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1. Introduction
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Wn— AR NRARI ZE IR, SRTITAE R BH &R i e 20 o — A /N L7 oo
FRATTHR AR L R IR R A A LR, TS e AT A B Sl ? AT Ab )
FRAZR? A 2RBHEXMET? BR BRI ARERPLIHIEIZIE? G0
96 N2 ST P ECORBEE XATE R ? e AN I 58 7 I IR) 23 ] DA S 5 4
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) 22 %
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W] Aristotle. Ptolemy. Copernicus Fll Kepler 25 NI, AR HIAM
ARERR T 32 B I A7 ) R KV 208k, 38 52 3 4 FEUE 25 AT BRI 3. X H
R FHIRREE RS, VR B,

#| 1 Galileo M1 Newton I ], A7 Jy7K~F KK m, ANTHA 7 AR ™1
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PRI AR AT B A TR AR RS S ), BEAS 2 R AR FE S
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LRI, FEUS ) KA S E AL . R b, HE s 7RISR
RIARAE 340 BT 15 BERN R BAT AT O R E R ARKFA T E RS
FEAE T T HA ) 22 AR (Copenhagen School X & F /12211, WARfERTA
HH— R IAREAR T B 3.

HET ¥ EERNHEEHESH 4 ? EFA2EH Wheeler 1EiRIEFESLLE
QPR LS BRSUHER R RN Dirac J7RRAEA T ER& B IER? | X IRIA A
(1) BN 2 45 i 1 5 B AR 5 S DR A SRR SORER R 8N ) R B2 A4 2 9 HL, AR
FHEH, NERAR LRI W DA S B R AN g 2 e
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Newton JJ%%) B4ai WNEUF A 2 AT HE RS, P SCHIXT IR 4518 5 Lorentz #3748
)R A s N B - BT AR R 22, BAS 0 FI%E (40 Dirac JTRENE TR,
DABCE FhERR AR AR, SRR MARAS b fiff o i) @1 35, BN BE 7 K S A — e
TE AR R DL 5% B0 S5 R T AT Fr eSO, (H SEBR AT — 4> 56 4 % A
o FRAERE RN R Gt — PRI 55 2 WEC 7 AN ] B W) B B3R 200 2 i A Y
AT RS, AR e K 5l IEH (SIS 1E AT EIEAD . X
SRR TEZ R EH B CESM4EREE, BLORES 7 IrE Al i,
LS v PR A4 52 5 AN e A 0 B 22 IR SIEBR 0] R, S RO 3G N 1 AR 22 89 1) e AR RT e
PSSR AR AR AR DR A, X H B T I BERIA B 74 N R e s i B, “5%”
KARFAAE . WA A — MR EARPVBIEA . sh, B2 5 JEHRk R
1R HIEIR AN T2 35 , DAL I8 21 (1) PR AL B BE R U 1) [ A 22 o 45T ok o[l
MRE D E T JE— P YR I R e 2 1 5 0S8, DL, — > B LAl
fE7/BLE VRN

KRN ERFEAR G 770 JG HRIR T — Lol 2 h R 2 SEAR 5 1) i)
ST 1 — MR T 07 Ia VR R ) B LAk ) P B , 6 sG Aty b DA S ity
MR T —ANEBEREEE TR ZERSE — T2 %M (7, 330
X, MR T H S &1 7T B SRR R LR &, s R 7
H R E RL - TR BUR DR o AR ST T H A0 BN B8 2 5 2R B A W] e 2 LG S e
PN E BRI RIS 5 5 (AW 2 A8 2 | ki, Hh—ES
AIRZ WA 5635 2 B 2 R . BAF 2RO [FAT 2 AN IS 1387 TE A SCHE — 28
B AR B AR B R, T R R Dy U A — R RS BRI < Akt
HEANT,
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RIEETH2F EROE |2 s, DB EEE EEAE Mac il
Linux i /] Mathematica 12.0 (Wolfram Research Inc.) F3t47, H Ak RGhRA
A macOS High Sierra 10.13.6 1 Red Hat Enterprise Linux Server (Release 6.3
Kernel Linux 2.6.32-279.e16.x86_64) . % XF & 4~ H 4 o] & 1 filg v J5 v W
Supplementary Information. WIATEHEARSH T, YRR AB T RS0 8K
WH . BE TR BB FIAMET 6 . 5B, {ETEBENL: AL
Supplementary Information H[#)—£% “JETEE " 124000 B SO A AT SE bR N
B8 Bug HITG AR 226 (ANFE Fig. 5, [F—3kKEI /AL, Bl x =04
Bk, 7 ARPLERE, WRARXEAREMEPRERRSE S HEW, 5%
G LA TS RIS A ST - AT A 56 42— 3
3. Results and Discussions
3.1 XA AT A ARG

NEBEA B RFI VR H R T HIEIRILRI QRS , YR B 852
I KAAR AR, AN AR B T R AT LUA SR SR A O X L AR AR 67,
HAMBREE SN NS RIARIR . CRIME R A AR 2077 4 B
2O ERE R TEER G R, 7R T 2558k, M
SR FTEENTIE FH o 534k, 25 T LeHh AR AN A E AAT B (S
IS ) A2 (] B PR AN, NP SRAG I Se ARG R, 2 NREEA S
B Y0 ] A B 122 2 P HEHY

PRI, NFREISZAIEEE, RIEAR ARy 58 A AL BR | i AR A RE
WL, WRIEAAAE B MR R B R GXAS “HR7 RMXTH), Rfi B AKE
IR SEYRSAE S AR FM R ARSI, R ERE A o ire
T FATH REMI RIS, w2 — A I, RAERATICRIESR 2R
U e A IERA B B 6.

3.2 FHEFERF R

XAMEFZ LA LT 2 atE, JF HigHiERAAME R, HDIRIFAE— R
FEHIZE A JE 3. RAAMA 7P a2, XMERA 225 FENE
TR (AW . HAIRIES T, ARSI 3 FAH.:

AXIO 1: XAMEFREYIB K

RAEFE AL, AT h BRI A, IRMAER B AR AR
AT BEVEAE W ATZ AR T 0 AR JE At . XM A A AT REAFAE IR IR . A G
FAE; AR AVIAAAE. FSERRE: XNMEFEDAAE. R, F
PR, XY A R, BRI LA 0. B, IXAMES (B
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AXIO 2: XMHFHYREABSH

WA TR, 4K L A H A A B A AR e A
SE SN BEARANEIEIN . ARBER, XA T B TE BATI I 21— & Y6
WIS AR AN I RTAT, IR LSS B AR Bl R iia 7, RIFE At
SIS 2, TEEA SIS B, RCYPIRIES—4 CRIRT=
YLD J3 AT RIRE A S AH S5 R BN R R BE R A2 35 511 112 [ Il A2 43 A A Fa 1k
AR X B 5, XA Bk — € DLE PR, “ X MR
[P el v =3 S B N E NV E A R A T = ik /B M a T SR
B, XAMEFWRA I RN, BT SR R B N AR A (R Y
[R5 A2 3R o3 A1 AN B P IR 2 350 S5V I A s e T I A tH SR R AR
BB (B JUANERE ) R SGR A S JE A4
AXIO 3: XMEFHIW R EEIIH

XS R — AT G, AR AN TSR B PR o BRATDILIN 3 X AN 57
BRI BN, B MNRREIR AR A R I3 . o, XA AT
A AR NIE S T A 2 — RN FR IR . 04, XA B & — R ERE )
BEAE NG ?

PAEFPA U IX PR Joif BB BT Tl g sl i B f Rt .
RAOEF R ERR (LT I BDGHR AT RER, BUNIR BT 5
JRESARRITEIR, BRI ARE LT K R4 gt . Bim, A
A REAAAE IR, BMER, B fAdER . AEXMAT, 214
DRI AJFUCVEIR A, 6T IERIE IR+, AT 5] J3/E AT AL RR Hi ok
(S A A 5 e

PRI, 3X BRI AN EVE, WG NS B AT A LB A i I 21 ) 1 R A TR
IR S N ENSNINE Y TN ER e i S K 7 GAN iR S EiiE= o, el U ET (DS Sy B ]
W, 3.7 9, B IER R SRR . O R E SN TN R, BIE
AR 5 5, AKEATRERINAR] (BRI CEINED, H TN B8R R
JESER. DRk, kR B e R, R “ R OB E O TN R
T, BEEEBELT K, REZRFLT /N (E “IMFRTUEE T HE
ZEF, 3.3.5.2 R UE B R B GO BN T BUR B O B ORL T PR
(I AR T RE R AR

MR, BAFEE R N Ea s T NREL S MR,
RS EEE W UERITE T K. A, TRfEZ 4 KA EF, XATETS T
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H AT LA (B A7AE T R AR AL B . DRI, & RT BAJGAANEE , il 22 K25 (A AH
XA A VAT IR TRD MR B A (1) 0 75 /N2 [ s TG 75 /N~ R T IR 1) 2 ]
NRTCTF KRB AR AR Z A BN Fia8) . AT I/, BN AFAE A
I A, AN AP RE RS . N Rl 2 055 2 IR i BhRL 141 Bl C
NEATH R TCTT IR, AT AEAEERAE, A RASHEFEIIERREE,
EAT DK IE H R 25 o 1 — BARAT TR I L8015 55 /KL 1~ 2EL R R BE K Jot & 20 kL1
CRLFHE) I, IXEEEEOR 7 CREHE) MR RE ok (A28l k17
J AV BT 20 B 2 () 1 9% RS Maxwell 234 AE:, TEW. Supplementary
Information Z Part 1), X, Wf[E. ZS[A], HE. REMEEESMS A 2 HIL.
DRI, S A IA] AR IS, MR A R EMREEM S, SN MA
[ A7 BE RN B ()R R . K B, X T2 LR FHEK, X/
WL ERTCT /N BRTEad R BITEIRK, [R2% TEafiie. XA
BER AN, Hrr i BEia sh XANig 5, BLAS ], 73 fa], 3. FisEMpe Ea%
RES BOREA X5, X2 HO A B 21 70 JE 1<

PAE 3 25 A BRI IEAA M RARA, HAFAEPERGR T B GO HB—T7 1
14y, X BB AT = X — T AT S . 53h, X 3 SR AEE—EE
PEZTHR T AT AR BRSPS R 201 o B R AR LE TR T 2 ()32 4 2 e B A
HIGH . £ Bk 3 A ABEREAE b, ASCHEAT S BHENT, SR T 3 Kkik:
HYPO 1: FHEHEREZANEIIERTLT R RELFT /MBI SIRTHIK

e T I Nl v = R NI v T 4 G e 21 Bl W5 I N L
T3/ GENEE, SRR R T SR /M T HAREE T F B, T IR RI
“BISIRLT MR XA S
HYPO 2: o375 /M7 5 8 =4822 7] iz 33 B K/ MESE B = BERL

1B AXTIO 2 fTik, X EETG 75 /N HE A [F]— IR s, B BLEAT T2 1A )
J5 B R JEE K/ (Bl Bl B RN ) A% AH 25 B AT HoAR 221 5 — AR CT
TR 2 2] () Jot 5 O TR/ MRS I R XA = D, 7 mERANEE R
&, BAAEATE A2
HYPO 3: B55/MRLTZ R EAH A EAEH

RN R A B, M EAEH A S/, £/ PRF I, X
HARDFER . MT IR, X BB ENZ A A LG RN NI 5] )4
FHEAEF, 10 229077 CBRH AR D W B I T8 55 /N SR I e H 22 R0V S 8
KRR EA = 5L MAEH JIHP &, AN T 5 27 ST 3 ¥a 16
e



DL AR AR X M T 3 SRR A SRR R 3 BRI (R,
Rk, WTEX 3 AR EEAL A,

3.3 BT HEF BRI

TE Bk 3 6 AFRR 3 Z AR IR b, ASCHERT, 13X AN 5 TEAT 2R 5 X 45k
SAAE (AERLERE ) (A R/NARL T30 B 2 /0 PUMa] R, X DU R AT fedt e
ANTR] JR 8 DX IR A ST o 1Ky XA FURIE ) (FECIRYEE ) FIAR
SIN), TSR & . TR FIEs), YR ZENE R —E
BRI, XA A RS, A SR X AN SR TR YR, R
/N B R BRI TR R B A s B TR P oA AP, 290G 23 W) 22 1) 5 5 —
SERERLFI, XAM AT RS, RN R O IR YL, %
RN 73 [ 22 R 20 H 220 (LRI 74— B )
PRE) ARE (X0 TRE B A 54— H ) MRS . a5 X AN H B
JFEE sk (RIS B B EBCETAT R IR SR S 8 B 50 50,
W 2R IR T AN YERE ERPE S B R . R, IX AN SR AE DY AN A B Y
YERE, ZVULER (ZERIUNIRA TR S S, —4ER PN IRA TR R T )
PRI o I Bk, =4S (R —4E R [A) AL AR vT AR — DT ARG . 5% 3
WH TR 2 4E75 0], AR IE R A7 AE T DU 4R 2 1 ]

NTHEEG . EMHIARIE S, A0S & P R R 250 T0EITRA 2
R S BRI R 2 o 2 i AL BR AR R F DU 4 i 22 A br 22, BRI B BRYF AT BA
I E R, (HEI S I U R A . Einstein () SCRIXHE B T 104k
AR R (B2, KE—FES5ERE “UURA 7, REA TR 3
FE (WOGTEAAL) RSV, AR 5 26 2 45 PR AA A7) 391 1) 700 52 J vl R DR A 5
TR I 23 rp =22 [0 — 4 T AL bR 8 T “ Bag il ™, A8 T AT L
5 RN R I R 2R, TEAR IR A, #EAS S mm x DU 4 B 2 s A BRI G B R
B2, SPGB R B FRAT B A BT AR BLARGR &R N 2T 2 A AR

LRI e, XELPTRE) “ B A (B ARSI R R
“a i AR NS BRI, AR RAT S HYPO 1-3 FT45 564 (FEIX LA ]
BN “BESE R XREWRE, WK HFRAERE), 42 i
BEER D NIRRT R 3 Aot i 23 (BC5 2 AR R 4% AL 2D
FE A B

BESRFRATTH B IR AR X AN 5, IR 0 B — 5 s AR R T AR
W B, XTI G T @ R . ST LR, A
WGAE 4 2 (3 gE=SIan 1 4ERS TR 4t ALAR R T LY BRI A 2 A
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3.3.1 YjEAER

X HEA HYPO 1-3 A45 81—k, {FNASCY AR XA i eR 24
IBEEEZ TR BT TT NI SIRL TR G IR BTG 55 /N 778 5 | =447 (]
iz B /IS BT RIBENL: o5 /MR Z R A EAE ] ANFR E T 2
U
3.3.2 BRSO 12280

NHER Big (3.3.1 ) YRR AR AR OB SO AHXS IR RN . X B R0
W, AR RSO LR YRR A B “Te55/NKLT” B R “1 By
KL BLC“UINRLT 7, TR & ASIZRE R 2R SE R SOk TR “k
PR ") IS 3 RN e (o, <o, Hi o ok g RN AME,
Gjilﬁﬁ‘/ﬁ%% A EIEENL. T7&, XEHE T Euclidean space 7 [ <55 [l
WU o A SO F G575 125 A ) — 2 ey ) J3 ) 1) B B R SCARDX i
RBLo 2[R — = 4E A —FERL P (Bt [mFE— A7 isshnt, Kohgtit
FRNEARE R —E WA B 7 Aa sh RS, 5a HE U 1A B shia 5505k
s, DRI 2 IR SCRET AR RN o T T 48 3 8 X N IR

RS, kPR B RN H BB kAR SR B SO, A2 P
A IR L - B m) ) IME . T H, & BRI 3 B ) & AE =4 Cartesian HLff]
AABR FR = AR A bR Al 2 — BRI BOR RN kN RGZ B BT AR E — 23
ATHT 1 BORLT 08 B ) A A SO R AR, R T IR AN IEZS 7041 (e A IR &
Do ZANAAbREN E A =AY GRED IR, BT A TE M
37, fH Maxwell CL&UESE 13, X HSE EASERPNL IR RBUR S . X2 H Dy, BEbE
U —ANm) &, A G TRERLE E — A =R Ashs: 5350, WSS 152 BN
TR MR, ARSI R RN B KR, & B 3 R/
R A\ Maxwell 7341 o BBZH AR & BRLT~ ) & AR AT & — M R
JEAERE— DA ARl L3552 (ME — NN R, NRD MitstEZ= N o - B4,

kaTﬁ%El’\JiéijJi%EjvJ\E4\%1ﬁ§é$ﬂﬂaiﬁ%ﬁﬁﬁ‘/&%ﬁa%, T, (fE4

ANAE bR BRI IRMEIEDN 0 ﬁ%?ﬂ%ﬁ@ﬁﬁﬁéﬁﬁo TR, kBT s

58K/ B ECA % ) Maxwell 2345 (_F3ik 5% R VEAR T 52 A9 i 72 0

Supplementary Information 2 Part 1),
m ESCHTIA, BCERRL S SEE RN ¢ (¢ > 0), T7IERA =473 B N 1
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S At . 1EHBENLE SR H R R, X B E A 0 Btk R (L RIHT
AR XTI ) FROAFRIESTE R(Ro), X H . =4 Cartesian EL A ¥R
R Oxyz; FGAESE— B[R] 4 B H i 0 R T8 B DA 30 S w 38 3)) Bk 1
MRNIEBNZTE R (Ru)o B Ryt z HIEFREES), A R, HHRLFAE 2 Fliff)i23)
W B PME DR uo R Ry A KL 2 AR 4R s AR IR ) [ &
«{QJ |J5‘(0 0, wFEN z B4 5 R, R I I RAT Lo i o B AE HE B A ) &
A LTS Y [ B P 2 o T 3K 2 ) 2 DA R0 HH AR R Bl AL N (R DD
EI’J RITT, P Ry P R & o A AR o EAE 50 s BB ) B AN 43 B AE 7 A
TEHI RS PRE AN MIXAMRE A ANAE z Fl B ERIEN u i, TE
HIRAEHHIR T we LIS, e 1%BE o AmhiX e m & x f (8 y #D
EER ARG, WA LR EATRHEZ o« WFRIZIRE /A (E z Fl L
WirEZE MR o, M4 kBrbiy (R BTE A uk, u N8R E, TFED
£ R H Y fhj(/J‘EUEEU\%ﬁUJO' ) Maxwell 7341, b

(o)
= U 1
Gu,k \/; ( )
KT o, KR Rk W PRI KT, (B3N G, 10 Maxwell
SrARMED) I RIELE, B
vuk :2\/20-1116 (2)
E T »

v 3

\/— 3)

£ Ro T A] B 70T I EURS i 8o ARBCEATIHE x il (p B z D B ket 22
Noy, [FIE, ENTE R E KRR wh )R T BIE KN

¥ Eq. 1 fA\ Eq.2, W{3

2 o,

=2 4
( 4)
M0 BITE R F1 Ro B RIS 57 B b 1 (ke IS, B AT~ 340 38 2 [R] 9 L (Bq.
3t Eq. 4) HI N
e = % 5)
v O

BRI, Ru 1 Ro H o, F o 1 LLATI OG22 1 52 e rh BE R 5T B i br 1 3 5K
INETEEBI R R e T T EARA G D
w bR, 7EER LS R Ro U1 =4 Cartesian ELAALFRR T, WHR
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BHZHE R R, LR u iy z #I23), XB x fly 2SN, B A HEE x
AAbR . TR TURE, 76 Ro W, MR L& K EAE 2 Pl B2 X
[—c, ] BRS04, B4, 16 x Bl BB N

D(6,1)=c-cosB-sincos™' 7 (6)
Hrr, BNAERO~U(-n, 1), H~U-1,1). fEARH, B (7)) EHKE
BEROR, MIBENLAE () SERE AN NS RERIR . 70 EAE(0, 0, u) b J7 1A
BIE x i B mAARILN D, HEREE I

D(6,n)=c-cosH-sincos™' 1 (7)

Hrp, BENIAEE O~U(-r, 1), H~U(— 1): XN, SXEe[aEALE 2 fE i E S

kA D3, B Ds~Ulu, ¢)o 5 EAE(0, 0, u) N7 HIAIELE x 3 BRI & Al
Dy, HMFREEILHN
D,(6,n)=c-cosB- sincos™' i (8)

Hf, O~Un, 1), H~UCL, 2); SR, XEEEAE 2 4 psr o fiic h
C

Dy, Bl Da~Ul—c, u)o 2 D3 M D WRE 3 AGLE z i B S HIAMEN u I, EAT]

aﬁ@/\t@/wwjfc’“‘%a:” VEREF] Dy Do 4 MAN Dy D1 T FIFAE

c

H R, $ XA E TS DA Dy BITR S A GZIR & 70 A 1 B AR AT
KA RS D, MR R, b33 A x Bl R bR HEZE

o :\/cz—u2 )
N Y
SR Ro ORI T TR x Fh4 BARHEE o _%mmt, AT LT 52 A H 451 R
I
(,’z—u2

(10)

2 e MREICHI &5 T Lorentz factor. 98, BiFIfEEAE y Jli o & 1 bR ZE K
SXJE Eq. 10 Fros B EEBIE 7o B R, HobL51E z 3l F BV & 20 AT An i ZE A
Ro ™ z Hior EAREZEAERT L, AT ISR AN ELFIR T (Eq. 10). BiRTHE ISR
H11:4H Mathematica A% i, Supplementary Information Z Part 2. X5t =K,
LR ERANEE CEIA o+ J7 T AL 7~ 20 B 2278 2R Ro T IR 73R F T
LURIE u i8INS E R R, I, R. WKL S 5 R 3 2 A AR
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18, Ykt R B R EE I R 7 Eq. 10 B 7€ [RIME

AR SCANEZIZ AR T EAT B8 2 19 5% TR SO &ﬁfh(ﬁDHTIEﬂE i SRNELVE
) TN, B TRRAEEREHN, HEIRE R

IR ZIER T Euclidean space H S5 (BUBTARAE 2258 /N T BUERT) W&
HAP SRR £ E (B 2% R/N, 1% 3 Eq. 40 #f5E %
RIBNEANF TR KT, Maxwell AN BT FEE AR H7E—
AN u SN 555 2 Ry PRI KC kL 2H A5 1) B8 Ko = 4 al b 7 SR 4 1k
(SR FET, AR RIS K MR~ E o $2 8 EL I R+

2 _ 2
C

g s PRI E £ Brok5 L i 5 s B L SR AR 1 2

Cx

ot R R (O RR P BT PR T 1 PR R . 1B IR 7 Y22 e,

Cr

WMFRXAEEN 2% R(R) TS EN T (XREICTREER) 4,
R0 33K ) I 1S3 PSR B bl (s SO 1R B 5 1)) Eq. 10 H ¥ L7 [
T BAT, AT T DA 68 77 R8I 20 0956 DL 6 TGO R TE B Cln
HURAUE  JR 805D, IXAN A BER , B SRR 45 Hh IR 00 SRR IR LM 11 !
FANERE], A Ry HOEBETE = AN AR T RS AR B 2 — B X LR,
FE R, AT DURSZ BN LS8 R Ro G20 B T, S7E R,
HI—NMEHNSERR B, RATTLCAERESE SR, X2 — ML REE
Yo B, RERE HYPO 1-3 FR4 %425 /MW LU ESR LS % &, i
AIER R B R F LIS 5 SRR R I SR I Se i 225K
B, AN ARSCEE SRR IS AR T G AN, At s T Ok
SO XN -
3.3.3 — Ry BT R

TEARTHAGA FIRYERERY, FRATTRLZ A AR (118 S AR i — A FE I
FIFEN IS ETTRE, W ey, 2,00 TN n MRTFIRS, 12—
[FIYERE N REESH 3n+ L NEHERTE, Hhn - to. XERRAI
. BRI BB E AR, RSWRME T, QRZIW, g s
TIANEZJLEAEREN TR, BATTURREE <G5 787, (HRMEME
FEMTEFEE S, EREAE X2 21 A fPEMRVEE T 20 tHat” 5. %
R B ST B T ARG TR E 210 2D EAR AR A

X BURTSRIC K, AN EIR AR T A IE e, RAEXRTiE3)
TR (3R 73 S < S — DN R B B RKL I8 BN HFAE - BT 3R CGRAED

11



TTHE . KR Givt2 07 A B AT e e LU G 4 i 77v%, RIFE PR AL Lt b, 2
SLHA SRR B R A

IS EWF, FEIGTT R DY4ER 2] AR BITE 75 2 AR AT SRR R AR A .
(XS RAEARIE R 25 rp REEFE I 5 B P B EA ZE MGz, L R i Ak R B
NS R4 B2 b Tt BANER E o SR, IR AN DLAR ME FH — N 5 1) R 25 o ERTTTT
R CAEX LRI« ANEAE A1 2 T - 4R R £, TR 4 210066 76 2 16 2
X LA B RYE L, T4 ELE E PG iR g, 13 = BIX R 17 =47
L Eaizs), HPBHZIESR), Wi FEy 8 (SR 178 kE, 1
EPBEALIE BRI 8 . X NMEg R E RN R E, B S
KiFia8) 77 1 —5 K/NRIOARLF I RN BRI, BEHLE SR/ X8
R ) BEFLIR R XY 8. T CRBIR “RALR R F “BELzE sk
+ GEED” # Rl — 2R B ERIX Bk 71 i A, E3hlE RN,
DRI, BEALIF SR X B2 BEpLahE (i) M) Xy . X EINER
PR O SR A — AN NIRIE I ol SRR B ATLIE sk A28
RO RS o RO 20— i CLban 2 FH s2d 805 F2 BRI AT P LR IR B D 5t
2 RREZAF R BRI GBI BTG IR BRSO U A A B G v A IS .
TERXANREE, FE—T /N3 18] N ) & R0 AR R B AN BE A A2 & 1l RIPE . 21X
LeBEHLIZ B PR EI T, MRS Maxwell 73 4f7, 53— Xk B & ALR 2
AR E T, BRAS VERIE, Hd ok ymEsa QR
Supplementary Information 2 Part 1). JR4 Maxwell 741 JoIE R 7€ 0N 25 (8] Y 1)
R 77 1), AHX A R P O 2 1R 24 TR A% A S R ) A ) DR /N R T [l E
[F) #5 Ab £) A B

T, BE S R A B A R AR R R A I E R A X, B
BRI KA, BN X(x, y, z, £ BERIE XN BRI —Z 1, YOV)FRR

@8 PG, v, DA VAR, W2 X (20 = fim 2

[PAF BT & #0225 (A AR AR x, v, z) RS TR AR AR ¢ IR BRI ). 1 T 25 22001 B 3R
£ LB B TE

X 2= gl rmE, AN, e mEHE 2 A E R R
Maxwell 73 4T 41 Fig. 1a Fran, R AE S B OPNTEELZL T 71 K /N AH R Y
YUKV, F1Y) o 05V, T4 BRI Sy OA, W, 4 i AT Jy OB, WA
[(IATHOC, 2 KAB, WHIZEFEZT M A (Fig. 1b). T T O H M T
XY, MV S, BR TR KBS Z BT HAE RS F N . HTRT
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P 7 R ST A A IR, A [ B A TR E A TR R OM S0 i i, B
OA F1 OB # BT OM o B, Hkb X Wik 7 AR R %S X 1k
AL ZAR K, XK B ZEIEZ B AN EAEE HBR X KR TE3)
SR/ B, B R E . I, EALEHZE (O EREEM

TR SRR TR Z R, PLEPIAN AR R Z B A% ROE .
a

Figure 1| fl(X 35 Va 1 Vg A0AH B3 AT 5 3R = K
ST 1) B A E AR AR AR S R, X B RS T O e R —
X W AT 2 B, BAfEss/dBrde 3, XAEfT 2 EREANTET /N

AT dS iﬁ’]l%ﬁﬁﬁ’]ﬁﬁ—ariﬁ——'ﬁ X v R ) P XA W R T Tl

dS Byl & dX BIE B (Fig. 2), BB 2808 IES2 % D.

Figure 2 | [MEMEHE X #HursEE

MIZ 61 B 1o, 24T 1) &% FEXT D R I CED % A8 A8 AR [ 1 L g 3
Ho, M 2 A ER A AR
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SA= j L@D—dS}dt (11)

HR4% Gaussian A, Eq. 11 451005 &%

jf(jjjm;\fdxdydz}dt (12)

Hrb, AN Laplace BT, RRXWNLE(, y, 2B SF. 1M Eq. 11 /214 8.A 7] LA
5 R

SA= H[j —dtjdxdydz (13)
ik Eq. 13 %F Eq. 12, FHRHBULT
ftzm—dxdydzdt—j [[[ PAx dxdydzdt (14)

EER 0 o RKEWHNER, TRA TR

0X
o

AR, 2 X Wk TIE B R T A ARA B R AR AR AT T, DL B A5 AT AT
EOAZIE R KER T2 3R, B Bon X2 R A 7).

AR T SCHEAT R, X BLRR SOK =4 ) R A e P R . T T E
IR A B LA R kA . R Bq. 15 I BEATH 7 =4Em &, 25005 (8] [m) B 34T
T BRI, 2 R B0 55 /N B PR RUAL B () B AT PN 22 0a B, 3 I P 1) 2 ]
=Y R N RER I A I 4R . X R R AR SE BRI 4L
Wo DRITT, R 5 B 18I [ 5 1 3 28055 R AT DL SEAN 37 2% [B) = 4 [ B[R] 1) 4005
KF G, P Er] R RNMEN T AR AEEEE S, mH, Xt
S THT 1) B 0 23 7 R SR A 381 PR~ T 1) 2 R B8t i M — (1), BT 5 =4 ) B0
X AR I R(x, p, z, Db X AR LI IR 1) 5 B R 2 B2 1Y) ST T ) 2 R 2
N M, y, z, ) [REFEHVLE, LU HBLE M AR 23 [0 AR (x, v, z) RIS ] A4 AR
t KRR AL, K Bk X M B BriR)E, P R EORNMER R E R
R, RMT BRI, HE/D Eq. 15 75 R FER:

0

= DAX (15)

= D|AM| (16)

FRR, BET I AR M OIS RIINAREAF. 8T I5 /MR Ia s
Bk, M BRIV KER TG, PR 226 R . fP i 2 )
ySUP TR = e il 11 a S i U= 7 U= 3 = W (Wl TR S eyt Xl
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B(Eq. 16)FHR AKX, F2R T RIS 8, BEEL R RAR

IM _ipAm (17)
ot

Hrp, i AL, Eqo 17 WidIFRLL i BI1S Schrodinger 77 F2 1) TE 2
z%%iz—DAA4 (18)

Eq. 18 EPHIR T 4G AR R 8RB s sk 7+ (BFEIZ8h 7 ) 1E25 )
(AR, LRI — My BT R SR, 3 GX ek Py R F s 23 L e ek
K7 R Z RS, Y S REE TG 4 . S 7 58004 TH R IR I RE 9 K
CXEFNT XY HO JE, EFELE—D 5.

334 Xy #OyEE

TR X HUTE, REFEZ AR, G XY #RE b £5MN
N, BARZERERR A G BAE ) SCRRE (51 ) R SR8 RN 55 o

g M SNy, T Bbria EAE 2 K, #EIEH [F 38R By #or
(Schrodinger J7#8); (HAIINA, D Nizbtidg H b in) &8 1A [0 & 4224 .
RISCHRE], YA E R RMEE BN EREFERN T MRERE, TR X
D WSS, (6 8y $O7 R & Schrodinger T HEE . SR, 434k i) & F1 55
FERCREE XS D HISSIASA] 20 . U0 Fig. 1a Fis, WIXIR Va A& E KT
Ve bt HEANVRETE—ERGT, VabHERSHERNE, & F—ZIERFFR
BB AR EUF, BTN SIN T B2 MAERE), IR AR
T CP) BaEE, RIS IER Va b7 B NIE s ERE (2% L
3.3.2). WIHTCATR (B0FC Eq.31), KT ARGISEEE D FRERE, W%
Wb 1A A BUE ZE (DA HABE S Ve Ak m) e 47 HIGH FE FUAE (D) AL (X D A
Da M D (ERE Do BRI, B 1) 2805 B2 G I L8 25 A T U BUR B D XTI
BRIZ A ARG URE L2

BT FIRFE G, A IE N IR %ISR R O A R R
TR R, SRR X A Bl e B AT 2
3.3.4.1 AIESf#

IS THT A R~ 5 DX 3 PR S R 230 AT IR ) 4 A BRI e AR B X — 3L

ANKLF, AJTERGR, X BANEA XI5 0 NS ET, &1
FRANEE AR 0. AEHW&H MAETFRRTXEHNA &k (keN, TED 4
KF e (RER T 2% N8 RIE NG TR mIEa e . ST RISk, i
FAEX IR IMEZRAA . A, n DRFATE I ATE n N T rI T EE
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B n" Fs o DMRFAEEME kAR 7, —3HE (Zj sl KRR TR EL
BIH) kAR AR M AT, —3H MOMEH; MR e -k NMRT
FERBN n—MANETH, —HEG0- M) M. B, MAEFHERE L
MRLF IR P(M, k) ATRR N

(Zj/\/lk(n—/\/t)”"k
PM,K) =

(19)

RVEAN IR T ECH n NTET5 2, 2 n — +ooltf X Eq. 19 BURER, RI7S
e MM"
k!

Horr, MARRIEEEX IR G & T8 H (=487 AW EARUR AN, kAR
REZXE MAET) HRBKT78E, PARELEZXE (M AET) Al
Wk AKRF IR . Eq. 20 BIN GGETAE ) Poisson 7317

KEINN, R X GXAS IR DU B 50, ] LR A EE 503
FEN VR REYE D R 73 AR T O R 2 50818 — A deidr i iR 70 5 i
B 7 RTRLg > 28, TN RS, AT ERE: MRS TR — AL K
VEBRIR T ST R R MR R AER L s RN — 5, A REIRBIURL T 2 AR
M, ASCK A IX R 0 o5 A SR BUH R R 5 & T8 H , XA -
HAT NN B DE . AR SCHEEAS GAED) XK A X I, 3 AL iR 7 (H
DR iy R M R SN P < 0B SR A R 97 A £ = e S 511 VAR Y 7
TR HE.

TR, BB TRFRHE LR TXI v SRR, 12
Eq. 20 ', M A& CERON SR Fr oA XA ) 3 Jay 8 DX 45 BT ied 7 1 574
H (B ANMAEE, SRR By Aln 7S eE1E, M
WA DMRERAFAE T F X3V WRLFHPP IR R, BN 22 1% R A
DI SRR B T o M ARSI RS, FRREREA & T
HILR T2 H, PAREZE PRI kDR, FRFBAE Y PR
i e % LR E N M [ Poisson 43 Afi . #2 T2k, F4#T Poisson 4347 43\ Eq. 20,
EH SR M R BRI S B kB8 1% TUE 2 5 5 MMERI L E . TEIX LY
BEHE, MXEE N M BRI R ATAE 3 XY (B Y BT o ) 74K
H W K) Frisdiss i) B _FIRPRAERT i€ KIS % 8T NN, Fr k4808 k &1
YRS TEMILE. HBE A, XN EREJRIT M, SR, X

P(M,k)=

(20)
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ANECH PEE A R ME— 1. A1 Eq. 20 ATTATEREL K, 12N R(M, k), BN
LURVI

e MM

(k—=1)!
W, B GZE O ZBOUmARERE M 7655 2 UG —A AT B 7 e
i IR RIEIT ME— 1, IR CREHED 70 i 2 ME— 1
R ATAR Y EL = R, Bq. 21 E CRUPEARXT 2N M XA R A
V PSR B DD R AR R Y iR i CE5 2 S EE T
G, Bk ASRLT & TR R BT AR G B R S B MBI TR
¥ Eq. 21 LA V RS & T ERNER kMR E T RRL T S 8. BT
E 42 U RE T 20K 73 A 2 1 € ——AR AL Poisson 7341, IR AN A
XFT AR R M, ZRE T 2R A X 25 52 70 A A 2 M — [

W M ONEH (BEFRIED, B4 Eq. 21 /TSR &K

e MM

(k=1
K HBRUL b TR RUKAR 2 M SR BBURTT Gt k e M S IR S B eM I
e, XHZ 7 —AJ50m, M HIRANRREETEME— 1. [FFEH, K Eq. 22 3B 5
HIAD J5 A2 F) B M — N0l X MR AU 2 3 -t 2 ME— 1)

WAL BIZ8) TR REEEAE EIR IR T X YV AR dl . W Sk
THE BB AR S XA BEATLAZ 3l T4 R AR R /DN FE BT DX A ) 2
AN BRI AT CERL TR RS PRI WA E TERE R 55 . 72 N2R P
SR RESE L, AT AN T d LR A “RIX IR 57RO 2 EOR Y,
Pl T 3 ) 1R T BFAE S5~ X3 Y W04 AT DL Eq. 20 SREIE . FERT X 45K
V Hd% kR SR E T T s SRR AT OB RN o i, o3 —E oA v
o m s, WRESKFEEFER Y Nigs) PR RS =4EmEM Y —E,
I L% 53 Tn) B AR T B e R 1380 (FE L B8 R I bl BIE L (PR
Supplementary Information Z Part3). F22iFEH2, BIME k=11, £V H+
IREAE R R 15 BRI BRI, 4% & RG-SR a1 T i & ) B L
RIME) Z A Eq. 20 FrifiE RSB0 AME—iE . 1EAY 5 VI
IARPRAE 2, HARIRPT LSRR X 38 V NI = 4E L i E MRS, IR ARAE 7
fRNCL kXIS R E IR B BEq. 20 I mER. Y=4nE X
FE &G T I = 4E o7t 1n) SR - T ) B M RS SR TP B 4R 20 i 1)
I, WIRMAEEA N BB LG B Eq. 20 B (H 7 [A) oK € 1) — 4k 20 @ . B

R(M,k)= (21)

R(M, k)=

(22)
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EiRbRE M B ETE (Eq. 21) AR, SEFRIE MR R R LR
Poisson 774, WA TEEEME— 1), TN E MR REOE, WAL Eq. 22 #fi it
SRR, IR & ) AR e . DR, AT A RRLT R &
&1 o A [ AT T RS RO Eq. 22 i & B E BRI — TR Al . 4 &
BN A BT (R A, i e T 21— A2 B A ) & MOGZIR L & R - 28 & THD
(RrE— 23 fif, R
e MMF
M:sz oD (23)
TRIBBIRL T2 00 B R IR 1287 M R k3, RERIR BT
A EEAHAE, OG5 DBV RN I R e A R o DRI, WL 330 7 1)
R AN E R G IRA RN CHSN AL B RER, HEE T N5
M N IR T R SRR, LB NS A . ARSI N SN
FE 77 B A7 B R XA B D KA X Y R 1353 R A
, IXFEIHRL AR RUE FRVRISh R NS . R, TERRE TP oSN
) AN O AN ) /N RRIE B, BT X (R 2 iT LR . RO AT IR M AT
DAARRAZAE T F X3k V WRLTIIARG 255, e —MEE S . B E M BN
e X . FRbRE M 0S5 5T EE T (19 925 R AR DX P R
WRZEEAMETEHE . KRB Y PR (RE&—36 o AN BENEE
R o) RRAEN 1 ERG, Ha2 5HK T REN STH8EBENNne,
PRI A & M % & TFEE . H, 3.3.3 T M IR 1% 2 A 5 )
AL, J5 1A B S AR R A 1R R T 1A B IEWNRTIA, PSS (A A [A]
(R 2 i R 7RI E AT 1. FEXANFI b, EATT& B ST Lo i v i Eq.
23 FTRHT I A . R, X2 4 1) T DA ER % B A 2 18] 43 ) et
AT AN 22 B SR UE
3.3.4.2 ¥R
B R k BYRTH b AN TS — R PR A — A5
WA bn il E R BIbRHEZE N o o WNRTSCRTIR, & Mk (138 238 B2 /N R A 2

oo

iy

A\

d\

N

T E

ﬁ%i%%Mumﬂ%ﬁ(ﬁiﬁﬁ%ﬁﬁﬁﬁﬁ%%ﬂﬁ%%%%,Fﬁ%ﬁ

MR A G RN, WL SORIITED o Ak Brki5 P B R

7N

2 o
V=2%—— 24
v 71'\/; (24)
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5

X ke BVRLT AT ke kLT, EATHIF R L

J

(25)
J
MRPAIZLE 1 R3O ECE LR R, 2Rk Bk AT ke R 5 &
BN my A my (me< k), HRHE Eq. 25 FroasiIoR R, CATZ B H- B2 thar &
™A

=l |~<|

]

IR R R VELNTT B AN HE SIS FE WL Supplementary Information 2 Part 1. H Eq. 26
ALEL, M kTR E A m B, R 1 PR A b S R R
v = % 27)

Hoie N RECEHL

T ECR B SR IEYTEOT ), (ERRALI AR BRAIR BERRFE SR T, R HE
T8 AT T AR T B A o ) ot B BB R B BRI BN, AR Ge W sl ) s d
HORTIX BT A 1) 1) B4 AR T 2 — U o A4 Einstein-Brown f7#2 712, 97 #
R

=2
X

D="_
2t
Hodr, ¥ N kR x ST I AR . Tk B R ST 2505 B 7 AR B 1
fiFe x, tR¥E Eq. 28 A AR RIF BUAR BB N
172

D=t (29)

JHRE D AN m?s™ . 457041 Eq. 28, Eq.29 (LA ¢ Fi7? s 5y
(B, B A =1s), ERYTHGRB Ay AL N, kR
P B R B I TEAR o IX AT TR A & BRL T IR ARG . B
AN kBB CPED BN Y, B AR 7RI — 5 [ I Gt 2403 R/

(28)

V= (30)

| <l

kBB BEE B i AL T AR . 0% Eq. 30 fON Eq.29, RS A =15 &
HENRBUR I, B
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D=k’ (31)
Hof, kSR s AT R
4 Eq. 27 AR\ Eq. 31, EVREN m 19 (kD B TR RS

2 2
D=x, Lj _K K (32)

Jm m
ER(Eq. 32)IE AT EEA G ARG RN 1 okl BT RR A1 R4ifE) %
Ry m R H O HORE,  TAEAS SRR RN (B Y 1 Bk 7B
R R HUE ) 1 Schrodinger HFEH, C&gy XA REHI AR,
B HAN Eq. 32 XFEE A1

)
KKk, =— 33
5 (33)

Hr, h NZM Planck %3
3343 XY BOTEASR

HISCIRE , JET5/INRLF 2 (B A BAE o RIS 5 K5 & 4 a1 181 AH
HAER CRICANAR) BUOAGETH RN A ) “HEAERTD, X BWfEE—A4
FiFANBIE R 54 ) fE, WRPHESE EREA B . b, TR A E
YER 7B B R A2 51 ) (W BIa sk 1 I ge it 22 280N, Hee AR 0T USSR )
SE R HIAN [ 5 B 2R LT~ 22 1) To AR ELAE FH BR85S A0 1) o B 2 — Tl X A A
WAV b, — @ T L2 IR IR Eq. 23 B € R FE i 2, T HAS [F] ) &2 2%
DX A & AT A SR T & 7 Z R S . X2 BN, AR LT, Poisson
ATRGE T & RETHHENER, AR A MR CEMHEFRTHD &1
W25 . RAEBIIRLT DAR R MEZRAER X S A, A5G0t kMR, EATHF
LI LIRS . DLk Ry B 2R T R LUBEATT B i 8 (B8 kMR
THETRCFERNE 0. F—RKY (56 MR WE T2,
B ke BRI S RN, — B R A R R R R R B E )
Schrédinger J7 F24 BUE . B, %87 SCRERI 0 i i &7 Bk 50 H & 5y
N2, 53575 REHI L [ 5 M IR 5 &I R(M, k), B 58E AT Bl
I R e PRSI E .

XH, BENEH R & TP RL T B DN EOR BRSO k
Bk, B Y WITE & kARSI & ok SR TR N & Bk
THE. HERWRETEL, K Bk RS (B R EARSZ AN RIS
- AR ], AR A R Y SR A 42 Eq. 32 4 IR R (FTHREL
S AR AR AN T AR I W S VAR 9 = DR (1 B S W 1 A 4
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HURBON Dy Wk Bk R 3 TR 2L

D =D,

k 1

(34)

el

ﬁ%%%ﬁ#ﬁ%ﬁﬁ¥o

YT ek T R FEUN G i3 B ARG RN XA B sz ey, BIA 1B
TR BUS I, W5 Schrodinger J7FEX P B d —2, KMY #RE

h
D=-o- (35)

XA R PO Y ORI R m W EFRSEY) (BSR4 IE SREEA) 1%
B CGRZEAT e m 1 R RTiE R CBI8)E) KNP Hos 2317 M4 1l
1B EN 715, AR B AR FL RS (8] B 2 A ARFAE FH S S 1 kL I8 5T ik
o Mk>1HF, M RS, ¥ Eq. 35 AN Eq. 34 EI15 k Bk T REMT H AR
#

ol
D =——— 36
k 2m k (36)

XA T k Bk B Sieshiie S EEA R ERN m I EFRSY) (BRg s
REM) KUY BOEFEFL T M. 29 SRS ¥ #0722 R BT 1By
KGR, BIoN: ERN m B EARSEY) (BN EREMR) %R (R4
B A RCE Rk BrRF B i 125 ) R o R AT MRy #us 3013
1%, AR B AR SEAE H R BCE (A B 4 AR E S 53 & okl 899 8T A ik
JE o
BB G TFHEAR kAN Bshki (RBrki8#) B EM RM, k) CEAM
XV WHI AR R —) MOLE (x, p, 2R ZHr 28, R R M,
HIECSINyIaa W
9> R(M, k)
oM’

OR(M, k)

.T?
M+

AM (37)

iﬁ%YWNw{%?){%r)%%?)oﬁ%%%ﬁﬁ%%:ﬁﬁﬁﬁ%

M R HIN, HERZEE TR A (TEF3/) X Vi 1 Vs (265X RN A
o K Eq. 37 SLAEE PR TR TR BB, 36))5, AR ISk,
AN I HERIE N (B R ED:
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——Z 1 9’R(M,k) 1 dR(M,k)
2m Sk oM? koM
EFETFE TR BOIO2 A BT/ X IR V2 WV 1) L H. ¥
Eq. 38 tbfa, BNt RER:
_he_M
m
¥ Eq. 18 HHE255 A 343 A1 Eq. 39 AR A e B m ) X BUs e
Tk A

TH M)+ -AM (38)

[AM - T2(M)] (39)

,aM_ he_M 2
= [AM-T*(M) ] (40)
M, AR, CEIET D B Xy B ERBERkia N
p=_he” (41)
2m

X B HCR B A T — B IS Bl AR G [ 2 (E % P R B SR TR 4L
BRI, U, IR TR R B D # O HE TR MR Maxwell 4314,
A DU E AN B2 3030 B S X s 2 ) ) 2 (4 O/, Tl Eq. 40 AT DA E 23
I ) R RN ) (P NAED . Eik, 2 As sk T RER A 2505 B
WE/NIE

(5 31 3.3.4.1 (A F 5 AR5y, DUFEUERH Eq. 23 BRI =4k & X B 2151
i) & M S5 ME—F T 0 TE e BHRTIR AT 0, B SR 75 380 B0 S T 20 ik [ 525 11
B IR EL RN Poisson 734, T 7 [A) AR il o ABCBEAT 3R AN~ T8I 70 [ B FRO A
M TTIRARZ . MEsE b, |7 I H g R siE n), A1 LA 7 A ik
(RIS T R 240 1 o H5 EAITTI% IR _E3R Eq. 38 ANk 7 s HE 5, AT 408 R4 7 1A 40
RN G TLIEFRIESEN Eq. 39 fH. BT, A4 HH Eq. 23 BIRFRFE %44 1)
ME— 3 A2t IR

T Eq.39, UAHKEAHG “5] 117 CRiTHIER) WRBAKT BEAET AM
FEAIL, R RS BN F 3. X & y: BT 3.3.2 THRBI M8k
FHXT IR R AR LE Ro FVFANT Ry FHIF R . AR Ry TR HRL T 25083 Ro
—RC AR, Re HPATE 55 ZERE 3 AR X T R e SCRE X i 25 B 4 3 1) 1 T 2
WA A B, R, M TE IR A — NN z SRS & ue R
1T, X LR 4 B ARG Ro IR 4R, KX Rk 17 (17
AR 43 il g~ 1 e BRI, ARORIEEE [RIAE AU o Eq. 23 Hh [l &40 il ME— 11,
MFE—AE kAR T HPRREE, SIS R R ER ] R H
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G HIINAT . R IR CHEAT AR AL AL RIS D 23 a1k B3 S5 BL & bRiE gy il
e LR 7 ™ 502 HH: R T S B RS BB T (8 SN Bq. 38.
MESORR SCRRS e UE B I R 7T ATS R A Y, 28 A) g slks 1 B8R SCRIRHE RO
i S BRI N BEATLIZ SR 5~ I G T2 RS, W D) M I a8 Blhs 18 B2 7 1m) 3R 4 AR
HHIGE AN . T EIERRZ, Ky Iiash 7 3R GRS R I Bk SCRXT e
ROBLs T — MG T, SRS AR 70 B IR LA I, XHEKX
PR S GERR ) SCHHXF R ROV, IZAN 1 BE R X P A SR BN A 48— 1, #RAT
& Eq. 10 Preg R o BRI, B SORH 8 RRORE IR B I R A ) SORE DR 18 R%BE Y
UERIERE, I A8 NE ) SE AT R 8 SR T I et RN . AR, ASCHIAL TS
X (FHG AR Bq. 400 AT LIRS B RERN, MEREE 7
AR IR RN, T A Lorentz PRI 72 (41 Dirac 7 HEME 18 A
B DRI A3 B ARV RN

3.3.5 Xt Eq. 40 fi— 5%

3.3.5.1 5 Schrédinger FEHIR A

K Eq. 40 555 A% e M R REURTT, BIATAR 21 R

Mk M )
lF——%(l—M+ . +---][AM—T(M)}
(42)
=—%[AM—TZ(M)—M-AM+M-T2(M)+---J

M Eq. 42 B _ATH S AU RBEE — I, RS 4NN Schrodinger
IR Hi, MIER EFE Eq. 40 BIGXT Schrodinger 7 F2H N 7 UE IE )5
(4R 4k R BB M| - 0BF, B8 T2 (M) L AM BT ITE S A (A
7100 AR ZRALL T3 AR /MBI FE AR RIS IE . R 5% S EUE %), 1 B Euq. 42
BATESHL-T* (M) BIZEHBES M AKX, &015HFRMIZ L AM
FB LTSN BT, 24| M BUB/ME R, Eq. 40 {8 AN A S 4 in g i
Schrodinger J7 F£E s é||M| EURERAE R, Eq. 40 HHARXTIS N, GEBRF RISt
THERND) B, AT Schrodinger TR E -
3.3.5.2 Ay BT A

BT e E R A IR SR, (XA R IR 2 AR ) . A ST
2577 M (Bq. 40) WIRAREL & TR/ A HIH R IR, LT DS Hh e 3 il (0K
FEARAF XA D . HFE BEq. 40 AR R R X B2, 4

AM-T*(M)=0 (43)

I, M AR E] ¢ 224, FFE iz s RL R v As e AN BoRL T3 . X4
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LR AT E B SR AR T, ER AT S SRR — RYECE
BT HE) o

X AR M ARALE (x, y, 2)FTBREL R B EVL K Bq. 43, 7] LS
FEH 9 MERF BT IEM(Eq. 44):

i 2
€ +C | Ceos( €, )+ Csinf € )|
M(X,y,z):—%ln el O I | Cos \/Zx)+ 2sm(\/jx
7
1 C32+C42__C3COS(\/ESy)+C4Sin(\/ESy):|2
2" ] (44)
CS
l1 Csz+C62_[CSCOS(‘/EZ)"'CﬁSin(\/aZ):r
——In
C

9

HF A IREM RIS IR, Gy Csv Co NEHBHEAET 0, KA EEMN A

INEREE TS5 = AN B 3, ImNA C G Cy=1:(- 1)3 (- 1)3 SRIM, TERFEW)

GRS NI A A AR B B AT I AE I A, XA AR SO E RO D iy
feo FTLL, FEARFENA DR SO0 R, X BN R TR R A ) R TR =X,
TR B AT 22

NT RS HOR TR TR, X BB M AR E (x, y, 2) R
HH RO B IRE SIRBN ST . =4 E AR Eq. 43 T W 4]
VE U

M(0,0,0)=1+2i,

_ 2 2, 2 _ 42 (45)
M(x,y,2)=0,x"+y +z" =4~

BKSZL Eq. 43 Al Eq. 45 HHATEUERAE CRIGEFERE4H Mathematica ﬁﬁ%ﬂ
Supplementary Information 2 Part 8 /1 Fig. 3 HIHdFE), F2k F &

(M irasp Atk o F B R (Fig. 3):
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Figure 3 | 74 Eq. 43 fl Eq. 45 2R TR =% E oM (A F A
J&IR)e a, Z4EpAii: b, z=0 R Z4E0 A0 ¢ z =0 ALR) 4R 1H o0 A s
d,y=0,z=0 14040, ATESL, SEER= (B MRz Y

FH 11 BRI,

MEIHTT UG H, Feoe R I ) LT A A o T R BRO REE 1) — AN /N akeR
XL, HARED A28 (RS ERD, XMRE TSR %4
Rt L e YU, Eq. 40 AT LUK L7201, 38 W] DLSK AR R A% 0 5 40 AT

TEERMZ, T Eq.45 B il i M(0,0,0) =142, TESRFRISFE
FBER T X% + 12 + 22 = 0.04% _EHIMEA 142 FAEAUX A 5. 7T DU, 24ix A

(WILFYH BRifEA-T IS /N, Fig. 3 BRI ARE LA IR [,
ARSI K fE T A E S A S TE, B AR VE A 45 B WL Supplementary
Information 2 Part 3. fEANSZI Al @ HITE DL T, X BAN XS W46 S5 R
NS VFIATAT B A P30 FRERA2(0.04) 0 SFof LI — 35 889k py i
BRPEARHE 20k, 2 22 S B WS B LU 4 SR, (ELS i R SR A R I T
2T M AT S ORI N 73 Ah, IR AL FRAF AR 4 Bk R EUE M 0,
X HIE S PRIE A L. 7ESERRI R, BEFCR G B A EE E 4% . BIE A
FEIX PP I, AN RW S T REBHEA N 0 1 = 1, 4hagt
FAFPOZAETL T AL A — DA T 0 [0 BUE ST T 0 IR A M 2
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7B (x, y, 2) FIES 8] ¢ )RR RN

BTX FIRTTFE(Bq. 40) K153, % BRI 52 A o — 2 JLP AN AR 1 ROR R
YRR BT L XA T BB R SO ERE L Bl i it R
U FE BN EIE A FRAT, A WL T B A — BN 2 R . A SR R
JE X LEIE R BE IS 8] S E A SRR s AT R T B AR A Bk SR
RLFREAR,  MTITAR B AR L G208 (1 B KB kL1 CREASH E I T Eq.
40 H e MR BE AR T IR 5 4 Eq. 43 MFF AR, KB e ae T
P GRS Rl R A AR R A AR . FEAR RN BRI FE AN,
A RETE B FEANF B, — BEEARTT & BB 4, 1X S0 0 i (5 n] DA I () £
BN K, IR BEAN [ 52 K /N B LR R B R i = ik . A St m] DA S,
T 5 B AR o R DA A5 B ZRom DR £ 5 X IR R B H 2/ 1) S e, T 2 ML e
AR 2 D) 2 AR5 B B AE R XU TR B H 2/ I e T HL, X P& 2 (]
FHIRAEF B . FFEERNE, BT IR, AT Eil N H b
MIB) 5] 4y A5 B R B B B A R AR ORI R, DR AR T R AT RE A R AR
W, HAESRMWIEA L,
3.3.5.3 ¥IMB IR KB T 5 K

AR, Eq. 40 KRS FH 006 2% A R sk B AR/ R ), R
PR BT B R A CRZ RN RME L) X NG 2R B
WasE Ji k. BROL Eq. 29+ Eq. 32 1 Eq. 33 J{H#EY A% D )5 ENE

h

7= (46)
m

HEF Eq. 46 ¢ =1, XHEEHRCRILZME, HHAEm HRE-XB VA
(V0 & 0 B 3 R S5 3R T T 7 BB, A 1576 12% DX sk YR 1 B 1 P 3503 B 77 119
KANMEUE ERR AN

_|n
‘”:Eﬁ (47)

MG AR, KN R BT [ 25 (3 ST A3 AT I R B8 7 X3 i)
BRI/ X = | Xk o Foo, | 0] a0 P R S B KN 88 5
Bk, kNI EEE . a0 SR S BEATL ) B A R DR /INAH [R] AR Ak s 7 2 R 7
BENLZS), AR V ARFHE SRS 885 NG M EE Nz
3 FEE AT A/

V| =|7|-& (48)
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ﬁ¢,kﬁ@ﬁvwmﬁ¥ﬁao%Eq4maxm¢m#%ﬁ$mk%%?ﬁ

|V|:\/§.ﬁ:_\/hgﬂ (49)
u M

Forb, N AR TR
M Max Born X% B SRR (0 £ R, — ME RO EREOA LG (BN
W), TR R I A I R B g

B, B15

p,=lw [ -m (50)

Hrb m & BHAX S B E (A BEq. 40 Fm B0E 0. Hsz, BI{EAZ M Max Born
X R B RREMER, Mt ASOEE MG 2 MAEE, W RN J7 8L
R PREORIN A7 A FE IR b, B DL Supplementary Information 2 Part
1.

DRI A 8¢ BR A8 s B AAR AR A 1R o8 B2 B B 2 T, SR yr ) R 3 R B
BRE, ¥ Eq. 50 fXN Eq. 49, EPFSIE fiibik kBN A

h
=3 61

BT AR 3.3.4.1 (0L, ZAFRAXTEA AL Mo, EFXTy #EATHE DAL
B CRHBR DL BASRLT 38 B2 R/ B SRR AR A (0 6 7 R i S AR AR 1 S5 3 T i
KT8 I Mo T 5 w AHFERIT 1) o I RAZ 4K 52028 B0 7200 BORL T 4L
W Mo T RN

=
anc%om (52)

Hobt, o b B, R VEATEE (FEMD ATHRESE, —Bil

1
mfﬂxm%@nﬁ;iﬁ$&%ﬁ,ﬁﬁ%nf%2,EIE%@E%Fﬁ%

B B S T I 7 A R AN 2 S AR 4 RO R R R R B AR AR ) i o DA
Bl & Eq. 40 #4624 3 5 2

FE T BB BARHIEOL T CHnsR AR S5 T A% A 720 A1 ) I D), A\ Eq. 52 3k
THERIIR AR, R I B M BN (IR SRS B 8 s (), B
TR R 1E 75 R T AR AR 0, R I RATS R —BUME, VEL 3.6).
I ETT 18, LR Eq. 40 5t JLF-#1 Schrodinger /78—, W HRIAE SR ff J5 -+
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AN T A, Eq. 40 iR 4EN Schrodinger AR, 10X B 44 R mn4h
I HiAWIIE e & Rib S FREER R, FCRE], YERER (55
HHOGF O R 2H R, Bq. 52 I ¢ BIARERGE R/ B Histh R HE
JR KL, ¢ MARERAZ BT B o b B FE R/ o X B 1 & X A
DA BN 52 7 O A] DA 28 i i A0 0 BB AN B INE L 27 5 O E 5, 6
SRR p, A FTEAE N Ko 750, M Eq. 40 LA A6 bR K TR
T AT AE R 200 B IR Ty n) SR R Ik B B KAE I e M AT 55/,

R4 Bq. 43 BRI | M] FIRIRTA f5e &R . Seridvt, AT

BUAL B AR S IRB BIRL T, WMATRARATT G Bq. 43 iR IS, HA R4
AEIEY L
3.3.5.4 HEH

Eq. 52 XJHWIAG I BREL Mo IR T 7 0 B 7 1 B3 a5 Ak ik R 5B 1 5 X TR
M7, JUBTE AL R M R BRESE R/ NS ERFiR MR, AFH%
W Mo IR T N AR AT . % F 3.3.2 WHE, EEMEIL () 3%
2, BT issh SR s A [F PR, S BIRDGEE ¢ DA E MOER
HFEE AR B 1 Eq. 52 XHIAGTE R % Mo IR T 7 b BB ¢ B
ESHEAZSE KRR B, TREEFS%ERT, REFE %4 HYPO 1-
3, A FHITTHE Eq. 40 DA HAILRDE B T 77 Eq. 52 #&EH . 75k, %
KA —2% ZPAFRRELINFE AR BT DMSERF IS . HIdG3k
BREUR T 7750 Bq. 52 AFEEHER/MLT R TR R EHOR T E N i
NBERLT, HEIZEININ A 5183 RB AR, B 3IROGEE ¢ AR e M E
(I EEAETEE s 1M Eq. 52 XIS R Mo BT 75 b e S HUE A Z i/
SRS P, ToR3A0 TR 2 R i R, AR SO H T
Eq. 40 VLK HAMIG AR T )7 30 Bq. 52 WEREH . 25 b, RrZ M5 i1EH %
RIS B GE v 52 308, TV Wl — Jot & ks 2 TR #5 T A4 JoAH AR
(X 5H73C HYPO 3 Fri B e R 7 B ). ALK, R r LB A5,
BB 15 R S R E A& R AR R T 38 W] DA TR A b e o 2 0 B e (R T o A
FH L A TG E A e /T, B8R E RSN . X
i3 AXIO 2 FH P “XANMEAMYR 2 E T FABEHES (SR
e T B

MR 5 A IR LA, R Bq. 43 B R AR 3R AR, T
"B JE L P AN aE Ak )R R T AT T A o X 08 43Tl B A R AR 3 T DA
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AW E T B R, £ € 0T iR A DU CLEERF
A Eq. 43 4950, BRSNS HTSCHTIR K] R £ T 1 e iE LIz sl 7 1k
WL B -

Zi b, AT E KA HYPO 1-3 IS E R T, TLIRASTA NI FEA LK)

(BTN ZERLT SEbRA 2 KSR R, WKL “4%t 7 i
HREH 2, MK AEE, INFoNRTRERLTICT D, EE
BT R CHGTEHY ). Ay, XHas 7 E3C3.3.4.0 Tt (557N
X3 VA ) R AT 20 AT < A 0f AL R 2R T R R 1R AR AL B 7 L A
PEo IXHE, Eq. 40 'S RIHILRE R B 77720 Eq. 52 BER] DAAESE J 2 1A) &
H, XOATDVER) S EE A (BT &M 2% R T iEHD: BERT LAL
BTN IR TR 2R, AT DLAR B & ot S ) R 71k & (RE TR AIS BT B 2001
AN RV /5 07> AN AR P AT R =Dl b VAR = 6 W7 R4 AT AR DN R Wl w7
MK BRI HE S H T Eq. 405 Eq. 40 XASHWHEBEA MG EAGE R

G =30 o P P N1 TN | W Pl VAR o X 8
3.4 ST H AR ) i S UG E

B ESCRHE AT, J7FE Eq. 40 584 AT DU HAR SR — VI Il R, HH
It B T2 5 ST ) B R AR B 2 1] 2 12 58 E VA 1), ELE B AT S 1 38 IS e
A5 R LS ) Ze 8 hr ot — R I o AS SO SRR — M IUE g e BV x il
T M BAEFRREIAE AN — 4 Gaussian 6 IR BT HOREE AT 2 A0 BB AR
Xf EEAE N Bt — AR o O 7 TSR, AT rh BieAT T SRR B AR A

(B a=c=1) Hm=1eV, MHETIRH E FrAar]

WHTSCHTIA, ZEIERRFETTFE Eq. 40, FF4&M Bq. 52 X 7RI RO/ NE 1E
HIRIIE26AF, XA T KM Schrodinger 2. NI LLEJR FAZ 4N T B P 5
BB RSERE Gaussian AL e (RN BOKIHIUE 5 i RHO R /N . 31X
BRI P 2K ) et ) AR o e — B, R G T RONRL T e s . B TR m=
9.109 389 7(54) x 103! kg, FXF Eq. 52 HH— A0 e& E w111 1) REGHEATUHE,
REXAMELI 1631077 # FIR Gaussian A REUH— G N \/% o AT 5
ZEEI NS L N I 0 e VT N VO M S I S L U O = 3
M, (x,0) = 1072 {EJ9ix BLEIHIUE A1 (LI, 24 e BT I A %N T 107
I, P 7 V2 A B AL R AE P AT Y B B R W 22 /N T 1.14%,  BAR
Supplementary Information < Part 6). {EANXTLE, X BLISTHE T WIG6 &4 st
KIHER (0 M, (x,0)= > ). [FIF, WA T Schrodinger 1 Dirac J7 FEXHX

29



ANV T BOR R AT SR iR . X T Dirac /7 RE, X HEUHN 2SI BRBUAHEZE )
B (R, (x,0)=x,(x,0)= ge_zxz ) YEAWIGRME CGRARITFE )£ Mathematica

A5 W, Supplementary Information 2 Part 8 # Fig. 4 2 HllILFE)
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¥ 7 HAZ
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Sl
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Figure 4 | % FHAN[E (K177 AE B AR EEAL ) T SR Gaussian AL ¢ (H— 41K
&S a, EVIIASAE A M, (x,0)=10"e> I, J Eq. 40 IS5 5,
NITEXTEETAR, B RS AT 1 I8OR(x107 )b 2] b, EVIUG KN
M, (x,0)= e I, FH Eq. 40 iFEMI4ER: ¢, K Schrodinger R 1FE 14
% d, KH Dirac T HILE R,

P Fig. 4 iR, Buq. 40 £ & EHIRTIEZAE(M,(x,0)= 10" ) FAFHI )
ALK B 14 (Fig. 4a)F1 Schrodinger J7 #2159 2 45 B (Fig. 4¢) L% A Z 5
G 7 (5 356 W T, AR 53 0 12 FR) A U R R 4SS, T JEASE )~ 7))« £E Fig. 5 7,
AN TRV 200 AR B AR IO 1 22 &5 SR SE A IR T iX N e =Rl fE ol . B, R
FPA 7 A Gaussian 3 GER— 2| F5EE L P22 EAE K. X
B — B RIE, AN SCHTS 7 R o IR AR DX (R AR A LT A AT
X, EfFJEFZBIGEEREE) #iLlA Schrodinger 72 (Z/DFE A
Gaussian ¥ ELIX AN W), IX 5113 3.3.5.1 75 0 285 5 — 2% . 7 Supplementary
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Information 2 Part 6 W, AR BIGUE | 1L R FAZ SRR, {4 T3 Eq.
72 FVA 0 BB |y | FITRARS LTI 46 2 AR AT UMY Gaussian PR
I BURE, AR5 KA Schrodinger /7 FE 15 21 1 45 R FEA — 5,

t=0.0 I, t=0.2 061
I\ g = 0.
— Eq. 40’ / V
\
— Eq. 402 \a = 0.64
Schrédinger
Dirac / \
____________________ 4 N\
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X X
t=04 t=0.6
N——o0=0.83 AN
\ ! /U = 108
ag = 094 II,” 3 =0 = 130
// ‘\\ ,'I \\
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
)¢ X

Figure 5| A[EA] (£ =0.0, 0.2, 0.4, 0.6 eV ) PURh 773 (Eq. 40': #J4h46AF
N M, (x,0)= 102 ; Eq. 402 ¥IME5AEH M, (x,0)= e ) 1E B SRS T
D) Gaussian WL CRRREBD KIS BuEH K

SR GH A I BR B AR K (0 M (x,0) = ), BALRIE A7 1= 0.3
eV L H I W] R i Bk (A E BT R SEEE(Fig. 4b). BT H &KL,
H Eq. 40 152 EMELE x BT M B BE, XM Fig. 5 # =AM %11 Gaussian 3 £
BRI AREZE S5 R PT LIS R HE o FERXFEIVILE &, Eq. 40 FUIN A4 #UE
FE I Schrodinger 77 FE T AR, B H FI8RIE A H THEL, 1X ¥ 828 Dirac 77
TR TS TE (Fig. 4d). X EHAEN, HEZRHMBEE TG /1. fEi=1eV!
PUG, TR ZONMANE CEBE 702415850 . Supplementary Information
Z Part 7 e BT RBCN 1.4 (15TE); Dirac HFEHEAKIE L, WTE 1=0.5 eV
UG HH L™ B ) 28 (TR 06 03 SR R S R, 35 N IR 73 ll L o3 BRI AN B
NHJUEED o X BN, ZIMR N Dirac JTREARF B H S 91 ) HXPE L4 R e
BT Fig. 5 HIPRAEZE S R MENIE [ 1X— £,

FEN, N T TELRRIE FEATAAAE R /N i AL B RE e, X AT EE 1A Eq. 40
T A RIS ZAE(1072e>, e, 1.2¢ and 1.4e2%))5, UG ML (x
= 0 AU A0 A5 B AR N A ORI A e KB AL B0 ) BT AR R A 2 1 1 41
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Mathematica fXi% i, Supplementary Information 2 Part 7 # Fig. 6 FI22HidFE),
S5 R0 Fig. 6 s AT AT LA Y, A IRATAAHEE /N BRAR R 3 AN A (4
URZ5AHET, Eq. 40 TR ET HUEE (x=04) MEW]5 Schrodinger /7 FE—
B, FEWZRE 0.3 eV iR T SRR (BEBEHFER), Fig 6a Fx
TIEANMEH. IFH, Fig 6b il | FE G R I 2B TR T H18a 2644
M, (x,0)=1.2¢7 Fl M, (x,0) = 1.4 BILHEIETE LUK 55 Dirac 77 FL 45 ST L
U, Supplementary Information < Part 7). MEIF AT UUE H, Bl 54 UG5 )20 1
Ko XA BALAENITFAA ) — BN 18] 2B W e i, AEASE I 381 d R AR IS PR U8 T AR
ARG AR GENY , CHEMDD W52 2 Bq. 43 R0 EL. WX/ N EAILTT LA
A, AU R BB ORI, I R SR el St O S
a b

°80 05 10 15 20 25 30 3 2 -1 0 1 2 3
t X
Figure 6 | 7 HARHAALHI T, T Gaussian 3K A R FI W46 214F Mo = (10,
1.0, 1.2, 1.4) ™™ EEAHIM A TR A LB . a, Gaussian JEA7E x =0 &b (52£8)
BB R KL (FIEZ) BEIN [RI 1S b, Gaussian P AR K 21 )9
oo BB BT e BT R B ARERFRRIGE S 75 (ERF H
K, ERFE AR LS R =0 eV AAWIIEERHT T 15— 1L Ab B .
3.5 X EH SN
it EF, T Bq. 40 SR EANME R R T2 s CREA RS, ARG
BT A A AN R P AR R R T A RS B 2 3. SR, AR AL PR S B ]
i, iR N EESEE RS, ARSI R AR . B, X Eq. 40 I INAM N
A H S bR B
X ANEEATCRKIH HAR T RER J), 3.7 R AR S, i
TR AH AR AT B AR B SO BB R AR, IE BRI R, Hm
HFH Eq. 40 PR ELACR 5y, IR A EXAER 7). T AFE BT J). B
JIMGGHHEAEH 1B .. ST 51 DmIe e ) CRRRE M5 H EAER 71
&) AAARPEINIEN sl e RAE F 155 DURARSON 51 ) BB,
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X HAN I R N PIRE I . — R 251 i, S—Ma e Haes. 51719
72 I BEATLIZ 31 B30I LT 78 I 25 S5 R 230 20 A N 7 A8 B4 JR) 31 8 5 0 %5 (S 15 B )
BEHLIZ B0 1 58 K2 R T (B E B ) B 25 M2 AELAE 2 [R) 4% 1) B 22 ) 3 2
se MU E RE HIRB RGN eI T R E ST (5
&) W et indizs) (B3 m) $36 2 —A LU 7 n) 3R L
ARG R . XT 51 1Y, Iis S —fn] AR xTHEH ey, 917
RN — T LA o T T EAT VR4 A -

TSGR B BB R REAL E e i AR R B, 23 R B A LS B R T
WERAZE AR RN, GBI T Gt ER8D, 727 8] B A SR AT & 1R R
M _ER Poisson 4347 Eq. 20, X HEFFRHAPTE—NE T (BEAMHLE T T
B SRR (RCIX B AR R N ERAR, HANAEALE IR 9 AH S 1 308 1T 25 141580
Mok TAARUES N, B EE 2E EsD I NS . TERL TR B S e I
LI SO AN AR ARXS 1)), BTG . — €8 H £ =4E75 (A
Hh 3z Z) BRI 2 DR /INFH AT 7 () BT ERDRE - A SR AE — RS, FE 3 — 20 SR AH IRE 1Y
1B B)) 73 B0 AR T AR A T 3 AT N E ) B RN o Dy T 1 IR AN ), I
BRI SR SR T B E A SRR &, i T PiB AR E ok,
SREAAN AL [ FERE AR 5 o7 A2 AR TR R/ INB) A0 AT T s SRS, P B —
0 H B [ B AT BT O AR 1A A S R /NP AT ]

W6, ST — AN ERAERTE S XS]0 AT OSSR AL IR CBRTEREATL RO 2k
) Ve BRI BERL AT KN Q| Mo Vs XEBR O HIBIHL A ¥ Q
FA DT RRAE 72 18] AN 77 1) B #RAT AT RE, Afel s 2 NS TR B N 1) — R R AR
Fe5))? 3% B B BRI A v AT AR B BRIET S AR r B IR EAR
o, T LA 5 b R 13k A 2B I A BE AL 16 % 85 FE TR I 40 Al X L[| =1
()

S [IFRL T v, X @ (500D, B

|1, NE "
O, =rXv, (53)

R AR AT DA A O P AR ELRSL D BRAR PR . S, B e A A] B )

r BT 1, R E I r A SR RALERT S BRI E . XM B AR ER
1S _E¥I5)o0An, FHEENLASE R o 550, WEfEsi B bR Zad i
By W7, AT WA RS S A, HIBENLRE Vs Ron. RRAE r
(AR CERERTET S ) 4 — 480 vy FERIEDS .« T4, BEbLAE Vs ST
BRI S” L3850 43 Afi 1) AR BR 0 BRI BRI ) o 32 38 SR () 52 SUR o] =1, 24
A r 0T FBE, |rx v S0 FERIE S LI5S0 (K0, WOR1 r SPAT T 1)
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B B — AN S ERO HEE T r WUIRAE D B, 5 S HBROAHIES 21 1m) &
KA, AN (Fig. 7) -

wl

Figure 7 | W& o’ K754 5 SR 2 E

MEEHL A RAZAGES, 412 T 2 LIRS ERT S ERIPIE A D —#2ig s,
RPN 2 3 AT B s /& 38 50 43 A, AR, BEALIA & R <V, (W45 R LB 1R
BEATL ) B 42 TEREAS 23 (R R K8 50 0 A o SRS D7 B BE LA KN | 27| 1 o0 AT
RO, FEETT AER B 5 oA, BDASRAZRENLIA & Vs DTERE] S Bk0 7 AR
F FR 3 FE /N | 953 A

WRENLAZ & Ni~N (0, 1), Na~N (0, 1), N3~N (0, DA B0, U B4 B AL [
R AARR A ) — AN AL BR X B g 1415

X= N, (54)
JNZEN2EN?

-1<x<1,

1
fen=1 2’ (55)
0, otherwise.
XF S ESL =4 Cartesian ELAALPR &R, ik BRESE D' E T 2 fl, HBEHIARRE
O~U(-1,1), H~U(-r, ), W4, EKIS EHEpAmmbEyL s 2 F 4 D 15
IIFENL ) & Q7 AL FR N X =c-sincos™ @-cosH, Y =c-sincos ' @-cosH, Z=0,
M HA R RN A

X v+ =c1-@ (56)

Ql

PRI, | 7| IR
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X
, O<x<e,

(¥)=9 ¢V =x7 (57)
0, otherwise.

PE R BN R | Q| MU IR AE R AFEN T 76 %21 hBHLE 2722 B L5

Ao I, BEEPE R F, (x)|Q|(x) (HEIHE AN E R B E K

Q), BIAPSRAGREHLIAE Vs Xt M Id L Q (1 NS5 AR bR X DTk KR 2

w/

1 . ,x =&
—sin~ —+—, —c<x<0,
2c c 4c
1 X <
(OS’X()C)= 2—CCOS ;, 0<x<ec, (58)
0, otherwise.

ST ERT S PR 86 A S 5k P 4450 25 A OB AL I Bt Vi X730 E 2, 195
ﬁ,E%W@ﬁ%ﬁ%ﬁ%ﬁ%ﬁ%*%r%K&r%@ﬁﬁ%ﬁﬁoﬁﬁ,@
AT R 7R Ve i @, i — AN Ak Q| HOTTR:

1
QB,X(X’F): ;‘st(x) (59)
NS ESIREi O S |
1 . rx =mr c
—rsin. —+—, ——<x<0,
2c c 4c r
1
@, (x.r)=1 oreos’ T, 0<x<t, (60)
0, otherwise.

B, SRS Ve X QA AR ARSI AT R, () IR AR
FRATBR N A4

J;4ﬂr2 .Q, (rdr (61)
IR Eq. 61 #IRRER - FYA A TERN WS, 8+ 2 Eq. 43 Frifiid
B CRYHO AR AR, TRl 47 FE 1% %5 B eR B AT AR 4, (HIXAMENT R H

AT 19 JCVR R o RIVE R 25 R& 24 50 70 A G 1 AN i S 1) (K e » X5 T Eq.
43 FrR B 1, RT3 FEI AR ] AN A A B BRPORL 7, 7T AHEDN,
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HARIRRE S A BB RO (L b, TRz, #aE—4
RN [ REATL A B R B, ARAE Lo BR i B, 3K S ) o 81— S R A6 2R
HRMFEAZ Jt € (1) Maxwell 734D K L3R Eq. 61 XF x RFIFH—)5, 155
BAPATERNBENLIA R Ve XAIESE Q1) DO AR X TTBk MR

Sy Tou

— x>cvx<—c,
128x

3(8x4sin_1 X famxt +U1j
c

, —c<x<0,
o, ,(x)= 6dcx’ ot (62)
3(8x4cos_1 * UIJ
a f , O<x<c,
cx
0, otherwise.

7E Bq. 62 11, U, =x(2x +3)We? —x* —3c*sin™ =, X EHEHL A Va 7 B A7 Bk
C

mSW (8BS MtEN.
NHEHE— BT, B R RIERI LR AT EAE R TSI BRI Z AN

ﬁRw;mﬁ—4Rﬁéﬁiﬁ%%ﬁmﬁﬁ%@oﬁﬁ,%mﬁivwﬁﬁ

JZ Q B EA S AR X TTBR O

9rc’ c < ¢
3 4o X>—VXs——,
128R°x R R
3(8R4x4sin’lRx+47zR4x4 +U2J
¢ < <x<0
o, (x)= 64cR’x* " R ’ (63)
3(8R4x4 cos_le—UzJ
c c
— , O<x<—,
64cR’ x R
0, otherwise.
fEEq. 63 1, U, =Rx(2R’x*+3c*)Nc® — R’x*=3c*sin™ Rx , HAREZE N % o I
c

RIWR=3,c=1, ¥ FIRAEEMEZE Bq. 63 W (Fig. 8)
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ik

R, 24 k ANRSLFE AT BENLIA & VAR W BEHLIZ S, AR O kR E
B, CEAIBIRE LS, AT TR 0 A 4 B A I T i KN | ) PR

MSH & 3\/—\/‘:— #] Maxwell 7341 o N T IAEX N, XHERAk=103,R=3,c=

100, 4 HFNFESEIFEARECH 100 BB S5 RAEXS b, 4530 Fig. 9 Fros (B
2k B VEANIZ /E 1L FE W Supplementary Information 2 Part 8 H Fig. 9 2 Hill i FE )
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IS 1) A2 A B i B 2 R T HE IR AE Eq. 68 I AR H00 H 3171 A 32 Hamilton
HrVAER: fEANES B B9, Ho T sl B R IR 18 RN AR AT DA o

AT, A | M, | A Eq. 68 fiv i SRR EOT . 40 Ff i BR(ALE SR T80

WA AT B, T2 bR B8R XA R SR & sk S 1 HAE B ARR
BT E, BRGNS 2 RN TJE R 75 /IR AL, M, XA

BB LRI —LFoR () BRRT, TRATAEH| M, |75 X

PRI 7 HOR S5 (L 3.7 15 rpon s IR RS 48D, oy Boa B e ir 5%

&F

BEBEEEM I RIS, LA FE, M, BRI G —| M, | RIS

WP, Pk, Eq. 75 AN WAL A

43



: =% o (ind™ IV x 4)
2m m
‘ g (76)
4t g p
2m,
PRI, AR SCHE S LT B e e s 0
2
=i 77)

2m
oo, MATLEY Bq 72 HHE. m%@%arm s V6] {1 7 ¥ ) 5

D, =2x10"kg-m i, ugz100438uB,§i43uB=

FTE KR, Wi BRI 638 R 2 (S ER RSBl ExT b, AR ZAE
FXAME, HIZAE K BT H BT EE3R, X A Reffix p, = 7.537 648 754
4x 108 kgm=) W, BATCMSE] u ~1.0011596522 u, o B, ik, @EATLs
AR Hh SR BT (%) - B R RARE,  SCHEIZAL ()T 35) ot %
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Gikl. Hor, AHETkHEZRE b R AL, Sk R R S
4t

JeF EIR AT RRARARY, B RN IU SRRy A . smAR EL AR RD
AR ELPE B ARUR B DR R B IR AR AR MG RN, B T I I ERTE . X 2R
EHNTERJ1 (0 Fig. 4b s g PN & s T, A S HERDD, X R
YERIisa K e s WGP )5 B _Bid i 7 BHASS IR R 59 BAE A
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4. Conclusions
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Part 1. The Square of the Norm of the Average Velocity is Proportional to the
Number of Vectors

Definition: Particles with a higher mass level composed of k particles are called kth-order particles.
Then, the velocity of a kth-order particle is the velocity of the overall center of mass of the & particles,
which is the average of the velocity vectors of all these particles.

Assumption: Each particle is moving at the same speed and in a random direction in space.

Thus, the projection of the velocity vector of a kth-order particle onto one of the three equivalent
coordinate axes of the 3-dimensional Cartesian coordinate system is the mean value of the projection
(onto the same axis) of the velocity vectors of the 1st-order particles forming the kth-order particle,
which follow the same distribution; therefore, it approximately follows a normal distribution (central
limit theorem).

There are three equivalent (approximate) normal distributions, one on each of the three axes, which are
not completely independent. However, James Clerk Maxwell and Ludwig Boltzmann proved that these
distribution can, in fact, be equivalently treated as completely independent. This is because randomly
selecting a vector is equivalent to randomly determining a three-axis coordinate; moreover, the prob-
lem of the momentum transfer of gas molecules participating in random collisions is also equivalent to
the problem discussed in this article.

First, the probability density of the norm of the 3-dimensional vectors formed by three normal distribu-
tion N(0, 0,) components that are independent on three coordinate axes is calculated.

Clear["Global +"];
D = Simplify| PDF| TransformedDistribution|x” + y* + 2°,

{x, y, 2} & ProductDistribution[{NormalDistribution[0, o], 3}]], x], Assumptions —» o > 0];
D1 = PDF|TransformedDistribution| \/x , x & ProbabilityDistribution[ D, {x, 0, +co 1], ]

0 True

Then, we find the probability density of the Maxwell distribution with scale parameter o:

D2 = PDF[MaxwellDistribution[o;], x]

Therefore, these two probability densities are equal:
D1-D2
0

We verify the above conclusion (c is the speed of the 1st-order; n is the number of vectors) (This code
takes approximately 1.74 hours):
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= ¢=1;3
n =1000;
m =1000000;
dd ={};
ProgressIndicator[Dynamic[i], {1, m}]
For[i=1,i<m,i++,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[H]];
dd = AppendTo[dd, HH]];
D = SmoothKernelDistribution[dd, {" Adaptive", Automatic, Automatic}];

Plot[{PDF[Z), xl, PDF[MaxwellDistribution[ CF \n ], x]},
3
{x, 0, 100 ¢}, PlotStyle - {{Red, Thickness — 0.0032}, {Blue, Thickness — 0.0032}},
Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.0017],
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize - 14],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style["Theoretical", FontFamily —» "Arial", FontSize —» 14],
Style["Simulated", FontFamily - "Arial", FontSize — 14]}, LegendFunction —»

(Framed[#, RoundingRadius —» 4, FrameStyle - GrayLevel[.6]] &)], Scaled[{0.732, 0.644}]]]

Outf+]=
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Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, o)
components which are independent on three coordinate axes follows the Maxwell distribution with the
scale parameter 0.

Suppose that the standard deviation of the projection of the velocity of any one of the £ equivalent
particles forming a kth-order particle onto each equivalent coordinate axis is o. Then, the standard
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis
(i.e., the mean value of the projection of the velocity of Ist-order particle) is ——, namely, the projec-

NG
tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and
a standard deviation of % As a result, the speed of kth-order particles follows the Maxwell distribu-

\/E

tion with scale parameter

Then, the average velocity of the kth-order particles is
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v =Mean [MaxwellDistribution[ i”
k

2\/20'
NG

For the kth-order particles in different references (R, and Ry) and with different standard deviations

(o, and o), the ratio of their average velocity v, / vy =
2 ‘\' 727 oy 2 1' 72: o
v i

Oy

g0

Therefore, the ratio of o, to o is the ratio between the average speeds of particles of higher mass
levels in R, and R

For k- and k,-order particles, the ratio of their average velocity v, / v, =

And because: m; = u k; and m, = pu ky, where u is the scale factor or the mass of 1-order particle.

vy / v, also equals:

my
M

Simplify[ , Assumptions —» y > 0]

my

\/m_z
Jmr

Therefore, the square of the average velocity of particles is directly proportional to the mass of parti-
cles or the number of 1-order particles forming it.

Part 2. Special Relativistic Effects on Infinitesimal Particles
Correspondence:
The mixed distribution of D;and D, is represented by D12;

The mixed distribution of Dsand D, is represented by D34;
The rest of the symbols are consistent with those in the main text.

| 3
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1= Clear["Global x"];
D = TransformedDistribution[c Cos[6] Sin[ArcCos[7]],
{0 &~ UniformDistribution[{—x, 7}], 7 & UniformDistribution[{—1, 1}]}];

D=T ransformedDistribution[c Cos[6] Sin[ArcCos[7]],

{0 /s UniformDistribution[{-x, 71}], 7 &~ UniformDistributiOH[{ lci’ 1}]}]’

D, = TransformedDistribution[c Cos[6] Sin[ArcCos[7]],

{0 / UniformDistribution[{—rx, n}], 7 &~ UniformDistribution[{—l, ;}]}]’

D5 = TruncatedDistribution[{«, c}, UniformDistribution[{—c, c}]];
D4 = TruncatedDistribution[{—c, u}, UniformDistribution[{—c, c}]];
D34 = MixtureDistribution[{w, 1 — w}, {D3, D4}1;
Simplify[Mean[D34], Assumptions - 0 < u < c]

1
ouf-]= —(cRw—=1)+u)
2

1
Let the mean value expression be 5 (c2w=1)+u) = u, then find the weight w

1
Infe]:= Reduce[ —(cRw=-1D+u)==u, w]
2

ct+u
Outf+]= (u=0/\C=O)V(thO/\w: )
2¢

Then, the mixed distribution D12 consisting of D, and D, can be calculated in accordance with this
weight w. The analytical form of D12 cannot be given by Mathematica. Therefore, the standard devia-
tion of D12 is calculated directly (This code takes approximately 91 seconds).
c+u
5

2¢
D12 = MixtureDistribution[{w, 1 — w}, {D1, D,}];
o, = Simplify[StandardDeviation[ 12], Assumptions - 0 < u < c]

nf-]= W=

c2—u2

N&)

The standard deviation of D34 is the same.

Out[+]=

in-1= Simplify[StandardDeviation[ D34], Assumptions -» 0 < u < c]

Outf+]=

Then, the ratio between o, and the velocity components on the x-axis of the particles in R can be
obtained.

inf-1= Simplify[o, /StandardDeviation[ D], Assumptions - 0 < u < c]
outf+]=

The same factor can also be obtained by evaluating the ratio of the standard deviation of D34 to the
standard deviation of the velocity components on the z-axis in Ry.
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Simplify[StandardDeviation[ 34] /StandardDeviation[ UniformDistribution[{—c, c}]],
Assumptions » 0 < u < c]

Part 3. The Norm of the Component Vector is Proportional to the Number of
Vectors Forming It

When the total vector value of a specified vector swarm is determined, the mean norms between
different component vectors should be proportional to the number forming them. The following proves
this viewpoint in detail.

It has been proven that the degree of slowdown on all three axes is the same in Part 2 of the Supplemen-
tary Information. Therefore, when observing all of the moving particles in R, from Ry, all the ran-
domly moving particles in R, can be considered to have an additional velocity component u along the
z-axis. Then, according to cosine theorem, the probability density of the particles in R, observed in Ry
can be expressed as (where £ is the number of the particles, u is the speed of R, and v is the norm of
momentum of these k particles observed from R,,):

Clear["Global +"];
D= TransformedDistribution[ \/ ku?+vV-2kuv Cos[ArcCos|[7]] ,

Vk A —u

\3

FullSimplify[PDF[D, x], Assumptions » ¢ >0A0<u <]

2
{v ~ MaxwellDistribution[ ] 5 & UniformDistribution[{—1, 1}]}];

2
3
o R

ﬁ[—n] 57
ku \2xc?k-2xkiu?
6x2
A67 \/cz k—u x (5 ux-2c* k) erf[ﬁ]—ﬂ X eux-k (cz (6 k+2)-u (2 u+3 x)),g X (c—u) (c+u)

c* k-ux

4 A\J61 K2u ((c—u) (c+u))3/2

k>O0AN(x>0ANku>x)Vku<x)

ku=xNk>0

The meaningful part (first branch) is selected to be verified. Note that the sampling with the replace-
ment method in the particle swarm with a mean speed of u can simulate all of the cases of the particle
swarm with a mean speed of u. (The following code takes averagely 108 + 77 minutes)
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= ¢=1;3

n=1000000;

HH =0

While[ HH < 2700,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[H]]];

m =100000;

dd ={};

ProgressIndicator[Dynamic[ j], {1, m}]

For[j=1, j<m, j++,
JH0 = RandomChoice[H, 0.3 n];
HHO = Norm[Total /@ Transpose[FH0]];
dd = AppendTo[dd, HHO]];

D = SmoothKernelDistribution[dd, {" Adaptive", Automatic, Automatic}];

k=03n;

HH

u= ;
n

Gux 3k u+x)?
\3 x (W.T_ 1]@ T
Plot[{PDF[D, x1, . tx, 0, 2500),

ku \/27rczk—27rku2

PlotStyle — {{Red, Thickness — 0.0032}, {Blue, Thickness — 0.0032}},
Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness - 0.0017],
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize - 14],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style["Theoretical", FontFamily —» "Arial", FontSize —» 14],
Style["Simulated", FontFamily — "Arial", FontSize — 14]}, LegendFunction —»

(Framed[#, RoundingRadius - 4, FrameStyle - GrayLevel[.6]] &)], Scaled[{0.753, 0.644}]]]

Outf«]=
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0.0010¢
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In view of the above conclusions, we find the mean value of this distribution (This code takes approxi-
mately 166 seconds).
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nep= Yy = FullSimplify[

3 (k u+x)?

6ux _
ﬁx (@cZ—T - 1]@ Zk(cz_ul)
ku \2nc2k-2nku?

3ku?

3—ku
(62+(3k— l)uz)erf[%]+ \/ijupz(“z’“z) k(¢ —u) (c+u)

3u

Mean[ProbabilityDistribution[ , {x, 0, +oo}]], Assumptions » ¢ > u> 0 A k> 0]

Out[+]=
We find the limit of the ratio of this mean value J/, and k when k approaches +oo.

R S ,
Infe]:= Slmphfy[lelt[ —, k- +oo], Assumptions - u > 0]
k

—u arg(® —u?)=n
Out[+]=
u  True

Therefore, when £ is a large number, the norm of the mean value V, is directly proportional to the

number k forming )V ,, namely )V, =k u.

Eq. 21 in the main text determines the proportion of particle number distributed in various boxes
partitioned by £, and these particles are distributed in each box of V with equal probability. That is, the
particles are randomly extracted from the micro domain V to be distributed in each box. When the
number of extractions is large enough, the norm of each component vector partitioned by & should be
proportional to the number of particles according to the probability.

Next, we verify the standard deviations of this distribution in the three axes.

= ¢=1;3

n=10000000;

HH =0

While[ HH < 6600,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HIH = Norm[Total /@ Transpose[H]]];

HO = RandomChoice[H, 0.3 r];

HHx = StandardDeviation[ Transpose[H0][[1]]]

HHy = StandardDeviation[ Transpose[ HO][[2]]]

HHz = StandardDeviation[ Transpose[ HO][[3]]]

ou-]= 0.57735
out-]= 0.577374

ou-1= 0.577327

The standard deviation in theory is:

HH

nf-]= W= ;

ou-]= 0.57735

This result verifies that the conclusions in Part 2 and Part 3 are both correct.
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Part 4. The 2-Dimensional Drawings Under the Same Conditions

When solving the equation, an equivalent form of multiplying both sides by the power function of e is
adopted to make the solution more accurate and obtain it faster (This code takes approximately 72
seconds).
1= Clear["Global ="];
Needs["NDSolve' FEM "];
Q = ImplicitRegion[0.0016 < x* + y* < 16, {x, y}];
mesh = ToElementMesh[(), MeshRefinementFunction —»
Function[{vertices, area}, area > 0.00003 (0.1 + 80 Norm[Mean|vertices]])]];

_ v (B Uy Pule,y)  (dulx,y) ) (dulx, y) Y
uif = NDSolveValue[{¢ ™" + - - =0,

ax? ay* ax dy
DirichletCondition[u[x, yl=1+42i, x> +y*= 0.0016],
DirichletCondition[u[x, yl=0, 2+ y2 = 16]}, u, {x, y} € mesh];
p4 = Plot3D|(Abs[uif[x, y]1)*, {x, y} € mesh, PlotRange - {0, 5},

ColorFunction —» (Hue[0.65, H#3] &), AxesLabel - {"x", "y", "z"},
LabelStyle - Directive[Black, FontFamily - "Times New Roman", FontSize - 21],

BoxStyle — Directive[ Gray, Thickness — 0.002], BoxRatios —» 1, ViewPoint — {15, —26, 16}];

ImageResize[p4, 700]

It can be seen from the figure that it is a circular symmetrical structure.

Part 5. Angular Speed Distribution of Random Spin Particles



Outf«]=

Infe]:=

Outf+]=

Infe]:=

Out[+]=

Infe]:=

Outf+]=

Supplementary Information.nb | 9

Clear["Global «"];

N
X= TransformedDistribution[ ,

‘\,N]Z + N22 + N32

{N1, N3, N3} &~ ProductDistribution[{NormalDistribution[], 3}]];

PDF[X, x]

L j<x<1
2
0 True

The expression of |£2°| in the main text is calculated as follows.

X = ¢ Sin[ArcCos[B®]] Cos[H];
Y = ¢ Sin[ArcCos[®]] Sin[H];
Z=0;

FullSimplify[ X2 +Y*+ 72, Assumptions - ¢ > 0]
c1-6°

NOTE: |w’|(x) in the main text is substituted by w’ as the probability expression here.

w'= TransformedDistribution[c \/ 1-02? , ® &~ UniformDistribution[{—1, 1}]];
FullSimplify[PDF[w', x], Assumptions — ¢ > 0]

X
x>0ANc>x
c C‘2 —XZ

0 True

NOTE: wg_y(x) in the main text is substituted by wsx here. Then, the probability density of X, which

represents one of the three equivalent coordinates of the angular velocity Qg contributed by the random

vector Vs, can be obtained:

WSX = TransformedDistribution[F 1F2,

1 X
{Fl ~ ProbabilityDistribution[ - {x, -1, 1}], F2 & ProbabilityDistribution[ — 0, c}]}];
2 c Alc? -
FullSimplify[PDF[wsx, x], Assumptions — ¢ > 0]
o' (3
2¢
2 sin’l(':f)m

4c

x=0Vx>0Ac>x)

c+x>0Ax<0

NOTE: wp x(x,r) in the main text is substituted by wbx here. Then, the probability density of the norm

r of the radius r at which the starting point of the vector V7 is located within the ball can be obtained:
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1
wbx = TransformedDistribution[ -x,

r
ArcCos[ i]
2—” 0<x<c
xR ProbabilityDistribution[ - , (x, —c, c}], Assumptions - r> 0 A ¢ > 0];
2 ArcSin[ t—]+7r
T —-c<x<0

PDF[wbx, x]
rcos"("—’()
%" c+rx>0Ac-rx>0Arx=0
Outf+]= )
Y s ()
——er—— c+rx>0Ac-rx>0Arx<0
C

The distribution function of the contribution of Vg to the equivalent coordinate Qg y of Qg is calcu-

lated as follows (NOTE: This is the result in Mathematica 11.2):

rArcCos[rc—x] 0<x< c ¢ ¢

CDF[ProbabilityDistribution[ 2 T {x, -, —}, Assumptions - > 0 A ¢ > 0], x]
r (2 ArcSin[ T]Hr) ¢ ror
. —;<x< 0

;—x>0Ax=0

— -

;—x<0Ax20

N P ) ()2
%4472T“((%‘ (E_x:OszOM“E—xEOAX>m

r

e
2 AJc2-r? x* +2r xsin '(—)Jrnrx
-

X<OANS=x>0N<+x>0
4c r r

We remove the meaningless parts of the above function and integrate the function in the whole unit
ball (NOTE: This is the result in Mathematica 11.2):

2 NP xt+2rx ArcSin[ ’E—X]+7r rx

1 > —f—<x<0
EM$mNM{f4nF . dnAﬁmmMmmac>q
2_,2 .2 r
0 - \/c -rx +rxArcCos[ c—]+20 ¢
<=x<-
2¢ r
2.3
- c+x=<0
323
(128-3 ) n ¢
i c<x
96.x3

]]+24 X sec"(i)+64 cx3=30 X% Aflc=x) (c+x)

Jé:y}Anf]

We find the first derivative of the above result with respect to x (NOTE: This is the result in Mathemat-
ica 11.2):

e [3 2 x Aflc=x) (c+x) +3 ¢* [3 sin"(i)—4 tan~! [
5

2 2
48cx3
T [(8 x*-3 L'4) sin”! (';)er (=) (c+x) (10 xz—c'2)+4 * tan™! [

16 ¢ x*

czxAx=0

True
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FullSimplify[
26
-5 x<-c
2.3
(128-3mnc? r>e
96 x*
D[ n [3 c2x Af(c=x) (c+x) +3 ¢* [3 ArcSin[H—4 ArcTan[ c:—xz ]]+24 x4 ArcSec[f?]+64 cx’=30x \/(c=x) (c+x) ] ) x]]
O<x=c
48cx®
4 4 in| = — 2_.2 4 d 4
x [(Sx -3¢ )ArcSm[c]+x V=X (c+x) (10 *~c)+4 ¢ ArcTan[ — ]+47rx ]
—-c<x<0
16¢x3
30263
s c+x=0
3244
7r(3 -128) A3
- c<X
32 x*
2.9 :2).3 4 o« oifx PR
n[—x Af(c=x) (c+x) (35 +2 x° )+3c [4tan [ = ]—3 sin (;)}-Sx sec (;)]
Y x>0Ac=x
16cx*
P [x Alc=x) (c+x) (3 242 x2)+(9 *+8 x4) sin’l(;)—l2 ¢* tan™! (
\ c+x>0Ax<0
16 ¢ x*

We modify the above results to the form of a continuous function and integrate the function in the

whole interval (-co, o).

3223
c+x=<0

32

323

- c<Xx

3254

In[«]:= Integrate[ Fg [—x A(c=x) (c+x) (3 2+2 x2)+3 ct [4 ArcTan[ = ]—3 ArcSin[ i] ]+8 x* ArcSec[ c—]] )
N c x
x>0Aczx
16 cx*
T [(9 48 x") ArcSin[i]+x A/(c—x) (c+x) (3 242 xz)—12 ct ArcTan[ u ]+4 s x4J
c [ 2_y2
— - c+x>0Ax<0
cx

{x, —co, co}, Assumptions —» ¢ > 0]

4r

Out[+]= ——

The above function is normalized according to the integration results (NOTE: This is the result in
Mathematica 11.2):

3n2cd
c+x=<0
32
3zc -
1 2t
FullSimplify[ 4_ x (—x V=) (c+x) (3c2+2x%)+3¢* (4 ArcTan[ = ]—3 ArcSin[i] ]+8 x* ArcSec[ E—]]
2_2 c x
iz — x>0Aczx
3 16 ¢ x*
x ((9 c*+8x%) ArcSin[§]+x V=) (c+x) (3c*+2x%)-12¢* ArcTan[ : = ]+4 7rx4]
- e c+x>0Ax<0
16 c x
9 3
A c<xVe+x<0
128 x*
3 [—x Af(c=x) (c+x) (3 242 x2)+3 ot [4 tan™! ( ]—3 sin'](%]]+8 x4 sec"(:;)]
£ x>0Ac=x
64 cx*

*-x

3 [(9 *+8 ,\'4) sin’](})d-x A/(c=x) (c+x) (3 2+2 xz]— 12 ¢* tan™! [

]+4 7rx4]
c+x>0Ax<0

64 ¢ x*
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In view of tan™! T = sin”! al and sec™! ‘ = cos” )i,
2_ 2 c X c
the probability density of the contribution of Vg in the whole unit ball to an
equivalent coordinate X of the angular velocity Qg can be obtained by simplifying
the above results (Note : wp_x(x) in the main text is substituted by wBx here)

(NOTE : This is the result in Mathematica 11.2) :

wBx = FullSimplify[

% c<xVec+x=<0
128 x
3 (—x V=) (c+x) (3c2+2x%)+3¢* (4 ArcSin[E]—?a ArcSin[E])+8 x* Archs[ ;i])
64cx*
3((9.¢*+8 x*) ArcSin| “|rx e @) (3 2+24%)-12 ¢* ArcSin| Z|+4 7.+
64cx*

x>0Ac=x ,Assumptions—>c>0]

c+x>0Ax<0

9rc3

128 x*

3 (3 ct sin'](g)—x e2-x? (3 ) x2)+8 x* cos"(?]]
64cx*

3 ((8 x*-3 c4) sin"(;)ﬂ e2-x? (3 c2+2x2)+4 zrx4)

64cxt

c<xVe+x=0

x>0Ac=x

c+x>0Ax<0

Op x(x)
—
probability density of the contribution of the random vector V to the single equivalent coordinate X of
angular velocity £ is (Note: wy(x) in the main text is substituted by wx here) (NOTE: This is the result

in Mathematica 11.2):

Further more, when the radius of the ball is R, the above situation scales to Accordingly, the

x
wX = TransformedDistribution[ -,
R

9 3
= x>cVx<-—c
128 x*
3 ((8 ¥*-3 c“) ArcSin[;]+x \j 2—x? (3 A+2 x2)+4 T x")
e o - " —c<x<0
xR ProbabllltyDlstrlbutlon[ 64cx , {x, —c0, oo}],
3 (3 ¢t ArcSin[ i]—x Vei-x? (3c2+2x2)+8x* ArcCos[)i])
< < 0<x=<c
64cx?
Indeterminate True

Assumptions > R>0Ac> 0];

FullSimplify[PDF[wx, x]]

3
Inc ¢c<RxVc+Rx=<0
128 R x*
3(Rx AJ-R2 2% (32+2 R *)+(8 R* x*-3 ¢*)sin™ BV ar R x4
( ( M ) () ) c+Rx>0ANRx<0
64 ¢ R? x*
3(-Rx \JP-R*x* (3242 R? 22)+3 ¢* sin”! B0)18 R* x4 cos~!(BX
( ( ) (‘) (‘)) Rx>0Ac=Rx
64 cR? x*
Indeterminate True

The standard deviation of wx is:
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StandardDeviation[wx]

2e
3

R

This is the end of the whole proof.

Part 6. Differences Between the Two Solving Methods (Schrodinger Equation
and Eq. 40)

This code takes approximately 2 days.
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1= Clear["Global x"];

oY(x, v 1 Py(x, 0
usol = DSolveValue[{lZ d =— ‘/,—, Y(x, 0) == @_sz}, v, {x, t}];
ot 2 9x?
FIx_]:=e™™; L =20;
IM(x, t) 1 PMx,t) (AM(x, 1)V
vsol = NDSolveValue[{u' —— =—-—-F[M(x, 1] - ( ] s
ot 2 ox

M, 0) =102 ¢ 2%, M(~L, ) == M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 40];

sl = Plot3D[Abs[usol[x, £11 - 10 Abs[vsol[x, £]1, {t, 0, 1.6}, {x, -8, 8}, PlotPoints — 60,
MaxRecursion - 3, PlotRange — {{0, 1.6}, {-8, 8}, {—0.002, 0.003}},
AxesLabel —» {Style["t ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily - "Arial", Black, Italic, Bold], ""},
AxesStyle - Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks = {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness - 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness — 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},
{{-0.002, —0.002, {0.012, 0}, Thickness — 0.003}, {—0.001, —0.001, {0.012, 0}, Thickness — 0.003},
{0, "0.000", {0.012, 0}, Thickness — 0.003}, {0.001, 0.001, {0.012, 0}, Thickness — 0.003},
{0.002, "0.002", {0.012, 0}, Thickness — 0.003}, {0.003, "0.003", {0.012, 0}, Thickness — 0.003}}},

LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize - 21], ViewPoint - {1, -2, 2.1}]
FindMaxValue[{(Abs[usol[x, £]] — 10? Abs[vsol[x, #]]), x > 0, ¢ > 0}, {x, #}, WorkingPrecision - 34| /
(Abs[usol[x, tl/. Last[
FindMaximum|[{Abs[usol[x, £]] — 10> Abs[vsol[x, f]], x > 0, ¢ > 0}, {x, £}, WorkingPrecision - 34]])

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/S 1.png",
s1, Background — None, ImageResolution - 300];

Outf+]=

our-1= 0.01137609304650582034220637885507277

Part 7. Another Comparison When the Initial Wave Function Is 1.4 ¢2~
This code takes approximately 3 hours.

Clear["Global +"];
L =20;
Flx_]:=e™
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OM(x, D) 1 PMx,0) (IM(x, 1)V
usol = NDSolveValue[{i e~ F[M(x, 0] - [ ] \
at 2 dx

6
M(x, 0) == — e, M(-L, 1) = M(L, t)}, M, {x, —L, L}, {t, 0, 3}, WorkingPrecision - 22];
5

OIM(x, D) 1 [ P M(x, 1) (6M(x, )
2

vsol = NDSolveValue[{i e FIM(, )]
2 ox

2 7
) , M(x, 0) = _e—ZxZ’
ot 5

ox
M(~L, t) = M(L, t)}, M, {x, L, L}, {t, 0, 3}, WorkingPrecision - 26];
X[x, t] = {ulx, t], v[x, 11};

(10 (01
"3‘(0 —1)"’“(1 0)’

xsol = NDSolve[{i Dlxlx, 1, fl = —o1.x(x, £) — i 03D xIx, 1, x], ulx, 0] =

ﬁ

e yx, 0] = — 72,
2

N
2
ul[L, t] == u[-L, t], v[L, t] = v[-L, t]}, {u, v}, {x, —-L, L}, {t, 0, 3}, WorkingPrecision —» 14];

5
Gl= Plot3D[ — Abs[usol[x, £], {t, 0, 1.6}, {x, -8, 8}, PlotPoints - 60,
6

MaxRecursion - 3, PlotRange — {{0, 1.6}, {-8, 8}, {0, 1.23}},
AxesLabel — {Style["t ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily - "Arial", Black, Italic, Bold], ""},
AxesStyle - Directive[Black, Thickness - 0.002], BoxStyle - Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness — 0.003}}, {{—6, —6, {0.011, 0}, Thickness — 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness - 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},
{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness - 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},
LabelStyle — Directive[Black, FontFamily — "Arial", FontSize — 21], ViewPoint - {1, -2, 2.1},

Epilog —» Text[Style["a", 22, FontFamily —» "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]];

5
G2 = Plot3D[ — Abs[vsol[x, 1], {¢, 0, 1.6}, {x, =8, 8}, PlotPoints - 60,
7

MaxRecursion - 3, PlotRange — {{0, 1.6}, {-8, 8}, {0, 1.23}},
AxesLabel — {Style["t ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily - "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness - 0.002], BoxStyle — Directive[Black, Thickness - 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness - 0.003},
{15, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness — 0.003},
{-3, =3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness - 0.003}, {6, 6, {0.011, 0}, Thickness - 0.003}},
{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness - 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},
LabelStyle — Directive[Black, FontFamily - "Arial", FontSize — 21], ViewPoint - {1, -2, 2.1},

Epilog — Text[Style["b", 22, FontFamily - "Arial", Bold, Black], {-0.09, 0.88}, {—1, 1}]];

G3 =Plot3D[Norm|[Evaluate[{u[x, t], v[x, ]} /. xsol]], {z, 0, 1.6}, {x, -8, 8},
PlotPoints —» 60, MaxRecursion — 3, PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.23}},
AxesLabel — {Style["t ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks = {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness - 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{-6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},
{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness — 0.003}}},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 21], ViewPoint —» {1, -2, 2.1},
Epilog — Text[Style["c", 22, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]1];
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5 5
G4 = Plot[{ g Norm|[usol[x, 1]], ;Norm[vsol[x, 1]1, Norm[Evaluate[{u[x, 1], v[x, 1]} /. xsol]]}, {x, =338, 3.8},

PlotStyle — {{Red, Thickness — 0.005}, {Blue, Thickness — 0.005}, {Black, Thickness — 0.005}},
PlotRange - {{-3, 3}, {-0.02, 0.9}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[.3], Thickness — 0.0012], FrameTicks -
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {—2, —2, {0.01, 0}, Thickness - 0.003}, {—1, —1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 22], PlotLegends —»
Placed[LineLegend[{Directive[Red, Thickness[0.0036]], Directive[Blue, Thickness[0.0036]], ,

Directive[Black, Thickness[0.0036]]}, {"1.2", "14", "Dirac"}], {0.873, 0.72}]];

s2 = GraphicsGrid[{{G1, G2}, {G3, G4}}, Alignment —» Bottom, ImageSize — 700,
Epilog - Text[Style["d", 22, FontFamily — "Arial", Black, Bold], Scaled[{0.556, 0.739}]11];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/S 2.png",
s2, Background — None, ImageResolution — 600];

ImageResize[s2, 1200]

- NDSolveValue: Warning: scaled local spatial error estimate of 52.4157 at t = 3.0000000000000000000000000
in the direction of independent variable x is much greater than the prescribed error tolerance. Grid spacing
with 1239 points may be too large to achieve the desired accuracy or precision. A singularity may have formed
or a smaller grid spacing can be specified using the MaxStepSize or MinPoints method options.

outf+]=

X

HE 88 B8 28 38 B8 8E 38 88 B0 80 S8 30 B 8 S8 8 8E S8 30 B aE O R R Y HE EE
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Part 8. Figures Used in This Article
R Figurel HH FEH SEE SEE SRR SRR HRED EEED SEHD SEED SERE BERL SRR ERE RN EH RRED SR HOR HEH HH HH Y

Clear["Global +"];

178 252 61
aa= Graph1cs[{{RGBC0]or —, —, —|, Rectangle[{o, 0}, {1, 1}]}
255 255 255

178 252 61
{RGBColor —, =, —, 0.5|, Rectangle[{1, 0}, {2, 1}]},
255 255 255

250 200
RGBColor[ _—, — 0] Arrowheads[0.06], {Thickness[0.006], Arrow[{{0.7, 0.54}, {1.3, 0 54}}]}}
© 255

250 200
{RGBColor[— — 0] Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.3, 0.46}, {0.7, 046}}]}}

178 252 61
RGBColor| —, —, —, 0.5|, Arrowheads[0.06],
255 255 255

{Thickness[0.006], Arrow[{{0, —1.3}, {1.2, —1.3}}]}},

178 252 61
{RGBColor —, —, —|, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {0.8, —0.3}}]}}
255° 255 255

{Orange, {Thickness[0.002], DotDashed, Line[{{1, —0.05}, {1, 1.05}}1}},
{Orange, {Thickness[0.004], Dashed, Line[{{0.8, —0.3}, {2, —0.3}}1}},
{Orange, {Thickness[0.004], Dashed, Line[{{1.2, —1.3}, {2, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.2, —1.3}, {0.8, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {2, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {1, —0.8}}1}},
Text[Style["V", 24, FontFamily — "Euclid Math One", White], {045, 0.5}],
Text[Style["A", 17, FontFamily - "Arial", White], {0.513, 0.456}],
Text[Style["V", 24, FontFamily — "Euclid Math One", White], {1.55, 0.5}],
Text[Style["B", 17, FontFamily —» "Arial", White], {1.616, 0.455}],
Text[Style["D", 24, FontFamily — "Arial", Orange, Italic], {0.982, 0.63}],
Text[Style["A", 17, FontFamily — "Arial", Orange], {1.063, 0.59}],
Text[Style["D", 24, FontFamily —» "Arial", Orange, Italic], {0.982, 0.38}],
Text[Style["B", 17, FontFamily —» "Arial", Orange], {1.065, 0.34}],
Text[Style["®", 24, FontFamily — "Arial", Orange], {1.06, 1.08}],
Text[Style["O", 24, FontFamily - "Arial", Orange], {0, —1.39}],

178 252 61

Text[Style["B" 24, FontFamily - "Arial", RGBColor[— ==, — 05]] (12, -1 39}],
255" 255 255

178 252 61
Text[Style["A" 24, FontFamily - "Arial", RGBColor[— = —]] (0.7, -0.28}],
255 255 255

Text[Style["C", 24, FontFamily — "Arial", Orange], {2.02, —0.4}],
Text[Style["M", 24, FontFamily —» "Arial", Orange], {0.972, —0.93}],
Inset[Style["a", Black, Bold, FontFamily — "Arial", FontSize — 24], {0.034, 1.12}],

Inset[Style["b", Black, Bold, FontFamily — "Arial", FontSize —» 24], {0.034, —0.2}]}];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 1.png",
aa, Background — None, ImageResolution — 600];

HE #H #H Figurel ## H8 #8 88 88 &8 88 88 &8 88 88 38 88 88 88 88 38 88 88 38 38 38 858

HE #H #H Figure2 B #8 #8 B8 B8 &8 88 88 S8 88 88 88 88 88 88 88 38 38 88 38 38 38 858
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Clear["Global +"];
text = Graphics[{Gray, Line[{{1, 0}, {1, 10}}], Line[{{2, 0}, {2, 10}}],
Line[{{3, 0}, {3, 10}}], Line[{{4, 0}, {4, 10}}], Line[{{5, 0}, {5, 10}}],
Line[{{6, 0}, {6, 10}}], Line[{{7, 0}, {7, 10}}], Line[{{8, 0}, {8, 10}}], Line[{{9, 0}, {9, 10}}],

Line[{{0, 1}, {10, 1}}], Line[{{0, 2}, {10, 2}}], Line[{{0, 3}, {10, 3}}], Line[{{0, 4}, {10, 4}}],
Line[{{0, 5}, {10, 5}}], Line[{{0, 6}, {10, 6}}], Line[{{0, 7}, {10, 7}}], Line[{{0, 8}, {10, 8}}],

1
Line[{{0, 9}, {10, 9}}], Orange, Rectangle[{6, 4}, {7, 5}]1}, PlotRangePadding — —];
1000

fgl = Show[{Plot3D[Sin[x + Cos[yll, {x, =3, 3}, {y, =3, 3}, PlotStyle — Texture[text],
Mesh — None, Lighting —» "Neutral",
PlotLabels — Placed[Style["dS", 14, FontFamily — "Arial", Orange],
{0.58, —0.3, 0.21 + Sin[0.88 + Cos[—0.3]]}], BoundaryStyle - None, Boxed — False,
Axes - None, ViewPoint - {1, —1.9, 14}], Graphics3D[{{Thickness[0.007], Black,
Arrow[{{0, 0, 0}, {—Evaluate[D[Sin[x + Cos[y]], x] /. {x -» 0.88, y » —0.3}],
—Evaluate[D[Sin[x + Cos[y]], y]1 /. {x - 0.88, y » —0.3}], 1}} +
{{0.88, —0.3, Sin[0.88 + Cos[-0.3]]}, {0.88, —0.3, Sin[0.88 + Cos[—0.3]11}}1},
{Text[Style["N", 14, FontFamily - "Arial", Bold, Italic, Black],
{—Evaluate[ D[Sin[x + Cos[y]], x] /. {x - 0.88, y » —0.3}],
—Evaluate[ D[Sin[x + Cos[y]], y]/.{x » 0.88, y » —-0.3}], 1} +
{0.88, —0.3, Sin[0.88 + Cos[—0.3]]} + {0.02, 0.03, 0.23}]},
{Thickness[0.007], Blue, Arrow[{{0.88, —0.3, Sin[0.88 + Cos[-0.3]]}, {1.88, —0.5, 2}}1},
{Text[Style[" X", 14, FontFamily - "Arial", Bold, Italic, Blue], {2.01, -0.5, 2.01}]},
{Text[Style["Z", 14, FontFamily - "Arial", Italic, Gray], {-2.14, —15, 0.7}]}}]}];
fg2 = Rasterize[fgl, "Image", RasterSize —» 1500, Background — None];
bb = ImageTake[fg2, {145, 935}, {60, 1455}];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png", bb];

HH 8 3 Figure2 8 B8 HH 88 S8 S8 S8 S8 88 88 88 88 88 88 88 88 38 38 838 38 88 38 3R
HH 8 B Figure3 8 B8 #8838 S8 S8 S8 88 88 88 88 88 88 88 88 88 38 38 838 38 88 38 3R

This code takes approximately 20 minutes.
Clear["Global %"];
Needs["NDSolve' FEM " "];
16
Q= ImplicitRegion[
10000

nr = 50; ng = 50; nf = 50;

s +y +2 <16, {x, y, z}]3

4 4
coordinates = Flatten[ Table[{r Sin[¢] Cos[d], r Sin[¢] Sin[6], r Cos[¢]}, {r, s 4, [4 - ﬁ] / (nr - 1)},

1 1 2
{‘P9 s W — s |T— /(n‘P_l)}s {0, 09271'327[/(“0_1)}]’ 2],
10000 10000 10000

incidents = Flatten[Table[Block[{pl = (j — 1) *nr + i, p2 = j*nr + i, p3 = p2 + 1, p4 = p1 + 1, p5, p6, p7, p8},
{p5, p6, p7, p8} = {p1, p2, p3, p4} + k*nrxny;
{pl, p2, p3, p4} += (k — 1) *nr xnep;

{Pl’ Pz’ p3’ p4’ P5a P6, P7, Ps}], {17 1’ nr — 1}’ {.]a 1’ ny — 1}’ {k’ 15 né — 1}]’ 2];
mesh =

ToElementMesh[" Coordinates" — coordinates, "MeshElements" — {HexahedronElement[incidents]}];
aZM(x, Y5 2) aZM(x7 ¥, 2) azM(xa Y 2) [aM(x, Y5 2) ]2 [aM(x7 Y5 2) ]2
+ + - - -
ax? 9y? 072 ox dy

uif = NDSolveValue[{

2 16
] =0, DirichletCondition[M[x, y,2l=142i, x> +y* + 72 == ——|,

10000

OM(x, y, 2)
[ 0z
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DirichletCondition| M[x, y, z] =0, x* + y* + 2> = 16]}, M,
{x, y, z} € mesh, WorkingPrecision —» 28];

Gl= SliceDensityPlot3D[(Norm[uif [x, y, zI)?, "CenterPlanes", {x, -4, 4}, {y, -4, 4},
{z, —4, 4}, Boxed — False, Axes - None, ColorFunction -» (Hue[0.65, 1] &),
BoundaryStyle —» Directive[Thickness[0.001], Gray], PlotRange — {0, 5}, PlotPoints — 100,
Epilog - Text[Style["a", 23, FontFamily —» "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}]];
G2 = Plot3D|(Norm[uif[x, y, 011), {x, —4, 4}, {y, —4, 4},
PlotRange — {{—4.52, 4.52}, {—4.52, 4.52}, {-1.7, 5}}, MeshStyle »
{Directive[ GrayLevel[0.4], Thickness[0.001]], Directive[GrayLevel[0.4], Thickness[0.001]]},
BoundaryStyle — Directive[ Thickness[0.001], Gray], Boxed — False, Axes - None,
ColorFunction - (Hue[0.65, #3] &), BoxRatios -» Automatic, MeshStyle » Gray,
ImageSize — {300, 300}, PlotPoints —» 30, ViewPoint - {1.2, -2, 0.7},
Epilog - Text[Style["b", 23, FontFamily - "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}]];
G3= DensityPlot[(Norm[uif[x, ¥, 0113, {x, —4, 4}, {y, -4, 4}, PlotRange - {{-7.2, 7.2}, {-7.2, 7.2}, {0, 5}},
ColorFunction -» (Hue[0.65, £#1] &), Frame — False, PlotPoints —» 180,
Epilog — {Text[Style["c", 23, FontFamily — "Arial", Bold, Black], {-3.73, 4.2}],
{Directive[ Thickness[0.001], Gray], Circle[{0, 0}, 4]}}];
G4 = Plot[(Norm[uif[x, 0, 011)%, {x, —4, 4}, PlotRange - {{-7.3, 7.3}, {-0.95, 6}},
ColorFunction —» (Hue[0.65, H#2] &), PlotPoints — 180, PlotStyle — {Thickness — 0.0036},
Frame — False, Axes — None, AspectRatio — Automatic];
G4 = Show|[{G4, Plot|(Norm[uif[x, 0, 0]1)%, {x, —4, 4}, PlotRange - {{~7.3, 7.3}, {-0.95, 0.9}},
PlotStyle — Directive[ GrayLevel[0.66], Thickness — 0.0036, Dashed],
Frame — False, Axes » None, AspectRatio — Automatic]}];
cc = GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings —» {—70, —70}, ImageSize — 700,
Epilog - Text[Style["d", 22, FontFamily — "Arial", Black, Bold], Scaled[{0.653, 0.38785}]1]1;
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png",
cc, Background — None, ImageResolution — 600];
afg =
Import[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png"];
fg = ImageTake[afg, {550, 5150}, {700, 5120}];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png", fg];

HH g8 #H Figure3 i B4 #8 #H B4 #8 #H 88 88 38 38 88 88 88 88 88 88 88 88 88 38 88 83
HH g8 #H Figured i B4 #H B8 B8 S8 #8808 S8 38 38 88 88 88 88 88 88 88 88 88 38 88 83

This code takes approximately 12 minutes.

Clear["Global *"];

L =20;
Flx_]l:=e™
IM(x, ) 1 PMx,t) (dM(x, D)\
usol = NDSolveValue[{rz e~ F[M(, 1] - [ ] ,
ot 2 ox

M(x, 0) =10 727 M(=L, 1) == M(L, t)}, M, {x, —L, L}, {t, 0, 3}, WorkingPrecision - 66];
F[x_]:=e™";

OM(x, D) 1 PMx,0) (IM(x,t)
vsol = NDSolveValue[{i e~ F[M(x, 0] - ( ] A
2 9x? ox

at
M(x, 0) == e? xz, M(-L, t) == M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision —» 20];

oY(x, ) 1 3*Y(x, t) s
wsol = NDSolveValue[{i == ,Y(x, 0) == e 2 y(~L, t) = (L, t)},
at 2 9x?
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v, {x, -L, L}, {¢t, 0, 3}, WorkingPrecision —» 18];
Xxlx, ] = {ulx, 11, vx, f1};

(10 (01
"3‘(0 -1)"’1‘(1 0)’
\2 Nz,

xsol = NDSolve[{i DlxIx, £, {1 = —01.x(x, 1) — i 03D xIx, £], x], ulx, 0] = — €72, p[x, 0] == — e
2 2

b

ulL, f] = u[~L, £], v[L, f] == v[-L, t]}, {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 14];

G1 = Plot3D[10" Abs[usol[x, £]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints - 60,
MaxRecursion - 3, PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —»
{Directive[GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},
AxesLabel — {Style["t ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily - "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness - 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness - 0.003}, {6, 6, {0.011, 0}, Thickness - 0.003}},

{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness — 0.003}}},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 21], ViewPoint - {1, -2, 2.1},
Epilog - Text[Style["a", 22, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]];

G2 = Plot3D[Abs[vsol[x, 1], {z, 0, 1.6}, {x, —8, 8}, PlotPoints - 60, MaxRecursion - 3,
PlotRange — {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —»
{Directive[ GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},
AxesLabel - {Style["z ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle - Directive[Black, Thickness - 0.002], BoxStyle - Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness — 0.003}}},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize - 21], ViewPoint —» {1, -2, 2.1},
Epilog — Text[Style["b", 22, FontFamily —» "Arial", Bold, Black], {—0.09, 0.88}, {—1, 1}1];

G3 =Plot3D[Abs[wsol[x, 1], {t, 0, 1.6}, {x, —8, 8}, PlotPoints - 60, MaxRecursion - 3,
PlotRange — {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —»
{Directive[ GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},
AxesLabel — {Style["¢ ", 22, FontFamily — "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness - 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{-6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness — 0.003}, {0, 0, {0.011, 0}, Thickness — 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},
LabelStyle - Directive[Black, FontFamily — "Arial", FontSize —» 21], ViewPoint - {1, -2, 2.1},
Epilog - Text[Style["c", 22, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]1];

G4 = Plot3D[Norm|[Evaluate[{u[x, t], v[x, £]} /. xsol]], {z, 0, 1.6}, {x, —8, 8}, PlotPoints — 60,
MaxRecursion — 3, PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —»
{Directive[ GrayLevel[0.4], Thickness[0.006]], Directive[GrayLevel[0.4], Thickness[0.006]]},
AxesLabel — {Style["t ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness —» 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness - 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness — 0.003},
{-3, -3, {0.011, 0}, Thickness — 0.003}, {0, 0, {0.011, 0}, Thickness — 0.003},
{3, 3, {0.011, 0}, Thickness - 0.003}, {6, 6, {0.011, 0}, Thickness - 0.003}},
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{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness - 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 21], ViewPoint - {1, -2, 2.1},
Epilog —» Text[Style["d", 22, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]];

dd = GraphicsGrid[{{G1, G2}, {G3, G4}}, ImageSize — 700];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png",
dd, Background —» None, ImageResolution — 300];
bfg =
Import|[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png"];
fg = ImageTake[bfg, {140, 2917}, {0, 2880} ];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png", fg];

HE #H #H Figured H# B8 #48 B8 S8 38 88 88 38 88 88 38 838 38 88 88 38 38 88 38 38 38 J5E
HHE #H #H FigureS £ B8 #48 88 S8 &8 88 88 38 88 88 38 838 38 88 88 38 38 88 38 38 38 J3E

This code takes approximately 11 minutes.

inf-}= Clear[" Global %"];

L=20;
Flx_]:=e™
IM(x, t) 1 PMx,t) (IM(x, 1)V
usol = NDSolveValue[{li ——— = ——F[M(x, D] - [ ] >
at 2 dx
M(x, 0) =102 2% M(=L, t) == M(L, t)}, M, {x, =L, L}, {t, 0, 3}, WorkingPrecision - 66];
Flx_]:=e™
OM(x, b) 1 PMx,t) (AM(x, 1)V
vsol = NDSolveValue[{i ——— = ——=F[M(x, 0] - [ ] s
at 2 ax? ox
M(x, 0) = e 2, M(~L, t) = M(L, t)}, M, {x, —L, L}, {t, 0, 3}, WorkingPrecision — 20];
(x,t) 1 8*Y(x, 0 ,
wsol = NDSolveValue[{i == —— ——, Y(x, 0) = e, YL, 0 = YL, t)},

at 2 ox
W, {x, —L, L}, {t, 0, 3}, WorkingPrecision - 18];
X[x, 8] = {ulx, 1], vx, 11};

(VO ) (0 1),
3—(0 _1]9 1—(1 0)’

xsol = NDSolve[{i Dl xIx, tl, t] = —01.x(x, t) — i 03.D[ x[x, t], x], u[x, 0] == ,V[x,0] == —e ,

£ e—z x? \/E —2x2
2

ul[L, t] == u[-L, t], v[L, t] = v[-L, t]}, {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision —» 14];

Gl= Plot[e_2 "2, {x, —3.8, 3.8}, PlotStyle —» {Gray, Thickness — 0.005, Dashed},

PlotRange - {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[.3], Thickness — 0.0014], FrameTicks -
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {—2, -2, {0.01, 0}, Thickness - 0.003}, {-1, -1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 22],

Epilog — Text[Style["t = 0.0", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
datau = Table[{x, 10" Norm[usol[x, 0.2]1}, {x, -4, 4}];
fu= Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];



22 | Supplementary Information.nb

-1
ou = NumberForm|StandardDeviation| ProbabilityDistribution fudx| fu,{x, —oco, o}||, {3, 2}|;
y

10 10 -1
ov= NumberForm[ \/N[f N[(f Norm[vsol[x, 0.2]] dx) ] X2 Norm[vsol[x, 0.2]] clx] , {3, 2}];
-10 -10

dataw = Table[{x, Norm[wsol[x, 0.2]]}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b x*], {a, b}, x]];

-1
oW = NumberForm[StandardDeviation[ProbabilityDistribution[( r fwd x) fw, {x, —co, oo}]], {3, 2}];

10 10 -1
oX = NumberForm[\/N[f N[(f Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] clx] ]
-10 10

x* Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] clx], {3, 2}];

G2= Plot[{e-2 *, Callout[10" Norm{[usol[x, 0.2]], StringForm["o =", oul, {0.7, 0.64}, {~0.21, 0.83},

CalloutStyle —» {Red, None}, LabelStyle - {FontFamily —» "Arial", FontSize — 22, Red},

Background - None], Callout[Norm[vsol[x, 0.2]], StringForm["o =", o],

{0.7281, 1.03}, {0.11, 1.01}, CalloutStyle — {Blue, None},

LabelStyle —» {FontFamily - "Arial", FontSize - 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.2]], StringForm["o =""", ow], {0.7, 0.9}, {0.23, 0.84},

CalloutStyle —» {Orange, None}, LabelStyle —» {FontFamily — "Arial", FontSize —» 22, Orange},

Background - None], Callout[Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]],

StringForm["o =", ox], {0.7, 0.77}, {0.42, 0.74}, CalloutStyle - {Green, None},

LabelStyle —» {FontFamily - "Arial", FontSize - 22, Green}, Background —» None]}, {x, -3.8, 3.8},
PlotStyle —» {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness — 0.005}, {Blue, Thickness — 0.005},
{Orange, Thickness — 0.005}, {Green, Thickness — 0.005}}, PlotRange — {{-3, 3}, {-0.02, 1.1}},
FrameLabel — {Style["x", 22, FontFamily - "Arial", Black, Italic, Bold]},
Frame — {{False, False}, {True, False}}, FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle - Directive[GrayLevel[.3], Thickness - 0.0012], FrameTicks —»
{{{-3, -3, {0.01, 0}, Thickness - 0.003}, {-2, -2, {0.01, 0}, Thickness - 0.003}, {-1, —1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
Epilog —» Text[Style["? = 0.2", 22, FontFamily —» "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G2 = Show[G2, LabelStyle —» {FontFamily — "Arial", 22, GrayLevel[0]}];
datau = Table[{x, 10" Norm[usol[x, 0.4]1}, {x, -4, 4}];
fu= Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
ou= NumberForm[StandardDeviation[ProbabilityDistribution[( f fu dx) fu, {x, —oo, oo}]], 3, 2}];

10 10 -1
ov= NumberForm[ \/ N[ f N[( Norm[vsol[x, 0.4]] dx) ]x2 Norm[vsol[x, 0.4]] dx] , (3, 2}];
-10 -10

dataw = Table[{x, Norm[wsol[x, 0.4]]1}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fw dx) fw, {x, —oo, oo}]], 3, 2}];

dataw = Table[{x, Norm[wsol[x, 0.4]]}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( r fw dx) fw, {x, —oco, oo}]], 3, 2}];

10 10 -1
ox = NumberForm[\/ N[ f N[( Norm[Evaluate[{«[x, 0.4], v[x, 0.4]} /. xsol]] dx] ]
-10
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x* Norm[Evaluate[{z[x, 0.4], v[x, 0.4]} /. xsol]] d’x], 3, 2}];

G3= Plot[{e‘z ¥ Callout[10'* Norm[usol[x, 0.4]], StringForm["o =", oru], {0.8, 0.54}, {-0.22, 0.7},

CalloutStyle —» {Red, None}, LabelStyle - {FontFamily —» "Arial", FontSize — 22, Red},

Background —» None], Callout[Norm[vsol[x, 0.4]], StringForm["o =", o],

{0.8, 0.93}, {0.157, 0.93}, CalloutStyle — {Blue, None},

LabelStyle —» {FontFamily - "Arial", FontSize —» 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.4]], StringForm["o =""", ow], {0.8, 0.67}, {0.23, 0.713},

CalloutStyle —» {Orange, None}, LabelStyle —» {FontFamily - "Arial", FontSize - 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]],

StringForm["o =", ox], {0.8, 0.8}, {0.14, 0.756}, CalloutStyle —» {Green, None},

LabelStyle —» {FontFamily - "Arial", FontSize —» 22, Green}, Background —» None]},

{x, —3.8, 3.8}, PlotStyle — {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness — 0.005},
{Blue, Thickness — 0.005}, {Orange, Thickness — 0.005}, {Green, Thickness — 0.005}},
PlotRange - {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[.3], Thickness — 0.0014], FrameTicks -
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {—2, -2, {0.01, 0}, Thickness - 0.003}, {—1, -1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness — 0.003}, {1, 1, {0.01, 0}, Thickness - 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},

Epilog —» Text[Style["t = 0.4", 22, FontFamily —» "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G3 = Show[G3, LabelStyle -» {FontFamily — "Arial", 22, GrayLevel[0]}];
datau = Table[{x, 10" Norm[usol[x, 0.6]1}, {x, —4, 4}];
fu= Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
ou= NumberForm[StandardDeviation[ProbabilityDistribution[( f fu cﬂx) fu, {x, —oo, oo}]], 3, 2}];

10 10 -1

ov= NumberForm[ \/ N[ f N[( Norm[vsol[x, 0.6]] dx) ]x2 Norm[vsol[x, 0.6]] dx] , (3, 2}];
-10 -10

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, —4, 4}];

fw = Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fw dx) fw, {x, —oo, oo}]], 3, 2}];

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fw dx) fw, {x, —oco, oo}]], 3, 2}];

10 10 -1
ox = NumberForm[\/ N[ f N[( Norm[Evaluate[{«[x, 0.6], v[x, 0.6]} /. xsol]] dx] ]
-10

x* Norm[Evaluate[{z[x, 0.6], v[x, 0.6]} /. xsol]] dx], 3, 2}];

G4= Plot[{e'z < Callout[10"* Norm[usol[x, 0.6]], StringForm["o =", orul, (1.1, 0.49}, {0.79, 0.52},

CalloutStyle —» {Red, None}, LabelStyle —» {FontFamily —» "Arial", FontSize — 22, Red},

Background —» None], Callout[Norm[vsol[x, 0.6]], StringForm["o =", oV],

{1.1, 0.88}, {0.157, 0.815}, CalloutStyle - {Blue, None},

LabelStyle —» {FontFamily —» "Arial", FontSize - 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.6]], StringForm["o =""", ow], {1.1, 0.62}, {0.79, 0.52},

CalloutStyle —» {Orange, None}, LabelStyle » {FontFamily —» "Arial", FontSize —» 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]],

StringForm["o =", ox], {1.1, 0.75}, {0.64, 0.69}, CalloutStyle —» {Green, None},

LabelStyle — {FontFamily —» "Arial", FontSize —» 22, Green}, Background — None]},

| 23
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{x, —3.8, 3.8}, PlotStyle —» {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness - 0.005},
{Blue, Thickness — 0.005}, {Orange, Thickness — 0.005}, {Green, Thickness — 0.005}},
PlotRange - {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[.3], Thickness — 0.0012], FrameTicks —
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {—2, —2, {0.01, 0}, Thickness - 0.003}, {—1, —1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},

Epilog —» Text[Style["? = 0.6", 22, FontFamily —» "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G4 = Show[G4, LabelStyle -» {FontFamily — "Arial", 22, GrayLevel[0]}];
ee = GraphicsGrid[{{Gl, G2}, {G3, G4}}, ImageSize — 800, Spacings — {Scaled[—0.2], Scaled[0.16]},
Epilog - Inset[LineLegend[{Directive[Red, Thickness[0.004]], Directive[Blue, Thickness[0.004]],
Directive[Orange, Thickness[0.004]], Directive[Green, Thickness[0.004]]},
{Style["Eq. 40'", FontFamily — "Arial", FontSize —» 22], Style["Eq. 40*", FontFamily — "Arial",
FontSize —» 22], Style["Schrodinger", FontFamily — "Arial", FontSize — 22],
Style["Dirac", FontFamily — "Arial", FontSize —» 22]}, LegendFunction —»
(Framed[#, RoundingRadius - 5, FrameStyle - GrayLevel[.3]] &)|, Scaled[{0.5, 1.081}]|];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png",
ee, Background - None, ImageResolution — 300];
cfg =
Import|[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png"];
fg = ImageTake[cfg, {0, 2325}, {130, 3200}];

Export[
" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S.png", fg];

HE #H #H FigureS ## B8 #8 B8 B8 &8 &8 88 &8 88 88 38 88 88 88 88 38 88 88 38 38 38 858
HE #H #H Figure6 H# B8 #8 B8 B8 &8 A8 88 &8 88 88 38 88 38 88 88 38 88 88 38 38 38 858

This code takes approximately 7 hours.

Clear["Global +"];
L =20;
Fix_]:=e™;

IM(x, 1) 1 PMx, ) (IMx, D)\
usol = NDSolveValue[{u’ o~ FIM(, 0] - [ ] \
2 ax? ox

ot
M(x, 0) == 1072 72 M(~L, ) == M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision —» 66];

IM(x, 1) 1 PMx,t) (IMx, D)
vsol = NDSolveValue[{i ——— = ——F[M(x, D] - (
2 dx? ox

2
] ]9 M(xs 0) == e_zxzs
at
M(-L, t) = M(L, t)}, M, {x, L, L}, {t, 0, 3}, WorkingPrecision - 20];

IM(x, t) 1 [ P M(x, 1) (6M(x, ) ]2]
at '

wsol = NDSolveValue[{i - —F[M(, 0]
2 ox2 ox

6 >
Mx, 0) == — 2", M(-L, 1) == M(L, t)}, M, {x, —L, L}, {t, 0, 3}, WorkingPrecision - 22];
5

IM(x, 1) 1 PMx, ) (IMx, D)) 7T e
xsol = NDSolveValue[{IZ e~ F[M, 0] —[ ] L M(x, 0) = — 2%,
2 dx2 ox

ot
M(-L, £) = M(L, t)}, M, {x, L, L}, {t, 0, 3}, WorkingPrecision - 26];

Gl= Plot[{1013 Norm{[usol[0, #]], Norm[vsol[0, 7]], FindMaxValue[Norm[vsol[x, 7]], {x, 0, 3}],
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5 5
— Norm|[wsol[0, 7]], FindMaxValue[ — Norm[wsol[x, 7]], {x, 0, 3}],
6 6

5 5
— Norm{[xsol[0, 7]], FindMaxValue[ — Norm{[xsol[x, ], {x, 0, 3}]},
7 7

{t, 0, 3}, PlotStyle —» {{Orange, Thickness — 0.005}, {Green, Thickness — 0.005},
{Green, Thickness - 0.005, Dashed}, {Blue, Thickness — 0.005},
{Blue, Thickness —» 0.005, Dashed}, {Red, Thickness - 0.005}, {Red, Thickness —» 0.005, Dashed}},
PlotRange — {{0, 3}, {0, 1.23}}, Frame — {{True, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002], FrameTicks —»
{{{o, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness - 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness — 0.003}, {2.0, "2.0", {0.01, 0}, Thickness — 0.003},
{2.5, "2.5", {0.01, 0}, Thickness - 0.003}, {3.0, "3.0", {0.01, 0}, Thickness - 0.003}},
{{0, "0.0"}, {0.2, 0.2, {0.012, 0}, Thickness — 0.003}, {0.4, "0.4", {0.012, 0}, Thickness - 0.003},
{0.6, "0.6", {0.012, 0}, Thickness — 0.003}, {0.8, "0.8", {0.012, 0}, Thickness — 0.003},
{1.0, "1.0", {0.012, 0}, Thickness — 0.003}, {1.2, "1.2", {0.012, 0}, Thickness — 0.003}}},
FrameLabel — {Style["¢", 22, FontFamily - "Arial", Black, Italic, Bold]},

LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize —» 22]];
xv = NArgMax[Norm[vsol[0, ¢]], {¢, 0.1, 0.5}];

xw = NArgMax[Norm[wsol[0, 7]], {¢, 0.1, 0.5}];
xx = NArgMax[Norm[xsol[0, 7]], {¢, 0.1, 0.5}];

5 5
G2= Plot[{lO13 Norm]usol[x, 0]], Norm[vsol[x, xv]], — Norm[wsol[x, xw]], — Norm[xsol[x, xx]]},
6 7

{x, =3, 3}, PlotStyle —» {{Orange, Thickness — 0.005}, {Green, Thickness — 0.005},

{Blue, Thickness - 0.005}, {Red, Thickness - 0.005}}, PlotRange —» {{-3, 3}, {—0.02, 1.23}},
Frame — {{False, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[.3], Thickness — 0.0012], FrameTicks -

{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {—2, -2, {0.01, 0}, Thickness - 0.003}, {—1, -1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness —» 0.003}, {1, 1, {0.01, 0}, Thickness - 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},

LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize —» 22]];

ff = Labeled| GraphicsRow|{G1, G2}, ImageSize - 800, Spacings — Scaled[-0.2],
Epilog —» Inset[LineLegend[{Directive[Orange, Thickness[0.004]], Directive[Green, Thickness[0.004]],
Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},
{Style["107"* ", FontFamily - "Arial", FontSize - 22],
Style["1.0 ", FontFamily — "Arial", FontSize — 22], Style["1.2 ", FontFamily —» "Arial",
FontSize — 22], Style["1.4", FontFamily —» "Arial", FontSize —» 22]},
LegendFunction —» (Framed[H, RoundingRadius — 5, FrameStyle - GrayLevel[.3]] &),
LegendLayout —> "Row"|, Scaled[{0.5, 0.8}]]],
Text[Style[" a b", 22, FontFamily - "Arial", Bold, Black]],
{{Top, Left}},
Spacings - {0, —0.3}]
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png",
ff, Background — None, ImageResolution - 300];
dfg =
Import[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png"];
fg = ImageTake[dfg, {0, 1250}, {90, 3200}];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png", fg];
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Infe]:=

NDSolveValue: Warning: scaled local spatial error estimate of 52.4157 at t = 3.0000000000000000000000000
in the direction of independent variable x is much greater than the prescribed error tolerance. Grid spacing
with 1239 points may be too large to achieve the desired accuracy or precision. A singularity may have formed
or a smaller grid spacing can be specified using the MaxStepSize or MinPoints method options.

HH g8 831 Figure6 i HH #H #H B8 #8 #H 88 88 88 88 88 88 88 88 88 88 88 88 88 38 88 83
HH g8 831 Figure7 £ B8 #8 #H B8 88 #8808 88 88 88 88 88 88 88 88 88 88 88 88 88 88 83

Clear["Global «"];
Ry = Sphere[{0, 0, 0}, 1];
RS1 = Point[{0, 0, 0}];

Rz_sphere[{z -2 30
a=uind(, 4£, o) (5 X )

ptSI = SOlve[{xs Ys Z} € Rl && {x’ Y, Z} € A9 {x’ Y, Z}];
1 3

R3 = Arrow[{{O, 0, 0}, {—, - i, z} /. Association[ptsl]}];
2 4

\/5

1
{u, v, w}= Normalize[{(), 0, l}x{ - -, z} /. Association[ptsl]];
2 4

1 3
0= VectorAngle[{; - 4£ }/. Association[pts1], {0, 0, 1}];

u® + (1 - u?) cos(6) uv(1=-cos(0)) — wsin(®) uw (1 - cos(6))+vsin(d) 0

_|uv A —cos®) +wsin@ v +(1-?)cos(6) vw (1 - cos(d)) — usin(d) 0 |
uw (1= cos(®)) —vsin@®) vw(l-cos®))+usin@ w”+(1-w?)cos(6) of
0 0 0 1

R4 = ParametricPlot3D[Take[M .{r Cos|¢], r Sin[?], 1, 1}, 3],
{r, 0, 1}, {t, 0, 2 Pi}, PlotStyle —» {Orange, Opacity[0.4]}, Mesh - None];

\3

Rs = Arrow[{{ 2, - T, z} /. Association[pts1], Take[M.{— 2, ‘1? 1, 1}, 3]}];

\3

RS2 = Point[{ 2, - T, z} /. Association[ptsl]];

A= Lme[{Take[M{—% ‘1; 1,1},3), Take[M{—— -, 2,1}, 3|}];

pts2 = Solve[{x, y, z} € R, && {x, y, 2} € A, {x, y, z}],

R = Llne[{Take[M{ ; ‘1? 1, 1}, 3], {x,y,2}/. Association[ptsZ]}];

Ry = Arrow[{{ ! - ?, z} /. Association[pts1], {x, y, z} /. Association[ptsZ]}];

Rs = Point[{x, y, z} /. Association[pts2]];

11 20+«/_ }’3],Take[M{ 1 11 20+«/_ } ]}]

Ry _Llne[{Take[M {—; - 20 _Z+ E Z_ 2_0 20
1 11 1

R1o =Line[{Take[M.{—; rerib 1, 1}, 3], Take[M.{——+ _——, — 1}, 3]}];
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gg = Show[{Graphics3D[{{Blue, Specularity[White, 30], Opacity[0.3], Ry},

{PointSize[Large], Blue, RS1}, {Orange, Specularity[ White, 20], Opacity[0.3], R,},
{PointSize[Large], Blue, RS2}, {Blue, Thickness[0.0085], R3}, {Thickness[0.0085], Orange, Rs},
{Thickness[0.005], Dashed, Orange, R¢}, {Thickness[0.0085], Orange, R},

{PointSize[Large], Orange, Rg}, {Thickness[0.0085], Orange, Ry},

{Thickness[0.0085], Orange, Ry}, {Text[Style["S", 24, FontFamily — "Arial", Blue], {0.14, 0, 0}]},

1
{Text[Style["r", 24, FontFamily - "Arial", Bold, Italic, Blue], Take[M.{o.n, 0, -, 1}, 3]]}
2
{Text[Style["S'", 24, FontFamily — "Arial", Orange], Take[M .{0.14, 0, 1, 1}, 3]]},
1
{Text[Style["D'", 24, FontFamily - "Arial", Orange], Take[M.{ -, 022,1, 1}, 3]]}
2

{Text[Style["v" , 24, FontFamily - "Arial", Bold, Italic, Orange],

raefan (- 020,10 Y1) ). frex

1 3
Style["S", 13, FontFamily - "Arial", Orange], Take[M.{—Z +0.196, 0, 0.98 + g, 1}, 3]]}

{Text[Sty]e["w' ", 24, FontFamily - "Arial", Bold, Orange], Take[M.{- ‘1;, 0,0928,1), 3]]}}]

‘R4}, Lighting - Automatic, Boxed — False, ViewPoint - {0, —co, 0}]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 7.png",
gg, Background - None, ImageResolution - 600];

HEHH A Figure7 B HE HE A HE S A AR HE A AR HE A A S A A R A B HR HE A

HEHE A FigureS B HA HH A HA HH A A HE A A HE A A S A A R A B HR HE A
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1= Clear["Global x"];

R=3;
c=1;
2xe x>=Vxs-%
128 R3 x* R - R
3 (8 R*x*-3 c") sin~! pia +Rx A/(c—R x) (c+R x) (3 A+2 R? x2)+4 xR x4
hh = Plot| ( &) ) ecico
64cR3 x* R
94 sin’l(fo)—3 Rx \/(c—R x) (c+R x) (3 A+2 R? x2)+24 R x* cos‘l(R—x) ¢
c < O0<x= -
64¢R3 x* R

2
{x, —0.8 ¢, 0.8 c}, PlotStyle -> {Blue, Thickness - 0.0032}, PlotRange - {{—o.s ¢, 08¢}, {0, —}}
C

Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.0017],

AxesStyle - Directive[ GrayLevel[.3], Thickness — 0.001],

FrameTicks - {{{-0.7, "", {0.008, 0}, Thickness — 0.001}, {—0.6, "", {0.008, 0}, Thickness — 0.001},
{-0.5, —0.5, {0.012, 0}, Thickness - 0.001}, {—0.4, "", {0.01, 0}, Thickness - 0.001},
{-0.3,"", {0.008, 0}, Thickness — 0.001}, {—0.2, "", {0.008, 0}, Thickness — 0.001},
{-0.1, "", {0.008, 0}, Thickness — 0.001}, {0, "0.0", {0.012, 0}, Thickness —» 0.0011},
{0.1, "", {0.008, 0}, Thickness - 0.001}, {0.2, "", {0.008, 0}, Thickness — 0.001},

{0.3, "", {0.008, 0}, Thickness - 0.001}, {04, "", {0.008, 0}, Thickness — 0.001},
{0.5, "0.5", {0.012, 0}, Thickness - 0.001}, {0.6, "", {0.008, 0}, Thickness — 0.001},
{0.7, "", {0.008, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness - 0.001}},

{{o0, "0.0"}, {0.1, "", {0.008, 0}, Thickness — 0.001}, {0.2, "", {0.008, 0}, Thickness — 0.001},
{0.3, "", {0.008, 0}, Thickness - 0.001}, {04, "", {0.008, 0}, Thickness — 0.001},
{0.5, "0.5", {0.012, 0}, Thickness - 0.001}, {0.6, "", {0.008, 0}, Thickness — 0.001},
{0.7, "", {0.008, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness — 0.001},
{09, "", {0.008, 0}, Thickness - 0.001}, {1, "1.0", {0.012, 0}, Thickness — 0.001},
{11, "", {0.008, 0}, Thickness - 0.001}, {1.2, "", {0.008, 0}, Thickness - 0.001},
{1.3,"", {0.008, 0}, Thickness - 0.001}, {14, "", {0.008, 0}, Thickness — 0.001},
{1.5, "1.5", {0.012, 0}, Thickness —» 0.001}, {1.6, "", {0.008, 0}, Thickness — 0.001},
{1.7, "", {0.008, 0}, Thickness - 0.001}, {1.8, "", {0.008, 0}, Thickness — 0.001},
{19, "", {0.008, 0}, Thickness - 0.001}, {2, "2.0", {0.012, 0}, Thickness — 0.001}}},
FrameLabel - {"wy", "Probability Density"}, LabelStyle —

Directive[Black, FontFamily — "Arial", FontSize —» 14]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 8.png",
hh, Background —» None, ImageResolution — 600];

HEHE A FigureS B HA HE A HA HE A AR HE A AR HE A A S A A SR A B HR HE A
HEHE A Figure) B HA HH A HAE S A AR HE A AR S A A S A A SR A B HR HE A

NOTE: This code takes approximately 15.6 hours.
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Clear["Global «"];

m =1000000;

n =1000;

R=3;

¢ =100;

sl={};

ProgressIndicator[Dynamic[j], {1, m}]

For[j: 1L,j<m+1, j++,
H = RandomPoint[Ball[{0, 0, 0}, R], n];

Hlil]
|

HIGT? + HIGI211% + HIGT311
HO = RandomPoint[Sphere[{0, 0, 0}, c], n];

HH = {0, 0, 0};

For[i=1,i<n+1,i++, HH = HH + H[[i]]x HO[[i1]];

Clear[H, HOI;

For[i =1,i<n+1,i++, H[]] =

1
sl= AppendTo[sl, Norm[ - (H(H]”,
n
D = SmoothKernelDistribution[sl, InterpolationPoints —» 100, MaxRecursion — 3];

c

2
ii = Plot[{PDF[MaxwellDistribution[ " ? / /1000 ] x], PDF[D, x]},
{x, 0, 5.1}, PlotRange — {{-0.1, 5.21}, {-0.023, 0.73}},
PlotStyle — {{Blue, Thickness — 0.0032}, {Red, Thickness - 0.0032}},
Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.0017],
FrameTicks - {{{0, "0", {0.012, 0}, Thickness — 0.001},
{0.2, "", {0.008, 0}, Thickness - 0.001}, {0.4, "", {0.012, 0}, Thickness - 0.001},
{0.6, "", {0.01, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness — 0.001},
{1, "1", {0.012, 0}, Thickness - 0.001}, {1.2, "", {0.008, 0}, Thickness - 0.001},
{14,"", {0.008, 0}, Thickness - 0.001}, {1.6, "", {0.008, 0}, Thickness - 0.001},
{1.8, "", {0.008, 0}, Thickness - 0.001}, {2, "2", {0.012, 0}, Thickness - 0.001},
{2.2, "", {0.008, 0}, Thickness - 0.001}, {2.4, "", {0.012, 0}, Thickness - 0.001},
{2.6,"", {0.008, 0}, Thickness —» 0.001}, {2.8, "", {0.008, 0}, Thickness - 0.001},
{3, "3", {0.012, 0}, Thickness - 0.001}, {3.2, "", {0.008, 0}, Thickness — 0.001},
{34, "", {0.008, 0}, Thickness - 0.001}, {3.6, "", {0.008, 0}, Thickness - 0.001},
{3.8, "", {0.008, 0}, Thickness - 0.001}, {4, "4", {0.012, 0}, Thickness - 0.001},
{42, "", {0.008, 0}, Thickness —» 0.001}, {4.4, "", {0.008, 0}, Thickness - 0.001},
{4.6,"", {0.008, 0}, Thickness - 0.001}, {4.8, "", {0.008, 0}, Thickness - 0.001},
{5, "5", {0.012, 0}, Thickness - 0.001}, {5.2, "", {0.008, 0}, Thickness - 0.001}},
{{o0, "0.0", {0.012, 0}, Thickness — 0.001}, {0.1, "0.1", {0.012, 0}, Thickness — 0.001},
{0.2, "0.2", {0.012, 0}, Thickness - 0.001}, {0.3, "0.3", {0.012, 0}, Thickness - 0.001},
{04, "04", {0.012, 0}, Thickness - 0.001}, {0.5, "0.5", {0.012, 0}, Thickness - 0.001},
{0.6, "0.6", {0.012, 0}, Thickness — 0.001}, {0.7, "0.7", {0.012, 0}, Thickness - 0.001}}},
FrameLabel - {"|w|", "Probability Density"}, LabelStyle —»
Directive[Black, FontFamily — "Arial", FontSize — 14],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style[ "Theoretical", FontFamily —» "Arial", FontSize - 14],
Style["Simulated", FontFamily —» "Arial", FontSize —» 14]}, LegendFunction —»

(Framed[#, RoundingRadius — 4, FrameStyle - GrayLevel[.6]] &)], Scaled[{0.732, 0.644}]]];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 9.png",
ii, Background —» None, ImageResolution — 600];

Out[+]=
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HH g8 #H Figurel0 B8 #8 £H #8 S8 #H 88 88 88 88 88 88 88 88 88 88 88 88 80 80 88 fe H3a

1= jj = Graphics[{{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{-2, 0}, {-2, 0.3}}], Arrowheads[{{.03, 1}}], Arrow[{{2, 0}, {2, —0.3}}], Blue,
Thickness[0.001], Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[{{0, 2}, {0, —2}}],
Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[BezierCurve[{{—04, 2}, {-0.1, 0}, {-0.4, —2}}1],
Arrowheads[{{.02, 0.2}, {.02, .6}, {.02, 1}}], Arrow[BezierCurve[{{04, 2}, {0.1, 0}, {0.4, —=2}}11},

{Directive[ Thickness[(0.004], Orange], Circle[{5, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{3, 0}, {3, 0.3}}], Arrowheads[{{.03, 1}}], Arrow[{{7, 0}, {7, —0.3}}], Blue,
Thickness[0.001], Arrowheads[{{—.02, 0}, {—.02, 4}, {—.02, 0.8}}], Arrow[{{5, 2}, {5, —2}}],
Arrowheads[{{-.02, 0}, {—.02, 4}, {—.02, 0.8}}], Arrow[BezierCurve[{{4.6, 2}, {4.9, 0}, {4.6, —2}}]],
Arrowheads[{{—.02, 0}, {—.02, 4}, {—.02, 0.8}}], Arrow[BezierCurve[{{5.4, 2}, {5.1, 0}, {5.4, —2}}11},

{Directive[ Thickness[0.004], Orange], Circle[{0, -5}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{2, -5}, {2, —5.3}}], Arrowheads[{{.03, 1}}], Arrow[{{-2, -5}, {-2, —4.7}}],
Blue, Thickness[0.001], Arrowheads[{{-.02, 0.1}, {.02, 0.9}}], Arrow[{{0, -3}, {0, —7}}1,
Arrowheads[{{—.02, 0.12}, {.02, 0.88}}], Arrow[BezierCurve[{{—-04, -3}, {-0.1, -5}, {-0.4, =7}}11,
Arrowheads[{{-.02, 0.12}, {.02, 0.88}}], Arrow[BezierCurve[{{0.4, -3}, {0.1, -5}, {04, —7}}11},

{Directive[ Thickness[0.004], Orange], Circle[{S, -5}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{3, =5}, {3, —4.7}}], Arrowheads[{{.03, 1}}], Arrow[{{7, =5}, {7, —5.3}}], Blue,
Thickness[0.001], Arrowheads[{{.02, 0.13}, {—.02, 0.87}}], Arrow[{{5, -3}, {5, =7}}],
Arrowheads[{{.02, 0.15}, {—.02, 0.85}}], Arrow[BezierCurve[{{4.6, -3}, {4.9, -5}, {4.6, -7}}11,
Arrowheads[{{.02, 0.15}, {—.02, 0.85}}], Arrow[BezierCurve[{{5.4, -3}, {5.1, =5}, {54, -7}}11},

Inset[Style["a", Black, Bold, FontFamily —» "Arial", FontSize - 20], {-2, 2}],

Inset[Style["b", Black, Bold, FontFamily — "Arial", FontSize — 20], {3, 2}],

Inset[Style["c¢", Black, Bold, FontFamily — "Arial", FontSize —» 20], {-2, —-3}],

Inset[Style["d", Black, Bold, FontFamily — "Arial", FontSize - 20], {3, —3}1}1;

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 10.png",
ji> Background —» None, ImageResolution — 600];

HH 88 B3 Figurel0 #8 #8 88 #8 &8 #H 88 88 88 88 88 88 88 88 88 88 88 88 88 88 88 e H3a

HH g8 831 Figurell #8 #8 88 88 &8 #H 848 88 88 88 88 88 88 88 88 88 88 88 88 88 88 e H3a

1= KK = Graphics[

{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Directive[ Thickness[0.004], Orange],

Circle[{2.2, 0}, {1, 2}], Directive[ Thickness[0.004], Orange], Circle[{4 4, 0}, {2, 1}],
Directive[ Thickness[0.004], Orange], Circle[{6.6, 0}, {1, 2}], Directive[ Thickness[0.004], Orange],

1
Circle[{8.8, 0}, {2, 1}], Directive[Thickness[0.004], Orange], Circle[{—l, 4.6}, {1, —}]
2
1
Directive[Thickness[0.004], Orange], Circle[{o.l, 4.6}, {—, 1}] Directive[Thickness[0.004], Orange],
2
1 1
Circle[{l.Z, 4.6}, {1, —}], Directive[ Thickness[0.004], Orange], Circle[{2.3, 4.6}, {—, 1}],
2 2
1
Directive[ Thickness[0.004], Orange], Circle[{3.4, 4.6}, {1, —}], Directive[Thickness[0.004], Orange],
2
1 1
Circle[{4.5, 4.6}, {—, 1}] Directive[Thickness[0.004], Orange], Circle[{5.6, 4.6}, {1, —}]
2 2
1
Directive[ Thickness[0.004], Orange], Circle[{6.7, 4.6}, {—, 1}], Directive[Thickness[0.004], Orange],
2
1 1
Circle[{7.8, 4.6}, {1, —}] Directive[Thickness[0.004], Orange], Circle[{8.9, 4.6), {—, 1}]
2 2

1
Directive[Thickness[0.004], Orange], Circle[{lO, 4.6}, {1, —}] Directive[Thickness[0.003], Black],
2

Arrowheads[Large], Arrow[{{1.8, 2.5}, {7.1, 2.5}}], Directive[Thickness[0.004], Orange],
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Arrowheads[Large], Arrow[{{0.4, 1}, {0.6, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0, —1}, {—0.3, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{1.2, 0.2}, {1.2, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{3.2, —0.2}, {3.2, —0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.8, 1}, {5, 1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.4, —1}, {4.1, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{5.6, 0.2}, {5.6, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{7.6, —0.2}, {7.6, —0.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{9.2, 1}, {9.4, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{8.8, —1}, {8.5, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—-0.9, 5.1}, {—0.65, 5.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—1, 4.1}, {—1.23, 4.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—0.4, 4.7}, {—0.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{0.6, 4.7}, {0.6, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.3, 5.1}, {1.55, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.2, 4.1}, {0.97, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.8, 4.7}, {1.8, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{2.8, 4.7}, {2.8, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.5, 5.1}, {3.75, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.4, 4.1}, {3.17, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{4, 4.7}, {4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5, 4.7}, {5, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.7, 5.1}, {5.95, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.6, 4.1}, {5.37, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{6.2, 4.7}, {6.2, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.2, 4.7}, {7.2, 4.4}}], Directive[ Thickness[0.004], Orange],
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Needs["NDSolve' FEM " "];
Q= ImplicitRegion[0.000l <x*+ y2 <16, {x, y}];
mesh = ToElementMesh[(2, MeshRefinementFunction -
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DirichletCondition[u[x, y] == 1 + 2 i, x* + y* == 0.0001],
DirichletCondition[u[x, yl=0, X} 4+yP= 16]}, u, {x, y} € mesh];
= DensityPlot[(Norm[uif[x, yID?, {x, =4, 4}, {y, -4, 4}, PlotRange - {{-6.2, 74}, {-6.2, 6.2}, {0, 5}},

ColorFunction -» (Hue[0.65, 3+ H1] &), Frame — False,
AspectRatio - Automatic, PlotPoints — 80, Epilog —»
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