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Abstract 

Ş�ɓˉȲØē
ȺɅē�ʵĨ� ǑôɫɓǶñÕ�ĉėƵˉȕɓ˲͓,

Ǚƶ́ɠƠ˶�56ǻɛvɓ͡΀(́ oǙƶ?ǑôǙɓØēɤɜ�º,ƢȪ�

� ƣ̻ˉȲ̳V˯ŧɓȺɅǶñ
ˉȲØēˮ�(é̶ Ƕñɓôɫ�?ʬ˴

ē˱ŏŒʃ.� ƣ̻̳�ʑĐʹŊ'ƋƳˡ#ɓƴēǶñ
ƺɽ�,ŉĢx�

Ïþ�ëɓşŕ̷ˡ.ʋ«Ά˾(Ǚƶ΄ǸĦŖ�ÕɛĢ˼ƲŌ˲͓#̳�ʑĐ

ɓʬ˴ēƲŌ(̶ǫ,Ŗ�ÕȾ'ɛĢ˼ƲŌĮŦˉȲˠÈ̷ƺɽ
̲̓Ȋ˲ǀ

̀ƖȻĚǶ”ħɓ�ď�ƴěɃ�,Éǀ̵ÄCƦɱɾĚʑĐɓşƄ±ß(?！

6ȺɅǶñe˽şƄˉȕ,̶ é�Ěɽŏ�µ˾ǂ.ȺɅǶñɓÄ͸ų(x!ɓ

�5ˮȯĢ2Ʌ˲͗Đ�ē
ɛĢ˼Õ̚ř˼ɓǙ̖C·ǏȠ�ê˵̀ˉȲ
ĕ

ęÕ�͗ͅĐ˴ʌǛÄ）yǒȬé´ʻFc(�

1. Introduction 

�΂ǋΉúɮ,ƾΈːŠ͕�1,ƅDɓĜáɈǛɕȲ)Ȳ！,pň(þ¯Ŷ

Č�ȷǽğ�:ʐîƕŊ˧ɓêɄ,Ȳ！éăͥʗ!Ĕ¯Ãǆ� �ħ˚ȯ�		

ƅDɟ!̶5…ùżͱɓɳćɃ̑,ɿʄé˨Tɶ�͗ƈƬ͑�ƅDƈûɓĕę

�ōǒÿ”�#;&ǆɃé̶ ǫĐ�Ĕɿʄƚȳ;&ǫɓǛ�é̳V�ǒƼ

ďȯÕʥȯ�x!ɓĻ”）͗µ?×͔Ǡ�L�Lɉė�ǀ͢
ʁ͢C·̈́ŏǵ

Ůǆűǫ9Ɉɓ�ĕę!ɓŵȵL�L�Ƹ÷��		�ɚCǠ,̶ 5͐ǆȄ̪

ͳCÞʊɓ͡΀(�ɦĽɦš,ɒƇ�Ǿ�2,ƠʙĕęɓǙȧ,ǆ:ʐţǓˉȲ

ɓŬɊ(̢( 

ˉÀCǠ,:DĢˉȲ˯ŧÕĕęɃ̑ɓ˵̀́ȤȠr,”ˋÄC�#� 

ͦȀ� 

Ǒ�ɓ Aristotle
Ptolemy
Copernicus Õ Kepler ʉ:ǀǖ,:DƠʙˉȲɓ

̲ɽͬ.¼�ŞǀɈ9�ºĳȈŇ�ʜþ,̵¼�ÇɶưȎǟEɓͪ� 3(Ģˉ

Ȳ
ĕęɓƠʙ̈́ŏȄ̪ʱƃ,˵̀,Ȅ̪ʒȗ( 

�. Galileo Õ Newton ǀǖ,Ɉ9�ȈŇ””ƤΈ,:D,ǒ.ɛĢ�Ġɓ

͇̭Õ̪ɷēɓŲʯƺȐ,é Newton �ēÕŪɹ�ɓƙĤ�,˵̀ˉȲɓȈŇ

””Ƥ¨(Ȳ！,Newton �ē˵#,Ŗ�Ɋ̖͗ɚơ9Ɉ,��¼̳�Õ）͗

ɓŠÖ(ĢŖ�
žųÕ�̈́ŏʉɓ˯Ě͐ǆ?Øē˱ŏ:#Ǫʃʋ«ɓʧΆ˯

�
tɅ,1ǒŖ�Ě'İʍǠˉ Newton,P Galileo ǭƜˮȘʨǥ˽ʃ.ʧΆ

˯��žųÕ�̈́ŏɓǙ̖͐ǗȜ·�,Ƶ ĕę,ǆɛĢͶŰɓ( 

|�ɃA,Einstein ɓŊ'ɛĢ˼̃Ɉ,:D˵̀ˉȲ˯ŧ
ͽȘˉȲɃ̑

ɓ）�；Ũ̖ɓ΃̟(Ŋ'ɛĢ˼˵#,Ŗ�Ɔǀʁë¼�Ⱥ̖
）͗C·̳�
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ɓuÉŠÖ,Ĥˋ̳�ºɈÇɶćčɓ½¥(éǻôɫ�,x̵ͽ˳.ΊȔʉ…

SɓĒé 3,4(͗Đ�ēɓ？¢ºĳW:DĢŪˮįŏɓ˵̀ȈŇǒ.Ļ”Ƥ¨,

9Ɉ.ƹǀǖɓØēŲſ (Copenhagen School Ģ͗Đ�ēɓ͓̄),,]WˢɈ

��”ƎɃAƐǚƉȀ 3( 

P͗Đ�ē（ËɓȺɅ±Ʌǆ;&�͗ĐʛʳÕ Wheeler ő̺̀ƖěΆű

&Ʌ˲
¤ÏȾ'ɛĢ˼ƲŌɓ Dirac ƺɽéǙ̖�ǆÎǺɭ�Ŋ'ɛĢ˼˵#

ɓĤˋǀʁŚǎ（ËǏǙ̖±ßC·Ⱦ'ɛĢ˼ƲŌɓ±Ʌǆ;&�ŉ�,ɃA

ĕęē!,ǀń˨Ƥ·ɓǌȺ̖
ǌ）͗C·：ÊɓƷ�µČT˲͓�		 

�ɚCǠ,:Dŉȍǒ �Ơɿ�̶̻5ě̖ų͡΀（Ëɓʊǰ
ǗŒʃ̙

� ǏôɫɓȺɅǶñ�,！ǆhɍéˁȗɓ͗ĐȺɅ˥Ĳ,ô2ʧzȺɅē
Č

Newton �ē�«ʟ?ƴē˱ŏ̷ˡƢĤȪʌ,ĦȾ'ɛĢ˼ʨ˼Ɔ Lorentz ª½

ʜǞɬɈɈêȢ��Çɶƺɽ!³,ǇŨ§�� 
˩Č Dirac ƺɽÕ͗Đë˼�(

CˋÇɶɅ˼ǻ̙šJ,̄ ͐Ǘ?ǭǙ�˲~͡΀ 3,5(Ƶ ȺɅē”²é�5ƈ

̎ǩ�ǶñC·̚řɅ˼ʉ˲͓�O)ǒƈƮˮ,Pěͨ¯ȍǒ� ėsB:ȩ

ƀɓ(ǩ�ǶñÕ”ʬ�Ʌ˼ʉÃǆ?ƴēÕʋ«ɓȺɅɃ̑˥ĲĢ(�ɓǶñ

̷ˡûɅƵÈ,ß！͐ƼȐėʸȝɗŖ�Vɉ
ŖrŖ�Ë�Ä͕Ǻ¥�(̚ř

Ʌ˼ß#ʡr.ǏÿɓˉɊŏ
ǏΈɓʯŏ�,ɝOȝɗ.ƈǒľɦƄ�Ʌ˼,

PǏΈɓʯŏŉ�）˲~Ǐÿɓěͨ͡΀,¹！ß#÷�.Ŧÿ΁þɓ˞eÄ）

ų！WȊ˲½ŨǢxâͳ,ĢƴēƐĺɓ˫Ḭ̑�.B:ºƙɓêǼ(！�,�ř�

ǙǠĮ�ǆ
,�ŌƄ#� ǑôǙɓȺɅşŰ(ǻþ,è͗ĐŖ�ʉɅ˼ºĳ

Ũ,̵Ŧ�ėÛ,Ƀé͈�ɓâͳO)Ȅ）˲~ɓ͡΀̵ÿ(͘ 2�̻ɶɶ͡΀,

:DŦǒŬ˫Ǐ̷�Ǽ˵̀ȺɅɃ̑ƆȺɅʜǞ（Ëɓě̖,CŒʃ� Ǐôɫ

ɓȺɅǶñ( 

Ǚƶ?ǑôǙɓØēɤɜ�ºƠ˶.�5ȺɅē!ǏȠĲ
ǏǙ̖ɓ͡΀,

ŉĬ́Œʃ.� ƣ̻ĕę̳V˯ŧɓǑôɫɓȺɅǶñ,éǻôɫ�CǏʋȓ

ɓşŕŒʃ.� ˉȕɓƴēƺɽ(̆ƺɽÄ）ʬ�.͗Đ�ēÕ
Ŋ
Ⱦ'�

ɛĢ˼,˲ ~.x6͗Đ�ē̷ˡƵÈǀ�）͕Ǻ¥ɓ͡΀,ŉ́ɠ˲͓.ĕę

!̪ɾĚʑĐɓşƄ±ß(ǙƶĤ�ɓȺɅÕƴēǶñǧǣÄ）L#ǻË˲͓


ͽȘxĔˉȲɃ̑ƤYŲ̢ŖĤ(PǙƶɓ˻ÿˮȯ͐ǆ΄ǸƤ�,x!�ĚL

ǒŦÿī�ėÛ(ûɇˊʵͭ(ź̊̌�ǻƶɓÉˡʺŀ�̲2ˑ̕Ǚƶé�5

̪ýǜʤˏ�ɓ�ɇ�̏Ɔ̈͝,！Ƃƀ#$˫ˮȯ!�5ʒʖƆɆɐ(ûƤY

Ûƀˤn( 

2. Methods 
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Ǚƶô2Øēɤɜ¾̻.̋ÿ͇̭ƢȪ,Ĩƴ˴ʌ̲ɽ$˫é Mac ȸÕ 

Linux ȸɓ Mathematica 12.0 (Wolfram Research Inc.)�̷ˡ,x!ƫVʗʬȸǙ

# macOS High Sierra 10.13.6 Õ Red Hat Enterprise Linux Server (Release 6.3 

Kernel Linux 2.6.32-279.el6.x86_64) ( ͙ Ģ ȃ  y S ͡ ΀ ɓ ˲ ~ ƺ Ȑ ˭

Supplementary Information(ČǗƙǂyS´ƴƺȐ,ì͒ɉ̆ȸŲ̈̌Eɓʗʬ΋

˵c(ƴcƺȐɓǒƲƴđì�R2 6 Q(Âþ,͵˫Ȓƀɓǆ�Ǚƶé

Supplementary Information !ɓ�5�ͷǺń�ɓ´ƴ͑ʷƆˆǙʤˏěͨǆ#

ŌĢ̨E Bug ɓƼĈ(%
Čé Fig. 5 !,É�ŗæȷ!�É!ʢ,® x = 0 û

ɚʢ,Wɉ.�ÉɓʢĞ˽ʷ,,Ãǒ̶ǫƊ）W!ʢɝ̙ǠʉĞ�ʸˮ�,ė

s͕ɃǙƶʨǥͻ6Ǚƶƈɉ̨EȸǙės�ˋ( 

3. Results and Discussions 

3.1 ̶ �ɌÄC˨˵̀Í 

:ʐƽǒɓo…ɦ̀ǆéˉȲɌɓȞȋǛ�ʜǞ�,ɊɈȺSÕˉȲɂöʧ

̲ȫ͟ɓɛ4Vɉ,{¥�ĸ^ɍ�ǠɓÄCÕþɌ�ȭɛĢŌɓƁų˵̀ 6,7,

yǒɛŞɽŏɓÄ͸ų(:ʐé� o…˵ɦǶŕ
®\̶ǫɓ˵̀ǶŕĒéƆ

ÿƆĨɓ$ˮßʘ��Ũ�ɓË…ɦ̀ƆʧΆ,éÉǫɓ˵ɦǶŕ�³ẹ̌,Ō

̆ZȲǆÄ͸Õ̾ɉɓ(Âþ,͘2Ǩ5þɌǟEɓɛĢɾĚÕÄ͕ýų
,®

ǀ͢Õʁ͢ɓŇɻ�½ų�,:ʐƈ；Ũɓo…ɦ̀ÕË…ʧΆ,é:ʐƵ ě

̣˓ã{Ō̆,ǆÄ͸ɓ( 

ß！,:ʐ�ʃɓɅ˼,®\<<ǆ?V#ĕęĪòɓêɄ�ɓ:ʐ˱ŏɓ

˵ɦ,,®\ĒéÇɶȾͲƆ̈͝
̶ �̈͝�ǆɛĢɓ,ǆƙ¹ǅ�:ʐƀ

̀!ɓ0Ⱥǫ̒ÕşŰŉ�ǆ0Ⱥ±Ǚɓǫ̒ÕşŰ�,Ã˫）“ǒƲê˲͓Õ

ͽȘƅDƈ）ˮȘ�ɓɃ̑,͍ Įǆ� Ƅ�ɓɅ˼,İʍƅDƼȐ˾ěxǆÎ

ĮǆėsǺɭɓɞɅ 6( 

3.2 Øēɤɜɟ!ɓ�Ɍ 

̶ �Ɍ(ƈCǒƼʀÿ）͗,ŉ�̳̦̙Ǡȉ�hŸ,xŬȲĒé�ʗ�

ɛ4�ʜɓØēɤɜ 8,9(Ãǒƕǒ.̶5ɤɜ�ʜ,̶  �ɌƊL½ŨŇˣÕÈ

)͇̭
ˉȕ�(éǻˮȯƙĤ�,Ǚƶŵʨ�Č� 3 ǟtɅ� 

AXIO 1�̶ �ɌǆǒȺ̖ɓ 

̶ �ɌǒȍǒȺ̖,ǆ� §�ÀʺɓØē̂΀,Ȳ！é̶͔¯ǆǙƶ̷

ˡɅųƢƸÕ͇̭ĳœɓ±ďôɫ(̶  �ɌÃÄ）Ēé�ɶŽş�˫ &ǒȺ̖

Ēé�˫&ėsȍǒȺ̖Ēé(0ěǆǇȲɓ�̶ �ɌǒȺ̖Ēé(Ȳ！,Ň

ì�Ǡ,̶5Ⱥ̖µ§�ɼ˜,ɼ˜��)ȍǒ 10(ß！,̶ �Ɍ
ƆˊĨé
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:ʐƈ）ˮȘ�ɓ˓ã{�˟ȲĒéȺ̖Pxµɼ˜�kǆȍǒ( 

AXIO 2�̶ �ɌɓȺ̖ǆ�ì£ɓ 

Čǥ̶ �ɌnȩȺ̖,͍ &̶5Ⱥ̖éx!ɓ�Ŀ,Ãǒ�ɶÄ）�˫ &

ǆì£ɓ�˫&ǆ�ì£ɓ(ŦǇȲ,̶ �ɌɓȺ̖éƅDˮȘ�ɓ�Ě˓ã

{ɓ�Ŀǆ�ì£ɓ(Ȳ！,̶5Ⱥ̖ŉȍǒGTɅɊ�°ǻ˜š�,®éǻû

�ĿɓǛLÿ,éšû�ĿɓǛLĨ(ß！,ŌŞ˵#Ⱥ̖éȃ�û
�ͪ2�

ʯ��ĿɓǵɁǆɛʉɓƆ?”įŏŵSɝǆì£ɓ 11,12(Éǀȩ̞�Ŀ�ìų

ÕǵɁìʉų̶�ȯ,̶ �ɌɓȺ̖Į�ĚC͗ĐşŕĒé(�̶ �ɌɓȺ

̖ǆ͗Đɓ�̶  0ěxě,ˉ�Ŭÿ˶˼,Ĕľǆ˨ÇɶȺɅěΆΆ˾̲ɓȺ

Ʌ0ě(̶ �Ɍ,ȍǒɅɊ�°ǻ˜š�,͗ĐěSȯ(͢ŌǆǵɁsÉɓ(

Éǀȩ̞� �̻�Ŀ�ìųÕǵɁìʉų�̶ �ȯ,~Ě.̶ �ɌŵSǆǵɁ

ì£ɓPŪˮ
Ɔx!� ʯŏ�˥Ƀµǆ�ì£ɓɤɜS( 

AXIO 3�̶ �ɌɓȺ̖ǆ̳�ɓ 

̶ɝOµǆ� Øē̂΀,éǻ¯̗/Ĕƹɓ{ȝ(ƅDˮȘ�ɓ̶ �Ɍ

ɓȺ̖ǆ̳�ɓ,Ɔʼ?:ʐ）Ʌ˲ɓ˱ŏɝǆ̳�ɓ(Ƽ˼ČT,̶ �Ɍ͐

ÄC˨˲͓#̳�ɓ！�ǆ�Ƅ�½Ͷǹɓ(͍ &,̶  �Ɍ�ōǆ�ɶűǫɓ

̳�ƊǏ�ÈɅ� 

Ƀéɓ˵̀ǆ̶ǫɓ�ƼͶǹ̖͗ɓpĐǆĕę!̳�̈́ŏǑŭɓȺ̖(Č

ǥƑǒͶǹ̖͗ɓȺS
ȄČɋĐ��̈́�p̈́ǆ�Ä）ɓ,ß#̰�p̈́Ëx

̖͗L½�Ƽʀ”,）͗țʾ,Ħ½ŨƼʀ”
ɛĢ˼ʪ�ɓʨ˼�(ß！,�

Ä）Ēé̲̚p̈́ɓȺ̖,®\ǒ,,ƼȐM͂_Ÿ(Pé̶ ˮȯ�,͗Đʛ

ʳɓǙ̖ƼȐɅ˲,pĐő̺̀ƖɃ̑§�ŴŔ,ΊȔ!Ŗ�VɉÄCMƪ�Ǡ

ɓě̖,�、˲͓		 

ß！,̶ ͔ʂɪ̶ ɝȐ,˵ #pĐǆ:ʐə�ºɃƆ）ƁȘ�ɓ̈́ŏǑŭ

ɓÄM͂_ŸɓȺ̖,！�pĐǒŪħ̖ 
͗ǒ̖͗pĐɓʨǣ·̳�ǛɅƢȘ

˭ 3.7 ˏ�,̳�ŉƼȐě̖Ʈ½ȺS̖͗(ȄpĐ̖͗ʝ�ǏħɓʑĐ,®\

）M͂_Ÿ,:ʐə�,ƁȘ��
Ɔ�˵#ľƁȘ��,PǏħʑĐɓǢͪ̈́

ŏǏŭ(ßǻ,ŞʑĐ̈́ŏŭ��Ěɽŏ,xŬȲ��˩�Ƅ̖͗ʝ�Ǐħɓʑ

Đ,ɚˊ̈́ŏ̰�Ƽʀ”,̖͗½�Ƽʀħ
é�̶ �ɌɓȺ̖ǆ͗Đɓ�ǯ

ǧ�,3.3.5.2 ˏĦL˾ǂ�̖͗ʝ�̪ħʑĐşƄ̖͗ʝ�̪”ʑĐ�C·ɛ¹

ɓ̲ɽ͐ǆÄ）ºɈɓ�( 

éǻˮȯ�,Ƶ ĕęĦÑɃČ�̳�æǉ�Ģ2� ̖͗ƼʀħɓʑĐ,

Ĕɓ̳�̈́ŏÄC̰�Ƽʀ”(͍&,Ƽ˼éÿ&”ɓʁ͢!,̶ ƼʀħʑĐ
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͐ÄCɢ͢Ēé2ʁ͢ɓGTQʷ(ß！,ĔÄCƼû�é,Ƽ˼ÿ”ɓʁ͢ɛ

Ģ2Ĕ\ǆȍǒǀ͢Õ̠ɵǵŮɓƼʀħʁ͢�！ƼʀħʑĐɛĢ2̶ǫɓʁ͢

µǆƼʀ”Ɔʁ͢ǭǙƁ¼��ʑĐ̳�(Ģ2ƼʀħʑĐ,ß#�Ēéʁ͢


ǀ͢ǵŮ,,�LĒé）͗ǵŮ(ČǥĕęǆɊƼʀÿ ̶ǫɓ̳�ʑĐʣƄ
ß

#ĔD͐ǆƼʀħʑĐ,ĔD(͢,�ĒéɯƩ�,͍,�Lțʾƈ̎ɓ）͗,

ĔÄCȉ̸̳̦�³(！�ƿƅDˮȘ̶5ƼʀħʑĐʣƄɓǏ”̖͗ʝ�ʑĐ


ʑĐʹ�ǀ,̶5Ǐ”ʑĐ
ʑĐʹ�ɓ̈́ŏĮLͩ�Ǡ
�¼ƍ�ɓʑĐʹ

̖͗ÕĔɓŇì̈́ŏ(͢ɓvʗ͋ũ Maxwell �Ŀ˯ŧ,̇˭ Supplementary 

Information ( Part 1�(̶ǀ,ǀ͢
ʁ͢
̈́ŏ
̖͗Õ）͗ʉǵŮƊL�Ƀ(

ß！,ĕęǙƼǀ͢
ʁ͢Ṏ́ŏǵŮ,,ȍǒ̖͗Õ）͗ǵŮ,ĔD͐ǆ?�

É˱ŏˮȘ�ɓ˥̑ƈˋ(ʑĐ˟ħ,Ģ2ĕęĮǆƼͪ”�ĕę˟”,Ģ2ħ

ʑĐ\ǆƼʀħ(ŞʑĐ̳�̈́ŏ̰�Ƽͪ”,\Ą³.̳�ɓǵŮ(̶ �Ɍ

ƽ”µħ,x!ɓȺ̖ƽ̳�µ�̳�,C·ǀ͢
ʁ͢
̈́ŏ
̖͗Õ）͗ʉ

ǵŮɓƽǒµƼʉ,µǆƴĢɛ4�ʜɓɤɜS( 

C� 3 ǟtɅɓǺɭųǆǇȲɓ,xĒéų»~2ɤɜ
¸ƺ!�Â�ƺɓ

�ʜ,̶͔Ã̀»ĢƅDǒƀ'ɓ�ƺ̷ˡɩɿ(Âþ,̶ 3 ǟtɅé�Ěɓ͇

̭ʜǞ�ˢɈ�ɓǵŮ,ǆɤɜ�ʜɓ(,ÃǒĒéɤɜ�ʜɓ͇̭ƊǆėƵÕ

ˉȕɓ(é�̻ 3 ǟtɅɓôɫ�,Ǚƶ̷ˡÈɅƢƸ,ƤȰ�Č� 3 ǟe˽� 

HYPO 1�ĕęǆɊƼͪÿ ̳�̈́ŏƼʀ”
̖͗Ƽʀħɓì£ʑĐǣƄ 

̶5�Ƽʀ”�Õ�Ƽʀħ�ʉǵŮʉÉ2ƴē�Ǥ!ɓ�Ƽʀ”�Õ�Ƽ

ʀħ�ʉǵŮ,ì£ųǵŮǆʑĐ̖͗”ħɛĢ2xǩ�ļ！˳ɓ,�͹Ƥ�ɓ

�ì£ʑĐ�ǵŮ͐ǆ̶ ƀŲ( 

HYPO 2�ƼʀħʑĐéĕę�ʯʁ͢!̳�̈́ŏ”ħɛʉ�ƺÌͯǛ 

ǺČ AXIO 2 ƈ̻,̶5ƼʀħʑĐ͐͋ũÉ�˯ŧşƄ,ƈCĔD(͢ɓ

̖͗Ṏ́ŏ”ħ
Ɔʼ�͗”ħ�Ō̆ɛʉƆʼɛĢ2xǩ�ļ！˳ǆɛʉɓ
�

͹Ƥ�ɓ̖͗Ɔ̈́ŏ”ħɛʉǵŮìǆ̶ ƀŲ�,ƺÌéȃ ʯŏ�ɓǵɁ,

ɛʉ,ȍǒGTɅɊ�Ňì( 

HYPO 3�ƼʀħʑĐ(͢ȍǒɛ4Vɉ 

éƅDˮġ�ɓ�Ɍ͔,ɛ4VɉƼû�é(Ȳ！,éƼʀħʑĐ(͢,̶

ŉ�ǆŬ͵ɓ(Ģ2ƼʀħʑĐ,̶ ͔e˽ĔD(͢ȍǒMʬˮȯ˵#ɓŖ�ʉ

ɛ4Vɉ,！Ęˮ�
Ɔɛ4Vɉ��Ɋ̶5Ƽʀħ̳�ʑĐɓʬ˴ēƲŌĤˋ(

̶ǫɓe˽ƽ�L6ʧzVɉ�ɛɤɜ,̵ ǒ�2ËʮŒʃƺɽÕ̷ˡˉȕ˓ã

Ƌĳ( 
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C�\ǆǭƜ̶ �Ɍɓ 3 ǟôǙtɅƤȰ�Ǡɓ 3 ǟôǙȻţ
e˽�(

ơ�Ǡ,Ħé̶ 3 ǟe˽ɓôɫ�ŒʃǶñ( 

3.3 ô2ØēɤɜɓǶñŒʃ 

é�̻ 3 ǟtɅÕ 3 ǟe˽ɓôɫ�,ǙƶƢƸ,̶  ĕęéGƀı͏¦ó

<Ēé
Gƀʯŏ!�ʁ͢”ħÕʑĐƴəÿĨÝɶÄ）ų,！̶ÝɶÄ）ųé

�Éı͏¦óµšǻȽʃ(̶ǆß#�̶ �Ɍǆ̳�
éƼͪʯŏ!�Õ�ì

£ɓ,！̳�Õ�ìųǆ� Ƚʃ͗(Ɋ2ʑĐɓ̳�,ŞƼʁ͢ļ�ʻġ�Ě

ƴəʑĐǀ,̶ �ɌĮǒ.̈́ŏ”ħǵŮ,Čǥ̶ �ɌǆƼͪʯŏ,̈́ŏ”

ħǵŮĮ˥Ƀ#ǀ͢Õ̠ɵǵŮ�Ɋ2ʑĐ�Ŀɓ�ìų,Şǒʁ͢ļ�ʻġ�

ĚƴəʑĐǀ,̶ �ɌĮĒéĠŏ”ħǵŮ,Čǥ̶ �ɌǆƼͪʯŏ,Ġŏ

”ħǵŮĮ˥Ƀ#ǒʁ͢ļ�ɓʑĐƴəÿĨ
µǆ½ɛɓ
Âþ� ˉɊŏɓ

̠ɵ�Õįŏ
¦�2̠ɵɓÂþɓ«�ˉɊŏ�ǵŮ(ČǥĦË͹̶� ˉɊ

ŏäĚ̙Ǡ
,®C̶� ˉɊŏƆĔDƈ˥ɃɓěS#´ʻɭĚʻġĢ̑�,

�L˥Ƀ#Âþ� ʯŏ�ɓ̠ɵˉɊŏ(ß！,̶  �ɌĒéÝ ɛ4Ƚʃɓ

ʯŏ,ǆÝʯɓ
�ʯ˥Ƀ#ƅDƀ̀!ɓʁ͢ǵŮ,�ʯ˥Ƀ#ƅDƀ̀!ɓ

ǀ͢ǵŮ�(±��˺,�ʯʁ͢��ʯǀ͢îǩÄCƣ̻��ˉȲɃ̑(řɅ

˼!ƈ̎ɓÿʯʁ͢,Ǒʥ˲~ɓ̵ǆĒé2Ýʯǀʁɓ͡΀( 

#.Ǐĝ、
ɚˮê˵̀�Ɍ,:D-žĦÇɶƓ̑ʨǥ
ʨ˼Ư�ƅDȴ

Żɓ�Ɍ!Ʌ˲ÕSL(˒ ̲̓îǩ½ƛ͒ɉÝʯǎʢîǩʗ,±��Ɔ˻ÄC

W̳ʌʋ«,P¯LʪɅ˲͡΀ŃǠâͳ(Einstein ɓŊ'ɛĢ˼ĮWɉ.Ýʯ

ǎʢîǩʗ
ǀʁ�,̶ǆ�ɶǒ´6Ɓɓ�ȌȚŕ˰˱�,İʍ �ȌȚŕȺɅ

0E
Čp̈́�½�ǏʇÈȺɅˮȘ,PǑʥLʪɅ˲ȺɅ͡΀ě̖ŃǠâͳ�

！ʫĢǀʁ!�ʯʁ͢��ʯǀ͢îǩĴ2��ł˰˱�,ǒ�2:D?Ęˮ�

ΉɣÕɅ˲͡΀(ŞȲ,Ƽ˼×ɶ˰˱,͐ �ŠÖĢÝʯǀʁ!ȺɅɃ̑ɓƣ̻(

Ǒʥ,ÇɶɃ̑ɓȪ½̵˫ƯÞ�ƅDə�ƈȴŻɓŇɚîǩʗ�³ˣ͗ÕɅ˲( 

͵˫Ŝ̍ɓǆ,̶͔ƈƙɓ��ł˰˱�
Ɔ�ʫĢǀʁ��,yǒɛĢų(

ʫĢǀʁV#´ʻʗǀ,x!ɓʑĐŌʇÈ HYPO 1–3 ƈʪɓǟE
é̶͔,Ä

Ʌ˲#ʧzɓ�žų´ʻʗ��(̶ĮƀÓɠ,ČǥʑĐʹƵSɻ�,ʫĢǀʁ,

˫ͯɠɻ���̡ͯʑĐʹƵSɻ�ɓʫĢǀʁ
Ɔ6(ɛĢŌɓʫĢîǩʗ�

ǆȍǒƀ'ɓ( 

ƽȲƅDɓəɓǆ˵̀ÕƑƥ̶ �Ɍ,͍ ĮȍǒŬ˫�ĚWɉɛĢÄ½ɓ

ǀʁˮ(ǒǀ,ʫĢǀʁˮǏǒ�2ŒʃǶñÕɅ˲˯ŧ(͘2�̻�Ǥ,Ǚƶ

Ħé 4 ʯ
3 ʯʁ͢� 1 ʯǀ͢�ʫĢîǩʗ�ŒʃȺɅÕƴēǶñ( 
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3.3.1 ȺɅǶñ 

̶͔Ħ HYPO 1–3 ŝʨ��̙,V#ǙƶɓȺɅǶñ�̶  ĕęɊƼͪÿ 

̳�̈́ŏƼʀ”
̖ ͗Ƽʀħɓì£ʑĐǣƄ�̶ 5ƼʀħʑĐéĕę�ʯʁ͢

!̳�̈́ŏ”ħɛʉ�ƺÌͯǛ�ƼʀħʑĐ(͢ȍǒɛ4Vɉ(�͵˫Ǐÿ˯

�( 

3.3.2 Ⱦ'ɛĢ˼ƲŌ 

�͹˾ǂ�̻
3.3.1 ˏ�ȺɅǶñ!Ēé
Ⱦ'�ɛĢ˼ƲŌ(̶͔|ǸŜ

̍,ȃ ʑĐ
ǙƶĦ�̻ȺɅǶñƣ̻ɓ�ƼʀħʑĐ�ɺ#�ʑĐ�
�1 ͦ

ʑĐ�Ɔ�ŪħʑĐ�,！ĦɊ k  ̶ǫɓʑĐʣƄɓǏ”̖͗ʝ�ʑĐɺ#�k

ͦʑĐ��ɓ̳�̈́ŏ”ħėsɛÉ
Ɔ ,x! c #ʑĐ̈́ŏ”ħìc,

#xǩ�ļ�
ƺÌʁͯ͢Ǜ(2ǆ,̶ĮǣƄ. Euclidean space !ɓʉǶͯ

ǛÌ͗(ǙƶĦɉʬ˴ēƺȐ˾ǂ̶ǫɓ�ʣÌ͗ǣƄɓÌ͗ʹyǒȾ'ɛĢ˼

ƲŌ(ŞÉ��ʯʁ͢ɓ�ʹʑĐŇì
̖ū�ÌǨ� ƺÌ̳�ǀ,ß#ʬ˴

ēƲŌĔDĦ�Ą�ĚɓÌxĔƺÌ̳�ɓǵɁ,ƆÌxĔƺÌɓ̳�̜¡Ħ�

ħ,ß！L�ɃȾ'ɛĢ˼ƲŌ(�͹̇ʤêĚ͗̉ǂ̶ Ƀ̑( 

Ȓƀ�,k ͦʑĐɓ̈́ŏ®#ʣƄĔɓ k  ʑĐŵSɓ̖ṻ́ŏ,,Įǆƈ

ǒ̶5ʑĐ̈́ŏÌ͗ɓŇìc(！�,k ͦʑĐɓ̈́ŏÌ͗é�ʯ Cartesian ɚ˱

îǩʗ� ʉFîǩ̩(��ɓƒŠ®# k  ʣƄ̆
k ͦ�ʑĐɓǓ?É��

Ŀɓ 1 ͦʑĐ̈́ŏÌ͗é̩̆ƒŠɓìc,ß！̴OǓ?ǺŰ�Ŀ
!ūǢͪĚ

Ʌ�(� îǩ̩���ǒ� ʉFɓ
̴O�ǺŰ�Ŀ,ĔD(͢ŉ�ėsȽ

ʃ,P Maxwell ľʧ˾ě 13,̶0ě�ÕėsȽʃɓƲǥʉF(̶ǆß#,ȃͯ

Ǜ»� Ì͗,ĮɛŞ2ͯǛɭĚ� �̩îǩ�Âþ,?ȅS�Đ¼ͯǛƩ�

M͂�͗˱ŏɝ,ÕǙƶƈ˶˼ɓ͡΀,ǆʉFɓ(̶ǫ,k ͦʑĐɓ̈́ŏ”ħ

Ǔ? Maxwell �Ŀ(e˽ʣƄȃ k ͦʑĐɓ k  ʉFʑĐ!Gƀ� ʑĐɓ̈́

ŏéȃ� ʉFîǩ̩�ƒŠ
V#� ͯǛ½͗,�É�ɓǩ�ļ# (͍ &,

k ͦʑĐɓ̳�̈́ŏ”ħéȃ ʉFîǩ̩�ƒŠɓǩ�ļ# ,ß！,
éȃ

 îǩ̩�ɓƒŠ�Ǔ?ìc# 0 ƺļ# ɓǺŰ�Ŀ(2ǆ,k ͦʑĐɓ̳

�̈́ŏ”ħǓ?´ƴ# ɓ Maxwell �Ŀ
�̻vʗɓ̇ʤ˴ʌÕƢĤ̲ɽ˭

Supplementary Information ( Part 1�( 

Č�ƶƈ̻,e˽ʑĐ̳�̈́ŏ”ħ# c (c > 0),ƺÌéƵ �ʯʁ͢{ì

σ 1≪ c

σ 1

σ

σ
k

σ
k

σ
k
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£�Ŀ(éɊͯǛ̳�ʑĐʣƄɓSʗ!,̶͔ĦŇì̈́ŏ# 0 ɓSʗ
,®�

ƶƤ�ɓ�ʫĢǀʁ��ɺ#Ͷǹ´ʻʗ(R0),ĢxŒʃ�ʯ Cartesian ɚ˱îǩ

ʗ Oxyz�ĦéǨ�Ȁǀ͢{Ɋx!͏�ʑĐşƄɓCŇì̈́ŏ u ̳�ɓʑĐʹ

ɺ#̳�´ʻʗ(Ru)(e˽Ru ȏ z ̩ǺÌ̳�,͍&Ru !ɓʑĐé z ̩ɓ̳�

̈́ŏ�͗ɓìcŬȲǆ u(e˽ Ru !ƈǒʑĐ͐ǆ̙ďȯéîǩ±ȯɓÌ͗,

Ħȯ(0, 0, u)V# z ̩ɓ�Ɍȯ,Ru !ɓÌ͗ĮÄC�˲Ƅ�͗éx�͏ɓÌ͗

Õ�͗éx�͏ɓÌ͗�͏�(！̶5Ì͗ǆ?R0 !ʉǵɁͯǛ̷r
˨Ɠ»�

ɓ(ß！,ÄĦ Ru !Ì͗ɓ�ĿɝV�͗é�Ɍȯ�͏ɓÌ͗Õ�͗é�Ɍȯ

�͏ɓÌ͗�ĿɓȡÈ�Ŀ(Ş̶ ȡÈ�Ŀé z ̩��͗ɓìc# u ǀ,ɭĚ

xȡÈȄXßĐ w(Cǻ#´ʻ,ɭĚ̆ȡÈ�Ŀ!̶5Ì͗é x ̩
Ɔ y ̩�

��͗ɓ�Ŀȼ�,?！ÄC˴ʌĔDɓǩ�ļ (Čǥ̆ȡÈ�Ŀé z ̩�

ɓǩ�ļ,ǆ ,͍ & k ͦʑĐ
e˽x̖͗# , #« ʑĐ̖͗,�É�

éRu !ɓ̈́ŏ”ħ®Ǔ?´ƴ# ɓ Maxwell �Ŀ,x! 

   (1) 

ß！ ÕǏ”̖͗ʝ�ʑĐ( )ɓŇì̈́ŏ”ħ 
´ƴ# ɓ Maxwell

�Ŀìc�(͢ƄǺȄ,®� 

   (2) 

Ħ Eq. 1 Ar Eq. 2,ÄŨ 

   (3) 

éR0 !Ì͗�Ŀ�Ȅ̪ʋ«(e˽ĔDé x ̩
y Ɔ z ̩��͗ɓǩ�ļ

# ,ÉɅ,ĔDşƄɓǏ”̖͗ʝ�ʑĐ( )ɓŇì̈́ŏ”ħ# 

   (4) 

Ş��éRuÕR0!şƄÉǫ̖͗ʝ�ʑĐ( )ǀ,ĔDŇì̈́ŏ(͢ɓȄ
Eq. 

3 Ȅ Eq. 4�®# 

   (5) 

ß！,Ru Õ R0 ! Õ ɓȄXvʗ,Įǆx!Ǐ”̖͗ʝ�ʑĐ̳�̈́ŏ”

ħɓȄXvʗ(�͹yS=ʦ̆Ž�� 

Č�ƈ̻,éͶǹ´ʻʗR0 !ľŒċɓ�ʯ Cartesian ɚ˱îǩʗ�,Čǥ

σ u

σ u µk µ

σ u,k

σ u,k =
σ u

k

σ u,k µk vu,k σ u,k

vu,k = 2
2
π
σ u,k

vu,k = 2
2
π
⋅
σ u

k

σ 0 µk

v0,k = 2
2
π
⋅
σ 0

k

µk

vu,k
v0,k

=
σ u

σ 0

σ u σ 0
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̳�´ʻʗ Ru C̈́ŏ u ȏ z ̩̳�,̶ǀ x Õ y îǩǆʉFɓ,ß！Ãʻ˝ x

îǩ(͘2ǵɁ˼ɓǙ̖Ȼţ,é R0 {,Čǥ̶5Ì͗ɓ�͗é z ̩�ǆ¦͢

[–c, c]�ɓì£�Ŀ,͍&,é x ̩�ɓǵɁĠŏ�#� 

   (6) 

x!,ͯǛ½͗Q~U(–p, p),H~U(–1, 1)(éǙƶ!,ͯǛ½
Ì�͗ɉ”}đ

Ȃ˥ɱ,！ͯǛ½
Ì�͗ɓcɉɛŌɓħ}đȂ˥ɱ(�͗é(0, 0, u)�ƺɓÌ

͗é x ̩�ɓ�͗�Ŀ˹# D1,xǵɁĠŏ˹# 

   (7) 

x!,ͯǛ½͗Q~U(–p, p),H~U( , 1)�ĢŌê,̶5Ì͗é z ̩�ɓ�͗�

Ŀ˹# D3,® D3~U(u, c)(�͗é(0, 0, u)�ƺɓÌ͗é x ̩�ɓ�͗�Ŀ˹#

D2,xǵɁĠŏ˹# 

   (8) 

x!, Q~U(–p, p),H~U(–1, )�ĢŌê,̶5Ì͗é z ̩�ɓ�͗�Ŀ˹#

D4,® D4~U(–c, u)(Ş D3 Õ D4 ɓȡÈ�Ŀé z ̩��͗ɓìc# u ǀ,ĔD

ɓȡÈȄ͕��# Õ (Ȓƀ� D1
D2 ��Õ D3
D4 Ǡˉ2ɛÉȻţ

ɓÌ͗ʹS,ƚȳ̶ Ȅ͕˴ʌ D1 Õ D2 ɓȡÈ�Ŀ
̆ȡÈ�ĿɓyS˲Ǥş

ŕǙƶǊƼȐʪ��,?！Ȋ�Ru !ʑĐ̈́ŏé x ̩�͗ɓǩ�ļ# 

   (9) 

̲̓Õ R0 !ʑĐ̈́ŏé x ̩�͗ǩ�ļ ɛĢȄ,ÄCɭĚ̶ ȄXß

Đ®#� 

   (10) 

Ş c A˥p̈́ǀĔʉF2 Lorentz factor(ǇȲ,ʑĐ̈́ŏé y ̩�͗ɓǩ�ļZ

Ȳǆ Eq. 10 ƈɱɓ̶ ȄXßĐ(ĦRu !ʑĐé z ̩�͗ɓȡÈ�Ŀǩ�ļÕ

R0 ! z ̩�͗ǩ�ļVĢȄ,,ÄCŨ�̶ ȄXßĐ (Eq. 10)(�̻˴ʌ̲ɽ

ɓ̇ʤ Mathematica Aɨ˭ Supplementary Information ( Part 2(̶,ĮƀÓɠ,

Ş̈́ŏ”ħɛÉ
®# c�
ƺÌͯǛɓʑĐʣƄɓ´ʻʗR0 !ɓ͏�ʑĐşƄ

C̈́ŏ u ̳�ɓ´ʻʗ Ru ǀ,Ru {Ǐ”̖͗ʝ�̳�ˀʹSɓ̈́ŏLɛĢ½

D(θ ,η) = c ⋅cosθ ⋅sincos−1η

D1(θ ,η) = c ⋅cosθ ⋅sincos
−1η

u
c

D2(θ ,η) = c ⋅cosθ ⋅sincos
−1η

u
c

c + u
2c

c − u
2c

σ u =
c2 − u2

3

σ 0 =
c
3

c2 − u2

c
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ƃ,�ƃɓɽŏ®#ȄXßĐ Eq. 10 ɭĚɓc( 

Ǚƶ�é͇̭̆�̷ˡǏÿɓv2Ⱦ'ɛĢ˼ƲŌ
Čǀ͢，˃
͟ ŏƭʴ

ʉ�ƺ͹ɓ˶˼,ǇȲǒ.̶ ̈́ŏ½ƃƲŌ,xĔɃ̑ɔƄʃ( 

�̻{ĝ˾ǂ. Euclidean space !ɓʉǶ
ƆǶǩ�ļ̸ħ2Ƕcǀ�Ì͗

yǒȾ'ɛĢ˼ƲŌ(é� Ͷǹ
žų�´ʻʗ{,ƚȳ�ƶ Eq. 40 ɭĚɓv

ʗ̳�ɠ�É̖͗ʝ�ɓʑĐ,Maxwell �Ŀ˵#ĔDɓŇì̈́ŏ�É(Şé�

 ̈́ŏ# u ɓ̳�´ʻʗRu!ƠȘɊKͦʑĐʣƄɓǏ”̖͗ʝ�ʑĐˀʹS

ɓŇì̈́ŏǀ,ĔD̈́ŏͩRɓɽŏɊ K ͦʑĐɓŇì̈́ŏ cK ƚȳȄXßĐ

ɭĚ�ŞƠȘɊ L ͦʑĐʣƄɓǏ”̖͗ʝ�ʑĐˀʹSɓŇì̈́ŏ

ǀ,ĔD̈́ŏͩRɓɽŏɊ LͦʑĐɓŇì̈́ŏ cLƚȳȄXßĐ ɭĚ(

Čǥ̶ ̳�´ʻʗ(Ru)!ɓ̳�Ⱥ̖ėsɊpĐ
̶͔ƙpĐ）͗ʹ�ʣƄ,

͍&̶5Ⱥ̖ɓŇì̈́ŏ�ƃɽŏɊ
ƆȾ'ɛĢ˼ɭĚɓ�Eq. 10 !ɓȄXß

Đ˴ʌ(ə�,:DÃƠȘ.Ƀǒ）�）ƠȘ�ɓpĐC·pĐʝ�ɓşƄȺ
Č

ɋɰȑ
±Đ͚ʉ�,?̶ ˱ŏɝ,Ⱦ'ɛĢ˼ʪ�ɓĚ͗vʗǆǢx�ɭɓ)

ÂþȒƀ�,éRu !̈́ŏé� îǩ̩ƺÌ�ƃɓɽŏǆ�ˋɓ(̶ ĮƀÓɠ,

éRu !ÄCƁ¼�ÕͶǹ´ʻʗ R0 !Ƽļ�ɓȺɅ˯ŧ(ß！,Şé Ru !|

�Ƀ� ̳�´ʻʗ ǀ,Ru ,ÄCŞVͶǹ´ʻʗǠûɅ,̶ǆ� KˍȻ

ų(Ĕ̉ǂ,Ã˫ʇÈ HYPO 1–3 ƈʪǟEɓ´ʻʗ͐ÄCŞVͶǹ´ʻʗ,！

�ŬéƀxǆÎǆʫĢͶǹɓ´ʻʗ(Ⱦ'ɛĢ˼ƲŌ®#̳�ʑĐɓʬ˴ēƲ

Ō,ČǥǙƶŒʃɓƺɽ）¤Ï̳�ʑĐɓʬ˴ēƲŌ,͍&Ĕ,Į¤Ï.
Ⱦ

'�ɛĢ˼ƲŌ( 

3.3.3 �ˌƋƳƺɽŒʃ 

˫s͹ƣ̻�̻ȺɅǶñ,ƅDŌ̆Ģȃ ʑĐɓ̳�˯ŧŒʃ� ¤Ɨǀ

͢é{ɓÝ´ƴƺɽ,ČÃ(x, y, z, t)(Ģ2� Ï n  ʑĐɓʗʬ,éÉ� ǀ

͢ʯŏ�͵˫ŒʃÏǒ 3n + 1  ˉɊŏɓƺɽ,x! n ® +¥(̶ǇȲǆǢ�Ƀ

ěɓ(ƚȳ̶ Ų̢Œʃƺɽ,ÃL÷�Ȋ˲ýǜŏ(k̚řɅ˼,�̫ŒʃÏ

§� ɇˊ�§ ˉɊŏɓƺɽ,˟ȲÄCǑ”ɽŏê�¤ʶ1̑�,PȊ˲ͳ

ŏ,ƼȐſ̑,̵ʸxÊǍ�̶ǆ 21 �ʞɓȺɅiȲ˘é. 20 �ʞ�5(ƚȳ

�̻Ų̢ŒʃɓƺɽN˴� 210 �ʞ͐ŦͳȊ˲) 

̶͔̽！ȊxǸ,�Ċǔƣ̻ƈǒʑĐɓs͏̳�Ȼţ,ÃŁǔĢʑĐ̳�

˯ŧɓƣ̻ʋȓěɉ�Œʃ� İ͗��ĄʑĐ̳�Ȼţ
�ɃěÄƣ 
̻Ȋ˲�

c
K
2 − u2

c
K

c
L
2 − u2

c
L

R ′u
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ɓƺɽ(͒ɉʬ˴ēƺŕûɅÄ）ǆȄ̪ŹŞɓƺȐ,®éȺɅǶñôɫ�,Œ

ʃyǒʬ˴ȻţɓƴēǶñ( 

Ʌ˼�˺,éƼʀ”Ýʯǀʁ!ÄCƏ�Ƽʀÿ ʑĐɓGƀɽŏˀʹS(

P̶5ˀʹSéǀʁ!ˀʹɽŏ6ŵŇìĠŏɛļ̸̛,xşƄɓǵɁĮ̛R,

?ǀ͢ʯŏ�ɝ,̛�ɾĚ(Ȳ！,̶  Ž�Ŧͳɉ� ɭĚɓ�ƴƣ̻(ß！,

Ǚƶ�é̶5Ūˮɓ
�ɭĚɓ XĲ͹ģƏ�ƴ,！Ƒ˰͖Ƌĳ�ȝɗ̞“ÿ

̶5 XɓǏ”˓ã,ģƏȄ̪ɭĚɓʬ˴ƣ̻�ƴ(Ȓƀ�̶5ʑĐé�ʯʁ

͢Ƽ˼ű&̳�,x̥̼͐ǆ̹ʮɓ,ß！LĤˋƋƳ
Ɔàˀ�ˡ#ºɈ,,

®ͯǛ̳�ʑĐɓŊ'ƋƳų(̶ ͔Ħȃ� ̳�ʑĐɝƄ� Ì͗,xƺÌ6

ʑĐ̳�ƺÌ�ˋ
”ħ®#ʑĐ̈́ŏ”ħ(ß！,ͯǛ̳�ʑĐɓŊ'ƋƳų

,®
ƺÌ�ͯǛÌ͗ɓŊ'ƋƳų(�ƶƤ�ɓ�ͯǛÌ͗�Õ�ͯǛ̳�ʑ

Đ
̈́ŏ��͐ ǆÉ� ƀŲ(̒ ˝�̶5ʑĐɓ̖͗ɛʉ,̳ �̈́ŏ”ħɛÉ,

ß！,ͯǛÌ͗ɓŊ'ƋƳųĮǆͯǛ�͗
Ì͗�ɓŊ'ƋƳų(̶͔˵#˥

Ƀ�Ì͗ɓŊ'ƋƳų�ɓįŏǆ� ��ċɓ
Ǒ̾Èƣ̻ͯǛ̳�ʑĐ�½

˯ŧɓŪˮįŏ(įŏ|Ęˮ�ȯ
ȄČ�ɉěƋƳƺɽ®ÄC̴Oƣ̻ǀ�Į

L�ĄǏÿ_Ÿ�|Ū 
ˮ�ǙȀœďƣ̻ɓȼŰ�Įȍǒ�½ɓʬ˴˯ŧ͋ũ(

é̶ įŏ,Ǩ�Ūħʁ͢{Ì͗ɓĢþ˥Ƀ̵�）˨˵#ǆÇÌÉųɓ(Ş̶

5ͯǛ̳�ɓʑĐ�˨ƍ�ǀ,ǭƜ Maxwell �Ŀ,éǨ�¦ó{ɓÌ͗ÕŵL

ƙÌǨ��ɭĚɓƺÌ,�”ħ6 ƄǺȄ,x! k #Ì͗ƴ͗
̇˭

Supplementary Information ( Part 1�(İʍ Maxwell �ĿƼȐɭĚŪħʁ͢{Ì

͗ÕɓƺÌ,P̶͔ŁǔWɉ̾ŞɓʜǞǟEİ͗；»Ì͗Õɓ”ħÕƺÌéʁ

͢Çûɓ�Ŀ˯ŧ( 

΄o,ɭĚʁ͢Ì͗ɓʜǞǟE(e˽ʁ͢ǨȯɓÌ͗ÕĠŏ# X,ĔǆQ

ʷÕǀ͢ɓ�ƴ,®# X(x, y, z, t)(ĔɓĚ'#�e˽éǨ�ǀ� t,Y(V)˥ɱ

¤Ï P(x, y, z)ȯɓ͠¦ó V {s͏Ì͗Õɓ�ƴ,͍&  

[C��Ƀɓ X ͐ǆʁ͢îǩ(x, y, z)Õǀ͢îǩ t ɓ�ƴ](�͹ʻġʑĐQʷˀ

ʹ¬K¡ǀɓŽş( 

X ǆ� ʬ˴ŇìÌ͗,é�¼ƍ�ǀ,Ĕ6Ì͗ƴə(͢ɓvʗǓ?

Maxwell �Ŀ(Č Fig. 1a ƈɱ,e˽é��͹F�[ȏȐʢƺÌǒ”ħɛÉɓ�

ïŪ¦ó Õ (Čǥ !s͏Ì͗Õ# , !s͏Ì͗Õ# ,�ĔD

ɓÕ# ,ļ# ,˽ÕļÌ͗72 M ȯ (Fig. 1b)(͘2�͹e˽F�[ƈ

»¦ó Õ ɛʉ,�ʑĐéǗºɈ̳�(�ȁͻʻ˝ʬ˴ēƲŌ(Ɋ2ʑĐ

k

X (x, y, z,t) = lim
V→P

Y(V )
V

VA VB VA OA
! "!!

VB OB
! "!!

OC
! "!!

AB
! "!!

VA VB
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̈́ŏƺÌì£�ĿɓȻų,̶� Ì͗ŵǒÌĔDŇìc ͸̴ɓdÌ,®

Õ ͐dÌşƄ (̶ǫ,Ǩû X ȏFȐʢƺÌɓ½¥ɁŌ̆6 X ɓZ

ǀ½¥Ɂɛv�̶ Zǀ½¥Ɂ̵¼Âþ� äǒßʘ
®şƄ X ɓʑĐ̳�

̈́ŏ”ħ�ɓŠÖ,yScǊ�ɭĚ(ß！,é�ʻ˝ßĠŏ
¤ƗQʷˀʹÕ

ƺÌˀʹ�Ŗ̙ɓʑĐ͢ļŔǀ,C�� ½¥Ɂ(͢Ō̆ƄǺȄ( 

 
Figure 1 | Ū¦ó VAÕ VBûɛ4ƋƳ¡şƄ±Ʌɱƀæ 

͘2Ì͗Õƴ͗ɛOɓŪɹ�ų̖,̶ ͔HȳěƋƳɓƢĤƺŕ(ČǥǨ�

¦óWɊ͠ǎ͹ S ãƄ,͍&éƼʀħǀȀ {,X éǎ͹ S �Ǩ Ƽʀħ

͹ɹm dS ûɓȐƺÌɓƺÌĤƴ 6 S ƈãƄɓ͠¦ó W {ȏȐƺÌȖ̲

dS ɓÌ͗ ƄǺȄ(Fig. 2),e˽ȄXʗƴ#Ǻěƴ D( 

 

Figure 2 | Ì͗ÕĠŏ X ƋƳɱƀæ 

?ǀ� t1 � t2,Ş�ʻ˝Ì͗ĠŏĢ D ɓŠÖǀ
®Çû͋ũɛÉɓȄXʗ

ƴ�,͠ǎ͹ S {s͏Ì͗Õ A ɓ½¥# 

OM
! "!!!

OA
! "!!

OB
! "!!

OM
! "!!!

dt

∂X
∂N

dX
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   (11) 

ǭƜ Gaussian tŕ,Eq. 11 Å̵̯Ä}Ƅ 

   (12) 

x!,D# Laplace ʌĐ, ˥ɱĢQʷ(x, y, z)ɓ1ͦĤ(！ Eq. 11 Ĺ̯ ÄC

}Ƅ 

   (13) 

˷ Eq. 13 ʉ2 Eq. 12,ŉ½ƛɹ�Ǹŋ 

   (14) 

Ȓƀ� t1
t2 C·¦óWì#Gƀ,2ǆǒ�̻ƺɽ 

   (15) 

ǇȲ,Ş X ɊʑĐ̳�̈́ŏƺÌ！ͷQʷˀʹ¬K¡şƄǀ,C�ʨ˼>Ƅʃ(

ß#̆Žş,ǆ”͗ʑĐɓʬ˴ē˥Ƀ,�ƋƳĢ̶�ʐˀʹƼ̮��( 

#\2�ƶ̷ˡÌ͗�˲,̶ ͔͵˫Ħ�ʯÌ̦͗¥#Ň͹Ì͗(�͹ɭĚ

Ň͹Ì͗ɓʜǞǟE(İʍ Eq. 15 !ɓ̳ʌWɉ.�ʯÌ͗,ŞĢʁ͢Ì̷͗ˡ

Ū�ƫVǀ,ŵǆ»̠ɵƼʀħɓ�ȯûɓÌ̷͗ˡÕļ̳ʌ,̶ ǀƈǒɓʁ͢

�ʯÌ͗\Ã）˥Ƀ�ɛĢɓ1ʯȻų(ĢŪ�ƺɽȊ˲Ë,,Ã）；Ũ1ʯʜ

Ǟ(ß！,Ã͵˫Ň͹Ì͗ɓĤƴʉ®ÄCʉF˥ɱʁ͢�ʯÌ͗(͢ɓĤƴʉ

vʗ
̶ǀ,Ň͹Ì͗ÄC^ɍ”ħÕĔD(͢ɓĆ˱ʉ͕˫_Ÿ�(！�,Ģ

Ň͹Ì͗fŪ�ƺɽȊ˲Ũ�ɓŇ͹Ì͗�ƴ,ǆÙ�ɓ,�Ä6�ʯÌ͗ĢŌ(

̶͔e˽Ǩȯ(x, y, z, t)û6 X ɛĢŌɓƣ̻Ì͗Ɔ�͗ÕĠŏɓŇ͹Ì͗�ƴ

# M(x, y, z, t) [ǗʧȻ�̉ǂ,C��Ƀɓ M ͐ǆʁ͢îǩ(x, y, z)Õǀ͢îǩ

t ɓ�ƴ],ÄĦ�̻ X ɉ M ǐƛ(ǐƛË,Ň͹Ì͗”ħé̶ǫɓVɉǶŕ�

ǇȲ�LƮ½,Ȳ！ƺÌL͕ƹ�͑(PˊĨ Eq. 15 Ä}ƄČ�şŕ� 

   (16) 

ơ�Ǡ,ɭĚŇ͹Ì͗ M ƺÌɓʜǞǟE(͘2ƼʀħʑĐ̳�̥̼ɓ̹

ʮų,M ,˥Ƀ#”͗ʑĐɓʬ˴Ȼų,ß！ŌŞǆpȨɓ(ɊŇ͹ǎʢ˼Ä

ɦ,Ň͹Ì͗éʁ͢G�ƺÌɓ�ͦĤÕ1ͦĤðɚ,ĔD(͢ČǥŒʃ͋ũ�

δA = D ∂X
∂N

dS
Σ
!∫∫

⎛

⎝⎜
⎞

⎠⎟
dt

t1

t2∫

DΔX dxd ydz
W
∫∫∫

⎛

⎝⎜
⎞

⎠⎟
dt

t1

t2∫
δA

δA = ∂X
∂t
dt

t1

t2∫
⎛
⎝⎜

⎞
⎠⎟
dxd ydz

W
∫∫∫

∂X
∂t
dxd ydz

W
∫∫∫ dt

t1

t2∫ = DΔX dxd ydz
W
∫∫∫ dt

t1

t2∫

∂X
∂t

= DΔX

∂M
∂t

= D ΔM
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̻(Eq. 16)Ĥƴvʗɓʉŕ,͵˫ĦƺÌ̍Ƶ��ˋ,®ĒéČ�vʗ 

   (17) 

x!,iǆ˞ƴ«Q,Eq. 17 �̯É+C i®Ũ Schrödinger ƺɽɓşŕ 

   (18) 

Eq. 18 ®ƣ̻.͋ũɛÉƋƳʗƴɓ̳�ʑĐʹ
¤Ɨ̳�ƺÌ�éʁ͢!

ɓ�Ŀȼ�,,®�ˌƋƳƺɽ(Ȳ！,ŞǨŪ¦ó{ʑĐʹ̳�̈́ŏȄ̪ŭƆ

ʑĐˀʹȄ̪ÿǀ,xĢƋƳɓŠÖ̵�ȣǴ(#.Ǐ�s͹êƣ̶̻ǫɓƋƳ


̶͔ɺ#Ŋ'ƋƳ�̲ɽ,̵͵˫̷�Ǽ�Ǥ( 

3.3.4 Ŋ'ƋƳƺɽǣŒ 

˫ǣŒŊ'ƋƳƺɽ,͵˫ʻ˝ÿƺ͹{ĝ,¤ƗŊ'ƋƳʗƴ Ð ǆÎŌ

̆#½¥ɓ,yS̆űǫƣ̻Ɗ）¤ƗŊ'ɛĢ 
˼Ŗ��ÕȾ'ɛĢ˼ƲŌʉ( 

Mʬˮȯ˵#,Ƽ˼əǩÌ͗cÿ”,͐͋ũɛÉƋƳʗƴɓƋƳƺɽ


Schrödinger ƺɽ��PǙƶ˵#,Ð Ō̆ͯɠəǩÌ͗cɓ�É！ºɈ½¥(

�ƶƤ�,Ş�ʻ˝Ì͗ÕĠŏ
¤ƗQʷˀʹĠŏÕƺÌˀʹĠŏ,�É�Ģ

D ɓŠÖǀ,Ì͗ƋƳƺɽʇÈ Schrödinger ƺɽşŕ(Ȳ！,ŞǨûÌ͗ÕĠ

ŏ̪”ǀĢ D ɓŠÖ�ÄůɎ(Č Fig. 1a ƈɱ,Ū¦ó VA ûÌ͗ÕĠŏ”2

VB û(˒ĔDû2É�（ǉë!,VA ûĠŏ”ǆǒAFɓ,˒���̵^Ƙ̪

ΈɓĠŏ
?ǵɁ�˺,«QSɹ{Ŗr.Ǐÿɓ�ɭĚŏ�,xŬȲLțʾʑ

Đɓ
Ňì�̳�̈́ŏ,ɊǻLͅƄ VA ûʑĐŵSɓ̳�̈́ŏ½ƃ
´ʻ�ƶ

3.3.2�(Č�ƶƈ̻
Ɔ�ƶ Eq. 31�,ʑĐṲ̳̈̌�̈́ŏǆ D ɓ~Ěßʘ,Ʊ̆

ûÌÅƋƳ̈́Ɂ˯ŧ(DA)ŉ�）6 VB ûÌĹƋƳ̈́ŏ˯ŧ(DB)Ňǝ
e˽ Ð#

DAÕ DBɓʰÈ�(ß！,ͯÌ͗ÕĠŏ̾ǀƮ½ÇûɓŊ'ƋƳʗƴ ÐĢ2¹

ǅ̶ �ŇǝŽ�ŦǒŬ˫( 

͘2�̻ʻ˝,̀ ƖÈ̾ɓĚ͗ƣ̻̆Ƀ̑ɓ�ƴǆǙƶơ�Ǡ˫˲~ɓ$

˫͡΀(΄oĢŪ¦ó{ɓ�͗Ì̷͗ˡ�˲( 

3.3.4.1 Ì͗�˲ 

�͹ɭĚʑĐéǨ¦ó{ʉǵɁ�Ŀǀɓ�Ŀ�ƴ�e˽Ƶ ¦ó�uÏǒ

n  ʑĐ,#ƺ\ƣ̻,̶͔ƑƵ ¦ó,��# n  ”ħɛʉɓɖĐ,ɖĐ͢

̠Õø°͐# 0(Ƀé�ƸÏǒM ɖĐɓı͏¦ó�Ƀ k
 ,�É� 

ʑĐɓǵɁ
e˽ʑĐ̞“ħ�Ã˘rɖĐ!！ͷɖĐø�(͘2�ƶƈ̻,ʑ

Đé¦óȃ�ûɓǵɁɛÉ(͍&,n  ʑĐGƀ�Ŀé n  ɖĐ!ŵɓÄ）ɓ

∂M
∂t

= iDΔM

i ∂M
∂t

= −DΔM

k ∈!
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Ž�ǆ ɶ�? n  ʑĐ!GƀƓ» k  ʑĐ,�uǒ ɶŽ��ĦȃǸƓ»

�ɓ k  ʑĐGƀƯrM ɖĐ!,�uǒ ɶŽ��！��ɓ n – k  ʑĐ

GƀƯr n – M ɖĐ!,�uǒ ɶŽ�(ß！,M ɖĐ!�Ƀ k

 ʑĐɓǵɁ P(M, k)Ä˥ɱ# 

  (19) 

e˽Ƶ ¦ó!ʑĐƴə n #Ƽʀÿ,Ş n ® +¥ǀĢ Eq. 19 »Ǣͪ,®Ũ 

   (20) 

x!,MA˥Ǩı͏¦óƈȝɗɓɖĐƴə
é�ʯʁ͢,®Sɹ”ħ�,k A

˥é̆¦ó
M ɖĐ��ɃɓʑĐƴə,P A˥é̆¦ó
M ɖĐ�{�

Ƀ k  ʑĐɓǵɁ(Eq. 20 ®#
ô2Qʷɓ�Poisson �Ŀ( 

̶͔˵#,ĦƵ ¦ó
̶ ¦óÄCǆƵ ĕę,,ÄCǆ¤ÏʻġĢ̑

é{ɓ̪Ŋͤ˓ã���#ÕʑĐƴɛÉɓì£ɖĐǆ� ǑÈ̾ɓ��ƺȐ(

ͬ.ÄC�Ĩ´ƴ
ƺ\˶˼þ,̵ǒČ�ʻ˝�ČǥɖĐSɹ|”�ȯ,ĦƼ

Ȑɭ^�ƶÌ͗�˲ɓ�ɭų�Čǥ|ħ�ȯ,Ħ�）SɃʑĐɓ�ʣVɉ(ß

！,ǙƶĦs͏¦ó��#6x¤ÏʑĐƴɛÉɓì£ɖĐƴə,é̶ ôɫ�

̷ˡ�͹{ĝɓ˶˼(ǙƶĦƵ 
ɂö�¦óɺ#ŵ¦ó,Ħx¤Ïɓ͏�
ə

ǩ�¦óɺ#Đ¦ó�ŵ¦ó¤ÏɓƈǒʑĐɺ#ŵʑĐʹ,x!͏�ʑĐɺ#

ĐʑĐʹ( 

ơ�Ǡ,ʻġ�̳�ĐʑĐʹé�̻ǨĐ¦ó V !ɓʉǵɁ�Ŀȼ�(é

Eq. 20 !,M A˥
ʻġĢ̑ʑĐƈ�Ŀ¦óɓ�Ǩı͏¦óƈȝɗɓɖĐƴ

ə
Sɹ”ħ�(ƛ ˱ŏɝ,ŞĦŵ¦óƚȳ�̻ƺŕ��.ì£ɖĐË,M

,ÄCA˥Ēé2Đ¦ó V {ʑĐɓŇìɛĢĠŏ,͍ ˨´ʻɓĠŏ®#ŵ

¦ó!ŵʑĐʹɓŇìĠŏ(MA˥̶ ŇìĠŏɓaƴ,k A˥éǨ ɖĐ!

�ɃɓʑĐƴə,P A˥é̆ɖĐ!�Ƀ k  ʑĐɓǵɁ(ĐʑĐʹé V!ɓ�

ĿǆĠŏŜŏ#Mɓ Poisson �Ŀ(ơ�Ǡ,|�Ǥ Poisson �Ŀtŕ Eq. 20,

ĔxěĮǆ ƚŅʝƴĳœËɊ k ɭĚɓÇͺc��¬ cɓȄ͕(é̶͔ɓ

ƀ'Įǆ,ɛĢĠŏ#MɓĐʑĐʹ�ĿéĐ¦ó V
e˽ VƈȝɗɓɖĐƴ

ə̞“”�ƈȝɗɓɊ�̻ǩ�ƈɭĚɓ´ʻɖĐ{ǀ,ƈÏʑĐƴ# k ɓɖĐ

¬ V!ŵɖĐƴɓȄ͕(Ɋƴē�ǤÄɦ,̶ ŅʝƴĳœǆÙ�ɓ,ǇȲ,̶

nn
n
k

⎛
⎝⎜

⎞
⎠⎟

Mk

(n−M)n−k

P(M,k) =

n
k

⎛
⎝⎜

⎞
⎠⎟
Mk (n−M)n−k

nn

P(M,k) = e
−MMk

k!

eM eM
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 ƴəȄ͕�Ŀ,ǆÙ�ɓ(ČǥĦ Eq. 20 Å̯ͺ+C k,˹# R(M, k),®#

Č�şŕ� 

   (21) 

͍&,Ĕɓ
ƚȳ k�́ͺ�ÕA˥ĦM �˲ƄƼʀÿͺË� Ä）ɓ�˲ş

ŕ,ß�̻ŅʝƴĳœǆÙ�ɓ,ß！̶ǫ
Ņʝƴ�şŕɓ�˲,ǆÙ�ɓ(

ƚȳ�̻ȺɅƀ'Ʌ˲,Eq. 21 ɓƀ'®#ĦɛĢĠŏ#M
̶ ɛĢĠŏé

V!ǆŇìɛĢĠŏ�ɓʑĐʉǵɁ�Ƴ� Vƈȝɗɓ
Ƽʀÿ �´ʻɖĐ!

Ë,Ïǒ k  ʑĐɓɖĐ!ɓʑĐƈ�ƧɓɛĢĠŏĢŵɛĢĠŏM ɓ̔ɀ(

Ħ Eq. 21 +C V !ƈÏɖĐƴə®#Ïǒ k  ʑĐɓɖĐ!ɓʑĐŵƴ(Ɋ2

ʑĐƚȳ̶ǫşŕɓ�ĿǆɭĚɓ——Ǔ? Poisson �Ŀ,ß！?̶ ˱ŏɝ,

Ģ2ɛĢĠŏM,̶ǫşŕɓɛĢĠŏ�˲,ǆÙ�ɓ( 

Čǥ M #ýƴ
ƆŇ͹Ì͗�,͍& Eq. 21 Ä}ƄÌ͗şŕ 

   (22) 

ĦxͬC k ɓşŕZȲǆ ƚŅʝƴĳœËɊ k ɭĚɓÇͺýƴ6ýƴ ɓ

Ȅ,̶͔ÿ.� ƺÌ,！�̶ ŅʝƴĳœǆÙ�ɓ(Éǫê,Ħ Eq. 22 ́ͺ

�ÕË,ǆÌ͗ M ɓ� �˲(̶ɶŅʝƴşŕɓ�˲,ǆÙ�ɓ( 

Ƀéʻ˝̳�ĐʑĐʹ̈́ŏé�̻ǨŪĐ¦ó V !ɓ�Ŀȼ�(Čǥŵʑ

Đʹ!ɓʑĐéŵ¦ó!ͯǛ̳�,͍ &ĐʑĐʹé̞“ħɓǨŪĐ¦ó{ɓǨ

 ǀ͢�ȷ�ɓ�Ŀ
ŞʑĐ̈́ŏ̞“ŭǀ�,Ä̴OɝVǵɁìʉ(é:ʐƈ

ûɓįŏ˓ã,ÄC˵#ĕę!�)ȃ� �Ū¦ó�ɓĐʑĐƴ͐ǆĻ”ɓ,

ß！̳�ĐʑĐʹéǨŪĐ¦ó V {ɓ�ĿÄCɉ Eq. 20 Ǡƣ̻(ǨŪĐ¦ó

V!ƚ k ��ɓÇʐɖĐ!ɓ̳�ʑĐ͐ÄCşƄ� �Ì͗,x���̙# V

!ŵÌ͗(ČǥÏʑĐƴəɭĚɓ V {̳�ĐʑĐʹɓŵ�ʯÌ͗Õ Y �Ě,

͍&xÇ�Ì͗ɓǶÕşƄĔɓʑĐƴ
éx̞“”ǀ̴O�ƄǺȄ
̇˭

Supplementary Information ( Part 3�(͵˫Ȓƀɓǆ,®\ k = 1 ɓŽş,é V!

ɓǫǙƴ,Ōǆ§�Ŏ”ɓ(ß！,ƚ k ��ɓÇʐɖĐ!ɓÇ�Ì͗ɓǶ
ǵ

Ɂìc�(͢ɓȄ,Ɋ Eq. 20 ƈɭĚɓŅʝƴşŕÙ�ɭĚ(V# Y 6 VɓÚ

ɓǢͪc X,xZȲÄCŞVŪ¦ó V {ɓ�ʯŵÌ͗Õʻ˝,ß！,Ēé�

˲#C k ��ɓÇʐɖĐ!ɓǶȄɊ Eq. 20 ɭĚɓ�Ì͗şŕ(Ş�ʯÌ͗ X

éÇʐɖĐ!ɓ�ʯ�˲Ì͗ǅĥ�Ň͹Ì͗ M éÇʐɖĐ!ɓ1ʯ�˲Ì

͗ǀ,ǇȲ,ĒéɛŌɓǶȄɊ Eq. 20 ɭĚPƺÌǗĚɓ1ʯÌ͗�˲şŕ(Ɋ

R(M,k) = e
−MMk

(k −1)!

R(M,k) = e
−MMk

(k −1)!

eM eM



 18 

�̻ǩ͗M ɓ�˲ƺȐ
Eq. 21�Äɦ,Ģ2Ì͗ M ɓ�˲˒^ƘǶȄǓ?

Poisson �Ŀ,ŬȲ͵˫Ù�ɓ
şŕɭĚɓŅʝƴşŕ,,® Eq. 22 ɭĚɓ˴

ʌÌ͗Ƕɓƺŕ,̶ǀÇ�Ì͗ƺÌ,Į˨Ù�ɭĚ(ß！,yǒɛÉʑĐƴ k

ɓɖĐ!ƈǒÌ͗ÕɓŇ͹ǅĥ®# Eq. 22 !Ɋ k ɭĚɓ͍�ͺɓ�Ì͗(Ş k

» !ƈǒcǀ,Ħ̶5ͺ���̙®#Ì͗ M
ƚȳC k ��ɓÇʐɖĐ!�

ɓÙ��˲,® 

   (23) 

Ƽ˼̳�ʑĐǆQʷˀʹ¬K¡̵ǆ̳�ƺÌˀʹ¬K¡,Ã˫˥ɱĔDɓ

Ì͗ɛʉ,xĢ2ƋƳC·ɛĢ˼ƲŌɓŠÖ͐ǆɛÉɓ(ß！,ʑĐ̈́ŏƺÌ

ˀʹ¬K¡ÕQʷˀʹ¬K¡ǆʉFɓ
ŞʉF#Qʷˀʹǀ,̈́ ŏƺÌ#ì£

�Ŀ�ŞʉF#̈́ŏƺÌˀʹǀ,Qʷ#ì£�Ŀ(Ǚƶ!ɛʉ�͗˥ɱɓʉF

̈́ŏƺÌƆQʷˀʹ͐ǆ̶ ƀŲ�(Ħȃ� Đ¦ó V{ʑĐɓŇì̈́ŏɝV

1,̶ǫxʑĐƴéƴc�®Õ�͗”ħɛʉ(Ɯǻ,éȃʐɖĐ!�ĿɓʉF

Ì͗ ƴĮÕÌ͗”ħƄǺȄ,�ȃ Đ¦ó(͢,ǆÄȄɓ(ß#�̻MÄ

CA˥Ēé2Đ¦ó V{ʑĐɓɛĢĠŏ,ǆ� aƴǵŮ(ǇȲÌ͗ M ,Ō

ǆ� ɛĢÌ͗(�̻ǩ͗Mɓ´ʻɖĐƴəɭĚɓě̖®#ŵ¦ó{ɓʑĐ

Ǒÿ）¬ǒɓɖĐƴə(̶ ͔ĦŪ¦ó V!ɓʑĐ
e˽�uǒ n  �ȃ ̈́ŏ

͐# c�˥ɱ#ì̈́# 1 ɓSʗË,xǑÿ¬ǒɓ
ƋĳËɓ�ɖĐƴə# n c,

ǻ®#Ì͗ M ɓ´ʻɖĐƴə(ß！,3.3.3 ˏ!ɓ M ɭ�ê˺Ō̆ǆɛĢÌ

͗ÕĠŏ,ƺÌ®6̆ûɓʫĢÌ͗ÕƺÌ�ˋ(ǺČ�̻,� ʁ͢Ì͗(͢

ɓÕļ̳ʌĮǆéŇ͹�̷ˡɓ(é̶ Ň͹�,ĔDÇˉµÄC�˲#Č Eq. 

23 ƈ̻ɓŇ͹�Ì͗Õ(ß！,̶�ʣ�Ì͗,ÄCA˥Çˉɓʁ͢�Ì͗Ģ

Ō̷ˡÕļƆĤƴ̳ʌ( 

3.3.4.2 ƋƳƣ̻ 

e˽ʣƄȃ k ͦʑĐɓ k  ʉFʑĐ!Gƀ� ʑĐɓ̈́ŏéȃ� ʉ

Fîǩ̩�ƒŠɓǩ�ļ# (Č�ƶƈ̻,k ͦʑĐɓ̳�̈́ŏ”ħ�Ǔ?´

ƴ# ɓ Maxwell �Ŀ
̶͔�͵ʻ˝̈́ŏƺÌˀʹ¬K¡ɓŽş,ƋƳʗƴ

#Sʗäǒɓʬ˴ēƲŌ,Ã͵ƚxĚ'Ȋì̈́�(͍& k ͦʑĐɓŇì̈́ŏ”

ħ 

   (24) 

!

M = e−MMk

(k −1)!k=1

∞

∑

σ

σ
k

v = 2 2
π
⋅ σ
k
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Ģ2 k1 ͦʑĐÕ k2 ͦʑĐ,ĔDɓŇì̈́ŏȄ 

   (25) 

µß#̶5 1 ͦʑĐɓ”ħƆʼ̖͗ɛÉ,Čǥ k1 ͦʑĐÕ k2 ͦʑĐɓ̖͗�

�# m1 Õ m2 ( ),ǭƜ Eq. 25 ƈɱɓvʗ,ĔD(͢ɓŇì̈́ŏ(ȄÄ˥

ɱ# 

   (26) 

�̻vʗɓ̇ʤ˴ʌÕƢĤ̲ɽ˭ Supplementary Information ( Part 1(Ɋ Eq. 26

Äɦ,Ş k ͦʑĐɓ̖͗# m ǀ,Õ 1 ͦʑĐɛȄŇì̈́ŏ®# 

   (27) 

x! #ʗƴńƴ( 

ƋƳʗƴɓĚ'#�ȏƋƳƺÌ,é«Qǀ͢ȃ«QșŏǱŏǟE�,ðɚ

̲̓«Q͹ɹƈƋƳǨȺ̖ɓ̖͗Ɔƨĩƴ(ß！̶͔˵#,Mʬˮȯ!ɓěƋ

ƳÕ̶͔ƈƣ̻ɓÌ͗ƋƳǙ̖ǆ�ˋɓ(ǭƜ Einstein-Brown Qɻƺɽ,ƋƳ

ʗƴ 

   (28) 

x!, # k ͦʑĐȏ x ̩ƺÌɓŇìQɻ(ɉ k ͦʑĐɓŇì̈́ŏ AǐŇì

Qɻ ,ǭƜ Eq. 28 ÄCŨ�ƋƳʗƴ½ş# 

   (29) 

ƋƳʗƴ D ɓ«Q# m2·s–1(ʨÈ�Ǥ Eq. 28
Eq. 29
x!ɓ t1 Õ !¤Ïɓ

t ǆ�ˋɓ,ß！ t1 = 1 s�,�̻ƋƳʗƴ,ÄɅ˲#�«Qǀ͢{,k ͦʑĐé

Ň͹�ƈ͜ĳœɓŇì͹ɹ(̶  Ňì͹ɹÕ« k ͦʑĐɓ̈́ŏɛv(e˽«

 k ͦʑĐɓ
Ňì�̈́ŏ# ,͍&̶5ʑĐéǨ�ƺÌɓʬ˴Ňì̈́ŏ”ħ 

   (30) 

k ͦʑĐʹ®C̆̈́ɁéŇ͹͜ĳ(Ħ Eq. 30 Ar Eq. 29,ŉĦx!ɓ t1 = 1 s È

ŉrʗƴËɉ Aǐ®Ũ 

v1
v2

=
k2
k1

m∝ k

v1
v2

=
m2
m1

v =
κ1
m

κ1

D = x
2

2t

x V

x

D = V
2

2
t1

V 2

v

V = v
2

κ 2
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   (31) 

x!, ǆC s #«Qɓńʗƴ( 

Ħ Eq. 27 Ar Eq. 31,®Ũ̖͗# m ɓ
k ͦ�ʑĐʹɓƋƳʗƴ 

   (32) 

�ŕ(Eq. 32)̵ÄɝV�ÏɛĢ˼ƲŌɓ 1 ͦʑĐʹƈƣ̻ɓĔD
õʴË�ş

Ƅɓ̖͗# m ɓʑĐɓ˥ˮƋƳʗƴ,！é�ÏɛĢ˼ƲŌ
®# 1 ͦʑĐʹ

ƣ̻ɓ˥ˮƋƳŽş�ɓ Schrödinger ƺɽ!,ľʧʪ�̶ ʗƴɓySşŕ,

ĦxÕ Eq. 32 ĢȄÄŨ 

   (33) 

x!,ħ#ʜ¥ Planck ńƴ( 

3.3.4.3 Ŋ'ƋƳƺɽʣ˪ 

�ƶeĚ,ƼʀħʑĐ(͢ȍǒɛ4Vɉ(®\Ǐ”̖͗ʝ�ʑĐ(͢ǒɛ

4Vɉ
Ǚƶ˵#ɓ
ß#ʬ˴ēƲŌ！9Ɉɓ�ɛ4Vɉ��,̶͔,Ēé� 

ʑĐ�ƸțĄ6ɈƄɓ̲ɽ,,®0ě�ɓƼɛ4ŠÖ(Âþ,͘2̶5�ɛ4

Vɉ�ɓě̖͐ǆŖ�
,®̳�ʑĐɓʬ˴ēƲŌ,xĔVɉ�ÄCʉƲɝť�,

Ǐ”ɓ�É̖͗ʝ�ʑĐ(͢Ƽɛ4VɉɓǵŮǆʉFɓ(éǨ�Ū¦óɓǨ 

ǀ͢�ȷ�,�ĚÄCÑɃƚȳ Eq. 23 ɭĚɓ̈́ŏ�˲şŕ,！��ÉÌ͗Ġŏ

Ū¦ó{ÏǒɛʉʑĐƴɓɖĐ(͢ǆʉFɓ(̶ ǆß#,�ÉĠŏ�,Poisson

�Ŀ~Ě.ÇʐɖĐƴəɓļŔ,Į�Ō|ǒɛÉʐñ
ÏɛÉʑĐƴ�ɖĐ͢

ɓļŔ(İʍ̳�ʑĐCɛÉǵɁéŪ¦ó�Ŀ,Şʬ˴ k  ʑĐǀ,ĔDɓŇ

ì̈́ŏŬȲ½ƃ(C k ��ɓÇʐɖĐ!ɓʑĐCĔDɓì̳̈́�
¤Ï k  ʑ

ĐɓɖĐ̖ūŇìéȃ ɖĐ!ū�(É�ʐñ
Ïǒ k  ʑĐ�ɓɖĐ(͢,

Ç k ͦʑĐɓŇì̈́ŏ”ħɛÉ,�ĚʇÈ̆ʐñɓƋƳʗƴƈɭĚɓ

Schrödinger ƺɽƋƳşŕ(ß！,ƚȳ�ƶƽ��ċɓɖĐ͔ɓʑĐƴə k #�

ʣ´ʻ,��ʻ˝xĢŌɓÌ͗ M �˲ËɓÇͺ R(M, k),oʻġĔDɓ«Ƚ

ƋƳ,ȲË|Ħx¿���̙( 

̶͔,Ħȃ Ïǒ k  ʑĐɓɖĐ!ɓƈǒʑĐɝV� ̪”̖͗ʝ�ɓ k

ͦʑĐ,ĦŪ¦ó V{ƈǒÏǒ k  ʑĐɓɖĐ!ɓ k ͦʑĐɓŵSɺ# k ͦʑ

Đʹ(Ɋ�̻˶˼Äɦ,k ͦʑĐʹ!ȃ� 
k ͦ�ʑĐé�¼þɌƍ�ǀɓ

Ňì̈́ŏɛÉ,xsS͋ũɛÉɓƋƳʗƴ(ƚȳ Eq. 32 ʪ�ɓvʗ
ƋƳʗƴ

6 k ͦʑĐ̖͗ƆʣƄ k ͦʑĐɓ 1 ͦʑĐƴ͗Ƅ¹Ȅ�,Čǥ 1 ͦʑĐʹɓƋ

D =κ 2v
2

κ 2

D =κ 2
κ1
m

⎛
⎝⎜

⎞
⎠⎟

2

=
κ1

2κ 2
m

κ1
2κ 2 =

!
2
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Ƴʗƴ# D1,� k ͦʑĐʹɓƋƳʗƴ 

   (34) 

̶͔ɺ #ƋƳʗƴßĐ( 

Ş�͵ʻ˝ʑĐˀʹĤˋɓʬ˴̈́ŏ½ƃƲŌĢƋƳɓŠÖǀ,®# 1 ͦʑ

ĐʹɓƋƳŽş,ǻǀ6 Schrödinger ƺɽĢƋƳɓƣ̻�ˋ,ß！ƋƳʗƴ 

   (35) 

̶ ʗƴƈ~ĚɓƋƳƺɽƣ̻.̖͗# m ɓəǩěȺ
ƆõʴËˀʹS�ƚ

ȳ
õʴ��ʣƄĔɓ 1 ͦʑĐƈɭĚɓ
½ƃË�˥ˮƋƳ̈́Ɂ̷ˡǵɁƋƳ

̳�ɓ��ē,PĔéxŘƳʁ͢ɓ�ĿȻţɊ（ǉë! 1 ͦʑĐɓƋƳˡ#~

Ě(Ş ǀ,ƚȳ�̻˶˼,Ħ Eq. 35 Ar Eq. 34 ®Ũ k ͦʑĐʹɓƋƳʗ

ƴ 

   (36) 

̶ɛŞ2 k ͦʑĐˉ̤̳��ƃĤˋxʣƄɓ̖͗# m ɓəǩěȺ
ƆõʴË

ˀʹS�˥ ˮƋƳ̈́ɁʉȄ�ͩ(̆ ƋƳʗƴƈ~ĚɓƋƳƺɽƀ'É�͹ 1 ͦ

ʑĐɓŽşʐO,®#�̖͗# m ɓəǩěȺ
ƆõʴËˀʹS�ƚȳ
õʴ

��ʣƄĔɓ k ͦʑĐƈɭĚɓ
½ƃË�˥ˮƋƳ̈́Ɂ̷ˡǵɁƋƳ̳�ɓ�

�ē,PəǩěȺéxŘƳʁ͢ɓ�ĿȻţɊ（ǉë! k ͦʑĐɓƋƳˡ#~

Ě( 

Ħ͍5ɖĐ!Ïǒ k  ̳�ʑĐ
k ͦʑĐʹ�ɓÌ͗Õ R(M, k)
Ƶ Ū

¦ó V {ɓÌ͗�˲(��ĢQʷ(x, y, z)Ȋ1ͦfĤƴ,Ȓƀ�!͢½͗ M,

®ŨČ�şŕ� 

   (37) 

x!, (̶͔͵˫Ŝ̍ɓǆ�˴ʌĢÌ͗

M ɓĤƴǀ,Ȅ̪ļcƈ»ɓ� 
Ƽʀħ�Ū¦ó V1 Õ V2 ɓʫĢ”ħǆɛ

ʉɓ(Ħ Eq. 37 +Cȃ�ͦʑĐʹɓƋƳʗƴ(Eq. 36)Ë,|ĦÇͦ���̙,

ÄŨƵ Ŋ'ƋƳ˥̰ŕ
¤Ɨʗƴ�� 

Dk = D1 ⋅
1
k

1
k

D1 = − !
2m

k >1

Dk = − !
2m

⋅ 1
k

∂2R(M,k)
∂M2 ⋅T 2(M)+ ∂R(M,k)

∂M
⋅ ΔM

T 2(M) = ∂M
∂x

⎛
⎝⎜

⎞
⎠⎟

2

+ ∂M
∂y

⎛
⎝⎜

⎞
⎠⎟

2

+ ∂M
∂z

⎛
⎝⎜

⎞
⎠⎟

2
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   (38) 

̶ǫ˴ʌƈŨɓƋƳĮǆ?Ƶ 
Ƽʀħ�Ū¦ó V1 � V2 ɓŊ'ƋƳ(Ħ

Eq. 38 ¥ʋ,®#Č�şŕ� 

   (39) 

Ħ Eq. 18 !ʉÆĹʆɓ͏�Õ Eq. 39 ʣÈ��̙®ŨėƵɓÌ͗Ŋ'ƋƳƺɽ

˥̰ŕ� 

   (40) 

ß！,ÏǒɛĢ˼ƲŌ
¤ƗŖ��ɓŊ'ƋƳʗƴ˥̰ŕ# 

   (41) 

̶͔ɓƋƳʗƴ�ǆńƴ,！ǆ� ̳ͯ�ʑĐɛĢÌ͗cĠŏ½¥ɓˉȲƙƴ

�ƴ(́ ǻ,Ì͗ɓŊ'ƋƳƺɽÕʗƴ Ð͐ľɭĚ�Ǡ(ǭƜ Maxwell �Ŀ,

ÄCɭĚ�¼ƍ�ɓǨŪ¦ó{ʁ͢Ì͗ɓ”ħ,！̲̓ Eq. 40 �ÄCɭĚʁ

͢Ì͗ɓ”ħÕƺÌ
ýŇ͹{c�(ˊǻ,ʁ̳͢�ʑĐʹɓôǙǒƲ_Ÿ͐

ľ；»( 

Þ� 3.3.4.1 ˏɓÌ͗�˲͏�,Ƀé˾ǂ Eq. 23 ®#�ʯÌ͗ X ǅĥ�Ň

͹Ì͗ M (ËɓÙ�Ň͹�˲şŕ(Ɋ�̻Äɦ,ǅĥŨ�ɓŇ͹�˲Ì͗ɓ

Ƕ(͢ɓȄǓ? Poisson �Ŀ,！ƺÌǗɦ(e˽ʇÈ̶ Ň͹�˲Ì͗ɓǶ�

ĿɓƺÌǒŦÿʣ(！0ě�,Ŋ'ƋƳɓʨǥǆɭĚɓ,͍&̶�ʣƺÌƣ̻

ɓŽşŌǆʉFɓ(ĦĔDƚȳ�̻ Eq. 38 ƈ̻ƺŕûɅË,Äɦ�ÉʣƺÌ�

˲ArËƼȐŨ�ŷʉɓ Eq. 39 c(ß！,Ǚƶʪ�ɓ Eq. 23 ®#ʇÈǟEɓ

Ù��˲ʨǥ( 

Ģ2 Eq. 39,Ş�ʻ˝ˉ̤�Ŗ��
ʑĐàˀ�ǀƵSɓƋƳ¡éͺ

!ľSɃ,xU͏�®#ɛĢ˼ƲŌĤˋ(̶ǆß#��ƶ 3.3.2 ˏƤ�ɓȾ'

ɛĢ˼ƲŌÃǆé R0 !˿F Ru !ɓǉ̑(ČǥĦ Ru !ɓʑĐs͏Ư� R0 !

�̙ˮȘǀ,Ru !GƀʣʑĐ̈́ŏÕɛĢ2�̻Ⱦ'ɛĢ˼ƲŌƣ̻ɓŽşL

Ɏǒ�É(ǻǀ,Ru !ƈǒ̳�ʑĐ͐Lǒ� ΁þɓȏ z ̩ɓ̈́ŏ�͗ u(Ȳ

！,̶ 5ʑĐɓƋƳ¯ZȲ͋ũR0 !ɓ˯ŧ(ǇȲ,ŞĦ̶ǫɓ̳�ʑĐ 
́Ì

͗ʹÕ��˲#Ň͹Ì͗ǀ,ZȲ͋ũÉǫɓ˯ŧ(Eq. 23 !Ì͗�˲ǆÙ�ɓ,

Ģ2ȃ� Ï k  Ì͗ɓɖĐ!ɓÕÌ͗,ĔD͐ǆ Ru !ɓÌ̦͗ƛ� R0 !

− !
2m

1
k
⋅ ∂

2R(M,k)
∂M2 ⋅T 2(M)+ 1

k
⋅ ∂R(M,k)

∂M
⋅ ΔM

⎡

⎣
⎢

⎤

⎦
⎥

k=1

∞

∑

− !e
−M

2m
ΔM−T 2(M)⎡⎣ ⎤⎦

i ∂M
∂t

= − !e
−M

2m
ΔM−T 2(M)⎡⎣ ⎤⎦

Ð = − !e
−M

2m

ΔM
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(Ëɓ�Õ(Ħ̶5
̷ˡɛĢ¥ûɅËɓ��Ì͗Ȋ1ͦĤËC k #ǩ���

+C�ÉɓƋƳʗƴŉ�Õ®ÄěɃĦ̶5̳�ʑĐɓʬ˴ēƲŌʡr Eq. 38(

?�ƶȾ'ɛĢ˼˾ǂ̲ɽÄCȣǴêɝ�,ʁ͢!̳�ʑĐɓȾ'ɛĢ˼ƲŌ

ɓ±Ʌ®#ͯǛ̳�ʑĐɓʬ˴ēƲŌ,ɭ�ê˺ǆ̳�ʑĐ̈́ŏƺÌˀʹ¬K

¡ɓʬ˴ēƲŌ(͵ ˫Ȓƀɓǆ,ʑĐ̳�ƺÌˀʹ¬K¡ǀ˥Ƀ#Ⱦ'ɛĢ˼

ƲŌ�！�ˌŽ��,ˀʹƲŌ̵¤ƗʑĐQʷˀʹ¬K¡ǀɓŽş,̶͔Ħ̶

�ɶƲŌʬɺ#Ŋ'ɛĢ˼ƲŌ,?̶ ˱ŏɝ̶�ɶˀʹƲŌǆʬ�ɓ,͐ ʇ

È Eq. 10 ƈʪɓ˯ŧ(ß！,Ⱦ'ɛĢ˼ƲŌɓ˾ǂ̲ɽ,ǆŊ'ɛĢ˼ƲŌɓ

˾ǂ̲ɽ,̶�ɶƲŌɓě̖͐ǆ̳�ʑĐɓʬ˴ēƲŌ(ǇȲ,ǙƶɓûɅƺ

ŕ
Ïǒʬ˴ēƲŌɓ Eq. 40�,ÄCȝɗƈǒɓˀʹƲŌ,®ľȲ¤Ï.ƈǒ

ɓɛĢ˼ƲŌ,！<ǒ Lorentz ª½ʜǞɓƺɽ
Č Dirac ƺɽÕ͗Đë˼��

̞CSɃs͏ɓɛĢ˼ƲŌ( 

3.3.5 Ģ Eq. 40 ɓ̷�Ǽʻġ 

3.3.5.1 6 Schrödinger ƺɽɓvʗ 

Ħ Eq. 40 ʉÆÅ̯ƚȳ e–MɓŅʝƴĳœ,®ÄŨ�Č�şŕ 

   (42) 

Ş Eq. 42 ʈ1ˡʉÆÅ̯Ã»ʈ�ͺǀ,̆ƺɽ®#�Ïþ�ëɓ Schrödinger

ƺɽşŕ(ß！,?şŕ�ɝ Eq. 40 ®#Ģ Schrödinger ƺɽȢ�.ƴͺ`ǺË

ɓʨǥ(Şȑ�ƴɓǶ ǀ,ǇȲ ǆȄ ΈͦɓƼʀħ
̶ɶ

Ž�,ʐO2̈́ŏŦħP�̈́ŏŦ”ǀǺ
Uřȑ��ƴŽş�,！� Euq. 42 !

ʈ1ˡʉÆÅ̯  ͺ(Ëɓͺì6 M ǒv,Çͺ6x+ɹ,ǆȄ

ΈͦɓƼʀħ(ß！,Ş »̪ħcǀ,Eq. 40 \Ä̴O#�Ïþ�ëɓ

Schrödinger ƺɽşŕ�Ş »̪”cǀ,Eq. 40 !ɛĢ˼ƲŌ
̳�ʑĐɓʬ

˴ēƲŌ�ǂǇ,�Äɉ Schrödinger ƺɽAǐ( 

3.3.5.2 �ƋƳʑĐʹ 

͗Đë˼!¤ÏʑĐ9Ɉ6ȥȍʌʇ,P̶ǫşŕɓƣ̻ǆɈɬɓ(Ǚƶƈ

ʪƺɽ(Eq. 40)�…Ȳ¤Ï.ʑĐ9Ɉ6țĄɓ̲ɽ,ɇˊÄCʪ�x©˦ǖ
̶

͔�Ƞrɩɿ̶ ͡΀�(ƺɽ Eq. 40 #ƣ̻ʑĐʹŊ'ƋƳɓƺɽ,Ş 

   (43) 

ǀ,M �ͯǀ͢ t ½¥,ʇÈ̆ǟEɓʑĐʹ®#ɾĚɓ�ƋƳʑĐʹ(̶ 

i ∂M
∂t

= − !
2m

1−M+M
2

2
+!

⎛
⎝⎜

⎞
⎠⎟

ΔM−T 2(M)⎡⎣ ⎤⎦

= − !
2m

ΔM−T 2(M)−M ⋅ ΔM+M ⋅T 2(M)+!⎡⎣ ⎤⎦

M → 0 T 2(M) ΔM

−T 2(M) ΔM

M

M

ΔM−T 2(M) = 0
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ʑĐʹ,ÄɝƄǏΈ̖͗ʝ�ɓʑĐ,ĔǆɊʇÈʬ˴˯ŧɓ
�ʗ�ǏR̖͗

ʝ�ʑĐǣƄ( 

̶͔e˽ M <ǆQʷ(x, y, z)ɓ�ƴ,͒ɉ�ɵ½͗ȐȊ˲ Eq. 43,ÄCŨ

�Ïǒ 9  Gƀńƴɓ˲Ǥ̓˲(Eq. 44): 

   (44) 

ô2� îǩʉFųɓʻ˝,C7
C8
C9 #ýńƴ��ʉ2 0,x!Gƀ� ɛ

�͐ʉ2ʈ� ɓɛ¹ƴ,ß！Ōǒ (Ȳ！,éȻĚ�

ďǟE�țƝƈǒGƀńƴǆE§�âͳɓ0Ž,̶ ,�ǆǙƶɓ͕ȯÕw̝ƈ

é(ƈC,é�ŠÖ͡΀˶˼ɓŽ��,̶͔�|Ơɿ̆˲ǤȻ˲ɓySşŕ,

̦！͒ɉƴc˲ƺǰ( 

#.̇ʤʻġ�ƋƳʑĐʹɓşȼ,̶͔ZȲe˽ M <ǆQʷ(x, y, z)ɓ�

ƴ�#̳�ʑĐQʷˀʹ¬K¡ǀɓŽş(é�ʯʁ͢{Ģ Eq. 43 ̗/Č��

ďǟE� 

   (45) 

ʿʃ Eq. 43 Õ Eq. 45 ̷ˡƴcȊ˲
Ȋ˲̲ɽɓ̇ʤ Mathematica Aɨ˭

Supplementary Information ( Part 8 ! Fig. 3 ɓʩ�̲ɽ�,Ũ�ʑĐ̖͗Ġŏ

( )ɓ�Ŀȼ�Č�æƈɱ(Fig. 3)� 

M(x, y, z) = − 1
2
ln
C1

2 +C2
2 − C1 cos C7 x( )+C2 sin C7 x( )⎡

⎣⎢
⎤
⎦⎥
2

C7

− 1
2
ln
C3

2 +C4
2 − C3 cos C8 y( )+C4 sin C8 y( )⎡

⎣⎢
⎤
⎦⎥
2

C8

− 1
2
ln
C5

2 +C6
2 − C5 cos C9 z( )+C6 sin C9 z( )⎡

⎣⎢
⎤
⎦⎥
2

C9

C7 :C8 :C9 = 1: (−1)
2
3 : (−1)

4
3

M(0,0,0) = 1+ 2 i,
M(x, y, z) = 0, x2 + y2 + z2 = 42.

⎧
⎨
⎪

⎩⎪

M
2
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Figure 3 | ʇÈ Eq. 43 Õ Eq. 45 ǟEɓʑĐʹ̖͗Ġŏ�Ŀæ
��É˱ŏ

ĳɱ�(a, �ʯ�Ŀ�b, z = 0 ûɓ1ʯ�Ŀ�c, z = 0 ûɓ1ʯŇ͹Ġŏ�Ŀ�

d, y = 0, z = 0 ûɓ�ʯ�Ŀ(#ƺ\ĢȄ,ȃņæɓ�
�� îǩ̩(͢ì

͒ɉ 1 : 1 ȄXǇɱ( 

?æ!ÄCɝ�,ɾĚʑĐɓ̖͗�)s͏ʹ!2”Ʉū̴ͧɓ� ħɄȼ

¦ó{,xU͏��§�ʁǁ
̖͗ĠŏǢR�,̶Õ±ĐʨǣǢ#ʐO(̆ʨ

ǥ̷�ǼĚų̉ǂ,Eq. 40 �<ÄCȊ˲ɋĐ�Ŀ,̵ ÄCȊ˲±ĐǬ̖͗�Ŀ( 

͵˫Ȓƀɓǆ,Ģ2 Eq. 45 ƈʪɓ̯ɌǟE ,éȊ˲̲ɽ

!»Ʉ͹ �ɓc# 1 + 2 iǠ̴O̶ ǟE(ÄCƢƸ,Ş̶ 


{̯Ɍ�Ʉ͹©Ť̜2Ƽʀħǀ,Fig. 3 ƈĳɱɓZȲʐO̶ şȼ(Éǀ,

Ǚƶ̵Ȋ˲.ɛÉǟEɓ1ʯŽş,yS˲ȐÕʨǥ˭ Supplementary 

Information ( Part 3(é�ŠÖ͡΀˶˼ɓŽ��,̶͔<Ģ�ďǟEɓǶ».

̪ħɓc( )ÕɛĢ̪”ɓ{̯ɌɄ©Ť(0.04)(ČǥĦǶ̷�Ǽ÷”Ɔ{̯Ɍ

Ʉ©Ť̷�Ǽ�ħ,L�ɃļŔǏǂǇɓĠŏĢȄʨǥ,PǻǀƺɽȊ˲Õæş

ʩ�ͳŏ͐L””÷�(Âþ,�̻þ̯ɌǟE»©Ť# 4 ɓɄ͹��ƴc# 0,

̶,ǆěͨŽşɓ̴O(éěͨëǉ!,ɩɿĢ̑ÒãȺ̖ɂöýǜ(®\�ʻ

˝̶ɶýǜɂö,ɩɿĢ̑,Lû2̖͗Ġŏ�# 0 ɓ（ǉë!(ǻǀ,þ̯Ɍ

ǟEŌ̆éƼʀ̸û#� ơ̴2 0 ɓńƴcƆǶơ̴2 0 ɓȑ�ƴ[Ş M ǆ

M(0,0,0) = 1+ 2 i

x2 + y2 + z2 = 0.042

5
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Qʷ(x, y, z)Õǀ͢ t ɓ�ƴǀ]( 

ô2Ģ�̻ƺɽ(Eq. 40)ɓ�Ǥ,̶͔ƢȘĕę!�5�)�˦½ɓ̪”̖

͗ʝ�ʑĐɓşƄǛ��̶ ĕę!̪R̖͗ʝ�ʑĐéͯǛȑ�̳�̲ɽ!,

Čǥ͈�È̾ɓþɌǟE,ĮǒǛLşƄ�Ŀ�ˋɓ̋ÿ΅ȑ(ŞþɌǟEƮ½

Ë̶5΅ȑͯǀ͢Ŋ'ƋƳ,ǒɓțĄǾİ�ǒɓ�şƄ.ôǙʇÈ�̻ǟEɓ

ʑĐʹşȼ,?！½Ƅ˦½ǢxʱƃɓǏ”̖͗ʝ�ʑĐ
˦½̈́ŏ»~2 Eq. 

40 ! �ƴcÕʑĐşȼ6ǟE Eq. 43 ɓʇÈɽŏ�,͟ǖ̪ɾĚêĒé2ĕ

ę!
ČǥþɌƆ̯ɌǟEǗºɈǂǇ½¥�(é�ÉQʷÕ�ÉþɌǟE�,

Ä）şƄĠŏ�Éɓ΅ȑ,�ƿôǙʇÈ�̻ǟE,̶ 5΅ȑ\ÄC̪͟ǀ͢^

ɍ�Ǡ,?！şƄ�É̖͗”ħɓ̪ɾĚɓǏ”̖͗ʝ�ʑĐ(ˊǻÄCƸĚ,

Ęˮ̖͗ǵŮ®#ǸR̖͗ʝ�ʑĐéǨ¦óˀʹƴəÿĨɓ¹ǅ,！Ęˮ）͗

ǵŮ�ǆǸR̖͗ʝ�ʑĐéǨ¦óǗˀʹƴəÿĨɓ¹ǅ(！�,̶ �ʼ(͢

ɌͪͷńǶʕ(͵˫Ȓƀɓǆ,͘2˴ʌ˯Ƕʉͪ�,ǙƶƼȐǶƔƆ˷:əɡ

?ì£�Ŀɓ）͗ƆxĔǟE!ɈƄʑĐɓ̲ɽ,ß！Ã˽ſ.�̻Ä）ɓ9Ɉ

̲ɽ,xɞěų̵ǒťʻġ( 

3.3.5.3 �ďȑ�ƴ̗/ƺŕ 

ǇȲ,Eq. 40 Ȋ˲ǀWɉɓ�ďǟEĢȑ�ƴɓǶ”ħǆǒ˫Ȋɓ,�͹=

ʦǸʝ̖͗ʝ�ʑĐQʷˀʹ¬K¡ǀ
”ÿ®#ǻɶŽş�̶  �ďȑ�ƴɓ

ɭĚƺȐ(ʿʃ Eq. 29
Eq. 32 Õ Eq. 33 ŉțƝƋƳʗƴ D Ë®Ũ 

   (46) 

Ȓƀ� Eq. 46 ! t1 = 1 s,̶͔ǊǀĦxůɎ,Ħx!ɓ m ɉǨ�¦ó V{

ɓ̖͗ ǐƛŉéʉŕ�̯œƺ»Ƕ,ÄŨé̆¦ó{ʑĐʹɓŇì̈́ŏ ɓ

”ħ?ƴc�ɓ˥ɱŕ# 

  (47) 

?ʬ˴ē˱ŏɝ,Ì͗”ħɛÉ�ƺÌéʁ͢ì£�Ŀɓʗʬ,Ǩ¦ó{Ì

͗Õ”ħ (x!, #̆¦ó{ȃ ʑĐĢŵÌ͗Õ”ħɓŇì̔

ɀ,k #Ì͗ƴ͗(ČǥĦ̶5ͯǛÌ͗ɝV̈́ŏ”ħɛÉɓŪħʑĐéʁ͢ɓ

ͯǛ̳�,͍&Ǩ�¦ó V {ʑĐʹɓŵS�͗Ɔʼ?ʬ˴ē˱ŏɝ#ŵɓ̳

�̈́ŏÕɓ”ħ 

   (48) 

e−M

V 2 t1 = !
m

M V

V = !
M

X = X ⋅ k X

V = V ⋅ k
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x!,k #¦ó V {ɓʑĐƴə(Ħ Eq. 47 Ar Eq. 48 ŉĦx!ɓ k ɉ A

ǐ,®Ũ 

   (49) 

x!,µ#« ʑĐɓ̖͗( 

? Max Born Ģȑ�ƴ˲͓ɓ˱ŏɝ,� Sʗɓȑ�ƴŝ�¥Ë
e˽#

�,éȑ�ƴƈ·Çûɓ̖͗Ġŏ®# 

   (50) 

x! m ǆəǩĢ̑ɓ̖ 
͗É Eq. 40 ! m ɓƀ'�(xě,®\�ǆ? Max Born

Ģȑ�ƴɓ˲͓˱ŏɝ,！ǆƚȳǙƶ͇̭?ʬ˴ē˱ŏɝ,̈́ ŏ”ħɓŇƺƆ

ʼȑ�ƴ”ħɓŇƺ,Õ̖͗ƄǺȄ,yS˭ Supplementary Information ( Part 

1. 

ß#ȑ�ƴ˥ɱ«QSɹ{ɓ̈́ŏƆ̈́ŏĠŏ,Čǥɉ ˥ɱǨȯûɓȑ

�ƴ,Ħ Eq. 50 Ar Eq. 49,®ŨǨȯûȑ�ƴ”ħ# 

   (51) 

͘2�̻ 3.3.4.1 ɓ˶˼,˫Ũ�ɛĢȑ�ƴ M0,̵͵Ģ ̷ˡ̷�Ǽû

Ʌ
ĦxͬC« ʑĐ̈́ŏ”ħC·«QSɹ{ɓɖĐƴƆ«QSɹ（ǉë!ɓ

ʑĐƴ,ŉĦ M0 ̗/6 ɛÉɓƺÌ�(Čǥ̆SʗǆɊpĐʝ�ɓʑĐʣƄ,

͍& M0 Ä˥ɱ# 

  (52) 

x!,c #p̈́� ǆȄ VǏ”˓ã
（ǉë�{ɓŇì̖͗Ġŏ,�ˌ˵#

� #«Qʗƴ,xc# ,̶ $˫#`ǺĦƋƳʗ

ƴƛʌƄ̈́ŏǀ9Ɉɓ͗ʠļŔÕˤjƛʌvʗ!ͰÏɓ«QSɹɓƀ'(C�

®ǆ Eq. 40 �ďǟEɓ̗/ƺŕ( 

é̖͗Ġŏ̪RɓŽ��
ČȊ˲±ĐǬþɋĐ�Ŀ͡΀ǀ�,? Eq. 52 ；

Ũɓ�ďǟE!,ȑ�ƴɓǶ ͐ǢxŪħ
�ďǟE�ʻ˝ɋëVɉ,®\

˴ʌ̲ɽ!ʻ˝.6±ĐǬɓͶɋVɉ�,ȑ�ƴɓǶ>#�̪ħc,̇ ˭ 3.6�(

ƚȳ�͹ɓ˶˼,ǻǀ Eq. 40 Į�)Õ Schrödinger ƺɽ�ˋ,,®éȊ˲±Đ

M

µ

V = !
M

⋅M
µ

=
!M
µ

ψ 1

ρm = ψ 1

2
⋅m

ψ 0

ψ 0 =
!m
µ

⋅ψ 1

ψ 0

ψ 1

M0 = ! ⋅
!m

c ⋅ρm,0
⋅ψ 1

ρm,0

ρm,0 = 2×10
−28 kg ⋅m−3 ! 1m−3 ⋅s

−1
2

M
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ǬþɋĐ�Ŀǀ,Eq. 40 \̽¥# Schrödinger ƺɽɓşŕ,！Ģ±ĐSʗ�þ

�ɋ
ɰëɓŽş͵Âþʻġ(͵ ˫Ȓƀɓǆ,�ƶƤ�,ŞəǩSʗ
（ǉë�

ɊpĐʝ�ɓʑĐʣƄǀ,Eq. 52 !ɓ c ®A˥p̈́”ħ�P˒əǩSʗɊxĔ

̖͗ʝ�ʑĐʣƄǀ,c �A˥̖̆͗ʝ�ʑĐɓ̈́ŏ”ħ(̶͔ɓ（ǉ¦óÄ

CǆƵ ĕę,ÄCǆˬɗɩɿĢ̑ɓǨ ̪ħ˓ã(Ş（ǉ¦óɭĚË,ĢŌ

ɓ（ǉŇì̖͗Ġŏ ƊÄCɭĚ�Ǡ(Âþ,? Eq. 40 C·�ďȑ�ƴɓ̗

/ƺŕÄCɝ�,ÃǒŞQʷˀʹÕƺÌˀʹÉǀ̰�Ǒ”cǀ ƊǆƼʀħ,

�ʇÈ Eq. 43 ƈƣ̻ɓ şȼɓʑĐƊ）ės�ƋƳ(ƛÁ̂̉,ÃǒƺÌ

ƆQʷˀʹ¬K¡ɓʑĐʹ,Čǥşȼ�ʇÈ Eq. 43 ƈƣ̻ɓŽş,ŉ�）ės

ɴǹƋƳ( 

3.3.5.4 xĔƠ˶ 

Eq. 52 Ģ�ďȑ�ƴ M0 ɓ̗/ƺŕ¹ǅ.˴ʌǨȯûȑ�ƴcɓƺŕ(ß

！,�ƸǨȯûȑ�ƴc M ǆÎͯ´ʻʗƆǑħ´ʻʑĐ̀Ɩ！½¥,Ã͵ʻ

ġ M0 ̗/ƺŕǒƼ½¥®Ä(͘2 3.3.2 ˏɓ˶˼,éGTͶǹ
žų�´ʻ

ʗ!,Ɋ2̳�6˴ʌ̳�ɓǀ͢ÉǼ½¥,Ũ�ɓp̈́c c C·~Ě M cɓ

̈́ŏc͐ǆŷĚɓ�！ Eq. 52 Ģ�ďȑ�ƴ M0 ɓ̗/ƺŕ!¤Ïp̈́ c �x

Ĕ´ƴc�¼´ʻʗͪ�(ß！,Ƽ˼éGT´ʻʗ!,Ã˫ʇÈǟE HYPO 1–

3,ǙƶĤ�ɓƺɽ Eq. 40 C·x�ďȑ�ƴ̗/ƺŕ Eq. 52 ͐̾ɉ(Âþ,ʻ

ġÉ�´ʻʗ!�É̖͗ʝ�ʑĐV#Ǒ
Ƽʀ�ħ´ʻʑĐǀɓŽş(�ďȑ

�ƴ̗/ƺŕ Eq. 52 �͵˫ʻ˝ǑħʑĐ̖͗�Ƽ˼×ɶ̖͗ʝ�ʑĐV#Ǒ

ħ´ʻʑĐ,˴ʌ̳�ɓǀ͢6̳�ÉǼ½¥,Ũ�ɓp̈́c c C·~Ě M c

ɓ̈́ŏcŷĚ�！ Eq. 52 Ģ�ďȑ�ƴ M0 ɓ̗/ƺŕ!xĔ´ƴc�¼Ǒħ

´ʻʑĐ̀Ɩͪ�(ß！,Ƽ˼ƅDĦÿ”ʑĐŞgǑħʑĐ,ǙƶĤ�ɓƺɽ

Eq. 40 C·x�ďǟE̗/ƺŕ Eq. 52 ,͐̾ɉ(ʰ�,ʑĐ(͢ɓŖ�Vɉì

Ä˰#̳�ʑĐɓʬ˴ēƲŌ,Ƽ˼×�̖͗ʝ�ʑĐ(͐͢Ä˰VƼɛ4Vɉ


̶6�ƶ HYPO 3 ƈgɓe˽şƄ.ˉȕ�(̶ǫCǠ,ʑĐÄĆʝàˀ,

ǏΈ̖͗ʝ�ʑĐéÈ̾ɓǟE�̵ÄC|şƄȄĔ̖͗ʝ�ǏΈɓʑĐ(Ƶ 

ĕęƼ˼?× ̖͗Ĳʝɝ͐ǆ͗Đ¥ɓ,！�ȃ ̖͗Ĳʝ,͐ǆʉFɓ(̶

6�ƶ AXIO 2 Ĥ�ɓ�̶ �ɌɓȺ̖ǆ͗Đ¥�ɓtɅƢ˼
Ɔ�ƶe˽�

şƄ.ˉȕ( 

Ş̈́ŏƺÌˀʹ¬K¡ǀ,ƺɽ Eq. 43 ɓşŕl˻�͏�ʑĐ̈́ŏǢŭ,！

ĔÒã̠ɵ�̸ûɓʑĐ̈́ŏÄC̱̈́�ͩ(̶ �͏�̈́ŏǢŭɓʑĐ̵ÄCƕ

ρm,0
e−M

M
2
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ǒ�ĚɓΈ2Òãɓ̖͗Ġŏ,é�ĚǟE�̖͗6̈́ŏÄCǻțš 
͟Ã˫ʇ

È Eq. 43 ʜǞ�(�̻ʨ˼�6�ƶƈ̻ɓ�ʑĐéĕę!Έ̈́ͯǛ̳��ɓe

˽şƄˉȕ( 

ʰ�,éGTʇÈǟE HYPO 1–3 ɓ´ʻʗ�,Ƽ˼Ǚƶ˵#ɓ͍ ôǙɓ


Ƽʀħ�´ʻʑĐěͨǆ ÿ”̖͗ʝ�ɓʑĐ,,Ƽ˼͍ ʑĐ�ʫĢ�̳

�̈́ŏǒÿƃ,?:ʐÄɅ˲ɓ˱ŏɝ,̶ ʝ�ɓʑĐ̖͗ĮǆƼʀħ,̈́ŏ

ĮǆƼʀ”
ˉȕ˓ãƋĳ�(Éǀ,̶,ʪ.�ƶ 3.3.4.1 ˏ!Ģ
Ƽʀħ�Ū

¦ó V{ɓÌ̷͗ˡ�˲Õ�ʫĢîǩʗ͵̡ͯʑĐʹƵSɻ��ɓˮȯCÈȐ

ų(̶ǫ,Eq. 40 ̹ÉĔɓ�ďȑ�ƴ̗/ƺŕ Eq. 52 ƽÄCéǨı͏ʁ̾͢

ɉ,µÄCé̪Ŋͤɓʁ̾͢ɉ
ƆÄéÇɶžų´ʻʗ�̾ɉ��ƽÄCûɅ

R̖͗ʝ�ɓʑĐSʗ,µÄCûɅΈ̖͗ʝ�ɓʑĐSʗ
ƽÄĦR̖͗ʝ�

ʑĐŞgƼʀħʑĐ,,ÄĦΈ̖͗ʝ�ʑĐŞgƼʀħʑĐ�(ô2C�ʨ˼,

?ƶ�ɓȺɅǶñƢĤ�. Eq. 40�Eq. 40 µ¤ÏǒȺɅǶñɓƈǒôǙ_Ÿ


ʬ˴ē��,ß！ĔD(͢Ō̆ǆʉFɓ( 

3.4 ĢƴēǶñɓʋ«Ά˾ 

Ɋ�ƶ˶˼Äɦ,ƺɽ Eq. 40 ėsÄCƣ̻ˉȲɌɓ��0ȺÕɃ̑,�x

ƈƣ̻ɓŽş6ƶ�ɓȺɅǶñe˽(͢ǆ͇̭ˉȕɓ,PĔɓÄ͸ų�ōČT,

̵ŨƯ�ɞěɓǰX!̷�ǼǲΆ(Ǚƶ̲̓Ȋ˲� �ďǟE# �ȏ x ̩
ƺÌyǒiĕɺɓ�Ïþ�ë�ʯ Gaussian ȑ¤ɓZǀƋƳ˯ŧÕľɦɅ˼V

ĢȄV#ǰXg̷�ǼƠ˶(#.ƺ\˴ʌ,Ǚˏ!ƈǒ˴ʌì͒ɉˉȲ«Q�


®» ħ = c = 1��˽ m = 1 eV,！xĔˏ>͒ɉåͨ«Q�( 

Č�ƶƈ̻,˫ǺɭȊ˲ƺɽ Eq. 40,͵ƚȳ Eq. 52 Ģƺɽ̗/Ƕ”ħÈ̾

ɓ�ďǟE,̶�É2Ȋ˲ Schrödinger ƺɽ(�͹CȆ±ĐǬþɋĐɓŇì̖

͗Ġŏ#´ʻǠɭĚ Gaussian ȑ¤ ZǀƋƳɓ�ďǟEȑ�ƴǶ”ħ(̶

͔e˽̶�ʐ͡΀ɓǙ̖ǆ�ˋɓ,͐ǆpĐʝ�ɓʑĐ̳�(»ɋĐ̖͗ m = 

9.109 389 7(54) ´ 10–31 kg,ŉĢ Eq. 52 !ŝ�¥ȑ�ƴ �͹ɓʗƴ̷ˡ˴ʌ,

Ũ�̶ cʜ# �Ħ�̻ Gaussian ȑ¤�ƴŝ�¥ËǶ# (ß！,

é � Š Ö ͡ ΀ ˶ ˼ ɓ Ž � � » ɞ ě � ď ǟ E ɓ É ƴ ͗ ʝ ̴ O c

V#̶͔ɓ�ďǟE
ʧ̲Ά˾,Ş �͹ɓʗƴħ2

ǀ,�ɶƺȐƈŨɓȑ¤̧Őéƈǒ˓ãɓǑ”ɛĢfļħ2 1.14%,yS˭

Supplementary Information ( Part 6�(V#ĢȄ,̶̵͔˴ʌ.�ďǟE!Ƕ̪

”ɓŽş
Č �(Éǀ,,Wɉ. Schrödinger Õ Dirac ƺɽĢ̶

e−2x
2

e−2x
2

ψ 1

1.63×10−13 2
π

M0(x,0) = 10
−13e−2x

2

e−2x
2

10−3

M0(x,0) = e
−2x2
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 ȑ¤ZǀƋƳ˯ŧ̷ˡȊ˲(Ģ2 Dirac ƺɽ,̶͔»� �͗ȑ�ƴɛʉɓ

Žş
® �V#�ďc
Ȋ˲̲ɽɓ̇ʤ Mathematica

Aɨ˭ Supplementary Information ( Part 8 ! Fig. 4 ɓʩ�̲ɽ�( 

 
Figure 4 | ͒ɉ�ÉɓƺȐéˉȲ«Q��ȊŨɓ Gaussian ȑ¤ ɓ�ʯZ

ǀƋƳæk(a, é�ďǟE# ǀ,ɉ Eq. 40 ˴ʌɓʨǥ(

#ƺ\ĢȄşȼ,æ!ĢǶʨǥ̷ˡ.Ư”( )ûɅ�b, é�ďǟE#

ǀ,ɉ Eq. 40 ˴ʌɓʨǥ�c, ͒ɉ Schrödinger ƺɽ˴ʌɓʨ

ǥ�d, ͒ɉ Dirac ƺɽ˴ʌɓʨǥ( 

Čæ Fig. 4 ƈɱ,Euq. 40 éÈ̾ɓ�ďǟE( )�Ũ�ɓ

ȑ¤ZǀƋƳæk(Fig. 4a)Õ Schrödinger ƺɽŨ�ɓʨǥ(Fig. 4c)�)ȍǒļ�


Ȓ�#ƺ\̉ǂ͡΀,Ǚˏ˶˼ɓǆȑ�ƴɓǶ,！ͷǶɓŇƺ�(é Fig. 5 !,

�Éǀ�ɓȑ¤ǶƋƳǩ�ļʨǥǏ̇ʤêƣ̻.̶ Ƽļ�ɓŽ�(æ!,͒

ɉ�ɶƺȐͽȘɓ Gaussian ȑ¤éȃ�ǀ�ɓ̧Ő͐�)ės͕Èé�̙(̶

̷͔�ǼΆ˾,Ǚƶƈʪƺɽé̖͗ĠŏǢxɼ˜ɓ¦ó
Č±ĐǬþɋĐ�Ŀ

¦ó,³Ɲ±ĐǬɋëŠÖɓŽş�Ħ̴O# Schrödinger ƺɽ
ˊĨéûɅ

Gaussianȑ¤̶ ͡΀��,̶ 6�ƶ 3.3.5.1ˏͽȘɓʨǥ�ˋ(éSupplementary 

χ1(x,0) = χ2(x,0) =
2
2
e−2x

2

e−2x
2

M0(x,0) = 10
−13e−2x

2

×1013

M0(x,0) = e
−2x2

M0(x,0) = 10
−13e−2x

2
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Information ( Part 6 !,Ǚƶ̷�ǼΆ˾.é±ĐǬɋëĒéǀ,Wɉ�ƶ Eq. 

72 Õŝ�¥ȑ�ƴ”ħ ɓ+ɹN˴ɓ�ďǟE˴ʌŨ�ɓ Gaussian ȑ¤Z

ǀƋƳæk,xZȲ6͒ɉ Schrödinger ƺɽŨ�ɓʨǥôǙ�ˋ( 

 
Figure 5 | �Éǀ͢ȯ(t = 0.0, 0.2, 0.4, 0.6 eV–1)ɉÝɶƺȐ
Eq. 401: �ďǟE

# ; Eq. 402: �ďǟE# �éˉȲ«Q��ͽ

Șɓ Gaussian ȑ¤
ȑ�ƴǶ�ZǀƋƳ̜¡æ 

Čǥ�ďǟE!ȑ�ƴɓǶŦ”
Č �,ȑ¤ækLé t = 0.3 

eV–1 ̴ͧ�ɃǂǇɓ�̙ƆʑĐ
QʷƆƺÌ�ˀʹ(Fig. 4b)(Ɋ2ˉ̤ˀʹ,

Ɋ Eq. 40 Ũ�ɓæké x ̩ƺÌǏͫ,̶? Fig. 5 !� ǀ�ɓ Gaussian ȑ¤

Ƕɓǩ�ļʨǥÄCǏȣǴêɝ�(é̶ǫɓ�ďǟE�,Eq. 40 ͽȘɓƋƳ̈́

ŏŉȍǒ Schrödinger ƺɽͽȘɓŭ,æ!$Ķ̺̺�˂țƳ,̶ Ǐơ̴ Dirac ƺ

ɽƣ̻ɓŽş(Fig. 4d)(̶͔ƢȘ,x$˫ǆɊȑ¤ˉ̤Ŗ�Ĥˋ(é t = 1 eV–1

CË,$Ķœď�˩#� Ķ
ǏǂǇɓ�˩Ž�˭ Supplementary Information

( Part 7 ! �ʗƴ# 1.4 ɓŽş��Dirac ƺɽƣ̻ɓŽş,�é t = 0.5 eV–1

CË�Ƀ�͕ɓ� 
˩$Ķ�˩Ƅ� ǸĶ,ơɠȃ ǸĶ��µ�˩#� Ǐ

ħɓĶ�(̶͔˵#,̆Ƀ̑# Dirac ƺɽǗʻ˝ȑ¤ˉ̤Ŗ��Ģɞěʨǥ`

Ǻ̲ŏĤˋ(Fig. 5 !ɓǩ�ļʨǥ,­˾.̶�ȯ( 

Âþ,#.̇ʤɩɿ�ďǶ”ħĢȑ¤ƋƳɓŠÖ,̶̵͔ĢȄ.# Eq. 40

̗/�Éɓ�ďǟE( , ,  and )Ë,ækv͞͏Q
x 

= 0 ûȑ¤ǶɓZǀ̜¡ÕǶǑ”cûȑ¤�ɓşȼ
Ȋ˲̲ɽɓ̇ʤ

ψ 1

M0(x,0) = 10
−13e−2x

2

M0(x,0) = e
−2x2

M0(x,0) = e
−2x2

e−2x
2

10−13e−2x
2

e−2x
2

1.2e−2x
2

1.4e−2x
2
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Mathematica Aɨ˭ Supplementary Information ( Part 7 ! Fig. 6 ɓʩ�̲ɽ�,

ʨǥČ Fig. 6 ƈɱ(?æ!ÄCɝ�,Şƚȳ�ďǶ?ħ�”ZǸ̗/�Éɓ�

ďǟEǀ,Eq. 40 ͽȘɓȑ¤ƋƳæk
x = 0 û�?Ǒ�6 Schrödinger ƺɽ�

ˋ,́Ȥfɻ�é 0.3 eV–1 ̴̜ͧÌ2ʭʮàˀ
æḱȤ̙ͮ�,Fig. 6a ˥ɱ

.̶ ̜¡(ŉ�,Fig. 6b ʩ�.éǑΈȯǀ�ɓȑ¤şȼ
Ģ2�ďǟE#

Õ ɓs̐ȑşC·6 Dirac ƺɽɓʨǥĢȄ

˭ Supplementary Information ( Part 7�(?æ!ÄCɝ�,ͯɠ�ďǶɓ́Ȥ÷

”,̶  ȑ¤é�œďɓ�Ȁǀ͢ĹȤƭʴ,éǶ̰�Ǒ”cǀɓȑş,́Ȥ

½ỮǠ̛ͫĵ,
ƢȘ�ȤȤ͸̴ȩ̞ Eq. 43 ǟEɓ�ƴ(?̶ ̜¡̵ÄC

ɝ�,Şȑ¤̖͗Ġŏ́Ȥ÷”ǀ,ȑ¤ɓ˦�̈́ŏ,̛Ǡ̛ƃ( 

 

Figure 6 | éˉȲ«Q��,Ģ Gaussian ȑ¤̗/�Éɓ�ďǟE M0 = (10, 

1.0, 1.2, 1.4) Ë˲Ũɓȑ¤şȼĢȄæ(a, Gaussian ȑ¤é x = 0 û
ěʢ�

ƆǶǑ”û
Éˎ˞ʢ�ͯǀ͢½¥̜¡�b, Gaussian ȑ¤ǶǑ”ǀ�ɓȑ

ş(æX!ɓƴđ®# �͹ɓʗƴ,A˥�Éɓ�ďǟE(#ƺ\ĢȄş

ȼ,éæ!Ħȃɶʨǥ! t = 0 eV–1 ûɓ�ďǶ̷ˡ.ŝ�¥ûɅ( 

3.5 ĢƺɽȢ�þ�ë 

Ʌ˼�˺,ǒ. Eq. 40 ƣ̻ɓƵ SʗɓʑĐ̳�˯ŧľôǙn�,̄ ȲɌ

!ƈǒVɉ�ÕɃ̑ɓ9Ɉ͐ǆʑĐŊ'ƋƳ̳�Ĥˋ(Ȳ！,éûɅěͨ͡΀

ǀ,#�ħ˴ʌ͗ʉʻ˝,ŢŢ<ʻġǨı͏̲ɽ(ß！,Ģ Eq. 40 Ȣ�þ�ë

ǒxěͨŬ˫ų( 

Ģ2:ʐə�ľºɃɓˉȲɌɓÝ”Vɉ�,3.7 ˏĦƢȘxVɉě̖(Ɋ

2Ŝɛ4Vɉ�ÄɝV«ȯĢ«ȯɓ）͗Vɉ,ȍǒŬ˫͒ɉþ�ëşŕ,ß！

ɚơɉ Eq. 40 ûɅȄ̪ĝ、,̶͔�ʻ˝̶ɶVɉ�(�͹Ãʻ˝éŖ�
ɋɰ

�Õśɛ4Vɉ�ë!ɓŽş(͘ 2Ŗ�ÕxĔVɉ�
ɋɰ�Õśɛ4Vɉ�

ʉ�yǒ�Éɓ˥Ƀşŕ
ČŖ�Vɉ�¤ÏƷ�ʉ�C·ǙƶĢŖ�ɓɅ˲,

M0(x,0) = 1.2e
−2x2 M0(x,0) = 1.4e

−2x2

e−2x
2

e−2x
2
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̶͔˵#þ�ëŌ�#�ɶŽş��ɶǆŖ�ë,Â�ɶǆxĔ¡）ë(Ŗ�ë

ǆɊͯǛ̳�ɓŪħʑĐéǀʁʉǵɁ�Ŀǀ9Ɉɓı͏（ǉɏĠWŨşƄɓ

ͯǛ̳�ɓǏ”̖͗ʝ�ʑĐ
Ɔˉ̤�ɓǀʁǵɁcéʁ͢ÇÌ�Ƀļ�Ĥˋ,

ǆ� CQʷˀʹ¬K¡ɓʬ˴ēƲŌ�xĔë�ǆɊ2Ǐ”̖͗ʝ�ʑĐ
Ɔ

ˉ̤�˨ˉƻëŜ��̳̈́�
ƆƮ½ƺÌ�Ĥˋ,ǆ� C̈́ŏƺÌˀʹ¬K

¡ɓʬ˴ēƲŌ(Ģ2Ŗ�ë,�̈́ƲŌ�ˌÄCůɎ�Ģ2xĔ¡）ë,Ŗ�

ƲŌ�ˌÄCůɎ(�͹̷ˡ̇ʤ̻ͣ� 

΄o̻̪ͣ”̖͗ʝ�ʑĐͯǛˉƻɓ9Ɉ±Ʌ(ʁ͢!ͯǛ̳�ɓʑĐ,

Čǥ�ʻ˝ɛĢ˼ƲŌ
̳�ʑĐɓʬ˴ēƲŌ�,éʁ͢ɓàˀȼ�ÄɝVǓ

?�̻ Poisson �Ŀ Eq. 20,̶͔ɩɿx!Ǩ� ɖĐ
Ɔƴ ɛ͎ɖĐ�!ɓ

ʑĐˀʹS
e˽̶àˀʹS#Ʉȼ,��Ēéß#ɛĢ˼ƲŌ！Ĥˋɓàˀ�(

ŞʑĐSɹ̞“ħ
Ì͗Ġŏļ̞“Ĩǀ#ǻʐŽş(éʑĐ̖͗ʝ�ɭĚǀ,

ʻġɓSʗ̛Ūˮ
̶ ŪˮǆɛĢɓ�,̛ơ̴̆Žş(�Ěƴəé�ʯʁ͢

!̳�ɓ̈́ŏ”ħɛʉ！ƺÌͯǛɓʑĐàˀé�̙ǀ,éǨ��ŬȲǒɛŌɓ

̳��͗ĢŵS̖ū9Ɉ˱̈́ŏ�Ŀ#ɭĚɓˉƻƲŌ(#.̉ǂ̶ ͡΀,̶

͔ZȲĦʉ̈́ͯǛ̳�ɓʑĐɝVǶɛʉɓͯǛÌ͗,�Č��ǼûɅ�΄o,

Ȋ« ͯǛÌ͗ĢŵS̖ū9Ɉɓ˱̈́ŏ”ħɓ�Ŀ͡΀�ȲË,|ƢŊ��Ě

ƴəɓÌ͗ŵSĢx̖ū9Ɉɓ˱̈́ŏ”ħɓ�Ŀ͡΀(�

΄o,�Ǥé� «QɄ͹ S �ì£�ĿɓʉǶͯǛÌ 
͗Ʉ͹ͯǛȯɓʢ

̈́ŏ�VS ĢɄū9ɈɓͯǛ˱̈́ŏ”ħ ɓ�Ŀ(VS ĢɄūɓͯǛ˱̈́ŏ

ɓ̔ɀéʁ͢Ç ƺÌ�͐ǒÄ）,ČTĦÿ ̦�̔ɀ¿���̙˥ɱŵSɓ

̦��̶͔Ȓƀ�Ʉ͹ȯɓʢ̈́ŏ Õxƈûɓ«QɄ͹ S ɓ©Ť r ɓÌ͗ɹ

ÄCƺ\ê̶͓ͣ ¿�Ɔ« ͯǛÌ͗Ģ˱̈́ŏ̔ɀɓ�Ŀ
̶͔ (

Čǥ ,�» ®Ũʢ̈́ŏ Ģ˱̈́ŏ ɓ̔ɀ�,®�

   (53) 

�̻͡΀ÄC�˲#� ɛ4ȽʃɓǼ·ûɅ�ʈ�Ǽ,ɭĚʁ͢«QÌ͗

r ɓƺÌ�,ĮǆɭĚÌ͗ r ɓʥȯé«QɄ͹ S �ɓQʷ(̶ QʷéƵ Ʉ

͹ S �ì£�Ŀ,ɉͯǛÌ͗ R ˥ɱ�ʈ1Ǽ,ɭĚé̆Qʷ�ȯɓʢ̈́ŏÌ

͗ ɓƺÌ,̶ ƺÌ,éƵ ʁ͢ì£�Ŀ,ɉͯǛÌ͗ VS ˥ɱ(e˽é r

ɓǘʆ
®Ʉ͹ S �ʆ�ǒ� ©Ť# ɓɄ͹ (͍&,ͯǛÌ͗ VSʉF2

Ʉ͹ �ì£�ĿɓȯÕɄū̹ʢşƄɓÌ͗(Ȓƀ�¶+ɓĚ'Õ ,Ş

ȃ rɓƺÌɭĚǀ, ʉF2Ʉ͹ �ì£�Ŀɓȯ,ȏÕ rŇˡɓƺÌ

ΩS ΩS

vS
ωS r = 1

r ≠ 1
ωS

r
vS ωS

ωS = r × vS

vS
vS ′S

′S r = 1

r × vS ′S
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ǅĥ�� ̲ Ʉū�ðɚ2 r ɓ�çɘ �Ë,6 ɓɄūɛ̹Ũ�ɓÌ͗

”ħ,˹# �Fig. 7 (�

�

Figure 7 | Ì͗ ɓ9Ɉƺŕɱƀæ�

ŞͯǛÌ͗R½¥ǀ,ɛŞ2Ń��̻«QɄ͹S�ɓ�çɘ �̙̳�(

ß#� ì£�Ŀɓ¿�̵ǆì£�Ŀ,ǇȲ,ͯǛÌ͗ ɓʨǥÄCɝV

ͯǛÌ͗ éƵ ʁ͢!ɓì£�Ŀ(Ȋ�çɘ �ͯǛÌ͗”ħ ɓ�Ŀ

ȼ�,|˷xƺÌéʁ͢ì£�Ŀ,®ÄȊŨͯǛÌ͗ VS ̔ɀ� S ɓɄū9Ɉ

ɓ˱̈́ŏ”ħ ɓ�Ŀ(�

˽ͯǛ½͗ N1~N (0, 1), N2~N (0, 1), N3~N (0, 1)ɛ4Ƚʃ,�«QͯǛÌ͗

Rîǩ!ɓ� ʉFîǩ X ®# 14,15�

   (54) 

xǵɁĠŏ#�

   (55) 

Ģ Œʃ�ʯ Cartesian ɚ˱îǩʗ,e˽�̻çɘ ðɚ2 z ̩,�ͯǛ½͗

Q~U(–1, 1), H~U(–p, p)�͍&,Ʉ͹ �ì£�ĿɓͯǛȯƒŠ�çɘ �Ũ

�ɓͯǛÌ͗ ɓîǩ# � , Z = 0, 

！xǶÄ˥ɱ# 

   (56) 

ß！, ɓǵɁĠŏ#�

′S ′D ′S

′ω

′ω

′D

R ×VS
′Ω ′D ′Ω

ΩS

X =
N1

N1
2 + N2

2 + N3
2

fX (x) =
1
2
, −1< x <1,

0, otherwise.

⎧

⎨
⎪

⎩
⎪

′S ′D

′S ′D

′Ω X = c ⋅sincos−1Θ ⋅cosΗ Y = c ⋅sincos−1Θ ⋅cosΗ

′Ω = X 2 +Y 2 + Z 2 = c ⋅ 1−Θ 2

′Ω
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   (57) 

Ȓƀ�ͯǛ½͗ ɓ�Ŀ®#é R Ń�� éʁ͢!ͯǛ̳�9ɈɓͯǛ�

Ŀ(ß！,»ͯǛ½͗ɓ+ɹ 
,®˨«QͯǛÌ͗ R VɉËɓ

�,®ÄȊŨͯǛÌ͗ VSĢ˱̈́ŏ ɓ« ʉFîǩ X ̔ɀɓǵɁĠŏ#�

   (58) 

Ģ2Ʉ͹ S ãƄɓƵ «QɄ{ì£�ĿɓͯǛÌ͗ VB Ģ˱̈́ŏ ɓ̔

ɀ,̵L˨̆Ì̙͗ďȯƈûɓɄ{©Ť rɓ”ħ r ɓbƴc Ư”(ß！,ƚ

ȳČ�ƺŕ˴ʌ VBĢ x!� ʉFîǩ ɓ̔ɀ��

   (59) 

?！Ũ�ƹɓǵɁĠŏ#�

   (60) 

̷！,ȊŨ VB Ģ x!� ʉFîǩ̔ɀɓ�Ŀ�ƴ ,ŉĦxéƵ 

«QɄ{ɹ��

   (61) 

�̻ Eq. 61 ƣ̻ɓǆʑĐì£�Ŀ2Ʉ{ʁ͢ɓŽş,˒ʑĐÑ Eq. 43 ƈƣ̻

ɓ
�ƋƳ�şȼ�Ŀ,�Ō̴Oƚȳ̆Ġŏ�ƴ̷ˡɹ�,P̶ ˲Ǥ�ƴə

�īƼȐ；»(®\Ãʻ˝ì£�ĿɓŽş,,�ŠÖËʮ͡΀ɓ˶˼(Ģ2 Eq. 

43 ƈƣ̻ɓŽş,x#ʑĐĠŏȏŤÌÑ�ì£�ĿɓɄȼʑĐʹ,ÄCƢȘ,

′ω (x) =
x

c ⋅ c2 − x2
, 0 < x < c,

0, otherwise.

⎧

⎨
⎪

⎩
⎪

ΩS ′Ω

FX (x) ⋅ ′Ω (x)

′Ω ΩS

ωS,X (x) =

1
2c
sin−1

x
c
+ π
4c
, −c < x < 0,

1
2c
cos−1

x
c
, 0 ≤ x < c,

0, otherwise.

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

ΩB

1
r

ΩB ΩB,X

ΩB,X (x,r) =
1
r
⋅ΩS,X (x)

ωB,X (x,r) =

1
2c
rsin−1

r x
c
+ π r
4c
, − c

r
< x < 0,

1
2c
rcos−1

r x
c
, 0 ≤ x < c

r
,

0, otherwise.

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

ΩB ΩB,X (r)

4π r 2 ⋅ΩB,X (r)0

1

∫ dr
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xZȲǆÏǒ̦�ƲŌɓʐOŽ�
0ě�,Ģ2ȃ� Ʉ͹Ĳ,͐Ä9Ɉ� 

Ƕ”ħÕƺÌͯǛɓˉƻÌ͗,ǭƜ!ūǢͪĚɅ,̶ 5Ì͗���̙ɓǶŬȲ

Ǔ?Ǩ ´ƴɭĚɓ Maxwell �Ŀ�(Ħ�̻ Eq. 61 Ģ x ȊĤŉŝ�¥Ë,Ũ�

Ƶ «QɄ{ͯǛÌ͗ VBĢ˱̈́ŏ ɓ� ʉFîǩ X ̔ɀɓǵɁĠŏ#�

   (62) 

é Eq. 62 !, (̶ǆͯǛÌ͗ VBé«QɄ

͹ S {
¤Ɨ S�ɓŽ�(�

�͹̷�ǼƢŊ,ĦxƋĳ�Ʉɓ©ŤǆGƀc R ɓŽ�(ŞɄɓ©Ť”ħ

# R ǀ,®ȃ� R ͐LĦ�̻ŽşʴƯ# (̶ǫ,ͯǛÌ͗ VĢ˱̈́

ŏ ɓ« ʉFîǩ X ̔ɀɓǵɁĠŏ#�

   (63) 

é Eq. 63 !, �xǩ�ļ# (Č

ǥ» R = 3, c = 1,ÄĦ�̻˱̈́ŏǵɁĠŏ Eq. 63 ʩæČ��Fig. 8 �

ΩB

ωB,X (x) =

9πc3
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�

Figure 8 | R = 3, c = 1 ǀ,ͯǛÌ͗ VĢ˱̈́ŏ ɓ« ʉFîǩ �Ŀɓ̔

ɀ�

ß！,Ş k  ȽʃÉ�ĿɓͯǛÌ͗ Véʁͯ͢Ǜ̳�ǀ,ǭƜ!ūǢͪĚ

Ʌ,ĔDàˀ��̙Ë,ɛĢ2x̖ūɓsS�͗9ɈɓŇì˱̈́ŏ”ħ Ǔ

?´ƴǆ ɓ Maxwell �Ŀ(#.Ά˾̶ ʨ˼,̶͔» k = 103, R = 3, c = 

100,ĦxÕÉ´ƴɓǫǙƴ# 106 ɓǶƔʨǥVĢȄ,ʨǥČ Fig. 9 ƈɱ
ǶƔ

ʨǥɓ̇ʤ̳V̲ɽ˭ Supplementary Information( Part 8! Fig. 9ɓʩ�̲ɽ�(

?æ!ÄCɝ�,ǙƶƢĤɓ˲Ǥ˥̰ŕÕǶƔcʇÈŨŦċ( 

�

Figure 9 | R = 3 ǀ,103  Ƕ# 100 ɓͯǛÌ͗àˀ��̙ǀşƄɓ˱̈́ŏ”ħ

ɓ�Ŀ
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Ω ΩX
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͐ĒéƆÿƆĨɓ̦��͗,x˱̈́ŏ”ħǓ?´ƴɭĚɓ Maxwell �Ŀ(Čǥ

|��̳�ʑĐɓʬ˴ēƲŌĢàˀÕƻ̦ɓ��Vɉ,̄ ƻ\Éˀʹ�ǫ,ǆ

̶ �Ɍɓǈ͉˯ŧ(�

̶͔˵#,:D）Ɓ¼�ɓǨ�ƺÌ�ɓ�̈́ŏě̖Įǆəǩ¦ó{ɓŪħ

ʑĐǕ̆ƺÌɓŇì̳�̈́ŏɓZǀ½¥Ɂ
Čǥ<ǆŇì̳�̈́ŏ,3.3.2 Ⱦ

'ɛĢ˼ƲŌ�ˏľ˾ǂ,əǩĢ̑LşƄ6(�ȼŰƼȺɅ˯ŧļ�ɓžųʗ,

ǻǀəǩĢ̑Ħ�Ą�̈́Ɓ�(Ŗ��̈́ŏɓě̖ǆɊ2̳�ʑĐɓʬ˴ēƲŌ

9ɈɓÌ͗ĠŏRûɓŪħʑĐÌÌ͗ĠŏΈûɓŇì̳�̈́ŏɓZǀ½¥Ɂ


XČ,Ş� ʇÈ Eq. 43 ǟEɓʑĐˀʹSû2Ŗ�ë!ǀ,x!ɓʑĐ˨Ġ

ŏ̪ΈɓŖ�ëʑĐǐƛ！Ĥˋ̆ˀʹS½ş,ÉǀĤˋşƄ̆ˀʹSɓʑĐÌ

RĠŏ¦̳�*�！ÌΈĠŏ¦̳�̜¡Ŝȱ��xĔʐñ�̈́ŏɓě̖ǆéŪ

ħʑĐƈʣƄ
ƈû�ɓ
̳��´ʻʗ!÷�.Ìxɛ¹ƺÌɓŇì̳�̈́ŏ

ɓZǀ½¥Ɂ(?Ǚ̖�˺,̶5�Ɔʼ¡ɓ9Ɉ±ßǆ�ˋɓ,PµĴ2�É

ɓʐñ(�

Ģ2£̈́çÒ̳�,x�̈́ŏƺÌṎ́ŏƺÌðɚ,�̈́ŏ9Ɉ±ɅÉ�,

ÃǆşŕȄ̪Ȼǿ(ŞʑĐɓ� Ʉȼˀʹ¦ó9Ɉˉƻ
Ä̴OɅ˲#£̈́ç

Ò̳��ǀ,ůɎySʑĐɓˡ#,ŵSǠɝ,x!Ⱥ̖�Ƹƻ̦�ǒƘʮɓÌ

ūŖ�W̳�ƺÌ�ƸƮ½(Čǥȍǒˉƻǀ,ÄşƄʇÈ Eq. 43 ʜǞɓǨ ʑ

Đ S�ͯɠƻ̦ɓ��,͵˫ǏŜɓÌū�ǠʯƘ�̈́ŏ(̶ǀ SŬȲ̲̓Ʈ½

(�ɓşȼ,,®̲̓͸̴ƻ̦!ūûɓȑ�ƴǶc ½”|Ǹȩ̞ Eq. 43 ɓ

ʜǞ
Ɔ?Â� ˱ŏɝ,˒ S̯ʲ¦óɛÉQʷȃȯûȑ�ƴǶ ½”,͸

̴!ūû �͵Ǐ”Ɗ）ȩ̞ Eq. 43 ʜǞ�( Ǐ”�<ÄC˥Ƀ#ʑĐș

ŏ̪”,,ÄC˥Ƀ#ʑĐ̈́ŏ̪ŭ(̶ ͔ÃʻġʑĐ̈́ŏ̪ŭĤˋ ½”ɓ

Žş,ʑĐ̈́ŏéƻ̦!ūûǏŭɓŽşǒČ Fig. 10a–d ƈɱɓÝɶŽ�(�

M

M

M M

M
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Figure 10 | ʇÈ Eq. 43 ʜǞɓéƻ̦!ūûʑĐ̈́ŏ̪ŭɓÝɶÄ）Žş�

Â�ƺ͹,Čǥ S�ƻ̦,xȏŤÌÌþ͆�ɓŪħʑĐ͗ǆ�Ěc
x6 SÐ

ŖɓŪħʑĐ̰͗�Ňˣ��ͯɠƻ̦ɓ��,ƚȳ�̻Ģ�̈́ŏɓ�Ǥ,Ä）

ǒǏÿŪħʑĐȏŤÌ͆�,Ä）�)ȍǒʑĐ͆�(̒ ˝�ʑĐʹɓŖ�Vɉ

Õ̖͗ɾĚȻų
ôǙʇÈ Eq. 43�,Čǥǒ͏�ʑĐ͆�,ǻǀƵ ʑĐʹǇ

Ȳǆ͵˫ˤʪɓ,̶  ˤʪÃǒÕƻ̦Ň͹ɛðɚɓ̩ÌÄCƤY(̶ ĮĤˋ̶

 ˉƻ̩ƺÌĢʑĐŌû2ÐrȼŰ
ƟͬƝ Fig. 10c ɓÄ）�,ǻǀʑĐʹǏ

dÌû2 Fig. 10d ɓȼŰ�！�)ȍǒʑĐ͆�ǀ,ʑĐʹǏdÌû2 Fig. 10a

Õ Fig. 10b ɓȼŰ,�͹Ãʻġ̶ɶŽş(2ǆ,ˉƻɓʨǥLéx̩ÌÕŤÌ

Éǀ9ɈʑĐ̳�̈́ŏƺÌˀʹë
̩Ìĭ#�ȱ�,?！Ĥˋ� ̬ĥˉƻ̩

9Ɉ
̶ʐO2ăͥ΂ɓşƄǛ� ���(̶ ǫɓ�ʗ�ˉƻʑĐʹˀʹ��̙ǀ,

Čǥ̬ĥ̩ªÉ�ˋ,\L9ɈǂǇɓ̈́ŏƺÌˀʹë�ʐO͛ǟ˨�9Ɉɰų

±Ʌ (！�,ĔDˀʹ��̙şƄɓ�É̖͗ʝ�ʑĐ
Ǐ”ʑĐʹ�LşƄ

�ÉŜŏɓ̈́ŏƺÌˀʹë(̶ ͔˵#,̶ ʐ̈́ŏƺÌˀʹë®#xĔ¡）ë
ɋ

ɰëƆśɛ4Vɉë�(Şʻ˝ˉƻˀʹʑĐʹ!ɓǨ� ʑĐǀ,Ä）LºɃ

ʐOřɅ˼!ɓř,�xř͟Ō̆,ÄC˴ʌ
̶͔�Ƞrɩɿ̶ ͡΀�(ƚ

ȳ̶ɶƺŕ9ɈɓxĔ¡）ëÃƮ½.ʁ͢!ʑĐɓˀʹȼŰ
¤Ɨ̈́ŏƺÌɓ

ˀʹ�！ŉ�）Ʈ½ʑĐ±�ɓ̈́ŏ,ßˉƻ8#ˉºşƄ�û2（ǉë!,̶

ɶ̈́ŏƺÌˀʹ,L¼�（ǉëɓͪ�！͋ũʬ˴ē˯ŧ(�

̶͔˵#,Ŗ�¡）ĤˋˀʹS̳�̈́ŏƮ½ɓ±ß#Ŗ�ë!ɓ̳�ʑĐ

ƤYɓQʷˀʹ¬K¡ɓʬ˴ēƲŌɓɹʚ�xĔ¡）ĤˋˀʹS̳�̈́ŏƮ½

ɓ±ß#xĔ�ë!ɓ̳�ʑĐƤYɓ̳�ʑĐƺÌˀʹ¬K¡ɓʬ˴ēƲŌ
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ɓɹʚ(Ŗ�ë̲̓ʣƄəǩĢ̑ɓʑĐ
˨x!ǒQʷˀʹƲŌɓʑĐǐƛË�

Qʷ́ǼˀʹĤˋ�ŇˣɓƋƳ̜¡,]Ẅ́ŏ�Ƹɹʚ！ěɃ̶ �̲̈́ɽ�

xĔþ�ë�̲̓əǩĢ̑ʑĐ�Ƹ˨x!Ńǒ̈́ŏˀʹƲŌɓʑĐǐƛ,]W

̆ƲṒȤɹʚ?！ěɃ�̈́(̶ǫɓ̲ɽ,éǑ�Ã）şƄ̜¡,,Įǆƈ̎

ɓ�,�ƿȏ̜¡ʢ̳�\ěɃ̜¡ɓɹʚ(é̶5¡）ë!,͍5͋ũʬ˴ē

˯ŧɓşƄ¡）ëɓʑĐÕû2x!ɓəǩĢ̑ʑĐ�̙Lʭʮ͋ũʬ˴ēƲ

Ō
ʇÈ Eq. 40 ƈƣ̻ɓŊ'ƋƳ�,Ş«Ƚʻġx!ɓəǩĢ̑ʑĐǀ,�L

�ɃQʷƆ̈́ŏƺÌ�ƸˀʹɓɃ̑(̶ Ƀ̑˥Ƀ#əǩĢ̑ʑĐ¡）÷�(

3.7 ˏľƢȘ.ʣƄɋĐȂSɓʑĐʨǣ,̶͔˵#xĔþ�ë
ɋɰë6śɛ

4Vɉë�!͐ÏǒʐOʨǣ(xĔþ�ëɓĒé,Ĥˋ̶ɶʨǣʑĐ¡）÷��

！Ŗ�ëɓĒé,�Ĥˋ«QSɹ{ʑĐˀʹŖ̙ɓ¡）÷�(̶ǫ,Ƶ əǩ

Ģ̑ʑĐ!ɓʫ”͏�̖͗
ƚȳ 3.3.5.2 �ƋƳʑĐʹɓˮȯ�͐ÄC˨þ�

¡）ë�̈́(əǩȑ�ƴɓɠɟȯ�ˌȄʣƄɋĐȂSɓʑĐʨǣħŨÿ,ȑ�

ƴƈéȯ�ˌ͐û2̶5̪”ʑĐ(!,！éŖ�ë!ÄʉƲɝť(Ǩȯûéþ

�ëVɉ(�9Ɉɓȑ�ƴȄþ�ëVɉË9Ɉɓȑ�ƴħŨÿ
Čǥþ�ë,

ČŖ�ë,Ĥˋɓȑ�ƴ̪ħ,�ÄůɎƆ6əǩĢ̑�Éʻġ�,̆ûɓȑ�

ƴ¿�ËÄ̴OɝV<˥ţ.̶5̪”ʑĐ˨�̈́Ëɓ̈́ŏ( 

ß！,xĔþ�ëĢǨȯûɛĢÌ͗ÕĠŏ M Zǀ½¥Ɂɓ̔ɀ˥Ƀ#�

 Ä¿�ɓ͏�(�ƺ͹ß#̶ 
Ƽʀħ�Ū¦óɓƋƳ͏�>û2（ǉë!,

Ƽ˼�̈́Vɉű&ŠÖ,¼ŠÖËÌ͗ɓƋƳƲŌÕǗ¼�̈́ŠÖǀˉºşƄɓ

Ì͗Ƽ¦�,ZȲ͋ũɛÉɓŊ'ƋƳ˯ŧ�Â�ƺ͹®˥Ƀ#̆
Ƽʀħ�Ū

¦ó˨�̈́ë�Ƹ�rɓ̈́ŏƺÌˀʹƲŌ,͵˫ȩ̞Ňì¡）Ʈ½͏�ɓ͗,

ƺÌ®̴O#̆ȯû M ɓƺÌ,̶ǆƋƳVɉƼȐƮ½ɓ
΁þɓ M Zǀ½

¥Ɂ(̶ � Ì͗ɓuÉVɉ~Ě.éǨȯûɛĢÌ͗ÕĠŏɓZǀ½¥Ɂ#̶

�ͺ(Õ(Ģ2xĔ¡）ëĤˋɓ΁þɓ M Zǀ½¥Ɂ,̶͔ɓ¡）ë®ÄɅ

˲#ʑĐ÷�ɓ΁þɓƋƳʗƴ
ß#ƋƳʗƴṎ́ŏɓŇƺǒv,！̶ xĔ

¡）ëƮ½ɓĮǆʑĐʹɓ̳�̈́ŏ(XČ,éŖ�ë!, ,ƋƳ

ʗƴ ,x! t1 = 1 s�(Âþ,ɭĚ̪”«ǢʑĐ¡）,�͵˫ʻ˝ɛĢ

˼ƲŌ,̶ ǆß#Ƽ˼ǆÎ�ɃɛĢ˼ƲŌ, ͐ǆ� Ěc,̶  Ěc»~

2ʑĐƈûɓ¡）(ƛ ˱ŏɝ,ß#Ǩ ƽƄǏ”̖͗ʝ�ʑĐɓ¡）<ÕĔ

ƈûɓQʷɛv,ƈC,Ƽ˼Ĕɓ̳�ȼŰűǫ,ǆÎ¼�Ⱦ'ɛĢ˼ƲŌŠÖ,

GM
r
m = 1

2
mv2

D = v
2

2
t1

ρmv
2
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¡）͐�LƮ½�！�,ƽƄʑĐŬȲŘƳéƵ ë!̳�,ß！ʑĐ¡）ɓƮ

½ŬȲĤˋʑĐ�）ɛŌƮ½(Ģ2þ�ë!̶ɶ΁þɓƋƳˡ#,é Fig. 1a !

ÄCɝV A û#� ɭĚɓȑ�ƴ M,B ûȑ�ƴ# 0(Ħ A
B �ûɝV�

 ȯȊ1ͦĤ,,ŨÉǫɓȑ�ƴc
M�(ß！,ə�ɓȑ�ƴc?ƴc�Õ

1ͦĤcǆ�ˋɓ(！ɛĢŌɓƋƳʗƴ,?ƴc�,Õə�ɓʗƴcǆ�ˋɓ(

ß！,Ƽ˼ĔDɓ͗ʠǆ;&,͐�ŠÖĢƴcɓʻġ(͘2 M #Ň͹Ì͗,

ƺÌŌ6 ðɚ(ß！,xĔ¡） E V#ƋƳʗƴéǨȯûÕ M ɓ+ɹ®

ÕŪˮÌ͗ɓƋƳ̈́ɁƮ½ÿĨƄǺȄ,̶ ȄX˥̰ŕɓySşŕľɊ

Schrödinger ƺɽΆ˾̲,®# 

  (64) 

ʰ�,Ïǒþ�ëɓƣ̻ɛĢ�͗
Ì͗�Ŋ'ƋƳˡ#ɓƺɽÄC˥ɱ#

Č�şŕ� 

   (65) 

̶͔|ǸŜ̍,Eq. 65 ŉ�ǆ� Ǒʥƺǰ,ĔÃǆéǨ5Žş�#�Ĩ˴

ʌ͗！͒»ɓĎªƺǰ(ČǥƵ ĕęĮǆǙƶƈŒʃɓȺɅǶñ,ŉʻ˝�Ý

”Vɉ�ɓǙ̖±ß
3.7 ˏɓƢȘ�,ǙƶĤ�ɓƺɽ Eq. 40 Ɔ Eq. 65 ɇˊÄ

Cɺ#ɞǺɓ1ȺɅ˼ (Theory of Everything)(ß#xƣ̻.ˉȲɌǑôɫɓ̳

�˯ŧ,
Čǥ�rˉƻƣ̻Ë,Ȣ�ƺȐÉMʬƺȐ�ÄCƦɱƈǒɃ̑ÕȻ

ų（Ëɓě̖(ƚȳǙƶʑĐ�ʝɓ͇̭,xě�Ŭ�ƀȢ�ˉƻƣ̻,ˉƻƲ

Ō,ǆʬ˴ē̳�ʑĐŊ'ƋƳˡ#Ĥˋ,ß！ˉƻ_ŸÄC̲̓Ȋ˲ǏR̖͗

ʝ�ʑĐɓŊ'ƋƳˡ#；Ũ( 

3.6 ɋĐˉƻɰɧ�Ơ 

΄o,ɭĚǙƶ͇̭�ɓ�͗ʌʇ˥̰ŕ(Ħ Eq. 22 ĢQʷ(x, y, z)Ȋ�ͦ

Ĥ,ÄŨ 

   (66) 

͘2̳�ʑĐɓʬ˴ēƲŌ,ÇͦʑĐʹ�͗ɓěͨ˥Ƀŉ�LÕ Eq. 66 ƄǺ

Ȅ,！ǆL˨ÇͦƋƳʗƴßĐ ��ś�,ß！ĦA˥Çýcɓ Eq. 66 +C

ŉ���̙ÄŨ 

∂M
∂t

−i ⋅ E
!
⋅M

i ! ∂M
∂t

= − !
2

2m
e−M ΔM−T 2(M)⎡⎣ ⎤⎦ + E ⋅M

∇R(M,k)

1
k

1
k
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   (67) 

2ǆ,Ǚƶ͇̭�ɓ�͗ʌʇ®Ä˥ɱ#Č�şŕ 

   (68) 

x!, #˨Vɉ͗( 

ʰÈ�Ǥ Eq. 46 Õ 3.5 !C Eq. 64 #$ɓ˶˼,ÄCŨ�þ�¡）ëĢŪħ

ʑĐʹ̈́ŏɓŠÖ?ƴ͗�Ä˥ɱ#Č�ĢŌvʗ 

   (69) 

x!,t1 = 1 s(̶͔CɋĐéȆ±Đ!ɓŽş#ôǙ´ʻ
CxĔ±Đ#´ʻÄ

CŨ�Éǫɓʨ˼�ǠǣŒ˥̰ŕ(ɋĐéȆ±Đ!ɓŇìɋ¡） 

   (70) 

x!, = –1.602 177 33(49) ´ 10–10 C #ɋĐɋ˕� #ɞʁɋĝ

Ɂ( #ɋĐéȆ±Đ!ƈûɓŇì©Ť,̶ ͔͒ɉ Bohr ©Ť,® (

͘26 Eq. 47 ɛÉɓɅɊǊǀɎ³ t1,ÉǀĦ Eq. 70 Ar Eq. 69,ÄCŨ�Ǩ�

¦ó V{ʑĐʹɓŇì̈́ŏ ɓ”ħéƴ͗�ɓ˥̰ŕ# 

   (71) 

x!, #ʔʤʨǣńƴ� #ɋĐ̖͗�c #p̈́(̶ Ňì̈́ŏ#

V{�ͯʑĐƴƮ½ɓńƴ(éɋĐŘƳ¦ó{,ʣƄɋĐȂSɓŪħʑĐƴ#

,ĦxÕ Eq. 71 �̙Ar Eq. 48 ŉͬCŪħʑĐ̈́ŏ”ħC·（ǉë!ʑĐ

ƴəĠŏÄŨɋĐƵSɓɛĢÌ͗”ħƆɋĐŘƳ¦ó{ɓŵSȑ�ƴ”ħ 

   (72) 

x!, ,̶ ǆ#.`Ǻ�ÉȺɅ͗ƴ͗(͢ɓ½ƛƈ9Ɉɓ͗ʠļ

Ŕ(C�ɭĚ.éɋ¡ë!ɋĐƵSɓʉFȑ�ƴ˥̰ŕ
Eq. 72 6ŝ�¥ȑ�

1
k
⋅∇R(M,k)⎡

⎣
⎢

⎤

⎦
⎥

k=1

∞

∑ = e−M ⋅∇M

p→−i !e−ϕ ∇ϕ = i !∇e−ϕ

ϕ

V 2

2
t1 = E
!

E =
eg
2

4π ε0 r

eg ε0 =
107

4π c2
F ⋅m−1

r r =
4πε0!

2

meeg
2

V

V =
2eg

2

4π ε0 r !
=α c

2me
!

α =
eg
2

4πε0!c
me

me
µ

MA,e = !e ⋅
2αme

3
2

ρm,0 !

!e = 1m
−2 ⋅s

−1
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ƴ”ħ ɓ+ɹ®#̶͔ɓ�ďȑ�ƴ�(P̶͔ŉǗʻ˝̖͗ĠŏĢȑ�ƴɓ

̔ɀ,ßxɛ̪2ɋ¡ë̔ɀÄCůɎ( 

e˽ˉɊɋĐɓ Hamilton ͗Ä˥ɱ# 

   (73) 

x!,s# Pauli ʌʇ�p#ɋĐ�͗(éþɰë 
A#ɋɥ͗¡�ɓV

ɉ�,H Ä¥# 

   (74) 

Čǥ A
p͐6sĢ、,� 

   (75) 

ʧ̲�̻ûɅ,ɋĐ̥͊ɰɧ6þɰëɓɛ4Vɉͺ
Eq. 75 Å[ʈ�ͺ�Õɋ

Đˉƻͺ
Eq. 75 Å[ʈ1ͺ�ľƄ��ɵ(ơ�Ǡ«ȽɩɿɋĐˉƻͺ( 

͘2ěΆȘ�ɓɋĐˉƻɰɧ#þɰëĢ±ĐƵSɓVɉ(ß！,ɋĐƵS

ȑ�ƴé̶͔Ǣǒƀ'(͘2 3.5 ˏɓ˶˼,Eq. 72 ®#ɋĐƵSäǒɓ
�ͯ

ǀ͢½¥ɓɛĢȑ�ƴ(ß！xÃé Eq. 68 ɓˉȲƙƴͺ�Ƀ！ŉ�¼ Hamilton

ʌĐÑVɉ�éþɰë B ̪śǀ,xĢɋĐ�͗˥ɃɓɛĢ˼ƲŌ,ÄCůɎ(

ß！,<ǒ «ȽŠÖ Eq. 68 !ɓˉȲƙƴͺ(ČǥĦɋĐȂSé±ĐǬþ

ɓ�ĿɝVŇɚë,�̆ȑ�ƴÃĢSʗɓě͏÷͗ǒ̔ɀ(µɊ2xéˉȲƙ

ƴQʷ,®˥Ƀʬ˴ēƲŌ,！ʬ˴ēƲŌƼvƼʀħʑĐQʷ,ß！,̶ ě

ƴȑ�ƴÄC¿���̙˥ɱ
� �ƵSʑĐ,2ǆÄɉěƴ ˥ɱ�µ

ßɋĐɓȻ�ʨǣ
˭ 3.7 ˏ!ĢɋĐʨǣǶñɓȿſ�,xƋƳ̜¡Źċ6Ġ

ŏǱŏɓžń˥Ƀɛ¹,ß！Ŭ#̓ƴ, Ƕ”ħɓ̓c ǆǑÈ̾ɓ

̀Ɩ(Ɯǻ,Eq. 75 !Å[ʈ1ͺÄ¥# 

ψ 1

H = (σ ⋅ p)2

2me
B = ∇× A

H =
σ ⋅ p + eg A( )⎡
⎣

⎤
⎦
2

2me

H =
p + eg A( )2
2me

+ i
2me

σ ⋅ p + eg A( )× p + eg A( )⎡
⎣

⎤
⎦

MA,e

MA,e

MA,e −MA,e
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   (76) 

ß！,ǙƶƢĤɓɋĐˉƻɰɧ˥̰ŕ# 

   (77) 

x!, ÄC̲̓ Eq. 72 ˴ʌ(ČǥWɉ̪Ŋͤʁ͢ɓŇì̖͗Ġŏ

ǀ, ,x! # Bohr ɰĐ(PŞW

ɉǏ”c,ČêɄ̴ͧɓŇì̖͗Ġŏ
6êɄ�ɓěΆcVĢȄ,ǇȲŌ̆W

ɉ̶ c,P̆cɓySşŕə�ƼȐ；»,̶͔Ã）e˽ = 7.537 648 754 

4 ́  10–28 kg·m–3�ǀ,ĮÄCŨ� (ß！,¹̲Ǡ,̵ÄC

ǭƜêɄ̴ͧɓɋĐˉƻɰɧ,¹Ƣ̆ûɓŇì̖͗Ġŏ( 

ħħɋĐ）“9ɈČǻĻ”ɓˉƻɰɧ,ǆE§��ÄŲ˸ɓ0Ž(̶ ͔Ƣ

Ș̆Ƀ̑ŌǆĔƈéƵ ±Đ¦óɓŪħ（ǉʑĐuÉˉƻ̳�Ĥˋ,yS̳�

ʤˏ̵͵̲̓ Eq. 40 ̷�Ǽʻġ(̶͔�|gǏȠrɓƠɿ( 

3.7 ô2ǶñɓƢȘ 

éǙƶ͇̭�,ĕę!ɓΊȔ�ŌǆMʬɅ˼˵#ɓ� ǢŪħɓćȯ,Ĕ

Ō̆yǒ�ĚɓƆ̪Ŏ”ɓSɹ,ÃǆĠŏɛĢ̪”(pĐɓ̖͗û2Ǩ�ʝ�,

ß！ƼȐ̿͆�0E˰Ɍ(Event Horizon)(Pŉ�ǆƈǒȺ̖͐ƼȐ̿ˇ,ˊĨ

Ŗ�VɉÄC̿͆�Ǡŉ˨Ɓɦ�
ČǥȍǒȺ̖M̶͂ _Ÿ,ǇȲǆ�Ä）

˨Ɓɦ�ɓ�(ß！,Ǩ5ΊȔ͔͹Ɔ˻̵ǒÂ� �Ɍ,ɇˊǒĠŏ̪”ɓɈ

ÔSƆxǣƄɓƶǂɲL(̶5ΊȔ�ɓƶǂɈÔS
ČǥĒé�ɝƅD,Ɔ˻

ĮkƅDéêɄ�ɝ…ʁ!ɓ3�ǫȣȟ
ɏǡ
Ƽƀ',ĔDɇˊ̵ÄC̲̓

̖͗ǏRʝ�ɓʑĐȺ̷̖ˡ̓_( 

ǭƜǙƶǶñƢȘ,þĲʁ͢Ō̆ÄCƚȳˡ。ͨ͢
ŷ。ʗ͢
。ʗ͢


。ʗʹ
à�͢		��#ʁǁɽŏ�Éɓ。ͨʁ͢(̶5ʁ͢!ɓȺ̛̖Ǡ̛

ɼ˜,ɚˊ̰��Ěɽŏ,̹pĐ͐ƼȐşƄ,?！pʢƼȐMƪ̲³(ǏŊͤ

ɓþĲĕęʁ͢ǆ:ʐə�ƞƥɓɋɰȑƠȘƐǚƈƼȐI·ɓ;ó(PƼ˼Č

T,Ŗ�Vɉ͐ÄCéx!Mƪ( 

Čǥ˵#ʿʗɽŏ̪Rɓ。ʗʹ��ǆÿ ĕę
̶5ĕęɓŵSZȲÄC

ɝV� Ǐ”ɓĕę�,͍&ˮȘx!Ǩ ĕę,ĔĦL?Ǩ��̃Ɉ,Ǒʥ̘

i eg
2me

σ ⋅( p × A+ A× p) =
i eg
2me

σ ⋅(−i !eMA,e ∇× A)

=
eg !
2me

eMA,e σ ⋅B

µg =
eg !
2me

eMA,e

eMA,e

ρm,0 = 2×10
−28 kg ⋅m−3 µg ≈1.004 38µB µB =

eg !
2me

ρm,E
µg ≈1.001159 652 2 µB
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Ìǽ6(ǽ6ËɓĕęÕǽ6Ëɓŷ。ʐO,ǑË,L˙ºǾİ(Čǥÿ ĕę


ÿ͕ĕę�͢ėsƼʿʗ,�Ä）�ɃŇˡĕę�P˒ƚȳǙƶ͇̭,̶5ĕ

ę͢Ō̆Ēéʿʗ(ǻǀ,ĔD(͢ŬȲßɛ4ŠÖÑĢɺȼ�Ŀ(ß！,Ňˡ

ĕęǆƼȐĒéɓ,Ã）�ɃĢɺĕę( 

̶͔ŉ�˵#Ēéĕę”ȶȮɓŽş(ĕę̙ȧ2� Ƽʀħȯɓˮȯǆ§

�˔̃ɓ(Ŋ'ɛĢ˼ǒxˉ̤ɓWɉǟE,�Ō̆ƼͪƢŊ(Čȹͼ�ēƑê

ɄƆăͥŞV̖ȯ˴ʌŖ�,PĔDṲ̈̌ŉͷƼʀħȯ(ăͥé�Ƹ̬ĥÕƋƳ,

x$SĦǠ,L，˃,Pȍǒ:˵#ă̙ͥȧ2� Ƽʀħȯ(ß！,ƚȳ�̻

ÿ͕ĕęɓˮȯ,ƅDƈéɓĕę,Ō̆ƕǒʐO2ŷ。ɓɈÔÒǖ(ƅDƈ）

ˮȘ�ɓĕęé�ƸƋƳ
̶Ä）ǆ…S͢Ʒ�9Ɉɓ±ß�Ɔ，˃,PǏ”ɓ

ĕęŵSɓȺ̖�LƮ½,ŵSȵ,�L½¥(éǙƶ͇̭�,ʐOĕę!Ȇȇ

"ŏȄʉǵŮ,ǆ§�ĝ、Ʌ˲ɓ( 

ĢpĐʨǣɓ˽ſ�̶ ͔˵#pĐǆɊ�5ȄpĐ）͗ˀʹSǏR̖͗ʝ�

ɓ
k ͦ�ʑĐǣƄ(͘2�̻˶˼,̶5ǏR̖͗ʝ�ʑĐɓŇì̳�̈́ŏ”

ħǆĚc,ĔDÄşƄ�ÉˉƻÒǖɓʨǣ(S1 or S2),Fig. 11 ®˥ɱ.�ɶ�É

ˉƻÒǖ
ͿɁ�ɓpĐʨǣ 

 

Figure 11 | �ɶ�ÉͿɁpĐʨǣɱƀæ(�ÉƺÌɓŃʎąǳç˥ɱɛ4ð

ɚƺÌɓƻ̦ 

ƚȳǙƶ͇̭,x ͗ǨûpĐ）͗ΈRɓǩ�®#̆û k ͦʑĐĠŏ”ħƆ

«Qǀ͢{̲̓̆ûɓ k ͦʑĐƴəÿĨ(ß！,? Fig. 11 ɓǶñʨǣ®Äɝ

�ͿɁÕ）͗ƄǺȄ(Ɋ2 k ͦʑĐ̈́ŏ”ħɛÉ,ŞĔDşƄ�É”ħɓ S1 

or S2 ʨǣǀ,LĤˋ̆ʨǣɓˉƻÒǖ�É,ß！�Ƀ�ÉͿɁɓpĐ(PƼ˼

ČT,ǇȲ k ͦʑĐʹɓŵS̳ˡ̈́ŏǆ�Ěɓ
#ʑĐ̳�̈́ŏɓ aƆ6(

ƄǺȄ�(ß！,İʍʑĐyǒ̖͗,ĔDşƄɓ�ÉͿɁɓpĐZȲ^Ƙ�ˋ

1
π
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ɓ̳�̈́ŏ(k ͦʑĐṲ̈̌ŉͷȏɚʢ̳�,ŉ�ĔDɓ̳ˡ̈́ŏ̲̚p̈́,P

ĔDɓʹSˡ#¯ǆp̈́(ß！,ÄCƑĔDɓʹSɝƄǏ”ʑĐ
®pĐ�,

pĐɓ̈́ŏ#p̈́(̶ ǫɝťpĐƽ�LŠÖpĐͿɁV#ĕę，˃ɓȘ͗ĸy,

,�LŠÖĦp̈́V#̆ʝ�ʑĐ̈́ŏA˥ɓgȐ(Ȳ！,?Ŋ'ɛĢ˼˱ŏɝ,

�ÉͿɁɓpĐ）͗�É,xĢǀʁƌǎɽŏ,�É,ß！ͿɁƆ）͗ΈɓpĐ

Ɋ2pĐˉ̤）͗ëɓŠÖ̳�Lƃ�ȯ�ƚǙƶ͇̭,ÄŨ�ɛÉɓʨ˼(P

ǆɊ2ˉ̤）͗ăħ,̶ ŠÖŪ)xŪ,ÄůɎ�˴( 

Ģ2ĕęŪȑ（ǉ̬ĥɓɅ˲�̶  （ǉ̬ĥ®#Ǚƶƈ̻ɓ（ǉŖ�ë!

ŪħʑĐ9ɈɓÄȘˀʹS(ƚȳǙƶˮȯ,Ŗ�（ǉƼû�é,Ãǆé�Éɓ

。ͨʁ͢,xɼɏɽŏ�É( 

Ǚƶ˵#�Că�ǵŮǒŬ˫Þŝ,PŌyǒ�Éɓ{ȝ(ČǥĦCăŞƄ

�ʫĢǀʁ�,͍&ĔÄCƚȳC�ƺȐɅ˲�Că®#ɊͯǛ̳�ɓŪħʑĐ

ʣƄɓŖ�（ǉë(ǑŊͤʁ͢!ɓCă®#ǑʟʓɓʫĢǀʁ,�É?Ĵvʗ

…S̴ͧɓCăÄ�Éɽŏê̴O#ʫĢǀʁ(ČêɄ̴ͧɓCăÄ̴O#ʫĢ

ǀʁ�ă̴ͥͧɓCăµǆÂ�ɽŏɓ̴OʫĢǀʁ(PêɄ̴ͧCăɓ̴Oɽ

ŏR2ă̴ͥͧ,ßx̵¼ă̴ͥͧCăɓŠÖ( 

�ǤǙƶƈʪƺɽ(Eq. 40)!ɓˉȲƙƴͺ,ŞǨû�͗Ġŏ̰�Ƽʀ”
,

®̈́ŏĠŏƼʀ”Ɔ̖͗ĠŏƼʀ”,Ɔ1ʼɔƼʀ”�ǀ,ǻûɓƋƳ̈́Ɂ®

#Ƽʀħ(ČǥǨûɓ̈́ŏ v ǆƼʀ”�̆ûɓ）͗ĠŏǆɭĚcǀ,ǻûɓ̖

͗Ġŏ Ŭ#Ƽʀħ,！�ǆȄ ǏΈͦɓƼʀħ,ǻǀ�͗Ġŏ  ®#Ƽ

ʀħ,,Įȍǒ�͗ˀʹɓǵŮ,ß！̶ɶŽ�ǆȍƀ'ɓ(PČǥǨû̖͗Ġ

ŏȄ̪”,®\x̖͗�Ŀ�ơ̴ Eq. 43 ƣ̻ɓŽş,̆ûɓƋƳ,LǢxʱ

ƃ,é:ʐÄƁɦɓǀ͢įŏ{,̆ûɓ�Ŀ,ǆɛĢɾĚɓ(̆ʨ˼6 Eq. 43

ƣ̻ɓŽşuÉ˲͓.ĕę!�ɾĚʑĐ�ɓşƄǛ�(ǒ.̶ǫɓşƄǛ�,

\L�Ƀ�É̖͗ʝ�ɓʑĐ,ŉ�ĔD(͢ǆʉFɓ(͘2�ƶƈ̻,�É̖

͗ʝ�ʑĐ(͢Ƽɛ4Vɉ,�É̖͗ʝ�ʑĐ(͐͢ǆʉFɓ(ß！,ĕęy

ǒ�ş˯ŧÄCɅ˲,ĕęǆ� �”ɈȺS�,ǒ.Ʌ˼ZƜ( 

Ǚƶƈʪƺɽ Eq. 40 Õ Eq. 65 !ɓŇ͹ȑ�ƴĢƺÌǆǒ˫Ȋɓ(̶ Ň

͹ȑ�ƴǆ�ʯÌ͗ȑ�ƴɓʋ¥,Ǻǆ̶ ±ß,�ʯ�ƴɓÙ�ų~Ě.Ǚ

ƶƈ̻ɓŇ͹ȑ�ƴɓÙ�ų(ß！,Ǚƶŉ�ƬƘȑ�ƴ M éŇ͹Ç ƺÌ

͐ŌʉFɓˮȯ(！�ǺČ�ƶƈ̻,Ǚƶƈʪȑ�ƴĢ�ďǟE!ȑ�ƴɓǶ

,ǆǒ˫Ȋɓ( 

ρm
1
v

ρmv
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Ģ2ěSʑĐ
Č̖Đ
ɋĐʉ�ȑ�ƲŌɓɅ˲�ěSʑĐɓȂS
（ǉ

ë�®#R̖͗ʝ�ʑĐȑ,̶ ȑǆƚȳĔɓ˯ŧƋƳɓ�ěSʑĐɊȂS9

Ɉ,ß！͋ũȂSƋƳɓɏĠ̥̼�ěSʑĐɓƋƳ̈́ɁÄCɅ˲#ȂSȑ�ƴ

ƋƳ˯ŧ�ƚx̖͗�͑ɓ˥ˮƋƳ̈́Ɂ( 

Ģ2ɋĐ?±Đ!͆�̲ɽɓɅ˲�ß#ɋĐ#äĚ̖͗ˀʹŏ,Şxƚȳ

äĚ̖͗ʝ�ʑĐ͆�Ë
ǻǀɋĐȑ�ƴíõ,̶ ͔ƈ̎ɓȑ�ƴíõǆƙʣ

Ƅ�̻ȂSɓΈ̳̈́�ɓŪħʑĐɓ¼ƍˀʹ�,ɍ�ɓ̖͗͏�
±ĐǬʉ�

Lʃ®͋ĖÂ�ɽŏɓ Eq. 43 ƣ̻ɓˀʹ˯ŧ�！Ģ2x!ˉƻ9ɈɓƺÌˀ

ʹƲŌ,̶
ɋĐ͆�ȼŰ�ͷɾĚȼŰ(Ɋ2ʵĨ.ɋĐˉƻ
Ģ±ĐǬ!ˉ

ƻ͓Ưɓ�ʙ»,±ĐǬˉƻ͓Ưɓ）͗Ã）Ƴƪ�Ǡ,?！Ģþ˥Ƀ��Ěɽ

ŏɓɋëVɉ( 

ĢɋĐʨǣɓȿſ�ǺČ�ƶƈ̻,ɋĐŉ�ǆ� Mʬ˵#ɓ̖͗# 9.109 

389 7(54) ´ 10–31 kg ɓʑĐ,！ǆɊxȂS
ȄɋĐǏR̖͗ʝ�ʑĐ�ŘƳ2

ʁ͢ǣƄ(Ƀé�ǤʣƄxȂSɓʑĐ
e˽x# ͦʑĐ�ɓʨǣ(ɋĐȂS

）6ŃǺɋɓ±ĐǬ9ɈŜȱɓɛ4Vɉ,ǣƄĔɓ ͦʑĐ,Ŭͻ#�5̓«

ǢĐ(̓«ǢĐƕǒǢħɓ̖͗¯ÄC9ɈČǻ”ɓ�,ŬȲǒČÉ 3.5 ˏƈ̻

ɓˉƻ�̈́ʨǣ(xˉ̤V#� «Ƚɓˉƻ�̈́ʨǣƼȐěɃ̶ǫɓ
sÌÐ

Ŗ��）,ß！ȿſx#ÿ ˉƻʨǣɓýÈS(Fig. 12 CŇ͹æɓƺŕĳɱ.

�ɶÄ）ɓɄȼʃSýÈʨǣʐñ(̶ ͦʑĐ
ýÈʨǣ�!ū#� ̖͗

ĠŏǢ”ɓʐOΊȔɓʨǣ
Fig. 12 !ɓ˚ˎŘƳȯ �,xþãɄ͹�ˀʹǒ

ˊĨ�ĲČ Fig. 12 !Ƿˎ͏�ƈɱɓˉƻ�̈́ʨǣ S(̶ 5 S�ƺ͹˨ ÐŖ�

Â�ƺ͹,ß#ŤÌɓǏŪħʑĐ
 ͦʑĐ�Ȗ͆�,̶5 Sɛ4(̵͢LƟ

Ʒ�x̩ÌşƄɓÜȖǺċ˨Ðr (Č�ƈ̻ɓ�ʜǛ�Ĥˋ ͦʑĐÄƄ#

� ɾĚɓýÈʨǣ(̶ ǫɓýÈʨǣÄ�Ƹ?þɌŭ̈́Ðr ͦʑĐ,?！ş

ƄŜ”ɓŖ�(ß#ɛĢ˼ƲŌ, ͦʑĐ?þɌÐƭɓ ͦʑĐĦCΈŏșʴ


ʐOΊȔ�ɓşŕˀʹ��̙,ǊǀşƄɾĚɓÐrʨǣ
 Õ ͦʑĐ�(

P͟ǖǠɝ,�Ƹ?þɌÐƭȺ̖,ŬȲĤˋ ͦʑĐʨǣ�ɾĚ(ß！,̶ǫ

ɓʨǣ?Ǐ”ɓǀ͢įŏ�ɝL�ƸɈƄµ�ƸķȦțĄ,Pé� ȻĚ¦óɓ

ŵSƴ͗^Ƙ�½( 

k1
k1

k1
P1

P1

k2
P1 k1

k2
k1 k2

P1 k1
k1
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Figure 12 | ʣƄɋĐȂSɓ ͦʑĐʨǣȿſæ(̶͔ɉŇ͹æɱƀ�ʯɄȼ

ʨǣ(x!,Ńʎąɓ˚ʢɱƀ ͦʑĐɓ̥̼,ŃʎąɓǷˎǳçɂɱƀ S

ʨǣ 

ô2�̻ɋĐȂSǶñ,®ÄƢȘÝ”ʐñ�ɓVɉ±Ʌ�Ŝɛ4Vɉ�®

#ɛ4̠ɵ̴̪ɓĨƴ）͗ˀʹS(͢ʬ˴ēƲŌ,Ĵ2Ŗ�Vɉşŕ(̶ ǆ）

͗ʝ�ɓVɉ�
Č Fig. 4b !ǆĦ� ĶÈŉƆ�œ,ǆɛŞâͳɓ�,̶ǫɓ

Vɉ�Ŝ”！ʐ �ɋɰ�#�ƺìɊ�̻ɋĐȂSʨǣǣƄ�śɛ4Vɉ�

#Ãǒ�ƺɊ�̻ɋĐȂSʨǣǣƄ�Ŗ�#�ƺìƼɋĐȂSʨǣ,ƆȂSʨ

ǣ�̙Vɉ,Ĵ̠ɵ̸̪ɓʑĐʹÈS͢ɓʬ˴ēƲŌ( 

Ģ2¹Ⱥ̖ɓɅ˲��ƶľ̻,ɛĢ2Ƽʀħɓ̳�ʑĐ,xƈéʁ͢®#

Ƽʀħʁ͢,ʑĐéʁ͢˒ǒ˒Ƽ(̶ǀ̵ÄC˵#Ģ2� ʑĐ,ǒƼʀÿʁ

͢,̶ǫɓʁ͢éʑĐ!̳�,ĦʑĐ��.6ʁ͢ƴɛʉɓěS(ČǥĦʁ͢

!ƼʑĐɓʁ˞ɖĐV#ʻġĢ̑,Éǫê,ƚȳ�̻ƺȐƣ̻,\�Ƀ¹ʑĐ


ɑȔC·̓）͗ʉȼ�(ƅD̶ �ɌǆȺ̖ˀʹɓ�Ɍ,ß！¹Ⱥ̖ɛĢ̪Ĩ(

̶ǫɅ˲¹Ⱥ̖ƊǆėƵÕˉȕɓ( 

Ģ2͗ĐʛʳɓɅ˲�Čǥ� ʑĐȼŰɛ4ʛʳ,ĔD(͢ŬȲLMƪ_

Ÿ(ǙƶĦ�ÉʑĐƚȳ̷̖͗ˡ�ʝɓûɅƺŕŦċê˲͓.̶ɶ̠̚Vɉ(

6(ʐO,̵ǒ�Wheeler ő̺̀ƖěΆ�ɓ̅ŔɃ̑,ČǥƚȳǙƶƤYɓ͇

̭ǧǣɅ˲,,�̞#�Eɳɸɓ0Ž( 

4. Conclusions 

Ǚƶ?ǑôǙɓØēɤɜ�º,ƢȪ�� ƣ̻ˉȲ̳V˯ŧɓȺɅǶñ(
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Supplementary Information
(Mathematica v12.0 code of TraditionalForm)

Part 1. The Square of the Norm of the Average Velocity is Proportional to the 
Number of Vectors

Definition: Particles with a higher mass level composed of k particles are called kth-order particles.
Then, the velocity of a kth-order particle is the velocity of the overall center of mass of the k particles, 
which is the average of the velocity vectors of all these particles.
Assumption: Each particle is moving at the same speed and in a random direction in space.
Thus, the projection of the velocity vector of a kth-order particle onto one of the three equivalent 
coordinate axes of the 3-dimensional Cartesian coordinate system is the mean value of the projection 
(onto the same axis) of the velocity vectors of the 1st-order particles forming the kth-order particle, 
which follow the same distribution; therefore, it approximately follows a normal distribution (central 
limit theorem).
There are three equivalent (approximate) normal distributions, one on each of the three axes, which are 
not completely independent. However, James Clerk Maxwell and Ludwig Boltzmann proved that these 
distribution can, in fact, be equivalently treated as completely independent. This is because randomly 
selecting a vector is equivalent to randomly determining a three-axis coordinate; moreover, the prob-
lem of the momentum transfer of gas molecules participating in random collisions is also equivalent to 
the problem discussed in this article.

First, the probability density of the norm of the 3-dimensional vectors formed by three normal distribu-
tion N(0, σ2) components that are independent on three coordinate axes is calculated.

In[!]:= Clear["Global`*"];
$= SimplifyPDFTransformedDistributionx2 + y2 + z2,

{x, y, z} * ProductDistribution[{NormalDistribution[0, σ2], 3}], x, Assumptions→σ2 > 0;

$1 = PDFTransformedDistribution x , x* ProbabilityDistribution[$, {x, 0, +∞}], x

Out[!]=

2

π
x2 ⅇ

-
x2

2 σ2
2

σ2
3

x > 0

0 True

Then, we find the probability density of the Maxwell distribution with scale parameter σ2:

In[!]:= $2 = PDF[MaxwellDistribution[σ2], x]

Out[!]=

2

π
x2 ⅇ

-
x2

2 σ2
2

σ2
3

x > 0

0 True

Therefore, these two probability densities are equal:

In[!]:= $1 -$2

Out[!]= 0

We verify the above conclusion (c is the speed of the 1st-order; n is the number of vectors) (This code 
takes approximately 1.74 hours):



In[!]:= c = 1;
n = 1000;
m = 1 000 000;
dd = {};
ProgressIndicator[Dynamic[i], {1, m}]
For[i = 1, i <m, i++,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]];
dd =AppendTo[dd, ℋℋ]];

$= SmoothKernelDistribution[dd, {"Adaptive", Automatic, Automatic}];

PlotPDF[$, x], PDFMaxwellDistribution
c

3
n , x,

{x, 0, 100 c}, PlotStyle→ {{Red, Thickness→ 0.0032}, {Blue, Thickness→ 0.0032}},
Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 14],
Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},

{Style["Theoretical", FontFamily→ "Arial", FontSize→ 14],
Style["Simulated", FontFamily→ "Arial", FontSize→ 14]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[.6]]&)], Scaled[{0.732, 0.644}]]

Out[!]=

Out[!]=
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Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, σ2) 
components which are independent on three coordinate axes follows the Maxwell distribution with the 
scale parameter σ2.
Suppose that the standard deviation of the projection of the velocity of any one of the k equivalent 
particles forming a kth-order particle onto each equivalent coordinate axis is σ. Then, the standard 
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis 
(i.e., the mean value of the projection of the velocity of 1st-order particle) is σ

k
, namely, the projec-

tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and 
a standard deviation of σ

k
. As a result, the speed of kth-order particles follows the Maxwell distribu-

tion with scale parameter σ
k

.

Then, the average velocity of the kth-order particles is
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In[!]:= v =MeanMaxwellDistribution
σ

k


Out[!]=

2 2
π
σ

k

For the kth-order particles in different references (Ru and R0) and with different standard deviations 
(σu and σ0), the ratio of their average velocity vu / v0 =

In[!]:=

2 2
π
σu

k

2 2

π
σ0

k

Out[!]=
σu

σ0

Therefore, the ratio of σu to σ0 is the ratio between the average speeds of particles of higher mass 
levels in Ru and R0.

For k1- and  k2-order particles, the ratio of their average velocity v1 / v2 =

In[!]:=

2 2
π
σ

k1

2 2

π
σ

k2

Out[!]=
k2

k1

And because:�m1 = μ k1 and m2 = μ k2, where μ is the scale factor or the  mass of 1-order particle. 
v1 / v2 also equals:

In[!]:= Simplify

m2
μ

m1
μ

, Assumptions→ μ > 0

Out[!]=
m2

m1

Therefore, the square of the average velocity of particles is directly proportional to the mass of parti-
cles or the number of 1-order particles forming it.

Part 2. Special Relativistic Effects on Infinitesimal Particles
Correspondence:
The mixed distribution of "1and "2 is represented by )12;
The mixed distribution of "3and "4 is represented by )34;
The rest of the symbols are consistent with those in the main text.
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In[!]:= Clear["Global`*"];
$= TransformedDistribution[cCos[θ] Sin[ArcCos[η]],

{θ *UniformDistribution[{-π, π}], η *UniformDistribution[{-1, 1}]}];
$1 = TransformedDistributioncCos[θ] Sin[ArcCos[η]],

θ *UniformDistribution[{-π, π}], η *UniformDistribution
u

c
, 1;

$2 = TransformedDistributioncCos[θ] Sin[ArcCos[η]],

θ *UniformDistribution[{-π, π}], η *UniformDistribution-1,
u

c
;

$3 = TruncatedDistribution[{u, c}, UniformDistribution[{-c, c}]];
$4 = TruncatedDistribution[{-c, u}, UniformDistribution[{-c, c}]];
$34 =MixtureDistribution[{w, 1 - w}, {$3, $4}];
Simplify[Mean[$34], Assumptions→ 0 < u < c]

Out[!]=
1

2
(c (2w - 1) + u)

Let the mean value expression be
1

2
(c (2 w - 1) + u) = u, then find the weight w

In[!]:= Reduce
1

2
(c (2 w - 1) + u) ⩵ u, w

Out[!]= (u- 0 ∧ c- 0) ∨ c ≠ 0 ∧ w-
c + u

2 c

Then, the mixed distribution )12 consisting of "1 and "2 can be calculated in accordance with this 
weight w. The analytical form of )12 cannot be given by Mathematica.�Therefore, the standard devia-
tion of )12 is calculated directly (This code takes approximately 91 seconds).

In[!]:= w =
c + u

2 c
;

$12 =MixtureDistribution[{w, 1 - w}, {$1, $2}];
σu = Simplify[StandardDeviation[$12], Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

3

The standard deviation of )34 is the same.

In[!]:= Simplify[StandardDeviation[$34], Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

3

Then, the ratio between σu and the velocity components on the x-axis of the particles in R0 can be 
obtained.

In[!]:= Simplify[σu /StandardDeviation[$], Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

c

The same factor can also be obtained by evaluating the ratio of the standard deviation of )34 to the 
standard deviation of the velocity components on the z-axis in R0.
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In[!]:= Simplify[StandardDeviation[$34]/StandardDeviation[UniformDistribution[{-c, c}]],
Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

c

Part 3. The Norm of the Component Vector is Proportional to the Number of 
Vectors Forming It

When the total vector value of a specified vector swarm is determined, the mean norms between 
different component vectors should be proportional to the number forming them.�The following proves 
this viewpoint in detail.
It has been proven that the degree of slowdown on all three axes is the same in Part 2 of the Supplemen-
tary Information. Therefore, when observing all of the moving particles in Ru from R0, all the ran-
domly moving particles in Ru can be considered to have an additional velocity component u along the 
z-axis. Then, according to cosine theorem, the probability density of the particles in Ru observed in R0 
can be expressed as (where k is the number of the particles, u is the speed of Ru and v is the norm of 
momentum of these k particles observed from Ru):

In[!]:= Clear["Global`*"];

$= TransformedDistribution (k u)2 + v2 - 2 k u vCos[ArcCos[η]] ,

v*MaxwellDistribution
k c2 - u2

3
, η *UniformDistribution[{-1, 1}];

FullSimplify[PDF[$, x], Assumptions→ c > 0 ∧ 0 < u < c]

Out[!]=

3 x ⅇ
6 u x

c2-u2 -1 ⅇ
-

3 k u+x2

2 k c2-u2

k u 2 π c2 k-2 π k u2
k > 0 ∧ ((x > 0 ∧ k u > x) ∨ k u < x)

-
6 π c2 k-u x 5 u x-2 c2 k erf 6 x

c2 k-u x
+4 x ⅇ

6 x2

u x-c2 k c2 6 k+2-u 2 u+3 x-8 x (c-u) (c+u)

4 6 π k52 u ((c-u) (c+u))32
k u- x ∧ k > 0

The meaningful part (first branch) is selected to be verified. Note that the sampling with the replace-
ment method in the particle swarm with a mean speed of u can simulate all of the cases of the particle 
swarm with a mean speed of u. (The following code takes averagely 108 + 77 minutes)
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In[!]:= c = 1;
n = 1 000 000;
ℋℋ = 0;
While[ℋℋ < 2700,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]]];

m = 100 000;
dd = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For[ j = 1, j <m, j++,

ℋ0 =RandomChoice[ℋ , 0.3 n];
ℋℋ0 =Norm[Total /@ Transpose[ℋ0]];
dd =AppendTo[dd, ℋℋ0]];

$= SmoothKernelDistribution[dd, {"Adaptive", Automatic, Automatic}];
k = 0.3 n;

u =
ℋℋ

n
;

PlotPDF[$, x],
3 x ⅇ

6 u x

c2-u2 - 1 ⅇ
-
3 k u+x2

2 k c2-u2

k u 2 π c2 k - 2 π k u2
, {x, 0, 2500},

PlotStyle→ {{Red, Thickness→ 0.0032}, {Blue, Thickness→ 0.0032}},
Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 14],
Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},

{Style["Theoretical", FontFamily→ "Arial", FontSize→ 14],
Style["Simulated", FontFamily→ "Arial", FontSize→ 14]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[.6]]&)], Scaled[{0.753, 0.644}]]

Out[!]=

Out[!]=
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In view of the above conclusions, we find the mean value of this distribution (This code takes approxi-
mately 166 seconds).
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In[!]:= Y k = FullSimplify

MeanProbabilityDistribution
3 x ⅇ

6 u x

c2-u2 - 1 ⅇ
-
3 k u+x2

2 k c2-u2

k u 2 π c2 k - 2 π k u2
, {x, 0, +∞}, Assumptions→ c > u > 0 ∧ k > 0

Out[!]=

c2 + (3 k - 1) u2 erf
3

2
k u

k (c-u) (c+u)
+ 6

π
u ⅇ

3 k u2

2 u2-c2 k (c - u) (c + u)

3 u

We find the limit of the ratio of this mean value Y k and k when k approaches +∞.

In[!]:= SimplifyLimit
Y k

k
, k→+∞, Assumptions→ u > 0

Out[!]=
-u argc2 - u2 ≥ π
u True

Therefore, when k is a large number, the norm of the mean value Y k is directly proportional to the 
number k forming Y k, namely  Y k  = k u.

Eq. 21 in the main text determines the proportion of particle number distributed in various boxes 
partitioned by k, and these particles are distributed in each box of V with equal probability. That is, the 
particles are randomly extracted from the micro domain V to be distributed in each box. When the 
number of extractions is large enough, the norm of each component vector partitioned by k should be 
proportional to the number of particles according to the probability.
Next, we verify the standard deviations of this distribution in the three axes.

In[!]:= c = 1;
n = 10 000 000;
ℋℋ = 0;
While[ℋℋ < 6600,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]]];

ℋ0 =RandomChoice[ℋ , 0.3 n];
ℋℋx = StandardDeviation[Transpose[ℋ0][[1]]]
ℋℋy = StandardDeviation[Transpose[ℋ0][[2]]]
ℋℋz = StandardDeviation[Transpose[ℋ0][[3]]]

Out[!]= 0.57735

Out[!]= 0.577374

Out[!]= 0.577327

The standard deviation in theory is:

In[!]:= u =
ℋℋ

n
;

k = 0.3 n;

c2 - u2

3
Out[!]= 0.57735

This result verifies that the conclusions in Part 2 and Part 3 are both correct.
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Part 4. The 2-Dimensional Drawings Under the Same Conditions
When solving the equation, an equivalent form of multiplying both sides by the power function of ⅇ is 
adopted to make the solution more accurate and obtain it faster (This code takes approximately 72 
seconds).

In[1]:= Clear["Global`*"];
Needs["NDSolve`FEM`"];
Ω= ImplicitRegion0.0016 ≤ x2 + y2 ≤ 16, {x, y};
mesh = ToElementMesh[Ω, MeshRefinementFunction→

Function[{vertices, area}, area > 0.00003 (0.1 + 80 Norm[Mean[vertices]])]];

uif =NDSolveValueⅇ-u(x,y)
∂2u(x, y)

∂x2
+

∂2u(x, y)

∂ y2
-

∂u(x, y)

∂x

2

-
∂u(x, y)

∂ y

2

⩵ 0,

DirichletConditionu[x, y] ⩵ 1 + 2 ⅈ, x2 + y2⩵ 0.0016,

DirichletConditionu[x, y] ⩵ 0, x2 + y2⩵ 16, u, {x, y} ∈mesh;

p4 = Plot3D(Abs[uif[x, y]])2, {x, y} ∈mesh, PlotRange→ {0, 5},
ColorFunction→ (Hue[0.65, #3]&), AxesLabel→ {"x", "y", "z"},
LabelStyle→Directive[Black, FontFamily→ "Times New Roman", FontSize→ 21],
BoxStyle→Directive[Gray, Thickness→ 0.002], BoxRatios→ 1, ViewPoint→ {15, -26, 16};

ImageResize[p4, 700]

Out[7]=

It can be seen from the figure that it is a circular symmetrical structure.

Part 5. Angular Speed Distribution of Random Spin Particles
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Clear["Global`*"];

X = TransformedDistribution
N1

N12 + N22 + N32
,

{N1, N2, N3} * ProductDistribution[{NormalDistribution[], 3}];

PDF[X, x]

Out[!]=

1
2

-1 ≤ x ≤ 1

0 True

The expression of :Ω’; in the main text is calculated as follows.

In[!]:= X = c Sin[ArcCos[Θ]]Cos[Η];
Y = c Sin[ArcCos[Θ]] Sin[Η];
Z = 0;

FullSimplify X2 + Y2 + Z2 , Assumptions→ c > 0

Out[!]= c 1 - Θ2

NOTE: :ω’;(x) in the main text is substituted by ω’ as the probability expression here.

In[!]:= ω ' = TransformedDistributionc 1 - Θ2 , Θ*UniformDistribution[{-1, 1}];
FullSimplify[PDF[ω ', x], Assumptions→ c > 0]

Out[!]=

x

c c2-x2
x > 0 ∧ c > x

0 True

NOTE: ωS,X (x) in the main text is substituted by ωsx here. Then, the probability density of X, which 

represents one of the three equivalent coordinates of the angular velocity ΩS contributed by the random 
vector VS, can be obtained:

In[!]:= ωsx = TransformedDistributionF1 F2,

F1* ProbabilityDistribution
1

2
, {x, -1, 1}, F2* ProbabilityDistribution

x

c c2 - x2
, {x, 0, c};

FullSimplify[PDF[ωsx, x], Assumptions→ c > 0]

Out[!]=

cos-1
x

c


2 c
x- 0 ∨ (x > 0 ∧ c > x)

2 sin-1
x

c
+π

4 c
c + x > 0 ∧ x < 0

NOTE: ωB,X (x,r) in the main text is substituted by ωbx here. Then, the probability density of the norm 
r of the radius r at which the starting point of the vector VB is located within the ball can be obtained:
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ωbx = TransformedDistribution
1

r
x,

x* ProbabilityDistribution

ArcCos x
c


2 c
0 ≤ x < c

2 ArcSin x
c
+π

4 c
-c < x < 0

, {x, -c, c}, Assumptions→ r > 0 ∧ c > 0;

PDF[ωbx, x]

Out[!]=

r cos-1
r x

c


2 c
c + r x > 0 ∧ c - r x > 0 ∧ r x ≥ 0

r 2 sin-1
r x

c
+π

4 c
c + r x > 0 ∧ c - r x > 0 ∧ r x < 0

The distribution function of the contribution of VB to the equivalent coordinate ΩB,X  of ΩB is calcu-
lated as follows (NOTE: This is the result in Mathematica 11.2):

CDFProbabilityDistribution

r ArcCos r x
c


2 c
0 ≤ x < c

r

r 2 ArcSin r x
c
+π

4 c
- c
r
< x < 0

, x, -
c

r
,
c

r
, Assumptions→ r > 0 ∧ c > 0, x

1
2

c
r
- x > 0 ∧ x- 0

1 c
r
- x < 0 ∧ x ≥ 0

- c2-r2 x2 +r x cos-1
r x

c
+2 c

2 c
 c
r
- x- 0 ∧ x ≥ 0 ∨  c

r
- x ≥ 0 ∧ x > 0

2 c2-r2 x2 +2 r x sin-1
r x

c
+π r x

4 c
x < 0 ∧ c

r
- x > 0 ∧ c

r
+ x > 0

We remove the meaningless parts of the above function and integrate the function in the whole unit 
ball (NOTE: This is the result in Mathematica 11.2):

FullSimplify
0

1
4 π r2

2 c2-r2 x2 +2 r xArcSin r x
c
+π r x

4 c
- c
r
< x < 0

- c2-r2 x2 +r xArcCos r x
c
+2 c

2 c
0 ≤ x < c

r

ⅆ r, Assumptions→ c > 0

- π2 c3

32 x3
c + x ≤ 0

128-3 π π c3

96 x3
c < x

π 3 c2 x (c-x) (c+x) +3 c4 3 sin-1
x

c
-4 tan-1 x

c2-x2
+24 x4 sec-1

c

x
+64 c x3-30 x3 (c-x) (c+x)

48 c x3
c ≥ x ∧ x ≥ 0

π 8 x4-3 c4 sin-1
x

c
+x (c-x) (c+x) 10 x2-c2+4 c4 tan-1 x

c2-x2
+4 π x4

16 c x3
True

We find the first derivative of the above result with respect to x (NOTE: This is the result in Mathemat-
ica 11.2):
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FullSimplify

D

- π2 c3

32 x3
x ≤ -c

(128-3 π) π c3

96 x3
x > c

π 3 c2 x (c-x) (c+x) +3 c4 3 ArcSin x
c
-4 ArcTan x

c2-x2
 +24 x4 ArcSec c

x
+64 c x3-30 x3 (c-x) (c+x)

48 c x3
0 < x ≤ c

π 8 x4-3 c4ArcSin x
c
+x (c-x) (c+x) 10 x2-c2+4 c4 ArcTan x

c2-x2
+4 π x4

16 c x3
-c < x < 0

, x

3 π2 c3

32 x4
c + x ≤ 0

π 3 π-128 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 tan-1 x

c2-x2
-3 sin-1

x

c
 +8 x4 sec-1

c

x


16 c x4
x > 0 ∧ c ≥ x

π x (c-x) (c+x) 3 c2+2 x2+9 c4+8 x4 sin-1
x

c
-12 c4 tan-1 x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0

We modify the above results to the form of a continuous function and integrate the function in the 
whole interval ��∞��∞ .

In[!]:= Integrate

3 π2 c3

32 x4
c + x ≤ 0

3 π2 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcTan x

c2-x2
-3 ArcSin x

c
 +8 x4 ArcSec c

x


16 c x4
x > 0 ∧ c ≥ x

π 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcTan x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0

,

{x, -∞, ∞}, Assumptions→ c > 0

Out[!]=
4 π

3

The above function is normalized according to the integration results (NOTE: This is the result in 
Mathematica 11.2):

FullSimplify
1
4 π
3

3 π2 c3

32 x4
c + x ≤ 0

3 π2 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcTan x

c2-x2
-3 ArcSin x

c
 +8 x4 ArcSec c

x


16 c x4
x > 0 ∧ c ≥ x

π 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcTan x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0



9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 tan-1 x

c2-x2
-3 sin-1

x

c
 +8 x4 sec-1

c

x


64 c x4
x > 0 ∧ c ≥ x

3 9 c4+8 x4 sin-1
x

c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 tan-1 x

c2-x2
+4 π x4

64 c x4
c + x > 0 ∧ x < 0
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In view of tan-1 x

c2 - x2
= sin-1 x

c
and sec-1 c

x
= cos-1 x

c
,

the probability density of the contribution of VB in the whole unit ball to an
equivalent coordinate X of the angular velocity ΩB can be obtained by simplifying
the above results Note : ωB,X (x) in the main text is substituted by ωBx here
(NOTE : This is the result in Mathematica 11.2) :

ωBx = FullSimplify

9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcSin x
c
-3 ArcSin x

c
+8 x4 ArcCos x

c


64 c x4
x > 0 ∧ c ≥ x

3 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcSin x

c
+4 π x4

64 c x4
c + x > 0 ∧ x < 0

, Assumptions→ c > 0

9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 3 c4 sin-1
x

c
-x c2-x2 3 c2+2 x2+8 x4 cos-1

x

c


64 c x4
x > 0 ∧ c ≥ x

3 8 x4-3 c4 sin-1
x

c
+x c2-x2 3 c2+2 x2+4 π x4

64 c x4
c + x > 0 ∧ x < 0

Further more, when the radius of the ball is R, the above situation scales to ΩB,X (x)
R

. Accordingly, the 

probability density of the contribution of the random vector V to the single equivalent coordinate X of 
angular velocity Ω is (Note: ωX (x) in the main text is substituted by ωx here) (NOTE: This is the result 
in Mathematica 11.2):

ωx = TransformedDistribution
x

R
,

x* ProbabilityDistribution

9 π c3

128 x4
x > c ∨ x ≤ -c

3 8 x4-3 c4ArcSin x
c
+x c2-x2 3 c2+2 x2+4 π x4

64 c x4
-c < x < 0

3 3 c4 ArcSin x
c
-x c2-x2 3 c2+2 x2+8 x4 ArcCos x

c


64 c x4
0 < x ≤ c

Indeterminate True

, {x, -∞, ∞},

Assumptions→ R > 0 ∧ c > 0;

FullSimplify[PDF[ωx, x]]
9 π c3

128 R3 x4
c < R x ∨ c + R x ≤ 0

3 R x c2-R2 x2 3 c2+2 R2 x2+8 R4 x4-3 c4 sin-1
R x

c
+4 π R4 x4

64 c R3 x4
c + R x > 0 ∧ R x < 0

3 -R x c2-R2 x2 3 c2+2 R2 x2+3 c4 sin-1
R x

c
+8 R4 x4 cos-1

R x

c


64 c R3 x4
R x > 0 ∧ c ≥ R x

Indeterminate True

The standard deviation of ωx is:
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StandardDeviation[ωx]

2
3
c

R

This is the end of the whole proof.

Part 6. Differences Between the Two Solving Methods (Schrödinger Equation 
and Eq. 40)

This code takes approximately 2 days.
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In[!]:= Clear["Global`*"];

usol =DSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2, ψ, {x, t};

F[x_] := ⅇ-x; L = 20;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-2 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 40;

s1 = Plot3DAbs[usol[x, t]] - 102 Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {-0.002, 0.003}},
AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{-0.002, -0.002, {0.012, 0}, Thickness→ 0.003}, {-0.001, -0.001, {0.012, 0}, Thickness→ 0.003},
{0, "0.000", {0.012, 0}, Thickness→ 0.003}, {0.001, 0.001, {0.012, 0}, Thickness→ 0.003},
{0.002, "0.002", {0.012, 0}, Thickness→ 0.003}, {0.003, "0.003", {0.012, 0}, Thickness→ 0.003}}},

LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1}
FindMaxValueAbs[usol[x, t]] - 102 Abs[vsol[x, t]], x > 0, t > 0, {x, t}, WorkingPrecision→ 34
Abs[usol[x, t]] /. Last

FindMaximumAbs[usol[x, t]] - 102 Abs[vsol[x, t]], x > 0, t > 0, {x, t}, WorkingPrecision→ 34
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/S 1.png",

s1, Background→None, ImageResolution→ 300];

Out[!]=

Out[!]= 0.01137609304650582034220637885507277

Part 7. Another Comparison When the Initial Wave Function Is 1.4 e-2 x2

This code takes approximately 3 hours.

Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;
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usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵
6

5
ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 22;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵
7

5
ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 26;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] \ -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plot3D
5

6
Abs[usol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,

MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}},
AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["a", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G2 = Plot3D
5

7
Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,

MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}},
AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["b", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G3 = Plot3D[Norm[Evaluate[{u[x, t], v[x, t]} /. xsol]], {t, 0, 1.6}, {x, -8, 8},
PlotPoints→ 60, MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}},
AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["c", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];
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G4 = Plot
5

6
Norm[usol[x, 1]],

5

7
Norm[vsol[x, 1]], Norm[Evaluate[{u[x, 1], v[x, 1]} /. xsol]], {x, -3.8, 3.8},

PlotStyle→ {{Red, Thickness→ 0.005}, {Blue, Thickness→ 0.005}, {Black, Thickness→ 0.005}},
PlotRange→ {{-3, 3}, {-0.02, 0.9}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[.3], Thickness→ 0.0012], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22], PlotLegends→
Placed[LineLegend[{Directive[Red, Thickness[0.0036]], Directive[Blue, Thickness[0.0036]], ,

Directive[Black, Thickness[0.0036]]}, {"1.2", "1.4", "Dirac"}], {0.873, 0.72}];
s2 =GraphicsGrid[{{G1, G2}, {G3, G4}}, Alignment→ Bottom, ImageSize→ 700,

Epilog→ Text[Style["d", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.556, 0.739}]]];
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/S 2.png",

s2, Background→None, ImageResolution→ 600];

ImageResize[s2, 1200]

NDSolveValue: Warning: scaled local spatial error estimate of 52.4157 at t = 3.0000000000000000000000000
in the direction of independent variable x is much greater than the prescribed error tolerance. Grid spacing
with 1239 points may be too large to achieve the desired accuracy or precision. A singularity may have formed
or a smaller grid spacing can be specified using the MaxStepSize or MinPoints method options.

Out[!]=

########################################################
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Part 8. Figures Used in This Article
###### Figure1##############################################

Clear["Global`*"];

aa =GraphicsRGBColor
178

255
,
252

255
,
61

255
, Rectangle[{0, 0}, {1, 1}],

RGBColor
178

255
,
252

255
,
61

255
, 0.5, Rectangle[{1, 0}, {2, 1}],

RGBColor
250

255
,
200

255
, 0, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0.7, 0.54}, {1.3, 0.54}}]},

RGBColor
250

255
,
200

255
, 0, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.3, 0.46}, {0.7, 0.46}}]},

RGBColor
178

255
,
252

255
,
61

255
, 0.5, Arrowheads[0.06],

{Thickness[0.006], Arrow[{{0, -1.3}, {1.2, -1.3}}]},

RGBColor
178

255
,
252

255
,
61

255
, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {0.8, -0.3}}]},

{Orange, {Thickness[0.002], DotDashed, Line[{{1, -0.05}, {1, 1.05}}]}},
{Orange, {Thickness[0.004], Dashed, Line[{{0.8, -0.3}, {2, -0.3}}]}},
{Orange, {Thickness[0.004], Dashed, Line[{{1.2, -1.3}, {2, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.2, -1.3}, {0.8, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {2, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {1, -0.8}}]}},
Text[Style["V", 24, FontFamily→ "Euclid Math One", White], {0.45, 0.5}],
Text[Style["A", 17, FontFamily→ "Arial", White], {0.513, 0.456}],
Text[Style["V", 24, FontFamily→ "Euclid Math One", White], {1.55, 0.5}],
Text[Style["B", 17, FontFamily→ "Arial", White], {1.616, 0.455}],
Text[Style["D", 24, FontFamily→ "Arial", Orange, Italic], {0.982, 0.63}],
Text[Style["A", 17, FontFamily→ "Arial", Orange], {1.063, 0.59}],
Text[Style["D", 24, FontFamily→ "Arial", Orange, Italic], {0.982, 0.38}],
Text[Style["B", 17, FontFamily→ "Arial", Orange], {1.065, 0.34}],
Text[Style["Φ", 24, FontFamily→ "Arial", Orange], {1.06, 1.08}],
Text[Style["O", 24, FontFamily→ "Arial", Orange], {0, -1.39}],

TextStyle"B", 24, FontFamily→ "Arial", RGBColor
178

255
,
252

255
,
61

255
, 0.5, {1.2, -1.39},

TextStyle"A", 24, FontFamily→ "Arial", RGBColor
178

255
,
252

255
,
61

255
, {0.7, -0.28},

Text[Style["C", 24, FontFamily→ "Arial", Orange], {2.02, -0.4}],
Text[Style["M", 24, FontFamily→ "Arial", Orange], {0.972, -0.93}],
Inset[Style["a", Black, Bold, FontFamily→ "Arial", FontSize→ 24], {0.034, 1.12}],
Inset[Style["b", Black, Bold, FontFamily→ "Arial", FontSize→ 24], {0.034, -0.2}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 1.png",
aa, Background→None, ImageResolution→ 600];

###### Figure1##############################################

###### Figure2##############################################
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Clear["Global`*"];
text =Graphics{Gray, Line[{{1, 0}, {1, 10}}], Line[{{2, 0}, {2, 10}}],

Line[{{3, 0}, {3, 10}}], Line[{{4, 0}, {4, 10}}], Line[{{5, 0}, {5, 10}}],
Line[{{6, 0}, {6, 10}}], Line[{{7, 0}, {7, 10}}], Line[{{8, 0}, {8, 10}}], Line[{{9, 0}, {9, 10}}],
Line[{{0, 1}, {10, 1}}], Line[{{0, 2}, {10, 2}}], Line[{{0, 3}, {10, 3}}], Line[{{0, 4}, {10, 4}}],
Line[{{0, 5}, {10, 5}}], Line[{{0, 6}, {10, 6}}], Line[{{0, 7}, {10, 7}}], Line[{{0, 8}, {10, 8}}],

Line[{{0, 9}, {10, 9}}], Orange, Rectangle[{6, 4}, {7, 5}]}, PlotRangePadding→
1

1000
;

fg1 = ShowPlot3D[Sin[x +Cos[y]], {x, -3, 3}, {y, -3, 3}, PlotStyle→ Texture[text],
Mesh→None, Lighting→ "Neutral",
PlotLabels→ Placed[Style["dS", 14, FontFamily→ "Arial", Orange],

{0.58, -0.3, 0.21 + Sin[0.88 +Cos[-0.3]]}], BoundaryStyle→None, Boxed→ False,
Axes→None, ViewPoint→ {1, -1.9, 1.4}], Graphics3D{Thickness[0.007], Black,

Arrow[{{0, 0, 0}, {-Evaluate[D[Sin[x +Cos[y]], x] /. {x→ 0.88, y→-0.3}],
-Evaluate[D[Sin[x +Cos[y]], y] /. {x→ 0.88, y→-0.3}], 1}} +

{{0.88, -0.3, Sin[0.88 +Cos[-0.3]]}, {0.88, -0.3, Sin[0.88 +Cos[-0.3]]}}]},
{Text[Style["N", 14, FontFamily→ "Arial", Bold, Italic, Black],

{-Evaluate[D[Sin[x +Cos[y]], x] /. {x→ 0.88, y→-0.3}],
-Evaluate[D[Sin[x +Cos[y]], y] /. {x→ 0.88, y→-0.3}], 1} +

{0.88, -0.3, Sin[0.88 +Cos[-0.3]]} + {0.02, 0.03, 0.23}]},
{Thickness[0.007], Blue, Arrow[{{0.88, -0.3, Sin[0.88 +Cos[-0.3]]}, {1.88, -0.5, 2}}]},
TextStyle"^", 14, FontFamily→ "Arial", Bold, Italic, Blue, {2.01, -0.5, 2.01},
{Text[Style["Σ", 14, FontFamily→ "Arial", Italic, Gray], {-2.14, -1.5, 0.7}]};

fg2 =Rasterize[fg1, "Image", RasterSize→ 1500, Background→None];
bb = ImageTake[fg2, {145, 935}, {60, 1455}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png", bb];

###### Figure2##############################################

###### Figure3##############################################

This code takes approximately 20 minutes.

Clear["Global`*"];
Needs["NDSolve`FEM`"];

Ω= ImplicitRegion
16

10 000
≤ x2 + y2 + z2 ≤ 16, {x, y, z};

nr = 50; nφ = 50; nθ = 50;

coordinates = Flatten Table{r Sin[φ]Cos[θ], r Sin[φ] Sin[θ], r Cos[φ]}, r,
4

100
, 4, 4 -

4

100
(nr - 1),

φ,
1

10 000
, π -

1

10 000
, π -

2

10 000
(nφ - 1), {θ, 0, 2 π, 2 π/(nθ - 1)}, 2;

incidents = Flatten[Table[Block[{p1 = ( j - 1)*nr + i, p2 = j*nr + i, p3 = p2 + 1, p4 = p1 + 1, p5, p6, p7, p8},
{p5, p6, p7, p8} = {p1, p2, p3, p4} + k*nr*nφ;
{p1, p2, p3, p4} += (k - 1)*nr*nφ;
{p1, p2, p3, p4, p5, p6, p7, p8}], {i, 1, nr - 1}, { j, 1, nφ - 1}, {k, 1, nθ - 1}], 2];

mesh =
ToElementMesh["Coordinates"→ coordinates, "MeshElements"→ {HexahedronElement[incidents]}];

uif =NDSolveValue
∂2ℳ(x, y, z)

∂x2
+

∂2ℳ(x, y, z)

∂ y2
+

∂2ℳ(x, y, z)

∂ z2
-

∂ℳ(x, y, z)

∂x

2

-
∂ℳ(x, y, z)

∂ y

2

-

∂ℳ(x, y, z)

∂ z

2

⩵ 0, DirichletConditionℳ[x, y, z] ⩵ 1 + 2 ⅈ, x2 + y2 + z2⩵
16

10 000
,

, ℳ,

, ;
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DirichletConditionℳ[x, y, z] ⩵ 0, x2 + y2 + z2⩵ 16, ℳ,

{x, y, z} ∈mesh, WorkingPrecision→ 28;

G1 = SliceDensityPlot3D(Norm[uif[x, y, z]])2, "CenterPlanes", {x, -4, 4}, {y, -4, 4},
{z, -4, 4}, Boxed→ False, Axes→None, ColorFunction→ (Hue[0.65, #1]&),
BoundaryStyle→Directive[Thickness[0.001], Gray], PlotRange→ {0, 5}, PlotPoints→ 100,
Epilog→ Text[Style["a", 23, FontFamily→ "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}];

G2 = Plot3D(Norm[uif[x, y, 0]])2, {x, -4, 4}, {y, -4, 4},
PlotRange→ {{-4.52, 4.52}, {-4.52, 4.52}, {-1.7, 5}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.001]], Directive[GrayLevel[0.4], Thickness[0.001]]},

BoundaryStyle→Directive[Thickness[0.001], Gray], Boxed→ False, Axes→None,
ColorFunction→ (Hue[0.65, #3]&), BoxRatios→Automatic, MeshStyle→Gray,
ImageSize→ {300, 300}, PlotPoints→ 30, ViewPoint→ {1.2, -2, 0.7},
Epilog→ Text[Style["b", 23, FontFamily→ "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}];

G3 =DensityPlot(Norm[uif[x, y, 0]])2, {x, -4, 4}, {y, -4, 4}, PlotRange→ {{-7.2, 7.2}, {-7.2, 7.2}, {0, 5}},
ColorFunction→ (Hue[0.65, #1]&), Frame→ False, PlotPoints→ 180,
Epilog→ {Text[Style["c", 23, FontFamily→ "Arial", Bold, Black], {-3.73, 4.2}],

{Directive[Thickness[0.001], Gray], Circle[{0, 0}, 4]}};
G4 = Plot(Norm[uif[x, 0, 0]])2, {x, -4, 4}, PlotRange→ {{-7.3, 7.3}, {-0.95, 6}},

ColorFunction→ (Hue[0.65, #2]&), PlotPoints→ 180, PlotStyle→ {Thickness→ 0.0036},
Frame→ False, Axes→None, AspectRatio→Automatic;

G4 = ShowG4, Plot(Norm[uif[x, 0, 0]])2, {x, -4, 4}, PlotRange→ {{-7.3, 7.3}, {-0.95, 0.9}},
PlotStyle→Directive[GrayLevel[0.66], Thickness→ 0.0036, Dashed],
Frame→ False, Axes→None, AspectRatio→Automatic;

cc =GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings→ {-70, -70}, ImageSize→ 700,
Epilog→ Text[Style["d", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.653, 0.38785}]]];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png",
cc, Background→None, ImageResolution→ 600];

afg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png"];

fg = ImageTake[afg, {550, 5150}, {700, 5120}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png", fg];

###### Figure3##############################################

###### Figure4##############################################

This code takes approximately 12 minutes.

Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;
F[x_] := ⅇ-x;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2 , ψ(-L, t) ⩵ ψ(L, t),

ψ, , , ;
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ψ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 18;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] \ -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plot3D1013 Abs[usol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},

AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},

AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["a", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G2 = Plot3D[Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,
PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},

AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},

AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["b", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

G3 = Plot3D[Abs[wsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,
PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},

AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},

AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["c", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

G4 = Plot3D[Norm[Evaluate[{u[x, t], v[x, t]} /. xsol]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},

AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},

AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

},
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{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["d", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

dd =GraphicsGrid[{{G1, G2}, {G3, G4}}, ImageSize→ 700];
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png",

dd, Background→None, ImageResolution→ 300];
bfg =

Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png"];

fg = ImageTake[bfg, {140, 2917}, {0, 2880}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png", fg];

###### Figure4##############################################

###### Figure5##############################################

This code takes approximately 11 minutes.

In[!]:= Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;
F[x_] := ⅇ-x;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2 , ψ(-L, t) ⩵ ψ(L, t),

ψ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 18;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] \ -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plotⅇ-2 x2 , {x, -3.8, 3.8}, PlotStyle→ {Gray, Thickness→ 0.005, Dashed},
PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[.3], Thickness→ 0.0014], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22],
Epilog→ Text[Style["t = 0.0", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

datau = Tablex, 1013 Norm[usol[x, 0.2]], {x, -4, 4};
fu =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;
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In[!]:=

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.2]] ⅆx

-1
 x2 Norm[vsol[x, 0.2]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.2]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] ⅆx

-1


x2 Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] ⅆx, {3, 2};

G2 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.2]], StringForm["σ = ``", σu], {0.7, 0.64}, {-0.21, 0.83},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.2]], StringForm["σ = ``", σv],
{0.7281, 1.03}, {0.11, 1.01}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.2]], StringForm["σ = ``", σw], {0.7, 0.9}, {0.23, 0.84},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]],
StringForm["σ = ``", σx], {0.7, 0.77}, {0.42, 0.74}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None], {x, -3.8, 3.8},

PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005}, {Blue, Thickness→ 0.005},
{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}}, PlotRange→ {{-3, 3}, {-0.02, 1.1}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
Frame→ {{False, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[.3], Thickness→ 0.0012], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

Epilog→ Text[Style["t = 0.2", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];
G2 = Show[G2, LabelStyle→ {FontFamily→ "Arial", 22, GrayLevel[0]}];
datau = Tablex, 1013 Norm[usol[x, 0.4]], {x, -4, 4};
fu =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.4]] ⅆx

-1
 x2 Norm[vsol[x, 0.4]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.4]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.4]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] ⅆx

-1


x2 , ;
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In[!]:=

x2 Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] ⅆx, {3, 2};

G3 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.4]], StringForm["σ = ``", σu], {0.8, 0.54}, {-0.22, 0.7},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.4]], StringForm["σ = ``", σv],
{0.8, 0.93}, {0.157, 0.93}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.4]], StringForm["σ = ``", σw], {0.8, 0.67}, {0.23, 0.713},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]],
StringForm["σ = ``", σx], {0.8, 0.8}, {0.14, 0.756}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None],

{x, -3.8, 3.8}, PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}},

PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[.3], Thickness→ 0.0014], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
Epilog→ Text[Style["t = 0.4", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

G3 = Show[G3, LabelStyle→ {FontFamily→ "Arial", 22, GrayLevel[0]}];
datau = Tablex, 1013 Norm[usol[x, 0.6]], {x, -4, 4};
fu =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.6]] ⅆx

-1
 x2 Norm[vsol[x, 0.6]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] ⅆx

-1


x2 Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] ⅆx, {3, 2};

G4 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.6]], StringForm["σ = ``", σu], {1.1, 0.49}, {0.79, 0.52},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.6]], StringForm["σ = ``", σv],
{1.1, 0.88}, {0.157, 0.815}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.6]], StringForm["σ = ``", σw], {1.1, 0.62}, {0.79, 0.52},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]],
StringForm["σ = ``", σx], {1.1, 0.75}, {0.64, 0.69}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None],

,
,
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In[!]:=

{x, -3.8, 3.8}, PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}},

PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[.3], Thickness→ 0.0012], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
Epilog→ Text[Style["t = 0.6", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

G4 = Show[G4, LabelStyle→ {FontFamily→ "Arial", 22, GrayLevel[0]}];
ee =GraphicsGrid{{G1, G2}, {G3, G4}}, ImageSize→ 800, Spacings→ {Scaled[-0.2], Scaled[0.16]},

Epilog→ InsetLineLegend{Directive[Red, Thickness[0.004]], Directive[Blue, Thickness[0.004]],
Directive[Orange, Thickness[0.004]], Directive[Green, Thickness[0.004]]},

Style"Eq. 401", FontFamily→ "Arial", FontSize→ 22, Style"Eq. 402", FontFamily→ "Arial",
FontSize→ 22, Style["Schrödinger", FontFamily→ "Arial", FontSize→ 22],

Style["Dirac", FontFamily→ "Arial", FontSize→ 22], LegendFunction→
(Framed[#, RoundingRadius→ 5, FrameStyle→GrayLevel[.3]]&), Scaled[{0.5, 1.081}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png",
ee, Background→None, ImageResolution→ 300];

cfg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png"];

fg = ImageTake[cfg, {0, 2325}, {130, 3200}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png", fg];

###### Figure5##############################################

###### Figure6##############################################

This code takes approximately 7 hours.

Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵ ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵
6

5
ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 22;

xsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵
7

5
ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 26;

G1 = Plot1013 Norm[usol[0, t]], Norm[vsol[0, t]], FindMaxValue[Norm[vsol[x, t]], {x, 0, 3}],

, ,
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5

6
Norm[wsol[0, t]], FindMaxValue

5

6
Norm[wsol[x, t]], {x, 0, 3},

5

7
Norm[xsol[0, t]], FindMaxValue

5

7
Norm[xsol[x, t]], {x, 0, 3},

{t, 0, 3}, PlotStyle→ {{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005},
{Green, Thickness→ 0.005, Dashed}, {Blue, Thickness→ 0.005},
{Blue, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005}, {Red, Thickness→ 0.005, Dashed}},

PlotRange→ {{0, 3}, {0, 1.23}}, Frame→ {{True, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002], FrameTicks→
{{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}, {2.0, "2.0", {0.01, 0}, Thickness→ 0.003},
{2.5, "2.5", {0.01, 0}, Thickness→ 0.003}, {3.0, "3.0", {0.01, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.2, 0.2, {0.012, 0}, Thickness→ 0.003}, {0.4, "0.4", {0.012, 0}, Thickness→ 0.003},
{0.6, "0.6", {0.012, 0}, Thickness→ 0.003}, {0.8, "0.8", {0.012, 0}, Thickness→ 0.003},
{1.0, "1.0", {0.012, 0}, Thickness→ 0.003}, {1.2, "1.2", {0.012, 0}, Thickness→ 0.003}}},

FrameLabel→ {Style["t", 22, FontFamily→ "Arial", Black, Italic, Bold]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22];

xv =NArgMax[Norm[vsol[0, t]], {t, 0.1, 0.5}];
xw =NArgMax[Norm[wsol[0, t]], {t, 0.1, 0.5}];
xx =NArgMax[Norm[xsol[0, t]], {t, 0.1, 0.5}];

G2 = Plot1013 Norm[usol[x, 0]], Norm[vsol[x, xv]],
5

6
Norm[wsol[x, xw]],

5

7
Norm[xsol[x, xx]],

{x, -3, 3}, PlotStyle→ {{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Red, Thickness→ 0.005}}, PlotRange→ {{-3, 3}, {-0.02, 1.23}},

Frame→ {{False, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[.3], Thickness→ 0.0012], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22];

ff = LabeledGraphicsRow{G1, G2}, ImageSize→ 800, Spacings→ Scaled[-0.2],
Epilog→ InsetLineLegend{Directive[Orange, Thickness[0.004]], Directive[Green, Thickness[0.004]],

Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},
Style"10-13 ", FontFamily→ "Arial", FontSize→ 22,
Style["1.0 ", FontFamily→ "Arial", FontSize→ 22], Style["1.2 ", FontFamily→ "Arial",
FontSize→ 22], Style["1.4", FontFamily→ "Arial", FontSize→ 22],

LegendFunction→ (Framed[#, RoundingRadius→ 5, FrameStyle→GrayLevel[.3]]&),
LegendLayout -> "Row", Scaled[{0.5, 0.8}],

Text[Style[" a b", 22, FontFamily→ "Arial", Bold, Black]],
{{Top, Left}},
Spacings→ {0, -0.3}

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png",
ff, Background→None, ImageResolution→ 300];

dfg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png"];

fg = ImageTake[dfg, {0, 1250}, {90, 3200}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png", fg];
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NDSolveValue: Warning: scaled local spatial error estimate of 52.4157 at t = 3.0000000000000000000000000
in the direction of independent variable x is much greater than the prescribed error tolerance. Grid spacing
with 1239 points may be too large to achieve the desired accuracy or precision. A singularity may have formed
or a smaller grid spacing can be specified using the MaxStepSize or MinPoints method options.

###### Figure6##############################################

###### Figure7##############################################

In[!]:= Clear["Global`*"];
ℛ1 = Sphere[{0, 0, 0}, 1];
ℛS1 = Point[{0, 0, 0}];

ℛ2 = Sphere
1

2
, -

3

4
,
3

4
, 1;

A = Line
1

2
,

3

4
, 0, 

1

2
,

3

4
, 1;

pts1 = Solve[{x, y, z} ∈ ℛ1 && {x, y, z} ∈ A, {x, y, z}];

ℛ3 =Arrow{0, 0, 0}, 
1

2
, -

3

4
, z /. Association[pts1];

{u, v, w} =Normalize{0, 0, 1}⨯
1

2
, -

3

4
, z /. Association[pts1];

θ =VectorAngle
1

2
, -

3

4
, z /. Association[pts1], {0, 0, 1};

M =

u2 + 1 - u2 cos(θ) u v (1 - cos(θ)) - w sin(θ) u w (1 - cos(θ)) + v sin(θ) 0

u v (1 - cos(θ)) + w sin(θ) v2 + 1 - v2 cos(θ) v w (1 - cos(θ)) - u sin(θ) 0

u w (1 - cos(θ)) - v sin(θ) v w (1 - cos(θ)) + u sin(θ) w2 + 1 - w2 cos(θ) 0
0 0 0 1

;

ℛ4 = ParametricPlot3D[Take[M.{r Cos[t], r Sin[t], 1, 1}, 3],
{r, 0, 1}, {t, 0, 2 Pi}, PlotStyle→ {Orange, Opacity[0.4]}, Mesh→None];

ℛ5 =Arrow
1

2
, -

3

4
, z /. Association[pts1], TakeM.-

1

2
,
1

4
, 1, 1, 3;

ℛS2 = Point
1

2
, -

3

4
, z /. Association[pts1];

A = LineTakeM.-
1

2
,
1

4
, 1, 1, 3, TakeM.-

1

2
,
1

4
, 2, 1, 3;

pts2 = Solve[{x, y, z} ∈ ℛ2 && {x, y, z} ∈ A, {x, y, z}];

ℛ6 = LineTakeM.-
1

2
,
1

4
, 1, 1, 3, {x, y, z} /. Association[pts2];

ℛ7 =Arrow
1

2
, -

3

4
, z /. Association[pts1], {x, y, z} /. Association[pts2];

ℛ8 = Point[{x, y, z} /. Association[pts2]];

ℛ9 = LineTakeM.-
1

2
,
1

4
,
20 + 5

20
, 1, 3, TakeM.-

1

2
+
1

10
,
1

4
-
1

20
,
20 + 5

20
, 1, 3;

ℛ10 = LineTakeM.-
1

2
+
1

10
,
1

4
-
1

20
, 1, 1, 3, TakeM.-

1

2
+
1

10
,
1

4
-
1

20
,
20 + 5

20
, 1, 3;

gg = ShowGraphics3D ,
, ,
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In[!]:=

gg = ShowGraphics3D{Blue, Specularity[White, 30], Opacity[0.3], ℛ1},
{PointSize[Large], Blue, ℛS1}, {Orange, Specularity[White, 20], Opacity[0.3], ℛ2},
{PointSize[Large], Blue, ℛS2}, {Blue, Thickness[0.0085], ℛ3}, {Thickness[0.0085], Orange, ℛ5},
{Thickness[0.005], Dashed, Orange, ℛ6}, {Thickness[0.0085], Orange, ℛ7},
{PointSize[Large], Orange, ℛ8}, {Thickness[0.0085], Orange, ℛ9},
{Thickness[0.0085], Orange, ℛ10}, {Text[Style["S", 24, FontFamily→ "Arial", Blue], {0.14, 0, 0}]},

TextStyle["r", 24, FontFamily→ "Arial", Bold, Italic, Blue], TakeM.0.11, 0,
1

2
, 1, 3,

{Text[Style["S'", 24, FontFamily→ "Arial", Orange], Take[M.{0.14, 0, 1, 1}, 3]]},

TextStyle["D'", 24, FontFamily→ "Arial", Orange], TakeM.
1

2
, 0.22, 1, 1, 3,

TextStyle["v", 24, FontFamily→ "Arial", Bold, Italic, Orange],

TakeM.-
1

4
+ 0.12, 0, 1 +

3

4
, 1, 3, Text

Style["S", 13, FontFamily→ "Arial", Orange], TakeM.-
1

4
+ 0.196, 0, 0.98 +

3

4
, 1, 3,

TextStyle["ω'", 24, FontFamily→ "Arial", Bold, Orange], TakeM.-
1

4
, 0, 0.928, 1, 3,

ℛ4, Lighting→Automatic, Boxed→ False, ViewPoint→ {0, -∞, 0}
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 7.png",

gg, Background→None, ImageResolution→ 600];

###### Figure7##############################################

###### Figure8##############################################
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In[!]:= Clear["Global`*"];
R = 3;
c = 1;

hh = Plot

9 π c3

128 R3 x4
x > c

R
∨ x ≤ - c

R

3 8 R4 x4-3 c4 sin-1 R x
c
+R x (c-R x) (c+R x) 3 c2+2 R2 x2+4 π R4 x4

64 c R3 x4
- c
R
< x < 0

9 c4 sin-1 R x
c
-3 R x (c-R x) (c+R x) 3 c2+2 R2 x2+24 R4 x4 cos-1 R x

c


64 c R3 x4
0 < x ≤ c

R

,

{x, -0.8 c, 0.8 c}, PlotStyle→ {Blue, Thickness→ 0.0032}, PlotRange→ {-0.8 c, 0.8 c}, 0,
2

c
,

Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
AxesStyle→Directive[GrayLevel[.3], Thickness→ 0.001],
FrameTicks→ {{{-0.7, "", {0.008, 0}, Thickness→ 0.001}, {-0.6, "", {0.008, 0}, Thickness→ 0.001},

{-0.5, -0.5, {0.012, 0}, Thickness→ 0.001}, {-0.4, "", {0.01, 0}, Thickness→ 0.001},
{-0.3, "", {0.008, 0}, Thickness→ 0.001}, {-0.2, "", {0.008, 0}, Thickness→ 0.001},
{-0.1, "", {0.008, 0}, Thickness→ 0.001}, {0, "0.0", {0.012, 0}, Thickness→ 0.0011},
{0.1, "", {0.008, 0}, Thickness→ 0.001}, {0.2, "", {0.008, 0}, Thickness→ 0.001},
{0.3, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.008, 0}, Thickness→ 0.001},
{0.5, "0.5", {0.012, 0}, Thickness→ 0.001}, {0.6, "", {0.008, 0}, Thickness→ 0.001},
{0.7, "", {0.008, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001}},

{{0, "0.0"}, {0.1, "", {0.008, 0}, Thickness→ 0.001}, {0.2, "", {0.008, 0}, Thickness→ 0.001},
{0.3, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.008, 0}, Thickness→ 0.001},
{0.5, "0.5", {0.012, 0}, Thickness→ 0.001}, {0.6, "", {0.008, 0}, Thickness→ 0.001},
{0.7, "", {0.008, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001},
{0.9, "", {0.008, 0}, Thickness→ 0.001}, {1, "1.0", {0.012, 0}, Thickness→ 0.001},
{1.1, "", {0.008, 0}, Thickness→ 0.001}, {1.2, "", {0.008, 0}, Thickness→ 0.001},
{1.3, "", {0.008, 0}, Thickness→ 0.001}, {1.4, "", {0.008, 0}, Thickness→ 0.001},
{1.5, "1.5", {0.012, 0}, Thickness→ 0.001}, {1.6, "", {0.008, 0}, Thickness→ 0.001},
{1.7, "", {0.008, 0}, Thickness→ 0.001}, {1.8, "", {0.008, 0}, Thickness→ 0.001},
{1.9, "", {0.008, 0}, Thickness→ 0.001}, {2, "2.0", {0.012, 0}, Thickness→ 0.001}}},

FrameLabel→ {"ωX", "Probability Density"}, LabelStyle→
Directive[Black, FontFamily→ "Arial", FontSize→ 14]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 8.png",
hh, Background→None, ImageResolution→ 600];

###### Figure8##############################################

###### Figure9##############################################

NOTE: This code takes approximately 15.6 hours.
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Clear["Global`*"];
m = 1 000 000;
n = 1000;
R = 3;
c = 100;
sl = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For j = 1, j <m + 1, j++,

ℋ =RandomPoint[Ball[{0, 0, 0}, R], n];

Fori = 1, i < n + 1, i++, ℋ[[i]] =
ℋ[[i]]

ℋ[[i]][[1]]2 +ℋ[[i]][[2]]2 +ℋ[[i]][[3]]2
;

ℋθ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ = {0, 0, 0};
For[i = 1, i < n + 1, i++, ℋℋ =ℋℋ +ℋ[[i]]⨯ℋθ[[i]]];
Clear[ℋ , ℋθ];

sl =AppendTosl, Norm
1

n
ℋℋ;

$= SmoothKernelDistribution[sl, InterpolationPoints→ 100, MaxRecursion→ 3];

ii = PlotPDFMaxwellDistribution
c 2

3

R
 1000 , x, PDF[$, x],

{x, 0, 5.1}, PlotRange→ {{-0.1, 5.21}, {-0.023, 0.73}},
PlotStyle→ {{Blue, Thickness→ 0.0032}, {Red, Thickness→ 0.0032}},
Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
FrameTicks→ {{{0, "0", {0.012, 0}, Thickness→ 0.001},

{0.2, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.012, 0}, Thickness→ 0.001},
{0.6, "", {0.01, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001},
{1, "1", {0.012, 0}, Thickness→ 0.001}, {1.2, "", {0.008, 0}, Thickness→ 0.001},
{1.4, "", {0.008, 0}, Thickness→ 0.001}, {1.6, "", {0.008, 0}, Thickness→ 0.001},
{1.8, "", {0.008, 0}, Thickness→ 0.001}, {2, "2", {0.012, 0}, Thickness→ 0.001},
{2.2, "", {0.008, 0}, Thickness→ 0.001}, {2.4, "", {0.012, 0}, Thickness→ 0.001},
{2.6, "", {0.008, 0}, Thickness→ 0.001}, {2.8, "", {0.008, 0}, Thickness→ 0.001},
{3, "3", {0.012, 0}, Thickness→ 0.001}, {3.2, "", {0.008, 0}, Thickness→ 0.001},
{3.4, "", {0.008, 0}, Thickness→ 0.001}, {3.6, "", {0.008, 0}, Thickness→ 0.001},
{3.8, "", {0.008, 0}, Thickness→ 0.001}, {4, "4", {0.012, 0}, Thickness→ 0.001},
{4.2, "", {0.008, 0}, Thickness→ 0.001}, {4.4, "", {0.008, 0}, Thickness→ 0.001},
{4.6, "", {0.008, 0}, Thickness→ 0.001}, {4.8, "", {0.008, 0}, Thickness→ 0.001},
{5, "5", {0.012, 0}, Thickness→ 0.001}, {5.2, "", {0.008, 0}, Thickness→ 0.001}},

{{0, "0.0", {0.012, 0}, Thickness→ 0.001}, {0.1, "0.1", {0.012, 0}, Thickness→ 0.001},
{0.2, "0.2", {0.012, 0}, Thickness→ 0.001}, {0.3, "0.3", {0.012, 0}, Thickness→ 0.001},
{0.4, "0.4", {0.012, 0}, Thickness→ 0.001}, {0.5, "0.5", {0.012, 0}, Thickness→ 0.001},
{0.6, "0.6", {0.012, 0}, Thickness→ 0.001}, {0.7, "0.7", {0.012, 0}, Thickness→ 0.001}}},

FrameLabel→ {":ω;", "Probability Density"}, LabelStyle→
Directive[Black, FontFamily→ "Arial", FontSize→ 14],

Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style["Theoretical", FontFamily→ "Arial", FontSize→ 14],
Style["Simulated", FontFamily→ "Arial", FontSize→ 14]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[.6]]&)], Scaled[{0.732, 0.644}]];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 9.png",
ii, Background→None, ImageResolution→ 600];

Out[!]=

###### Figure9##############################################
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###### Figure10##############################################

In[!]:= jj =Graphics[{{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{-2, 0}, {-2, 0.3}}], Arrowheads[{{.03, 1}}], Arrow[{{2, 0}, {2, -0.3}}], Blue,
Thickness[0.001], Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[{{0, 2}, {0, -2}}],
Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[BezierCurve[{{-0.4, 2}, {-0.1, 0}, {-0.4, -2}}]],
Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[BezierCurve[{{0.4, 2}, {0.1, 0}, {0.4, -2}}]]},

{Directive[Thickness[0.004], Orange], Circle[{5, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{3, 0}, {3, 0.3}}], Arrowheads[{{.03, 1}}], Arrow[{{7, 0}, {7, -0.3}}], Blue,
Thickness[0.001], Arrowheads[{{-.02, 0}, {-.02, .4}, {-.02, 0.8}}], Arrow[{{5, 2}, {5, -2}}],
Arrowheads[{{-.02, 0}, {-.02, .4}, {-.02, 0.8}}], Arrow[BezierCurve[{{4.6, 2}, {4.9, 0}, {4.6, -2}}]],
Arrowheads[{{-.02, 0}, {-.02, .4}, {-.02, 0.8}}], Arrow[BezierCurve[{{5.4, 2}, {5.1, 0}, {5.4, -2}}]]},

{Directive[Thickness[0.004], Orange], Circle[{0, -5}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{2, -5}, {2, -5.3}}], Arrowheads[{{.03, 1}}], Arrow[{{-2, -5}, {-2, -4.7}}],
Blue, Thickness[0.001], Arrowheads[{{-.02, 0.1}, {.02, 0.9}}], Arrow[{{0, -3}, {0, -7}}],
Arrowheads[{{-.02, 0.12}, {.02, 0.88}}], Arrow[BezierCurve[{{-0.4, -3}, {-0.1, -5}, {-0.4, -7}}]],
Arrowheads[{{-.02, 0.12}, {.02, 0.88}}], Arrow[BezierCurve[{{0.4, -3}, {0.1, -5}, {0.4, -7}}]]},

{Directive[Thickness[0.004], Orange], Circle[{5, -5}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{3, -5}, {3, -4.7}}], Arrowheads[{{.03, 1}}], Arrow[{{7, -5}, {7, -5.3}}], Blue,
Thickness[0.001], Arrowheads[{{.02, 0.13}, {-.02, 0.87}}], Arrow[{{5, -3}, {5, -7}}],
Arrowheads[{{.02, 0.15}, {-.02, 0.85}}], Arrow[BezierCurve[{{4.6, -3}, {4.9, -5}, {4.6, -7}}]],
Arrowheads[{{.02, 0.15}, {-.02, 0.85}}], Arrow[BezierCurve[{{5.4, -3}, {5.1, -5}, {5.4, -7}}]]},

Inset[Style["a", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {-2, 2}],
Inset[Style["b", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {3, 2}],
Inset[Style["c", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {-2, -3}],
Inset[Style["d", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {3, -3}]}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 10.png",
jj, Background→None, ImageResolution→ 600];

###### Figure10##############################################

###### Figure11##############################################

In[!]:= kk =Graphics

Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Directive[Thickness[0.004], Orange],
Circle[{2.2, 0}, {1, 2}], Directive[Thickness[0.004], Orange], Circle[{4.4, 0}, {2, 1}],
Directive[Thickness[0.004], Orange], Circle[{6.6, 0}, {1, 2}], Directive[Thickness[0.004], Orange],

Circle[{8.8, 0}, {2, 1}], Directive[Thickness[0.004], Orange], Circle{-1, 4.6}, 1,
1

2
,

Directive[Thickness[0.004], Orange], Circle{0.1, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange],

Circle{1.2, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange], Circle{2.3, 4.6}, 

1

2
, 1,

Directive[Thickness[0.004], Orange], Circle{3.4, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange],

Circle{4.5, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange], Circle{5.6, 4.6}, 1,

1

2
,

Directive[Thickness[0.004], Orange], Circle{6.7, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange],

Circle{7.8, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange], Circle{8.9, 4.6}, 

1

2
, 1,

Directive[Thickness[0.004], Orange], Circle{10, 4.6}, 1,
1

2
, Directive[Thickness[0.003], Black],

Arrowheads[Large], Arrow[{{1.8, 2.5}, {7.1, 2.5}}], Directive[Thickness[0.004], Orange],
, , ,
, , ,
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In[!]:=

Arrowheads[Large], Arrow[{{1.8, 2.5}, {7.1, 2.5}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0.4, 1}, {0.6, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0, -1}, {-0.3, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{1.2, 0.2}, {1.2, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{3.2, -0.2}, {3.2, -0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.8, 1}, {5, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.4, -1}, {4.1, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{5.6, 0.2}, {5.6, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{7.6, -0.2}, {7.6, -0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{9.2, 1}, {9.4, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{8.8, -1}, {8.5, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-0.9, 5.1}, {-0.65, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-1, 4.1}, {-1.23, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-0.4, 4.7}, {-0.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{0.6, 4.7}, {0.6, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.3, 5.1}, {1.55, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.2, 4.1}, {0.97, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.8, 4.7}, {1.8, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{2.8, 4.7}, {2.8, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.5, 5.1}, {3.75, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.4, 4.1}, {3.17, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{4, 4.7}, {4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5, 4.7}, {5, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.7, 5.1}, {5.95, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.6, 4.1}, {5.37, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{6.2, 4.7}, {6.2, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.2, 4.7}, {7.2, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.9, 5.1}, {8.15, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.8, 4.1}, {7.57, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{8.4, 4.7}, {8.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{9.4, 4.7}, {9.4, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10.1, 5.1}, {10.35, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10, 4.1}, {9.77, 4.1}}], Directive[Thickness[0.002], Blue, Dashed],
Line[{{-2.2, -1.2}, {-2.2, 1.2}, {2.2, 1.2}, {2.2, -1.2}, {-2.2, -1.2}}],
Directive[Thickness[0.002], Blue, Dashed], Line[{{-2.1, 4}, {-2.1, 5.2}, {0.1, 5.2}, {0.1, 4}, {-2.1, 4}}],
Inset[Style["Direction of light", Black, FontFamily→ "Arial", FontSize→ 16], {4.1, 2.9}],
Inset[Style["f1", Blue, FontFamily→ "Arial", FontSize→ 16], {-0.9, 3.54}],
Inset[Style["f2", Blue, FontFamily→ "Arial", FontSize→ 16], {0, 1.7}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 11.png",
kk, Background→None, ImageResolution→ 600];

###### Figure11##############################################

###### Figure12##############################################

In[!]:= Needs["NDSolve`FEM`"];
Ω= ImplicitRegion0.0001 ≤ x2 + y2 ≤ 16, {x, y};
mesh = ToElementMesh[Ω, MeshRefinementFunction→

Function[{vertices, area}, area > 0.00003 (0.1 + 80 Norm[Mean[vertices]])]];

uif =NDSolveValueⅇ-u(x,y)
∂2u(x, y)

∂x2
+

∂2u(x, y)

∂ y2
-

∂u(x, y)

∂x

2

-
∂u(x, y)

∂ y

2

⩵ 0,

DirichletConditionu[x, y] ⩵ 1 + 2 ⅈ, x2 + y2⩵ 0.0001,

DirichletConditionu[x, y] ⩵ 0, x2 + y2⩵ 16, u, {x, y} ∈mesh;

ll =DensityPlot(Norm[uif[x, y]])2, {x, -4, 4}, {y, -4, 4}, PlotRange→ {{-6.2, 7.4}, {-6.2, 6.2}, {0, 5}},
ColorFunction→ (Hue[0.65, 3*#1]&), Frame→ False,
AspectRatio→Automatic, PlotPoints→ 80, Epilog→
 , ,
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In[!]:=

{Directive[Thickness[0.002], Gray, Dashed], Circle[{0, 0}, 4]}, {PointSize[0.01], Blue, Point[{0, 0}]},
{Directive[Thickness[0.004], Orange], Circle[{0, 4}, {1.4, 0.7}], Arrowheads[{{.03, 1}}],
Arrow[{{-1.4, 4}, {-1.39, 4.3}}], Arrowheads[{{.03, 1}}], Arrow[{{1.4, 4}, {1.39, 3.7}}],
Blue, Thickness[0.001], Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[{{0, 6}, {0, 2}}],
Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[BezierCurve[{{-1, 6}, {-0.4, 4}, {-0.5, 2}}]],
Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[BezierCurve[{{1, 6}, {0.4, 4}, {0.5, 2}}]]},

Directive[Thickness[0.004], Orange], RotateCircle
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{0, 4}, {1.4, 0.7},
π

4
,

Arrowheads[{{.03, 1}}], Arrow
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{-1.4, 4},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{-1.39, 4.3},

Arrowheads[{{.03, 1}}], Arrow
cos π

4
 -sin π

4

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