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Abstract

In this text explicit forms of several higher precision order kernel func-
tions (to be used in the differentiation-by-integration procedure) are given
for several derivative orders. Also, a system of linear equations is formu-
lated which allows to construct kernels with an arbitrary precision for an
arbitrary derivative order. A computer study is realized and it is shown
that numerical differentiation based on higher precision order kernels per-
forms much better (w.r.t. errors) than the same procedure based on the
usual Legendre-polynomial kernels. Presented results may have implica-
tions for numerical implementations of the differentiation-by-integration
method.

Keywords: differentiation by integration, generalized Lanczos derivative,
numerical differentiation, higher-order method, accuracy.

1 Introduction

Derivative, if exists, can be expressed in an alternative way

. 1t
I (@) |omay = lim D () |z = lim ”/ k(t) f (xo + ht)dt, (1)

h—0 h—0 h J_4
where k is an appropriate kernel function and d indicates the derivative order.
The method is known as “differentiation by integration” (Dbl) and an example

was first published by Cioranescu [I]. Later, Lanczos [2] studied a version of

with kernel 5
kE(t) = —§t (2)

and his name became associated with this type of differentiation]l] DbI has
some interesting features because it generalizes the ordinary derivative in several
aspects. It may be used in situations where the latter does not exist, or, when
generalized to higher orders, it can be (in some cases) seen as a way to define a
fractional-order derivative [3|[4]. The Dbl also attracts attention for its potential
applications in numerical analysis [5] @] [7, [8, [9].

In published texts [T0 [IT], 12} 13, 14} 15 [16] two dominant ideas can be seen:
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e The least-squares property: the derivative as defined by the Lanczos’ for-
mula behaves as the slope parameter of a line which is in the least-
squares manner adjusted to the function f on the interval [zg — h, zo + h].
The idea was further generalized to higher derivatives in [II] where the
kernel functions are based on the Legendre polynomials. This property is
to be seen as very closely linked to the Savitzky—Golay filter [17] and the
related way of numerically computing a derivative from discrete data sets.

e Orthogonality approach: if one assumes a function f is analyticEI at xg
with the radius of convergence R; > h, one can expand it into the Taylor
series

/ k(t) f (o + ht)dt =Y %h”f(") (330)/ k(t) t"dt, (3)
n=0 " -1

-1

and search for a function k orthogonal to desired powers of t" so as to make
vanish all terms except those which we are interested in. For instance, to
extract the dth derivative one can use a polynomial orthogonal to all ¢"
for n < d (e.g. the Legendre polynomial Lg). If one then multiplies
the resulting expression by an appropriate power of h, the limit h — 0
makes disappear all higher terms n > d and isolates the one with the dth
derivative. This approach can provide large generalizations (as presented
in [I4]).

A universal procedure for constructing a kernel function which does not
rely on a power expansion was for the first derivative presented in [6], a full
generalization to all derivative orders was given in [I8]. A function k is a valid
kernel function for computing the dth derivative if and only if

—w(t), (4)

where w is a weight function satisfying

/w(t) dt =1, (5)
21

am d
T (t) [t=—1 = pry (t) |t=41 =0 for all 0 <m < d, (6)
assuming that all appearing integrals and derivatives exist. The dth derivative
is then computed as

d ,1

. . —1

@ () |o=zo = 1im D2 (f) |z, = lim <> / k(t) f (zo + ht) dt. (7)
h—0 h—0 \ h 1

In the standard finite-difference approach is a large emphasis (in relation

to numerical applications) given to the accuracy order in the discretization-

parameter (h) expansion. It is known that the higher-order approaches perform

250 f can be expressed as a power series, which are known to be uniformly convergent
inside the radius of convergence.



much better than the lower-order onesﬂ Systematic study of these effects is
somewhat missing with respect to the Dbl methods, yet higher accuracy orders
lead (as demonstrated later) to a largely improved overall numerical precision.
In existing literature, formulas with higher accuracy order can be found (e.g.
formula 4.1 in [I4]), however explicit kernel function forms which could be di-
rectly used as a recipe for an immediate implementation are missing. One also
lacks a numerical study of performance of such higher-order methods. The aim
of this text is to

e provide explicit expressions for kernel functions for first few orders in
precision and derivative (Sec. [2|and Appendix C). Further, we want to

e give an explicit formulation of a linear system which, when solved, leads to
kernel functions for any derivative order and any order in precision (Sec.
and Appendix B). We also want to

e perform a numerical study of the higher accuracy order approach (Sec. .

We close the text by providing summary and conclusion (Sec. {)).

2 Higher order formulas

Different strategies can be adopted when constructing higher precision order
kernels. Orthogonality approach is certainly a valid option and we briefly in-
vestigate it in Appendix A. Yet, we prefer to chose a different strategy which
stems from basic principles , and @ We adopt the most natural choice
and search for kernels in form of least-degree polynomials. This minimalist ap-
proach is allowed by a “brute force” computation which provides us with the
full control over coefficients and leads to explicit relations between them.
A general polynomial respecting @ is written as

N
W@ =N -2 (1 +2)" Y an, ®)
n=0
2d 4 ) ) Al
L)L EC IR YLD
=0 n=0

where A is normalization, d is derivative order and C, ; represents binomial co-
efficient (‘;) Formally appearing non-integer powers in the last line are canceled

by the 1+ (—1)? term. The two sums can be multiplied

N+2d

w@) =N Y 2", (9)

n=0

where

n
1 n— n—~r
=), §HkHN_k{1+(—1)L SV Catmnp D" ar, (0)
k=n—2d

3A simple forward difference is over-performed by the central difference, which is on its
turn over-performed by, for example, the five-point rule.



with H indicating a step function
0 ifi<O
H, — nesy
1 else
The condition implies the normalization

L(N+2d)/2] 20 -1

M=l X ) D

where symbol |...] stands for the floor function. For the needs of formula
one has to compute higher-order derivatives

N+d (n + d)!
k() =D () =N Z Qpyqt™. (12)

Expanding a function f into Taylor series and plugging into one get&ﬂ

1 1 N-+d [eS)
D (f) = (—) / NZ ant” Z !h’"f(m)tmdt,
SN ()Y e {Nida" 1+ (-] } e
m)! —n+m+l ’

n +d)!
%Qn+d, (13)
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with «,, =

where one controls the accuracy order by adjusting the coefficients in front of
the powers of h. The series formally contains also negative powers (for m < d),
formula (7)) however implies that their coefficients are identically zero. Further
more, formula @ also 1mphesE| that the overall coefficient in front of the constant
term (ho) is (9. The interesting terms are so those with m > d.

An important observation is that the odd powers of h are controlled only
by odd-indexed coefficients a1, as, as, ... It can be verified in an explicit way,
that the index of 2 has the same parity as the power of h (symbol ~ means
conservation of index and power-related properties)

N+d ¢, [1 + (- 1)m+”} N+d
Wty ntm+1 Do R [1 + (*1)m+n}

n=0 n=0
N+d
— Z hnz-{—n—Zn QZ,,L |:1 + (_1)m+n:|
n=0
N+d N+d
~ Z h2'Ln*ZnQZn _ Z hZ7L+2['L,L72,L]QZn,

n=0

4We assume the analyticity of f on an open interval containing [zo — h,xo + h] and we
omit its argument (which is implicitly assumed to be the point of differentiation zg).
5Both statements can be verified in an explicit computation (but do not need to be).



where the factor 1 4+ (—1)""" allows only for even-valued sums of the two
numbers m +n = 2i. The expression for {2 is, on its turn, given only by terms
whose coefficients a; have an index of the same parity as Z:

n
D1~ Y {1 + (—1)2”1"“} ()R 0< k< N
k=n—2d
- Z {1 i (71)1+k} (71)(2i+17k)/2a

k=n—2d

If k is even, then 1+ k is odd and 1 + (—1)1+k is zero for all related a; terms.
Therefore (29,11 depends only on the odd-index a; coefficients. This being es-
tablished, in what follows we will study only the even-index based weight func-
tionsﬂ7 i.e. even functions of z on the interval [—1, 1]. Even-indexed coefficients,
controlling the even powers of h, cannot be set all to zero because one needs to
fulfill the normalization condition .

We are now in the situation, where we need to adjust the even-indexed
coefficients ag, as, a4, . .. appearing in

N N (_1)df(m) Jg:dan (a01"'7aN) |:1_’_(_1)m+n:| hmid (14)
A m! n+m+1

m= n=0

=Dh(f) = fD + c2h® + cah* +chS + . ..

so as to make chosen ¢; coefficients vanish. Let us denote the highest even-power
h term which is meant to be set to zero (together with all lower terms) by h?i.
For achieving that we need to match ¢ (even-indexed) coefficients and formulate
i equations. In a compact form the jth equation can be written (1 < j < 4)

2i+d

ay (ag, ..., an) 2j+d+ni|
E. : S 14+ (-1 =0 15
J ;n+2j+d+1 0 ’ 15)

where one can fix the value of some coefficients

1 ifk=0
ar =10 ifl1 <k <2iandk is odd (16)
0 if2i<k
and equality
N =2i (17)

is assumed in all expressions. Here, without loss of generality, we set the first
coefficient to one ag = 1. Initially a general number, N (as an unspecified
number of polynomial terms) can be cut to 2¢ (it comprises all coefficients, odd-
indexed included) and is so determined only by the accuracy order. Once the
system is solved and a; coefficients are found, one computes the normalization
N from and constructs the weight function . The kernel function is
given as its dth derivative . An example solution of the system is presented
in Appendix B.

6 Aiming the highest accuracy order, we have no motivation to keep or study odd-h-power
terms. We directly set them all to zero.
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Figure 1: Selected weight functions (a) and corresponding kernel functions (b).

We will note w([fi] and k([fi] those functions, which provide dth derivative

with order of precision O (h2i+2>
D (£ k5") = 1+ 0 (n212).

This notations reflects the fact that the highest even-power term which is anni-
hilated is h%!. Since the next one is also zero (because has an odd power), the
first nonzero term corresponds to the power 2i + 2. Solutions of the system
for all cases with 1 < d < 4 and 2 < 2¢ < 10 are listed in Appendix C. The
cases with 2¢ = 0 are omitted because they correspond to the known Legendre-
polynomial based kernelsﬂ (e.g. formula ) Four selected weight functions
and the corresponding kernel functions (d < 2 and 2i < 4) are depicted in

Fig. [1}

3 Numerical investigations

The topic under consideration is, from the perspective of a numerical studyEL
rather large and multidimensional. One could by interested in the dependence
of results on the

e size of the discretization parameter h, or on the
e precision order of the kernel function, or on the
e derivative order of the kernel function, or on the

e choice of the test functions.

7Our approach represents a generalization which includes previously known results as spe-
cial cases.

8Numerical analysis was done with the GNU Octave [I9] software 5.1.0 configured for
“x86_64-suse-linux-gnu”. The quadl function was used for numerical integration. The full
code used to reach the results presented in this section can be downloaded from http://
147.213.122.82/~andrej/LanczosHO/numExperiment .m. Author also greatly profited from the
WxMaxima tools [20].
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To reduce the complexity, we opt for our purposes only for the O (h6) precision

kernels Icg%jl]. Next, the optimal size of the discretization parameter is ana-

lyzed. For that we select three test functions with fixed points of differentiation
zo

1
sin (z) with g = 1; exp (z) with 2o = 7 and In (z) with 2o = 7

Using these settings we scan 8 orders of magnitude in the discretization parame-
ter 1078 < h < 107!, changing the step in a geometrical progression with factor
10. We determine the absolute errors

d d
E=f9 (@) = F5h(@)o—sos (18)

where "anal.” refers to the computer evaluation of the analytic derivative of f
at xo and "Dbl” represents the results of the Dbl evaluation based on the step
size h. For comparison purposes we evaluate, in addition to the results based
on higher-order (HO) precision kernels, also the results from the least-squares
(LS) approach (i.e. kernels constructed from a single Legendre polynomial.)

As seen from the error summary Table[l] the optimal A for higher precision
order methods is 1072 < h < 1071, for the LS methods it is systematically
smallelﬂ 107* < h < 1073, The important observation is that the HO kernels
significantly over-perform the LS kernels (if each method uses its own optimal
value of h). If the HO kernels are used with an h-size that is optimal for the LS
methods, the HO results remain competitive.

Fixing the discretization parameter size to near-optimal values A0 = 1072
and hS = 1073, we study the error behavior on a whole interval: [—, ] for
sin (z), [—2,2] for exp (z) and [0.1,2] for In(x). Results (i.e. pointwise errors
defined by formula ) are shown in Fig. and provide a straightforward
conclusion: when interested in absolute errors, the HO differentiation provides
several orders of magnitude more precise results than the LS methods and, when
it comes to implementing a numerical differentiation-by-integration method on
a computer, an approach based on the HO kernels is clearly the preferred option.

We do not address the question of round-off errors in this text from the
theoretical point of view. Yet, the above presented results are affected by them,
which shows that the precision gain resulting from the higher order approach is
not undermined by the inclusion of the round-off effects (which are, in general,
hard to estimate reliably). The errors displayed in Fig. [2|actually largely exceed
the simple discretization errors, which is an expected behavior to see for a near-
optimal step size where the rounding errors start to grow. The tests also provide
us with an approximate value of the optimal step size hgg' ~ 1072 to be used
with the O (hG) precision kernels when working with double precision variables.
One should however keep in mind that this step size was determined in a specific
software context (GNU Octave, quadl function) and might somewhat change in
a different one.

9This behavior is also observed in finite-difference methods when comparing formulas with
different accuracy order.
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Figure 2: Absolute errors of the HO approach (full line) and LS-based methods
(dotted line) for 3 functions (in columns) and 4 derivative orders (rows).



4 Summary and conclusion

In the finite difference methods, the higher precision approach is a well estab-
lished standard. Despite clear advantages, such approach was not well studied
for the Dbl up to now. Using straightforward calculations we constructed a
system of linear equations which leads to arbitrary precision order kernel
functions for arbitrary derivative in the Dbl procedure. Numerical tests show
that these kernels significantly over-perform (with respect to precision) stan-
dard least-squares kernels based on the Legendre polynomials, which were most
widely used and discussed up to now. If a Dbl method is to be implemented
on a computer, then the results provide strong evidence for preferring higher
precision order kernels.

Appendix A: Orthogonal polynomial approach

The approach based on the properties of orthogonal polynomials can be demon-
strated on a kernel made up of two Legendre polynomials P,

P (t) = aPy (t) + BPiis (t)

which is meant to extract the dth derivative (o and g are real coefficients). The
Py11(t) term is skipped for the same reasons as in the main text: this term
controls the precision at the O (hl) level and ignoring it is the easiest way for
constructing a higher-order method (which further generalizes to all Pjia;4+1
terms and odd powers of h). Assuming the analyticity of f on (zg —h — €, 20 +
h+¢€), €,h > 0, one can perform an expansion similar to

<_hl>d /_11 P(t) f (zo+ht)dt = a <_hl>d i %h”f(”) /11 Py (t)t"dt

n=0 -
N 1 1
+8 (h ) ,;:o n!h ! [1Pd+2 (t)t"dt.

Defining

1 1
an = / Pa(t)t"dt, b, = / Pusa (t) "t

-1 -1
one notices that agyi12; = bgys+2; =0 (i =0,1,...). This follows from the fact
that the term containing a4 is (by construction of the Dbl method) proportional
to the derivative (which is nonzero in general) while in higher terms the ¢" factor
alternates between odd and even parity (with Py being constant and strictly odd
or even). Isolating few first terms in the sums and rearranging them leads to

(‘hl)d/llp(t)f(xmtht)dtz

)" @, (=D 2 f(d+2) 4
= o aaf @+ o s + Shaca] W 0 (1),

By setting o = (—1)?%d!/aq one gets the expected property of filtering the dth
derivative and by defining § = —aag42/bgr2 one arrives to a higher-order

10



method where the h? term is missing. Setting, for example, d = 3 one has
az = 4/35, a5 = 8/63 and by = 16/693, from which follows o = —105/2 and
B = 1155/4. The kernel function is then given by

105 1155 945
<5 B+ =P =5 (77¢% — 90t* + 21t)

which is equivalent to the expression of k:[f] found in Appendix C.
The approach can be further generalized by writing

P(t)=aPy(t)+ BPit2 (t) + vPa+a (t) + 6 Pate (t) + ...

Proceeding in a fully analogous way, it is trivial to see that by adjusting the
coefficients a, (3, <y, ... one can build derivative filters with higher and higher
precision orders. In general a kernel function providing the precision order
O (h?") is (independently on the derivative order) given by a linear combination
of i Legendre polynomials (see formula 4.1 in [I4]).

Appendix B: Example solution

In order to facilitate a possible implementation we present one explicit solution
of the system . To avoid the simplest case, we choose an example with the
order of precision i = 2, i.e. the highest term to be annihilated is h?* = h*, see
. For this order of precision let us find the expression for the first derivative,
i.e. d = 1. The number of equations is dictated by the inequality 1 < j < i =2,
namely we have two equation with j = 1,2. The general expression thus
takes form

5

n(ao,..., o] 222
Eji: Y o (a0, -, an) {1 +(—1)*F ] = o+ cas+-as=0. (19)

= n+4 5 7 9
> an (ag,...,an) 5m 2 2 2

Ei_s: Zn—+6 {1—#(—1) * ] = ?al +§a3+ﬁa5 =0. (20)
n=0

Remembering that the numbering of coefficients stops at N = 2i = 4 (see
formula, the rules dictate ag = 1, a; = 0 and a3z = 0 while the values
of ag and a4 remain unknown, to be determined by solving the system. From

and one writes o
1

@ =28 =2 kz g HiHat {1 T (_1)2_k} Czn (-1 M2 g,
=0

= HoHy {1 + (_1)2} C1,% (_1)2/2 ap + Hy1H3 {1 + (_1>1} Ci1 (_1)1/2 a1

)
+ HQHQ {]. + (—1)0} Cl,g (—1)0/2 a2
= —2C11 +2C1 002 = 2a2 — 2,

Proceeding in an analogous way one gets

a3 =4 93+1 = —4as + 4a4 and a5 = 6 Q5+1 = —6ay.

11



Plugging these expressions into one gets a system of two linear equa-
tions

2 2 2
=(2a2 = 2) + Z(—dap + dag) + 5(~6a4) =0,

2 2 2
=(2a2 = 2) + 5(—4az + das) + 17(=6as) = 0,

which leads to as = —6 and a4 = 33/5. The polynomial w(z) from Eq. takes

the form

w(z) =N (1-2?) <1 — 6% + 353:54> : (21)

The computation of the normalization constant is straightforward

-1

16/2] -1
2829, 2 2 2
- = (2020 + =2 + =024 + =12
N nzz:oznﬂ ( °+32+54+76) ’
where we already know the values 25 = ay — 1= -7, 24 = a4 — as = 63/5 and

26 = —ag = —33/5. The value of (2 is
001
29 Zk;2 §HkH47k {1 + (—1)_k} Ci,—k/2 (—1) "% ay, = HoH4Crpap = 1.

Thus

14 126 66\ ' 525
= 2 —_ — —_— = —
N < 5 T2 35> 256’

so recovering the formula for w%} (). The kernel function k(z) is obtained from

w(x) as its dth derivative (Eq. [4).
Appendix C: List of weight and kernel functions

List of higher accuracy order weight and kernel functions. Kernel functions k
are to be used in formula (7)), notation from the end of Sec. [2|is adopted.

e First derivative

45 7
wF] (z) = 2 (1 - x2) (1 - 3l’2>

15

B2 (2) = 5 (72® — 5z)

525 33
w?] () = — (1 — x2) (1 — 622 + 5964)

105
kY (2) = ~ o5 (092° —1262° 4 352)

12



(6]

kY (2) =

~ 131072

11025 143 , 143 6)

315

=D (71527 — 12872° + 6932° — 1052)

65536 3 7 63
3465

- 32768

218295 52 884 4199
= (1 — x2) (1 — Za? pr8at — —ab 4 :I:8>

——— (209952 — 48620x" + 386102° — 120122> + 1155)

2081079

_ _ 2
= Somss (%)

X (1 9507 4 1700 — 22300 | 1015 5 74293010)

7 0 T3 T T
9009
(1560092 — 4408952° 4 46189027

— 2187902° + 450452° — 3003x)

Second derivative

105

wf] (x) = o1 (1- 172)2 (1-32?)

K2 () = —

Wb (z) =

k[4] () =

105 5y (452" — 4227 +5)

4725 22 , 143
2018 ( o)’ ( TR T )
315

56 (1001z° — 14852* + 5672 — 35)

24255

221
wgﬂ (x) = <192 (1- x2)2 (1 — 1322 + 392* — 7x6)

kK (2) = —

8
Wi (z) =

kS (z) =

k% (@) = -

4
2022 (994528 — 2002025 + 128702 — 27722 4 105)
945945 o 2 0 L 1292 o 323 ¢
- 1-2 1022% — —= =
262144(1 x)( 02 4 102z T
4504
6;232 (746132° — 1889552° + 1701702°

— 64350z 4 900922 — 231)

| 4459455 o2
= Todgsrg (L)

85 2 646 o 6y 7429 o 37145 |,
2 4 2
(1 37 + — 3 — 646z 5 ¢ 99 ©
45045

524288
— 64664602° + 16409252* — 16216222 + 3003)

(338019522 — 102965942° 4 1190416528

13



e Third derivative

wi2! 945 1 a3y _ 1L o
wy () = B (1—2%)" (1 3¢
945

k(@) = 55

(772° — 902° + 21z)

10395 26
o @)= o (1= 2)* (1= Fa 4 130
10395
K@) =55

105105 323
w?] (z) = 39768 (1- x2)3 (1 — 152% + 51z — 7x6)

(58527 — 10012° + 4952° — 63x)

6] 45045

3(@4,M%(Nm59 3978027 + 300302 — 85802 + 693z)
g, 2027025 o, 68 , 646 , 1202 o 7429
@ @)= Fomss (177 A B T I
135135
kf](x)::—-65536(676039m11——1865325x9—%1889550x7
— 8508502 + 16087523 — 9009z)
[10] B 75810735 .2 3
Wi (@) = Jgrrrarg 177
95 10925 5 6555
(1 5o+ 2662" —874a® + — e >
2297295
B () = (20648252 — 6760390z'" + 85804952°

524288
— 529074027 + 16166152° — 2187902 + 9009z)

e Fourth derivative

2] 2079 2\ 4 _EQ
wy () = 1024(1 x) 1 3w

10395
kP () = - —oq (2732° — 385a" + 1352% — 7)
45045
i (0) = Tagy (1= 27)" (1102 417
135135
K (2) = Soig (34152° — 163802° + 100102" — 198027 + 63)
6 (y _ 225225 L 17a2. 32 4 323
Wit (#) = Gamag (=@ )’ t5 N
135135
O () = — (32332320 — 7994252° + 69615025

8192
— 2502502 + 3217522 — 693)
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8]y S4459425  ova( T6 ,  T98 4 1748 ;2185 g

wi (7) = ase0s ( ) 3Tt T Ty g
(8] _ 328185
+ @) = G331
— 8698200x° + 19675252* — 14175022 + 723)

(4970875x% — 14872858210 4 167879252°

nol, . 160044885 .4
w " (2) = aeems (1 - 2%)

1
x (1 — 3522 + 3222% — 11502% + 172528 — 010105x10)

o,y 43648605 1 9684979512 189145210
ki (2) = =0 1amg (76538250 6842725x% 4 37182145x
— 257414852% + 92587952° — 16166152* + 10939522 — 1287)
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