzschild metric is a spherically symmetric solution to Einstein
equations describing the space-time of a source with mass m in coordinate system
(x,0,¢) reads

ds? = ~(1 = 2 Yag 4 (1 - 21) " a2 4 x2d2, (1.5.1)
Horizon x. appear where gy = 0:
xy—2m = 0. (1.5.2)
The event horizons partition space-time into 2 regions: I (x > x.,), and Il (0 < x < x+).

By inspecting the sign of ggo, one observes that in region Il, x and ¢ interchange their
roles and becomes time-like and space-like respectively.

Classical point-like phase space variables
In region I, the metric of space-time takes the form

ds? = —( 22 1) a4 (2 1) a2 1 20 (1.5.3)

According to definition of tetrad (frame) fields g, = nuele;, they can be determined
only up to a Lorentz transformation. This leaves us with an SO(3,1) freedom in choosing
tetrad. In fact, given the metric g, = niele) we are free to choose their sign and
Minkowski indices, which can be viewed as sort of a labeling 4 tetrad fields. However, in
order to serve as the fundamental fields for constructing the conjugate pair (4,E), a
particular labeling must be chosen which will be clear below.The suitable choice for
labeling 4 orthogonal frame fields reads

-1/2 1/2
el = i(sz — 1) Tdt; e = ttsinfdg;e? = +1d ;e = i(sz - 1) dx, (1.5.4)

which gives the compatible spin connection components

12
0 = -0% = (—ﬂz)dx; 0? = —0” = (2—’" -1) db,
t t

i (1.5.5)
00 = _0 — (2777’1 _ 1) sinfd¢ ; o' = —w?' = cosOdg.

The 4 field can be constructed using spin connections:



2
A3 = iy(—ﬂz)dx,Az = iy(sz -1 do,
t (1.5.6) To construct the

1 2m vz . 3
Al = iy(T - 1) sinfd¢,A° = tcosOde.

E field on Z;, we choose a gauge in which ef, = n,, the normal vector field to the spatial
slice. This way we are in fact breaking the SO(3, 1) symmetry into SO(3) on a
hypersurface with topology = = R x 2. The 3 triad fields become:

1/2

¢! = rsinfdg ; e = +1df) ; > = +( 2L — 1), (1.5.7)

with determinant
. 12

det(e) = tzsme(sz - 1) : (1.5.8)

and inverse triad
-1/2
e =t—ndy e =110y e —+(2m 1) o, (1.5.9)

The E fields become
1/2 /2
Ey= (2 1) "0y, By = xi( 22 1)1 §in009,E; = +2sinf0,.  (1.5.10)

The 3 triad fields (1.5.7) define their compatible spin connection, ' A ¢/ + de' = 0 :

2 =-1? = cos0dg, (1.5.11)
and

I3 = 2(e3 T2 +€2'T?") = cosOdg. (1.5.12)

Extrinsic curvature is related to 4 via yK = 4 — T reads

51 p_yf_m 2 - Lo y(2m _ "
K =L _i( tz)dx,K = Lap=s(2m-1)" (1.5.13)
12

Kl =14} = i(sz - 1) sinf. (1.5.14)

Note that had we chosen other Minkowski indices for tetrad (1.5.4) we would not have
obtained the conjugate pair(4, £) with correct indices satisfying {45 (x), E?(x})} =
8i658(x —x').

The phase space variables are determined up to a sign freedom. By demanding £ and
A to satisfy the diffeomorphism, Gauss and Hamiltonian constraints, their signs can be
fixed relative to each other. All components of diffeomorphism and Gauss constraints
are zero except

Hy = yt(sz - 1) cosO{sgn(4}) + sgn(4343)}, (1.5.15)
2
G, = t(sz - 1)1 cosO{sign(EY9) + sign(43E?")}, (1.5.16)
and Hamiltonian constraint gives:
C= t(sz - 1) sin’0 { sign(E3) + sign(E7) }. (1.5.17)
For the above constraints to be zero we must have
sign(EY) = —sign(E‘f),sign(Aj,) = +1,sign(4}) = —sign(43). (1.5.18)

This leaves us with two alternatives corresponding to the residual gauge freedom



(b:pb) - (_bs_pb)
Al = ct3dr + brad0 + (cosOt3 — bsinOt,)dg

| _ (1.5.19)
E¢ = p.138in60, + pp728in00y — py710y,
and
Al = ct3dr — brodf + 013 + bsinft)d
ct3dr | T) (cos.n sinft1)d¢ (1.5.20)
E¢ = p.138in00, — pp128in009 + ppT104,
where,
12
om 12
pczﬂz;pb:t<7_1> ' (1.5.22)

The momentum p. = +#2 is a monotonic function and can be interpreted as an internal
time parameter (as is interpreted in [44] for the case of the Kantowski-Sachs
minisuperspace of Schwarzshild black hole).

Region I.

The analoguos calculations for region | with line element (1.5.1) leads to the folowing
phase space coordinates

Al = Zr3dr + brodf + (cosbts — bsindt))dg

g : ' N (1.5.23)
E¢ = pct35in00, + ppt25inf0g — ppt10y,

~.

i = Z13dr — brod0 + (cosOrs + Z)sinerl)dqﬁ

, . (1.5.24)
E? = ]~?CT3 sm@@, —[N?bl'z Slneag +]~?bT15¢,

where,
b (1= 20) " ey (2 g - 01— x(1-22) T (5.29)
X
This defines variables (1.4.5)-(1.4.6) introduced above in subsection 1.4 as
Ay =C,E* =pesyKy = b, E® = pp; n = Qn+ )m,P" = 0 (1.5.27)
which constitute a 4 dimensional phase space.

1.6.Classical point-like Loop Quantum Gravity contradict
with a linear Colombeau geometry.

1.6.1.The point free quantum Schwarzschild geometry.

We remind that in accordance with a linear Colombeau geometry approach [30], the
Schwarzschild black hole,etc. has a distributional source ~ 6(%) € D'(R?),see Eq. (1.1.8)
and Eq. (1.1.11). This result as well established and acceptet by scientific community as
physical reality [29]-[31].

Remark 1.6.1.However under local singularity resolution based on canonical LQG

approach [44], these distributional sources vanishes and we go bak to ubnormal and

mistaken results from classical handbooks, see for example [3],[4].Obviously this is a

contradiction. Thus by using canonical LQG approach we can not quantized the well

established classically distributional Schwarzschild black hole,etc.



Viewing LQG as a method to quantize connections, one would be able to impose a
symmetry through two avenues: (i) to pick, in the classical level, only those connections
which are invariant under symmetry group action and consequently reduce the phase
space, and (ii) to restrict the distributional states of the quantum theory, at the
kinematical level, only to invariant connection [42]-[45].

We will consider the simplest case of a spin network that is equispaced in normal
coordinates with lattice spacing A ~ Ip;.

Remind that under naive formal calculation the Kretschmann scalar curvature of the
Schwarzschild black hole reads [43]:

R () R () = AL (.61

Obviously (1.6.1) indicates that in this case the singularity of space-time lies at 7 = 0
as well. The classical phase space variables calculated in subsect.1.5 {c,p.} used in this
section are given by Eq.(1.5.21)-Eq.(1.5.22) and therefore

— 12 R Y 2
b—iy(Tm—l> ,c—+y(tﬂ2),pc—it2,pb—t<7m—l> : (1.6.2)
Let us consider the following quantity on the classical point-like phase space [43]:
__1 _ sgnpe) _ 1
R = 577G {e./lpd } = T =+ (1.6.3)

Following the methods presented in [44], we expand now the holonomy along x
direction of = = R x $? with oriented length 7 as

[ 1+ej dxets + O(e2), (1.6.4)
and rewrite R as
_ 1 @ £ @1
R=> Gtr(rghx {mO7, b }). (1.6.5)
Now, quantization would be straightforward:
_ " pO-1 =
R = 27rr —te (AP RO, fbd ])

(1.6.6)

2ﬂy02 (cos( 22 ) Bl sin( £ ) —sin( 22 ) Il cos( £ ).

Its action on |z, 1) which are the simplified version of the spin network states in this
reduced model (with u being the oriented length along the equator of S?), then becomes:

Rir, 1) = 2n/_0 ——— e+ 1] = Jle =1 ) [z, ). (1.6.7)

Such operator R|r, 1) has a bounded spectrum with maximum value of (ﬁﬂ.’ﬁ@fU)_l

Thus the Kretschmann scalar curvature, which is classically divergent, at quantum level
has a maximum value of [43]:

48M” (1.6.8)

> A\ P 48M?
Reom (7R = .
") 7 Srols,

max
max

Remark 1.6.2.Note that a quantity (R.(#))_which is classically has a weak

distributional
limit, at quantum level obtained by canonical LQG has a maximum value of



~ M2 (1.6.9)

max l

max

Thus lim,oR.(*) = 0 since RHS of the Eq.(1.6.9) wanishes in the limit ¢ - 0.

1.6.2.The point free quantum Schwarzschild geometry.

Classical point-free phase space variables

In region I, the Colombeau metric of point-free Schwarzschild space-time takes the
form

(ds2), =—[(f—”)1—1J @), +[ 2 —1:|(dx§)8+(13d93)8, (1.6.10)

where cl[(¢;),] € R. According to definition of Colombeau tetrad (frame) fields

(guwe), = nulepser,),, they can be determined only up to a Lorentz transformation. This
leaves us with an SO(3, 1) freedom in choosing tetrad. In fact, given the Colombeau
metric (guv.e), = nulejzev.), we are free to choose their sign and Minkowski indices,
which can be viewed as sort of a labeling 4 tetrad fields. However, in order to serve as
the fundamental fields for constructing the conjugate pair ((4.),,(E;),), a particular

labeling must be chosen which will be clear below.The suitable choice for labeling 4
orthogonal Colombeau generalized frame fields reads

-1/2
(@), =2 221 | @, e, = £l (in), ). )
‘ (1.6.11)

172
(), = #00) J0@0.), 136, =] 21 | @),

which gives the compatible Colombeau generalized spin connection components

(@), = -(2), = - [(dxe),] s

)]
12
_ 1] (6.1,

(03"), = —(0¥), = [ )

; (1.6.12)
@), = @), ‘[(m SR CIONRE

(%), = —(@2"), = [(cosb:),1[(d9.),].

The (4.), field can be constructed using spin connections:

172
) = (- Yo, = w1 Zm-1 ] )

172
(4z), = —7[ ). 1} [(sin0:),1[(d9:), ], (42), = t[(cosOs),][(dps),].

(1.6.13)

To construct Colombeau generalized field (£,), on T we choose a gauge in which

Y = n,, the normal vector field to the spatial slice. This way we are in fact breaking the

SO(3,1) symmetry into SO(3) on a hypersurface with topology S -Rx3. The



Colombeau generalized 3 triad fields become:

(e)), = [ (}?), ](sin.),1[(d$:),] ; (e2), = £[(t:),][(d0:),] ;

12 1.6.14
(e2), = i[(f—”)’ - 1} [(dx:),], ( :
with determinant
12
(det(e:)), = [(#7),][(sinf,) ]|: . 1:| , (1.6.15)
and inverse triad
1 . _ 1 X
€de = ), s 1 el (2 = 2 O
_1n (1.6.16)
(e0), = [ i 1} [(Bre), ).
The (E.), fields become
(B, = 21,)| 221 |12@,)
(1.6.17)

12
(E2), = #l00,]| -1 ] Lsingo, @),
(Es2), = (), [(sin6,),)[@er), .

The Colombeau generalized 3 triad fields (1.6.14) define their generalized compatible
spin connection, (TY Ae:) +(dek), = 0z

(), = (), = [(cosy), 1[(dg.),], (1.6.18)
and
T, = %(emFB +e3T2) = [(cos0,),1[(dd:),]. (1.6.19)

Extrinsic distributional curvature is related to (4;), via y(K;), = (4:), — (I's), reads

(Ko, = 3 (i), = i(— > )[(dx.g)e],

. (1.6.20)
K5.), - $Uti, -2 F1]
1/2
(K}e), = 5 (h.0), = [( %3 —1} [(sind,),]. (1.6.21)

Note that had we chosen other Minkowski indices for tetrad (1.6.11) we would not
have obtained the conjugate pair(4, E) with correct indices satisfying
({die(xe), B (x2)}), = /(848(xs — x1)),.-

The phase space variables are determined up to a sign freedom. By demanding £ and
A to satisfy the diffeomorphism, Gauss and Hamiltonian constraints, their signs can be
fixed relative to each other. All components of diffeomorphism and Gauss constraints
are zero except



(Hoos), = 71(t:) ][ 2

~1 }[(coseg)J{sign[(A;,g,g)g] v sign[(43,,43,).Th (1.6.22)

(Gas), = [(20), ][ ! }m[(coseg)g]{sign[(E%;)g] +sign[ (43,EED): ]}, (1.6.23)
and Hamiltonian constraint gives:
(Co), = [(t2) ]( SR 1)[(sm29 ), ]{signl(E2,).] +sign[ (7). ] }. (1.6.24)
For the above constraints to be zero we must have
sign[(E%:,).] = —sign[ (7). ],
sign[(43, )] = +1,sign[(4},,).] = —sign[(43,,).].

This leaves us with two alternatives corresponding to the residual gauge freedom

((be)y Pr.e) ) = (=(be) =(Db.e) )

(ie), = [(ce) Irsl(dre) ]+ [(be), Jra[(dB:),] +
([(cos0:),]z3 = [(be) [(sinbe)  ]71)[(dp. ), ]

(1.6.25)

(1.6.26)
(Eie), = [Peee) JT3[(8In0;) ][(0r,) ] +
[(Pbee) JT2[(sin0:) J[(0.) ] — [(Po..e) ]71[(05.) ],
and
(i), = [(co) Jrsl(dre) ] = [(be) ]r2[(dO:), ] +
([(cos0;), 173 + [(be) J[(sinb;) Jz1)d¢ (1.6.27)
(Eie), = [Peee) JT3[(8I00;) J[(0r,) ] — [(Pese) JT2[(sin0;) J[(D.) ] +
+H(Pboe) 1710004.) ],
where,
12
(be), =iy[ ). ] ; (ce), = y[(ﬂ) 7 (1.6.28)
12
(Peoe) = (62) 5 Wb.), = [(t2), ]q W), ID : (1.6.29)

The momentum (p.,..), = i(tﬁ)‘E is @ monotonic generalized function on ® and can be
interpreted as an internal generalized time parameter.

Region I.

The analoguos calculations for region | with Colombeau generalized line element
(1.6.10) leads to the folowing phase space coordinates

i), = (@), Jes[(dre) 1+ [ (Be) ]ral(do.),] +
([(cos0.),Jes = [ (Be) _ J[(sin6.),]r1)[(dde),],
(B4, = [(Pews), 173[(51n0,),1[(0r,),] +
(@) )72L(sin6:) 1[B0.) ] = [Br..) 111 (B9, ),

(1.6.30)



(e, = [@) Jusl(dre),] = [ (Be) , Jeal(d0:),] +
([(cos0.),Jes + [ (Be) , J[(sin6y),Jr)[(dd:),],

(1.6.31)
(Bfe), = [(Peve) Jr3[(s1n0:),][(0r,) ] -
[(Pbee) J2[(sin0:) J[(6.) ] + [(Do..e) ]71[(05.) ],
where,
R 5 12
= )/ - (T - T - 2y .
(e, iy[l (), J AT R
o (1.6.32)
Do), = [(xe), ][1 o) 8) } :
This defines variables (1.4.5)-(1.4.6) introduced above as
Ane), = (@) (BE), = (Peve) 7 Kopos), = (be)
(1.6.33)

<E88>8 = (ﬁbg,g)s; n=_0Qn+ 1)71.,(1:;65)8 _ O@f

which constitute a 4 dimensional phase space.
Let us consider the following quantity on the point-free phase space mentioned above

= o6 {1 [JlpeaD) T ]} - Sign[(e.c).] L (1.6.33)

J[(Pee)),] ~1),]

Following the canonical methods presented in [44], we expand now the holonomy
along x

direction of ¥ = B x 3~ with oriented generalized length (z.), as
(n2) = 1+e([ dvieits) +(0ueM),, (1.6.34)

(Re),

and rewrite (R.), as

(Ro), = g te(o (), {2, ] eI })- (1.6.35)

Now, quantization would be straightforward:

R0, - W ool (62) G2 J[6@.DT})
= 5o, (Leos(55%), @D T [sin(252), ] - (1.3
[sin( %) 1Tl I [cos(22) ).

Its action on |(z.),, (1)) which are the simplified version of the spin network states in

this reduced model (with (u.), being the oriented length along the equator of §2), then
becomes:

(Relte.pte)), = (J@o, + 11 = IGo, ~IDIE) (), (1.6.37)

1
Zﬂﬁ@pz

Such operator (7€‘g|rg,ue>)‘g has a bounded spectrum with maximum value of

(Zryrim)”



Remark 1.6.3.Thus the Colombeau generalized Kretschmann scalar curvature
(RE™ (1:)R po(1:) ) _, which is classically has infinite large point value ~ ¢l[(¢7),] € R
(see Eq.(1.1.18)), at quantum level has a maximum value of :

Cll: < }Aa‘éw‘uv(t‘E )kPGﬂV’S(t€)> P :I max
M?

. st( P )s e (1.6.38)
el[(r),] | ... el[(12),] |

ol
Remark 1.6.4. Note that the Colombeau generalized curvature scalar (IAQS(t€)>8

obtained at quantum level by point-free LQG by using similarly calculation as it has
been
applied above, has nonzero maximum value

(R,

Remark 1.6.5. We emphasize that in contrast with trivial (zero valued) result obtained
at quantum level for Colombeau generalized curvature scalar (IAQS(t€)>8 by using

canonical LQG, see Remark 1.6.2, Colombeau generalized curvature scalar (ftg(tg))E

obtained at quantum level by point-free LQG has nonzero maximum value given by
Eq.(1.6.39).

M

~ =/

max / 3

(1.6.39)

max

1.7.Generalized Stokes’ theorem.

1.7.1.The Colombeau generalized curvilinear coordinates.

Let us consider now the Colombeau generalized transformation from one generalized
coordinate system, (x? )8,(x8)8,(x )8,(x ),.»to another generalized coordinate system
(x0 )e , (e )e ,(x? )e , (3 . - transform according to the relation

(D), = (A2t x2a®)) (1.7.1)

where the(f!) are certain Colombeau generalized functions and where

(T (X", x2,x7))

O(xe, Xz, X7,X7)
(JS(xs sxs »xe 5x£ )) ( ( n 13 ) * Oﬁi (172)

a('x{,‘ 5x£ DX{,‘ 5x£

is the Jacobian of the Colombeau generalized transformation (1.7.1).

Remark 1.7.1.When we transform the coordinates, their Colombeau differentials
(dxi),

transform according to the relation

(dxi), = (2}’;,{ dx;k> = [(2’;) :|(dx (1.7.3)

Definition 1.7.1.Every tuple of four Colombeau quantities (Ag)g,i = 0,1,2,3, which
under
a transformation (1.7.1) of coordinates, transform like the Colombeau coordinate




differentials (1.7.2), is called Colombeau contravariant four-vector:

(4:), = (%A’f) = [(gjk) J(A;k (1.7.4)

Let (¢.), be the Colombeau scalar. Under a coordinate transformation (1.7.1), the four

Colombeau quantities (g(p ) ,i =0,1,2,3 transform according to the formula

1
&

a(Ps a(Ps ox 'k ) ( 6(08 ) oxk
0p: \ _ (09s Oxg ) _ oxs ) 1.7,
( Ox™ )8 (6x’€k oxt /. oxk ) \ oxi . (1.7.5)

Definition 1.7.2.Every tuple of four Colombeau generalized functions (4;.), which,
under

a coordinate transformation (1.7.1), transform like the Colombeau derivatives of a
scalar,

is called Colombeau generalized covariant four-vector

I I
.= (Z5a,) = (25 i, (1.7.6)
Ox; . ox:. ),

Definition 1.7.3.We call the Colombeau generalized contravariant tensor of the
second

rank, (Af;k)g,any tuple of sixteen Colombeau generalized functions which transform like
the

products of the components of two Colombeau generalized contravariant vectors, i.e.

according to the law

, oxk oxim ) (ax’k 8x””>
ARy = ==t 4l | = ==t ) (4! 1.7.7
ah, - (E58n,, ) - (2280 ), (1.7.7)
and a mixed Colombeau generalized tensor transforms as follows
- oxL ox™ ) (axi 8x/’”>
A = & e gl ) = | = e ) (40 ) . 1.7.8
e, (Gxg’ oxk ") ox!! oxk 8( e ( )

Remark 1.7.2.Note that the scalar product of two four-vectors (4.B;.) is invariant
since

i Im I'm
ol ) - (25, - By, (1.7.9)

The unit four-tensor §; is defined the same as in classical case: 6} = 0 for i + k and
oL =1fori=klIf (A’g)sis a Colombeau generalized four-vector,then multiplying by &;

we
obtain

(A.ieBi,e:)8 = (

(Aksp), = (4b),, (1.7.10)
i.e. again Colombeau generalized four-vector; this proves that 6 is a tensor.
Remark 1.7.3.The square of the Colombeau generalized line element (dsﬁ)g in
curvilinear
coordinates is a quadratic form in the differentials dx’,i = 0,1,2,3 :
(ds?), = (Qiredx'dx"®) = [(gike),]dxdx*. (1.7.11)

where the (gi.), are Colombeau generalized functions of the coordinates; (gi.), is
symmetric in the indices i and & :



(gike), = (Qhic),- (1.7.12)
Definition 1.7.4.Since the (contracted) product of (gi.), and the contravariant tensor
dx'dx*is a scalar, the (gi.), form a covariant tensor; it is called the Colombeau
generalized metric tensor.
Definition 1.7.5.Two tensors (4.), and (BZ‘)S are said to be reciprocal to each other

(AiweBE), = [(Ais) J[(BE), ] = 6i. (1.7.13)
In particular the contravariant metric tensor is the tensor (gi..) ,reciprocal to the tensor
(gF), thatis,

{(gie), 1 {(€¥),} = b (1.7.14)
The same physical quantity can be represented in contravariant or covariant
components.
It is obvious that the only quantities that can determine the connection between the
different forms are the components of the metric tensor. This connection is given by
the
formulas:

(4L), = (g¥dks) ,» (i), = (gikedl) . (1.7.15)
These remarks also apply to Colombeau generalized tensors. The transition between
the
different forms of a given physical generalized tensor is accomplished by using the
metric
tensor according to the formulas:

(4i.), = (gldne) . (4F), = (glgd" Am,s) . €tc. (1.7.16)

The completely antisymmetric unit pseudotensor in galilean coordinates we denote by

e’ et us transform it to an arbitrary system of Colombeau generalized coordinates,
and now denote it by (EZ) . We keep the notation e’ for the quantities defined as
before by

e"? =1 (oreqi23 = —1).Let the x",i = 0,1,2,3 be galilean, and the (x}),,i = 0,1,2,3 be
arbitrary Colombeau generalized curvilinear coordinates. According to the general rules
for transformation of Colombeau generalized tensors, we have

i k / m
(Eéklm)g _ |:( axg axg an axg ) :|eprst’ (1717)

ox'P ox' ox's ox"t
or
(EFm), = {0, x2,x")) Fer, (1.7.18)
where (J.(x"%,x"',x"%,x")) + 0 is the determinant formed from the derivatives ox'/ox",

i.e. it is just the Colombeau generalized Jacobian of the Colombeau generalized
transformation from the galilean to the Colombeau generalized curvilinear coordinates:

0 1 42,3
(Jg(xlo’xll,xlzij))‘S — ( a(xsaxsaxsaxg) ) )
€

o(x"0,x',x"?,x"3)

(1.7.19)

This Colombeau generalized Jacobian can be expressed in terms of the determinant



of the Colombeau generalized metric tensor (gi.c), (in the system (x7) ). To do this we
write the formula for the transformation of the metric tensor:

@), - [(ﬁ o ) }gm , (1.7.20)
where
1 1 1 1
) 1 -1 1 1
Oim — 5O _ ) (1.7.21
g Sim o )
1 1 1 -1

and equate the determinants of the two sides of this equation. The determinant of the

reciprocal tensor det|(g¥) | = 1/(g:),. The determinant det|g®™|= —1. Thus we have
1/(ge), = -(F2(x,x"",x"2,x)) , and so

(02" x2,x)) = 1/,[(ge), - (1.7.22)

Thus, in curvilinear coordinates the antisymmetric unit tensor of rank four must
bedefined as

(E"igldm)‘g — #eﬂd’” (1723)

,/_(gS)g

and its covariant components are

(Eikime), = —(&e), €ikim- (1.7.24)

In a galilean coordinate system x",i = 0,1,2,3 the integral of a scalar with respect to
dQ)' = dx'%dx"'dx"?dx" is also a scalar, i.e. the element dQ' behaves like a scalar in the

integration. On transforming to Colombeau generalized curvilinear coordinates

(xf;)g,i =0,1,2,3, the element of integration dQ' goes over into

dQ' = {JI;"), Fd2 = [-(g.), (dQ:),, (1.7.25)

where (dQ2.), = {(dx?) }{(dx}) }{(dx?), H{(dxD),}.

Thus, in Colombeau generalized curvilinear coordinates, when integrating over a

four-volume the quantity .,/[~(g.), (d.), behaves like an invariant.

Remark 1.7.4.The element of "area" of the Colombeau generalized hypersurface
spanned

by three infinitesimal Colombeau generalized displacements is the contravariant

antisymmetric Colombeau generalized tensor (dSZ‘l)e; the vector dual to it is gotten by

multiplying by the tensor ,/—(g:), eium, SO it is equal to

J(€e), (dSei), = —¢ [—(g:), eim(dSE™) . (1.7.26)

Remark 1.7.5.Let (dfY) be the element of two-dimensional Colombeau generalized

surface spanned by two infinitesimal Colombeau generalized displacements, the dual
Colombeau generalized tensor is defined as



@), (dﬁZ,g)g = 1 &), e (dfe””>€. (1.7.27)

We will be use the designations (dS.,) and (dﬁ;ﬁ) for e (dSE™) . and eim (df!’”)
(and
not for their products by [—(g:), )

1.7.2.Generalized Stokes’ theorem.

Remark 1.7.6.Note that the canonical rules for transforming the various integrals into
one

another remain the same, since their derivation was formal in character and not
related to

the tensor properties of the different quantities. Of particular importance is the rule for

transforming the integral over a hypersurface into an integral over a four-volume
(Gauss’

theorem), which is accomplished by the substitution

(dSis). = [(d2) ]( 0 ) . (1.7.28)
¢ S\ oxt /.,
Remark 1.7.7. (Generalized Stokes’ theorem) Note that for the integral of Colombeau
generalized vector (4;)_ we have

(§aias..) - ( gﬁ dgg)g - I[(%)j[(dﬁg)g]. (1.7.29)

which is the generalization of Stokes’ theorem.

Note that in galilean coordinates the Colombeau generalized differentials (d4;.), of a
vector (4;.), form the Colombeau generalized vector, and the derivatives (64, ./0x% ), of
the components of a vector with respect to the coordinates form the Colombeau
generalized tensor. In Colombeau generalized curvilinear coordinates this is not so;
(dAi¢), is not a vector, and (azel,-,g/é’x’g)‘g is not the Colombeau generalized tensor.This is
due to the fact that (d4.. ), is the difference of vectors located at different (infinitesimally
separated) points of space; at different points in space vectors transform differently,
since the coefficients in the transformation formulas (1.7.3), (1.7.4) are Colombeau
generalized functions of the generalized coordinates.Thus in order to compare two
infmitesimally separated generalized vectors we must subject one of them to a parallel
translation to the point where the second is located. Let us consider an arbitrary
generalized contravariant vector ; if its value at the point x’ is (4})_, then at the
neighboring point x’ + dx’ it is equal to (4}), + (d4:), = (4} +dA}), . We subject the
vector (4}), to an infinitesimal parallel displacement to the point x’ + dx’; the change in
the vector which results from this we denote by (64;)_ Then the difference (DA4}),
between the two Colombeau generalized vectors which are now located at the same
point is

(DA), = (dAY), — (64%),. (1.7.30)
The change (64}),in the components of Colombeau generalized vector under an
infinitesimal parallel displacement depends on the values of the components



themselves, where the dependence must clearly be linear. This follows directly from the
fact that the sum of two Colombeau generalized vectors must transform according to the
same law as each of the constituents. Thus (64;)_ has the form

(64%), = —(TjyAkdx') (1.7.31)

where (I'};), the are certain Colombeau generalized functions of the coordinates. Their

form depends, of course, on the coordinate system; for a galilean coordinate system
(Tiue), = 0z.From this it is already clear that the quantities (I'},.), do not form

Colombeau generalized tensor, since a tensor which is equal to zero in one coordinate
system is equal to zero in every other one. In a curvilinear space it is, of course,
impossible to make all the (1“;;,,8)8 vanish over all of space. But we can choose a

coordinate system for which the (I'},.), become 0 over a given infinitesimal region. The
quantities (I'}; ), are called generalized Christoffel symbols. In addition to the quantities
(T'i.), we shall later also use Colombeau generalized quantities (I, ), defined as
follows

(1—‘1',kl,6)8 = (gim,gr?m,g)g- (1732)
Conversely,
(Che), = (@' mpe),- (1.7.33)

It is also easy to relate the change in the components of a covariant vector under a
parallel displacement to the Christoffel symbols. To do this we note that under a parallel
displacement, a scalar is unchanged. In particular, the scalar product of two vectors
does not change under a parallel displacement.Let (4,.), and (B;), be any covariant
and contravariant vectors. Then from S(A,-,ng;)s = 0%, we have

(BidAis) = ~(A::0B1), = (Ui Bid;dx!) (1.7.34)

or, changing the indices,

(BidAie) = (1“§.‘}’£Bf;Ak,ga’xl)‘g (1.7.35)
From this, by the arbitrariness of the (Bf;)‘S one obtains
(0Ais), = (5 Aks), )dx! (1.7.36)

which determines the change in a covariant vector under a parallel displacement.
Substituting (1.7.31) and (d4%), = ((0A4%/ox").)dx" in (1.7.30), we obtain

04, = | (Z5) +lpoan, Jac (1.7.37)

1.8.The Colombeau Generalized Curvature Tensor.

Remark 1.8.1. (i) Note that the notion of the classical Rimannian curvature comes
from

the study of parallel transport on a classical Rimannian manifold (M, g),see Fig.1.8.1.
For

instance, if a vector is moved around a loop I" on the surface X < M of a sphere
keeping



parallel throughout the motion,then the final position of the vector may not be the
same as

the initial position of the vector. This phenomenon is known as holonomy.
(i) Various generalizations capture in an abstract form this idea of curvature as a
measure of holonomy.

DN

surfacé spanning
byl |

Fig.1.8.1.Parallel transporting a vector from
A - N - B - Avyields a different vector.
This failure to return to the initial vector

is measured by the classical holonomy of the

surface Zr spanning by I'.

Remark 1.8.2.Let (M, g) be a semirimannian manifold.Let T';o be infinitesimal closed
contour and let X < M be the corresponding surface spanning by I',see Fig.1.8.1. We
assume now that christoffel symbols I'},(X) are smooth on X U I'. The classical formula
for the change in a smooth vector 4;(x) after parallel displacement around infinitesimal
closed contour I' reads [4]:

AMUT) = §6d5 = T} E)Adx'. (1.8.1)
r r
We remind now the classical Stokes’ theorem.
Theorem.1.8.1.(Stokes’ theorem) If w is a smooth (n — 1)-form with compact support
on smooth n-dimensional manifold Q with-boundary 0Q of Q given the induced
orientation, and i : 0Q — Q is the inclusion map, then

_[dw - jzw (1.8.2)
Q

o0Q

Remark 1.8.2.Conventionally, I i*w is abbreviated as _[ w, since the pullback of a
oQ oQ

differential form by the inclusion map is simply its restriction to its domain i*o = w|0Q
Here d is the exterior derivative, which is defined using the manifold structure only.
The

right-hand side is sometimes written as :f o to stress the fact that the (» — 1)-manifold
0Q
o0Q
has no boundary.



For the further transformation of the integral (1.8.1), we must note the following. The
values of the vector 4; at points inside the contour are not unique; they depend on the
path along which we approach the particular point. However, as we shall see from the
result obtained below, this non-uniqueness is related to terms of second order. We may
therefore, with the first-order accuracy which is sufficient for the transformation, regard
the components of the vector 4; at points inside the infinitesimal contour I" as being
uniquely determined by their values on the contour itself by the formulas

0A;(x) = T%(x)A,(x)dx!, (1.8.3)
i.e.,by the derivatives
a’zf(j‘) = ([T 40(0)). (1.8.4)
X

Now applying classical Stokes’ theorem (see Theorem 1.8.1) to the integral (1.8.1)

and considering that the area enclosed by the contour has the infinitesimal value
(Af™),we get:

o i 0
VI GO ATLINGTCOTEI VA

[A o )( o) ) 0 AT (1.8.5)

(29 m<>—(aA )i [

Remark 1.8.3.Note that:(i) the regularity condition in Stokes’ theorem,i.e. w is a

smooth (n — 1)-form, essentially important and without this condition the

Stokes' theorem is no longer holds. However in physical literature the regularity condition

usually missing in formulation of the Stokes’ theorem, see for example [4].

(i) Obviously without Stokes’ theorem impossible to derive the Eq.(1.8.5) and
therefore

the expression in the RHS of the Eq.(1.8.5) wihout the regularity condition of the
functions

©.(x), does not make any rigorous mathematical sense, i.e. the Eq.(1.8.5) becomes

to

absurdum.

Substituting now the values of the derivatives (1.8.4) into Eq.(1.8.5), we get

Adi = 3 Ry ()Ai(X)A™, (1.8.6)

where Ri, (x) is a tensor field of the fourth rank:
) = 6(FgZI(X)) B a(l—éklix))
Definition 1.8.1.The tensor field R., (x) is called the classical curvature tensor or the
classical Riemann tensor.
The classical Riemann tensor that is a tensorial measure of the classical holonomy.
Definition 1.8.2.Let (M, g) be a nonclassical semirimannian manifold,i.e.the manifold
endowed on the tangent bundle with a symmetric bilinear form which is allowed to
become degenerate (singular).Let = — M be the surface spanning by I" and let 2° be

+ I3 ()T (x) = D (T (). (1.8.7)




point such that £° € r,2° ¢ I'. Assume that the classical Levi-Civita connection is
available on r\{x°}.
(i) We will say that £° is a singular point if the classical Levi-Civita connection is not

available on {x°}, see Fig.1.8.2.

(i) We will say that a surface Zr is a singular surface if X contains at least one
singular

point, see Fig.1.8.2.

(iii) We will say that the surface X admit the classical tensorial measure of holonomy

(or admit the classical Riemann tensor) iff the Eq.(1.8.6) and Eq.(1.8.7) holds.

: Black hole

y

Contour I

Singularity

Fig.1.8.2.Infinitesimal closed contour I
and corresponding singular surface r > £°
spanning by I'.

Due to the degeneracy of the metric (1.10.12)
atr =2m,r =0,
the classical Levi-Civita connection F;j({}) =

= 2" ()@ () + gmia () — g ()]

is available only on R3\{r = 2m,r = 0} .



Fig.1.8.3.Infinitesimal closed contour I
and corresponding singular surface **=%r > £°

with singular point £° (Rindler horizon)
in Rindler space-time:
ds®> = —aR?dn? + dR>.
Remark 1.8.4.0Obviously the surface £ admit the classical tensorial measure of
holonomy if there is no singular points ° € Zr.Thus in order to avoid difficultness
which

arises from singular points one needs to replaces the definition of holonomy (1.8.1) by
the

definition aproporiate for the case of the singular surfaces

Remark 1.8.5.Let M be a separable, smooth orientable Hausdorff manifold of
dimension

n endoved with Colombeau generalized metric tensor ((gi,,-,g()%))l.j)g e G3(M) whose

determinant (det(g;.)), is invertible in G(M), see subsection 2.1 and [15],[16],[17],[35].

Remark 1.8.6.(i) Let (M, g;;0(x)) be a semirimannian manifold endoved with R-valued

metric tensor defined by the formula: g;;o(X) = ((g,-,,-,g(fc))l.j)‘g

&=0

(i) We assume now that (M, g;;0(*)) is a nonclassical semirimannian manifold,i.e.the

manifold endowed on the tangent bundle with a symmetric bilinear form which is
allowed

to become degenerate (singular).

Example 1.8.1.For instance the christoffel symbols I'},,(%,%°) corresponding to the
metric

tensor g;;0(%) become infinite at some singular point ° by formulae

Ll (®,3%) = Eu@) (i —x)7",6> 1

1.8.8
Ekl(fc) e C” <Zri0>. ( )

It follows from Eq.(1.8.8) the Levi-Civita connection is not available at point x°.

Let I';o o x° be infinitesimal closed contour and let Zr, < M be the corresponding
surface

spanning by I';0, see Fig.1.8.4.



Black Hole Regions

Fig.1.8.4. Singular point at BH horizon
{r = 2m} and corresponding singular countur.

Fig.1.8.4. Singular point at Rindler horizon
ds®> = —aR?dn? + dR>.

Remark 1.8.7.The classical formula (1.8.1) for the change in a smooth vector 4;(x)
after

parallel displacement around infinitesimal closed contour I';0 (see Fig.1.8.2)

reads:

MUT) = § 645 = § TjE.20) sy’ (1.8.9)

oo )

Obviously the differential form I'},(%)4dx’ is not locally integrable in neighborhood of

the point £° € Zr and therefore A4,(I';0) = .

Remark 1.8.8.In order to avoid these difficultness with divergence A4,(T";0) = oo, etc.
we

consider the canonical imbedding (M, g;;0(%)) < (M, (gi;-(X)),),and we extend now
the

classical formula (1.8.1) from a nonclassical semirimannian manifold (M, g;;0(x)) up to

Colombeau manifold (M, (det(gj.c)),) in natural way and obtain the formula for the

Colombeau generalized change in a vector after parallel displacement around any

infinitesimal closed contour I'. This generalized change (Ady.), < R can clearly be



written
in the following form

(Adge), = (ffr 5Ak,g> , (1.8.10)

where the Colombeau integral is taken over the given contour I";.

Definition 1.8.3.(i) Let (M, (g.),) be the Colombeau generalized semirimannian
manifold,

and let I';o be infinitesimal closed contour such that ° € T';o < M.Let ®(x°) be a
closed

infinitesimal neighborhood of 2°, then we we abbreviate §;0 = I';o N OG?). We will be
say

that a point £° € I";o is a singular pont of the Colombeau generalized manifold
(M, (g:),) if

(Ads(T:\E93)) . € Ring = RR 5 and A44(T;0\630) € R,i.e. the quantity
(Ad e (Tp\{2°})),

is infinite large Colombeau generalized number and the quantity A4;(I";0\0;0) is finite.

(i) We will be say that a closed contour is a singular contour I';, if it contains at least
one

singular pont £° € I';o, see Fig.1.8.2.-Fig.1.8.3.

Definition 1.8.4.(i)) We will be say that a semirimannian manifold is a singular
manifold

if there exists at least one singular (isolated) pont £° € M.

Substituting now in place of (04 ) the expression (1.7.36), we get

(Mi5), = (§ TG i@a) <k (1.8.11)

where for any ik, = 0,1,2,3 : (T'}.(%,,%°)), € G(R*),% = x = (x°,x',x%,x%), 4i(x) € D(G)
and where ° ¢ T, ° € Ir < G < R*. Note that the vector 4; which appears in the
integrand obviously changes as we move along the contour T'.

Definition 1.8.5.We will be say that generalized change (A4;.(%,%°)), exists in the
sense

of the Schwartz distributions with compact support if for any 4;(x) € D(G) the limit:

lim.o Ads:(%,3°) exists in D'(G),i.e. for any g(*) € D(G),where % € G the following
limit

exists

lim,-0 Adgo (5, 50) = lim,.o d4y(§r r;;,,g(ﬁ,)eO)A,-(x)g(x)dxf) (1.8.12)

Of course in this case obviously cl[(l“;;,,g()%,ﬁo))sj e 1(D'(G)) N G(R*) where 1 is an
imbedding the Schwartz distributions D'(G) into the full Colombeau algebra G(R*) :
1: D(G) = GRH).

For the further transformation of this Colombeau integral (1.8.11), we must note the
following. The values of the vector 4; at points inside the contour are not unique; they
depend on the path along which we approach the particular point. However, as we shall
see from the result obtained below, this non-uniqueness is related to terms of second
order. We may therefore, with the first-order accuracy which is sufficient for the



transformation, regard the components of the vector (4. ), at points inside the
infinitesimal contour T" as being uniquely determined by their values on the contour itself
by the formulas

(04:6(%)), = (T (%,2°)A4,:(F)dx"), (1.8.13)
i.e., by the Colombeau derivatives
(P20~ 4.0, (1.8.14)
X €

Now applying generalized Stokes’ theorem (see Theorem 1.8.2 below) to the
Colombeau integral (1.8.11) and considering that the area enclosed by the contour has
the infinitesimal value (Af}"),, we get:

(AAk,g)g =
1 [(a(r;;m,goe,go)m(»a)) B (a(r;;,,g(%j:)m») J(Aﬂm)s

ox'!
- %[A,.@)(w> —A»(fa)(w) N (1.8.15)

ox! ox™

(L) i, - (S5 ) i, |,
Definition 1.8.6.Colombeau generalized k-form (w.), on a differentiable manifold M is
a
smooth section of the bundle of alternating Colombeau generalized i-tensors on M.
Equivalently, (w.), associates to each x € M an alternating Colombeau generalized
k-tensor (w..),, in such a way that in any chart for M, the coefficients(w;,...,..), are
Colombeau generalized functions.
Theorem 1.8.2.(Generalized Stokes’ Theorem) Let (. ), be Colombeau generalized
differential form.Then the Colombeau integral of a differential form (w.), over the
boundary of some orientable manifold £ — M is equal to the integral of its exterior
Colombeau derivative (dw. ), over the whole of %, i.e.,

J@o, = (j a)> - (jd%) = [@o),. (1.8.16)
) ) e z e 2

Proof. Immediately from the classical Stokes’ Theorem and definitions.
Example 1.8.2. For example, for the integral of Colombeau generalized vector
(Ai,E(x))g

we have

(fua) - (1om2te) -39 (e -6).-

z e
T ] (Bse - e - LT () (%) (%) ],

where ' = 6% and (dfg"i>g = (dxidx¥)_ — (dxkdx})_is the infinitesimal element of

surface which is given by the antisymmetric Colombeau generalized tensor of second

(1.8.17)



rank (dﬁki> .
Substituting the values of the derivatives (1.4.3) into Eq.(1.4.4), we get

(Mis), = 5 Rian o (DA (@A), (1.8.18)

where (R}’d,,,,g(fc,fco))‘S is a Colombeau generalized tensor field of the fourth rank:

D e e O s (3,3°)) 0T}y (3,3°))
i 0 _ m,e _ €
(Rklm,g(xax ))8 - ( ax] . ox™ . +

(T e (30 o (3,30)), — (Do e (B30T (2,2)),-

(1.8.19)

Definition 1.8.7.The tensor field (Rfﬂ-,,,,g(fc,fco))‘S is called the distributional curvature
tensor

or the distributional Riemann tensor.

Remark 1.8.9.Note that in general case forany i,k,/ = 0,1,2,3 :
eIl (Riy:(¥)), ] € GRY).

Definition 1.8.8.We will say that the distributional Riemann tensor (R}, .(x,%")) exists
in

the sense of the Schwartz distributions if for any i,k,/ = 0,1,2,3 and for any
Ai(x) € D(G)

the limit exists

lim,_o j Rl o (2,29)4;(x)dx. (1.8.20)
G

Definition 1.8.9.We will say that the distributional Riemann tensor (R}, .(%,%°)) exists
in

the classical sense at point ¥ € R* if there exists standard part of point value of

Colombeau generalized function (R}, .(%,%°)) at point X € R%,i.e.

st(el[ (Ri..(£,2°)).]) € R.

From the expression (1.8.19) it follows directly that Vx € R the distributional curvature
tensor is antisymmetric in the indices / and m :

(Rigm,s (5:X)), =g = Rz (%,°)), (1.8.21)

~A4
and therefore for any Colombeau generalized vector (x.), € Ry, the following identity
holds

(R;.clm,g()%é?a)’eo))g ] (R;cml,e()%ea)’eo))y (1822)
Obviously the following identity holds
(Riims(®,3°)) , + Ripgc(5,3°)), + (Rl (2,5°)), = Ox (1.8.23)

~4
and therefore for any Colombeau generalized vector (x.), € Ry, the following identity
holds

(Rllcim,g()%ﬁa)%o))g + (R%kl,g()’eﬁa)%o))g + (R;mk,g()%ﬁa)%o))g =R Oﬁi (1 824)
In addition to the mixed distributional curvature tensor (R};,m,g(ﬁ,fco))g, one also uses
the covariant distributional curvature tensor

(Rittns(3,59)), = (Qine R 3R o (1,20)), =g (€ine(5,3°)) ) (R (3:39)),)  (1.8.25)



~A4
and therefore for any Colombeau generalized vector (x.), € Rg, the following identity
holds

(Riklm,é‘(jeé‘s)’eo))g = (gin,é‘(jeé‘s)’eo)R;;lm,g(jegs)’eo))g :ﬁi
((gineEe,3°)),) (R o G 39)) )

Obviously by means of simple calculation the following expressions for (R,-k,,,,,g((x,fco)))‘E
holds

(1.8.26)

(Riklm,s(fca)%o))g R

1(( 0°gime(,3°) N Pgus,3°) Y\ [ Pgu.(E3%) )
2 Oxkox! . ox'ox™ . oxkoxm .

_(M) n
Ox'0x! .

+((gnp,€()%a)%0))g) |: (FZl,e()%’)’%O)F]z?m,s()%a)’eo))g - (FZm,e()%a)%O)F]ijl,g()%a)%o))g :|

(1.8.27)

~4
and therefore for any Colombeau generalized vector (x.), € Ry, the following identity
holds

(Ritam s (%,X°)), =5

L 52gim,g()?s,5€0) n 52gkl,g()?s,5€0) _ 52giz,s()%s,5€0)
2 Oxkox! . Ox'ox™ . Oxkoxm .

(1.8.28)
( a2gkm,e(3%€a)%0) )
- — +
Ox’ox! .
((gﬂp,ﬁ()%é?a)%o))g)[(FZI,E(iﬁaxo)rfm,e(jeeaio))g - (FZm,g(isaio)rz,e()’eSaio))8:|
From this expressions (1.8.28) it follows
Ri m,e 5&8,)’50 = —(R ilm,e )%89)%0 == - Ri ml,e )%89)20 5
(Rikm,z ), =& — (Riime( ), =g — (Rikmre( ). (1.8.28)

(Riklm,s()%sajeo))g =R (leik,s()%‘s,)%o))g-

~4
For (R,-;dm,g(fcg,fco))‘S and for any Colombeau generalized vector (x:), € Rg, the following
identities holds

(Ritime(X2,%°)), =g (Rimie(X2,%°)),. (1.8.29)
For (Rl»;dm,g(fcg,fco))‘g the following identities holds
Rikimes(X6,X°)), + Rimite(X,%°)) , + (Ritmke(%,%°)), = O (1.8.30)
The generalized Bianchi identity holds
(Rl e (5,3°)), + Rl s (£,3°)) , + (Ritmiee(3,3°)), =5 O (1.8.31)

~4
and for any Colombeau generalized vector (X;), € Ry, the following identities holds
(R;lkl;m,g(iﬁa)’eo))g + (R;lmk;l,g(iﬁa)’eo))g + (Rl‘lm;k,ﬁ(j%ﬁ))%o))g =R Oﬁi (1 8. 32)

From the Colombeau generalized curvature tensor we can, by contraction, construct
Colombeau generalized tensor of the second rank. This contraction can be carried out in
only one way: contraction of the Colombeau generalized tensor(Rum.(%:,%°)), on the



indices i and & or / and m gives zero because of the antisymmetry in these indices, while
contraction on any other pair always gives the same result, except for sign. We define
the Colombeau generalized tensor (R (%.,%°)), (the generalized Ricci tensor) as

(Riks(X2,5°)), = (2" Ritmes (X2,3°)), = (Riy s (,3°)) - (1.8.33)
From Eq.(1.8.19) we get

uctini, = (Ll (WD)

ox'! ox™ (1.8.33)
(Tlie G X7, 0 (6,59)) , = (U Res 20T s (2, 3°)) -
This Colombeau generalized tensor (R,-k,g(fcg,fco))‘S is symmetric:
(Rire(%6,%%)), = (Ruie(:,20)),.. (1.8.34)
Contracting (R,-k,g(fcg,fco))8 ,we obtain the invariant
(R(%:,2)), = (¥ (e 2Rk (%0,5°)), (1.8.35)
which is called the Colombeau generalized scalar curvature.Finally, contracting
(Rixs(%:,%°)),, we obtain the invariant
(R(%:,3°)), = (€¥GsX")Riks(%:,30)), (1.8.36)

~4
which is the point value at point (x,), € Ry, of the Colombeau generalized scalar
~4
curvature (R(x,%°)) _.We remind that the point value at point (;), € Ry, of the
Colombeau generalized scalar curvature (R(fcg,fco))‘S is cl[(R(fcg,ch))e] e R.

1.9.Generalized Einstein’s field equations

The action functional for the gravitational field reads [37]:

(J-Rg@dﬁ>g. (1.9.1)

The invariant Colombeau integral (1.9.1) can be transformed by means of
Gauss’theorem to the integral of an expression not containing the second derivatives.
Thus Colombeau integral (1.9.1) can be presented in the following form

(jRgJ?gng)e - (IGSJngdQ>E+ (j stg , (1.9.2)

where (G, ), contains only the tensor (gi), and its first derivatives, and the integrand of
the second integral has the form of a divergence of a certain quantity (w)_.According to
Gauss’ theorem, this second integral can be transformed into an integral over a
hypersurface surrounding the four-volume over which the integration is carried out in the
other two integrals. When we vary the action, the variation of the second term on the
right vanishes, since in the principle of least action, the variations of the field at the limits
of the region of integration are zero. Consequently, we may write

6(J Roygra) = (s[RofmraQ) = (5[G.man) . (1.9.3)



The left side is Colombeau scalar; therefore the expression on the right is also

Colombeau scalar (the quantity (G.), itself is, of course, not Colombeau scalar). The
quantity (G.), satisfies the condition imposed above, since it contains only the (gi.),

and its Colombeau derivatives. Thus finally we obtain
3

58((g:),) = —76— (SIGSJ?gng) — —#:Tk (5[138,/?&@)8. (1.9.4)

&€

The constant « is called the gravitational constant. The dimensions of « follow from
(1.9.4). Its numerical value is k = 6.67 x 10 8sm3 xgr~! x sec™.

We now proceed to the derivation of the equations of the gravitational field. These
equations are obtained from the principle of least action 6((Su.), + (S¢.),) = 0%, where

(Sme), and (S, ) are the distributional actions of the gravitational field and matter

respectively. We now subject the gravitational Colombeau metric field, that is,the
quantities g, to variation. Calculating the variation 6(S,,),, we get

(i5.m) - ofr.m) - (ofn )
{( [ Rie J?gsaggkdg)g + ([ Ruegis J?gedg)g +([at @5Rik,gdg)g} (1.9.5)
[{(Rie gz 0gk)  + (Riegis /27 ) + (g¥ J7ge 0Ris) Q.

Thus, the variation S[(g:).] is equal to

3 .

S2:),] =~ (J{Rue ~ Sgushc } =27 0gkd2) . (1.9.10)

Remark 1.9.1.We note that if we had started from the expression

3
___c¢ —
08el(g2).] = ~ 1 ((SIGS‘/_gs dﬂ)g (1.9.11)
for the action of the field, then we get
oS[(g:),] =
__c [8(gi) a0 o{Gyg}\ | o {C:yz} (1.9.12)
l6mk ¢le og ox! 5 g :
’ ox! ¢

Comparing Eq.(1.9.12) with Eq.(1.9.10), we get

(Rito), = (@isRe), =

{(#)} (M) [ o Gy | |- 00

=T ogr ol _og
!

Ox &

For the variation of the action of the matter we can write

@Sns), = 2 (] T 25 32a02)

where (Ti.), € G(R*) is the generalized energy-momentum tensor of the matter

(1.9.14)



fields.
Thus, from the principle of least action

0{S[(gz),] + (Sme),r = O (1.9.15)
one obtains
3 1 8 i _
“Tom G {R”ﬂe ~ g 8uweRe = c”f T ik,s},/—gs 5gg"d£2)€ = 05 (1.9.16)
From Eq.(1.9.16), since of the arbitrariness of the (6g¥)_ € G(R*) finally we get
(Rics), — +(gweRe), = SEE(Ty), (1.9.17)
C
or, in mixed components,
(RE,), - S0k(R), = BZE(T%,) . (1.9.18)
£/ g 2 & C4 £/ g
They are called the generalized Einstein equations.
Contracting (1.9.18) on the indices i and k,we get
(Re), = ——8ff (Ti,), = —8;T—4’<(Tg)g. (1.9.19)

Therefore the generalized Einstein equations of the field can also be written in the
form
[37]

oy =8k Loy L,
Rice), = S (Ta), = S (gaTe), }- (1.9.20)

Note that the generalized Einstein equations of the gravitational field are nonlinear
Colombeau equations.

1.10.The densitized Einstein field equations revisited.

1.10.1.Remarks on the A. Einstein and N. Rosen paper

from 1935.

The densitized Einstein field equations originally considered in A. Einstein and N.
Rosen paper [32], see also [46]. As an exzample of the problem which arises from
degenerasy of the metric tensor g, the metric field is considered (see [32],eq.1):

ds? = —dx? — dx3 — dx3 + a’x3dx3. (1.10.1)
The g, of this field satisfy in general the equations R}, = 0,and hence the equations
Ru = R}, = 0. (1.10.2)

A. Einstein emphasized that: "The g, corresponding to (1.10.1) are regular for all
finite (i.e. nonzero) points of space-time. Nevertheless one cannot assert that
Eqgs.(1.10.2) are satisfied by (1.10.1) for all finite values of xi,...,x4. This is due to the
fact that the determinant g of the g,, vanishes for x; = 0. The contravariant g** therefore
become infinite and the tensors R}, and Ry, take on the form 0/0. From the standpoint of
Eqgs.(1.10.2) the hyperplane x; = 0 then represents a singularity of the field".



We now ask whether the field law of gravitation (and later on the field law of gravitation
and electricity) could not be modified in a natural way without essential change so that
the solution (1.10.1) would satisfy the field equations for all finite points, i.e., also for
X1 = 0.

W. Mayer has called our attention to the fact that one can make R:,, and Ry, into
rational functions of the g,,, and their first two derivatives by multiplying them by suitable
powers of g. It is easy to show that in g?Ry, there is no longer any denominator. If then
we replace (1.10.3) by (see [32],eq.3a):

R}y = g*Ru = 0, (1.10.3)

this system of equations is satisfied by (1.10.1) at all finite points. This amounts to
introducing in place of the g the cofactors [g,,] of the g, in g in order to avoid the
occurrence of denominators. One is therefore operating with tensor densities of a
suitable weight instead of with tensors. In this way one succeeds in avoiding singularities
of that special kind which is characterized by the vanishing of g".

Remark 1.10.1.Note that A. Einstein actually rejected densitized field equations by the
following reason:"The solution (1) naturally has no deeper physical significance insofar
as it extends into spatial infinity. It allows one to see however to what extent the
regularization of the hypersurfaces g = 0 leads to a theoretical representation of matter,
regarded from the standpoint of the original theory. Thus, in the framework of the original
theory one has the gravitational equations

Ry — %gikR = Ty, (1.10.4)

where T is the tensor of mass or energy density. Nevertheless in physical literature the
densitized Einstein field equations holds from A. Einstein time untill nowoday, see for
example [406].

Remark 1.10.2.Note that obviously the system of equations (1.10.3) is satisfied by

(1.10.1) at all finite points.Nevertheless these equations can not solved the problem
since

the ancetanty 0/0 holds again in tensors R, and Ry, on hypersurface x; = 0.

Remark 1.10.3.Note that if some components of the Riemann curvature tensor Ri,, (%)

become ancetanty 0/0 or infinite at point £° one obtain the breakdown of canonical

formalism of Riemann geometry in a sufficiently small neighborhood Q of the point

1% € Q,i.e. in such neighborhood Q Riemann curvature tensor Ri,,(*) must be
changed

by formula (1.10.7) see remark 1.10.2.

Remark 1.10.4.Note that in Mdller’s paper [38] the metric (1.10.1) has been derived

in fact under abnormal assumption 0/0 = 1 without respect to Levi-Civita connection.

1.10.2.Remarks on Moller abnormal famous paper from
1943

Recall that the classical Cartan’s structural equations show in a compact way the
relation

between a connection and its curvature, and reveals their geometric interpretation in

terms of moving frames. In order to study the mathematical properties of singularities,



we

need to study the geometry of manifolds endowed on the tangent bundle with a
symmetric

bilinear form which is allowed to become degenerate (singular). But if the fundamental

tensor is allowed to be degenerate (singular), there are some obstructions in
constructing

the geometric objects normally associated to the fundamental tensor. Also, local

orthonormal frames and co-frames no longer exist, as well as the metric connection
and

its curvature operator [46].

As an important example of the geometry with the fundamental tensor which is
allowed to

be degenerate, we consider now Mdller’s uniformly accelerated frame given by
Moller's

line element (1.10.4).Recall that Mdller dealing with the following line element [38]:

ds? = —A(x)dt* + dx* + dy* + dz?, (1.10.4)

where A(x) = (a +gx)*.

Remark 1.10.3. Of course Moller's metric (1.10.4) degenerate at Méller horizon

Xpor = —alg.

However in contrast with A.Einstein paper [32],in famous but ubnormal paper [38]
Moller

mistakenly argue that metric field (1.10.4) is an global vaccuum solution of the
A.Einstein

field equations (1.10.5), i.e. the g, of this field for all values of #,x,y,z satisfy the

equations

Ric— +guR = 0. (1.10.5)

Remark 1.10.4. In physical literature this Mdller's abnormal mistake holds from
Moller's

time until nowadays.

Remark 1.10.5. Note that formally corresponding to the Moller’s metric (1.10.4)
classical

Levi-Civita connection reads

Th(x) = a+ge,Th(x) =THx) = gla+gx)™" (1.10.6)

and therefore classical Levi-Civit‘a connection (1.10.6) of course is not available at
Moller
horizon since at horizon formal expressions (1.10.6) becomes infinity:

Fﬁ(—%) - rﬁl(—%) ~ o, (1.10.7)

Remark 1.10.6.Note that Mdller dealing with Einstein’s field equations in the following
form

GF = R — %&R _ o, (1.10.8)

where R} is the contracted Riemann-Christoffel tensor, formally calculated by
canonical



way by using classical Levi-Civit‘a connection (1.10.6) and where R = Ri.By using the
following ansatz

ds?> = —A(x)dt* + dx* + dy* + dz?, (1.10.9)
Moller finally obtain

, 2 I
(A'(x)) }_M, (1.10.10)

_ . 1 1
G3(x) = Gi(x) = _T(x)|:A (x) - TAG) A2 (x)

where A'(x) = dA(x)/dx.
Remark 1.10.7.From Eq.(1.10.10) Mdller obtain the following ordinary differential
equation

(A2 (x))" =0, (1.10.11)
since it was mistakenly assumed that G3(x) and G3(x) for all values of x satisfy the
equations

G3(x) = Gi(x) = 0. (1.10.12)
The equation (1.10.11) obviously has the following trivial general solution
A(x) = (a+gx)% (1.10.13)

Remark 1.10.8.Note that at Moller horizon xp.r = —a/g the functions G3(x) and G3(x)
ofcourse is not zero identically but becomes uncertainty, since
[ACag)]"™)’
G3(~alg) = Gi(~alg) = - ( -9 1.10.14
2( g) 3( g) [A(—a/g)]l/z 0 ( )
Remark 1.10.9.Note that at any point x # —a/g obviously G3(x) = G3(x) = 0 since at
these
points one obtains

PO I U7 Y )
GZ(X) - G3(x) - ZA(X) [A (x) 2A(x) -
) ) (1.10.15)
— 1 2|:2 2_4g (a+gx2 :|:_ 1 2[2g2_2g2]50.
2(a + gx) 2(a+ gx) 2(a+ gx)
Remark 1.10.10.At point x = —a/g the quantity G3(-a/g) and G3(-a/g) well defined only
by
formal limit

G3(-alg) = Gi(-alg) = lim ——Y% — =0 (1.10.16)
x- —alg 2(a + gX)

Remark 1.10.11.However in the limit x - —a/g the christoffel symbols (1.10.6)
becomes
infinity:



lim T4(x) = lim g(a+gx)™" = oo,

x—>.—a/g x—>.—a/g | (1 10. 17)
lim I'§(x) =lim g(a+gx)" = co.
x— —alg x— —alg

It follows from (1.10.17) at horizon x = —a/g the canonical expression for the
contracted Riemann-Christoffel tensor R* no longer holds, due to the degeneracy of
(1.10.4), the Levi-Civitad connection is not available at Mdller horizon x = —a/g.

In the following subsection we resolve this tension rigorously using linear distributional
geometry.

1.10.3.The densitized Einstein field equations revisited by

using the linear distributional geometry.

In order to derive the densitized Einstein field equations rigorously we apply in this
subsection the aparatus of the linear distributional geometry.Note that in linear
distributional geometry one dealing exactly with Schwartz distributions with compact
support but not with full algebra of Colombeau generalized functions, see for example
[30].

Remark 1.10.12. (i) Note that the notion of the Rimannian curvature comes from the

study of parallel transport on a Rimannian manifold,see Fig. For instance, if a vector is

moved around a loop on the surface of a sphere keeping parallel throughout the
motion,

then the final position of the vector may not be the same as the initial position of the

vector. This phenomenon is known as holonomy.

(i) Various generalizations capture in an abstract form this idea of curvature as a

measure of holonomy.

(iii) Classical holonomy presented by the classical formula (1.10.18) for the change
AAdy

in a smooth vector 4;(x) after parallel displacement around infinitesimal closed contour
I.

(iv) Note that in classical case the change A4,(I") always finite,i.e. A4x(T") < 0.




AN

surface; spanning
byl |

Fig.1.10.1.Parallel transporting a vector from
A - N - B - Avyields a different vector.
This failure to return to the initial vector

is measured by the holonomy of the

surface spanning by I'.

Remark 1.10.13.Let (M, g) be a semirimannian manifold.Let T";o be infinitesimal closed
contour and let X1 < M be the corresponding surface spanning by I',see Fig.1.10.1. We
assume now that christoffel symbols I'},(X) are smooth on X U I'. The classical formula
for the change in a smooth vector 4;(x) after parallel displacement around infinitesimal
closed contour I' reads [4]:

A4 (T) = ifaAk - ifl“;'d(fc)Akdx’. (1.10.18)
r r
We remind now the classical Stokes’ theorem.
Theorem.1.10.1.(Stokes’ theorem) If w is a smooth (n — 1)-form with compact support
on smooth n-dimensional manifold Q with-boundary 0Q of Q given the induced
orientation,
and i : 0Q — Q is the inclusion map, then

_[dw - jzw (1.10.19)
Q oQ
Conventionally, _[ i*w is abbreviated as o, since the pullback of a differential
oQ 0Q
form by the inclusion map is simply its restriction to its domain i*w = w|0Q Here d is the
exterior derivative, which is defined using the manifold structure only. The right-hand

side is sometimes written as § o to stress the fact that the (» — 1)-manifold 6Q has no
oQ
boundary.

For the further transformation of the integral (1.10.18), we must note the following.
The values of the vector A4; at points inside the contour are not unique; they depend on
the path along which we approach the particular point. However, as we shall see from
the result obtained below, this non-uniqueness is related to terms of second order. We
may therefore, with the first-order accuracy which is sufficient for the transformation,
regard the components of the vector 4; at points inside the infinitesimal contour I" as



being uniquely determined by their values on the contour itself by the formulas

0A;(x) = T%(x)A,(x)dx!, (1.10.20)
i.e.,by the derivatives
aA"(j‘) = (T3(x)4,(x)). (1.10.21)
ox

Now applying classical Stokes’ theorem (see Theorem 1.10.1) to the integral (1.10.18)

and considering that the area enclosed by the contour has the infinitesimal value
(Af™),we get [4]:

oI i 0
AAk _ %|: (rkm((;cx)lA (X)) (rkl(axx)A (X)) :|A]am —

|:A ( )( a(ka(x)) ) A ( )a(rkl(x)) (1.10‘22)

(29 m<>—(aA )i [

ox!
Remark 1.10.13.Note that:(i) the regularity condition in Stokes’ theorem,i.e. w is a
smooth (n — 1)-form is essentially important and without this condition this theorem is
no longer holds.
(i) Obviously without Stokes’ theorem impossible to derive the Eq.(1.10.22) and

therefore

the expression (1.10.24) wihout the regularity condition of the functions I'},,(x) does
not

make any sense and becomes to absurdum.

Substituting now the values of the derivatives (1.10.21) into Eq.(1.10.22), we get

Ady = %R;;,m(x)A,-(x)Afm, (1.10.23)

where R}, (x) is a tensor field of the fourth rank:
L) = Oim(x))  OT(x))
m axl ox™
Definition 1.10.3.The tensor field R}, (x) is called the classical curvature tensor or the
classical Riemann tensor.
The classical Riemann tensor that is a tensorial measure of holonomy.
Definition 1.10.4.Let (M, g) be a nonclassical semirimannian manifold.Let X < M be
the
surface spanning by I". We will say that the surface X admit the classical tensorial
measure of holonomy (or admit the classical Riemann tensor) iff the Eq.(1.10.23) and
Eq.(1.10.24) holds.
Remark 1.10.14.Let (M, g) be a nonclassical semirimannian manifold,i.e.the manifold
endowed on the tangent bundle with a symmetric bilinear form which is allowed to
become degenerate (singular). Let IT";o > £° be infinitesimal closed contour and let
Zr, © M be the corresponding surface spanning by I';0, see Fig.1.10.2.
We assume now that:
(i) christoffel symbols I'i,(%,%°) become infinite at singular point £° by formulae

+ T3 ()T (¥) = D (0T (). (1.10.24)




1 AR —_ A -0
;cl xaxo) = ‘:kl(x)(xi_x?) 96 > 1

1.10.25
Ekl(fc) e C”® (Zr'%()) ( )

and (i) 3% e Ty Zr,. The classical formula (1.10.18) for the change in a smooth
vector
A:(x) after parallel displacement around infinitesimal closed contour I';o reads:

Ady(Ts0) = § SAy = § T (3,50)Asdx’. (1.10.26)

.o T

Obviously the differential form I'i,(%)4dx’ does not locally integrable in neighborhood
of

the point £° € =r and therefore A4,(I';0) = .

Remark 1.10.15.Note that under nonregularity conditions A4(I";0) = o the classical

formula (1.10.26) can not define correctly the holonomy of the surface Zr , spanning
by

I';0 since the classical holonomy becomes infinity. In order to avoid this difficultness

one

needs to replace the classical formula (1.10.26) by the formula appropriate for singular

case.

We started now from some definitions.

Definition 1.10.5.(i) Let (M, g) be a semirimannian manifold, and let I";o be
infinitesimal

closed contour such that ° € T';o < M.Let ©(%°) be a closed infinitesimal
neighborhood

of %, then we we abbreviate 5;0 = I';o N O(%). We will be say that a point ° € 'z is a

singular pont of the manifold (M, g) if A4x(T;0\{&°}) = o0 and A4, (T;0\5;0) < oo.

(i) We will be say that a closed contour is a singular contour I';, if it contains at least
one

singular pont £° € I';, see Fig.1.10.2-Fig.1.10.3.

Definition 1.10.6.(i) We will be say that a semirimannian manifold is a singular
manifold

if there exists at least one singular (isolated) pont £° € M.

(ii)



Black Hole Regions

Fig.1.10.2. Singular point at BH horizon
and corresponding singular countur.

Fig.1.10.2. Singular point (0,0) at Rindler horizon
R = 0 and corresponding singular countur.
ds? = dR? — (aR)*dn>.
Remark 1.10.15.0bviously the Schwarzschild singularity » = 0 is singular isolated pont
of the Schwarzschild manifold.
Definition 1.10.3.Let (M, g) be a nonclassical semirimannian closed manifold, and let

;o < M be infinitesimal closed contour such that £° € I';o < M. We will be say that a
contour I'%, = I';\{x°} with deleted point 1° (see Fig.1.10.3) is a singular truncated

contour of the open manifold (M',g"),where M' = M\0M and g' = g|, . if

AAk(F;Co\{)’(\?O}) = oo and A4;(I";0\0;0) < oo.

Remark 1.10.16.(i) Note that the Levi-Civit'a connection I'},(%,%°) is available on any

singular truncated contour I'%, = ['y\{&’} of the open manifold (M',g") but despite
this

again A4(Tp\{%°}) = oo.(ii) Note that the semirimannian submanifold (M',g") of

nonclassical semirimannian closed manifold (M, g) impossible treated classically,since

the classical holonomy breaks down by divergence A4 (T";0\{x°}) = oo.




Black Hole Regions

Fig.1.10.3. Singular truncated contour
[% = Tp\{E%)

Definition 1.10.3.Let (M, g) be a semirimannian manifold, and let (M,,g,) be closed

submanifold where g = g|,,.

Remark 1.10.17.Let (M, g) be a nonclassical semirimannian manifold,i.e.the manifold

endowed on the tangent bundle with a symmetric bilinear form which is allowed to

become degenerate (singular). Let I" be infinitesimal closed contour and let

%% e Zr €« M,2° ¢ T be the corresponding surface spanning by I, see Fig.1.10.4 and

Fig.1.10.5.Note that the Eq.(1.10.22) again breaks down (see Remark 1.10.13), since
the

regularity condition of the functions I',,(%,%°) are violeted at point £° € Zr.

Fig.1.10.4.Infinitesimal closed contour I
and corresponding singular surface **=%r > £°

with singular point £° (Rindler horizon)
in Rindler space-time:
ds®> = —aR?dn? + dR>.

Remark 1.10.18.In order to avoid the divergence mentioned above we consider the

Christoffel symbols I'i,(%,%°) as distributions on aproporiate space of the test
functions.

Definition 1.10.4.Schwartz distributions with compact support (Schwartz generalized

functions with compact support) are a class of linear functionals that map a space of



test functions (conventional and well-behaved functions) into the set of real numbers
R

In the simplest case, the space of test functions considered is D(R”, K), which is the
set

of functions ¢ : R" - R having two properties:

(i) @ is smooth (infinitely differentiable);

(i) ¢ has compact support (is identically zero outside some compact set K & R".

Definition 1.10.5. Schwartz distribution with compact support (Schwartz generalized

functions) T'is a linear mapping : D(R",K) - R. Instead of writing 7(¢), it is
conventional

to write (T, ¢) for the value of T acting on a test function ¢. A simple example of a

distribution is the Dirac delta ¢, defined by (d,¢) = ¢(0), meaning that ¢ evaluates a test
function at 0. Its physical interpretation is as the density of a point source.

Definition 1.10.6. Suppose that /': K < R” » R is a locally integrable function. Then a
corresponding distribution 7, € D'(R”,K) may be defined by

(Tpp) = [ M9 (1.10.27)
K

for ¢ € D(R",K).
Definition 1.10.7. We chose now the a space of test functions D(R*, K, x°) :
DR*,K,%") = {y(})} = {2GE-1")p@)|p®) € DR*,K,X)},

4
where @& - ) = [ [ —x9)*,6 > 1,9(&) € DR*,K),3° € K.

i=0
Let us introduce now similarly to canonical Definition 1.8.5 the formula for the
regularized (or generalized) change Eﬂ(go) in a vector 4;(x) after parallel
displacement

around infinitesimal closed contour I" (see Fig.1.10.3).This regularized change A can
clearly be written in the form

Mi(p) = (34x(), 06 - 1)) = §OGE - )p@AE),  (1.10.28)
r

4

where O(% — £°) = H(x,- —x?)z‘s,é > 1,p(&) € D(R4,K),%° € K and where the integral is
i=0

taken over the given contour I < K,x° ¢ T'.If £° € " (see Fig.1.10.4) the regularized

change A can clearly be written in the form

Mi(g) = (4. DG -2)p(d) = § O -)pEoA®).  (1.10.29)
N0y
Substituting in place of 54, the canonical expression 64, = I'i,(X)Adx' (see
[4],Eq.(85.5)) we obtain
AT (9) = (Th(E), D(% — 2°)p(R)4x) =

§ OG- 5)9p(®)54x = § THEDE - £)p(R)dsds’ (1.10.30)
r r



where

04, i (%

o = Tu®4s (1.10.31)
Remark 1.10.18.Note that: (i) Eq.(1.10.31) holds since x° ¢ I'.(ii) In any neighborhood
Ox%e) =% : |x-2°|| <e&},e > 0,¢ < lof the singular point 2° the functions
I, (RO - 10) is regular.(iii) At singular point £° the quantities I'i,(X)® (% — 2°)|
are well defined by the limit:

Th@OE - 2%)] g0 = lim; 5 T (BB - £9),

since for any i,k, [ the limit lim;_; ', (X)®(x — £°) exists and finite by the choosing of
the

function @ (% — 2°).

(iv) It follows from (i)-(iii) the classical Stokes’ theorem (see [4],Eq.(6.19)) holds for the

integral (1.10.30).

F=30

: Black hole

y

Contour I

Singularity

Fig.1.10.5.Infinitesimal closed contour "
and corresponding singular surface r > £°
spanning by I'.

Due to the degeneracy of the
Schwarzschild metric (1.1)
at point» = 0,
the Levi-Civita connection I'}/({}) =

= 2" ()@ () + gmia () — gin ()]

is not available on R3 U {0} .



Black Hole Regions

Fig.1.10.6.Infinitesimal closed contour I" with a
singularity at point £° on Horizon and
corresponding singular surface Xr > £°
spanning by I'.

Due to the degeneracy of of the
Schwarzschild metric field (1.1)
atr = 2m,
the classical Levi-Civita connection I'}/({}) =

= %[g’m({})][(gmk,f({}) +&mik({}) — ghm ({})]
is not available on R3 U {r = 2m} in classical sense
but is available on R2 U {r = 2m} U {r = 0} in the sense
of the generalized functions in D'(R*, K, %°).

Remark 1.10.19.Note that:(i) by using the Eq.(1.10.30) the classical singular
Levi-Civita connection corresponding to the degenerate and singular Schwarzschild
metric field (1.6) now is avaluble on extended Schwarzschild spacetime

Sh=(S? x {r > 2m} U {0 < r < 2m}) x R, since the singular Christoffel symbols (1.7) in
Schwarzschild coordinates are well defined as generalized functions in D'(R4, K, £°).
(i) The same holds for the Schwarzschild metric in isotropic coordinates (1.11).

Now applying Stokes’ theorem (see [4],Eq.(6.19)) to the integral (1.10.30) and
considering that the area enclosed by the contour has the infinitesimal value A7,
we get



ATy = § 0@ - 20) Ty ey’ =
r

1 [[ 0ThG3)4:@E-1%) 0T E)4PE -5%) ] 4,
=5 |: - :|df1 &

ox! ox™
4100~ ) ATL@RADE-30) (o
B ox™ 2
[ . a(r (gxsz)A) (T ()4) 6@@;—]%0) B (1.10.32)
0 >—6(ra’(’§3’4") - LR A
[q)( i) XD g0, OCUDMAD
A GG - )—251“"1(?) A E)OG - >§5FH§;>]A§"’.

Substituting the values of the derivatives (1.10.31) into Eq.(1.10.32), we get finally:
~i Ai(R)DE - X0)Af ™

Ady = Rym 5 , (1.10.33)
where E;,m, is a tensor of the fourth rank
Riam = Rian +25[ ka("g - F"’(x)o J (1.10.34)
X — Xy Xm — Xm

: . . . ~l . .
Here R}, is the classical Riemann curvature tensor.That Ry, is a tensor is clear from the

fact that in (1.10.6) the left side is a vector-the difference A, between the values of
vectors at one and the same point.

Definition1.10.8. The tensor ﬁ;dm is called the generalized curvature tensor or the
generalized Riemann tensor. Note that for any i,k,/,m :'ﬁilm e D'(R* K,x9).
Definition1.10.9. The generalized Ricci curvature tensor Ry, is defined as

Rim = Rron. (1.10.35)
Remark 1.10.20.Note that for any k,m : Rim € D' (R*,K,30).
Definition1.10.10. The generalized Ricci scalar R is defined as

R= g" Rin. (1.10.36)
Remark 1.10.21.Note that the generalized Ricci scalar R e D' (R*, K, x%).

Definition1.10.11. The generalized Einstein tensor for any &, m : Gim € D' (R4, K,%°) is
defined as

5km = ’R’km - %gkm%~ (1.10. 37)

Thus the revisited densitized Einstein field equations in D'(R*, K, x°) reads:



[ Gumec-idr = [ (R - Law@RE) )06 -20)dr -
K K

(1.10.38)
_ j  Tn(®)D(E = £0)df ™.

Remark 1.10.22.Note that Beyond any small neighborhood
OR%e) =4x: |x-2° <¢}), &> 0,¢< lof the singular point 2° the equations
(1.10.38) becomes to the following form

Cin(B)DOG —30) = Riem(G) — %gkm%(fc) = —Tm(), (1.10.39)
where ¥ ¢ O(z°,¢). We rewrite now the Eq.(1.10.34) in the following form
’E;clm = R;clm + s‘R;clm
W _ Th®) J (1.10.40)

m;dm = 26[ 0
X]— l Xm — Xy

Thus the revisited densitized Einstein field equations (1.10.38) reads
~ ey _
J Bin@ -5 [ am®R) =
[ Rin®G-30)df™ + [ Rip®( - 30)df™ -
K K
1 [ 2@ RE + RE)NOE - 30)df " =
K
| (Rin®) = Feim@®RE) ) O - £ +
j (Eka(x) - gkm(x)iR(x)>(D(x 20)dftm = — jK Tim () DG — £0)df .

(1.10.41)

We assume now that
j (Eka(x) - gkm(x)iR(x)>(D(x 20)dftm = — jK Tim (DG — 2)dF™. (1.10.42)

From the Eqs.(1.10.41)-(1.10.42) we get the (revisited) densitized "vacuum"
equations:

j (ka(x) gkm(x)R(x)>CD(x 20)dftm = 0. (1.10.43)

Remark 1.10.23.1t follows that a metric field g4, (x) has a distributional source in

D'(R4,K,x%) given by Eq.(1.10.42),since the "vacuum" equations (1.10.43) follows

from the densitized Einstein field equations (1.10.38) under setting given by
Eq.(1.10.42).

Remark 1.10.24.Beyond any neighborhood O(z°,¢) = {% : || —%°|| < &},& > 0,0f

the singular point £° the equations (1.10.43) becomes to the following canonical

"vacuum" form

Rin(3) = - Lgm@®RE) = 0. (1.10.44)

Remark 1.10.25.The "vacuum" equations (1.10.44) return the canonical
Schwarzschild
solutions (1.6) and (1.11) except any neighborhood O({r —2m} U {r = 0},¢),& > 0 of



horizon and Schwarzschild singularity.But we ephazized that scalar curvature of the

Schwarzschild spacetime is given exactly by the generalized Ricci scalar R +R.

Remark 1.10.26.1t follows from the Eqgs.(1.10.41) that the Mdller metric field (1.10.9)
has

a singular source Tj.

Beyond the neighborhood O(xnhoer,€) = {x : |a + gx| < &},& > 0 of the Mdller horizon
Xnor = —al/g, but not on whole Moller spacetime, one obtains in accordance with

classical
Moller’'s result,see Eqgs.(1.10.15):

RE(x) — %g’,;(x)R(x) = 0. (1.10.45)

Inside the submanifold O(xper, €) the corresponding densitized "vacuum" equations
(1.10.43) reads

f (R’,;(x) - ig’fn(x)R(x))A(x)dfkm =0 (1.10.46)
OCehor-2) 2
Therefore from the Eqgs.(1.10.46) and Eqgs.(1.10.10) one obtains

G3@)A()dx = | G3(x)dx =

Xhor>€

1 " (A’()c))2 ~
_fO(xhor,g) T(x)|:A (x) - T(x) :|A(x)dx =0,

J-O(x ors€)
' (1.10.47)

since at Moller horizon xy,r = —a/g the function

= _ 1 | A _M __1 |: 2_4g2A(x):|
E(x) = AG) [A (x) AG) Alx) = A0 2g TAG) (1.10.48)
is well defind by taking the limit x - xnor (S€€ Remark 1.10.18) and therefore

N Ax) 4g°A) 1Y _
llmx—vchor ‘—‘(x) - llmx—vqwr( A(X) |:2g2 B ZA(X) :|) a

1imxax..0r( ig; ) [ 2g” - 2g° 1immhor( igg ) } g _agr=p.  (1:10:49)

Remark 1.10.27.Note that in contrast with abnormal Mdller’s calculation, see Remark
1.10.10-1.10.11, Eq.(1.10.16)

Remark 1.10.28. (I) Note that the Schwarzschild metric field (1.6) in classical sense is
well defined only for » > 2m, The boundary of the manifold {r > 2m} in R3 x R is the
submanifold {r = 2m} of R3 x R, diffeomorfic to a product S? x R. This submanifold is
colled the event horizon, or simply the horizon [33],[34].

(I) The Schwarzschild metric (1.10.12) in canonical coordinates (x°,,0,¢), with m > 0,
ceases to be a smooth Lorentzian metric for » = 2m, because for such a value of r the
coefficient g,, becomes zero while g,, becomes infinite. For 0 < » < 2m the metric
(1.9.9) again a smooth Lorentzian metric but ¢ is a space coordinate

while » a time coordinate. Hence the metric cannot be said to be either spherically
symmetric or static for » < 2m [33].

(111 From consideration above obviously follows that on Schwarzschild spacetime



Sh =(S? x {r > 2m} U {0 < r < 2m}) x R the Levi-Civita connection
{ ri) = Ll E N (D) + gua () ~gun (D] (1.10.50)

is not available in classical sense and that is well known many years from
mathematical

literature, see for example [22] and Remark 1.10.19 above.

(IV) Note that [4] : (i) The determinat det(g;,({})) = —*sin?0 of the metric (1.6)

is reqular on horizon,i.e., smooth and non-vanishing for » = 2m.

In addition:

(ii) The curvature scalar R({}) = g~R,({}) is zero for r = 2m.

(iii) The none of higher-order scalars such as R*({})R,({}),etc. blows up. For
example

the quadratic scalar R”** ({} )R s ({}) = 48m?/r® is reqular on horizon,i.e.,smooth
and

non-vanishing for » = 2m.

(V) Note that: (i) In physical literature (see for example [4],[33],[35],) it was wrongly

assumed that a properties (i)-(iii) is enough to convince us that » = 2m represent the

non honest physical singularity but only coordinate singularity.

(VI) Such assumption based only on wrong formal extensions

R(D).R (DR D).-..
ﬁpaﬂv({})ﬁpm({}) of the curvature scalar R({}) and higher-order scalars such as
R*¥({3)Ruw({3),. ..., R ({})Rpouv({}) ON horizon » = 2m and on origin » = 0 by
formulae

R()| =lim R() = 0,R()| =lim R() = 0
=2m  50m r= =0
o A 1.10.51
R (r)Rpg,“,(r)‘ “lim (RP(AR () = lim A8m _ 48m? | )
r=2m r—2m r=2m r r r=2m
R (DR oo ()| =lim (RP™ ()R oy (7)) = Tim 4802 _ oo,
r=i -0 r—0 r

However in the limit » - 2m the Levi-Civita connection F;j({}) becomes infinite [4]:

Cho(1)] o, =lim 22— 010, =lim s = oo
F81(’”)|,4:2m =r1i12131 ﬁ = o,
)]y, =lim L2l L, = - lim (—2m) = 0,
T, ~lim L—otmiry, =- lim (r — 2m)sin20 = 0, (1.10.52)
Cho(1)] g =tim 22 = oorty ()] lim s = o,
................. r%3:_81necoser%3 SR




Thus obviously by consideration above (see Remark 1.1-Remark 1.10.2) this
extension given by Eq.(1.10.15) has no any sense in respect of the canonical
Riemannian geometry.

(VI) From consideration above (see Remark 1.10.1-Remark 1.10.2) obviously follows

that the scalars such as R({}),R ({)R (). R ({)R pow({}) has no any
rigorous sense in respect to the canonical Levi-Civita connection (1.10.11) and therefore
cannot be said to be either honest physical singularity or only coordinate singularity in
respect of the canonical Riemannian geometry.

Remark 1.10.29. Note that in physical literature the spacetime singularity usually is
defined as location where the quantities that are used to measure the gravitational field
become infinite in a way that does not depend on the coordinate system. These
quantities are the classical scalar invariant curvatures of singular spacetime, which
includes a measure of the density of matter.

Remark 1.10.30. In general relativity, many investigations have been derived with
regard to singular exact vacuum solutions of the Einstein equation and the singularity
structure of space-time. Such solutions have been formally derived under condition
T, (x) = 0,where T},(x) represent the energy-momentum densities of the gravity source.
This for example is the case for the well-known Schwarzschild solution, which is given
by, in the Schwarzschild coordinates (x°,7,0, ¢),

ds® = —h(r)(dx®)? + b7 (r)(dr)* + r*[(d0)? + sin?0(dp)*],h(r) = 1 — %, (1.10.52)
where, r, is the Schwarzschild radius », = 2GM/c? with G, M and ¢ being the Newton
gravitational constant, mass of the source, and the light velocity in vacuum Minkowski
space-time, respectively. The metric (1.10.44) describe the gravitational field produced
by a point-like particle located at » = 0, see [30].

Remark 1.10.31. Note that when we say, on the basis of the canonical expression of
the curvature square

RP (IR poy(r) = =5 (1.10.53)

formally obtained from the metric (1.10.44), that » = 0 is a singularity of the
Schwarzschild space-time, the source is considered to be point-like and this metric is
regarded as meaningful everywhere in space-time.

Remark 1.10.32. From the metric (1.10.44), the calculation of the canonical Einstein
tensor proceeds in a straighforward manner gives for » # 0

Gi) = Gitry = 2D LD g
y 2 (1.10.54)
Gir) = Gy - -5 - D,

where h(r) = —1 + ry/r.Using Eq.(1.10.54) one formally obtains a boundary conditions

G(0) 2lim Gi(r) = 0,G(0) 2lim Gi(r) = 0,

=0 "0 (1.10.55)
GY(0) 2lim Gi(r) = 0,GH(0) 2lim Go(r) = 0.
70 70

However as pointed out above the canonical expression of the Einstein tensor in a
sufficiently small neighborhood Q of the point » = 0 and must be replaced by the



generalized Einstein tensor G (1.10.37). By simple calculation easy to see that

Gh(0) £lim G(r) = —o0, Go(0) 2lim Go(r) = —oo,

, 0, 0 (1.10.56)
~ .~ ~p . ~9
Gy(0) £lim Gy(r) = —0,G,(0) £lim G,(r) = —o.

-0 -0

and therefore the boundary conditions (1.10.56) are completely wrong. But other hand
as pointed out by many authors [5]-[17] that the canonical representation of the Einstein
tensor, valid only in a weak (distributional) sense,i.e. [12]:

4(x) = -8rmdE695° (%) (1.10.57)
and therefore again we obtain G¢(0) = —o x (§469). Thus canonical property fo the

Einstein tensor: G%(x) = 0, is breakdown in rigorous mathematical sense for the
Schwarzschild solution at origin » = 0.

1.11.The nonlinear distributional Moller geometry using the
full algebra of the Colombeau generalized functions.
A.Einstein as the Copernicus of nonlinear distributional

geometry.

Note that the ¢-regularization related to Colombeau geometry originally considered in

A. Einstein and N. Rosen paper [32]. A. Einstein emphasized that:

"The solution (1.10.1) (see [32],eq.1) naturally has no deeper physical significance
insofar as it extends into spatial infinity. It allows one to see however to what extent the
regularization of the hypersurfaces g = 0 leads to a theoretical representation of matter,
regarded from the standpoint of the original theory. Thus, in the framework of the original
theory one has the gravitational equations (see [32],eq.4)

Ric = +guR = ~Ti, (1.11.1)

where Ty is the tensor of mass or energy density. To interpret (1.11.1) in the framework
of this theory we must approximate the line element by a slightly different one which
avoids the singularity g = 0. Accordingly we introduce a small constant ¢ and let (see
[32],eq.1a)

ds? = —dx? — dx3 — dx3 + (a*x? + ¢)dx? (1.11.2)
the smaller o (> 0) is chosen, the nearer does this gravitational field come to that of
(1.11.2). If one calculates from this the (fictitious) (see Remark 1.11.1) energy tensor Ty
one obtains as nonvanishing components

_ _ a’c
Ty =Tx @ ro) (1.11.3)
We see then that the smaller one takes ¢ the more is the tensor concentrated in the
neighborhood of the hypersurface x; = 0. From the standpoint of the original theory the
solution (1.11.1) contains a singularity which corresponds to an energy or mass
concentrated in the surface x; = 0;from the standpoint of the modified theory, however,
(1.11.2) is a solution of (1.10.3) (see [32],eq.3a), free from singularities, which describes
the "field-producing mass, " without requiring for this the introduction of any new field



quantities".

Remark 1.11.1. Note that the energy tensor T (1.11.3) A. Einstein mistakenly has
been

considered as "fictitious". It is clear that A. Einstein thought that by using any fixed
semi

Riemannian metric and thus in particular by the fixed metric field mentioned in his
paper

[32]:

ds® = —dx? — dx3 — dx3 + a’x}dx3 (1.11.4)

one obtains full and unique semi Riemannian structure corresponding to uniformly

accelerated reference system,etc. This principle mistake holds in physical community

from A. Einstein time until nowadays. However even in A. Einstein time it were well
known

that for non classical semi Riemannian metric fields this opinion completely wrong and

one needs something more than only simply formula (1.11.4),see [4]-[6] in
Refferences B.

Actually as we know the imbedding ds* — (dsz)_ in Colombeau generalized object
(ds3),

is necessary.

Remark 1.11.2.Note that the regularization mentioned in A. Einstein and N. Rosen
paper

[32]. by introducing e-regularization ¢ = ,/o,¢ € (0,6],0 < 1 in contemporary
Colombeau

notations reads

(ds?), = —dx? —dx3 —dx} + ((@x} + €2) ) dx] (1.11.5)
Thus in accordance with the Colombeau framework the classical metric field (1.1.1)
embedded in Colombeau object (ds%)e.

Remark 1.11.3.(i) Note that in contemporary Colombeau notations A. Einstein
"fictitious"
energy tensor T (o) obviously reads [5]:

_ _ 2 g2
(Tn(e)), = Tx(e) = a ((azx% o) >8, (1.11.6)
where ¢ = Jo,¢ € (0,0],0 < 1. The generalized Einstein field equations (1.9.17)
corresponding to distributional energy tensor (1.11.5.) reads

(Riks), = €ire(Re), = ~(Tul&)),. (1.11.7)

(i) Note that in any classical point (x1,x2,x3,x4) with x; € R\{0} the energy tensor
(1.10.)
becomes to infinite small values, i.e. (Ti(¢)), = 0

(iii) Note that in any classical point (x;,x2,x3,x4) with x; = 0 the energy tensor (1.11.6)

has well defined point value € [Téinf - R.
(iv) Note that in accordance with result obtained above in subsection 1.10.3 the

generalized Einstein field equations meant that metric field (1.11.1) has a non trivial



Colombeau distributional source

((axsig 2) e G(R). (1.11.8)

(v) Note that it follows from Eq.() the Colombeau curvature scalar (R.),
in any classical point (xi,x2,x3,x4) with x; € R\{0}
We consider now the Moller’s metric (1.10.4)
ds? = —A(x)dt* + dx* + dy* + dz?, (1.11.9)
where A(x) = (a +gx)*.
In order to avoid difficultness with degeneracy of the classical metric (1.11.9)
mentioned
above in subsection 1.10.2, we replace now Moller’s line element (1.11.8) by
corresponding Colombeau line element

(dos?), = ~[(As(x)),Jd2 + dx? + dy? + d22, (1.11.10)

where A;(x) = [(a+gx)* +&2 ], € (0,1].
Remark 1.11.4. Note that in contrast with a wrong formal expression (1.10.6) the
distributional Levi-Civita connection corresponding Colombeau line element (1.11.10)

reads
a+gx

<(a +ax)’ + 82>8
Notice that the distributional Levi-Civita connection (1.11.11) is well defined and even
regular on whole Moller’s space-time.

Let (Gf.(x)), be the distributional Einstein tensor (Gf(x)), £ (Rf(x)), - 3-6f(R:(x)),,
where (R} +(x)), is the contracted distributional Riemann-Christoffel tensor calculated

by
using distributional Levi-Civit‘a connection (1.11.1) corresponding to Colombeau line

element (1.11.10) [5],[35] and (R:(x)), = (Ri(¢)),. Therefore for the case of the
Colombeau line element (1.11.10) we get

(G3(x;8)), = (G3(x;6)), =

" (A, | g282> (1.11.12)
T 2(A, ( ). {(A (), = 2(A:(x)), } a (Ag(x) J

2
Notice that (J(x;¢)), = —( 52(8 ) ) ,& € (0,1] is Colombeau generalized function such
(x

that el[(3(x;£)),] € GR) and eI (3 (~(a/g)"se)) ] = ell(e?),] € Rinr = K.
Thus Colombeau generalized fundamental tensor (gix(¢)), corresponding to
Colombeau

metric (1.11.10) that is non vacuum Colombeau solution of the of the generalized
Einstein’s field equations (1.11.7) with Colombeau generalized source.For Colombeau
scalars (R:(x)), and (R*(x,&)Rv(x,€)), we get [5]:

2.2
(R:(x)), = (Agz(ng (1.11.13)

(1.11.11)

(F448(x)) = ((a+gx))g’(rl48(x)) = 41£(x)

and



(R™(x, )Ry (x,6)), = e[ (a+gr)? +&2 ] (1.11.14)

correspondingly.

1.12.The distributional Schwarzschild geometry by using
the linear L.Schwartz distributions and by using the full

algebra of the Colombeau generalized functions.

General relativity as a physical theory is governed by particular physical equations; the
focus of interest is the breakdown of physics which need not coincide with the
breakdown of geometry. It has been suggested to describe singularity at the origin as
internal point of the Schwarzschild spacetime, where the Einstein field equations are
satisfied in a weak sense [5]-[22].

1.12.1.The distributional Schwarzschild geometry at the
origin.The smooth regularization of the singularity at the
origin.

The two singular functions we will work with throughout this paper (namely the singular

components of the Schwarzschild metric) are % and r_qu , s > 0.Since % e L) (RY),
it obviously gives the regular distribution % e D'(R?). By convolution with a mollifier p(x)

(adapted to the symmetry of the spacetime, i.e. chosen radially symmetric) we embed it
into the Colombeau algebra G(R?) [22]:

12 l(%) 2 (%) % py 2 (%)p - %p(%),g e (0,1]. (1.12.1)

Inserting (1.12.1) into Schwarzschild metric (1.10.44) we obtain a generalized
Colombeau object modeling the singular Schwarzschild spacetime [22]:

(ds?), = (he(r)(dn)?), — (hz' (r)(dr)?), + r*[(d)* + sin*0(dp)?],
he(r) =-1 +rs<%> ,€ € (0,1].

(1.12.2)

Remark 1.12.1.Note that under regularization (1.12.1) for any ¢ € (0, 1] the metric
ds? = he(r)(dt)* — h7' (r)(dr)? + r*[(d0)?* + sin?0(d¢)>]

obviously is a classical Riemannian object and there no exist an the breakdown of
canonical formalism of Riemannian geometry for these metrics, even at origin » = 0. It
has been suggested by many authors to describe singularity at the origin as an internal
point, where the Einstein field equations are satisfied in a distributional sense [5]-[22].
From the Colombeau metric (1.12.2) one obtains in a distributional sense [22]:

(R3(r€)), = (R(r.e)), = (hfﬁr) " ”rh;(’)) - som 22
~“ (1.12.3)

(RY(r,6)), = (RI(r,8)), = %( hgz(”) LA ) = —4nms 55) :

&€

Hence, the Colombeau distributional Ricci tensor and the Colombeau distributional



curvature scalar (R.(r))_are of 5-type, i.e. (R.(r)) = nmLZ) e D(R3).
. . r

Remark 1.12.2. Note that the formulae (1.12.3) should be contrasted with what is the
expected result G¢(x) = —8xmd6§s25°(x) given by Eq.(1.10.49). However the equations
(1.12.3) are obviously given in spherical coordinates and therefore strictly speaking this

is not correct, because the basis fields {% 0 0.\ are not globally defined.

op’ 00
Representing distributions concentrated at the origin requires a basis regular at the
origin. Transforming the formulae for (R;(¢)). into Cartesian coordinates associated with
the spherical ones, i.e., {r,0,¢} < {x'}, we obtain, e.g., for the Einstein tensor the
expected result G¢(x) = —8xmd§s25°3(x) given by Eq.(1.10.49), see [22].

1.12.2.The nonsmooth regularization of the singularity at

the origin.

The nonsmooth regularization of the Schwarzschild singularity at the origin » = 0 is
considered by N. R. Pantoja and H. Rago in paper [12]. Pantoja non smooth
regularization regularization of the Schwarzschild singularity reads

(he(r)), = -1+ (r—,f®(r—8)>8,8 e (0,117 < rs. (1.12.4)

Here O(u) is the Heaviside function and the limit ¢ —» 0 is understood in a distributional
sense.Equation (1.12.2) with 4. as given in (1.12.4) can be considered as an regularized
version of the Schwarzschild line element in curvature coordinates. From equation
(1.12.4), the calculation of the distributional Einstein tensor proceeds in a straighforward
manner. By simple calculation it gives [12]:

(Gi(r,¢)), = (Gi(r,e)), = —(@) _ (i;(’”))g _

e r

r r

(1.12.5)

and

(Gh(r.2)), = (G(r.e)), = _( Be(r) ) . (hs(;) ) _

r

n(H52) -n(Hdsr-0) -2

r r

(1.12.6)

which is exactly the result obtained in Ref. [9] using smoothed versions of the Heaviside
function @(r — ¢). Transforming now the formulae for (G{(r,¢)). into Cartesian
coordinates associated with the spherical ones, i.e., {r,0,¢} < {x'}, we obtain for the
generalized Einstein tensor the expected result given by Eq.(1.10.49)

§(x) = 8xmd§6756° (x), (1.12.7)
see Remark 1.12.2.

1.12.3.The smooth regularization via Horizon in



Schwarzschild coordinates and the smooth regularization
at horizon in isotropic coordinates.

1.12.3.1.The smooth regularization via Horizon in

Schwarzschild coordinates

The smooth regularization via Horizon is considered by J.M.Heinzle and R.Steinbauer
in paper [22]. Note that l_ ¢ L},.(R3). An canonical regularization is the principal

r—7rg
value vp( L) € D'(R?) which can be embedded into G(R*) [22];
A B w(Hr) Sl w(FH) ]2 () cd®). (12.8)

Inserting now(1.12.8) into Schwarzschild metric (1.10.44) we obtain a generalized
Colombeau object modeling the singular Schwarzschild space-time [22]:

(ds2), = (hGr)(dD)?), — (hi (P (dr)?), + r2[(d6)? + sin0(dg)?], (1.12.9)
where
W) = -1+ 2 ' () = -1 -, (345 ) e € (0,11, (1.12.10)

Remark 1.12.3.Note that obviously Colombeau object (1.12.9) is degenerate at r = r;,
because /(r) is zero at the horizon. However, this does not come as a surprise. Both
h(r) and h~'(r) are positive outside of the black hole and negative in the interior. As a
consequence any smooth regularization of 4(r) (or 27!) must pass through zero
somewhere and, additionally, this zero must converge to r = r, as the regularization
parameter goes to zero.

Remark 1.12.4.Note that due to the degeneracy of Colombeau object (1.10.26), even
the

distributional Levi-Civita connection obviously is not available by using the smooth

regularization via horizon [22].

Remark 1.12.5.Note that the smooth regularization (1.12.8) doesn’t make any sense,

since Colombeau object (1.12.9) again is degenerate at » = r,. However in isotropic

coordinates (z,p,0, ¢) the smooth regularization at horizon obviously possible.

1.12.3.2.The smooth regularization at horizon in isotropic

coordinates.
The Schwarzschild metric in isotropic coordinates (z,p,0, ¢) reads [3]:

ds? = =) o (1 ¥ &)4dp2 +pH(d0? +sin0dg?),  (1.12.11)
4p + 1y 4p ’
where we let ¢ = 1. The canonical simple regularization at horizon reads
(4p—r)* - (4p —ry)* + €2 (1.12.12)
Inserting now(1.12.12) into Schwarzschild metric (1.12.11) we obtain a generalized
Colombeau object modeling the degenerate Schwarzschild space-time in isotropic
coordinates
(4p—ro)?+62)
4p + rs

4
(ds2), = - £ df + (1 + Z—;) dp? + p2(d6? +sin’0dg?).  (1.12.13)



Corresponding to (1.12.13) Colombeau distributional geometry considered in sect. 2.4.

1.12.4.The nonsmooth regularization via Gorizon

In this paper we leave the neighborhood of the singularity at the origin and turn to the
singularity at the horizon. The question we are aiming at is the following: using
distributional geometry (thus without leaving Schwarzschild coordinates), is it possible to
show that the horizon singularity of the Schwarzschild metric is not merely a coordinate
singularity. In order to investigate this issue we calculate the distributional curvature at
the horizon in Schwarzschild coordinates.

The main focus of this work is a (nonlinear) superdistributional description of the
Schwarzschild spacetime. Although the nature of the Schwarzschild singularity is much
“‘worse” than the quasi-regular conical singularity, there are several distributional
treatments in the literature [8]-[29], mainly motivated by the following considerations: the
physical interpretation of the Schwarzschild metric is clear as long as we consider it
merely as an exterior (vacuum) solution of an extended (sufficiently large) massive
spherically symmetric body. Together with the interior solution it describes the entire
spacetime. The concept of point particles—well understood in the context of linear field
theories—suggests a mathematical idealization of the underlying physics: one would like
to view the Schwarzschild solution as defined on the entire spacetime and regard it as
generated by a point mass located at the origin and acting as the gravitational source.

This of course amounts to the question of whether one can reasonably ascribe
distributional curvature quantities to the Schwarzschild singularity at the horizon.

The emphasis of the present work lies on mathematical rigor. We derive the
“‘physically expected” result for the distributional energy momentum tensor of the
Schwarzschild geometry, i.e., 79 = 87m5® (¥), in a conceptually satisfactory way.
Additionally, we set up a unified language to comment on the respective merits of some
of the approaches taken so far. In particular, we discuss questions of differentiable
structure as well as smoothness and degeneracy problems of the regularized metrics,
and present possible refinements and workarounds.These aims are accomplished using
the framework of nonlinear supergeneralized functions (supergeneralized Colombeau
algebras G(R?,¥)).Examining the Schwarzschild metric (1.12) in a neighborhood of the
horizon, we see that, whereas A(r) is smooth, 727! (r) is not even L}, (note that the origin
is now always excluded from our considerations; the space we are working on is R*\{0}).
Thus, regularizing the Schwarzschild metric amounts to embedding /! into G(R3,2) (as
done in (3.2)).Obviously, (3.1) is degenerate at » = 2m, because h(r) is zero at the
horizon. However, this does not come as a surprise. Both 4(r) and 47! () are positive
outside of the black hole and negative in the interior. As a consequence any (smooth)
regularization 4f(r) (hZ(r)) [above (below) horizon] of 4(r) must pass through small
enough vicinity Of(2m) = & € R3|||¥]| > 2m, |X¥ —2m| < €}

(0z2m) = X € RI|||¥|| < 2m, ||¥-2m| < €}) of zeros set Oo(2m) = {y € R3||[¥| = 2m}
somewhere and, additionally, this vicinity O} (2m) (O;(2m)) must converge to O¢(2m) as
the regularization parameter € goes to zero.Due to the degeneracy of the Schwarzschild
metric (1.10.44) , the Levi-Civita connection is not available. By apriporiate nonsmooth
regularization (see sect. 3) we obtain an Colombeau generalized object modeling the



singular Schwarzschild metric above and below horizon, i.e.,
dst?), = (hi(adr?) - ([hé)]'dr?) +r2dQ?,
(ds?), = (he(rdi?) = ([he()]™'dr?) _+r2dQ2, (1.12.14)
€ € (0,1].
Consider corresponding distributional connections (I';; (e)) = (Fk’[h+]) € G(R3,%) and

Ti(©), = D), € TR,Z)

T,
(T,

((g ")[(gé Ymkj + (&) mjk — (g:)kj,m])ga
(1.12.15)

i((gz”ﬂ)[(gz)m + (g2 mik — (€]

Obviously (I'j; [h+]) (T [h+]) coincides with the corresponding Levi-Civita connectlon
on R*\{(r = 0) U (r = 2m)}, as (hi)e = h§,(h)e = hg, and (g&™), = gg™, (g™, = g™
there. Clearly, connections F,tj’(e) Iy (e) € € (0,1] in respect the regularized metric

ge,€ € (0,1],i.e., (g8)yjx = 0. Proceedlng in this manner, we obtain the nonstandard
result

(R, = (RETY), = -md(2m),
< € 1>€: < € 0>€2mq~)(2m)_

Investigating the weak limit of the angular components of the generalized Ricci tensor
using the abbreviation

(1.12.16)

() = [ sin0do [ dgpd(x)
0
and let ®(x) be the function ®(x) € S3,,(R?) (O(x) € S;,,(R?)), where by S3,,(R?)
(S5,,(R?)) we denote the class of all functions ®(x) with compact support such that
(i) supp(®(x)) < llx[| = 2m} (supp(P(x)) < {xll|x| < 2m}) (i) @(r) € C*(R). Then
for any function ®(x) € S3,(R3) we get:

w - lim [Rf]] = w - lim [R{]S = m(5|®) = —m®D(2m),

0 1 <0 . N . (1.12.17)
w-lim [R¢], = w- lim [Rc]) = m(6|®) = mP(2m),
-0 -0

i.e., the Schwarzschild spacetime is weakly Ricci-nonflat (the origin was excluded from
our considerations). Furthermore,the Tolman formula [3],[4] for the total energy of a
static and asymptotically flat spacetime with g the determinant of the four dimensional

metric and d°x the coordinate volume element, gives
ET:I(T;+T§+T3§+T§> gdix = m, (1.12.18)

as it should be.

The paper is organized in the following way: in section |l we discuss the conceptual as
well as the mathematical prerequisites. In particular we comment on geometrical matters
(differentiable structure, coordinate invariance) and recall the basic facts of nonlinear
superdistributional geometry in the context of algebras G(M, ) of supergeneralized



functions. Moreover, we derive sensible nonsmooth regularizations of the singular
functions to be used throughout the paper. Section Il is devoted to these approach to
the problem. We present a new conceptually satisfactory method to derive the main
result. In these final section Il we investigate the horizon and describe its distributional
curvature. Using nonlinear superdistributional geometry and supergeneralized functions
it seems possible to show that the horizon singularity is not only a coordinate singularity
without leaving Schwarzschild coordinates.

1.12.5. Distributional Eddington-Finkelstein spacetime.

In physical literature many years exist belief that Schwarzschild spacetime
(S? x {r > 2m}) x R is extendible, in the sense that it can be immersed in a larger
spacetime whose manifold is not covered by the canonical Schwarzschild coordinate
with » > 2m.In physical literature [4],[33], [34],[35] one considers the formal change of
coordinates obtained by replacing the canonical Schwarzschild time by "retarded time"
above horizon v* given when r > 2m by

+ r_
v _z+r+2m1n(—2m 1). (1.12.19)
From (1.12.19) it follows for r > 2m
— dr +
dr = o +dv*. (1.12.20)

The Schwarzschild metric (1.10.44) above horizon ds* (see section 3) in this coordinate
obviously takes the form

ds*? = —(1 - 27m>dv+2 + 2drdv™ + r2[(d0)? + sin®0(dg)?]. (1.12.21)
When r < 2m we replace (1.12.19) below horizon by
- = __r
v —t+r+2mln<l Zm) (1.12.22)
From (1.12.22) it follows for » < 2m
_ dr -
dt = T +dv. (1.12.23)

r

The Schwarzschild metric (1.10.44) below horizon ds? (see section 3) in this coordinate
obviously takes the form

ds2 = (27'" - 1)dv—2 — 2drdv™ + r2[(d6)? + sin®0(d¢)?]. (1.12.24)

Remark 1.12.6.(i) Note that the metric (1.12.21) is well defined on the manifold

S? x (r > 0) x R and obviously it is regular Lorentzian metric: its coefficients are
smooth.

(i) The term 2drdv ensures its non-degeneracy for r = 2m.

(iii) Due to the nondegeneracy of the metric (1.12.24) the Levi-Civita connection

{ T = L") + gma) —gun(D] (1.12.25)

obviously now available and therefore nonsingular on horizon in contrast with
Schwarzschild metric one obtains [3]:



v _ _Fs _ I"S(l"—l"s) _ Is o _ 1
1—‘VV - 27/'2 5FCV - 27’3 91—‘(/}‘ - 27/'2 5rr9 )

Y = LTy = =T = =r(r = 1,),T5, = cot, (1.12.26)

Iy, = -rsin®0,I'h, = —r(r — ry) sin?0,T'%,, = —sinfcos#.

(iv) In physical literature [3],[4] by using properties (i)-(iii) this spacetime wrongly
convicted as an rigorous mathematical extension of the Schwarzschild spacetime.

Remark 1.12.7.Let us consider now the coordinates: (i) v*,7' = r,0' = 0,¢' = ¢ and (i)
v,r =10 =0, ¢' = ¢. Obviously both transformations given by Eq.(1.12.20) and
Eq.(1.12.23) are singular because the both Jacobian of these transformations is singular
atr=2m:

ovt  ovt 1 r
Ot or _ r—2m (1.12.27)
o' o 0 1
ot or
and
M M 1 _ r
Ot or _ 2m—r (1.12.28)
o' o 0 1
ot or

Remark 1.12.8.Note first (i) such singular transformations not allowed in conventional
Lorentzian geometry and second (ii) both Eddington-Finkelstein metrics given by
Eq.(1.12.21) and by Eq.(1.12.24 ) well defined in rigorous mathematical sence at » = 2m.

Remark 1.12.9. (I) From consideration above follows that Schwarzschild spacetime
(52 x {r > 2m}) x R is not extendible, in the sense that it can be immersed in a larger
spacetime whose manifold is not covered by the canonical Schwarzschild coordinate
with » > 2m. Thus Eddington-Finkelstein spacetime cannot be considered as an
extension of the Schwarzschild spacetime in natural way in respect with conventional
Lorentzian geometry. Such "extension" are the extension by abnormal definition and
nothing more. (ll) However distributional Eddington-Finkelstein spacetime (1.10.53) is
equivalent of the distributional Schwarzschild spacetime in natural way.

Remark 1.12.10.From consideration above follows that it is necessary an
regularization of the Eq.(1.12.20) and Eq.(1.12.23) on horizon. However obviously only
nonsmooth regularization via horizon » = 2m possible. Under nonsmooth regularization
(see section 3) Eq.(1.12.20) and Eq.(1.12.23) takes the form

di = —— dr _ +dvt,
—J(r=2m)" +¢€ (1.12.29)

€ € (0,1]

and

dt = 1 dr : + dvg,
+J@m—=r)* + € (1.12.30)

€ € (0,1]

correspondingly. Therefore Eq.(1.12.27)-Eq.(1.12.28) takes the form



ovi ov¢e 1 r

o or _ [(r—2m)? + €2 (1.12.32)

@ o 0 I
and
Ove  Ove 1 - r
86:’ g:/ = J@m—r)* + € . (1.12.33)
5 or 0 1

From Eq.(1.12.29)-Eq.(1.12.30) one obtain generalized Eddington-Finkelstein
transformatios

dt = — rdr d;— ,
t ((r_zm)2+€2> + (adv?),

€ € (0,1]

(1.12.34)

€

and

dr = rdr +(dv?),s
( @m—r) +€2>E (1.12.35)

€€ (0,1].

Therefore Eq.(1.12.32)-Eq.(1.12.33) takes the form

(agt:)e (88\;:)6 _ 1 (,/(r—2mr)2+€2>e (1.12.36)
1

or or
ot or 0

and

o or
ot or 0

(aavtg)e (aﬁvrg)e _ 1_(,/(2711—:)2%2)6 . (1.12.37)
1

At point » = 2m one obtain

( ovt ) ( ovt ) 1
e
ot Je \or /. - (€. (1.12.38)
or or’
ot or

and

( ov; ) ( ov; ) 1
1 —r(e”
ot Je \or /. - e (1.12.39)
or' or’ 0 1

ot or o

where (e7')_ e R. Thus generalized Eddington-Finkelstein transformations (1.12.34)-
(1.12.35) well defined in the sense of Colombeau generalized functions. From the



Eq.(1.12.34) one obtains

2

+ (dv?) rdr’

2 _ - _
dt ((1*—2711)2+62>E

_ d.
(fe e,

2rdr(dv?)

) ),
(ETETRR
6 (1.12.40)
(V— 2m)2 + 62
dtz(hz(r))e == <\/f>e dt2 =
) e e S,
From the Eq.(1.12.35) one obtains
2
dr* = rdr o) | - 22 .
(m) € <(r_2m)2+€2>€
2rdr(dvy) s
+ +(dve),,
(fe-zmire)
: (1.12.41)

(=)

e (h: (), = _ < ap -

iy 0+ e ).

€

Substituting Eqs.(1.12.40)-(1.12.41) into distributional Schwarzschild metric (1.12.42)
above (below) gorizon (see subsect.3.1)

(ds?), = (he()de) + ((hEO] dr?) +r2d,
(ds) = (he@yde’) = ([he(N]dr )+,

(1.12.42)
(,/(r—2m)2+62> (,/(r—2m)2+62>
(hé(r) = — 7 <, (he(n), = 7 <
one obtains
(ds?), = —% (r—2m)* + €2 dv? + 2drdvi + r2[(d0)? + sin®0(dp)?].
(1.12.43)

(ds?), = L+ J@m =) + € dv + 2drdv; + r2[(d6)? + sin®60(dg)?].

Therefore Colombeau generalized object modeling the classical Eddington-Finkelstein
metric given Eq.(1.12.21) and Eq.(1.10.24) above and below gorizon takes the form



(ds), = he(r)dvE + 2drdve + r*[(d0)? + sin*0(dg)?],

S o A (1.12.44)
(dsz?), = he(P)dv2 + 2drdv; + r2[(d6)? + sin’0(dg)?].

It easily to verify by using formula A.2 (see appendix) that the distributional curvature
scalar (R(¢€)), again singular at » = 2m as in the case of the distributional Schwarzschild
spacetime given by Eq.(1.12.42). However this is not surprising because the classical
Eddington- Finkelstein spacetime and generalized Eddington-Finkelstein specetime
given by Eq.(1.12.44) that is essentially different geometrical objects.

2. Generalized Colombeau Calculus
2.1.Notation and basic notions from standard Colombeau
theory.

We use [1],[2],[7] as standard references for the foundations and various applications
of standard Colombeau theory. We briefly recall the basic Colombeau construction.
Throughout the paper Q2 will denote an open subset of R”. Stanfard Colombeau
generalized functions on Q are defined as equivalence classes u = [(u.).] of nets of
smooth functions u, € C*(Q) (regularizations) subjected to asymptotic norm conditions
with respect to ¢ € (0, 1] for their derivatives on compact sets.

The basic idea of classical Colombeau’s theory of nonlinear generalized functions
[11,[2] is regularization by sequences (nets) of smooth functions and the use of
asymptotic estimates in terms of a regularization parameter ¢. Let (1) :c,1] With
(us), € C*(M) for all ¢ € R,,where M a separable, smooth orientable Hausdorff
manifold of dimension n.

Definition 2.1.1.The classical Colombeau’s algebra of generalized functions on M is
defined as the quotient:

GM) £ Ey(M)IN(M) (2.1.1)

of the space £,,(M) of sequences of moderate growth modulo the space N(M) of
negligible sequences. More precisely the notions of moderateness resp. negligibility are
defined by the following asymptotic estimates (where X(M) denoting the space of
smooth vector fields on M):

EnM) 2 {(ue)s| VKK @ M) Vk(k € N)AN(N € N)

(2.1.2)
Ve, ...,lk(r, ..., r € X(M)) |:sup ILe,...Le,us(p)= O(e™)as ¢~ O:|},

pek
NM) 2 {(ue)e| VKK & M), Vk(k € No)Vg(g € N)
2.1.3
Vér, .., ¢k, ...k € X(M)) |:sup ILé,...Le usz(p)l= O(e?) as € - 0:|} ( )
peK

Remark 2.1.1. In the definition the Landau symbol a. = O(w(¢)) appears, having the
following meaning: 3C(C > 0)3eo(go € (0,1])Ve(e < €o)[a: < Cy(e)].
Definition 2.1.2. Elements of G(M) are denoted by:

u=cl[(ug)e] £ (ug)e + N(M). (2.1.4)

Remark 2.1.2.With componentwise operations (-,+ ) G(M) is a fine sheaf of differential



algebras with respect to the Lie derivative defined by L:u = el[(Lzu.).].

The spaces of moderate resp. negligible sequences and hence the algebra itself may
be

characterized locally, i.e., u € G(M) iff u oy, € G(y,(V,)) for all charts (V,,y,), where
on

the open set y,(V,) < R” in the respective estimates Lie derivatives are replaced by

partial derivatives.

The spaces of moderate resp. negligible sequences and hence the algebra itself may
be characterized locally, i.e., u € G(M) iff u oy, € G(y,(V,)) for all charts (V,,y,), where
on the open set v,(V,) < R”" in the respective estimates Lie derivatives are replaced by
partial derivatives.

Remark 2.1.3.Smooth functions f € C*(M) are embedded into G(M) simply by the

“constant” embedding o, i.e., o(f) = cl[(f).], hence C*(M) is a faithful subalgebra

of G(M).
2.2.Point Values of a Generalized Functions on M.

Generalized Numbers.

Within the classical distribution theory, distributions cannot be characterized by their
point values in any way similar to classical functions. On the other hand, there is a very
natural and direct way of obtaining the point values of the elements of Colombeau’s
algebra: points are simply inserted into representatives. The objects so obtained are
sequences of numbers, and as such are not the elements in the field R or C. Instead,
they are the representatives of Colombeau’s generalized numbers. We give the exact
definition of these "numbers”.

Definition 2.2.1.Inserting p € M into u € G(M) yields a well defined element of the ring
of constants (also called generalized numbers) K (corresponding to K = R resp. C),
defined as the set of moderate nets of numbers ((r.). € KU with |r.|= O(¢™) for some
N) modulo negligible nets (|r.|= O(¢™) for each m); componentwise insertion of points of
M into elements of G(M) yields well-defined generalized numbers, i.e.,elements of the
ring of constants:

K = E(M)/IN(M) (2.2.1)
(with K=Rork=CforK=R or K = C), where
EeM) = {(re), € K'[Fn(n e N)[|re| = O(e™) as e » 0]}
NeM) = {(re), € K'[Vm(m € N)[|re| = O(e™) as & > 0]} (2.2.2)
I=1(0,1].
Generalized functions on~M are characterized by their generalized point values, i.e., by
their values on points in M., the space of equivalence classes of compactly supported

nets (p.). € M©! with respect to the relation p. ~ p. :o di(p.,p.) = O(e™) for all m,
where d,, denotes the distance on M induced by any Riemannian metric.

Definition 2.2.2. For u € G(M) and xo € M, the point value of u at the point x, u(xo),is
defined as the class of (u.(xo)), in K.
Definition 2.2.3.We say that an element r € K is strictly nonzero if there exists a



representative (r.), and a ¢ € N such that |r;| > ¢ for ¢ sufficiently small. If r is strictly

nonzero, then it is also invertible with the inverse [(1/7.).]. The converse is true as
well.

Treating the elements of Colombeau algebras as a generalization of classical
functions,

the question arises whether the definition of point values can be extended in such a
way

that each element is characterized by its values. Such an extension is indeed possible.

Definition 2.2.4. Let QQ be an open subset of R”. On a set Q:

Q = {(x:), € QFp(p > O)[Ix.| = O(e")]} = 2.2.3)
{(x:), € QFp(p > 0)Teo(s0 > 0)[ xs| < &?, for0 < & < &9 |} o
we introduce an equivalence relation:
(x:), ~ e), < Vqlg > 0)Ve(e > 0)[ r; —ys| < &9, for 0 < & < & | (2.2.4)

and denote by Q = O/ ~ the set of generalized points. The set of points with compact
support is

Q. = {y = el[(x.).] € OPKKK < Q)3eo(eo > 0)[x, € Kfor0 < & < gO]} (2.2.5)

Definition 2.2.5. A generalized function u € G(M) is called associated to zero, u = 0
on

Q < Min L.Schwartz sense if one (hence any) representative (u.). converges to zero

weakly,i.e.

w=limesoue = 0 (2.2.6)
We shall often write:
u = 0. (2.2.7)
Sch
The G(M)-module of generalized sections in vector bundles-especially the space of

generalized tensor fields 7;"(M)-is defined along the same lines using analogous
asymptotic estimates with respect to the norm induced by any Riemannian metric on the
respective fibers. However, it is more convenient to use the following algebraic
description of generalized tensor fields

GiM) = G @ T (M), (2.2.8)

where 7," (M) denotes the space of smooth tensor fields and the tensor product is taken
over the module C*(M). Hence generalized tensor fields are just given by classical ones
with generalized coefficient functions. Many concepts of classical tensor analysis carry
over to the generalized setting [1]-[2], in particular Lie derivatives with respect to both
classical and generalized vector fields, Lie brackets, exterior algebra, etc. Moreover,
generalized tensor fields may also be viewed as G(M)-multilinear maps taking
generalized vector and covector fields to generalized functions, i.e., as G(M)-modules we
have

Gi(M) = Lan(GI(M)",Go(M)*; G(M)). (2.2.9)



In particular a generalized metric is defined to be a symmetric, generalized (0,2)-tensor
field gu» = [((ge) )] (With its index independent of ¢ and) whose determinant det(g.s) is
invertible in G(M). The latter condition is equivalent to the following notion called strictly
nonzero on compact sets: for any representative det((g¢),, ) of det(ga) we have

VK < M 3m € N[inf,cx|det(g. (€))> €™] for all e small enough. This notion captures the
intuitive idea of a generalized metric to be a sequence of classical metrics approaching a
singular limit in the following sense: g, is a generalized metric iff (on every relatively
compact open subset V' of M) there exists a representative ((g¢),,)e Of gu» such that for
fixed € (small enough)(gc),, = gu (€) (resp. (g¢),,|v) is a classical pseudo-Riemannian
metric and det(g,») is invertible in the algebra of generalized functions. A generalized
metric induces a G(M)-linear isomorphism from G} (M) to GJ(M) and the inverse metric
g £ [(g;} (€))c] is a well defined element of G3(M) (i.e., independent of the
representative ((g<),,)<). Also the generalized Levi-Civita connection as well as the
generalized Riemann-, Ricci- and Einstein tensor of a generalized metric are defined
simply by the usual coordinate formulae on the level of representatives.

2.3. The nonlinear distributional Schwarzschild geometry.
The truncated distributional Schwarzschild geometry.

Gravitational singularity.

There exist two different types of distributional Colombeau solution of the Generalized
Einstein’s Field Equations (1.9.18) corresponding to classical Schwarzschild solution.
That is: (i) full distributional Schwarzschild blackhole geometry, given by Colombeau
generalized object {(ds¢?)_.(ds:*), ), given by Equations (1.10.28), see Figure 2.3.1(a)
and (ii) the truncated distributional Schwarzschild space-time given by Colombeau
generalized object (ds:*)_,i.e. in this case distributional space-time ends just on the

Schwarzschild horizon, see Figure 2.3.1(b).
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Fig.2.3.1.

Fig.2.3.1.(a) The picture of a distributional Schwarzschild blackhole, given by the full

Colombeau generalized object (1.10.28). Distributional spacetime ends just on the

Schwarzschild singularity. (b) The truncated Schwarzschild distributional geometry,
given

by Colombeau generalized object . Distributional spacetime ends just on the

Schwarzschild horizon.

The Colombeau generalized Ricci tensor above horizon [R+(r)]§ (see Eq.3.1.4) reads



(R, = (REMI), = 5 ("), + G2 (),
_ W), | 1+ (),
- et -

’,.2

2.3.1)

(R: 1), = (R: M),
From Eq.(3.1.5) we obtain
QPRI = QPRI = (" () +2r(he (1), =

3 y N r(r—2m)? _
|:(r—2m)2+62:|1/2 . |:(r—2m)2+62:|3/2 . (2.3.2)

r r(r—2m)?

|:(r—2m)2 + (62)€:|1/2 " |:(r—2m)2 + (62)613/2

and

(PRIND), = (PIRIM), = rhd () + 1+ (hi(), =

_ r—2m 1 =_ r—2m i1 (2.3.3)
_ 2 2 _ 2 2
[-2m)?+e]" ). [=2m)?+(e?), ]

For any r-2m € R, from Eq.(2.3.2)-Eq.(2.3.3) one obtains
QPRI = QCRARIM],), = (") +2r(he), =

3 r N r(r —2m)? _
[=2m)?+ (). 1" [¢-2m)?+ (), ]" -
B - N r(r—2m)* _ (2.3.4)
C-2m)[1+-2m)7%e) ] -2m)[1+0-2m) %), ]
a (r—r2m) * (r—r2m) +O<(€2)E> - 0<(€2)€>
and
(FZ[RZ(F)E)e = (VZ[RZ(F)]DE =r(he(r)), + 1+ (hE(r)), =
r—2m _ r—2m i1 = (2.3.5)

B 2 12 +1=- EYENEI
|:(r—2m) + (e )E] (r—2m)|:l+(r—2m) (e )E]
~1+1+0((e?),) = 0((*),),

where € € (0,6],6 < 1.

Thus for any » — 2m € R, the nonlinear distributional Schwarzschild geometry returns
the classical result.

For any r — 2m = 0z from Eq.(2.3.2)-Eq.(2.3.3) in contrast with ubnormal canonical

result

one obtains



RO, = RO, =
’ . r(r—2m)° _(23.6)
4m2|:(r 2m)? + (62) :|U2 o 4m2|:(r 2m) + (62) ]3/2
= -1 —1(6 1)E
and
R:0B) |, = (REOB) |, =
- r—2m +47'm2 =4 "'m2, (2.3.7)
am*[r-2m)* + (), 17|
It follows from EQq.(2.3.7)
(R:13), = (REM]3), = 47 m 2y (r,2m), (2.3.8)
where
0 if r>2m
vi(r,2m) = (2.3.9)
1 if r=2m

The Colombeau generalized Ricci tensor below horizon [Rg]ﬁ [RE] (see Eq.3.1.21)
reads

(R0, = Rz, = (G @), + 20 (1),),
G20, | 1+ 0),

2

(2.3.10)

(Re(M]3), = ([Rz(mg)g =
From Eq.(3.1.22) we obtain

@rR:N]p), = @R, =
r r(r 2m) (2311)

|:(r—2m)2+(62)€:|1/2 [(r—Zm)2+(€2)€:|3/2

r

and

2[R; = - r—2m 1. 2.3.12
(FIRe) > (IRe] >€ [(r=2m)* + (€2), ]1/2 ' ( )

For any r—2m € R_ from Eq.(2.3.11)-Eq.(2.3.12) one obtains




PR, = @RI, =

r 3 r(r—2m)2 _
[C=2m)?+() ]"  [-2m)+(e»),]"
) o 2m)? (2.3.13)
(1”—2m)|:1+(r—2m)_2(62)6:|1/2 B (r —2m) |:1+(r 2m)~ ( 2) ]3/2 -
(r—r2m) a (r—r2m) +0<(€2)€> B O<(€2)E>
and
(PR, = (PReM), = r=dm 1 1=0((),)  (2.3.14)

|:(r —2m)* + (62)€ ]
where € € (0,6],6 < 1.
Thus for any » — 2m € R_ the nonlinear distributional Schwarzschild geometry returns
the classical result.
For any » — 2m = 0z from Eq.(2.3.11)-Eq.(2.3.12) in contrast with ubnormal canonical
result one obtains

(2[R = QPRI |, =
. ) rr— 2m)° e (2.3.15)
[e-2m)?+ () ]|, [e-2m)*+). 17| ‘
and
(ReB), |, = (RO |, =
r—2m L4122 = 412 (2.3.14)
4m2|:(r— 2m)? + (€2), :| 2 o
It follows from Eq.(2.3.14)
(Rc(M13), = (Re(M]3), = 4”'m2y_(r,2m), (2.3.15)
where
0 if r<2m
v_(r,2m) = (2.3.16)
1 if r=2m

Remark 2.3.1.Note that any sequence [R+(r)]0, [R+(r)]1,[R+(r)]2, [R+(r)] and any
sequence [Rg(r)]g,[R;(r)]l,[ e(r)]z,[Rg(r)] has a weak limit in D'(R3) :
w-limeo[RE()]) € D'(R?),...,w-limo[R; ()] € D'(R?), see Section 3.

2.4. The nonlinear distributional Schwarzschild geometry in

isotropic coordinates.
The Schwarzschild metric in isotropic coordinates (z,p,0, ¢) reads [3]:



as? = —(L=rte g (1 " &)4dp2 + p?(d0® + sin*0dg?) 2.4.1)
1+ ri/4p 4p ’ o

see Eq.(1.1) where we let ¢ = 1,0r in the equivalent form

dst = =" o (1 N e e 4 sinteagt) (2.4.2)
= LT 1) Ip” +p . 4.

In order to obtain Colombeau solutions of the generalized Einstein field equations
(1.9.18), corresponding to the nonclassical semi Riemannian metric (2.4.2) we apply the
regulariation (4p — r,)* — (4p — r)* + €2 and embed (2.4.2) in the Colombeau object

<(4p—rs)2+82>£ 2 rs ! 2 20902 2 2
- i dt +(1+%) dp* + p*(dO* + sin“0d¢p~). (2.4.3)

We rewrite now Eq.(2.4.3) in the following form (see Appendix A,Eq.(A.1))

(ds?), = —[(4:(p)),1dt* + [B(p) + C(p)]dp* +
B(p)p>(d0? + sin0dp?),

(ds?), =

(2.4.4)

where

(4p_rs)2+82
4p + 1y

4
As(p) = B(p) = 1,B(p) + C(p) = (1 n 5) ~G(p).  (2.4.5)

The Colombeau generalized curvature scalar (R.(p)), reads (see Appendix
AEq.(A.2))

wp, = 6)([ (-4 £ko) ), 2C0) _ Aike)

Ae(p) A:(p) P A:(p)
2.4.6
L1 A4:(p) Aclp) D ( )
2 A:(p) A:(p) g,
where
Ac(p) = 4:(p)G(p),As(p) = A:(p)G(p) + 4:(p)G' (p)
As(p) _ A:(p)Glp) +A4:(p)C (p) _ A:(p) , G'(p) (2.4.7)
A:(p) A4:(p)G(p) 4:(p)  G(p)
Substituting Eq.(2.4.7) into Eq.(2.4.3) we get
_ 2 Ap) | Aulp) 2C(p)  Ai(p)
(Re(p)), = Glp )q Ao e ) A
1 4:(p) A(p) _
"2 Au(p) Aulp) D (2.4.8)

+

2 G'(p) | 2C(p) Ai(p) | 1 A:p) (A4p) , G'(p) D
G(p)qp Gio) T Aup) 2Ag<p>(Ag(p>+G<p>) ;

where



(4p—r)> +é’ 84p—rs)  (4p—r,)’ +¢&°

A:(p) = Az (p) =

4p + 15 4p + rs (4p +r)?
8(e% +2r2 — 8pr;
Al(p) = —Grs _, BlE” + 2 ~8pr) (2.4.9)
(4p +rs) (4p +rs)
4:(p) _ 64r, .8
A:(p)  [@p-r)’+e2]dp+ry)  @p+r)?
and
4:(p) 8(4p —rs) 1
= - . 2.4.10
A:(p) (4p—r)’ +e2  A4p+rs ( )
From Eq.(2.4.9)-Eq.(2.4.10) we obtain
4:(p) __8¢p-ry) 1 _ 1
AeP) liper, @p—r)?+e% |y, WA a0
ALl(p) 8rs(4p +ry) 8
: _ 8 - (2.4.11)
A:(p) 4p=ry [(4P—Vs)2 +32:| 4prs (4P+’”s)2 4p=rs
8ri(4p +ry) _ 16r, L2
[(4p—r)* +&|(4p +7) &’ rr
From Eq.(2.4.11) and Eq.(2.4.8) finally we obtain
R, = % + const. 2.4.11)

2.5.Generalized Colombeau Calculus.

2.5.1.Super Generalized Functions.

We briefly recall the basic generalized Colombeau construction. Colombeau
supergeneralized functions on QQ < R”, where dim(Q2) = n are defined as equivalence
classes u = [(u.).] of nets of functions u, € C*(Q\X),& € (0,6] such that any u. is a net

of functions smooth on Q\X and has a discontinuity on a subset £ < Q, where
0"u,

dim(X) < n.We assume that for any ¢ € (0,] the derivative o ok exists in the
X7 ... OXy"
sense of the theory of generalized functions and 2 k‘?m”g — € D'(Q).
X1 ...0xy"

The basic idea of generalized Colombeau’s theory of nonlinear supergeneralized
functions [33] is regularization by sequences (nets) of nonsmooth functions with
derivatives in D'(Q) and the use of asymptotic estimates in terms of a regularization
parameter ¢. Let (u.) .17 With u,; such that: (i) u, € C*(M\X) and (i)

Le,...Leu, € D'(M),for all ¢ € (0,6],where M a separable, smooth orientable Hausdorff
manifold of dimension n.

Definition 2.5.1.The supergeneralized Colombeau’s algebra G = G(M, %) of
supergeneralized functions on M, where ¥ c M,dim(M) = n,dim(X) < n, is defined as
the quotient:

CM,3) 2 Ey(M,Z)INM,Z) (2.5.1)



of the space £,/(M,X) of sequences of moderate growth modulo the space N(M,X) of
negligible sequences. More precisely the notions of moderateness resp. negligibility are
defined by the following asymptotic estimates (where X(M\X) denoting the space of
smooth vector fields on M\X):

Ev(M,Z) £ {(us)| VK(K & M\E) Vk(k € N)ANN € N)

Ve, ..., ...,k € X(IM\Y)) |:sup ILe,...Le,us(p)l= O(e™), e - O:| &
pek

2.5.2
VK(K @ M)Vk(k € N)AN(N € N)V(f € C*(M))Vé&q,...,.Ex(E1,....Ek € X(M)) ( )

[uLg...Lgkugn = (sup LY ... gkug(/)|> = 0(e™),e » 0:|},
eC* (M)

NM,E) £ {(u:)e| VKK & M\T), Vk(k € No)Vq(g € N)

Ve, .. Ek(&r, ...,k € XIM\Y)) |:sup ILg,...Leusz(p)l= O(g9),e - 0:|} &

peK

VK(K G M)Vk(k € N)AN(N € N)V(f € C*(M))VEL, ..., E&,....Er € (M) (2.5.3)
|:||LW1... Y| = (/sup LY ... g’kug(f)|> = 0(g9),¢ - 0}},
eC* (M)

where L? denoting the weak Lie derivative in L.Schwartz sense.In the definition the
Landau symbol a. = O(y(¢)) appears, having the following meaning:
AC(C > 0)Jeo(eo € (0,1])Ve(e < g9)[a: < Cy(e)].
Definition 2.5.2. Elements of 'G(M,Z) are denoted by:
u=cl[(u)e] 2 (ue)e + N(IM,Y). (2.5.4)

Remark 2.5.1.With componentwise operations (-,+ ) G(M, %) is a fine sheaf of
differential algebras with respect to the Lie derivative defined by L:u = el[(Lsu,).].

The spaces of moderate resp. negligible sequences and hence the algebra itself may
be characterized locally, i.e., u € G(M,%) iff u oy, € Glya(V,)) for all charts (Va,w4),
where on the open set v, (V,) < R” in the respective estimates Lie derivatives are
replaced by partial derivatives.

The spaces of moderate resp. negligible sequences and hence the algebra itself may
be characterized locally, i.e., u € G(M,2) iff u oy, € G(yo(V,)) for all charts (Va,wa),
where on the open set v,(V,) < R” in the respective estimates Lie derivatives are
replaced by partial derivatives.

Remark 2.5.2.Smooth functions /'€ C*(M\X) are embedded into G(M, %) simply by the
“‘constant” embedding o, i.e., o(f) = cl[(f):], hence C*(M\Y) is a faithful subalgebra
of G(M, ).

2.5.2.Point Values of a Supergeneralized Functions on M.

Supergeneralized Numbers
Within the classical distribution theory, distributions cannot be characterized by their



point values in any way similar to classical functions. On the other hand, there is a very
natural and direct way of obtaining the point values of the elements of Colombeau’s
algebra: points are simply inserted into representatives. The objects so obtained are
sequences of numbers, and as such are not the elements in the field R or C. Instead,
they are the representatives of Colombeau’s generalized numbers. We give the exact
definition of these "numbers”.

Definition 2.5.3.Inserting p € M into u € G(M,X) yields a well defined element of the
ring of constants (also called generalized numbers) X (corresponding to K = R resp. C),
defined as the set of moderate nets of numbers ((r.). € K@ with .= O(¢™") for some
N) modulo negligible nets (|r.|= O(¢™) for each m); componentwise insertion of points of
M into elements of (M, %) yields well-defined generalized numbers, i.e.,elements of the
ring of constants:

Ks= E(M,Z)/N(M,2) (2.5.5)
(with Kz = Rs or K = C; for K =R or K = C), where

EM,Z) = {(r0). € K'Fn(n e N\)[|r:| = O(e™) as ¢ > 0]},
NeM,Z) = {(re), € K'|Vm(m e N)[|r¢| = O(s") as ¢ - 0]} (2.5.6)
I=(0,1].

Supergeneralized functions on M are characterized by their generalized point values,
i.e., by their values on points in M., the space of equivalence classes of compactly
supported nets (p;). € (M) with respect to the relation

ps ~ pr i di(pe,p.) = O(e™) for all m, where d, denotes the distance on M\X induced by
any Riemannian metric.

Definition 2.5.4. For u € G(M,) and x, € M, the point value of u at the point
x0,u(x0),is

defined as the class of (u:(xo)), in K.

Definition 2.5.5.We say that an element » € K is strictly nonzero if there exists a
representative (), and a ¢ € N such that |r;| > & for ¢ sufficiently small. If 7 is strictly
nonzero, then it is also invertible with the inverse [(1/7;).]. The converse is true as well.

Treating the elements of Colombeau algebras as a generalization of classical
functions, the question arises whether the definition of point values can be extended in
such a way that each element is characterized by its values. Such an extension is
indeed possible.

Definition 2.5.6. Let Q be an open subset of R"\E. On a set Qs :

Qs = {(x0), € (QT)[Fp(p > 0)[xe| = O(e")]} =

2.5.7
{(x:), € (QZ)Pp(p > 0)Ieo(eo > 0)[|xc| < &, for0 < & < &0 |} ( )

we introduce an equivalence relation:
(xs), ~ ), < Vqlg > 0)Ve(e > 0)[|rs —ys| < g9, for0 < e <eo] (2.5.8)

and denote by Qs = Qy/ ~ the set of supergeneralized points. The set of points with



compact support is

Qs = {y = el[(x.).] € Os[FK(K < Q\X)3eo(eo > 0)[x, € Kfor 0 < & < 30]} (2.5.9)

Definition 2.5.7. A supergeneralized function u € G(M,%) is called associated to zero,
u=0o0nQ < Min L. Schwartz’s sense if one (hence any) representative (u.).
converges to zero weakly,i.e.

W'limg_y()ug = 0 (2.5.10)
We shall often write:

u = 0. (2.5.11)
Sch

Definition 2.5.8.The G(M, X)-module of supergeneralized sections in vector bundles-

especially the space of generalized tensor fields 7;"(M\X)-is defined along the same
lines using analogous asymptotic estimates with respect to the norm induced by any
Riemannian metric on the respective fibers. However, it is more convenient to use the
following algebraic description of generalized tensor fields

GrM,3) = CM,3) @ T." (M), (2.5.12)

where 7,"(M\X) denotes the space of smooth tensor fields and the tensor product is
taken over the module C*(M\X). Hence super generalized tensor fields are just given by
classical ones with generalized coefficient functions. Many concepts of classical tensor
analysis carry over to the generalized setting, in particular Lie derivatives with respect to
both classical and generalized vector fields, Lie brackets, exterior algebra, etc.
Moreover, generalized tensor fields may also be viewed as G(M, 2)-multilinear maps
taking generalized vector and covector fields to generalized functions, i.e., as
G(M,=)-modules we have

Tr.3) = Lan (@) (01.2) T4, 5): T4, 5)). (2.5.13)
In particular a supergeneralized metric is defined to be a symmetric, supergeneralized
(0,2)-tensor field gay = [((g:),,):] (With its index independent of ¢ and) whose
determinant det(g,) is invertible in G(M,%). The latter condition is equivalent to the
following notion called strictly nonzero on compact sets: for any representative
det((g:),)e Of det(guy) We have VK < M\X Im € N[inf ex|det(ga (€)= €7] for all ¢ small
enough. This notion captures the intuitive idea of a generalized metric to be a sequence
of classical metrics approaching a singular limit in the following sense: g, is a
generalized metric iff (on every relatively compact open subset I of M) there exists a
representative ((g:),, ). of g such that for fixed ¢ (small enough)(g.) , = gu () (resp.
(g:),,|v) is a classical pseudo-Riemannian metric and det(g.s) is invertible in the algebra
of generalized functions. A generalized metric induces a G(M, =)-linear isomorphism
from T1(M,) to &\ (M,=) and the inverse metric g® 2 [(¢2 (¢)).] is a well defined
element of @3(M, %) (i.e., independent of the representative ((g.),,):). Also the
supergeneralized Levi-Civita connection as well as the supergeneralized Riemann, Ricci
and Einstein tensor of a supergeneralized metric are defined simply by the usual
coordinate formulae on the level of representatives.



2.5.3.Remarks on distributional derivatives in D'(R)

Let f{x) be a function of a single variable x € R that has a jump discontiuity at x = x, of
magnitude [f], = flxo + 0) — flxo — 0) but has a continuous derivative everywhere else

except x = x (see Fig.2.5.1) i.e.,

) = {fl(x) x < X

f2(x) x = xo

%
w

z, z

Puc. 23.

/ w SN E

Fig.2.5.1.

Let the derivative in the interval x < xo and x > xo be denoted {f"(x) }, where
{f'®)} =/ (x) iff x + xo. This derivative {f"(x) } is undefined at x = xo. With the help of
generalized functions, however, the distributional derivative f'(x) is obtained by setting:
g(x) = flx) — [f1, Hx = xo), (2.5.14)

where H(x — xo) is the Heaviside function. The function g(x) is continuous at x = x,. Its
derivative coincides with that of f{x) on both sides of x,. Accordingly, we differentiate
both sides of Eq.(2.5.14) and therefore one obtains

{F'@} =7 -[1,,0& —xo). (2.5.15)
Thus finally we get
f'@) = ')} +[1,,60 = x0). (2.5.16)
or
- fl/(x)+[f]x o(x —x0) x < Xxo
Fo=<" °
F2(0) +[£1,,6(x —x0) x = x0
Equation (2.5.17) is easily generalized to a function f{x) that has jumps of magnitude
[, Ay, -5 1], @txo,x1,...,xx. The resultis

7' =03 + 281,00 - xi). (2.5.18)
Let us now consider a function f{x) that admits derivatives up to the second order on
both sides of the point x¢, that has a jump discontinuity of strength [/], , and whose
derivative has a jump discontinuity of strength |:f/:|x at this point. To obtain 7" (x), one

(2.5.17)

substitutes /' (x) for f(x) in (2.5.14) and immediately one obtains



f”(x) _ {f”(x)} + [f]xng(x —Xo0) + I:f’]xoé(x —X0), (2.5.19)
where {/"(x)} = /" (x) iff x + xo,0r

_ f{(x)+[f]x05/(x—x0)+|:f/:| S(x—x0) x < Xo
f'x) = , . (2.5.20)
fz(x)+mxo5(x—xo)+I:f/]xO(S(x—xo) X > Xo

This process can be continued for higher derivatives and for singularities at several
points.Thus, a function f{x) that admits continuous derivatives up to the m-th order in
each of the intervals (x,.1,x;),j = 1,2,...,1 has m-th order distributional derivative " (x) :

F ) = L)} +2 _[as 1>(x X))+ ;0 D (x —x;) +. 40 (x—x;) |, (2.5.21)
where a; = [/(x)],,b; = [ (x)]x_,..., = [ 1>(x):|x_and [-],, stands for the jump in the

quantity across the point x;.

2.5.4.The super distributional geometry of the

Schwarzschild space-time.

Note that the Colombeau generalized object {(ds 2) ,(ds2?) } given by Equations
(1.10.28) that is a natural way is a supergeneralized (0,2)-tensor field g., = [((g:) ;)<
whose determinant det(g.») is invertible in G(R*, {r = 2m}) and the inverse metric

g £ [(g;}(€)):] is a well defined element of aé(R“, {r = 2m}).Thus the full super
generalized Ricci tensor reads

(R, = (R, = (BN, + FG0D,),
(R, = (R, = (), | 1eon.

r

€

where (he), = {(h7),, (ht),} and the istributional derrivatives k() and k! (r) is defined
by Eq.(2.5.17) and by Eq.(2.5.20) correspondingly.
From Eq.(3.1.2) we obtain
([hely,), = (hz(2m +0)), — (hz(2m = 0)), = (hi(2m) — h;(2m)), =

c e (2.5.23)

“om " am T O™

From Eq.(2.5.23) and Eq.(2.5.17) we obtain
(hf(r)), + ([hely,) 0(r —2m)  r=2m

(hg(l’))‘S = (h;(r)) +([h8]2m)85(1”—2m) r<2m

(2.5.24)

where ([4],,), = —(¢),/m and therefore

o () - (8)6 S(r—2m) r>2m 0525
(r) = .5,
(h;(lﬂ))E (8)8 —E£6(r—2m) r<2m

From Eq.(3.1.5) and Eq.(3.1.22) we obtain



[hs/ Lm = (W' 2m+0))_— (h;'@m - 0))_ = (hi' (2m)), - (h7' (2m)), =
@), _ (_ (), ) _ (8, (2.5.26)

4m?> 4m?> 2m?*

From Eq.(3.1.5),Eq.(3.1.22) and Eq.(2.5.7) we obtain

hg”(r)+[hg]2m5’(r—2m)+[hg’} S(r—2m) r>2m
(h (r)) - o (2.5.27)
¢ h;”(r)+[h€]2m5(r—zm)+[hg} S(r—2m) r<2m

where [h;], = (¢),/2m* and therefore

('), ~ = 2m) + 2
©

_ o(r—2m) r>2m
he () = (8) (2.5.28)
B (r) = =75

o(r—2m )+

=6(r—2m) r<2m
Inserting Egs.(2.5.26)-(2.5.28) into Eqs.(2.5.22) finally we get for r > 2m
(R:M1), = R, = T (GLe)), + FG0)),) =

—((h+”(r>> + 2 w),) -

(8)8 (e )g 2(3)8

8'(r = 2m) + = £6(r~2m) - S(r—2m),

2.5.29
+()12 +(,13 ( 5( )>E 1+ (he(r)), ( )
(Ri13), = (RiMI3), = p L)

r
(hZ (), L1+ e@), (8)
r

2

2 5(r — 2m).
r

And finally we get for r < 2m :

Rz, = AR: 1), = 5 (R, + 2 @E0)),)
5((h-”(r>> + 2 (W), ) -
(&), G )g ( )s
_W(S( —2m )+ =6(r—2m) — o(r —2m),

7. (2.5.30)
hgm s
(R:(M15), = (R:"3), = (), g 1)

r
(), | 1+ 0a), _ (@)
r

,,.2

- 0(r = 2m).

Note that in D'(R) :

-1
W-lim,.o—T £ — 5(-—2m), 2.5.31
“r-2m) el ( ) ( )



and therefore in D'(R) :
2rte(r — 2m)
|:(r—2m)2 +82:|2

By using Eq.(2.5.31) and Eq.(2.5.32) one obtains the natural imbeddings

Ww-lim,_o d__ & w-lim,.o

dr (r—2m)?* + &?

=6'(r-2m). (2.5.32)

5(r—2m) = GR) : 5(r—2m) 2 n‘l(+> e G(R) (2.5.33)

(r—2m)* + &2

and

e(r-2m)
|:(r— 2m)* + 82]2

&' (r—2m) - GR) : §'(r—2m) 2 2n‘1< ) e G(R) (2.5.34)

correspondingly.
Remark 2.5.3
Remark 2.5.4.Note that in D'([2m,»)) :

g2(r—2m)

|:(r—2m)2 +82:|2

W-lim. = c10(r—2m). (2.5.35)

2.6.Superdistributional general relativity

We briefly summarize the basics of superdistributional general relativity, as a
preliminary to latter discussion.In the classical theory of gravitation one is led to consider
the Einstein field equations which are,in general,quasilinear partial differential equations
involving second order derivatives for the metric tensor. Hence, continuity of the first
fundamental form is expected and at most, discontinuities in the second fundamental
form, the coordinate independent statements appropriate to consider 3-surfaces of
discontinuity in the spacetime manifolfd of General Relativity.

In standard general relativity, the space-time is assumed to be a four-dimensional
differentiable manifold A endowed with the Lorentzian metric ds? = g, dx"dx"

(u,v = 0,1,2,3). At each point p of space-time M, the metric can be diagonalized as

ds3 = Nuw(dX"),(dX"), with n, £ (-1,1,1,1), by choosing the coordinate system
{X*;u = 0,1,2,3} appropriately.

In superdistributional general relativity the space-time is assumed to be a four-
dimensional differentiable manifold M\X, where dim(M) = 4,dim(Z) < 3 endowed with
the Lorentzian supergeneralized metric

(dsg)6 = (g,uv(e)dx'udxv)e SH,V = Oa 17253) (227)
At each point p € M\X, the metric can be diagonalized as
(dsp(€)), = Mu(dXe)p(dXD)p), With £ (=1,1,1,1), (2.28)

by choosing the generalized coordinate system {(X¢) ;u = 0,1,2,3} appropriately.
The classical smooth curvature tensor is given by

vo o fibos) {EHA (5 HE) e



with {%} being the smooth Christoffel symbol.The supergeneralized nonsmooth

curvature tensor is given by

w2 0({2},), ~o({z}), ({5 ). (1), -

(2.30)
—( J-£ A
({ Av }E)e({ oH }E)E
with ({ﬁ} ) being the supergeneralized Christoffel symbol.The fundamental
classical action integral I is
1-1 j(]LG + La)dx, 2.31)

where L, is the Lagrangian density of a gravitational source and L is the gravitational
Lagrangian density given by

o1
Lo = 5-G . (2.32)

Here « is the Einstein gravitational constant « = 87G/c* and G is defined by

o~ e ((EHE - (D

with g = det(g,/). There exists the relation

J&gR=G+0,D", (2.34)
with
e {5} o (1))
Thus the supergeneralized fundamental action integral (I¢), is
(Ie), = %I ((Lg(e)), + (Lu(e)) Jd*x (2.36)

where (Ly(€)), is the supergeneralized Lagrangian density of a gravitational source and
(IEG(e))E is the supergeneralized gravitational Lagrangian density given by

(Lo(©), = 5= (Go), - (2.37)

Here « is the Einstein gravitational constant x = 87G/c* and (G.), is defined by

o - e e ({51 ) ({5 - (1)) ew
with g = det[(guw(€))c]. There exists the relation
J-@€) Re), = (Ge), +0u(DE), , (2.39)
with

o= (e ({5).), - ({£})) . ew
Also, we have defined the classical scalar curvature by
R = R¥, (2.41)
with the smooth Ricci tensor
Ry = R* iy . (2.42)



From the action I, the classical Einstein equation

G, =R, - %5#VR = xT,", (2.43)

follows, where 7).V is defined by

T,V
T,V = & 2.44
SE S (24
with
~V A 5LM
T, = 20052 (2.45)

being the energy-momentum density of the classical gravity source. Thus we have
defined the supergeneralized scalar curvature by

(Re), = (R*u(€)), (2.46)
with the supergeneralized Ricci tensor
(l(uv(e))€ = (R/lu/lv(é))e . (2.47)
From the action (1), the generalized Einstein equation
(Gu" (@) = R (), = 50" R, = k(T,'(€)), ,  (2.48)
follows, where (7,,"(¢)), is defined by
(Tu V(€)>
(T."(€), = —F/—= (2.49)

Y —(ge )e
with

~V o(LL
(Tu(e)) éz(guz(e))e—gggﬁgie

being the supergeneralized energy-momentum density of the supergeneralized gravity

(2.50)

source.The classical energy-momentum pseudo-tensor density T#V of the gravitational
field is defined by

v e oL
t’u 25# LG—?GTGVgGT,u (251)

with g6, = 0g.:/0x".The supergeneralized energy-momentum pseudo-tensor density T,
of the gravitational field is defined by

(T1©),_ - Caten, -
With (goes(€)), = (Bgar(€)/x")..

3.Distributional Schwarzschild Geometry from nonsmooth
regularization via Horizon

dlg(e)

agor,v(G) >€(g01',,u(€))e (2 52)

3.1.Calculation of the stress-tensor by using nonsmooth

regularization via Horizon
In this section we leave the neighborhood of the singularity at the origin and turn to the



singularity at the horizon. The question we are aiming at is the following: using
distributional geometry (thus without leaving Schwarzschild coordinates), is it possible to
show that the horizon singularity of the Schwarzschild metric is not merely only a
coordinate singularity. In order to investigate this issue we calculate the distributional
curvature at horizon in Schwarzschild coordinates. In the usual Schwarzschild
coordinates (z,r,0,¢), r + 2m the Schwarzschild metric (1.12) takes the form above
horizon r > 2m and below horizon r < 2m correspondingly

- .
above horizon r > 2m :

ds*? = h*(r)dt: — [h*(r)] 7 dr? + r2dQ2,

2m r—2m
() = -1+ < — I —2m
< ( r r (3.1.1)

below horizon r < 2m :
ds™ = h=(r)dt* — h=(r)'dr* + r*dQ?,

N 2m _ 2m—
() = -1+ 20 _ 2m—r

Remark 3.1.1. Following the above discussion we consider the metric coefficients
(), [h* ()] h=(r),and [A~(r)]"" as an element of D'(R3) and embed it into (G(R?)) by
replacements above horizon r» > 2m and below horizon » < 2m correspondingly

r>2m:r—2m— J(r—2m)*+e?,
F<2m:2m—r— JCm—-r)*+€2.

Remark 3.1.2. Note that, accordingly, we have fixed the differentiable structure of the
manifold: the usual Schwarzschild coordinates and the Cartesian coordinates associated
with the spherical Schwarzschild coordinates in (3.1.1) are extended on r = 2m through
the horizon. Therefore we have above horizon r > 2m and below horizon » < 2m
correspondingly



0if r < 2m d

_om _ 2. 2
h(r){r rm if r > 2m } r—»(hz(r))g<‘/(r 2m)” +€ ) ,

where (h{(r)), € G(R?,B*(2m,R)),B*(2m,R) = {x € R*2m < ||x|| < R}.

—#,r > 2m |
h(r) = e am — (he) ™ (r)
0, r = 2m

(3.1.2)
_Ir=2m if . <o JQm 1) +é?
h=(r) = PRSI ) = ( r)
0ifr>2m
where h=(r) € G(R3,B=(0,2m)), B~(0,2m) = {x € R3|0 < ||x|| < 2m}
—r < 2m
h\(r) = r—2m — (he)™(r) =
o, r = 2m
= L € ’G(R3>B_(092m))
‘/(r—2m)2+62 .

Inserting (3.2) into (3.1) we obtain a generalized object modeling the singular
Schwarzschild metric above (below) gorizon, i.e.,

(ds?), = (hi(r)der)_— ([hE()]'dr?) +r2dQ?,

¢ 3.1.3

(ds?), = (h(r)de*), - <[h;(r)]_1dr2>€ +r2dQ? ( )
The generalized Ricci tensor above horizon [R*]g3 may now be calculated
componentwise using the classical formulae

(R, = (R}, = (" +20:2),)
3.1.4)
, N O M (75} (
(R, = (R, = e + 00

From (3.1.2) we obtain



[(r—2m)* + 62]1/2
2 2

B (r) = ———L=2m
r[(r—Zm)2+€2:|1/2 r

r(hd) + 1+ (hY), =
o [(r—2m)? +€2]" | Jor=2m)? + €
_r[(r—2m)2+62:|1/2 " r T :

. om +[(r—2m)2+e2]”2 D

_[(r—2m)2+62:| T )

172 r r

_ r—2m 1
|:(r—2m)2 +€2:|1/2

! B 2 2\
he'(r) = - £=2m | T Lo 2”1)2 r<] -
r|:(r—2m)2 +€2:| r

_ 1 n (’”_2’")2 r—2m
r[(r—Zm)2+€2:|1/2 r[(r—Zm)2+€2:|3/2 r2|:(r—2m)2+62:|1/2

B 2|:(r—2m)2 +€2:|1/2

r—2m
r2|:(r—2m)2+€2:|1/2 r
2 +11 4/ (3.1.5)
re(h&) +2r(he), =
24 1 n (’”_2’")2 n r—2m
r[(r—Zm)2+€2:|1/2 r[(r—Zm)2+€2:|3/2 rz[(r—Zm)2+€2:|1/2
—om 2|:(r—2m)2+62:|1/2
- +
1”2|:(r—2m)2+62:|1/2 r
12
od —om s |:(r—2m)2+62:| _
r|:(r—2m)2 +€2:|1/2 r
_ r ’”(’”—2’71)2 r—2m

|:(r—2m)2+62:|1/2 |:(r—2m)2+62:|3/2 |:(r—2m)2+62:|1/2

2[(r— 2m)2 +€? :| 12

r—2m
[(r—2m)* + 62]1/2
~ 2(r - 2m) . 2 (r=2m)? +€2]"” _
|:(r—2m)2+62:|1/2 d
7 r(r—2m)?

_[(r—Zm)2+€2:|1/2 |:(r—2m)2+62:|3/2‘

Investigating the weak limit of the angular components of the Ricci tensor (using the
abbreviation



T 2r
@) = jsinede j dpD(x)
0
and let ®(x) be the function ®(x) € &3, (R?), where by S3, (R?) we denote the class of all
functions ®(x) with compact support such that:
(i) supp(®(x)) < {xlllx| = 2m} (i) @(r) € C*(R).
Then for any function ®(x) € S,,(R?) we get:

IK<[RZ]§>E®(}')d3x - jK([szg)ecp(z)cpx _

R R R (3.1.6)
j (r(h2)_ + 1+ () ) D(dr = j {— r-am____ }&)(r)dr+ j d()dr.
2m

2m [(F—ZM)2+€2:| 2m

By replacement » — 2m = u, from (3.1.6) we obtain

jK([szg)p(x)cﬁx - jK([R:]g)p(x)dsx _

R-2m ~ R-2m (3 1 7)
- J. % + I @ (u + 2m)du.
0 (u”+€*) 0

By replacement u = en, from (3.1.7) we obtain the expression

B© = | (R) 00 = 15(0) = | ([RI13) @@)dx =

A = (3.1.8)
—€ X nCD(ezn+2nl1/zdn - I ®(en + 2m)dn
, (" +1) )
From Eq.(3.1.8) we obtain
- e
ey - Ty — o P@2m) n
1) - 1560 - S | ot 1 -

_i f [#_l}é(l)(é)ndn:
' ! (” + 1) (3.1.9)

ebom (R vr - (R ) |-

R-2m
€? n =
- ] [t 1 e
0

where we have expressed the function a(en +2m) as

~ n— CD 2
Ben+2m) = S0 L2 @y L (enyrae)
§=96n+2m, 1>0>0, n=1

(3.1.10)

with @O (&) £ d'd/dE!. Equations (3.1.9)-(3.1.10) gives



lim I3(e) = lim I5(e) =

-0 -0

lei_rj)l {—eé(Zm)[\/(@>2+l +1- R—€2m :|} +

R-2m

md_< ([ s _
+lim < € I[(nzﬂ)” 1}@ ©ndn = 0.

-0 0

(3.1.11)

Thus in S, (Bx(2m)) < S5,,(R?) < D'(R?), where B*(2m,R) = {x € R*2m < ||x| < R}
from Eq.(3.1.11) we obtain

w—lim [R}]} = lim I§(e) = 0,
-0 -0
w—lim [R{]> = lim I}(e) = 0.

-0 -0

(3.1.12)
For ([R¢]}) . ([R¢]5), we get:
2 (R o@)dx =2 J-K<[R:]8>E®(x)d3x -

R
zjm (PP, +2r(he) ) D(r)dr = (3.1.13)

R B 2 3
— J. - r o+ r(r = 2m) o7 ¢ @(dr.
o [(r—Zm)2+62:| |:(r—2m)2+62:|
By replacement » — 2m = u, from (3.1.13) we obtain

)
i©=2] (R e@dx =156 = 2] (R) O

R
) — 2‘[1<r2(h§”)€ +2r(he) ) B (r)dr = Gl 14)

R-2m
_ J'{_ u+2m +u2(u+2m)

W +e)'"”  Wr+e)”?

}&)(u + 2m)du.

L 0

By replacement u = en, from (3.1.14) we obtain



2[ (R o@dx =2 (R, 0@ =

R
- j ("), + 202 ) d(dr =

2.2 .
_ J‘ €n+2m _ en-(en+ 2}3172) B(en + 2m)dn
5 (e2n® +€?) (e?n® +€?)
£ g
3 J‘ e2nd(en + 2m)dn Com J‘ ed(en + 2m)dn N
g (e2n? +€2)1/2 (e2n? +€2)1/2
e - s N
J‘ e*n’d(en + 2m)dn o J‘ en*O(en +2m)dn
g (e2n? +€2)3/2 g (e2n? +€2)3/2
2 g
B J‘ n®(en + 2m)dn N J‘ n3®(en + 2m)dn
172 32
y @M+ P+
R;Zm REZm
5 D(en +2m)dn n2®(en + 2m)dn
mp = 12 ,[ ) 3/2
, M +1) 0 (n*+1)

From Eq.(3.1.15) we obtain

2

n
- +
f |: (n2+ 1)1/2 (n2+ 1)3/2
2
n
_(772+1)1/2 + (772+1)3/2 :|77d77+

+e&)(2m) ( |:_ 1
/
AN RS

nZ
MNCEESIEE Jd’”

+% .([ &D(l)(é)[— (772+11)1/2 +

n2
(n2 + 1)3/2 :|17d17,

where we have expressed the function 5(611 +2m) as

~ a1 OO (2
Blen+2m) = X T (enyt + L (enyr@ )
1>6>0,

E £ 0en+2m ,

with @O (&) £ d'd/dE! Equation (3.1.17) gives

n=1

:|d17+

(3.1.15)

(3.1.16)

(3.1.17)



w - lim I{(e) = w- lim I(e) =

-0 -0
i Rme T’z
2m®d(2m) lim |: :|d77 -
Y g (n + 1)1/2 (nz + 1)3/2 (3 1 18)
z : ndn s dny _
2mP(2m) lim [ 0o (7 +1)°7 -1, 2+ )72 J B
= 2md2m).
where use is made of the relation
. s nzdn ) s dn -
o D (o + )72 { W+ )12 J - G-119)
Thus in S5,,(B*(2m,R)) < S5, (R?) we obtain
w - lim [Rf]] = w - lim [R{] = -m®(2m). (3.1.20)
-0 -0

The Colombeau generalized Ricci tensor below horizon [Rg]ﬁ [Rg]ﬁ may now be
calculated componentwise using the classical formulae

(R, = (Re1Y), = + () +20:),),
(R, = (), = 4 10O o

2
From Eq.(3.1.21) we obtain

— )2 2
he(r) = —L=2m oy () = ( (@m )t e ) — hf (). < 2m.

r

r

[ (r—2m)? +€2:|1/2

12 },.2 ’

hz/ _ —hZ/ — r—2m
G ) o amt e

r(hd) + 1+ (he), = —r(hY) +1-(hl), =
r—2m +1.
[(r—2m)? +e2]" (3.1.22)
h'(r) = —hE'(r) =

—om 2|:(r—2m)2+62:|1/2
_rz[(r—Zm)2+€2:|1/2 r ‘
PO+ 2007), = (")~ 2, =

r r(r —2m)?

|:(r—2m)2+62:|1/2 |:(r—2m)2+62:|3/2'

Investigating the weak limit of the angular components of the Ricci tensor (using the

/a

abbreviation ®(r) = Isin@d@ J. dpd(x) where ®(xX) € C*(R3), ®(x) is a function with
0



compact support K such that K < B=(0,2m) = {x € R3|0 < x| < 2m} we get:

J (D) o@dx = [ (R 0@ =

2m 2m 2m
j(r(h;’)€+ 1+ (h0),) D(r)dr = j{ r=2m }&)(r)dH j () dr.
0 0 0

|:(r— 2m)* + 62]1/2

By replacement » — 2m = u, from Eq.(3.1.23) we obtain
R:]5) ®)d*x = | ([R:]3) ®(x)dx =
J (D) 0w = [ (RT) o)

0 .
J‘ u®(u + 2m)du

0
2)1/2 + J. O(u + 2m)du.

2
(u”+ ¢ om

—2m

By replacement u = en, from (3.1.23) we obtain

G = | (RED) 00 = 13(e) = | ([R713) 0@)dx =

0o . 0
n®(en + 2m)dn ~
€ X ; + ®(en + 2m)dn |,
I_ (P + D" I

2m.
€

which is calculated to give

~ 0
5(e) = I3(e) = ¢ 22 [ u +1:|dn+

(n2 + 1)1/2

0

__m

0
ed~)(2m)|:l— /(27’")2“ +2TmJ éT I[(n N l}é“)(é)ndn,

where we have expressed the function 5(617 +2m) as

~ n— CD( 2
Blen+am) = X7 T eyt + L (@@
§=96n+2m, 1>0>0, n=1
with @O 2 4'd/dr!. Equation (3.1.27) gives

lim I5(¢) = lim I5(e) =

-0 -0

o o] - (G- 2]}

0
. € n % (1) _
+ lim 5 .!. |:—(772 e +1 :|® (é)ndn > = 0.

-0

(3.1.23)

(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)

(3.1.28)



Thus in S}, (Bzx(2m)) < S5,,(R3), where B=(0,2m) = {x € R3|0 < ||x|| < 2m} from
Eq.(3.1.28) we obtain

w—lim [R¢]; = lim I5(e) = 0.

0 , 7 (3.1.29)
w—lim [R¢]; = lim I;(e) = 0.
-0 -0
For ([R;]})E, ([R;]8>E we get:
2 j (R @()dx =2 jK([R;]g)p(x)d3x -
2m
! ("), +2rh2) ) D(dr = (.1.30)
o r(r—2m)?
_ r _ — O(r)dr.
}[{[(r—2m)2+62:|1/2 |:(r—2m)2+62:|3/2} Odr
By replacement » — 2m = u, from (3.1.30) we obtain
1ie) = 2 [([R:1}) 0@)dx = 13(e) = 2 [([R19) @)
2m
_ ! (P2(h"), +2r(hd) ) D(dr = G131

0
2 ~
=J. wt2m o (ut2m) O(u +2m)du.
oo L@+ er)”?

(u? +€2)*?

By replacement u = en, from (3.1.31) we obtain



2[ () e@dx =2 ([R) 00 =

0
j (P2, +2r(h) ) D(dr =

_2m
€

0
. J‘ en+2m  e*n*(en+2m) d(en + 2m)dn —
@2+ (e +e2)”? 1 1

_2m
€

0 . 0 .
2
J‘ e“nd(en +2m)dn tom J‘ e®(en +2m)dn

NGO o @ re)” (3.32)
0 ~ 0 ~
B J‘ e*n’®(en +2m)dn o J‘ en*d(en +2m)dn _
o (62772 + €2)3/2 e (62772 + €2)3/2
~ 0 ~
. n®(en +2m)dn J‘ n3®(en + 2m)dn
/ /
o @D S )T
0 . 0 ~
m J‘ Q(en +2m)dn J' 2®(en + 2m)dn
which is calculated to give
~ 0
- - _ ®(2m) , 1 n’
Io(e) = Ii(€) = 2m 0! € _!.m|: >+ 11”2 B (2 + 1)3?2 dn +
N (3.33)
p 2
+£ [ o0 |: 1 S :|d+02.
1! !). ©) (n? +1)12 (2 +1)32 nan (€7)
where we have expressed the function 5(617 +2m) as
Y _ Nl QPD (2m) 1, 1 ndyaB(n)
D(en+2m) = 31y —— - (em)' + - (en)" @0 (), (3.34)
E£0en+2m, 1>0>0, n=1
with @O (&) £ d'd/dE! Equation (3.34) gives
lim Ij(e) = lim I7(e) =
-0 -0
dem) | :
. m 1 n
2m lim - d =
-0 0! _2_|: M+D" (P +1)°? :| 1 (3.35)

- [0 __dn 0 _ nldy J
2md2m) | a7t
m®(2m) lim U—s I I

= 2mdQ2m).

where use is made of the relation



0 0
: dn ndn _
o [I @+ )12 - CEr N (-36)

Thus in S'(B=(0,2m)) < S'(R3) we obtain
w - lim [RZ]] = w - lim [R7]] = m®(2m). (3.37)

-0 -0

Using Egs. (3.12),(3.20),(3.29),(3.37) we obtain

[T+ + T+ 1)+ (T + T+ T+ 1) ] Fed'x =0 (3.38)

Thus the Tolman formula [3],[4] for the total energy of a static and asymptotically flat
spacetime with g the determinant of the four dimensional metric and 4°x the coordinate

volume element, gives

Er = [(Ti+ T4+ T)+T)) g d’x = m, (3.39)
We revrite now the Schwarzschild metric (3.3) in the form

{ (ds2), = (), — (1 + CE())dr?), + r2d€

3.40
Ci(r) = -1+ [hEN] G4

Using Eq.(A.5) from Eq.(3.40) one obtains for r < 2m
(R (€)R}(€)), =

N 2
((%(hf)”+%(h?)')2)6+2<|:— (h;) +r%:| )E = (3.41)

= 84
4m4|:.92 + (rs —2m)? ]3 g,

[(RP?*(r, )R poyv(r,€)) ] = K(rs) + ( Cal ) . (3.42)

and

4m*[ €2 + (rs — 2m)° ]3

3.2.Examples of distributional geometries. Calculation of
the distributional quadratic scalars by using nonsmooth
regularization via Horizon
Let us consider again the Schwarzschild metric (3.1)
ds* = h(r)dt* — h(r)"'dr? + r*dQ?,
h(r) = -1+ 20 — _r=2m_ (3.43)

r
() =~ r—r2m '




We revrite now the Schwarzschild metric (3.43) above Horizon (r > 2m) in the form

ds*2 = —A*(r)di® + (A* () (Pdr? + r2dQ2,

AT(r) = L=2m (3.44)
M) = =L

Following the above discussion we consider the singular metric coefficient 4-!(») as an
element of D'(R?) and embed it into (G(R?)) by replacement

r—2mw— Jr*+e* - 2m. (3.45)
Thus above Horizon (+ > 2m) the corresponding distributional metric (Es?)e takes the
form

[ (@s2) = (~Ar()de + (A2() " dr)_+r2de,

Jr? +ée? —2m>
7

b

(de(r), = (

< . (3.46)
CHO)RDEE = :
L < >E Jrr+e? =2m J
We revrite now the Schwarzschild metric (3.43) below Horizon (r < 2m) in the form
ds™2 = A~ (r)d* — (4~ (r))"'dr? + r2dQ2,
() _ 2m =1 -1 r (3.47)
A(f")— 7 s(A (V)) - zm_r'

Following the above discussion we consider the singular metric coefficient 4-!(r) as an
element of D'(R?) and embed it into (G(R?)) by replacement

2m—r — 2m— Jr? + €. (3.48)
Thus belov Horizon (r < 2m) the corresponding distributional metric (3sg2>g takes the

form

@52, = (A()de? = (A () dr?) +1r2dQ?,

_ 2m— \r? + €? el - (3.49)
A-(F). = NCE - .
e ( 7 ) (. <2m—,/T>

From Eq.(3.46) one obtains

Ur) = NP +€e =2m l__ 1 +,/r2+€2—2m
< " S e r (3.50)
(A+)”= 7 _2q/1”2+€2 —2m n 1
L ‘ r* + 62)3/2 r ryr? +e?

From Eq.(3.46) using Eq.(A.5) one obtains



4Al 2AgC€ "
R©), = (e + Helear) -

4( 1 . Jrr+€* —2m L2
5 (3.51)

2

Jrr+é? r
’ 5 r?+e? —2m N 1

_ _ : )

r r,/r2 + €2 c

T

(2 +e2)?

From Eq.(3.51) for » = 2m one obtains
(R(€)), = c16(r — 2m), (3.52)
see subsect. 2.5,Remark 2.5.4.
Remark 3.3. Note that curvature scalar (R(e)), again nonzero but nonsingular
Let us introduce now the general metric which has the form [11]:
ds®> = —A(r)(dx®)? — 2D(r)dx dr + (B(r) + C(r)(dr)* (3.53)
+B(r)r*[(d)?* + sin?0(dp)?] , '
where
( 2 a K2(r)
A(r) = Q% 1 - B(r) = —~%
O=2(1-g5) . B0 =358
-1 5
K*(r) ( )
— 1 - a K/ 2 _ —(1- 2
o0 - (1-x85) won- 55 (155 )0
(3.54)

dK(r)/dr.f'(r) £ dfir)/dr,

>

<
D(r) = Q( K?r) )//,K/(r)
K(r) = p(r) - fal,

a<0.

.
Note that the coordinates ¢ = x°/c and r are time and space coordinates, respectively,

only if
-4 T (1— 4 (r)2

| >0, (1 ) (K" (1 K)(f) >0 . (3.55)

In the Cartesian coordlnate system {x*;u = 0,1,2,3} with
x! = rcos¢sind,x* = rsingsinf,x* = rcos (3.56)

the metric (3.53)-(3.55) takes the form

ds?* = guydxtdx’ (3.57)
(3.58)

Wltll guv givell by
gOO k) gOa v b gaﬁ

From Eq.(3.54) one obtain



Ay - oSO 5 o) —la)’

p(r) —al p2(r)
(Pl @) =laD> [ pt) 159
¢ ( () ) () (p(r) my )(f 2 -39
_ p(r) / / A
D(r) = Q( OMT )/ (r),f (r) = df(r)/dr.

Regularizing the function (p() - |a|)~' above gorizon (under condition p(r) — || > 0) such
as

p(r) —lal =0 :

Cpr)—laD) ™ o (e —la™ = (P2 + € —lal) (3.60)

with € € (0,1] from Eq.(3.59)-Eq.(3.60) one obtains
Ai(r) = Qz(pg—(r)) . BI(r) = (pe(r) —laD? ,

pe(r) —Ja pi(0)
o (L) —lal\ _ (pe(r) —laD® _ (_ pe(r) o2 3.61
e = (2905 ) - L - (62 e e
FO pe(r) ! / A
D) = o LD (0. 0) = dtrya

Regularizing the function (ja| — p(r))™" below gorizon (under condition |a| — p(r) > 0) such
as

la| = p(r) 20 :
(lal = p() ™ = (al = pe(r) = (jal = JrP+€ )" (3.62)

with € € (0,1] from Eq.(3.59),Eq.(3.62) one obtains

(P Y g al= pe()
4e0) = 022 ). e )

- _ _ la| — pe(r) _ (|a|_p€(r))2 pe(r) ' 2 3.63
i) = (1o ) B (e Jo o ey

(r)=- __per) '(r).f'(r) & dfir)/dr
D:) = -0 LN 0 0) = ey

Remark 3.4. Finally the metric (3.57) becomes the Colombeau object of the form
(ds?), = (guv(€)dxdx"), (3.64)
with g, (€) given by
gho(€) = —AE(r), ghule) = -DEP) A,

« xP (3.65)
gaple) = Bi(r)6°f + Cf(r)% _

Using now Eqg. A2 one obtains that the Colombeau curvature scalars (Ri(e))€ in terms of



Colombeau generalized functions (4¢(r)) ., (Be(r)) ., (Ce(r)) ., (De(r)), is expressed as

(R+(€)) _ r2+é€? 9ace? _ 2ae?
5 3
‘ (,/r2+€2 —|a|>2 (P +e)? Pt +e?)?

(R_(é)) _ _ r’ + € 9ae? _ 2a€?
€ ( 71 e _|a|>2 (P +e)T P22+ ed)?

Remark 3.6. Note that (i) on horizon » = a Colombeau scalars (Ri(e))E well defined
and becomes to infinite large Colombeau generalized numbers

¢ (3.66)

/
(R*(e)), =
a’+¢? _ |: 9ac? _ 2ac? _ :| — Ta(e?), e R,
2 (Ja?+€é —ja])” L @+e)?  a’(@®+e)> (3.67)
(R7(e)), =
_ a’+ée? . 9ae? _ 2a¢€? : = Ta¥(e?), e R
(V@ +e —ja) L @+ P07 +e)>
g €

(ii) for » # a Colombeau scalars (R*(¢))_ well defined and becomes to infinite small
Colombeau generalized numbers (R*(¢)), ~ £(e?) .

Using now Eq. A2 one obtains that the Colombeau scalars (R*" ()R}, (€)) in terms
of Colombeau generalized functions (4¢(r))_, (Be(r)),,(Ce(r)),, (De(r)), is expressed as

P
(R*(€)R}y(€)), =

+ (2 +€2)’ i|: 3ae? :|2 3 2a€? +
(m _ |a|>4 2| (2 +er)? rr(r? +e?)> (3.68)

2
2 3ae® | ac?
5
P+ P20 +ed)? )

Remark 3.7. Note that (i) on horizon r = a Colombeau scalars (R*(€)Rj;, (€)), well
defined and becomes to infinite large Colombeau generalized numbers, (ii) for » + a
Colombeau scalars (Ri(e))E well defined and becomes to infinite small Colombeau
generalized numbers.

Using now Eq. A2 one obtains that the Colombeau scalars (R**(€)Rj5,,(€))_ in
terms of Colombeau generalized functions (4¢(r))_, (Be(r)),.(Ce(r)),, (De(r)) is
expressed as

A




2
2 2 _
(Ripoﬂv(e)Rﬁoyv(e))e — 12a - 1+ ae ~ ¥
(,/r2+62 —|a|> (1 +€*)>

2
(e ay L et | L7 e o

a’ 4¢e* +_ 8le ‘
(JV2+62 —|01|>4 At re) ey’
Remark 3.8. Note that (i) on horizon r = a Colombeau scalars (R**"(€)R s, (€)),

well defined and becomes to infinite large Colombeau generalized numbers, (ii) for » = a
Colombeau scalars finite

R R (@), = 24 (3.70)

and tends to zero in the limit » - oo.
Remark 3.9. Note that under generalized transformatios such as

2 2 2 2 _
dt = (d|: yrote - am }:) 4 (—Md@) , (3.71)

and

r r

dt = (d|: 2m =+ ng> +(2’"—”2+€2 dv;> , (3.72)

the metric given by Eq.(3.61)-Eq.(3.64) becomes to Colombeau metric of the form

(3.73)

dst? = FA*(r,e)(dvE)? — 2vEDE(r, e)dvidr + [B*(r,e) + CT(vE,r,€)](dr)? +
LB (r, £)r2[(d0)? + sin?0(dg)2].

4. Quantum scalar field in curved distributional space-time

4.1 Canonical quantization in curved distributional space-time

Much of formalism can be explained with Colombeau generalized scalar field.The
basic concepts and methods extend straightforwardly to distributional tensor and
distributional spinor fields. To being with let’s take a spacetime of arbitrary dimension D,

with a metric g, of signature(+ —...—). The action for the Colombeau generalized scalar
field (¢:), € G(M) is
(Se), = (I dPx 5 Jlgc] (4 0upedvgs) - (m? +Rs)¢§> : (4.1)
M &
The corresponding equation of motion is
([O: + m* + ER: .)€ € (0,1]. (4.2)
Here
Leos), = <|gg|_1/28y|g5|1/2gffv8#(p8>8. 4.3)

With 71 explicit, the mass m should be replaced by m/h. Separating out a time coordinate



x%, x* = (x%x%),i = 1,2,3 we can write the action as

(S), = (jdeLg) (L), = (IdD‘lxig> . (4.4)
The canonical momentum at a time x° is given by
(7)), = (6L:/8(009:(x))), = (Jhe*n"0,0:(x)) . (4.5)

where x labels a point on a surface of constant x°, the x° argument of (¢.), is
suppressed, n* is the unit normal to the surface, and (|4.|), is the determinant of the
induced spatial metric (4;(¢)),. To quantize, the Colombeau generalized field (¢.), and
its conjugate momentum (7 .(x)), are now promoted to hermitian operators and required
to satisfy the canonical commutation relation,

Loe@)m(0) 1), = ih6®! (x.y).& < (0,1]. (4.6)
Here [dP'y6P' (x,)f(y) = flx) for any scalar function f € D(R*), without the use of a

metric volume element. We form now a conserved bracket from two complex
Colombeau solutions to the scalar wave equation (4.2) by

(<¢Ss¢8>)g = (J.dz#]g> ,€ € (091] (47)
z £

where

GE(@er0:)), = () (lge et (9,005 - 0:0.9,)) .- (4.8)
This bracket is called the generalized Klein-Gordon inner product, and ((¢.,¢.)), the
generalized Klein Gordon norm of (¢.),. The generalized current density (j (¢, ¢.)), is
divergenceless,i.e. (9,/: (9., ¢.)), = 0 when the Colombeau generalized functions (¢.),
and (¢.), satisfy the KG equation (4.2), hence the value of the integral in (4.7) is

independent of the spacelike surface X over which it is evaluated, provided the functions
vanish at spatial infinity. The generalized KG inner product satisfies the relations

(96:9)) , = ~(®,.9,)), = (92 9:)) -6 € (0,1]. (4.9)

We define now the annihilation operator associated with a complex Colombeau solution
(¢), by the bracket of (¢.), with the generalized field operator (¢.), :

(@(9:)), = (9s,0:)).- (4.10)
It follows from the hermiticity of (¢, ), that the hermitian conjugate of (a(¢.)), is given by
(@'(¢.)), = —(a(9,)),- (4.11)
From Eq.(4.5) and CCR (4.6) one obtain
([a(@s).a"(9:)]), = (e, 9s)),- (4.12)
Note that from Eq.(4.11) follows
([a(g:),a(¢:)]), = ~(@e0.)) . ([a' (), a’(9:)]), = ~(B,-$:)) (4.13)

Note that if (¢.), is a positive norm solution with unit norm and with, then (a(¢.)), and
a'(p.) satisfy the commutation relation ([a'(¢.),a(¢.)]), = 1. Suppose now that |¥) is a
normalized quantum state satisfying (a(¢:)|¥)), = 1, then for each n, the state



n,¥) = ((1/\/11!)(a(<1)5))”|‘P)>‘g is a normalized eigenstate of the number operator

(N(¢:)]), = (a'(9:)ale.)), with eigenvalue n. The span of all these states defines a
Fock space of the distributional (¢, ) - wavepacket “n-particle excitations” above the
state |¥). If we want to construct the full Hilbert space of the field theory in curved
distributional spacetime,how can we proceed? We should find a decomposition of the
space of complex Colombeau solutions to the wave equation (4.2) S into a direct sum of
a positive norm subspace S, and its complex conjugate S,, such that all brackets
between solutions from the two subspaces vanish. That is, we must find a direct sum
decomposition:

S =S, S, (4.14)
such that
(e, 9e)); > 0,V(9:), € Sp (4.15)
and
(e d:)), > 0,V(0e),, (9:), € Sp. (4.16)

The condition (4.15) implies that each (¢.), in S, can be scaled to define its own
harmonic oscillator sub-albegra. The second condition implies, according to (4.13), that
the annihilators and creators for (¢.), and (¢.), in the subspace S, commute amongst
themselves:

(la(pe),a(:)]), = ([a'(@e).a’(9:)]), = 0. (4.17)
Given such a decompostion a total Hilbert space H for the field theory can be defined as
the space of finite norm sums of possibly infinitely many states of the form
(@ ($re)...a"($ne)10)),, (4.18)

where |0) is a state such that (a(¢,,)0)), = 0 for all (¢.), in Sp. The state |0), as in
classical case, is called a Fock vacuum and Hilbert space H is called a Fock space. The
representation of the field operator on this Fock space is hermitian and satisfies the
canonical commutation relations in sense of Colombeau generalized function.

4.2 Defining distributional outgoing modes

For illustration we consider the non-rotating,uncharged d-dimensional SAdS BH with a
distributional line element

(ds?), = (fude* +fdr?) +r2dO} 5,6 € (0,11, (4.19)
where
fe # 0,6 € (0,1],
) (4.20)
f;C:(): 1+#_ 1”2_3,

where dQ2 , is the metric of the (d — 2)-sphere, and the AdS curvature radius squared L?
is related to the cosmological constant by L? = —(d - 2)(d — 1)/2A. The parameter r is
proportional to the mass M of the spacetime: M = (d — 2)A4,,ri3/16x, where 4,5 =
27D2/T[(d - 1)/2]. The distributional Schwarzschild geometry corresponds to

L - «.The corresponding equation of motion (4.2) for massless case are



T,9"00), = §r (R,

(Gew), + Agepv), = 87G(Tev),,
(Tep) ~6(x).

The time-independence and the spherical symmetry of the metric imply the canonical
decomposition

(4.21)

— \les(r)Ylm(e) )
(t,r,0)) = e —med Tz ) 4.22
0:001.0)), = e (3 LT ) 4.2)
where Y;,,(0) denotes the d-dimensional scalar spherical harmonics, satisfying
AQi 2 Y (0) = =I(l+d—-3)Yim(0), (4.23)

the Laplace-Beltrami operator.Substituting the decomposition (4.22) into Eq. (6) one get
a radial wave equation

d*Y i e 1 dY e
(f?#(r) ff 1 (V) ( 2 Vlm,e(r))\le,s(r)) =0. (424)
We define now a “tortoise” distributional coordinate (r;), = (r;(r)), by the relation
dr:
( : ) (#'®) - (4.25)

By using a “tortoise” distributional coordinate the Eq.(4.24) can be written in the form of a
Schraédinger equation with the potential V. (r)

(F) + @ =romnvaen), =0, (4.26)

Note that the tortoise distributional coordinate (r}(r)), becomes to infinite Colombeau
constant [(r;(r+)),] = [(Ing),] at the horizon, i.e. as r - r., but its behavior at infinity is
strongly dependent on the cosmological constant: [(r:(r.)).] = +oo for asymptotically-flat
spacetimes, and [(r:(r+)).] = finite Colombeau constant for the SAdS; geometry.

4.2 1. Boundary conditions at the horizon of the distributional SAdS BH
geometry.

For most spacetimes of interest the potential (V:(r:(r))), =0asr =r,, i.e.

(|r5()]), = +o, and in this limit solutions to the wave equation (4.26) behave as

(We(t,rf)) ~(exp[—iw(t £ 7ri(r))]),, as r~r;. (4.27)

Note that classically nothing should leave the horizon and thus classically only ingoing
modes (corresponding to a plus sign) should be present,i.e.

(We(t,rf)) ~(exp[—io(t +7i(r))]),, as r~r;. (4.28)
Note that for non-extremal spacetimes, the tortoise coordinate tends to

(), = Ufg_l(r)dr> ;[ (fg/(m))g]_l(ln(v — .| +€)), as rr., (4.29)

where (ﬂ(m)) > 0. Therefore near the horizon, outgoing modes behave as



(exp[—io(t—ri(r)]), = {(exp[-iwvi(t,r)]), ) (exp[2iwr;(r)]), =

= {(exp[-iovi(t,r)]),} {([Ir —ri|+ 8]2"&%(”)) E}, (4.30)

where (vi(t,r)), = t+ (ri(r)),. Now Eq. (4.30) shows that outgoing modes is Colombeau
generalized function of class G(R).

5. Energy-momentum tensor calculation by using
Colombeau distributional modes

We shall assume now any distributional spacetime which is conformally static in both
the asymptotic past and future. We will be considered distributional spacetime which is
conformally flat in the asymptotic past,i.e.

{ dsi ~ (f2;,(=de* + dx?)), asymp. past
ds?

o (5.1
~ (feou(=dt* + hejdx'dx’)) , asymp. future )

where ¢ € (0,1] (fz4), = (fea(2,X)), > 0,3 € {in,out}y, are smooth functions and
hey = he;;(X),i,j = 1,2,3, are the components of an arbitrary distributional spatial metric.
Note that we use the same labels r and ¥ = (x',x?,x3) for coordinates in the asymptotic
past and future only for simplicity; they are obviously defined on non-intersecting regions
of the spacetime.) In each of these asymptotic regions the distributional field (®.), can
be written as (@), = (®./f.s) . where (®;)_satisfies
2~ ~ ~

—(g—ﬂ ) = —(Aa®) + (Vead,) (5.2)
where (A,,), is the flat Laplace operator, (A;..), is the Laplace operator associated
with the spatial metric (), and the effective potential V', is given by

Ve, = (B 4 (o +R0), -

(=60 ( B ) o (124) + Ko
with (Kzm), = 0, Keow = Ke0u(X) the scalar curvature associated with the spatial
distributional metric (4.;)..

We assume now this condition: (i) the massless (m = 0) field with arbitrary coupling &
in spacetimes which are asymptotically flat in the past and asymptotically static in the
future,i.e. fi, = 1 and f;.ou = fr.0u(X), as those describing the formation of a static BH
from matter initially scattered throughout space, and (ii) the massless, conformally
coupled field (m = 0 and & = 1/6). With this assumptions for the potential, two different

sets of positive-norm distributional modes, (uﬁ%) and (vg,?)g, can be naturally defined

(5.3)

by the requirement that they are the solutions of Eq.(5.2) which satisfy the asymptotic
conditions:

(u‘(:;) )E px (167r3a);)‘1/2 e—i(wzf—k@ ﬂ;iln )8 (5.4)

ast



and

(62), = Qo) e ([ Fea®) . (5.5)

future

where & € R3, wp = ||7c)||, @, > 0, and (F.4(x)), are Colombeau solutions of

([~Asour + Veour (})]Fs,a ) )g = ol (Fea (x)) &

5.6
(Fea(),l,, € C*(R?) G0

satisfying the normalization
([, @V Fou® Fop®) = bup (5.7)

on a Cauchy surface %, in the asymptotic future. Note that each F.,,¢ € [0,1] can be
chosen to be real without loss of generality. There are reasonable situations where the
distributional modes (v(+)> given in Eq. (5.5), together with distributional modes
(sz,(?t)g fail to form a complete set of distributional normal modes. This happens

whenever the operator ([—Agou + Veou(x)]), in Eq. (5.2) happens to possess
normalizable i.e., satisfying Eq. (5.7) eigenfunctions with negative eigenvalues,
@l = -QZ < 0. In this case, additional positive-norm modes (w(+) with the asymptotic

behavior

(+) Qqr-ir/12 —Qqt+in/12 Fea (55)
Wea = (e + et ) (5.8)
< € future ( \/ﬂ fg,out(z) )8

and their complex conjugates (wﬁ}ﬁ)g are necessary in order to expand an arbitrary
Colombeau solution of Eq.(5.1) As a direct consequence, at least some of the in-modes
(ui?)g (typically those with low w;) eventually undergo an exponential growth.This

asymptotic divergence is reflected on the unbounded increase of the vacuum
fluctuations,

20 F.® 2
2 - K& [( d 1+ 0(e )], 5.9
(@), I Te) T ). [ (e™9] (5.9)
where F(¥) is the eigenfunction of Eq. (5.6) associated with the lowest negative
eigenvalue allowed, @2 = -Q2, ¢ is some positive constant, and « is a dimensionless
constant (typically of order unity) whose exact value depends globally on the spacetime
structure (since it crucially depends on the projection of each (u:‘%) on the mode

<W§f3>g whose @2 = —Q?; k also depends on the initial state, here assumed to be the

vacuum |0}, ). As one would expect, these wild quantum fluctuations give an important
contribution to the vacuum energy stored in the field. In fact, the expectation value of its
distributional energy-momentum tensor, (7., (x))),.¢ € (0,1], in the asymptotic future
is found to be dominated by this exponential growth:

(o@D, - (@i H{ U5 (e B g+ exc)

future &

2ED%;  (Df)>  Dif:D'F >-10)
+(1_65)( EDY. , (Df:)* _ Dl ) m(e_e,)}

f8 ngz ste



(Teai)), =

future

D, (5.11)
i {a-so( 228 —a-en( L) Loea),

7
(T, =
i {a-20( PERE ) <2 P25 ve(Ra),
+%(QZ—(@£€ . 5K8>> (5.12)

Vg feFe feF:

2 2 kT
+(hg,ij)g( 252]‘5 - (l;j;;) + D’ﬁgeﬂ ) :| + O(e ™),

where D; is the derivative operator compatible with the distributional metric (4.;), (so
that A, = D?), (§8U> is the associated distributional Ricci tensor so that

+(1_6§)|:(D,-ngjfg _ DyDF Djng,-Fg> .

(Keout), = (hf;’fz'g,,-j)g, and we have omitted the subscript out in (f;ou:), and (K¢ou), for

simplicity. The Egs. (5.10-5.12), together with Eq.(5.9), imply that on time scales
determined by Q~', the vacuum fluctuations of the field should overcome any other
classical source of energy, therefore taking control over the evolution of the background
geometry through the semiclassical Einstein equations (in which ((T%,v)), is included as
a source term for the distributional Einstein tensor). We are then confronted with a
startling situation where the quantum fluctuations of a field, whose energy is usually
negligible in comparison with classical energy components, are forced by the
distributional background spacetime to play a dominant role. We are still left with the
task of showing that there exist indeed well-behaved distributional background
spacetimes in which the operator [(-Az.u: + Veou(X)),] possesses negative eigenvalues
@2 < 0,condition on which depends Eq(5.9). Experience from quantum mechanics tells
us that this typically occurs when (V;...), gets sufficiently negative over a sufficiently
large region. It is easy to see from Eq. (5.3) that, except for very special geometries (as
the flat one), one can generally find appropriate values of & € R which make (V¢ou), as
negative as would be necessary in order to guarantee the existence of negative
eigenvalues. For distributional BH spacetime using Eq.(5.9)-Eq.(5.12) one obtains

2
ke H2E(r) R
(@), = —5 [<<(rr+)2+82>1/4>j o Ty (5.13)




(Te00(r)), =

€

{(<(D§(V)>)S}{—(1 —245) (QZ + —(D;’”((:Jr)))z + m? ((r— r)? + 82> " EK,
y (5.14)
2ED*f:(r) (Dfe(r))? Df;(r)D'F
1-68)| - _ ,
B §)< =r?+e) " (orP+e) " (C-r)P+e) 'F, >}

r—rofe(r) = ((r— r)? + 82> "
(Te0i()), =

QD[Fg(r+)

QD f.(r)
g _ 4 — _ _ 6 R (5 15)
{(® (r)>)g}{(l é)(—Fg(h) ) (1 5)( ((r—r+)2+32)”4 )}

r—ro,fe(r) = <(r— re)? + 82> "

A

.
(Teii(1)), =
oo Ha-20( 252 ) —ox( PP ) we(Ry),
LI LI (QZ - (—(D%((::)”z (- v e?) " - m))
+(1 - 6&) DieDife - DD - DfeDiFs + 0
<(r—r+)2+82>1/2 <(l"—l"+)2+82>1/4F5 <(l"—l"+)2+82>1/2F5 .
+(hes) 2§D2f6 . (ng)z + DkﬁngFg
v <(r—r+)2+82>1/4 2<(r—r+)2+82>1/2 <(r—r+)2+82>1/41_78 . ,
v Iy

Remark 5.1.Note that in spite of the unbounded growth at » —» . in
Eq.(5.13)-Eq.(5.16), ((T:.)), is covariantly conserved: (V,.(T:v)), = 0. In the static case
(feou), = (feou()),, for instance for distributional BH geometry, this implies that the total
vacuum energy is kept constant, although it continuously flows from spatial regions
where its density is negative to spatial regions where it is positive.

Remark 5.2. Note that the singular behavior at » — . appearing in Eq.(5.13)-Eq.(5.16)
leads only to asymptotic divergences, i.e. all the quantities remain finite everywhere
except horizon.

6. Distributional SAdS BH spacetime-induced vacuum
dominance



6.1. Adiabatic expansion of Green functions

Using equation of motion Eq.(5.2) one can obtain corresponding distributional
generalization of the canonical Green functions equations. In particular for the
distributional propagator

iG;(x,x") = (0| T(@z (x)p:(x))[0),& € (0,1] (6.1)
one obtains directly
([Oex + m? + ER* (x,£)GE(x.x')), = —[-g*(x,8)] 26" (x —x'). (6.2)
Special interest attaches to the short distance behaviour of the Green functions, such as
(Gg(x,x/))‘S in the limit ||x — x'|| - 0 with a fixed ¢ € (0,1]. We obtan now an adiabatic
expansion of (G;(x,x")), . Introducing Riemann normal coordinates y* for the point x, with

origin at the point x’ we have expanding
(giv(x,g))e = M+ %[(Rfmvﬂ(s))ejya};ﬁ - %[(Riavﬂ;y(g))gjyayﬁyy + (6 3)
+[ %(Rﬁavﬂ;yé(g))g + %[(Riym(g))g ](R;‘réﬁ(g))g }yo’yﬁyyy‘S +...

where 1, is the Minkowski metric tensor, and the coefficients are all evaluated at y = 0.
Defining now

(£Ex)), = [ (Ceiteen™) @i, (6.4)
and its Colombeau-Fourier transform by
(Lira), = o) ([dmke i) 6.5)

where ky = n*k,yz, one can work in a sort of localized momentum space. Expanding
(6.2) in normal coordinates and converting to k-space, (£;(k)), can readily be solved by
iteration to any adiabatic order. The result to adiabatic order four (i.e., four derivatives of
the metric) is

(L), = (@ =m?) " = (L&) - m) *R¥e)), +
+L(L-g)ouw - m) P REE), - (6.6)
L@, Joorw@ -7+ [ (L -8) ®2e), + 2 (@), @ -m)”
where 0, = 0/0k*®,
(@p(e)), = (3= &) Ri()), + Thg Rip(@), - 7o (Rapd' @) -
5| (R'@) |Rigen, + [ (R,@) [Rie, +
g | (R©) | Riup()),

6.7)

and we are using the symbol = to indicate that this is an asymptotic expansion. One
ensures that Eq.(6.5) represents a time-ordered product by performing the k° integral



along the appropriate contour in Pic.3. This is equivalent to replacing m? by m? — ie.
Similarly, the adiabatic expansions of other Green functions can be obtained by using
the other contours in Pic.3.Substituting Eq.(6.6) into Eq.(6.5) gives

(L200x')), = 27) " x
(J' d”ke‘iky|:a$(x,x’;s) n af(x,x/;g)(— 0 ) + a%(X,x’;s)( 8512 )2:|(k2 _ m2)_1) (6.8)

2
om .

where

(ap(x,x58)), =1 (6.9)

and, to adiabatic order 4,
(ai(v,x'32)), =
Lo O®RiE)), - L(+-8)IREE), b - Ll w@iE), 1" (6.10)
(@x'se), = T(+ - &) R2@), + + (@),

with all geometric quantities on the right-hand side of Eq.(6.10) evaluated at x'.

+

-
b S

Fig.4.The contour in the complex k°plane C
to be used in the evaluation of the integral
giving £". The cross indicates the pole at

K = (k] +m2)"”.
If one uses the canonical integral representation
(k2 —m? +ie) ™" = i [ dse (s 6.11)
0

in Eq.(6.8), then the d"k integration may be interchanged with the ds integration, and
performed explicitly to yield (dropping the ie)

0

(Li(x,x)), = —i(4n)™"? J.iafs(is)_”/2 exp|:—imzs + —a(;c,.x’) :|3"§(x,x’;is)
1§ (6.12)

0 £

o(rx') = Tyay”.



The function o(x,x") which is one-half of the square of the proper distance between x
and x', while the function (¥ .(x,x";is)), has the following asymptotic adiabatic expansion

(Filnx'sis)), = (aj(x,x's8)), +is(ai(x,x';€)), + (is)*(a3(x,x';€)),, +... (6.13)
Using Eq.(6.4), equation (6.12) gives a representation of (G;(x,x")), :
(G:(x,x")), =

o0

—i(4n>-"/2<[<Ay2<x,x/;g>>g] Jidstsy expl —ims + 252D }a(x,x/;is)) (614

0

&

where (A+(x,x';¢)), is the distributional Van Vleck determinant

(As(x,x';2)), = —det[8,0,0(x,x)] ([g*(x.£)g*(x',£)] ) (6.15)

In the normal coordinates about x' that we are currently using, (A:(x,x';¢))_ reduces to
([-g*(x,£)]"'*) . The full asymptotic expansion of (F#(x,x';is)), to all adiabatic orders
are

(Fi(ex'sis)), = D _(isY (a5(x,x';¢)), (6.16)
j=0
with (aj(x,x;€)), = 1, the other (a; (x,x";¢))  being given by canonical recursion
relations which enable their adiabatic expansions to be obtained. The expansions (6.13)
and (6.16) are, however, only asymptotic approximations in the limit of large adiabatic
parameter T.
If (6.16) is substituted into (6.14) the integral can be performed to give the adiabatic

expansion of the Feynman propagator in coordinate space:
(Gi,x")), = ~(4ni)™ (Ai”(x,x’;e) Zaf(x,x’;e)(— 05 ) x
/=0 (6.17)

{3 ian(enor) )

which, strictly, a small imaginary part ie should be subtracted from ¢.Since we have not
imposed global boundary conditions on the distributional Green function Colombeau
solution of (6.2), the expansion (6.17) does not determine the particular vacuum state in
(6.1). In particular, the "ie" in the expansion of (G;(x,x")), only ensures that (6.17)
represents the expectation value, in some set of states, of a time-ordered product of

fields. Under some circumstances the use of "i€" in the exact representation (6.14) may
give additional information concerning the global nature of the states

6.2. Effective action for the quantum matter fields in curved

distributional spcetime

As in classical case one can obtain Colombeau generalized quantity (/7;),, called the
effective action for the quantum matter fields in curved distributional spcetime, which,
when functionally differentiated, yields




2 SWe ~
<(—g(8))% 5g””(8)> = (o)), (6.18)

To discover the structure of (W), let us return to first principles, recalling the
Colombeau path-integral quantization procedure such as developed in [34],[35],[36]. Our
notation will imply a treatment for the scalar field, but the formal manipulations are
identical for fields of higher spins. Note that the generating functional

13D, = ([ Dlp:)exp{iSu(e) +1 [ 1.@pst)ax } ) (6.19)

was interpreted physically as the vacuum persistence amplitude ({out,,00,in.)).. The
presence of the external distributional current density (J), can cause the initial vacuum
state (|0,in.)), to be unstable, i.e., it can bring about the production of particles. In flat
space, in the limit (J;), = 0, no particles are produced, and one have the normalization
condition

700D, = ([ Dloc]expdiSm(e) + i [ 3o (0)pe(x)a” ‘ — ((0,0.)). = 1. (6.20
2:00]), = ([ DlocJexp{ism(e) +i [ 3:pedx} ) | = (0.0, (6.20)
However, when distributional spacetime is curved, we have seen that, in general,

(10, 0ut,)), + (|0,in.)),, (6.21)

even in the absence of source currents J. Hence (6.19) will no longer apply.
Path-integral quantization still works in curved distributional spacetime; one simply treats
(Sm(e)), in (6.19) as the curved distributional spacetime matter action, and (J:(x)), as a
current density (a scalar density in the case of scalar fields). One can thus set J. =0 in
(6.19) and examine the variation of (Z:[0]), :

(0Z:[0]), = iID[¢8]6Sm(8) exp[iSm(@s;€)] = i((out,, 0[6Sm(€)[0,in,)),. (6.22)
Note that

2 OSm(¢) _
<(—g(8))% ogh"(€) ) = (Tw(e)).. (6.23)

From (6.22) and (6.23) one obtains directly

2 0Z:[0]
(~g(z))* 98"(2)

) = i((out,, 0T, (£)[0,in,)) (6.24)

Noting that the matter action S\, (¢) appears exponentiated in (6.19), one obtains directly

Z.[0] = (exp(iW.)), (6.25)
and

(exp(We)), = —i(In{out,,0[0,in,)) . (6.26)
Following canonical calculation one obtains

(ZH0D), = ([det(~GE(x,x'))]? ) (6.27)

where the proportionality constant is metric-independent and can be ignored. Thus we
obtain

(%), = -ilnz£[0]), = ~£ (a[In(-G:) 1) . (6.28)



In (6.28) (G“%)g is to be interpreted as an Colombeau generalized operator which acts
on an linear space 3 of generalized vectors |x),normalized by

('), = 0 =) (g )] %) (6.29)
in such a way that
(GEx,x"), = (*IGE") .- (6.30)

Remark 6.1.Note that the trace (tr[R.]), of an Colombeau generalized operator (R.),
which acts on a linear space 3, is defined by

o), = (Jantg o) e ) = ([axg el (b)) . (63D
Writing now the Colombeau generalized operator (G%) as

(Gt), =—~(Fth), = —i(j dsexp[—sf§]> : (6.32)
0

&€

by Eq.(6.14) one obtains
((xlexp[—sF k') =

! 6.33
i(47r)_”/2[ (Ai/z(x,x’;8)> . ] exp|:—imzs + —6(;6;_;6 ) :|3"§(x,x’; is)(is) ™ ( )

Now, assuming (F ), to have a small negative imaginary part, we obtains

(I ds(is)‘%exp[—sﬂ%]) = (Bi(-iAF 7)), (6.34)

A €
where Ei(x) is the exponential integral function.
Remark 6.2.Note that for x - 0
Ei(x) = y + In(—x) + O(x) (6.35)
y is the Euler’s constant. Substituting now (6.35) into (6.34) and letting A -~ 0 we obtain
(In(=G%)), = ~(n(F,)), = ( j dsexp[—sﬂfg](is)*) , (6.36)
0 €

which is correct up to the addition of a metric-independent infinite large Colombeau

constant Q < R that can be ignored in what follows. Thus, in the generalized De
Witt-Schwinger representation (6.33) or (6.14) we have

(@ln(-G)HKY) = (j G;(x,x’;m2)dm2> : (6.37)
where the integral with respect to m? brings down the extra power of (is)~! that appears

in Eq.(6.36). Returning now to the expression (6.28) for (W), using Eq.(6.37) and

Eq.(6.31) we get

W), = é[(j d”x[g*(x,g)]%>8:|<lin} T G;(x,x’;mz)dm2> (6.38)

&€

Interchanging the order of integration and taking the limit x —» x’ one obtains



ws), = %(j dmZId"x[g+(x,g)]%G;(x,x;m2)> . (6.39)

n12

Colombeau quantity (W), is colled as the one-loop effective action. In the case of
fermion effective actions, there would be a remaining trace over spinorial indices. From
Eq.(6.39) we may define an effective Lagrangian denS|ty (Lt x)), by

), = (Jarl-g* o)) Liw) (6.40)

whence one get

(L), = [g(n8)]F Liw() = 5(11113 J dm2Gz<x,x/;m2)> . (6.4

m2

6.3. Stress-tensor renormalization

Note that (L;(x)), diverges at the lower end of the s integral because the o/2s damping
factor in the exponent vanishes in the limit x - x'. (Convergence at the upper end is
guaranteed by the —ie that is implicitly added to m? in the De Witt-Schwinger
representation of (L;(x)),. In four dimensions, the potentially divergent terms in the
DeWitt- Schwinger expansion of (L;(x)), are

p
Li’div(x)) =
< -@B2r)! (hm [(Am(x x'; 8)) J.ﬁexp[—zm s+ (XZ;C ) :| (6.42)
X x[ag(x,x';€) +isat(x,x'; ) + (is) a5 (x,x' ;s):|>‘E

where the coefficients aj, at and a5 are given by Eq.(6.9)-Eq.(6.10). The remaining
terms in this asymptotic expansion, involving a3 and higher, are finite in the limit x - x'.

Let us determine now the precise form of the geometrical (L4, (x)), terms, to
compare them with the conventional gravitational Lagrangian that appears in (2.38). This
is a delicate matter because (6.48) is, of course, infinite. What we require is to display
the divergent terms in the form « x [geometrical object]. This can be done in a variety of
ways. For example, in n dimensions, the asymptotic (adiabatic) expansion of (Lg;eff(x))e
is

( <L§;eff(x)>8 =
14 -n/2 1 A1/2 , /; ~ (x, /; %
(4r) <1m [( (x,x 8)>£]j=20aj(xx ) (6.43)
X J- ids(isy " exp|:—imzs + —G(;;;C/) :|>
\ 0 &

of which the first n/2 + 1 terms are divergent as ¢ — 0. If n is treated as a variable which



can be analytically continued throughout the complex plane, then we may take the x - x'
limit

-

(Lra)), = 271 (4m) ™ (Z a)(x:) [ ds(isy ™" exp[—im%]) -
J=0 0

&

- 6.44
< 2_1(4ﬂ)—n/2 Zaj(x;g)(mz)n/Z—jl—‘<]._ %>, ( )
=0
L aj(x;e) = aj(x,x;¢€).

From Eq.(6.44) follows we shall wish to retain the units of L «(x) as (length)™, even
when n = 4. It is therefore necessary to introduce an arbitrary mass scale u and to
rewrite Eq.(6.44) as

(L), = 2-1(4n>-”/2(%)"‘4<i aj(x; 8)(m?) T (j - g)) L (6.45)

&

If n — 4, the first three terms of Eq.(6.45) diverge because of poles in the I'- functions:
~
n)__ 4 ) )
F( 4) n(n—2)(4—n 7>+0(n 4),
_n)__4 2 )
r(1 2) 2 —n) (4_n 7) +0(n—-4), (6.46)

r(2-4) - T2 7+ 00— 4).

A

A
Denoting these first three terms by (L} 4;,(x)),, we have

&;div

(Li;div(x))g =

y ‘ s ‘ (6.47)
(471_)—;1/2{ nl4_ + %|:y + ln(’Z_j> :|} (|: 4”:(::0_();’)8) _ Zmnai(g,g) +a2(x;8):|>8.

The functions ao(x;€),a:1(x;¢) and ax(x; ) are given by taking the coincidence limits of
(6.9)-(6.10)
.

(@i(se)), = 1,
(@ise), = (+-&) R,

X 6.48
(@3(556)), = Thg Ripa ()R (x,2)), - Too (R*P(x,2)Rip(x,2)), - (e
L1 _ ) ORr, L1l _e)R2(x,e)) .
\ L1-o)OrR e, + L (L - o) ®R2w e,
Finally one obtains
< 3 o,
(Lgren(x)), = — 6417r2 ('([ ids In(is) 6((1*)3 [fg(x,x; is)e " ]) ) (6.49)

Special interest attaches to field theories in distributional spasetime in which the
classical action (S.), is invariant under distributional conformal transformations,i.e.,

(guw(x,€)), - (Qg(x)gﬂ\/(xag))g = (gﬁv(xag))g~ (6.50)



From the definitions one has

(S:[85(x.0)]), = (Sulgh (x.£)]), + ( | dnx(w

527 (x,2) >5gip6(x’8)); 3D

From Eq.(6.51) one obtains

, (6.52)
Q=1
and it is clear that if the classical action is invariant under the conformal transformations
(6.50), then the classical stress-tensor is traceless.Because conformal transformations
are essentially a rescaling of lengths at each spacetime point x, the presence of a mass
and hence a fixed length scale in the theory will always break the conformal invariance.
Therefore we are led to the massless limit of the regularization and renormalization
procedures used in the previous section. Although all the higher order (j > 2) terms in
the DeWitt-Schwinger expansion of the effective Lagrangian (6.45) are infrared divergent
atn = 4 asm -~ 0, we can still use this expansion to yield the ultraviolet divergent terms
arising from j == 0,1, and 2 in the four-dimensional case. We may put m = 0
immediately in the j = 0 and 1 terms in the expansion, because they are of positive
power for n ~ 4. These terms therefore vanish. The only nonvanishing potentially
ultraviolet divergent term is therefore j = 2 :

21 (47r)_"/2(%>n_4a2(x,8)r(2 -2), (6.53)

which must be handled carefully. Substituting for a,(x) with £ = £(r) from (6.48), and
rearranging terms, we may write the divergent term in the effective action arising from
(6.53) as follows

Wran), =270 (2) (2= 2)([anl-g @ o) atee)) -

Ty lgh(x,€),€] = _< Qi(x)  0S:gw(x,¢)] )

[g(x,8)]7  0Q)

271 (4m) ™" (%)HF(z - ) ([ arsl-g o)) IR () + ﬂG%(x)])s +O(n - 4) (@39
where

Fe(x)), = R (x,£)R0p,5(x,€)), — 2(R*™(x,8)Rap(x,€)), + %(Rﬁ(x,S))g, (6.55)

(GE(x)), = (R (x,&)Rp,5(x,8)),
and
a = 710,/3 - —%. (6.56)
Finally one obtains
(Thi(x,)),0n = —(1/288072)[ a(Fo(x) - 200R*(x,8)) _+ B(GE(x)), | = 6.57)

—(1/288077) [ (Ripys(x, 6 )R* 7 (x,6)) = (Rip(x,8)R*P (x,6)), — OR* (v, ¢) .
Note that from Eq.(3.42) for » — 2m follows that
(R (&)R po(2)), = ([(r=2m)* +22]7) +42m)*. (6.58)

Thus for the case of the distributional Schwarzchild spesetime given by the distributional
metric (3.40) using Eq.(6.57) and Eq.(6.58) for » - 2m one obtains



(Th(x,e))... = —(288072)™" [ ([o-2m)* + ]‘1)8 +402m)* } (6.59)

This result in a good agreement with Eq.(5.14)-Eq.(5.16).

7.Novel explanation of the Active Galactic Nuclei.The
Power Source of Quasars as a result of vacuum
polarization by the gravitational singularities on BHs
horizon.

7.1. The current paradigm for Active Galactic Nuclei.High

energy emission from galactic jets.

Accretion of gas onto the supermassive Kerr black holes lurking at the center of active
galactic nuclei (AGN) gives rise to powerful relativistic jets.

Fig.7.1.Jet from Black Hole in a Galaxy Pictor A
The active galaxy Pictor A lies nearly 500 million
light-years from Earth and contains a
supermassive black hole at its centre.

This is a composite radio and X-ray image.

We remind that in the standard theory of an accretion disk around a black hole it is
assumed that there is no coupling between the disk and the central black hole [51].
However, in the presence of a magnetic field, a magnetic coupling between the disk and
the black hole could exist and play an important role in the balance and transportation of
energy and angular momentum.In the absence of the magnetic coupling, the energy
source for the radiation of the disk is the gravitational energy of the disk (i.e., the
gravitational binding energy between the disk and the black hole). But, if the magnetic
coupling exists and the black hole is rotating, the rotational energy of the black hole
provides an additional energy source for the radiation of the disk.With the magnetic
coupling, the black hole exerts a torque on the disk, which transfers energy and angular
momentum between the black hole and the disk. If the black hole rotates faster than the
disk, energy and angular momentum are extracted from the black hole and transfered to
the disk. The energy deposited into the disk is eventually radiated away by the



disk,which will increase the efficiency of the disk and make the disk brighter than usual.
If the black hole rotates slower than the disk, energy and angular momentum are
transfered from the disk to the black hole, which will lower the efficiency of the disk and
make the disk dimmer than usual. Therefore, the magnetic coupling between the black
hole and the disk has important effects on the radiation properties of the disk [52]-[53].
The current paradigm for AGN is that their radio emission is explained by synchrotron
radiation from relativistic electrons that are Doppler boosted through bulk motion. In this
model, the intrinsic brightness temperatures cannot exceed 10'' to 10'? K [55]. Typical
Doppler boosting is expected to be able to raise this temperature by a factor of 10.
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(=]
I

-2 logyo To.min

9 10 11 12 13
P I T TN NN TN S T NN T ST B SR P HT N NN  H N BT
6 4 2 0 -2 —4 _6

u [GA]

Fig.7.2.Fourier coverage (uv-coverage) of the fringe fitted data
(i.e.,reliable fringe detections) of the Radio Astron observations
of BL Lac on 2013 November 10-11at 22 GHz.

Color marks the lower limit of observed brightness temperature
obtained from visibility amplitudes. Adapted from [54].

The observed brightness temperature of the most compact structures in BL Lac,
constrained by baselines longer than 5.3GA, must indeed exceed 2 x 103K and can
reach as high as ~ 3 x 10'*K [55]. As follows from Fig. 7.2, these visibilities correspond to
the structural scales of 30 — 40 uas oriented along position angles of 25° — 30°. These
values are indeed close to the width of the inner jet and the normal to its direction.The
observed, T, and intrinsic, T, brightness temperatures are related by

Tb,obs = 6(1 +Z)_1Tb,int (7 1. 1)

with 6 = 7.2. The estimeted by (7.1.1) a lower limit of the intrinsic brightness temperature
in the core component of our Radio Astron observations of 7}, > 2.910"? K. It is
commonly considered that inverse Compton losses limit the intrinsic brightness
temperature for incoherent synchrotron sources, such as AGN, to about 102K [1].In
case of a strong flare, the "Compton catastrophe" is calculated to take about one day to
drive the brightness temperature below 102K [1]. The estimated lower limit for the
intrinsic brightness temperature of the core in the Radio Astron image of T}, > 2.9102K
is therefore more than an order of magnitude larger than the equipartition brightness
temperature limit established in [55] and at least several times larger than the limit
established by inverse Compton cooling.

Remark 4.1.1. Note that if the estimate of the maximum brightness temperature given
in

[53], is closer to actual values, it would imply T}..,5 x 1013K. This is difficult to reconcile



with current incoherent synchrotron emission models from relativistic electrons,
requiring

alternative models such as emission from relativistic protons.

Remark 4.1.2. However the proton, as we know, is 1836 times heavier than an
electron

and absolutely huge energy is required to accelerated it to sublight speed.

Remark 4.1.3.These alternative models such as emission from relativistic protons

can be suported by semiclassical gravity effect finds its roots in the singular behavior
of

quantum fields on curved distributional spacetimes presented by rotating gravitational

singularities.

7.2.The Colombeau distributional Kerr spacetime in Boyer-

Lindquist form.
The classical Kerr metric in Boyer-Lindquist form reads

ds? = —=(r,0)di? - Amrasin’l g P g2y 22
e b p2 Aa p

_ (7.2.1)
(rz ra’+ 2mra 2s1n 0 ) sin29d¢2,
p
where
p? =r*+a*cos?0,A, = r* = 2mr + a?,
= _ 2mr _ r®—=2mr+ a*cos?6 (7.2.2)
2(r,0) = 1 - 21 — - .

p

Remark 7.2.1.Note that For small values of the parameter a, where we may neglect
terms
of the order of a2, we get from (7.2.1) the Lense-Thirring metric with J. = ma

ds? = ~(1 = 21 Yag 4 (1 21) 742 4 P2(d0? + sin’6ag?) — Hmasin’0 gugg - (7.2.3)

.Slow Kerr gravitational singularity: a < m.
Note that

E(l",@) _ r— 2mr+2a2 cos?0 _ (l"— rE+(9))(2r_ rE—(Q)) , (724)
p p
where rg.(0) = m + ym? —a*cos?0 and A, = > —2mr+a* = (r—ry)(r—r_), where
re =m*Jym?—a’.

Remark 7.2.2.Let Z(0) be a submanifold given by equation ¢ = const, then metric
(7.2.1)
restricted on submanifold Uy Z(6) reads

2
ds? = —E(r,0)dt> + Z—adrz + p2d6>. (7.2.5)

Note that: (i) the metric (7.2.5) is degenerate on outer ergosurfaces r = rg, () and
inner
ergosurfaces r — rg_(0),(ii) the metric (7.2.5) is singular on horizon r = r.,(iii) the



metric
(7.2.5) is singular on submanifold given by equation » = r_.
Remark 7.2.3.Note that we will be consider the distributional Kerr spacetime not as full
distributionel BH with Colombeau generalized metric (7.2.7), but only as gravitational
singularity located on submanifold Uy Z(6) which coincide with outer ergosurface of
classical Kerr spacetime. In accordance with Eq.(7.2.11),Eq.(7.2.19) and Eq.(7.2.20)
submanifold Uy Z(0) presented the singular boundary of distributional spacetime
presented by Colombeau generalized metric (7.2.7).
We introduce now the following regularized (above ergosurface r = rg, (6)) quantity

(re = re(0)) | (re — 7£.(0))” + &7
p2(rs) ’ (7.2.6)

Age = 12 —2mr, + a?,

E;(l”g, 9) =

where p2 = p2(r.) = r2 + a’cos?0,¢ € (0,5], r: > rg,(0) > r,. Thus Colombeau

generalized metric (above ergosurface r = rg, (0)) corresponding to classical Kerr

metric
(7.2.1) reads

ug%e:—usgmﬁ»sz—[(ﬁﬂ%§2ﬁ9>:}mw+

&

(£ Janys i (7.2.7)

&€

2 i )
(,,g ra+ 2mra 2sm 0) sin20d¢>.
& €

Remark 7.2.4.Let Z(0) be a submanifold given by equation ¢ = const, then
Colombeau
generalized metric (7.2.7) restricted on Z(0) reads
2

@), = @i+ | (L) a1+ (e, .29

Note that Colombeau generalized metric (7.2.7) nondegenerate on outer ergosurfaces
(re), = re.(0),see Pic.7.1.
Remark 7.2.4.Note that for small values of the parameter a, where we may neglect

terms
of the order of a?, we get from (7.2.7) effectively the following Colombeau generalized

metric

-1
@ﬁn=—0—%£a}ﬁ+@—%%?)[@@J+

[(2) 1(d6? + sin0dy?) — 4masin®0 gy

(rs)g
where r¢, (0) = m + ym? — a® cos?0 .
Remark 7.2.5. Note that Colombeau generalized metric (7.2.9) restricted on Z(0)
reads

(7.2.9)



-1
(dsi?), = —(1 - %@)dﬂ + (1 - r(Er—()Q)> [(dr2), ]+ [(12),]d6> (7.2.10)

(ILet (R"<<1(rg,s))‘g be Colombeau generalized curvature scalar (R(r,¢€)),
corresponding
to the metric (7.2.10) with a < 1. Main singular part sing[ (R*'(r;,¢)) _ ] of the

Colombeau
generalized curvature scalar (R*<! (rs,€)) corresponding to the metric (7.2.10) reads

sing[ (R (r,,2)) ] = g2 (7.2.11)
g re;€)). | =& e (Q)E(I”e—rE (9))2+82]3/2 ’ 2.

where ¢l[(r:),] = re.(0),see Appendix Eq.(A.12).
(1) Let (R“V(“<<”(rg,g)Rfj’v«”(rg,g))‘g be Colombeau generalized quadratic scalar

(R*(re,e)Ryy(re,€)), corresponding to the metric (7.2.10) with a < 1. From
Eq.(7.2.10)
and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing[ (R“V(‘Kd)(rs, RS (1, 3)) . ]

of the quadratic scalar (R“V(“<<”(rg,g)RL"v<<”(rg,s))greads:

sing] (R, ORE 1,0, ] =5 <4<m @7+ oo T ) SR

() Let (R""“V(“<<1)(rg,g)RE)‘ffffv)(rg,g)>‘g be Colombeau generalized quadratic

scalar (R”*(re,&)Rpou (re,€)), corresponding to the metric (7.2.10) with @ < 1. From
Eq.(7.2.10) and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing[ (Rp"”"(“<<1)(rg, &RV (s, 8)) . ]

of the Colombeau generalized quadratic scalar (RP"“V(“<<”(r8,s)R%fv)(rg,g)) reads
&

4
sing| (RP°@<D (1 )RS (rs,8)) | = £ . (7.2.13)
[< r >5] ® 4(1”15+(9))4|:82+(r8—2m)2:|3 .

Remark 7.2.6.Note that from Eq.(7.2.11)-Eq.(7.2.13) at outer ergosurfaces
(re), = re.(0),(see Pic.7.1) follows that

sing[ (R““'(r;,¢)), ]

(re) =re. (0) R 1”1_51(0)(8_1)8 R - (72 14)

and
sing[ (R“V(‘Kd)(rg, SRS (-, 8)) . ]

sing[ (Rp"”"(“<<1)(rg, &RV (ry, 8)) . ]

g 2y o
o) =re @) R rEO)ET), ~g

(7.2.15)
== 15 (0)(e72), = 0.

(re) =rE. (0)
Let (R*"(r.,€)), be Colombeau generalized curvature scalar (R*"(r,,¢)),
corresponding to the metric (7.2.8) with a < m. We let now that
As = Ae(Bs + Ce) = Asp?A7L,Ber = p2,Bs + Co = p2A;L,As = EX(r,0),D, = 0. (7.2.16)
From Eq.(7.2.8),Eq.(7.2.16) and Eq.(A.1)-Eq.(A.2) we obtain



LB\ L ABL (14, BiYAL | _
2\ B. AB: " \2 4. B.)A: |)
7.2.17
Mos[ 2 (AL 2B ALY, 2 Co_ Al ,B) 7217
p: L' Ae B, A 2 B: A B
LL(BLY _yABe (1AL B\ A
2\ B, 4B, "\24. B.)A |)
Note that
Lo re. @) + 67 = ——Le=rel0)
Ve Je—75.(0)) + &
, ) (7.2.18)
0 \/(re_rE+)2+82 = £

81”3 [(rs_rE+)2+82:|%.
From Eq.(7.2.17) and Eq.(7.2.18) one obtains that main singular part

sing[(R*"(r,,€)),] of the Colombeau generalized curvature scalar (R (r;,¢)),

corresponding to the metric (7.2.8) (mod nonsingular multiplier) reads

Remark 7.2.7.(1) Let (R“V(‘K’”)(rs,g)RE,"f"”(rg,s))8 be Colombeau generalized

quadratic
scalar (R*(r¢, )R,y (re,€)), corresponding to the metric (7.2.8) with a < m. From
Eq.(7.2.8)-Eq.(7.2.16) and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing[ (R“"(“’”)(rg, )RE™ (7, 8)) . ]

of the Colombeau generalized quadratic scalar (R“V(“’”)(rg,s)RL“f’”)(re,g))Ereads

i (i), 1 (e ) 02

(1) Let (Rf""”(“’”)(rg,s)RE)“cfﬁ'é)(re,g))‘S be Colombeau generalized quadratic

scalar (R7"(r;,&)R pouv(7¢,€)), corresponding to the metric (7.2.8) with a < m. From
Eq.(7.2.8), Eq.(7.2.16) and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing[ (Rp"“v(‘K"’) (7, S)R(pci:lﬁ) (re,€ )) . ]
(a<m)

of the Colombeau generalized quadratic scalar (R (r., )R (rg,s)>€reads

el (o), 1 G ) 02



event horizon —

ring singularity ——

(Cauchy horizon —

inner ergosurface

ergoregion

Pic.7.Ergosurface,horizon,and singularity for slow
Kerr black hole.

Il.Critical Kerr gravitational singularity: a = m.
Note that in contrast with full distributional Kerr spacetime the case of the critical

Kerr

gravitational singularity considered in this subsection (see Remark 7.2.3) not principal
different in comparison with a case of the slow Kerr gravitational singularity considered

above. In particular the Eqgs.(7.2.19)-(7.2.21) holds with rg, () given by Eq.(7.2.22)

re.(0) = m+ ym? — a?cos?0 = m(1 + sin?0).

a=m

event horizon —_

ring singularity —

ergoregion

Pic.8.Ergosurface,horizon,and singularity for
critical Kerr black hole.

lll.Fast Kerr gravitational singularity: a > m.

(7.2.22)



(outer) ergosurface

ring singularity

(inner) ergosurface

Pic.9.Ergosurface,horizon,and singularity for fast
Kerr black hole.
Let =,(0) be a submanifold given by equations (i) ¢ = const and (ii)
m? — a’*cos?0 > 0,i.e.

cos?f < ’2—22 = 1. (7.2.23)

Let ©, be a set ®, = {f|cos’0 < n} and let y(0,n) be the indicator function of the set
®,,i.e. x(0,n) is the function defined to be identically 1 on ®,, and is 0 elsewhere.
We introduce now the following regularized (above ergosurface r = rz,(0),0 € ©,)
quantity

20.0) (e = re(0)) | (re = r£,(0)) + &2
pi(re)

where p2 = p2(r.) = r2 + a®cos?0,c € (0,5], r. > re,(0) > 0. Thus Colombeau

generalized metric (above ergosurface r = rg,(0)) corresponding to classical Kerr

metric
(7.2.1) reads

B (re,0,n) = : (7.2.25)

(d532), = 20 [(Ee(ren0.1)), 1 - [(4’";’—2““29) Jdtdqb i

&

Kf) :|[(drg)8]+(p§)8d92+ (7.2.26)

&€

(rg rat+ M) $in20d¢>.
p: ;
Remark 7.2.8.Note that we will be consider the distributional Kerr spacetime not as full
distributionel BH with Colombeau generalized metric (7.2.7), but only as gravitational
singularity located on submanifold Useo, Z,(0) Which coincide with an part of the outer
ergosurface of classical Kerr spacetime. In accordance with Eq.(7.2.11),Eq.(7.2.19)
and
Eq.(7.2.20) submanifold Ugeo, Z,(0) presented the singular boundary of distributional

spacetime with Colombeau generalized metric (7.2.26).
Remark 7.2.9.Let §n(9) be a submanifold given by equations (i) ¢ = const and (ii)
cos?0 < n,then Colombeau generalized metric (7.2.26) restricted on submanifold

Useo, En(e) reads



2

@52), = 2OIE ol + | (£5) Jiwn v ion e, 0.227)

Note that Colombeau generalized metric (7.2.27) nondegenerate on outer
ergosurfaces

(re), = re.(0),see Pic.7.3.

From Eq.(7.2.27) and and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing[(R“"(r,,€)),] of the Colombeau generalized curvature scalar (R“"(r¢,¢)),

corresponding to the metric (7.2.27) (mod nonsingular multiplier) reads

2

sing[(R“" (r:,€)),] =5 20.m)z —_n (7.2.28)
[(e—re(0))* +*]" )

Remark 7.2.10.(1) Let (R”V("””)(rg,s)RL“f”’)(rs,g))‘E be Colombeau generalized

quadratic
scalar (R*(r¢, )R,y (re,€)), corresponding to the metric (7.2.27) with a > m. From

Eq.(7.2.27) and Eq.(A.1)-Eq.(A.2) one obtains that main singular part
sing[ (R“"(”’”)(rg, RE™ (7, 8)) . ]
of the Colombeau generalized quadratic scalar (R”V(“””)(rg,s)RL“f’”)(rs,g))greads

s v(a>m a>m 9, 4
smg[ (Ru( )(re,&)R )(rg,g)>8] = (4(@ (0))47[522 :Z)(‘j _zm)2:|3 ) . (7.2.29)

(1) Let (Rf"’ﬂv(“””)(rg,s)RE)“c?ﬁ'é)(re,g))‘S be Colombeau generalized quadratic
scalar (R7"(r¢,&)R popv(7e,€)), corresponding to the metric (7.2.27) with a > m. From
Eq.(7.2.27) and Eq.(A.1)-Eq.(A.2) one obtains that main singular part

sing[ (Rp"“v(‘”m) (re, €)RSM) (r, 8)) . ]
of the Colombeau generalized quadratic scalar (RP"“V(”’”)(rs,s)Rf;‘?,i’é)(rg,sDSreads

4
o] (e 000),) 1 (s ) @

8. Conclusions and remarks.

This paper dealing with an extension of the Einstein field equations using apparatus of
contemporary generalization of the classical Lorentzian geometry named in literature
Colombeau distributional geometry,see for example [1]-[2],[5]-[7] and [14]-[15].The
regularizations of singularities present in some solutions of the Einstein equations is an
important part of this approach. Any singularities present in some solutions of the
Einstein equations recognized only in the sense of Colombeau generalized functions
[11-[2] and not classically.

In this paper essentially new class Colombeau solutions to Einstein fild equations is
obtained. We have shown that a succesfull approach for dealing with curvature tensor
valued distribution is to first impose admisible the nondegeneracy conditions on the
metric tensor, and then take its derivatives in the sense of classical distributions in space



S5, (R3).

The distributional meaning is then equivalent to the junction condition formalism.
Afterwards, through appropiate limiting procedures, it is then possible to obtain well
behaved distributional tensors with support on submanifolds of d < 3, as we have shown
for the energy-momentum tensors associated with the Schwarzschild spacetimes. The
above procedure provides us with what is expected on physical grounds. However, it
should be mentioned that the use of new supergeneralized functions (supergeneralized
Colombeau algebras G(R?,%)). in order to obtain superdistributional curvatures, may
renders a more rigorous setting for discussing situations like the ones considered in this
paper.

The vacuum energy density of free scalar quantum field ® with a distributional
background spacetime also is considered.It has been widely believed that, except in very
extreme situations, the influence of gravity on quantum fields should amount to just
small, sub-dominant contributions. Here we argue that this belief is false by showing that
there exist well-behaved spacetime evolutions where the vacuum energy density of free
quantum fields is forced, by the very same background distributional spacetime such
BHSs, to become dominant over any classical energy density component. This
semiclassical gravity effect finds its roots in the singular behavior of quantum fields on
curved spacetimes. In particular we obtain that the vacuum fluctuations (®2) has a
singular behavior on BHs horizon r,: (®?(r))~r — r.|.We argue that this vacuum
dominance may bear importent astrophysical implications.

9.Acknowledgments
To reviewers provided important clarifications.

Appendix A.
Expressions for the Colombeau quantities (R(<{}, (€)))., (R*({},(€))Ruw({},(€))), and
<RPGMV({}’(6))RPG“V({},(€)) )E in terms of (4¢),,(Be¢),.(Ce), and (D¢) e € (0,1]:
Let us introduce now Colombeau generalized metric which has the form
(ds?), = ~(Ac(r)(dx)?), = 2(De(r)dx’dr) _+ ((Be(r) + Ce(r))(dr)?),

~ (4.1)
H(B(r)r2[(d6)? + sin®0(d$)2]), r = el[(re) ] € K.

The Colombeau scalars (R(¢€)),, (R*(€)R,v(€)), and (RP7*(€)R popv(€)),, in terms of
Colombeau generalized functions (4.(r)) ., (Be(r)) ., (Ce(r)) ., (De(r)), is expressed as



2 A
9 A2 [ LA_Q_A_Q_zBQ +LA€C€+D§_LA’EB’€_
Az r 2 AE Ae BE I"2 AeBe 2 AeBe

A.2

1 B/A/ 1 A/ A/ B/ 2 ( )
"2 BAc +7(A€ A 2 )] )

(RP*(€)Rpouv(€)), =

(AQ(A” lA’eAé) 2A_2(iA_é+LAéB’e)2
Az \ 4 AcAc

A2 r A€ 2 AGBE

Here

(Ac), = (Ac(r)(Be(r) + Ce(r))) . + (DE(r)).-

(4.3)
Assume that
(Ac(r)) = L(Be(r)), = 1,(De(r)), = 0. (4.4)
From Eq.(A.2)-Eq.(A.4) one obtains
R, = (~He+ e ar) |
/ 2
(R™(€)Ryy(€)), = 2((%/12/ + %ALY) +2([—% + A:fe } ) , (4.5)

(RPM ()R o (€)), = ((A’gf + 4(

) (A c )’ ) ‘
We choose now
B:(r:) = 1,Ce(re) = =1 + A" (r¢),De(re) = 0 (4.6)

and rewrite Colombeau generalized object corresponding to Schwarzschild metric above
horizon in the following form



(ds2), = ~(Ae(r)di®), + (A5 (r)dr2), +r2dQ2, (4.7)

where A4.(r)

Ao(re) = —r5" J(re = 2m)2 + €27, > 2m. (4.8)
By differentiation we obtain
Ay = A;(B: + C;) = 1,AL =0,

AL(ry) = —2m(r; —2m)
2‘/(1”8 —-2m)? + &2
2m(=16m> + 24m?r; — 12mr} — 4me? + 2r} + ree?) (4.9)

Al(r) =
()= rg[(rg—Zm) +82:|3/2

dm(r, — 2m)3 + (rs — 4m)e?
rg[(rg —2m)* + &2 ]3/2

From Egs.(A.2)-(A.5) and Eq.(A.9) we obtain

/ / / 2 " "
%( 3 B. AS)+LA8C8+D€_&_2B€

(R(r,¢)), Ag[ : 3SR

+LB ’ AB’+lA; B\ ALY
2 g ng 2 Ag BS AS e B
P ; 24,045 4
¢ I”g As . a

44, 24, ., 2
(—r—g— ; +—2—A2’) = (4.10)

rs rs

( 8m(rs — 2m) > +2r;3(1/(r8—2m)2+82 ) | —ﬁ —

rﬁJ(rg —2m)* + &2

$|N

&€

2m(=16m> + 24m?r; — 12mr2 — 4me? + 2r3 + rge?)
g[(rg—2m) +82:|3/2 8'

Finally from Eq.(A.10) one obtains the following expression for the distributional
Colombeau scalar (R(r,¢)),

(R(ro,6)), = 8m(re —2m) N
rif(r— 2m)* + €2
¢ (4.11)
~ 4m(re — 2m)3 + (rs — 4m)e?
20,1 (Jre —2m) + 87 ) - —2—- :
¢ <‘/ >8 (r3), rg[(rg—Zm)2+82:|3/2 i
Remark A.1. Note that from Eq.(A.11) follows that: if st((r:),) # 0,i.e.(r:), #z 2m then

(re), #x 2m = (R(re,€)), ~ (€7), =g
We assume now that cl[(r.),] ~z 2m and therefore from Eq.(A.11) we obtain




- 4 2,2
(R(7s,€)), =% ( 8m3|:(r8 _”21m8)2 +82:|3/2 ) . (4.12)

Remark A.2. Note that from Eq.(A.12) at horizon r =5 2m follows that:

_ 4m?g? _ Doy
(R(I",é‘))g = (W) = (477’1) (8 ! e R 0. (A13)
Remark A.3. Note that from Eq.(A.11) follows that:
w-lim R(r, &) ~ 6(r — 2m). (4.14)

-0

Remark A 4. Let [(r: —2m),] =~z 0, then from Eq.(A.13) we obtain

(RCe2).] = |:<2m|:(r _;;)2 +82:|3/2> :| 1)

From Egs.(A.2) and Eq.(A.9) we obtain

(R’uv(rg’g)R.UV(rsag))g =

2
1 4 A, +1 1 4n 1 77 _
+2(|:F—SAS+T:| ) +2(|:5A8 +r—8A€i| ) =

&

2
2 (l‘/s2+(r£—2m)2 +l) 2 re—2m +
3 ri)e ‘/82+(r8—2m)2

‘ (4.16)
2<|: 4m(rs —2m)? + (ry — 4m)e>

rf;[(r8 —-2m)? + &2 ]3/2

2
2m r8—2m
2 =

e ‘/82-}—(1”8—271’1)

Remark A.5. Note that from Eq.(A.16) follows that:if st((r.),) + 0,i.e.(r:), #z 2m then

r iy 2m = (R ()R (r.2)), =5 K.

2 (4.17)
K@) = 12:—g,rs = 2m.
We assume now that (r.), ~z 2m and therefore from Eq.(A.16) we obtain
4
(R (re, )R v(rsag))g ~x K(rs) + L (4.18)
! b 4m4|:82+(r8—2m)2:|3 .
Remark A.6. Note that from Eq.(A.18) at horizon r = 2m follows that:
(R“V(V&‘ag)Ruv(rs,g))e = (m)g RR 0, (Al9)

Remark A.7. Let [(r: —2m),] =z 0, then from Eq.(A13) and Eq.(A.12) we obtain



4
[(Ru (I”g;g)Ruv(rg,g))s] zﬁ{f K(rs) + |: ( 4m4 <82 N (6;/8 ~ 2m)2>3 >S:| (A20)

From Eqgs.(A.2) and Eq.(A.3) we obtain
(R (7, &)R popy (7, 3))‘g =

(wr o) ) o], (47

12
(Ag2+4A—;) +4(L4(1—A8)2) -
Y : “.21)

Am(r —2m)* + (r — 4m) &> i _ 8mP(r-2m)’ .
r3|:(r—2m)2+82:|3/2 r6|:(’”—2m)2+32:|
j—4<1 +r ) (r=2m)* + g2 )2.

Remark A.8. Note that from Eq.(C.15) follows that:

r &z 2m = (RP"(r,e)Rpou(r,€)), =5 K(r), (4.22)

see Definition 1.5.2.(i).
We assume now that (r.), =z 2m and therefore from Eq.(C.10) we obtain

4
(RPPH (72, €)R popy (7e, €) ), =5 K(rs) + <4m4|:32 N (‘C;e B 2m)2:|3 )E (4.23)

Remark A.9. Let [(r: —2m),] =% 0, then from Eq.(A.13) and Eq.(A.12) we obtain

4
[(RP (7, &)Rpouv (€)1 = K(rs) + <4m4[82 " (grg _2m)2]3 > (4.24)

Remark A.10. Note that from Eq.(A.15) at horizon » = 2m follows that:

(RPPH(r, & )R popv (1, €)), =& 0, (4.25)
see Definition 1.5.2.(ii).
Remark A.11. We assume now there exist an fundamental generalized lengh (/).
(lg)ge = a(g)ge T 777 < 17
(0.1] (0.1 (4.26)
(lg)ge(n,l] = da,

such that |(r. — P).| > (I¢), = a(e), It meant there exist a thickness th;,,, = (I;), of BH
horizon. We introduce a norm ||th,,, || of a thickness th;,, by formula

||thhor|| = Supge(O,n]|l£| =n (A27)
By using (A.20) we get the estimate



4
(R (15, &) R poy (15, €) ), = K(r) + £ =
rot . 4m4|:(rg—2m)2+82:|3 ce (0]

1 X g X
Ko+ ( 4m*{ (re —2m)* + &2 ] )ge(o,n] ( [(re =2m)* + & ] >se(o,n]
g g2 <
[(rs —2m)* + &7 ] seon) .

1 1
K(ry) + 3 ( 2 2 ) =
dm*[a® + 1] [(’”s —2m)" +¢ :| £<(01]

1 1
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