Theorem 1 If V is finite-dimensional vector space over a field F and T is a homomorphism of V' onto V, prove that
T must be one-to-one, and so an isomorphism.

Proof.
Letn = dim V and v, ..., v, be abasis of V. Since T is onto, v; = w; T forsome w; € V andi =1,...,n.
To show the linear independence of the w;, consider ¢y w; + -+ + apw, = 0 with ay, ..., o, in F. It follows
that
a1v] + -+ apvy = (i T) + - + oy (w, T)

= (arw)T + - + (tpwy)T

= (wy + -+ apw,)T

=0T

=0
and hence by the linear independence of vy, ..., v, forceso; = 0fori = 1,...,n. Since V is of dimension 7,
any set of n linearly independent vectors in V' forms a basis of V. Therefore wy, ..., w, is a basis of V. Now
suppose vT = 0 forsome v € V. Thus v = Aywy + -+ + A w, with A1, ..., A, in F. Moreover

Ao+ Apvp = A T) + -+ Ap(w, T)

= (Alwl)T + e+ (/ann)T

= Awy + -+ Awy) T

=T

=0
and hence by the linear independence of vy, ..., v, forces A\; = 0fori = 1,...,n. So v = 0. Since its kernel is
(0), T is an isomorphism.
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