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01 - Breakdown of Navier-Stokes Solutions
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract - We have proved that there are initial velocities u°(x) and forces
F(x,t) such that there is no solution to the Navier-Stokes equations, which
corresponds to the cases (C) and (D) of the problem relating to Navier-Stokes
equations available on the website of the Clay Institute. First we study these cases
att = 0 and thenatt > 0.

Keywords — Navier-Stokes equations, Euler equations, continuity equation,
breakdown, inexistence, existence, smoothness, solutions, uniqueness, gradient
field, conservative field, velocity, pressure, external force, millenium problem.

Eureka! (Arquimedes)

1. Introducao

] . 0 .
O fato de ndo ser possivel resolver sempre o sistema f =¢;, 1<i<3,
i

nos leva a acreditar que nao pode ser sempre possivel encontrar soluciao para a
Equacdao de Navier-Stokes em n = 3 dimensdes espaciais com forga externa, ou
seja,
aul up 2 ap .

(D +Z]1 ]6_ Vvui—a—xi+Fi,1SlS3,

para u;, p, F; fungdes da posicdo x € R3 e do tempo t > 0,t € R. A constante v=> 0
é o coeficiente de viscosidade, p representa a pressido e u = (uy,u,, uz) é a
velocidade do fluido, medidas na posi¢do x e tempo t. A funcao F = (F;, F,, F3) tem
dimensdo de aceleracdo ou forca por unidade de massa, mas seguiremos

denominando este vetor e suas componentes pelo nome genérico de forga, tal
como adotado em [1].

Sejam ¢; funcdes da posicdo x € R3 e tempo t = 0 tal que nio haja solucio

5}
parao swterna% ¢;i, i =1,2,3, nossa hipotese.
l

Entdo, quaisquer que sejam u; e os respectivos u{(x) = u;(x,0) é sempre
possivel encontrar forcas F; tais que

op 2 6ui 3 6ul
2) L= - F, =
( ) dx; vV U; ot j=1 ] a + d)l'

ou seja,
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ou;

2 l

3 F=¢;—vVu +—= +2] 1 ,a
para todo i tal que 1 < i < 3, desde que as derivadas parciais dos campos vetoriais
u; existam.

, ~ , : 4 .
Como nado ha uma solucgao possivel para o sistema % =¢;, 1<i<3,por
i

hipétese, as funcoes F; obtidas em (3) resultardo em nao possibilidade de solucao
para o sistema (1), portanto é possivel encontrar fun¢des F; para as componentes
da forca externa F tais que ndo haja solucdo para o sistema de equacgdes
diferenciais parciais (1), que sdo as equagoes de Navier-Stokes, parai = 1, 2, 3.

Verifica-se assim que existe a “quebra das solu¢des de Navier-Stokes” sobre
R3 para especificas fun¢des da forca externa F = (F;, F,, F;), e entdo é possivel
solucionar este que é um dos mais dificeis problemas de Matematica em aberto.

A prova que fazemos €, em linhas gerais, bastante simples, por reducdo ao
absurdo. Supomos por hipdtese que ndo ha equacdo de Navier-Stokes (1) sem
solucao (p, u) possivel, ou seja, supomos que sempre existe solugdo para (1) dados
u%(x) e F(x,t), para x € R3 e todo t > 0, e assim nio existe quebra de solucdes da
equacdo de Navier-Stokes, supondo satisfeitas todas as demais condicbes que
p:R3 X [0,0) > R e F,u:R3x[0,0)—>R?® também devem obedecer neste
problema, por exemplo, a equagao da continuidade para densidade de massa
constante (fluidos incompressiveis). Mas verificaremos que existem campos de
velocidade u(x,t) € R3,x € R3,t >0, os correspondentes u°(x) = u(x,0) e
campos F(x,t) € R3 que obedecem a todas estas condi¢cdes necessarias e tais que
(1) ndo tem solugdo alguma em t > 0, para nenhuma pressio p(x,t) € R, seja
periddica ou nao, o que contradiz nossa hipétese inicial. Provaremos primeiro para
du(x,t)
at

t = 0, utilizando a condigao inicial adicional |¢=0, € a seguir para um tempo

genéricot > 0.

Por outro lado, seguindo método similar ao aqui descrito, também é
possivel encontrar forcas externas F tais que (1) tenha solucdo, inclusive para uma
mesma velocidade inicial u° valida no caso de ocorréncia de quebra de solugdo. E
mesmo para os casos de existéncia de solu¢des, a solucao de (1) nao é Unica. Se
(p(x,t),u(x,t)) é uma solugio de (1), para F(x,t) igual a zero ou ndo, havera uma
infinidade de outras solucdes para (1), em especial as solugdes da forma
(p(x,t) +6(t),u(x,t)), jA que a pressido na equacdo de Navier-Stokes aparece

o : ~ ap op 0
recebendo uma aplicacdo diferencial em relacdo ao espaco, Vp = (%,%,%),
1 2 3

sem proporcionar nenhuma influéncia no comportamento da velocidade u a soma
da pressdo com uma constante numérica ou fun¢do 6(t) diferenciavel, dependente

unicamente do tempo t, pois Vp(x,t) = V(p(x, t) + H(t)), para todo (x,t). Para



obediéncia de condi¢Ges iniciais, basta assumir 6(t = 0) = 0, e assim p(x,t) =
p(x,t) +0(t)emt = 0.

Chega-se assim a conclusdo de que ndo ha unicidade de solugdes para as
Equacdes de Navier-Stokes: seja F = 0 (vetor nulo) ou ndo, seja v = 0 ou ndo, se ha
alguma solucdo (p,u) para (1) entdo ha infinitas outras solugdes para (1), para os
mesmos F e v, dadas as mesmas condig¢des iniciais, por exemplo,

u(x,0) = u°(x)
4) auéa;,t) |t=0 = a®(%)

p(x,0) = p°(x)
devido a infinidade de solugdes 6(t) possiveis de serem somadas a pressao p(x,t),

funcao da posicdo x e do tempo t. Mesmo o acréscimo de mais condi¢des iniciais
para p podem nao resolver (1) de maneira tnica.

Assim como ndo ha unicidade de solugdes também nao ha unicidade em nao
solucoes: se (p(x, t), u(x, t)) ndo resolve (1) entdo (p(x,t) + 6(t), u(x, t)) também
nio resolvera. Além disso, uma mesma velocidade inicial u°(x) e pressio inicial
p°(x) podem corresponder tanto a casos de existéncia quanto de quebra de

solu¢des, conforme a forca externa F(x, t), calculada em funcao de u e da derivada

du(x,t)
ot

incégnita p solavel ou ndo.

temporal de u, , implicar em um sistema de equacgdes diferenciais parciais na

Quer fixemos nossa analise unicamente ao tempo inicial ¢ = 0 ou nao, para
um mesmo valor das condi¢des iniciais (4) é possivel encontrar uma forca F que
implique em ndo solugao para (1) e outra for¢a G que implique em existéncia de
solugdes, conforme veremos na sec¢do 3. Simbolicamente, dados u(x,t),a’(x) =

du(x,t) |
ot 't=0

e u(x) = u(x, 0) pode-se encontrar forc¢as F(x,t) e G(x, t) tais que
(5)  Vu(x,t),3u’(x),3a’(x),3IF(x,t),Ap /

Vp = szu—%— (u-V)u+F,
6) Vu(x,t),3u’(x),3a’(x),3G(x,t),Ap /

Vp = szu—Z—l:— (u-V)u+G.

A condicio inicial envolvendo a®(x) sera utilizada nas secdes 3 §3 e 4 §1,
mas torna-se irrelevante na continuacao destas se¢des 3 e 4, dando-se provas mais
gerais em 3 §4 e 4 §2 parat > 0. A secao 3 §5 contém alguns esclarecimentos
sobre as demonstragdes utilizadas, no que diz respeito a usarmos a for¢a F como
uma fungdo da velocidade u e suas derivadas (0, VZ), e ndo apenas de u°, x, t.

3



2. 0 Problema do Milénio

No famoso problema do milénio referente as equacdes de Navier-Stokes,
descrito na pagina do Instituto Claylll, das quatro possibilidades para sua solugdo
as duas primeiras pedem uma prova de que existe uma solucao para as fungdes da
pressdo p(x,t) e velocidades u;(x,t) em R3 x[0,0), 1 <i<3, para o caso
especifico de F(x,t) = (Fy, F,, F3)(x,t) = 0 (auséncia de forga externa, vetor nulo
0) e v> 0. As duas ultimas possibilidades pedem uma prova de que existem
fungdes para a forca externa F(x,t) = (F, F,, F3)(x,t) e velocidade inicial u°(x)
tais que nao existe solucao para as equagoes de Navier-Stokes com v > 0. O caso
v = 0 resulta na chamada Equacdo de Euler, que também nao tem solu¢do geral
conhecida paran = 3, mas esta nao faz parte do problema do milénio.

Além de v> 0 e dimensdo espacial n = 3 as quatro alternativas tém em
comum a condi¢do de divergente nulo para a velocidade, propriedade dos fluidos
incompressiveis (densidade de massa constante na equagdo da continuidade),

7 divu=V-u=Yy3 24

=15, — 0, (fluidos incompressiveis)
i

e ser a velocidade inicial u°(x) = u(x,0) um campo vetorial C® com divergente
nulo (V- u° = 0) sobre R3. Para que uma solucio (p,u) seja fisicamente razoavel,
se requer que u(x, t) ndo cresca infinitamente para |x| = o e que

8) p,u€C”(R’x[0,00))
e
) ng lu(x, t)|*dx < C, paratodo t > 0, (bounded energy)

satisfazendo (1) e (7).

Alternativamente, a condicdo (9) de energia (cinética) total limitada pode
ser substituida pela condicdo de periodicidade espacial da velocidade e respectiva
velocidade inicial, assim como pressdo e forca externa espacialmente periédicas,
i.e.,

(10) u(x,t) = u(x + e, t),
1) u’(x) =u'(x+¢),

(12) p(x,t) = p(x + ej, t)

(13) F(x,t) = F(x +ej,t),



onde ¢; é o j vetor unitario em R3, para 1 < j < 3, igualdades vélidas para u, p, F
sobre R3 x [0, ) e u° sobre R3.

Neste artigo estamos tratando principalmente dos casos (C) e (D) descritos
em [1], ou seja:

(C) Quebra das solucdes da Equacdo de Navier-Stokes sobre R3. Para v> 0 e
dimensdo espacial n = 3 existem um campo vetorial suave e com divergéncia nula
u%(x) = u(x,0) sobre R3 e uma forca externa suave F(x,t) sobre R3 x [0, c0)

satisfazendo
(14) |0Fu®(x)| < Chi (1 + |x])~* sobre R3, para quaisquer a € N3 e k > 0,
e

(15) [0%0MF (x,t)| < Comr(1 + x| + )% sobre R3x[0,00), para
quaisquer @ € N3, m e Ny ek >0,

tais que ndo existe solucio (p, u) sobre R3 X [0, ) satisfazendo (1), (7), (8) e (9).

(D) Quebra das solucdes da Equacdo de Navier-Stokes sobre R3/Z3. Para v> 0 e
dimensado espacial n = 3 existem um campo vetorial suave e com divergéncia nula
u®(x) = u(x,0) sobre R3® e uma forca externa suave F(x,t) sobre R3 x [0, c0)
satisfazendo as condi¢des de periodicidade espacial (11) e (13), e a condicao

(16) |0%0MF (x,t)| < Comr(1 +1t)™% sobre R3x[0,00), para quaisquer
a €EN3 meNyek =0,

tais que ndo existe solucio (p,u) sobre R3 x [0, ) satisfazendo (1), (7), (8), (10)
e (12).

Utilizamos N, ={0,1,2,3,...}, o conjunto dos inteiros nio negativos.
Derivadas de ordem zero nao alteram o valor da fungao.

Na secdo 5 faremos alguns comentarios sobre os casos (A) e (B), de
existéncia de solugoes.

3.0 caso (C)
§1

Vamos encontrar primeiramente fun¢des u:R3 X [0,0) - R3 que sdo
solucdes da equacgdo diferencial parcial (equagao da continuidade para densidade
de massa constante)



17y V-u=Yy3 24

=1 6xl-

=0,

a condicdo de incompressibilidade (7).

Esta equacdo equivale a lei de Gauss para o campo magnético e para os
campos elétrico e gravitacional no vacuo.

Solugdes de (17) que correspondem a campos elétricos ou gravitacionais no
vacuo, para uma Unica particula na origem, fonte do campo (carga ou massa,
respectivamente), sdo da forma

onde 7 = (x,y,z) é o vetor posicdo, 7 seu versor, r = /x? + y2 + z2 0 mddulo de
7 e a € R o fator de proporcionalidade dependente do valor da carga ou massa,
respectivamente.

Nao fosse a condicdo (9) de energia total limitada, a existéncia de
divergéncia na origem e sua derivabilidade nesse ponto as componentes dos
campos elétricos e gravitacionais poderiam ser candidatas as func¢des u; de
componentes de velocidades, mas nao as fung¢des ¢; mencionadas na Introducao,
tais que ndo exista solu¢do para o sistema de equagdes diferenciais parciais

op .

(19) —=¢i, 1<i<3.

axi

Para satisfazer (9) e (14) vamos escolher para u campos vetoriais com
decaimento exponencial em todas as trés dire¢des ortogonais tais que

(20) lim|x|_)oo ui(x, t) = 0, 1<i< 3,
e que também devem obedecer (7), por exemplo,
1) u = ae bCEHE+3) (x,x, %, x5, —2%,%,), a € R*, b € (0,1],

um campo de velocidades sem aceleracdo local, estacionario. Observo aqui que (9)
bem poderia ser desprezada, ou pelo menos modificada, caso a for¢a externa total

aplicada fv |F(x,t)|dx fosse infinita. Uma forca total infinita corresponde

normalmente a uma energia total também infinita, portanto, no que diz respeito
aos fundamentos fisicos, ndo haveria necessidade de limitar a uma constante C a
integracdo do quadrado da velocidade sobre todo o espaco R3. Uma substituta
mais natural para (9) seria, por exemplo,

@22) [, [u(t)|’dx<A+B][, |Fex,t)|dx, A>0,B =0,



para todo t = 0, e em todo subconjunto V € R* onde estiver sendo aplicada esta
forca.

Sabemos que a integracdo do sistema (19) sé é possivel no caso de campos
conservativos e neste caso resulta em

23) p=J, ¢-dl+0o(0),

com ¢ = (¢1, P, P3) continua e 0:[0,0) - R diferenciavel, correspondendo no
caso destes campos conservativos a func¢do trabalho, ou variacdo da energia
cinética (quando ¢ é a forga elétrica ou gravitacional e 8(t) = 0), igual a variagio
(negativa) da energia potencial. Nessa situacdo a integral sempre existe e, a menos
da func¢do 6(t), independe do caminho L entre os pontos x, € R® e x € R3,
supondo que L seja continuo por partes, de classe C! e nio passe por nenhuma
singularidade de ¢. Diz-se que p é uma fungao potencial para ¢.

Precisamos entdo buscar um campo vetorial ¢ = (¢4, ¢, p3) que nio seja
gradiente, i.e., ndo deve existir uma fun¢do p:R3 x [0,0) - R tal que exista
solucao para a equacao

(24) Vp=¢,
que equivale ao sistema (19) anterior.

Em muitos livros de Analise Matematica e Calculo Diferencial e Integral
pode-se encontrar a solugdo para este problema. Um dos grandes classicos é o
Apostoll2] (vol. II, cap. 10, Integrais de Linha), embora Courant, Elon Lages Lima,
Guidorizzi, Kaplan, Piskunov, etc. sejam igualmente 6timas referéncias.

No teorema 10.6 de Apostol (secdo 10.16) se prova que uma condi¢ao
necessaria para que um campo vetorial f = (f}, ..., f,) continuamente diferenciavel
em um conjunto aberto S de R" seja um gradiente em S é que as derivadas
parciais das componentes de f estejam ligadas pela relacdo

(25) D;f;(x) = Djfi(x),

0
paratodoi,j = 1,2,...,netodo x de S. D; é o operador diferencial e
l
No teorema 10.9 de Apostol (se¢do 10.21) se prova que a condicao (25)
também é uma condigdo suficiente se o conjunto S é um conjunto convexo aberto
de R™.

Vamos entdo a seguir buscar um campo vetorial ¢ = (¢q, P, P3),
¢;:R3 x [0,0) - R, tal que



(26) Z(’“ iﬂ i #J,

para algum par (i,j),1<i,j <3, x € R® e tempos t nio negativos. Adotaremos
que nosso conjunto convexo aberto S é o proprio R3.

Além da condicao (26) a condicdo (17) de incompressibilidade da
velocidade também deve ser satisfeita, bem como as demais condigdes impostas
neste problema do milénio, tais como (14) e (15).

Func¢des simples que obedecem (26) sao, por exemplo,
1) (ay, bx, c(x + y)), a#b+c,

2) (0, xzt, xyt), x,v,z#0, t >0,

3) (e~ ™, g=bxt g—czty a,b,c#0, t >0,

onde usamos x; = x, X, =y, X3 = z, mas nao podemos escolher arbitrariamente
qualquer ¢ solucdo de (26).

Para que F e suas derivadas tendam a zero no infinito, e obedecam (15),
vamos escolher para ¢ uma fung¢do limitada, continua, com limite zero no infinito,
com todas as derivadas também continuas (C*), limitadas e indo a zero no infinito,
que obedeca (26) e que resulte numa funcdo F conforme (3), tal que seja possivel
provar (15).

Analisemos as trés situacdes possiveis para ¢.
Se o campo vetorial ¢ = (¢4, @, ¢3) definido por

ou; Ju
— 2 _ i 3
27 @; = vVey,; T 11196 ,1<i<3,

ndo for um gradiente, i.e., for tal que

dp; , 0¢; .. ..
— = — <ij<
(28) ox; * oy paraalgumi # j,1<1i,j <3,

escolhemos ¢; = ¢;, e entdo, conforme (3),
(29) F; =¢; —@; =0, paratodoitalquel <i < 3.

Vé-se que é possivel uma forga nula obedecer as condi¢des deste problema do
milénio no caso de quebra de solugdes. Assim, ndo me parece possivel resolver em
toda sua generalidade os casos (A) e (B) deste problema, embora ndo seja minha
pretensao provar isto neste artigo.



Se ¢ for um gradiente devemos encontrar um campo vetorial w =
(w1, w4, w3) que ndo seja gradiente, i.e., seja ndo conservativo, e assim o campo
vetorial

B0) p=¢p+tw

também ndo sera gradiente, sera nao conservativo, e

(31) F; = ¢; — @; = w;, paratodoitalquel <i < 3.
Um campo vetorial w = F facil de ser obtido é

(32) w = (191,202, C39P3),

para constantes reais ¢; # ¢; # 0, i #j.

Como neste caso ¢ ¢é gradiente, i.e., conservativo, entdo (condigdo
necessaria)

d¢; Pj
33) — = aratodoi,jtaisque 1l <i,j < 3.
(33) S =50 P i, j tais que 1 < i, j

a
Mas se w; = c;p; e as derivadas parciais a(p nao sdo identicamente nulas
Xj

entao

dw; a% a‘PJ
34y —=c¢c;— ¢C # 0, parac; #¢; #0, i #J,
i.e.,

dw; Jw; .
35) — = —L [#],
(35) oxj 0x; *J

portanto w nao é gradiente e
(36) Fi = ¢i —@; = W; = C;Q;, paratodoitalquel <i < 3.
O terceiro e ultimo caso ocorre quando para todo x € R3,t > 0,

09i _ 99;

(37) 6xj axl-

= 0 paratodoi,j taisquel < i,j <3,

indicando que ¢ é um campo conservativo e suas derivadas parciais de primeira
ordem sdo iguais a zero.

29

Como buscamos algum par (i,j) tal que — Py * a;i] em geral e queremos
j i

alguma funcdo F cujas sucessivas derivadas parciais mistas sejam da ordem de



(1+ |x| +t)7% sobre R3 x [0, 0) vamos escolher F tal que tenda a zero, assim
como suas infinitas derivadas, em |x| = oo e t = oo, conforme (15), i.e.,

(38) 11rn|x|—>oo|a Pt qF(X t)l - hmt—mola Pt qF(X t)l = O

p=0,q=0, axP = 9xI9x8?0x%%, py +p, +ps =D, i =0,
e seja F um campo ndo conservativo. Assim a soma ¢ + F, que deve ser igual a Vp,

(39) ¢ +F=¢="Vp,

sera igual a um campo ¢ ndo conservativo e portanto ndo havera solugao para
(39), equivalente a (24) e (19). Usamos a propriedade de que a soma de um campo
vetorial conservativo e um ndo conservativo é um campo vetorial ndo
conservativo.

Escolhemos para F nesse caso um campo ndo conservativo que decresce
exponencialmente em relagdo a posicdo e ao tempo em ao menos uma das
coordenadas espaciais e pode ser igual a zero nas coordenadas restantes (se
houver). Por exemplo,

(40) F; = aie‘bi("%”%”%) et 1<i <3,

coma; # 0,b;, c; € (0,1]. As componentes F; poderiam depender do tempo ou néo,
conforme (40), sem alterar a propriedade de ser a forca externa £ um campo nao
conservativo, mas a nao dependéncia do tempo faria F desobedecer (15) para
m=0.

Para que F seja fisicamente consistente é necessario que a; tenha a
dimensao de aceleracao ou for¢a por unidade de massa, b; tenha a dimensdo de
reciproco de comprimento ao quadrado e ¢; dimensao de reciproco de tempo.

§2

Vistas as trés situacdes possiveis para ¢ = ¢ —F vamos agora a
demonstracao com nosso exemplo especifico. Suponhamos, por hipétese, que nao
h4 equacdo de Navier-Stokes sem solucdo (p,u) possivel, ou seja, dados u°(x) e
F(x,t) para x € R3 sempre ha solucio para (1), para todo instante t > 0, supondo
ainda satisfeitas todas as condi¢des que devem obedecer a pressio p:R3 X
[0,00) > R e a velocidade u:R3 x [0,0) - R3 neste problema do milénio, por
exemplo, a condicdo de incompressibilidade (7).

Iniciemos ampliando a condigdo inicial u(x,0) = u°(x) do instante t = 0
para todo t do intervalo 0 <t < T, T € R, ou seja, deve valer como condicao de
contorno

41) u(x,t) =ul(xt), 0<t<T,
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sendou’: R3 X [0, ) - R3.

A velocidade u escolhida em (21) independe do tempo t, assim deve valer,
paratodotem 0 <t <T,

42) ulx,t) =ul(xt) = u®(x) = ae PT+2+33) (3 xo x, 205, —2%,%5),
a € R be(01],
e entdo, no intervalo de tempo 0 <t < T,

(43) Z—’; =0,

o que corresponde a um fluido sem aceleragdo local, uma solugdo estacionaria, cuja
velocidade em um ponto ndo varia no tempo.

As outras derivadas parciais em 0 <t < T, para u; e u,, com x,y,z =

X1, X5, X3 €72 = \/x%2 + y% + z2, 530

ou; _
(44) == —2abxyze br,
axi

(24 = —qze~br* (2by? — 1)

dy
a % = —aye b’ (2bz% — 1)
(45) Jup; _ —br? 2
= = —aze " (2bx* —1)
L% = —axe b’ (2bz2 — 1)
[ 2
;7111 = 2abyze~b"* (2bx% — 1)
2
aa?ul = 2abyze " (2by? — 3)
(46) A 2

%ul = 2abyze " (2bz? — 3)

2
LVzul = (2]1321 %) uy = 2abyze b (2br? — 7)
j

( 9 —br? 2
52Uz = 2abxze™"" (2bx* = 3)

2
;7112 = 2abxze~b"* (2by? — 1)

(47) o 2
%uz = 2abxze~b"* (2bz% — 3)
2
kVzuz = (2213=1 a%) u, = 2abxzeb* (2br? — 7)
j
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3 Ouy _ 2. —2br2 (2 _ 92
S 52 = a?ye " (22 - 2x2)

e assim, de (27),

aui _v3 . aui
ot~ 2j=1%igy,

(
|
(49) 4 @, = v-2abyze~br*(2br2 — 7) — a2xe 2% (72 — 2y2)

1
l(pz = v-2abxze " (2br? — 7) — atye~2*(z2 — 2x?2)

@, = VVZui -

Comparando estas duas derivadas,

(50) a_q; = v-2abze P’ [(1 — 2by®)(2br? — 7) + 4by?] +

+4alxye 267 [b(2% — 2y2) + 1]

1) 222 = v 2abze P [(1 — 2bx?)(2br? — 7) + 4bx?] +

O0x
o2
+4a?xye™?P""[b(z% — 2x%) + 1],
091 _, 092 « . s :
temos 3y # ——, em geral, entdo ¢ é um campo vetorial ndo conservativo.

Conforme (29), escolhendo ¢; = ¢;, parai = 1, 2, 3, chega-se a

(52) Fi=¢;—¢;=0.

Descreveriamos assim o movimento de um fluido ndo acelerado
(localmente) nas trés diregdes ortogonais (1,0,0),(0,1,0),(0,0,1), sem forga
externa, no intervalo de tempo 0 < t < T, mas ha o problema de ndo se encontrar a
pressao do sistema.

Como ¢ € nao conservativo e ¢ = ¢ entdo ¢ é ndo conservativo. Como
deveria valer a equagao (2)

op
53) —=¢;, 1<i<3,
( ) axi ¢l
para haver solucao de (1), mas ¢ é um campo vetorial nao conservativo, i.e., ndo
gradiente, entdo o sistema acima ndo tem solugdo, e portanto encontramos uma
velocidade inicial u°(x) = uT(x,t) = u(x,t) e uma forca externa F(x,t) = 0 tal
que ndo ha solucdo para a equacao de Navier-Stokes (1) no intervalo de tempo
0 <t < T. Como nossa hipétese inicial admite haver solugdo (p,u) em todo t = 0
chegamos a uma contradicao, o que invalida nossa hipoétese inicial.
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§3

Para uma demonstracdo compativel ao problema do milénio é necessario
que T - 0. A condicdo inicial requerida para a velocidade é u(x,0) = u®(x),
portanto ndo podemos prefixar u(x,t) = u’(x,t), para 0<t<T, T € R,, em
nossa demonstracao final.

A equacdo de Navier-Stokes (1) e a condi¢ao de incompressibilidade (7)
devem ser satisfeitas para todo instante t > 0, portanto também em t = 0.

Emt = 0, sendo u e u° de classe C®, temos

ou; | . ou?
t=0 — )
ax]' ax]-

(54)

(55) V2u;li—o = V20,

3 aul 3 Oau
(56) Zjeaj 5 le=0 = Tjea ¥ 5o
op dp(x,0)
57) — =g = :
(57) alet—O ox;

mas nem sempre vale

ou; _ ouf

(58) —-le=0 =5

oup : du; ~
pois —= € identicamente nulo, enquanto El,::() pode ser nulo ou ndo nos

movimentos acelerados em geral, independentemente do valor de u (x).

A equacdo (1) em t = 0 pode entdo ser reescrita como
0 oui _ 2,0 _ 0p .
59 S le=o + Xj=1y ox = vVPud ——=(x,0) + F(x,0), 1<i <3,
l

ou, definindo p(x, 0) = p°(x) e F;(x,0) = F2(x),

0 ou;
(60) L= vV2up __th 0~
6xl-

oaul 0 _ 40
]1]6 +F ¢i'

equacgdo similar a (2) parat = 0.

Ja vimos que sistemas semelhantes a (60), para 1 < i < 3, sé terdo solugdo
se ¢° for um campo vetorial gradiente, ou conservativo, qualquer que seja o valor
de t, e obviamente para t = 0 esta exigéncia precisara também ser obedecida.

Tal como feito em (23), a solucio de (60), no caso de ¢° ser gradiente, é
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(61) p°=/[ ¢°-dl+6(t=0),

o ou; 0 ~ :
e assim fica claro que —= |t=0 = a; (x), por nio ter seu valor univocamente
determinado através de u) e u°, em geral, nem de F e F°, proporcionara um valor
A . du; o
para a pressdo inicial p° que dependerd deste valor de a—tl|t:0, a variacgao

temporal inicial da componente u; da velocidade.

. o Ju; . :
Também podemos encontrar combinagdes de a—tl lt=0 € F?, 1 <i < 3, tais

que o sistema (60) tenha solucao ou nado, conforme resultem em campos vetoriais
¢° gradientes ou nio, seguindo método semelhante ao indicado anteriormente
nesta secdo, por isso u°(x) e F°(x) ndo determinam de maneira tnica a quebra ou
ndo das solucdes das equacdes de Navier-Stokes em t = 0. Consequentemente,
u®(x) e F°(x) nio determinam de maneira tnica a quebra ou nio das soluc¢des das
equacdes de Navier-Stokes sobre R3 X [0, ©) (ver equacdes (5) e (6)).

Usando o exemplo de velocidade inicial utilizado na se¢ao 3 §2, em (42),
62) u’(x) = ae‘b(x%”%*"?z’)(xzx?,,x1x3, —2x,x,),a € R*, b € (0,1],

3}
para 0 <t < T, fagamos T - 0, F = 0 e escolhamos 6—1; l;=o = a®(x) =0 como

mais uma condigao inicial, tal qual (43). Isso fara com que nao haja solu¢do para p
em t = 0, conforme os calculos da se¢do 3 §2, e assim mostramos um exemplo de
quebra de solugdes da equacdo de Navier-Stokes em t = 0 pelo acréscimo da
condicio inicial adicional a®(x) = 0. Sendo assim, ndo houve solug¢do para (1) em
todo t = 0, o que contraria nossa hipoétese inicial. Tal exemplo satisfaz a todos os
requisitos que devem ser obedecidos por u°(x) e F(x, t).

§4

Faremos agora uma demonstragdo genérica para a quebra de solugdes de
Navier-Stokes sem utilizarmos nenhuma condi¢ao de contorno adicional, e para
todo t = 0. Assemelha-se ao que ja foi feito na Introducdo, com uma descricao mais
apropriada para o dominio, imagem e condi¢des das variaveis. De fato as se¢oes 3
§2 e 3 §3 poderiam ser excluidas do presente trabalho, nao sdao de leitura
obrigatdria, uma vez que a prova mais abrangente é a deste §4. Optei por preserva-
las porque correspondem a uma sequéncia de pensamentos que pode apoiar o
entendimento completo deste problema.

Para um tempo real t > 0 qualquer, dada uma velocidade u(x,t): R3 x
[0,0) - R3 que obedeca a todas as condicdes deste problema, descritas na se¢do
2, e tal que
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63) u’(x) =u(x,0)

seja a velocidade inicial escolhida no nosso problema, para que haja solucdo de
Navier-Stokes deve valer

op ou; 3 . .
(64) a—m_vvzui—a—;— ]1u]a ‘v F=¢;+F =¢;,1<i<3,
com
_ 2 ou; 3 ou .
(65) goi—vVui—at‘ ]1u,]a L,1<i<3,

onde se supde que u°(x) por nds escolhido também obedece a todas as condicdes
necessdarias, em especial (14). Por conven¢do, escolhamos sempre u°(x) nio
gradiente, i.e., ndo conservativo.

Para este campo vetorial de velocidades u(x,t) é possivel calcular ¢(x,t),
de (65), escolher um campo ¢ nao conservativo com as mesmas propriedades
razoaveis que devem obedecer u,p e F para o caso (C), e calcular

66) F=¢—¢ =¢—VV2u+%+(u-V)u.
Escolhamos, por exemplo,

67) ¢(x,t) = u’(x),

que é um campo ndo conservativo pela nossa convencdo e independente do tempo
t. Suponhamos que a compatibilidade dimensional fisica entre ¢ e u° seja feita pela
multiplicacao do fator 1, cuja dimensao compatibiliza ambos os campos.

O valor para as componentes de F(x, t) que obtemos de (66) ¢é entao

68) F; =u) —vV2u; + +Z] 1u]a L,1<i<3,

que deve satisfazer as mencionadas condicoes da secdo 2 e depende de E

qualquer que seja o valor de t > 0. Evidentemente, se os F; obtidos em (68) nao
obedecerem aos requisitos esperados escolhe-se outros u°(x) e u(x,t) e repete-se
0 processo até que se obtenham componentes F; adequadas, em especial que
pertencam a C* e obedecam (15).

Aforca F = (Fy, F,, F3) calculada pelo método acima e a velocidade inicial u°
escolhida convenientemente em (63) garantem que chegue-se a um valor
impossivel de ser obtido para a pressio p, pois ¢ = u° é ndo conservativo, segundo
nossa escolha, o que prova a ocorréncia de quebra (inexisténcia) de solucdes para
as equacoes de Navier-Stokes, conforme queriamos. Nossa hipotese inicial de que
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sempre ha solugdo (p,u) possivel para (1) foi entdo violada: dado p talvez
possamos sempre encontrar u, mas dado u (e respectivo u®) podemos nio
encontrar p, quando ¢ é ndo gradiente.

Claro que este raciocinio também pode levar a encontrar uma solugdo para
p, trocando-se as fung¢des ndo gradientes por gradientes. Devemos encontrar como
resultado de (64) uma funcdo ¢ gradiente, e para isso as escolhas preferenciais a
serem feitas sdo combinacdes de F,u’,u e ¢ também gradientes. E o que
formulamos resumida e simbolicamente nas equacgdes (5) e (6) da Introducao.

§5
Neste paragrafo explica-se melhor a prova do § 4 anterior.

Substituindo (68) em (64) obtemos

dp 0 .

—_— = U: < 1<
(69) ox; u;,1<i<3,
que ndo possui solucdo por ser u° nio gradiente, pela nossa defini¢do, e assim
encontramos u°(x), u(x,t) e F(x,t) = Hu’(x), u(x,t),d,V% x,t) que levam a
quebra (inexisténcia) das solu¢des de Navier-Stokes. Transformamos entdo a
equacdo original (1) nesta equacao (69).

Talvez seja dificil (ou até muito dificil) entender como é possivel fazer com
que F(x,t) = Hu(x), u(x,t),d,V? x,t) possa ser calculado e usado na
demonstracdo. Pode-se pensar que devemos apenas encontrar “de alguma
maneira” velocidades iniciais u°(x) e for¢as externas F(x, t) Unicas, fixas, tais que
(1) ndo tenha solugdo alguma, para qualquer par de variaveis (p,u) que possam
existir. Mais exatamente, parece que nao podemos dar como exemplo uma forga
que depende da velocidade e suas derivadas (9, V%) em t > 0.

Vejamos entao.

() Se u resolve (1) entdo u é uma funcio de F e u® suponhamos
u=f(F,u%0d,V3xt) = g(xt).

(I) Se u é uma fungdo de F e u® entdo F é uma func¢io ou uma relacio de u e
u° mesmo que tal relagdo ndo seja univoca, ie, F = f"1(u,u’0,V?%x,t) =

9 (x, t).

(1) Se F pode ser expressa como func¢do (ou relagdo) de u e u° a equacio
(68) que utilizamos pode ser aceita, no que diz respeito a ser F dependente de u e
u°. Vejam também que a defini¢do do problema nio proibe que F seja fun¢do de u
e suas derivadas, o que nos da liberdade para que seja parte da estratégia de nossa
solucao.
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A segunda objecdo que pode ser feita é o fato de prefixarmos u, e nao
apenas u®, de tal modo que escolhemos F dado por (68) igual a

(700 F =u®—vV3u +Z—I;+ (u-Vu

Mas qual o significado de ndo existir (p, 1), na definicdo do problema dado
em [1]? Simbolicamente, usando Logica, a ndo existéncia do par de variaveis (p, u)
equivale a seguinte sentenca:

71) A(p,u) < (ApA 2u) V(AuA Ap)V(@ApA Aw)).

A opgdo que adotamos dentre as trés possibilidades acima foi a existéncia
de u com a nao existéncia de p, i.e.,

(72) (QuAdp) - A(p,w).

Acredito que com estas explicacdes as duvidas sobre a validade das
demonstragdes anteriores sejam eliminadas. A seguir um resumo da defini¢do do
problema para o caso (C), onde se acrescentou um novo requisito referente a
existéncia de u (destacado na cor azul), mantendo-se a de ndo existéncia de (p, u),
equivalente a Ap, ndo existéncia de p. Os nimeros entre asteriscos (*) referem-se a
numeracao original das respectivas equagdes em [1].

v>0n=3
Ju’(x): R smooth (C®), divergence-free (V- u® = 0) (erne A
3F (x, £): R % [0, ) smooth (C®)

(*4%) |0gu’ ()| < Cure(1 + |x)*:R3, Va, k
(*5*) |0ZOF (x,t)| < Comr (1 + |x| + £)7%:R3 X [0,0) , Va,m, k
Ju(x, t): R3 X [0, ) smooth (C*)

A(p,w): R® x [0, ) /

k%) Ui 3 oui _ 2, _ 9P : i 3
(*1%) o +Zl=1ulaxj_ vVeu,; axi+Fl(x,t),1SLS3 (x eR3,t=>0)
(*2*) V:-u=0

(*3*) u(x,0) = u(x) (x € R®)

(*6*) p,u € C*(R3 X [0, ))

(*7%) fm@ lu(x, t)|?dx < C,Vt =0 (bounded energy)
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4.0 caso (D)
§1

Na secdo 3 anterior dividimos o caso (C) em trés situagcdes possiveis para
o =¢—F:
1) ¢ é um campo vetorial nao gradiente

, . . dp; O0g; ..
2) @ é um campo vetorial gradiente, com a—f‘ = a_xj #0,1<1ij<3
J i
/7 . . dp; _ a(Pj _ ..
3) ¢ é um campo vetorial gradiente, com Ponl il 0,1<ij<3
j i

Como uma demonstracdo genérica para o caso (C) ndo exclui a
possibilidade de serem espacialmente periédicas as fungdes u°(x) e F(x,t), assim
como a funcio velocidade u(x, t), seremos nesta se¢do mais breve que na anterior;
o essencial da técnica utilizada nesta demonstracao esta dado na se¢do 3. Quanto a
pressdo p, uma vez que nosso método se baseia na prova de que p ndo existe, sera
irrelevante admitir que p seja ou nao periddica. Nao existird pressao p(x,t)
alguma, periddica ou ndo, que resolva para todo t > 0 as equag¢des de Navier-
Stokes (1) com a condicdo de incompressibilidade (7), para especificas fungdes
u%(x) e F(x,t), levando-se em consideracio a condi¢do inicial adicional

ou
2 emo = a° ().

Escolhamos entdo para uy(x) uma fungdo trigonométrica de periodo 1 na
direcdo e, e igual a zero nas outras duas diregdes, e, € e3, ou seja,

(73) uy(x) = (sen(2mx,),0,0).
Emt = 0 temos entdo

aul
axz

(74) |t=o = +2mcos (2mx,)

aui

(75) a_let:O =0,(,)) # (1,2)

92 .
76) VPu; = ( j 1i>u- = logtu = TAmisen(2nxy), =1
L j= 9 2 l .
%) 0, i#1
3 O0ui_ :
(77) Xj=11j 5 0,1<i<3

Por simplicidade, escolhamos também

aui

(78) s

|t=0 =a0(x) =O, 1SLS 3,
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e assim a equacao (1) fica,emt = 0,

—v-4m?sen(2nxy) + FL,i =1

ap° 0 0 0
axi ! ! ! Fio,l * 1

definindo p°(x) = p(x,0), assim como os demais indices superiores 0 (zero)
correspondem a respectiva fungdo em (x, 0).

Para v# 0 e F® = 0 vemos que ¢° dada em (79) é ndo gradiente, logo, ndo
ha solugao para o sistema (79) escolhendo |t 0=0,F=0,v+# 0 e avelocidade

inicial dada por (73), o que é entdo mais um exemplo de quebra de solugdes da
equacdo de Navier-Stokes em t = 0, e que também satisfaz a todos os requisitos
que devem obedecer u®(x) e F(x, t), como é facil de ver.

§2

Semelhantemente ao que fizemos na secao 3 §4, para um tempo realt = 0
qualquer, dada uma velocidade u(x,t): R3 X [0,0) - R3 que obedeca a todas as
condig¢des deste problema, descritas na secao 2, e tais que

80) u(x,0) =u’(x) = (sen(2mx,),0,0),

usando o mesmo exemplo (73) da subsecdo anterior, para que haja solucdo de
Navier-Stokes deve valer,

op __ ou; 3 ou; _
(81) a—xi—vvzui—a—tl—Z] LU ‘+F o +F=¢,1<i<3,
com
aul 3 l
82) ¢@; = vViu; — =~ Zj=1 ] ., 1<i<3.

Para este campo vetorial de velocidades u(x,t) é possivel calcular ¢(x,t),
de (82), escolher um campo ¢ nao conservativo com as mesmas propriedades
razoaveis que devem obedecer u,p e F para o caso (D), e calcular

(83) F=¢—<p=¢—vv2u+g—j+(u-V)u,

que deve ser uma func¢do espacialmente periédica de periodo unitario nas trés
diregdes ortogonais e;, 1 < j < 3, de classe C* e obedecer (16).

Escolhamos, por exemplo,

84) ¢(x,t) =u’(x)e”t = (e tsen(2mx,),0,0),
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que é um campo nao conservativo de periodo espacial 1 e vai a zero com o
aumento do tempo t, em decaimento exponencial. Suponhamos novamente que a
compatibilidade dimensional fisica entre ¢ e u° seja feita pela multiplicacdo do
fator 1 cuja dimensao compatibiliza ambos os campos.

O valor das componentes de F(x, t) que obtemos de (83) é entao

e tsen(2mx,) —@;, i =1

(85) F; = { o, i=2.3

com ¢; dado em (82), que deve ser espacialmente periddico de periodo unitario,
de classe C* e tendendo a zero em decaimento exponencial com o aumento do
tempo, e finalmente, de (81),

w _ b, = {e‘tsen(anz), i=1
l

86 3 0,i=23

que é claramente um sistema sem solucdo para a funcdo escalar p, qualquer que
seja a velocidade u(x,t) aceitavel que possamos ter utilizado inicialmente como
nossa escolha, com u(x,0) = u°(x) et = 0.

A forgca F(x,t) = H(u®(x),u(x, t),d,V? x,t) calculada pelo método acima e
a velocidade inicial u° escolhida em (80) garantem que para qualquer velocidade
u(x,t) admissivel para solucao de Navier-Stokes neste problema chegue-se a um
valor impossivel de ser obtido para a pressdo p, pois ¢ = u° é nio conservativo,
segundo nossa escolha, o que prova a existéncia de quebra de solugdes para as
equacgodes de Navier-Stokes, conforme queriamos.

Lembremos que a utilizacdo da for¢a como uma funcdo da velocidade ja foi
justificada na secdo 3 §5.

Vejam ainda que o caso (D) é de menor interesse, pois nos obriga a buscar
uma ndo solu¢do espacialmente periodica de periodo unitario, quando poderia
haver uma solu¢do ndo espacialmente periédica ou de periodo ndo unitario em
alguma direcdo. Velocidades iniciais e forgas externas peridédicas podem também
implicar, talvez, em uma solucdo nao periédica, ou seja, mesmo que todas as
condi¢cdes do problema no caso (D) sejam satisfeitas pode haver ainda alguma
solucdo para as equacoes de Navier-Stokes.

5. Comentarios sobre os casos (A) e (B): existéncia de solugoes

Os casos mais dificeis de serem tratados neste problema do milénio, em
minha opinido, sdo as duas primeiras alternativas, que pedem solugdo para as
equacdes de Navier-Stokes dada uma velocidade inicial genérica qualquer u°(x)
satisfazendo determinadas condi¢des, conforme descrito a seguir.
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(A) Existéncia e lisura das solucdes da Equacdo de Navier-Stokes sobre R3. Para
coeficiente de viscosidade v > 0, dimensao espacial n = 3, for¢a externa F =0 e
qualquer campo vetorial suave e com divergéncia nula u°(x) = u(x, 0) sobre R3
existe solucdo (p,u) sobre R3 x[0,00) para as equa¢des de Navier-Stokes
satisfazendo (1), (7), (8), (9) e (14).

(B) Existéncia e lisura das solucdes da Equacdo de Navier-Stokes sobre R3/7Z3.
Para coeficiente de viscosidade v > 0, dimensao espacial n = 3, for¢ca externa
F =0 e qualquer campo vetorial suave e com divergéncia nula u°(x) = u(x, 0)
sobre R3 satisfazendo a condi¢cdo de periodicidade espacial (11) existe solugdo
(p,u) sobre R3 X [0, ) para as equacdes de Navier-Stokes satisfazendo (1), (7),

(8), (10) e (12).

Vejamos. Nao fosse a exigéncia de ser F = 0 seria muito simples resolver
Navier-Stokes. Poderiamos escolher pressdes p(x,t) fisicamente razoaveis,
velocidades u(x, t) fisicamente razodveis satisfazendo u(x, 0) = u°(x) e ainda que
p e u (e consequentemente u°) obedecessem as demais condicdes requeridas para
este problema, a exemplo de V-u = 0, o que resultaria enfim numa forga externa
F = (F,, F,, F3)(x,t) tal que

aui

d .
T vy, -2 1<i<3.
0xj

= y3
87) Fi=—+Xj-1y ox,

Nossa atencdo se concentraria em provar que F ndo viola nenhuma regra,
nenhuma condi¢do que F deveria obedecer pela imposi¢dao do problema.

A equacgdo (87) mostra claramente que existem combinag¢des das variaveis
(p, u) que sdo proibidas nos movimentos de fluidos sem forca externa, pois se o
lado direito de (87) resultar para ao menos uma das componentes i um valor nao
nulo para a for¢a externa chegariamos a uma contradicdo, jA que o movimento
seria, por definicdo, sem forga externa.

Também ndo podemos utilizar qualquer velocidade inicial u°(x). Todas as
condi¢bes que devem obedecer u(x,t) em t = 0 devem ser obedecidas por u°(x),
ja que esta equivale a u(x,t) no instante inicial t = 0. Em especial, u°(x) deve
obedecer também as equacgdes de Navier-Stokes (1) e de incompressibilidade (7).

Isto nos sugere que u°(x) pode ser, ela propria, a procurada solucio de (1),

inclusive para todo t = 0, com a imposicdo da condicdo de contorno adicional
ou . . ~ ~
EZO' Temos assim o caso de fluidos sem aceleracdo local, uma solugao

estacionaria. Se a correspondente fun¢do ¢ em

op 2.0 3 0 0uf
— =vVu; — )5 U;
axi l J=17] axj

(88) =¢; 1<i<3,
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for gradiente entdo o problema esta resolvido, para uma infinidade de pressdes
possiveis, admitindo-se satisfeitas as demais condi¢des que devem ser obedecidas
por u e p. No caso de fornecermos p°(x) como condi¢io inicial ao invés de a°(x),
sempre havera solugdo em t = 0, e teremos

1<i<3.

0 _ u2,0_90° 3 o0
(89) a; =vVay, o, Yi=1Y; o,
Se o valor de a® que se obtém acima for igual a zero entdo u(x,t) = u’(x) e
p(x,t) = p°(x) + 6(t) sdo uma solugdo do problema, para t > 0.

Mas o caso geral ainda nos foge neste momento: dado u°(x) obter u(x,t) e
p(x,t), solugcdes das equacdes de Navier-Stokes. Para mim parece claro que é
preciso ao menos mais uma condi¢do inicial, como ja vimos com o uso de

du ~ . ’ . . ~
ao(x)=5|t=0 nas secOes anteriores. Além disso, nas diversas equagoes

diferenciais ordinarias e parciais de segunda ordem da Fisica Matematical3l e que
ja foram amplamente estudadas é comum (até necessario) a utilizacdo de (pelo
menos) duas condigdes iniciais ou de contorno para a sua completa solucdo, e ndo
vejo motivo para aqui ser diferente.

Mesmo assim, do ponto de vista da realidade fisica, realidade que
certamente motiva este problema, uma questio de Matematica aplicada aos
fluidos, também me parece nao ser possivel resolver Navier-Stokes sem forca
externa em todas as condigdes, seja V- u = 0 ou nao, seja v = 0 ou ndo.

Suponhamos u°(x) = (0,0,0) = 0 e, por definicdo, F(x,t) = (0,0,0) =0
(estamos utilizando o mesmo simbolo 0 tanto para o vetor nulo quanto para a
constante numeérica igual a zero, mas que nao seja isso fonte de confusao).

Em t = 0 a equagdo a ser resolvida é

0
(90) Vp° = —="|i=o,

com p°(x) = p(x,0), x € R3.

u
Para que haja solucao devemos ter que Py |t=o seja um campo vetorial

gradiente, i.e., alguma funcdo a®(x) gradiente. A solucdo u = 0 satisfaz esta
condicao e € uma solucao fisicamente razoavel: sem velocidade inicial, sem forca
externa, teremos um fluido imoével, estatico, estacionario, sem aceleragdes(ver nota B),
sem ventos e marés, exatamente o comportamento observado na natureza. Por
outro lado, Vp® =0 tem uma infinidade de solugdes possiveis da forma
p°(x) = cte., 0 que pode ndo ser fisicamente razoavel. Por que haveria pressdo ndo
nula se a velocidade nao varia no tempo e espaco e nao ha for¢ca? Nesse caso ndo ha
colisdes entre as particulas, entdo ndo ha pressdo nao nula em instante algum.
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Aceitar unicamente p°(x) = 0 seria o mais razoavel, ainda que seja de fato uma
idealizagdo do comportamento fisico dos fluidos (nao utilizamos teoria atémica e
molecular, termodinamica, mecanica quantica, etc.).

Se impusermos uma velocidade inicial da forma u® = (u?(x,, x3),0,0),
fisicamente razoavel, para u? diferente de constante, u® ndo gradiente e com
oul oul . .

a #0e a # 0, como F(x,t) = (0,0,0) e esperamos um sistema fisicamente
razoavel, a solugio u(x, t) ao longo do tempo deve evoluir para uma velocidade da
forma u(x,t) = (u;(xq,x2,x3,t),0,0), com u;(x,t) ndo identicamente nulo, que
representa o movimento do fluido apenas na direcdo e;. Tal como no exemplo
anterior, ndo é fisicamente razoavel, abstraindo-se das complexidades
termodinamicas e quanticas a nivel microscopico, esperar um movimento
macroscopico nas dire¢des e, e e; quando ndo ha velocidades iniciais e forcas

nessas diregoes.

Assim o sistema final a ser resolvido sera da forma

(91) Vp = (¢1 (X, t), 0, O)'

que nao admitira solucao para p em geral, para todo t = 0. Isto é mais um exemplo
de quebra das solugcdes de Navier-Stokes, desta vez sem usar F(x,t) =
H@(x), u(x,t),0,V% x,t) nio nula. Admitimos também nesta andlise um
ambiente sem bordas (ou bordas muito distantes do ponto em estudo) e
velocidade inicial baixa, para que ndo ocorram, na realidade, efeitos caoticos, de
turbilhées, etc.

6. Conclusao

Na sec¢do 3 §3 vimos que u°(x) e F°(x) ndo determinam de maneira tnica a
quebra ou ndo das solugdes das equacdes de Navier-Stokes em t = 0. Foi

‘o Ju 3
necessario saber o valor de Elt:o' Consequentemente, u°(x) e F°(x) ndo

determinam de maneira Unica a quebra ou ndo das solugdes das equagdes de
Navier-Stokes sobre R3 X [0, 0). Além disso, a pressdo p(x,t) sempre pode ser
somada a alguma funcdo do tempo 8(t), o que nao altera nem o valor de Vp e nem
a velocidade u, quaisquer que sejam a velocidade inicial u°(x) e a forca externa
F(x,t), ou seja, também ndo ha nem unicidade de solu¢des, nem de nao solugdes,
exceto se forem dadas mais condigdes iniciais e de contorno convenientes para a
unicidade de p(x, t).

Resolvemos o problema do milénio para as equag¢des de Navier-Stokes
primeiramente nos casos de inexisténcia de solu¢des (para a pressao) em t =0
pelo acréscimo de mais uma condigao inicial, a derivada parcial temporal do vetor
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. Ju . ~ ’
velocidade em t = 0, que chamamos de a®(x) = Fn |¢=o- Este raciocinio ndo podera

ser utilizado, entretanto, se nossa condicio inicial adicional for p(x, 0) = p°(x), ao
invés da condi¢do para a variacdo temporal de u, pois nesse caso sempre havera
algum valor que podera ser encontrado para a®(x) em t = 0, dado por (89). Isto
sugere que existem velocidades e acelera¢des proibidas nos movimentos de
fluidos, assim como nos casos das combinagdes de (p, u) para os movimentos sem
forga externa.

Em (87) vemos que sempre é possivel encontrar uma forca externa F(x, t)
tal que haja solucdo para as equagdes de Navier-Stokes, dados u(x,t), e
consequentemente u°(x), e p(x, t), o que poderia nos fazer concluir que entio nio
existem casos de quebra de solugdes, mas o que ocorre é que a definicido da
questdo feita neste problema para os casos de quebra de solu¢des impde que a
velocidade inicial e a forca sejam os campos vetoriais que nos sao dados, e assim a
velocidade e a pressdao em t > 0 sdo as incognitas a serem encontradas. Nesta
situacdo é possivel encontrar exemplos onde nao ha solucao para as equacgdes,
especificamente para a pressao em t > 0, conforme vimos.

Nas secoes 3 §4 e 4 §2, utilizando implicitamente as relagdes légicas (71) e

(72), escolhe-se hipoteticamente uma velocidade valida u e respectivo 2—1;, com
au
at
implique em um sistema de equacgdes diferenciais parciais impossivel de ser
resolvido para a pressao p, de acordo com (2) e (3), pelo método descrito ja na
Introdugdo, o que resolve o problema de maneira geral para t > 0. Esta é a grande

chave do método utilizado: (3u A 4p) = A(p, w).

u(x,0) = uo(x), e encontra-se uma forca externa F que depende destes u,u® e —e

Interessante observar que com esta ldgica também podemos encontrar
“inimeras” combinagdes de F(x,t) e u(x,t), mesmo sem ser F(x,t) uma funcio
explicita de u(x,t) e suas derivadas e inclusive para F =0, tal que (1), e
consequentemente (2), ndo tenham solucdo para p, por implicarem em uma func¢ao
¢ ndo gradiente. Dito desta forma, parece uma conclusao simples demais para que
esta questao tenha se tornado um problema do milénio, mas de fato é o que
conseguimos deduzir de pura Matematica.

Este método leva apenas a uma condicdo necessaria, mas ndo ainda
suficiente, introduzindo-se mais uma condicdo na tabela resumo do enunciado do
problema descrito na se¢do 3 §5: Vu(x,t)/u(x,0) = u°(x). Assim ndo bastaria
encontrarmos apenas um unico exemplo para u(x,t), e sim todas as infinitas
possibilidades. As provas suficientes seriam, neste caso, semelhantes as dadas nas
secdes 3 §4 e 4 §2, uma vez que a condicdo IF(x,t) ndo proibe que seja F(x,t)
uma func¢do que varie instantaneamente com cada u(x, t) possivel, conforme vimos
em 3 §5. Faltariam as provas de (15) para o caso (C)(vernotaC) ou (13) e (16) para o
caso (D).
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Na secdo 5 fizemos alguns comentarios sobre os casos (A) e (B) de
existéncia de solucdes para as equagdes de Navier-Stokes e demos mais um
exemplo de inexisténcia de solucdo para estas equagdes, com F = 0, usando a
necessidade do sistema ser fisicamente razoavel, ou compativel com a observacao
a nivel macroscopico, em um ambiente sem bordas (ou bordas muito distantes do
ponto em estudo) e velocidade inicial baixa.

E oportuno mencionar que estas dificuldades com relagio a integragdo das
equacoes de Navier-Stokes e Euler desaparecem quando passamos a considerar
que a pressio é um vetor, e nio mais um escalar, tal que p(x,t): R3 x [0, ) - R3
opy 9p; 0ps
0x, 0x,  0x3
natural adotar esta ampliacdo do conceito de pressao. O caso em que p; = p, = p3
possivelmente leva a todos os resultados ja aceitos na Mecanica dos Fluidos, por
exemplo, o de fluidos no estado de equilibrio. Espero ver isso com mais detalhes
oportunamente.

e substitui-se Vp por VQp = ( ), com p = (p1,p2,p3)- Vejo como

Observo também que existe um artigo escrito em 1983[4l cujo assunto é
semelhante ao aqui tratado, porém sua abordagem é bem diferente desta. Em [4]
analisa-se principalmente a Equacdo de Euler e nada se menciona sobre campos
conservativos ou gradientes e sua influéncia para a determinagdo da pressao.
Refere-se, por exemplo, a fluidos que tem um comportamento regular até
determinado instante, mas a seguir perdem a regularidade (smooth) e podem
apresentar divergéncias, etc. Talvez seja esta a maneira mais tradicional,
académica, previsivel, de tratar este problema, talvez fosse esta a solucao que os
matematicos esperassem, mas isto ndo invalida a andlise e conclusdao que aqui
fizemos. Relacionando-a ao nosso método, seria como se um fluido apresentasse
um campo ¢ gradiente até determinado instante (¢ > 0), mas a partir dai o campo
¢ deixasse de ser gradiente. De fato, aqui fizemos com que ¢ pudesse ser nao
gradiente desde o instante t = 0 e nao apenas a partir de algum t > T estritamente
positivo.

Termino este artigo indicando trés excelentes textos sobre Mecanica dos
Fluidos, [5], [6] e [7], cuja leitura certamente contribuira para a obtencdo de
resultados mais profundos sobre os problemas aqui tratados. Outra oOtima
referéncia é [8], mais voltada as equagdes de Euler (nossas conclusoes
independem do especifico valor de v, seja ele zero ou nao).

O obvio é aquilo que nunca é visto, até que alguém o manifeste com simplicidade.
(Kahlil Gibran)
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Nota A: Em atencdo aos leitores das versdes anteriores, preciso me desculpar e dizer que
cometi alguns enganos (um reality de aprendizagem), espero que todos ja corrigidos, em
especial:

1) ao traduzir o termo divergence-free para u°, interpretando-o como a necessidade de
ser limitada em todo ponto a velocidade inicial, tal que lim,_,, [u®(x)| < C, ie, livre de
divergéncias. Na realidade o termo pede bem menos: que seja igual a zero o divergente da
velocidade inicial, ou seja, V- u® = 0. Ndo obstante, as condi¢des (*4*) e (*5*) impde que
u® e F, bem como suas infinitas derivadas, tendam a zero no infinito mais rapido que o
inverso de qualquer polinémio (sendo da classe C™, pertencem ao espa¢o de Schwartz).
Deve valer limy|_e u%(x) = limy,, F(x,t) = 0. Para o caso (C) também deve valer
limy e F(x, t) = 0.

2) considerei o indice & como pertencente ao conjunto dos nimeros naturais, sem incluir
o zero. Além disso, a deve ser um multi-indice, i.e, a € N3, Ny ={0,1,2,3,..}, com
0u® = a2u® = 820u® = u°, o mesmo valendo para a forca externa F. Grato ao professor
Ricardo Rosa da UFR] pela informacao.

Nota B: Por um abuso de linguagem, em versoes anteriores chamei de aceleracao o termo
ou
E:
referéncia é fixa enquanto t varia). A derivada total da velocidade em relagdo ao tempo é
Du _ du
Dt ot
derivada material ou derivada substancial. Esta é a aceleragcdo que tem uma particula do

fluido inicialmente na posicdo x(t = 0), segundo a descricdo lagrangeana do movimento. A

sendo que este é mais exatamente conhecido como aceleragdo local (a posicdo x de

+ (u-V)u, conhecida como aceleracdo convectiva, derivada de transporte,

equacao % = (0 é conhecida como Equacdo de Burgers (André Nachbin, Aspectos da

Modelagem Matemdtica em Dindmica dos Fluidos, IMPA, 2001, e Merle C. Potter e David C.
Wiggert, Mecdnica dos Fluidos, Cengage Learning, 2004).

Nota C: Para o caso (C) ndo é dificil, e com um pouco mais de criatividade prova-se
7]
também para o caso (D). Fazendo F = ¢ —vV?u + 6—1: + (u-Vu, se u,¢ € S(R3 x

[0,)) entdo F € S(R3 X [0, »)), das propriedades das fun¢des pertencentes ao espago de
Schwartz, ou seja, ndo se deve escolher ¢ & S(R3 x [0, o)), precisando-se ainda que seja ¢
uma funcio vetorial nio gradiente. Se u & S(R3 x [0, %)), mas apenas u € C*(R3 x
[0,0)), entdo a prova pode ser feita violando-se a condicdo de energia cinética total
limitada em t > 0, conforme viXra:1601.0312.
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Abstract — We have proved in a few lines that there are initial velocities u°(x) and forces
F(x,t) such that there is no solution to the Navier-Stokes equations, which corresponds to the
cases (C) and (D) of the problem relating to Navier-Stokes equations available on the website
of the Clay Institute.

Keywords — Navier-Stokes equations, Euler equations, continuity equation, breakdown,
existence, smoothness, solutions, gradient field, conservative field, velocity, pressure, external
force, millenium problem.

§1

My intention in this short article is to transform through simpler differential equations
the problem of the Navier-Stokes equations, described especially on Clay Institute page [1], in
order to make a more understandable, easy and acceptable solution.

The options we perceive as able to be solved among the four alternatives available in
[1] are the proofs of the inexistence (breakdown of) solutions for the Navier-Stokes equations,
which correspond to cases (C) and (D) described in [1], being the first of these cases referred to
the solutions in general and the second specific to the spatially periodic solutions. The problem
as proposed is restricted to n = 3 spatial dimensions.

Our preliminary studies on the subject have been taken in [2] and in abbreviated form
in [3], and here we intend to further summarize our conclusions on these equations in a small
basic "standard" demonstration, acceptable even to be a demonstration to (eventually) be
given as response to a question of university discipline without spending hours and hours in
your solution or pages and pages in the demonstration, but as accurate as possible. Purposely
this is an article that can be considered small, adequate (we believe) to a student of
engineering, but also to the students of physics, meteorology, oceanography, geophysics,
astronomy and even mathematics. We understand the practical importance of this subject.

The Navier-Stokes equation in vector form may be written as
ou 2
(1) E+(u-7)u=vl7u—l7p+F,

for u, F: R™ X [0,0) > R"™ and p: R X [0,0) = R, where u is the velocity of the fluid, F
the external "force" applied (e.g. gravity), p the pressure and v is the coefficient (constant) of
viscosity, measurements made in position x € R™ and time t > 0, t € R (called by habit
Navier-Stokes equations in the plural when we think on the respective equations of its
componentsi,1 <i <n).
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It is often joined to (1) the condition of incompressibility (constant mass density in the
equation of continuity)

p O dw | dup  dus
=19x; — 9x,  0x,  0x3

(2) Viu=Y =0 (n=3),

condition that must also be satisfied for conform to [1]. In what follows it will be understood
that we are referring always to the spatial dimensionn = 3.

Another way of writing (1) is
(3) szszu—Z—T;—(u-V)u+F=<p+F=¢.
Calling the right side of (3) by ¢ the solution of (3) for p, when available, is given by

@) p=J, ¢-dl+6@),

where L is a continuous path by parts of class C! which goes from x, to x with x,,x € R3.
Suppose 6 continuous, limited and differentiable at t = 0. We also assume that L does not
pass by any singularities of ¢.

From (3) we see immediately that (1) can be transformed into the simplest differential
equation

(5)  Vp=2¢, ¢(x,): R® x [0,00) > R?,

that will only have solution if ¢ is a gradient field, i.e., conservative, and its solution in this case
is (4). The reference [4] contains the basic theory of gradient fields.

Our central problem can then be written as, symbolically and as a question (a logical
sentence and a question mark):

(P1)  3¢°(x) = ¢(x,0), A(¢,p)/ Vp = ¢?

If $°(x) is a non-gradient field then ¢(x, t) is not a gradient field at t = 0, then (at
least) at t = 0 there is no solution for ¢ = Vp, whatever is ¢(x,t) with ¢(x,0) = ¢°(x) no
gradient.

The answer to (P1) is Yes, and we would have to seek some non-gradient ¢°(x) to
illustrate the truth of the logic sentence. See that we can find many examples of functions
¢(x,t), including to be worth ¢°(x) = ¢(x,0), but what will not exist using our example is
the function p. In our proof the function ¢ (x,t) must exist so that there is also ¢°(x), and
thus proving the inexistence of p.

A logical equivalence that represents the inexistence of the pair of variables (¢, p) as
used in (P1) is

(6)  A(p,p) « (FPAIPIV(EP AAP)V (AP A ED)),

and of three possible alternatives described above to prove the absence of the pair (¢, p) we
chose the existence of ¢ with the inexistence of p, i.e.
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(7)  @¢Adp) - A(d,p).

In this and on the problems that follow assume that p: R3 x [0,0) — R is a scalar
function and all other functions are vectors with image in R3.

§ 2

A variant of (P1) is given by the problem (P2) below.

(P2)  3¢°(x) = ¢(x,0),3F(x,t),A(p,p)/ Vp = ¢ + F?

Let us seek again the breakdown of the solutions in t = 0. If $° = ¢° + F(x,0) is not
gradient then in ¢ = 0 the equation Vp = ¢ + F will have no solution, the case of breakdown
solutions. Answer: Yes, and for that the logic sentence in (P2) show it is true we should seek
¢°(x) and F(x, t) whose respective sum at t = 0 results in a non-gradient field.

§ 3

Our third problem is an easy version of (3), where Vp is replaced by P, with
P:R3 X [0,0) - R3,

(P3)  Fu°(x) = u(x,0),3F(x,t),A(u,P)/ P = v V?u — % —(u-V)u+F?

Unlike the two previous answers, this time the answer is No. Assuming that the
ou
at
u(x,0) = u®(x) there are the partial derivatives of u with respect to the spatial coordinates

until second order and with respect to time up to the first order and that there is a

operation vV?u———(u-V)u+F can be computed, i.e., that for all u(x,t) with

corresponding computable value for P, then there are always u and P satisfying the
differential equation given in (P3) in a very obvious way. Given u with u(x,0) = u° then P,
ultimately, is the result of an algebraic computation, regardless of how complicated the
involved derivations are, i.e., it is a false statement A(u, P) in (P3). Does not seem to be the
focus of [1] the search for a "pathological" function, some strange function, rare, for u®, u or F
such that the equation given in (1) cannot even be computed (with the possible except V'p). On
the contrary, [1] is concerned with functions and physically reasonable solutions, and lists
several conditions that must be obeyed by u°,u, F, p.

§ 4

Here we treat the main problem, which corresponds to a necessary condition for the
absence of solution (3), and consequently to (1). It is one of the proofs that we intend to give
as acceptable standard.

(P4)  Fu°(x) = u(x,0),3F(x,t),a(u,p)/ Vp = v V?u — % —(Ww-VYu+F?

If 3u°(x) = u(x, 0) then there must be u(x, t) at least in t = 0. As we seek solutions
for (1) throughout all t >0 then we can assume the existence of u(x,t) in t =0,
hypothetically. Moreover, the original problem in [1] defines the domain D(u) of u is
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R3 X [0, ), so can assume by hypothesis the existence of u for all t > 0,t € R, and for all
x € R3.

The statement A(u,p) does not imply only in (Au A #Ap). We will choose to find a
vector field velocity u, with u(x,0) = u° given, such that there is some pressure p that
satisfies the differential equation given in (P4), equal to (3).

Thus, we arrive at
(Fu(x) = ulx, 0))A(D(w) = R3 x [0,%0)) - Ju: R3 x [0, )
(P4) (FuAdp) - A(w,p)/Vp=vVu —%— (u-V)u+F = ¢.

If the field ¢ in (P4’) is non-gradient then there is no p that satisfies the equation
required, and there are infinite examples u°, u, F which can be given such that result in non-
gradients fields ¢. The simplest example are the velocities u(x,t) = u®(x) = 0, and thus it
will be sufficient find (at least) a non-gradient function F(x,t) to make the (P4’) true, what
will be Yes the answer to the problem (P4). If the answer was No then there would not be
breakdown of solutions to the Navier-Stokes equations.

For case (C) of the Millennium problem we give as an example F(x,t) = (e‘xg,O, 0)
and in case (D), corresponding to spatially periodic solutions, we give as an example
F(x,t) = (cos (2mx3),0,0), trigonometric function of period 1. The one examples of limited
functions that meet the conditions of continuity, differentiability, no divergence, smoothness
(C*) etc. and also satisfy the equation (2) of the incompressible fluid. So there are cases of
inexistence of solutions for p in the Navier-Stokes equations, given u® u, F.

§ 5

This problem will check a sufficient condition for the absence of solution (3), and
consequently to (1). It is probably the most important demonstration of this article, which
summarizes the main idea of [2].

Including in (P4) the condition Vu(x, t) /u(x, 0) = u®(x) we come to
(P5)  Fu’(x) = u(x,0),3F(x,t), Vu(x, t) /u(x,0) = u°(x),a(u,p)/
Vp =vV2u—z—¢—(u-V)u+F?

which requires that your answer is valid for any velocity u(x,t) possible and complying to
u(x,0) = u®(x). It will not be enough, however only one or a few examples of velocities, as it
is possible in (P4).

Equating the right side of equation (P5) to ¢ as done in (3) if ¢ is non gradient then
equation (P5) does not admit solution. So when the function F is equal to

(8) F=¢—VV2u+%+(u-V)u
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the differential equation to be solved is equal to (5), which has no solution for non-gradient ¢.
Let us choose for this reason the force F given in (8).

This is an explicit example of force which varies with velocity, so each u(x,t) that
checks (P5) will generally have a different F(x, t), so, F(x,t) = H(#(x,t),u’(x),u(x,t), x, t).
We see that such a definition for F does not violate the condition 3F (x, t) of this problem, for
this reason we use it. It may seem an invalid procedure, but it is in accordance with the reading
that is done in [1].

Thus we find a way to construct F which always results in inexistence of solutions to
(3), so defining ¢ a non gradient function, the answer to (P5) is Yes, there are cases of
breakdown (inexistence) solutions for Navier-Stokes equations. We turn through (8) the
original equation (1) in equation (5), a problem that has already been answered also
affirmatively in (P1).

§6

Alternatively, rather than a variable force with the velocity, one can choose, for
example, F =0, a non-gradient initial velocity u°(x) or equal to zero (to facilitate the

calculations) and an additional initial condition a_‘Lttlt=O = a®(x) (can be a®(x) = 0 or a non-

gradient function) resulting to (3), at time t = 0, a non-gradient function ¢.

The new problem in this case is

(P6)  Ju’(x) = u(x,0),3a’(x) = (;—1: l¢=0, IF (x, 1), Vu(x, t) /u(x,0) = u°(x), a(u,p)/
Vp =vV2u—Z—1:—(u-V)u+F?

Answer: Yes.

The breakdown of the solutions occurs (at least) at t = 0, since at this instant the
right side of the differential equation (P6) is a non-gradient function, and therefore the
pressure p cannot be calculated (meaning it does not exist). The example F = u° = 0 will
result in Vp° = —a®(x), for p°(x) = p(x, 0) and non-gradient a®: equation with no solution.

Both in this problem as in previous ones, we are assuming, of course, that the
functions u° a® F chosen obey all conditions of "well-behaved" functions, physically
reasonable, described in [1], as well as the function u® must also comply (2).

It is noticed that more important than this specific treatment in relation to Navier-
Stokes (valid for the Euler equations) is its application to various other equations also exist. We
found a logical equivalence and a useful technique.

Wir miissen wissen. Wir werden wissen.
(We need to know. We will know.)
David Hilbert
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Abstract — We have proved in a few lines that there are initial velocities u°(x) and forces
F(x, t) such that there is no solution to the Navier-Stokes equations, which corresponds to the
cases (C) and (D) of the problem relating to Navier-Stokes equations available on the website
of the Clay Institute.

Keywords — Navier-Stokes equations, Euler equations, continuity equation, breakdown,
existence, smoothness, solutions, gradient field, conservative field, velocity, pressure, external
force, millenium problem.

§1

Minha intencdo neste pequeno artigo é transformar através de equacdes diferenciais
mais simples o problema sobre as equacdes de Navier-Stokes, descrito especialmente na
pagina do Instituto Clay[”, de modo a tornar sua solugao mais compreensivel, facil e aceitavel.

As opgdes que percebemos como possiveis de serem resolvidas dentre as quatro
alternativas disponiveis em [1] sdo as provas de inexisténcia de solucdes (breakdown) para as
equacdOes de Navier-Stokes, que correspondem aos casos (C) e (D) descritos em [1], sendo o
primeiro destes casos referente as solu¢Ges em geral e o segundo especifico as solucbes
espacialmente periddicas. O problema conforme proposto esta restrito a n = 3 dimensdes
espaciais.

Nossos estudos preliminares sobre o assunto ja foram dados em [2] e de forma
abreviada em [3], e aqui pretendemos resumir ainda mais nossas conclusdes sobre estas
equagdes em uma pequena demonstragdo bdsica “padrao”, aceitdvel inclusive para ser uma
demonstragdo que possa (eventualmente) ser dada como resposta a uma questdo de disciplina
universitaria, sem precisar gastar horas e mais horas em sua solugdo ou paginas e mais paginas
na demonstracdo, mas t3o rigorosa quanto possivel. Propositalmente este é um artigo que
pode ser considerado pequeno, adequado (acreditamos) a um aluno de Engenharia, mas
também a alunos de Fisica, Meteorologia, Oceanografia, Geofisica, Astronomia e mesmo de
Matematica. Entendemos a importancia pratica deste assunto.

A equacdo de Navier-Stokes, em forma vetorial, pode ser escrita como
ou 2
(1) E+(u-V)u=vVu—Vp+F,

para u, F:R" x [0,00) > R" e p: R" X [0,0) = R, onde u é a velocidade do fluido, F a
“forga” externa aplicada (por exemplo, gravidade), p a pressdo e v o coeficiente (constante) de
viscosidade, medidas feitas na posicdo x € R™ e tempo t = 0,t € R (chamamos por habito
equacdoes de Navier-Stokes, no plural, quando pensamos nas respectivas equagdes das suas n
componentesi,1 < i < n).
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Costuma-se juntar a (1) a condicdo de incompressibilidade (densidade de massa
constante na equacdo da continuidade)

p O dw | dup  dus
=19x; — 9x,  0x,  0x3

(2) Viu=Y =0 (n=3),

condicdo esta que também deve ser satisfeita para atender [1]. No que segue estard
subentendido que estamos nos referindo sempre a dimensao espacial n = 3.

Outra forma de escrever (1) é
(3) szszu—Z—T;—(u-V)u+F=<p+F=¢.

Chamando de ¢ o lado direito de (3), a solugdo de (3) para p, quando existe, é dada
por

(4 p=J, ¢-dl+o@),

sendo L um caminho continuo por partes de classe C! que vai de x, a x,com x,,x € R3.
Suponhamos 6 continua, limitada e diferencidavel em t = 0. Também supomos que L n3do passe
por nenhuma singularidade de ¢.

De (3) vemos imediatamente que (1) pode ser transformada na equacdo diferencial
mais simples

(5)  Vp=9, ¢ (x, ): R* X [0,00) > R?,

que so terd solugdo se ¢ for um campo gradiente, i.e., conservativo, e sua solu¢dao neste caso é
(4). A referéncia [4] contém a teoria basica sobre os campos gradientes.

Nosso problema central pode entdo ser escrito assim, simbolicamente e em forma de
pergunta (uma sentenca légica e uma interrogacao):

(P1)  3¢°(x) = ¢(x,0), A(¢,p)/ Vp = ¢?

Se ¢°(x) for um campo n3o gradiente entdo ¢ (x,t) é ndo gradiente em t = 0, ent3o
(a0 menos) em t = 0 ndo ha solugdo para Vp = ¢, qualquer que seja ¢(x,t) com ¢(x,0) =
¢°(x) ndo gradiente.

A resposta para (P1) é Sim, e teriamos que buscar algum ¢°(x) n3o gradiente para
exemplificar a verdade da sentenca logica. Vejam que podemos encontrar muitos exemplos de
funcdes ¢ (x, t), inclusive para poder valer ¢°(x) = ¢(x,0), porém o que ndo existird usando
nosso exemplo é a fungdo p. Em nossa prova a fungdo ¢ (x, t) devera existir, para que também
exista d)o(x), e assim provaremos a inexisténcia de p.

Uma equivaléncia légica que representa a inexisténcia do par de variaveis (¢, p) como
utilizada em (P1) é

(6)  A(p,p) « (FPAIPIV(EP AAP)V (AP A ED)),
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e das trés alternativas possiveis descritas acima para provar a inexisténcia do par (¢,p)
escolhemos a existéncia de ¢ com a inexisténcia de p, i.e.

(7) (3¢ Adp) > A(¢,p).

Neste e nos problemas que seguem admitimos que p: R® X [0, ) — R é uma fungio
escalar e todas as outras fungdes s3o vetores com imagem em R3.

§2

Uma variante de (P1) é dada pelo problema (P2) a seguir.
(P2)  3¢9°(x) = ¢(x,0),3F(x,t),4(p,p)/ Vp = @ + F?

Busquemos novamente a quebra das solugdes em t = 0. Se ¢p° = ¢° + F(x,0) for
ndo gradiente entdo em t = 0 a equagdo Vp = ¢ + F ndo tera solugdo, o caso de quebra de
solucBes. Resposta: Sim, e para que a sentenca logica em (P2) mostre-se verdadeira
deveremos buscar ¢°(x) e F(x, t) cuja respectiva soma em t = 0 resulte em um campo ndo
gradiente.

§3

Nosso terceiro problema é uma versdo facilitada de (3), onde substituimos Vp por P,
com P:R3 X [0, ) - R3.

(P3)  Fu°(x) = u(x,0),3F(x,t),4(u,P)/ P =v V?u — % —(w-V)u+F?

Ao contrdrio das duas respostas anteriores, desta vez a resposta é Ndo. Supondo que a
operagao VVZu—Z—t— (u+V)u + F possa ser computada, i.e., que para todo u(x,t) com
u(x,0) = u®(x) existam as derivadas parciais de u em relagdo as coordenadas espaciais até a
segunda ordem e em relagao ao tempo até a primeira ordem e que exista o respectivo valor
computavel para P, entdo sempre existem u e P que satisfagam a equacao diferencial dada em
(P3), de maneira muito ébvia. Dado u com u(x,0) = u® entdo P, em Ultima andlise, é o
resultado de uma computagdo algébrica, por mais complicadas que sejam as derivagdes
envolvidas, i.e., é falsa a afirmacdo A(u, P) em (P3). Ndo parece ser o foco de [1] a busca de
alguma funcdo “patoldgica”, alguma funcdo estranha, rara, para u°,u ou F tal que a equacdo
dada em (1) nem sequer possa ser computada (com a possivel exce¢do de Vp). Pelo contrario,
[1] preocupa-se com fungdes e solugdes fisicamente razoaveis, e elenca varias condi¢gdes que
devem ser obedecidas por u°,u, F, p.

§4

Aqui trataremos do problema principal, que corresponde a uma condi¢do necessaria
para a inexisténcia de solugdo para (3), e consequentemente de (1). E uma das provas que
pretendemos dar como padrdo aceitavel.

(P4)  Fu°(x) = u(x,0),3F(x,t),a(u,p)/ Vp = v V?u — % —(u-V)u+F?
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Se 3u’(x) = u(x,0) entdo deve existir u(x,t) ao menos em t = 0. Como buscamos
solugBes para (1) em todo t = 0 entdo podemos supor a existéncia de u(x,t) em t = 0, por
hipétese. Além disso, o problema original em [1] define que o dominio D(u) de u seja
R3 X [0, ), ou seja, podemos supor por hipétese a existéncia de u em todo t > 0,t € R, e
para todo x € R3.

A afirmagdo A(u,p) ndo implica apenas em (Au A ZAp). Optaremos por encontrar
algum campo vetorial de velocidades u, com u(x,0) = u° dado, tal que n3o exista pressdo p
alguma que satisfaca a equacao diferencial dada em (P4), igual a (3).

Assim sendo, chegamos a

(Fu(x) = ulx, 0))A(D(w) = R3 x [0,%0)) - Ju: R3 x [0, )
(P4)  (FuAdp) -» A(w,p) /Vp =v V?u —3—1;— u-V)u+F =o¢.

Se o campo ¢ em (P4’) for ndo gradiente entdo ndo haverd p que satisfaga a requerida
equacio, e existem infinitos exemplos de u®, u, F que podem ser dados tais que resultem em
campos ¢ ndo gradientes. O mais simples exemplo que penso sdo as velocidades u(x,t) =
u®%(x) = 0, e assim bastara encontrar (a0 menos) uma fun¢do F(x,t) nio gradiente de modo
a tornar (P4’) verdadeira, o que fara ser Sim a resposta para o problema (P4). Se a resposta
fosse Nao entdo ndo haveria quebra de solugdes para as equagdes de Navier-Stokes.

Para o caso (C) do problema do milénio damos como exemplo F(x,t) = (e_x%,O, 0)e
para o caso (D), correspondente as solucGes espacialmente periddicas, damos como exemplo
F(x,t) = (cos (2mx3),0,0), fungdo trigonométrica de periodo 1. Sdo exemplos de fungdes
limitadas que obedecem as condi¢cdes de continuidade, derivabilidade, ndo divergéncia,
smoothness (C®), etc. e também satisfazem a equacgdo (2) dos fluidos incompressiveis.
Portanto existem casos de inexisténcia de solugdes para p nas equag¢des de Navier-Stokes,
dados u®,u, F.

§5

Neste problema verificaremos uma condigdo suficiente para a inexisténcia de solugdo
para (3), e consequentemente de (1). E provavelmente a mais importante demonstragdo deste
artigo, que resume a ideia principal de [2].

Incluindo-se em (P4) a condi¢do Vu(x, t) /u(x, 0) = u®(x) chegamos a
(P5)  Fu°(x) = u(x,0),3F (x,t), Vulx, t) /u(x,0) = u°(x),A(u,p)/

szvvzu—%—(u-V)u+F?

que requer que sua resposta seja valida para qualquer velocidade u(x,t) possivel e que
obedeca a u(x, 0) = u®(x). N3o bastara, portanto, apenas um ou alguns poucos exemplos de
velocidades, como é possivel em (P4).

Igualando o lado direito da equagdo em (P5) a ¢, conforme feito em (3), se ¢ for ndo
gradiente a equag¢do em (P5) ndo admitira solugdo. Entdo quando a fungdo F é igual a
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(8) F=¢—vV2u+%+(u-V)u

a equacdo diferencial a ser resolvida é igual a Vp = ¢, que ndo tem solugdo para ¢ ndo
gradiente. Escolhamos por essa razdo a forca F dada em (8).

Este € um exemplo explicito de for¢a que varia com a velocidade, portanto a cada
u(x,t) que verifigue (P5) teremos em geral um F(x,t) diferente, ou seja, F(x,t) =
H(p(x,t),u’(x),u(x,t),x,t). Vemos que tal definicdo para F n3o viola a condi¢do 3F (x,t)
deste problema, por isso a utilizamos. Pode parecer um procedimento invdlido, mas esta de
acordo com a leitura que se faz de [1].

Encontramos assim uma maneira de construir F que resulta sempre em inexisténcia de
solugBes para (3), por isso, definindo ¢ uma fungdo ndo gradiente, a resposta para (P5) é Sim,
existem casos de quebra (inexisténcia) de solugbes para as equacOes de Navier-Stokes.
Transformamos através de (8) a equacdo original (1) na equacdo (5), problema que ja foi
respondido, também afirmativamente, em (P1).

§6

Alternativamente a uma forca varidavel com a velocidade pode-se escolher, por

exemplo, F = 0, uma velocidade inicial u°(x) n3o gradiente ou igual a zero (para facilitar os

. s e .. Ju
calculos) e uma condigdo inicial adicional Elt:o = a’(x) (podendo ser a®(x) = 0 ou uma

fungdo ndo gradiente) que resultem para (3), em t = 0, uma fungdo ¢ ndo gradiente.

O novo problema neste caso é

(P6)  Ju’(x) = u(x,0),3a’(x) = (;—1: l¢=0, IF (x,t), Vu(x, t) /u(x,0) = u°(x), a(u,p)/

Vp =vV2u—z—¢—(u-V)u+F?
Resposta: Sim.

A quebra das solugGes ocorre (pelo menos) em t = 0, pois neste instante o lado direito
da equagdo diferencial de (P6) sera uma fung¢do ndo gradiente, e por isso a pressdo p ndo
poderd ser calculada (significando que n3o existird). O exemplo F = u® = 0 resultard em
Vp® = —a®(x), sendo p°(x) = p(x,0) e a® n3o gradiente: equagdo sem solugdo.

Tanto neste problema quanto nos anteriores estamos admitindo, evidentemente, que
as funcdes u% a® F escolhidas obedecem a todas as condi¢des de fungdes “bem
comportadas”, fisicamente razodveis, descritas em [1], assim como a funcdo u® também deve
obedecer (2).

Percebe-se que mais importante que este tratamento especifico em relagdo a Navier-
Stokes (valido para as Equacdes de Euler) é sua aplicagdo a vdérias outras equagdes que
também existem. Encontramos uma equivaléncia légica e uma técnica Uteis.

Wir miissen wissen. Wir werden wissen.
(NGs precisamos saber. NOs iremos saber.)
David Hilbert
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03 - Another Remark on the Breakdown of Smooth Solutions
for the 3-D Euler Equations

Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Reanalyzed the validity condition of the theorem and corollary of Beale-Kato-Majda.
Reanalisamos a condi¢do de validade do teorema e corolario de Beale-Kato-Majda.

Mencionamos em nosso estudo sobre a quebra das solu¢cbes da equacgéo de
Navier-Stokes!! que ha um artigo escrito em 1983 que trata de assunto semelhante,
mas com uma abordagem bem diferente da nossa'®.

Em [2] prova-se o seguinte teorema:

“Seja u uma solucdo das equagdes de Euler e suponha que ha um tempo T, tal
que a solucdo nao pode ser continua na classe

u € C([0,T]; HS) n CY([0,T]; HS1) 1)
paraT = T,. Assuma que T, é o primeiro deste tempo. Entédo
[} ()] dt = oo
0 L -
e em particular
limgyy, sup |w ()| = .

HS([R3) € 0 espaco de Sobolev, consistindo das fungbes cujas distribuicdes

tém derivadas até a ordem s em L?*(R®), sendo s um inteiro positivo e L*(D) o
espaco de Hilbert que obedece a propriedade do produto interno

<f, g>= [, f()g x)dx.

O corolario a que [2] também chega €é o seguinte:

“Para alguma solugao das equagdes de Euler, suponhamos que ha constantes
M, e T, tais que sobre qualquer intervalo [0, T] de existéncia de solugdo na classe
(1), com T < T,, o vértice satisfaz a priori a estimativa

T
fo |w ()| dt < M.
Ent&o a solugéo pode ser continua na classe (1) no intervalo [0, T, ].”

|w(t)|,~ é a norma de w(t) no espago L*, como definido usualmente em
Teoria da Medida e Analise Funcional.
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Nos mencionados teorema e corolario assume-se que ha a vorticidade, ou seja,
w = V X u, mas para se provar ambos os resultados assume-se também que existe a

presséo p, e é tal que V X Vp = 0. Sendo assim, aplicando o rotacional a equacéo de
Euler

Z—’:+(u-V)u+Vp=0, 2)
com
V-u=0,

chega-se a equacao da vorticidade

Z—(:+u-Vw=w-Vu, 3

cuja solucao para u em funcdo de w é
u=-Vx (V1iw),

usando o produto interno em L? = H°
((u Vw, W) = 0.

Desenvolvendo mais estes resultados e usando-se relacdes de desigualdades
chega-se ao teorema e respectivo corolario.

O fato de ser VX Vp = 0, entretanto, faz com que as propriedades que

devem ser obedecidas pela pressdo p ndo sejam necessérias, ou levadas em
consideracdo, no estudo feito em [2], enquanto a pressdo tem fundamental
importancia na andlise que fizemos em [1], estudo este sintetizado em [3].

Pode entdo existir um tempo t = Ty ou todo ¢ = 0 ou um intervalo de tempo
Ty <t < oo tal que néo seja gradiente a fungdo ¢ em

Vp=—(g—:+(u-V)u)=¢,

tornando impossivel o calculo de p no instante t, e assim configurando a quebra ou
inexisténcia de solugdo (u,p) para (2). Isto invalidaria nesse caso o uso de (3) e as

conclusdes de [2] nestes valores de t. Mas quando ¢ é uma fungdo gradiente
continuam validos os resultados de Beale-Kato-Majda, e isto pode nao ser tdo 6ébvio
guanto parece, exceto quando mencionamos.

O mesmo se pode dizer para as equacdes de Navier-Stokes, com as devidas
adaptacoes.
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04 — Solving the 15™ Problem of Smale:
Navier-Stokes equations

Valdir Monteiro dos Santos Godoi
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Keywords: Navier-Stokes equations, Smale’s problems, 15" problem.

Abstract: The solution of the fifteenth problem of Smale, the Navier-Stokes equations
in three spatial dimensions.

Steve Smale wrote a stimulating article in 1998 proposing 18 problems still
unresolved at that time™], in keeping with V.I.Arnold request. Both, Arnold and Smale,
in turn were inspired by the famous list of 23 problems of David Hilbert.

The purpose of this paper is to solve the 15" problem of Smale’s list, on the
uniqueness of the solutions of the Navier-Stokes equations.

“Do the Navier-Stokes equations on a 3-dimensional domain £ in R3 have a
unique smooth solution for all time?”

Answer: No.

The answer is given here was seen in [2], without mentioning that occasion the
Smale’s list.
If (u, p) is a smooth solution of the Navier-Stokes equation,

%+(u-V)u—vV2u+Vp=O, (1)
with
V-u=0, 2

then (u,p+6(t)) it is also a solution, because Vp(x,t) = V(p(x,t) + 6(t)),
supposing that 6(t) does not present singularities, is continuous and can be spatially
derivable (VO(t) = 0), i.e., it is so well behaved as expected for p(x, t) in this problem.

It is very clear that p(x, t) and p(x,t) + 6(t) they are not necessarily the same
solution p in (u,p) for (1), except if 8(t) = 0, therefore the answer to this problem
cannot be Yes.

Similar reasoning can be done with functions q(x,t) such that Vg = 0 (zero
vector), whose solution is a constant in x or variable only with time. We have, in this
case,

Vp(x,t) = V(p(x,t) + 6(t) + q), 3)

q € R. Then, if p is part of the solution (u,p) of (1) and (2), there are infinite other
pairs (u, ) solutions of (1) and (2) such that

r(x,t) =plx,t) +06(t) +q, 4)
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with g € R, x € R3, t € [0,), and the functions p,r:02 X [0,) - R, 8:[0, %) —
R, p,r,0 € C* on 2 for all t >0, 2 € R3, i.e, all this functions and solutions are
smooth.

There is also the case of the function ¢ in

Vp=vV2u—3—:f—(u-V)u=<p (5)

be non-gradient, which make it impossible to be found a value for p, as from t = 0 or
from some t = T, or more generally on some set values of t such that ¢ is not a
function gradient in these time instants t. This can already happen at t = 0, with the

imposition of adequate additional initial condition %|t=0 or else, for example, for

%h:o = (Z—I;"‘ (u- V)u) le=0-

So, in conclusion, maybe there is no solution (u, p) for the system of equations
(1) and (2) at some t > 0, but when there is a solution it is not unique, at least due to the
infinity of other solutions (u,p + 6(t) + q) possible for the system, with g# 0 and
6(t) # 0.

See that there is no solution for p is not the same as admitting that the pressure is
null, p = 0, or more generally impose boundary conditions a given pressure p(x, t). In
these situations Vp exist in general, but the original problem is other, because p must be
a variable dependent unknown, not a fixed function.

Recall also that both this problem as described in Smale™ and the corresponding
(and more detailed) described by Feffermant is given no initial condition for the
pressure p(x, t), only for the initial velocity u(x, 0). Smale, unlike Fefferman, includes
a boundary condition for u(x, t) on 0.

Yet one more observation is needed. Unlike Fefferman and real pressure in the
daily, in machines and nature may vary with time, Smale defines the pressure domain
equal to 2 € R3, i.e., no variation in time. Either by mistake or not, even assuming
p,r:2 = R, with p,r € C* on 2 for all t > 0 and g € R a constant, not utilizing the
function 8(t), we have

Vp(x) =V(p(x) + q), (6)

a result which also provide infinite other solutions (u,r) admissible (smooth) for (1)
and (2), being (u, p) a smooth solution and

r(x) =p) +q, )

q # 0, as we have said in [2] with other words using 6(t) and shown initially to the
more general case of pressure vary over time and the position, p(x, t).

Of course, we are admitting that (x) in (7) is defined in £, such that p(x). This
offers no difficulty in understanding the special case 2 = R3. Other domains, however,
are also easily extended to the function r(x). If p(x) exists in 2 and has image R, then
for every x € Q2 the function r(x) = p(x) + q also exists, is well defined and has
image R. Similar comment is made with respect to r(x, t) on 2 X [0, o), given in (4).

So the answer to the problem is No. Not always, not unique.

Once solved, it seems very easy, but we know it is far from being so. More
complicated solutions that would be given to questions also more complicated, with
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more detailed requirements, or by exploiting other aspects of the problem, which would
be primarily a sophistication of the original question actually involve other problems,
known or unknown, rather than obey to the essence of what is asked.
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Navier-Stokes equations
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Abstract: The solution of the fifteenth problem of Smale, the Navier-Stokes equations
in three spatial dimensions.

Steve Smale escreveu um estimulante artigo em 1998 onde propde 18 problemas
ainda ndo resolvidos na épocal, em atencdo a solicitacio de V.I.Arnold. Ambos,
Arnold e Smale, por sua vez se inspiraram na famosa lista de 23 problemas de David
Hilbert.

A proposta deste artigo € resolver o 15° problema da lista de Smale, sobre a
unicidade das solucgdes das equacdes de Navier-Stokes.

“Do the Navier-Stokes equations on a 3-dimensional domain £ in R3 have a
unique smooth solution for all time?”

Resposta: N&o.

A resposta que aqui é dada ja foi vista em [2], sem nos lembrarmos na ocasido
da lista de Smale.

Se (u,p) é uma solucdo suave (lisa, regular, smooth) da equacdo de Navier-
Stokes,

%+(u-V)u—vV2u+Vp=O, (1)
com
V-u=0, 2

entdo (u,p + 6(t)) também é uma solucéo, pois Vp(x,t) = V(p(x,t) + 6(t)), supondo
que 6(t) ndo apresente singularidades, seja continua e possa ser derivavel
espacialmente (VO(t) = 0), i.e., seja tdo bem comportada quanto o que se espera para
p(x, t) neste problema.

Esta muito claro que p(x,t) e p(x,t) + 6(t) ndo sdo necessariamente a mesma
solucdo p em (u,p) para (1), exceto se 8(t) = 0, portanto a resposta deste problema
nédo pode ser Sim.

Raciocinio analogo pode ser feito com as fungdes q(x, t) tais que Vg = 0 (vetor
nulo), cuja solugdo € uma constante em x ou varidvel apenas com o tempo. Temos,
neste caso,

Vp(x,t) = V(p(x,t) + 6(t) + q), (3)
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q € R. Entdo, se p faz parte da solugéo (u, p) de (1) e (2), também séo solucGes de (1) e
(2) infinitos outros pares (u, r) tais que

r(x,t) =plx,t) +6(t) +q, 4

com g€ER, x ER3, t€[0,0), e as fungdes p,7:02 x [0,0) > R, 6:[0,0) - R,
p,7,0 € C® em  para todo t > 0, 2 € R3, i.e., todas estas funcdes e solugdes sdo
regulares (suaves, lisas, smooth).

Também hé o caso de ser a fungdo ¢ em

Vp=vV2u—Z—L:—(u-V)u=<p (5)

ndo gradiente, o que impossibilitara de ser encontrado um valor para p, desde t = 0 ou
a partir de algum ¢t = T, ou mais genericamente em algum conjunto de valores de t tais

que ¢ ndo seja uma funcdo gradiente nestes instantes de tempo t. Isto pode acontecer ja

em t =0, com a imposi¢do de uma adequada condicdo inicial adicional (,j—lt‘|t=0 ou

entdo, por exemplo, para% lt=0 = (‘;—l: + (u- V)u) l¢=0-

Entédo, concluindo, pode ndo haver solucéo (u, p) para o sistema de equagdes (1)
e (2) em algum t > 0, mas quando ha solucéo ela ndo é Unica, pelo menos devido a
infinidade de outras solugdes (u,p + 6(t) + q) possiveis para o sistema, com q # 0 e
o6(t) = 0.

Vejam que ndo haver solucdo para p ndo € a mesma coisa que admitir que a
pressdo é nula, p = 0, ou mais genericamente impor como condic¢do de contorno uma
determinada pressdo p(x,t). Nessas situacdes Vp existira em geral, mas o problema
original € outro, pois p deve ser uma varidvel dependente incognita, ndo uma fungéo
pré-fixada.

Lembremos também que tanto neste problema descrito por Smale!! quanto no
correspondente (e mais detalhado) descrito por Fefferman®® ndo é dada nenhuma
condic&o inicial para a presséo p(x, t), apenas para a velocidade inicial u(x, 0). Smale,
ao contrario de Fefferman, inclui uma condicéo de contorno para u(x, t) sobre 9Q.

Ainda mais uma observacdo € necessaria. Ao contrario de Fefferman e da
pressao real, no cotidiano, em maquinas e na natureza, poder variar com o tempo, Smale
define o dominio da pressdo como igual a 2 € R3, i.e., sem variar no tempo. Seja por
equivoco ou ndo, mesmo admitindo-se p,7:2 — R, com p,r € C* em 2 para todo
t > 0 e g € R uma constante, sem utilizarmos a funcéo 6(t), temos

Vp(x) =V(p(x) + q), (6)

resultado que também proporcionard infinitas outras solugdes (u,r) admissiveis para
(1) e (2), sendo (u, p) uma solucéo regular (suave, lisa, smooth) e

r(x) =p) +q, )

q # 0, como ja dissemos em [2] com outras palavras, usando 8(t), e mostramos
inicialmente para o caso mais geral da pressdo variavel com o tempo e a posicao,
p(x, ).

Naturalmente, estamos admitindo que r(x) em (7) estd definida em £, tal qual
p(x). Isto ndo oferece nenhuma dificuldade de entendimento no caso especial de ser
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1 = R3. Outros dominios, entretanto, também sdo facilmente estendidos para a fungéo
r(x). Se p(x) existe em £ e tem imagem R, entdo para todo x € 2 a funcdo r(x) =
p(x) + q também existe, estd bem definida e tem imagem R. Comentario similar se faz
a respeito de r(x, t) sobre 2 x [0, =), dada em (4).

Assim a resposta ao problema é Ndo. Nem sempre, nem Unica.

Uma vez resolvido parece agora muito facil, mas sabemos que esta longe de ser
assim. SolucGes mais complicadas que esta seriam dadas com questfes também mais
complicadas, com requisitos mais detalhados, ou entdo explorando outros aspectos do
problema, o que seria principalmente uma sofisticagéo da questéo original, na realidade
envolvendo outros problemas, conhecidos ou ndo, ao inves de atender a esséncia do que
é pedido.
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05 — Brief Comment on the Euler and Navier-Stokes Equations in 2-D

(Breve Comentario sobre as Equagoes de Euler e Navier-Stokes em 2-D)
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

The qualitative equality between n = 2 and n = 3 spatial dimensions.

Ja vimos o caso de ndo unicidade de solugdes (u,p) para as equacgles de
Navier-Stokes em n =3 dimensdes espaciais, bem como a possibilidade de
inexisténcia de solucdes, que traduzi por quebra das soluces, em alusdo ao termo
breakdown solutions utilizado na definicdo do problema do milénio relativo a estas
equacdes. A infinidade de pressGes possiveis para um mesmo problema de condi¢des
iniciais das equagdes de Navier-Stokes, problema que tradicionalmente nao prescreve
nenhum valor inicial ou de fronteira para a pressao, é responsavel pela ndo unicidade
destas solugdes (u, p), embora ndo esteja afastada a possibilidade de n3do unicidade de
solucdes para a velocidade u. Alids, também deve haver uma infinidade de solugdes
possiveis para a velocidade u, dada a mesma condicdo inicial u°(x) = u(x,0) nas
equacoOes de Navier-Stokes ou Euler, variando, por exemplo, conforme o valor inicial

du ~ . L p
de o |¢t=0- 1sso ndo foi o foco principal de meus estudos até o momento, entretanto,

onde procurei analisar principalmente a inexisténcia (breakdown) das solugdes. A
inexisténcia ou quebra de solugdes, por sua vez, ocorre (pelo menos) quando a funcao
gem

Vp=vV2u—g—l:—(u-V)u+F=<p+F=¢

€ um campo ndo conservativo, ndo gradiente, seguindo a notacdo que temos utilizado,
o que pode ocorrer desde o instante t = 0 ou em algum outro conjunto de valores de
t.

A atencdo que também deve ser dada a este assunto é devido ao fato de que
estas conclusdes feitas preliminarmente para dimensdo espacial n = 3 também valem
para dimensdo espacial n = 2, embora se diga que para n = 2 estes problemas de
existéncia e unicidade ja estdo resolvidos. Ndo creio que em dimensdo dois ocorra
diferente do que ocorre em dimensao trés, e pretendo verificar isto com mais
profundidade.
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06 - Breakdown of Navier-Stokes Solutions - Bounded Energy
Valdir Monteiro dos Santos Godoi
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Abstract: Considerations on (and solution to) the 6th millenium problem, respect
to breakdown of Navier-Stokes solutions and the bounded energy.

O artigo que segue (pagina 54 em diante) foi escrito originalmente supondo
que a ordem de derivagdo espacial @ ndao pode assumir o valor 0, assim como a
ordem de derivacdo temporal m. Embora Fefferman [1] tenha escrito “for any «
and K” para a sua condicdo (4) e “for any a,m and K” para a condicdo (5), este
emaranhamento simbdlico envolvendo as derivacbes parciais 0¥ e 9",
respectivamente, pode levar a uma grande imprecisdo. Seria mais elegante e exato
no artigo de Fefferman, fonte de tdo valiosa perspectiva, gastar-se um pouco mais
de tempo para se deixar claro a quais conjuntos numéricos pertencem
efetivamente cada um destes a, m, K. O que seria entdo uma derivada negativa, ou
fracionaria, ou irracional, ou imaginaria pura, ou alguma derivada complexa
qualquer? E derivada de ordem zero? Existird também integral zero-ésima? O
termo “for any” de Fefferman, ainda que utilizado sem preocupac¢des em parte da
literatura, deveria estar melhor definido neste artigo “do milénio”. E o que se
espera dos matematicos: definicdes, regras, l6gica e conclusdes precisas.

A condi¢ao (10) do artigo abaixo é impossivel de ser obedecida, exceto
violando-se (4) para a = 0 = (0,0,0), onde para todo K € R temos d2u® =u° e
|u®(x)| < Cox (1 + |x|)7¥ sobre R3.

A inequacdo (4) traz implicitamente que u°(x) deve pertencer ao espaco
vetorial das fun¢des de rapido decrescimento, que tendem a zero em |x| = oo,
conhecido como espaco de Schwartz, S(R3®), em homenagem ao matematico
francés Laurent Schwartz (1915-2002) que o estudou [2]. Estas fungdes e suas
infinitas derivadas sdo continuas (C*) e decaem mais rapido que o inverso de
qualquer polinoémio, tais que

lim|x|_>oo IXIkDa(p(X) =0

para todo a = (a4, ..., a,), @; inteiro ndo negativo, e todo inteiro k = 0. @ é um
multi-indice, com a convengdo

glal

a1 an |
gt .o

D% = al=a;++a,a; €{0,1,2,...}.

D° é o operador identidade, D* um operador diferencial. Um exemplo de fungio
deste espaco é u(x) = P(x)e~*”, onde P(x) é uma funcio polinomial.
Valem as seguintes propriedades [3]:

50


mailto:valdir.msgodoi@gmail.com

1) S(R™) é um espaco vetorial; ele é fechado sobre combinagoes lineares.

2) S(R™) é uma algebra; o produto de fungdes em S(R") também pertence a
S(R™).

3) S(R™) é fechado sobre multiplicacdo por polindmios.
4) S(R™) é fechado sobre diferenciacao.

5) S(R™) é fechado sobre translacdes e multiplicacdo por exponenciais complexos
(eix-f).

6) funcdes de S(R™) sdo integraveis: fRn |f(x)]dx < oo para f € S(R"). Isto segue
do fato de que |f(x)|<M(1+|x|)~™Y e, usando coordenadas polares,
Jon@ + |x)™*Vdx = € fooo(l +7r) "1 r"ldr < o, i.e, o integrando decresce

como 2 (e (1 + 7)~2) no infinito e produz uma integral finita.

Da definicio de S(R3) e propriedades anteriores vemos que, como
u®(x) € S(R?), entdo [, [u’(x)|dx < [(; M(1 + |x])7*dx < C fooo(l +7r)%2dr <o

e quadrando [u°(x)| e M(1 + |x[)™* chegamos a desigualdade [, [u®(x)|*dx < oo,
que contradiz (10).

Outra forma de verificar isso é que o conjunto S(R™) esta contido em
LP(R™) para todo p, 1 <p < o ([4], [5], [6], [7]), e em particular para p =2 e
n = 3 segue a finitude de [, [u(x)|*dx.

Portanto, se a condi¢do (7) for desobedecida, conforme propomos no artigo
a seguir, que usou a # 0, sera para t > 0, por exemplo, encontrando alguma funcao
u(x,t) da forma u®(x)v(x,t), v(x,0) =1, ou u’(x) +v(x,t), v(x,0) =0, com
Jos [v(x, ) [2dx > o e [, |u(x,t)|*dx — co. Parece-me de novo uma possibilidade

viavel. A prova da unicidade de solugdes sera importante. Vejamos entao.

De fato, escolhendo u°(x) € S(R3) e f(x,t) € S(R? X [0, )), lembrando-se
que ndo precisamos ter u,p € S(R3 X [0,)) como solu¢do, apenas u,p € C%,
entdo é possivel construir uma solucdo para a velocidade da forma u(x,t) =
u(x)e t +v(t), com v(0)=0, tal que [p;|u(x t)|*dx - o, pois quando
fR3[|u°(x)|ze‘t + 2u°(x) - v(t)]dx = 0, por exemplo, quando cada componente de
u%(x) tem o mesmo sinal da respectiva componente de v(t) ou o produto entre
elas é zero ou [ u’(x) v(t)dx =0, teremos [, |u(x, t)|*dx = [.|v()|>dx =
[v(©)|? [z dx = o0, com v(t) # 0,t > 0. Também devemos escolher u,u® tais que
V-u=V-u®=0.

Em especial, escolhamos, paral <i < 3,
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u®(x) = e~ I (o xo %, x5, —2X1 %),
vi®) =w)=et(1-e™),
u;(x, 1) = w) (e + v;(1),

- ou
filx,t) = (—u? +e 'y, 10

-t
ul-)e ,

o que resulta para p(x, t), como a Unica incégnita ainda a determinar,

]113

e entdo
dw
plx,t) = —E(M + x; + x3) + 6(t).

A pressdo obtida tem uma dependéncia temporal genérica 8(t), que deve ser de
classe C* ([0, o)) e podemos supor limitada, e diverge no infinito (x| = o), mas
tenderd a zero em todo o espago com o aumento do tempo (a menos
eventualmente de 8(t)), devido ao fator e ¢ que aparece na derivada de w(t),

dw
dt

=e t(2e - 1).

Neste exemplo fRS u®(x) - v(t)dx = 0, e assim fRS |lu(x, t)|?dx - o para
t > 0, como queriamos. Mais simples ainda seria escolher u°(x) = 0.

A unicidade da solucao (a menos da pressao p(x,t) com o termo adicional
constante ou dependente do tempo) vem dos resultados classicos ja conhecidos,
descritos por exemplo no mencionado artigo de Fefferman [1]: o sistema das
equacgoes de Navier-Stokes (1), (2), (3) tem solugdo (Unica [8]) para todo t > 0 ou
apenas para um intervalo de tempo [0,T) finito dependente dos dados iniciais,
onde T é chamado de “blowup timée’. Quando hd uma solugdo com T finito entdo a
velocidade u torna-se ilimitada proxima do “blowup time”.

Vemos que a existéncia de nossa solucao, no exemplo dado, esta garantida
por construcdo e substituicdo direta. Nossa velocidade ndo apresenta nenhum
comportamento irregular, em instante t algum, em posicao alguma, que a torne
ilimitada, infinita, nem mesmo para t — o ou |x| = o, sendo assim, nao pode
haver o “blowup time” no exemplo que demos, portanto a solucao encontrada
anteriormente é Unica em todo tempo. Mas ainda que houvesse um T finito (em [9]
vemos que T > 0), a unicidade existiria em pelo menos um pequeno intervalo de
tempo, o que ja é suficiente para mostrar que neste intervalo ocorre a quebra das
solucdes de Navier-Stokes por ser desobedecida a condicdo de energia cinética
limitada (7), tornando o caso (C) verdadeiro.

52



Grato ao professor Ricardo Rosa da UFR], matematico especialista nas
equacgdes de Navier-Stokes, que me explicou sobre o caso @ = 0 e sua natureza de
multi-indice. Ninguém foi tdo claro comigo quanto ele, nem mesmo (muito
menos...) a Annals of Mathematics.

Referéncias

[1] Fefferman, Charles L., Existence and Smoothness of the Navier-Stokes Equation,
in http://www.claymath.org/sites/default/files /navierstokes.pdf (2000).

[2] Schwartz, Laurent, Théorie des Distributions. Paris: Hermann, Editeurs des
Sciences et des Arts (1966).

[3] Strichartz, Robert, A Guide to Distribution Theory and Fourier Transforms.
Florida: CRC Press Inc. (1994).

[4] https://en.wikipedia.org/wiki/Schwartz space

[5] http://mathworld.wolfram.com/SchwartzSpace.html

[6] http://www.math.washington.edu/~hart/m526/Lecture3.pdf

[7] http://www.diva-portal.org/smash/get/diva2:664088 /FULLTEXTO1.pdf (tese
de mestrado de Fredrik Joachim Gjestland, Distributions, Schwartz Space and
Fractional Sobolev Spaces, 2013).

[8] Temam, Roger, Navier-Stokes Equations and Nonlinear Functional Analysis.
Philadelphia, Pennsylvania: SIAM - Society for Industrial and Applied Mathematics
(1995).

[9] Kreiss, Heinz-Otto, and Lorenz, Jens, /nitial-Boundary Value Problems and the
Navier-Stokes Equations. San Diego: Academic Press Inc. (1989).

53


http://www.claymath.org/sites/default/files/navierstokes.pdf
https://en.wikipedia.org/wiki/Schwartz_space
http://mathworld.wolfram.com/SchwartzSpace.html
http://www.math.washington.edu/~hart/m526/Lecture3.pdf
http://www.diva-portal.org/smash/get/diva2:664088/FULLTEXT01.pdf

06 - Breakdown of Navier-Stokes Solutions - Bounded Energy
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Abstract - We have proved that there are initial velocities u°(x) and forces
f(x,t) such that there is no physically reasonable solution to the Navier-Stokes
equations, which corresponds to the case (C) of the problem relating to Navier-
Stokes equations available on the website of the Clay Institute.

Keywords — Navier-Stokes equations, continuity equation, breakdown, existence,
smoothness, physically reasonable solutions, gradient field, conservative field,
velocity, pressure, external force, bounded energy, millennium problem.

The simplest way I see to prove the breakdown solutions of Navier-Stokes
equations, following the described in [1], refers to the condition of bounded
energy, the finiteness of the integral of the squared velocity of the fluid in the
whole space.

We can certainly construct solutions for
9u; _ 2 dp .
(D +Zflfa = vV?y; axi+fi,13133,

that obey the condition of divergence-free to the velocity (continuity equation to
the constant mass density),

2 divu=V-u=)Y3

i—1— =20, (incompressible fluids)
axi

and the initial condition
3)  ulx,0) =u’(x),

where u;, p, f; are functions of the position x € R3 and the time t > 0,t € R. The
constant v>0 is the viscosity coefficient, p represents the pressure and
u = (uq, Uy, ug) is the fluid velocity, measured in the position x and time t, with

V2=V-V=Y3 16 7 The function f = (f}, f,, f3) has the dimension as acceleration

or force per mass unit, but we will keep on naming this vector and its components
by its generic name of force, such as used in [1]. It's the externally applied force to
the fluid.

The functions u°(x) and f (x, t) must obey, respectively,

4)  |0%u°(x)| < Cox (1 + |x|) X on R3, forany @ € N3 and K € R,
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and

(5) 0% f(x,t)| < Comr (1 + |x]| + )% on R3 x [0, ), for any a € N3,
m € Nand K € R,

and a solution (p,u) from (1) to be considered physically reasonable must be
continuous and have all the derivatives, of infinite orders, also continuous
(smooth), i.e,,

6) p,u€ C®(R®x[0,0)).

Given an initial velocity u° of C* class, divergence-free (V-u° = 0) on R3
and an external forces field f also C® class on R3 X [0, ), we want, for that a
solution to be physically reasonable, beyond the validity of (6), that u(x,t) does
not diverge to |x| = oo and satisfy the bounded energy condition, i.e.,

() Jgs lu(x, )]?dx < C, forallt > 0.

We see that every condition above, from (1) to (7), need to be obeyed to get
a solution (p,u) considered physically reasonable, however, to get the breakdown
solutions, (1), (2), (3), (6) or (7) could not be satisfied to some t > 0, in some
position x € R3, still maintaining (4) and (5) validity.

A way to make this situation (breakdown) happens is when (1) have no
possible solution to the pressure p(x,t), when the vector field ¢: R® x [0, ) - R3
in

(8) szvVZu—g—ltL—(u-V)u+f=¢

is not gradient, not conservative, in at least one (x,t) € R3 x [0, ®). In this case, to
¢ = (¢4, P2, P3) not to be gradient, it must be

6Xj 6Xi

9) V1 # J,
to some pair (i,j),1 < i,j <3, x € R? and time t not negative (for details check,
for example, ApostollZ], chapter 10).

If we admit, however, that (1) has a possible (p,u) solution and this also
obey (2), (3) and (6), the initial condition u°(x) verifies (2) and (4), the external
force f(x,t) verifies (5) and both u°(x) and f(x, t) are C* class, we can try get a
breakdown solutions in t = 0 violating the condition (7), i.e., choosing u°(x) that
also obey to

(10)  [os [ (0)]?dx — oo
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The first example is very simple: a constant initial velocity not null,
u%(x) = c = (cy,¢3,¢3), ¢; ER, ¢ # 0. In this example we have |0%u’(x)| =0,
satisfying (4), and, by hypothesis, we also suppose satisfied the remaining
conditions from (1) to (6), with f € C*. Are also valid, obviously, u® € C®
andV-u®=0. Giving f =0, a possible solution (p,u) to (1) and (2) is
u=u" =c,p =0. Only condition (7) is not satisfied in this simple example of
constant initial velocity, because in t = 0 we have

(11) (fRB lu(x, t)|2dx) le=o = Jg3 1u0(0)| dx = (¢ + 2 + ) Jp3 dx — oo

Certainly this initial velocity doesn’t belong to a solution u(x,t) considered
physically reasonable, because it would violate (7), whichever the u(x,t) with
u(x,0) = u°(x) = ¢, but u®(x) obeyed to the permissible requirements to an initial
velocity in this problem of breakdown solutions. Both u°(x) and u(x,t) violate
condition (7) of bounded energy, obeying however p,u,u° and f the remaining
conditions (by hypothesis), which characterizes the so called breakdown solutions,
according to the wanted.

The official description of the problem to this (C) case of breakdown
solutions is given below:

(C) Breakdown solutions of Navier-Stokes on R3. Take v> 0 and n = 3. Then there
exist a smooth and divergence-free vector field u°(x) on R® and a smooth external
force f(x,t) on R3 X [0, o) satisfying

(4)  195u’(0)] < Cox (1 + X7 on R?, Va, K,

and

(5) 1020 f(x, )| < Comx (1 + |x| + t) ¥ on R3 X [0, ), Va,m, K,

for which there exist no solutions (p, ) of (1), (2), (3), (6), (7) on R3 x [0, o).

It's clear to see that we can solve this problem searching valid initial
velocities which the integral of its square in all space R3 is infinite, or also, as
shown in (8), searching functions ¢ non gradients, where the pressure p won'’t be
considered a potential function to some instant t > 0. We understand that the a, m
shown in (4) and (5) just make sense to |a|,m € {1, 2, 3,4, ...} and the negatives
K implicitly allow that the derivatives of the functions u° and f can not be limited
when |x| = oo, with Cyx, Comx > 0.

Two other examples, among many, are initial velocities with a constant
term plus a squared exponential decay and linear functions in a direction and null
or other constant in the other directions, i.e.,
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(12)
and

(13)

0), sm

_x2 : _
u(x) = (ci — b;e xl+1) -, ¢ # 0, withx, = x4,
1=<i<3

u®(x) = (ax,,b,c),a # 0.

Both examples obey the necessary conditions of divergence-free (V-u° =
oothness (C*) and partial derivatives of Cux(1 + |x|)™¥ order, although

(13) is not limited to |x| — oo (the example (13) is only valid in (4) to K <0 if
|| =1 and to any K (real) if |a| = 2, so we made K depend on |a|). To each
possible u(x,t) so that (3) is true, the external force f(x,t) and the pressure

p(x,t)
all the

can be fittingly constructed, in C* class, verifying (8), and in a way to satisfy
necessary conditions, finding, this way, a possible solution to (1), (2), (3),

(4), (5) and (6), and only (7) wouldn’t be satisfied, at least not in instant t = 0,
according to (10). We then show examples of breakdown solutions to case (C) of
this millennium problem. These examples, however, won'’t take to case (A) from
[1], of existing and smoothness of solutions, because they violate (7) (case (A) also
impose a null external force, f = 0).

An overview of the problem’s conditions is listed below.

(4)
(5)

(1)
(2)
(3)
(6)

(7)

v>0,n=3
Ju°(x):R3 smooth (C*), divergence-free (V- u° = 0)
3f(x,t):R3 x [0, 00) smooth (C®)

A(p, w): R® x [0, ) /

105U’ (O] < Cax (1 + XD R®, Va,K
10507 f (%, )] < Camp (1 + |x] + )7 R® X [0,00) , Va,m, K

oui | 3 o _ g2, 9P - 3
o +2j=1ujaxj— vVey, axi+fi(x’t)'1SlS3 (x eR%t>0)

V-u=0
u(x, 0) = u(x) (x € R®)

p,u € C*(R3 X [0, ))

Js lu(x, )Pdx < C, vt 2 0 (bounded energy)

It's important that we observe the solution’s uniqueness question. As u°(x)

and f(x,t) are given of C™ class, chosen by us, and satisfying (4) and (5), with
V- u® = 0, claim that there is no solution (p,u) to the system (1), (2), (3), (6) and
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(7) might assume that we explored, or proved to, the infinite possible
combinations of p and v, i.e., of (p, uw).

Keeping fixed u°(x), as long as (10) is true, to each one of the infinite
possible combinations of the variables u,p and f such that the quadruplet
(u®,u,p, f) fulfill the system (1) to (6), the inequality (7) remains false in t = 0,
because

(14) (Jio [uC6 O)2dx) 1e—o = fs [ ()| “dlx > oo,

not existing a constant C that verifies it, and so our proof is not restricted to some
velocity u(x, t) in particular, we don’t need to admit that there is uniqueness of
solutions to Navier-Stokes equations.

[
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06 - Breakdown of Navier-Stokes Solutions - Bounded Energy
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract - We have proved that there are initial velocities u°(x) and forces
f(x,t) such that there is no physically reasonable solution to the Navier-Stokes
equations, which corresponds to the case (C) of the problem relating to Navier-
Stokes equations available on the website of the Clay Institute.

Keywords — Navier-Stokes equations, continuity equation, breakdown, existence,
smoothness, physically reasonable solutions, gradient field, conservative field,
velocity, pressure, external force, bounded energy, millenium problem.

A maneira mais simples que vejo para se provar a quebra de solugdes
(breakdown solutions) das equacgdes de Navier-Stokes, seguindo o descrito em [1],
refere-se a condicao de energia limitada (bounded energy), a finitude da integral
do quadrado da velocidade do fluido em todo o espaco.

Podemos certamente construir solucdes de

ou; 3 ou; 2 dp .
1 — i Ui— = vVeiu; — — ,1<i<3,
( ) ot +Z]—1 ]ax] |4 l axl+.fl

que obedecam a condicao de divergente nulo para a velocidade (equagdo da
continuidade para densidade de massa constante),

2) divu=sV-u= ?=16_xi =0, (fluidos incompressiveis)

e a condigdo inicial
(3)  ulx,0) =u’(x),
onde u;, p, f; sdo funcdes da posicdo x € R® e do tempo t > 0,t € R. A constante

v = 0 é o coeficiente de viscosidade, p representa a pressdo e u = (uy,uy, uz) € a

3 9%
i=1 Oxl-z'

velocidade do fluido, medidas na posi¢io x e tempo t, com V2=V V=Y A

funcao f = (f1, f2, f3) tem dimensao de aceleracao ou forga por unidade de massa,
mas seguiremos denominando este vetor e suas componentes pelo nome genérico
de forca, tal como adotado em [1]. E a for¢a externa aplicada ao fluido.

As fungdes u®(x) e f(x, t) devem obedecer, respectivamente,

4)  |0Fu®(x)| < Cux(1 + |x|) ¥ sobre R3, para quaisquer @ € N> e K € R,
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e

(5) 0% f(x,t)| < Comu (1 + |x| + )™  sobre R3x[0,00), para
quaisquer @« € N3, me NeK € R,

e uma solucdo (p,u) de (1) para que seja considerada fisicamente razoavel deve
ser continua e ter todas as derivadas, de infinitas ordens, também continuas
(smooth), i.e.,

(6) pu€ecC”™ (R3 x [0, ).

Dada uma velocidade inicial u° de classe C* com divergente nulo
(divergence-free, V - u® = 0) sobre R3 e um campo de forcas externo f também de
classe C® sobre R3 X [0,), quer-se, para que uma solucdo seja fisicamente
razoavel, além da validade de (6), que u(x,t) ndo divirja para |x| = o e seja
satisfeita a condicdo de energia limitada (bounded energy), i.e.,

(7 f]R3 lu(x, t)|?dx < C, paratodo t > 0.

Vemos que todas as condi¢des acima, de (1) a (7), precisam ser obedecidas
para se obter uma solucdo (p,u) considerada fisicamente razoavel, contudo, para
se obter uma quebra de solugdes, (1), (2), (3), (6) ou (7) poderiam ndo ser
satisfeitas para algum t > 0, em alguma posicio x € R3, mantendo-se ainda a
validade de (4) e (5).

Uma maneira de fazer com que esta situacdo (breakdown) ocorra é quando
(1) ndo tem solucao possivel para a pressao p(x,t), quando o campo vetorial
¢:R3 x [0,0) - R3 em

(8) Vp=vV2u—Z—1:—(u-V)u+f=qb

é ndo gradiente, ndo conservativo, em ao menos um (x,t) € R3 X [0,0). Nesse
caso, para ¢ = (¢4, P, , ¢3) ser ndo gradiente deve valer

para algum par (i,j),1<i,j <3, x €R3 e tempo t nio negativo (para mais
detalhes veja, por exemplo, Apostoll?], cap. 10).

Se admitirmos, entretanto, que (1) tem solucdo (p,u) possivel e esta
também obedece (2), (3) e (6), a condicdo inicial u°(x) verifica (2) e (4), a forca
externa f(x, t) verifica (5) e u®(x) e f(x, t) sdo de classe C*, podemos tentar obter
a condicido de quebra de solucoes em t =0 violando-se a condicdao (7), i.e,
escolhendo-se u°(x) que também obedeca a
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(10) [z [u®(¥)]?dx — oo

O primeiro exemplo é muito simples: uma velocidade inicial constante ndo
nula, u°(x) = ¢ = (¢4, ¢3,¢3), ¢; € R, ¢ # 0. Neste exemplo temos |dFu’(x)| =0,
satisfazendo (4), e, por hipdtese, suponhamos satisfeitas também as demais
condi¢cdes de (1) a (6), com f € C®. Também valem, obviamente, u® € C* e
V-u® = 0.Dado f = 0, uma solucio (p,u) possivel para (1) e (2) éu=u’=¢,p =
0. Apenas a condi¢do (7) ndo é satisfeita neste simples exemplo de velocidade
inicial constante, pois em t = 0 temos

(11) (fs [uCe )1 dx) imo = fys [u° ()| dx = (¢ + ¢ + B) fpa dx > 0.

Certamente esta velocidade inicial ndo pertence a uma solucao u(x,t)
considerada fisicamente razoavel, pois violaria (7), qualquer que fosse u(x, t) com
u(x,0) = u®(x) = ¢, mas u®(x) obedeceu aos requisitos permitidos para a
velocidade inicial neste problema de quebra de solugdes. Tanto u’(x) quanto
u(x, t) violam a condicao (7) de energia limitada (bounded energy), obedecendo-
se entretanto p,u,u® e f as demais condi¢des (por hipétese), o que caracteriza a
chamada breakdown solutions, conforme queriamos.

A descricao oficial do problema para este caso (C) de quebra de solugdes é
dada a seguir:

(C) Quebra das solugdes da Equagdo de Navier-Stokes sobre R3. Para v>0 e
dimensdo espacial n = 3 existem um campo vetorial suave e com divergéncia nula
u®(x) sobre R3 e uma forca externa suave f(x, t) sobre R X [0, o) satisfazendo

(4)  |0%u(x)| < Cox (1 + |x|)~¥ sobre R3, Va, K,
e
(5)  |020"f(x,t)| < Comx (1 + |x| + t) ¥ sobre R3 x [0, ), Va,m, K,

tais que nio existe solugdo (p,u) sobre R3 x [0, ) satisfazendo (1), (2), (3), (6) e

(7).

Vé-se claramente que podemos resolver este problema buscando
velocidades iniciais validas cuja integral do seu quadrado em todo o espaco R3 é
infinito, ou também, conforme indicamos em (8), buscando fung¢des ¢ nao
gradientes, onde a pressdo p ndo podera ser considerada uma funcdo potencial,
para algum instante t > 0. Entendemos que os a,m indicados em (4) e (5) so
fazem sentido para |a|,m€{1,2,3,4,..} e os K negativos permitem
implicitamente que as derivadas das fun¢des u° e f podem nio ser limitadas
quando |x| = o, com C.k, Comrx > 0.
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Dois outros exemplos, dentre muitos, sao velocidades iniciais com um
termo constante mais um decaimento exponencial quadratico e fun¢des lineares
em uma direcdo e igual a zero ou outra constante nas outras dire¢des, ou seja,

2
(12) u(x) = (Ci — bie_xi+1)1<i<3, ¢; # 0, comx, = xq,

e
(13) u®(x) = (ax,, b,c),a # 0.

Ambos os exemplos obedecem as condigdes de divergéncia nula
(divergence-free, V - u® = 0), suavidade (smoothness, C®) e derivadas parciais da
ordem de Cux (1 + |x|)~%, embora (13) nio seja limitada para |x| — o (o exemplo
(13) so é valido em (4) para K <0 se |a| =1 e qualquer K (real) se |a| = 2,
portanto fizemos K depender de |a|). Para cada u(x,t) possivel tal que (3) seja
verdadeira, a forca externa f(x, t) e a pressdo p(x, t) podem ser convenientemente
construidas, na classe C®, verificando (8), e de modo a satisfazerem todas as
condi¢Oes necessarias, encontrando-se assim uma solu¢do possivel para (1), (2),
(3), (4), (5) e (6), e apenas (7) nao seria satisfeita, ao menos no instante t = 0,
conforme (10). Mostramos entdao exemplos de quebra de solu¢des para o caso (C)
deste problema do milénio. Estes exemplos, entretanto, ndo levam ao caso (A) de
[1], de existéncia e suavidade das solug¢des, justamente por violarem (7) (O caso
(A) também impde que seja nula a forga externa, f = 0).

Um resumo das condi¢cdes do problema esta listado abaixo.

v>0n=3
Jul(x):R3 smooth (C®), divergence-free (V- u® = 0)
3f (x,t): R3 x [0, ) smooth (C®)

(4) |0Zu’ ()| < Coe(1 + |x)7*: R3, Va,K
(5) 0207 f (x,t)| < Comx (1 + x| + ) K:R3 X [0,0), Va,m, K
A(p,u):R3 x [0, 0) /

(1) au‘+21 1u1?_ VVZui_%+ﬁ(x.t),1§i§3 (x € R%t = 0)

(2) V-u=0
(3)  u(x,0)=u"®) (x € R®)

(6)  pu€C?(R®x[0,00))

(7)) Jpslu(x,)|?dx < C,vt 20 (bounded energy)
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E importante observarmos a questdo da unicidade das solugdes. Como u°(x) e
f(x,t) sdo dados, escolhidos por nés, de classe C* e satisfazendo (4) e (5), com
V- u® = 0, afirmar que ndo existe solugdo (p,u) para o sistema (1), (2), (3), (6) e (7)
pode pressupor que exploramos, ou provamos para, as infinitas combinag¢des possiveis
depedeu,i.e.,de(p,u).

Mantido fixo u°(x), desde que (10) seja verdadeira, para cada uma das infinitas
combinagdes possiveis das variaveis u,p e f tais que a quadrupla (u° u,p, f) torne
verdadeiro o sistema (1) a (6) a desigualdade (7) continua falsaem t = 0, pois

(14) (fRs’ lu(x, t)|2dx) lt=0 = Jg3 |u0(x)|2dx — 00,

ndo existindo nenhuma constante C que a verifique, e assim nossa prova nado se
restringe a alguma velocidade u(x,t) em particular, nem precisamos admitir que ha
unicidade de solugbes para as equagdes de Navier-Stokes.

[
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07 — Uma critica a solucdo de Otelbaev ao sexto problema do milénio

(equacdes de Navier-Stokes)
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

No dia 28/10/2015, uma quarta-feira, o professor Odilon Otavio me vé com
cinco livros sobre as equacdes de Navier-Stokes no balcdo da biblioteca do IME-USP e
faz uma brincadeira comigo:

—Vocé quer ficar milionario é?
Eu Ihe respondo: — Ah, eu quero (risos). — SO estou esperando!

E ele completa: — Mas vocé entendeu a minha pergunta? Sabe do que eu estou
falando? VVocé entendeu por que eu fiz a pergunta?

La vamos nds: — Claro que sim, o problema do milénio, sobre as equacdes de
Navier-Stokes. Eu resolvi o problema.

E etc.

A conversa chegou na solucdo dada pelo professor cazaquistanés Mukhtarbai
Otelbaev ao mesmo problema, publicada em russo [1], e eu Ihe digo que a solucéo dele
ndo é uma solucdo completa para o problema do milénio [2], embora possa ser uma
solugéo para um caso particular das equacOes de Navier-Stokes.

— V& s6 — disse eu — todos estes livros. Tudo aqui é Navier-Stokes (onde se
inclui dois Roger Temam e um Peter Constantin), mas nenhum deles traz uma solucéo
para o problema do milénio, uma solucdo completa. Sdo paginas e mais paginas de
Navier-Stokes, aqui estd cheio de Navier-Stokes, mas ndo tém o problema do milénio.

O professor Odilon (mais ou menos assim): — Mas o que o professor errou? O
artigo dele foi publicado. Tem alguém olhando isso? Alguém leu o artigo dele e
encontrou um erro? etc.

O matematico australiano (e reconhecidamente genial) Terence (Terry) Tao, de
descendéncia chinesa, medalha Fields de 2006, encontrou um contraexemplo para a
solugédo de Otelbaev, mas mesmo sem recorrer ao seu trabalho [3] quero expor meus
préprios motivos para ndo concordar com a solucdo do matematico cazaquistanés.

Resumidamente falando, Otelbaev tratou do caso (B) do problema, existéncia e
suavidade de solugdes espacialmente periodicas para as equacOes de Navier-Stokes. Por
um lado, permitiu o uso de densidade de forca externa ndo nula, f # 0, periddica ou
ndo, o que é uma ampliacdo e sofisticacdo do problema original, mas por outro lado
limitou a velocidade inicial a u® = 0 e o dominio da solugdo ao cubo Q = (0,2m)3 e
tempo (0,a), a > 0, ao invés do dominio mais geral R3 x [0, ). Além disso, o periodo
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espacial das fungdes velocidade e pressdo que utilizou foi 27, ao invés de 1, conforme o
problema original, suas funcles sdo de classe L, em Q= (0,a) x (0,2m)3, sem
precisar se sao também de classe C*, e utilizou uma condic¢éo adicional para a pressao,

fQ p(t,x)dx = p, = const >0, um recurso que talvez esconda outras solucdes

possiveis para a pressdo. Otelbaev também usou apenas o coeficiente de viscosidade
v = 1, ao invés de qualquer v > 0.

Isto se verifica lendo-se o resumo em inglés ao final do artigo [1], conforme
comentei com o professor Odilon, sem entrar em mais detalhes, agora descritos. Nao fiz
a leitura em russo, nem parece existir uma traducdo completa para o inglés,
infelizmente.

Em minha opinido, limitar a solucdo de tdo importante problema a velocidade
inicial nula, u® = 0, e concluir que a solucéo é Unica para todo f (pertencente a L, (),
é de extrema falta de generalidade. Se voltarmos ao problema oficial, caso (B), que pede
para ser f = 0 e ndo impde nenhuma condicdo inicial e de contorno para a presséo,
exceto sua periodicidade espacial de periodo unitério, nossa solucdo de escolha para a
velocidade é trivial, u = 0, e a pressao obtida de Vp = 0 é uma constante, inclusive
zero, podendo ser acrescida de alguma funcdo do tempo bem comportada (limitada,
continua, C*®), i.e., p = py + B(t). Essa seria também uma solucdo (Gnica ou ndo) para
0 caso (A) do problema do milénio, a moda de Otelbaev, que escolheu uma Unica e
simples velocidade inicial u® = 0.

Entendo que uma adequada solucdo para os casos (A) e (B) do problema
referente as equacdes de Navier-Stokes deve levar em consideragdo todas as possiveis
velocidades iniciais u® € C®, dentre outras condicGes necessarias, e ndo apenas uma
tnica funcéo u° especifica.

A solucdo que eu proponho refere-se ao caso (C), breakdown solutions, e pode
ser encontrada em [4], com seu desenvolvimento gradativo em [5]. Ela obedece a cada
quesito mencionado na descri¢do do respectivo problema [2], e ndo pressupde unicidade
de solugdes.
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Navier-Stokes solutions and the bounded energy. We have proved that there are
initial velocities u°(x) and forces f(x, t) such that there is no physically reasonable
solution to the Navier-Stokes equations for t > 0, which corresponds to the case
(C) of the problem relating to Navier-Stokes equations available on the website of
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§1

The simplest way I see to prove the breakdown solutions of Navier-Stokes
equations, following the described in [1], refers to the condition of bounded
energy, the finiteness of the integral of the squared velocity of the fluid in the
whole space.

We can certainly construct solutions for
1) 33y '—vvzu-—a—”+f-1<i<3
J=177 ax ooy VT T T

that obey the condition of divergence-free to the velocity (continuity equation to
the constant mass density),

. ou;
(2) divu=V-u= ?:16_? =0, (incompressible fluids)
A

and the initial condition
3) u(x,0) = u’(x),

where u;, p, f; are functions of the position x € R3 and the time t > 0,t € R. The
constant v> 0 is the viscosity coefficient, p represents the pressure and
u = (uq,uy,uz) is the fluid velocity, measured in the position x and time t, with

2
Vi=V-V= 213216%. The function f = (f}, f,, f3) has the dimension as acceleration

or force per mass unit, but we will keep on naming this vector and its components
by the generic name of force, such as used in [1]. It’s the externally applied force to
the fluid, for example, gravity.
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The functions u°(x) and f (x, t) must obey, respectively,

(4) 10%u°(x)| < C, (1 + |x]) X onR3, forany @ € N3 and K € R,
and
(5) 10507 f (x,t)| < Copmi (1 + |x| +t)7% on R3 x [0,00), for any

a €N}, meNyandK € R,

with N, ={0,1,2,3, ...} (derivatives of order zero does not change the value of
function), and a solution (p,u) from (1) to be considered physically reasonable
must be continuous and have all the derivatives, of infinite orders, also continuous
(smooth), i.e.,

(6) p,u € C®(R3 x [0, )).

Given an initial velocity u° of C*® class, divergence-free (V-u° = 0) on R3
and an external forces field f also C® class on R3 x [0, ), we want, for that a
solution to be physically reasonable, beyond the validity of (6), that u(x,t) does
not diverge to |x| — oo and satisfy the bounded energy condition, i.e.,

(7) Ja [u(x, O)[?dx < C, forall t > 0.

We see that every condition above, from (1) to (7), need to be obeyed to get
a solution (p,u) considered physically reasonable, however, to get the breakdown
solutions, (1), (2), (3), (6) or (7) could not be satisfied to some t > 0, in some
position x € R3, still maintaining (4) and (5) validity.

A way to make this situation (breakdown) happens is when (1) have no
possible solution to the pressure p(x, t), when the vector field ¢: R3 x [0, ) - R3
in

(8) szvvzu—%—(u-V)u+f=¢

is not gradient, not conservative, in at least one (x,t) € R3 x [0, ). In this case, to
¢ = (¢4, P, , P3) not to be gradient, it must be

) 9% 5 2% i 4
6xj 6xl-' J

to some pair (i,j),1 < i,j <3, x € R? and time t not negative (for details check,
for example, Apostoll2], chapter 10).

If we admit, however, that (1) has a possible (p,u) solution and this also
obey (2), (3) and (6), the initial condition u°(x) verifies (2) and (4), the external
force f(x, t) verifies (5) and both u°(x) and f(x,t) are C*® class, we can try get a
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breakdown solutions in t > 0 violating the condition (7) (bounded energy), i.e.,
choosing u°(x) or u(x, t) that also obey to

(10) ng |lu(x, t)|?dx — oo, for some t > 0.

The official description of the problem to this (C) case of breakdown
solutions is given below:

(C) Breakdown solutions of Navier-Stokes on R3. Take v > 0 and n = 3. Then there
exist a smooth and divergence-free vector field u°(x) on R® and a smooth external
force f(x,t) on R3 x [0, ) satisfying

(4) 105u° (%) < Coe(1 + |x]) X on R3, Vo, K,
and
(5) 020" f (x, t)| < Comr (1 + |x] + £) ™ on R® X [0, ), Va, m, K,

for which there exist no solutions (p, ) of (1), (2), (3), (6), (7) on R3 x [0, o).

It’s clear to see that we can solve this problem searching valid velocities
which the integral of its square in all space R3 is infinite, or also, as shown in (8),
searching functions ¢ non gradients, where the pressure p won’t be considered a
potential function to some instant t > 0. We understand that the a, m shown in (4)
and (5) just make sense to |a|,m € {0,1,2,3,4,...} and the negatives K can be
ignored, because it does not limit the value of the functions u°, f and its derivatives
when |x| = o or t = oo, with Cpg, Comrx > 0.

§2

The inequation (4) brings implicitly that u°(x) must belong to the vectorial
space of rapidly decreasing functions, which tend to zero for |x| = oo, known as
Schwartz space, S (R3), named after the French mathematician Laurent Schwartz
(1915-2002) which studied it [3]. These functions and its derivatives of all orders
are continuous (C*) and decrease faster than the inverse of any polynomial, such
that

(11) limy 50 x1*D%(x) = 0

for all « = (a4, ..., ¢,), @; non negative integer, and all integer k > 0. a is a multi-
index, with the convention

alal
so gmlal =ar+ -+ an,a; €{0,1,2,..}

X1 " Xxn

(12) D* =
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DY is the operator identity, D¢ is a differential operator. An example of function of
this space is u(x) = P(x)e_|x|2, where P(x) is a polynomial function.
The following properties are valid [4]:

1) S(R™) is a vector space; it is closed under linear combinations.

2) S(R™) is an algebra; the product of functions in S(R™) also belongs to S(R™)
(this follows from Leibniz’ formula for derivatives of products).

3) S(R™) is closed under multiplication by polinomials, althrough polynomials are
notinS.

4) S(R™) is closed under differentiation.

5) S(R™) is closed under translations and multiplication by complex exponentials
(eix-g‘)_

6) S(R™) functions are integrable: fRn |f(x)|dx < oo for f € S(R™). This follows
from the fact that |[f(x)| <M1+ |x])"™*D and, using polar coordinates,
Jon @+ |x)~*Vdx =C f0°°(1 + 7)™ 1r"ldr <o, ie, the function |f]

decreases like 72 (and (1 + r)~2) at infinity and a finite integral is produced.

By S(R3) definition and previous properties we see that, as u°(x) € S(R?),
then [0, [u®C)ldx < [, M(1+ [x])"*dx < Cfooo(l +7)"2dr <o and squared
[u®(x)| and M(1+ |x])™* we come to the inequality [, |u®(x)|*dx < oo, that

contradicts (10).
Another way to check this is that the set S(R") it is contained in LP (R") for
all p, 1<p <o ([5]-[9]), and in particular for p =2 and n =3 follows the

finiteness of [, [u®(x)|*dx.
Therefore, if the condition (7) is disobeyed, as we propose in this article,
will be for t > 0, for example, finding some function u(x,t) like u®(x)v(x,t),

v(x,0) =1, or u’(x)+v(xt), v(x,0) =0, with fR3 |v(x,t)|?dx - o0 and

f]RB |u(xr t)lzd'x — 0.

§3

Really, choosing u®(x) € S(R®) and f(x,t) € S(R? X [0,)), obeying this
way (4) and (5), remembering that we do not need have u,p € S(R3 x [0,%)) as a
solution, but only u,p € C®(R3 X [0, )), then it is possible to build a solution to
the speed like u(x,t) =u’(x)e t+wv(t), with v(0)=0, such that
Jga [u(x,t)|?dx > o, because when [.[|u®(x)[?e™" +2u’(x) - v(t)]dx = 0, for

example, when each component of u°(x) has the same sign of the respective
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component of v(t) or the product between them is zero or ng u%(x) - v(t)dx = 0,

we will have fRS lu(x, t)|%dx > fR3|v(t)|2dx = |v(t)|? fRS dx — oo, with v(t) # 0,
t > 0. We must also choose u,u® suchthat V-u=V-u® =0.
In particular, we choose, for1 <i < 3,

(13.1) ul(x) = e‘(x%+x§+x§)(x2x3,x1x3, —2X1X3),
(13.2) vi(t) =w() =et(1—eb),
(13.3) w;(x,t) = u) (x)e~t + v;(¢),
_ 6u? 6u? _
(13.4) filx,t) = (—u? +e t Y uf o +X3, v Fr vVZu?> e t,

which results to p(x,t), as the only unknown dependent variable yet to be
determined,

ov _
(14) Vp + == 0,
and then
(15) p(x,t) = —(Z—':/(xl + x, + x3) + 6(0).

The resulting pressure has a general time dependence 6(t), should be class
C”([0,0)) and we can assume limited, and diverges at infinity (|x| = o), but
tends to zero at all space with the increased time (unless possibly 8(t)), due to the
factor et that appears in the derivative of w(t),

W _ o—t(p—t _
(16) a4 (2e 1).
In this example [, u®(x) - v(t)dx = 0,and so [, [u(x,t)|*dx — oo for t > 0,
as we wanted. Simpler it would be to choose u°(x) = 0.
Interesting to note that there is no discontinuity in velocity, no singularity
(divergence: |u| = o0), however diverges the total kinetic energy in the whole
space, [os|ul*dx — o, t > 0. We had as input data u® € L*(R?), f € L*(R? x

[0, 0)), but the solution u & L?(R? x [0,)),as p & L>(R? x [0, )).

§4

Our example obey the necessary conditions of divergence-free (V- u° = 0),
smoothness (C*) and partial derivatives of u° and f of Cux(1+ |x|)™¥ and
Comx(1 + x| + )% order, respectively. We conclude that we must have
u® € S(R3) and f € S(R3 X [0,)). To each possible u(x, t) so that (3) is true, the
external force f(x,t) and the pressure p(x,t) can be fittingly constructed, in C®

71



class, verifying (8), and in a way to satisfy all the necessary conditions, finding, this
way, a possible solution to (1), (2), (3), (4), (5) and (6), and only (7) wouldn’t be
satisfied, for t > 0, according to (10). We then show one example of breakdown
solutions to case (C) of this millennium problem. This example, however, won’t
take to case (A) from [1], of existing and smoothness of solutions, because it
violates (7) (case (A) also impose a null external force, f = 0).

An overview of the problem’s conditions is listed below (:R3 and
: R3 x [0, ) representing the respective functions domains).

v>0n=3
Jul(x):R3 smooth (C®), divergence-free (V- u° = 0)
3f(x,t):R3 x [0, 00) smooth (C*)

(4) |02u°(x)| < Core(1 + [x)7K:R3, Va,K
(5) 1020 f(x,t)| < Comx (1 + |x| + ) K:R3 x [0,0), Va,m, K
A(p,w): R® X [0,0) /

aul _ 2 dp , 3
(1) +Z] 1u]a —vVui—§+fl-(x,t),1SLS3(xER,tZO)
2) V-u=0
(3) u(x,0)=u%) (x € R®)

(6)  pu€C?(R®X[0,0))

(7)) Jpelu(x,O)|?dx < C, vt 20 (bounded energy)

It's important that we also analyse the solution’s uniqueness question. As
u®(x) and f(x, t) are given of C* class, chosen by us, and satisfying (4) and (5), i.e.,
belonging to the Schwartz space, with V-u° = 0, claim that there is no solution
(p,u) to the system (1), (2), (3), (6) and (7) might assume that we explored, or
proved to, the infinite possible combinations of p and u, i.e., of (p,u). So we need
that exists uniqueness of solution for the speed that we build, eliminating other
possible speeds for the same data used, u°(x) and f(x,t), and involving in finite
total kinetic energy.

The uniqueness of the solution (except due the pressure p(x,t) with
constant additional term or time-dependent) comes from classical results already
known, for example described in the mentioned article of Fefferman [1]: the
system of Navier-Stokes equations (1), (2), (3) it has (unique [10]) solution for all
t = 0 or only for a finite time interval [0, T) depending on the initial data, where T
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is called “blowup timée’. When there is a solution with finite T then the velocity u
becomes unbounded near the “blowup time”.

We see that the existence of our solution in the given example is guaranteed
by construction and direct substitution. Our velocity has no irregular behavior, any
regularity loss, at no time t, in none position, that becomes unlimited, infinite, even
for t - o or |x| = oo, therefore, there can be no “blowup time"in the example we
gave, therefore the solution found in the previous case is unique at all times
(unless pressure). But even if there were a finite T (in [11], [12] we see that T >
0), the uniqueness would exist in at least a small interval of time, which is enough
to show that in this time range occurs the breakdown of Navier-Stokes solutions
because it was disobeyed limited kinetic energy condition (7), making the case (C)
true.

Although only exposed one case possible for infinite energy occurring at
t > 0, when the velocity u takes the form u(x,t) = u®(x)e~t + v(t), cases more
generally of velocities v(x, t) dependent explicitly the spatial coordinates x4, x5, x3
probably occur also, with v(x,t) a vector, v(x,0) = 0, as well as the velocities of
the form u(x, t) = u®(x)v(x,t), with v(x,t) a scalar function, v(x,0) = 1, or also
other possible velocities u(x,t). A large and important research in Analysis,
Mathematical Physics and Applied Mathematics (e.g. [1], [10]-[16]).

Grateful to Professor Ricardo Rosa of the UFR] University, mathematical
expert on the Navier-Stokes equations, who explained to me about the case « = 0
and its nature of multi-index.

[]
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§1

A maneira mais simples que vejo para se provar a quebra de solugdes
(breakdown solutions) das equacgdes de Navier-Stokes, seguindo o descrito em [1],
refere-se a condicao de energia limitada (bounded energy), a finitude da integral
do quadrado da velocidade do fluido em todo o espaco.

Podemos certamente construir solucdes de

aui 3 aui 2 ap .
1 — _Ui— = vViu; — — 1 <i<3,
L oe T L1l gy, i "o Tulst

que obedecam a condicao de divergente nulo para a velocidade (equagdo da
continuidade para densidade de massa constante),

3 Oy
=1 axi

(2) divu=V-u= =0, (fluidos incompressiveis)

e a condigdo inicial
(3) u(x, 0) = u’(x),

onde u;, p, f; sdo funcdes da posicdo x € R® e do tempo t > 0,t € R. A constante
v = 0 é o coeficiente de viscosidade, p representa a pressdo e u = (uy,uy, uz) € a

3
i=1 axl-z'

velocidade do fluido, medidas na posicdo x e tempo t, com V2=V V=) A

funcao f = (f1, f2, f3) tem dimensao de aceleracdo ou forg¢a por unidade de massa,
mas seguiremos denominando este vetor e suas componentes pelo nome genérico
de forca, tal como adotado em [1]. E a forca externa aplicada ao fluido, por
exemplo, gravidade.

As fungdes u®(x) e f(x, t) devem obedecer, respectivamente,
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(4) 10%u°(x)| < C,x (1 + |x])7K sobre R3, para quaisquer a € N3 e
K e R,

e

(5) 10507 f (x,t)| < Comi (1 + |x| + t)™¥ sobre R3 x [0, ), para
quaisquera € N3, m e Ny eK € R,

com N, = {0,1,2,3, ...} (derivadas de ordem zero néo alteram o valor da fungio), e
uma solucao (p,u) de (1) para que seja considerada fisicamente razoavel deve ser
continua e ter todas as derivadas, de infinitas ordens, também continuas (smooth),
i.e.,

(6) p,u € C®(R3 x [0, x)).

Dada uma velocidade inicial u® de classe C® com divergente nulo
(divergence-free, V - u® = 0) sobre R3 e um campo de forcas externo f também de
classe C® sobre R3 X [0,), quer-se, para que uma solucdo seja fisicamente
razoavel, além da validade de (6), que u(x,t) ndo divirja para |x| = o e seja
satisfeita a condicdo de energia limitada (bounded energy), i.e.,

(7 fIR{3 |lu(x, t)|*dx < C, paratodo t = 0.

Vemos que todas as condi¢des acima, de (1) a (7), precisam ser obedecidas
para se obter uma solucdo (p,u) considerada fisicamente razoavel, contudo, para
se obter uma quebra de solugdes, (1), (2), (3), (6) ou (7) poderiam ndo ser
satisfeitas para algum t > 0, em alguma posicio x € R3, mantendo-se ainda a
validade de (4) e (5).

Uma maneira de fazer com que esta situacdo (breakdown) ocorra é quando
(1) ndo tem solucao possivel para a pressao p(x,t), quando o campo vetorial
¢:R3 x [0,0) - R3 em

a
(8) szvvzu—a—?—(u-V)u+f=¢
é ndo gradiente, ndo conservativo, em ao menos um (x,t) € R3 X [0,0). Nesse
caso, para ¢ = (¢4, P, , ¢3) ser ndo gradiente deve valer

a¢i ad’j [
ST oot )
ax]' 6xi J

€)

para algum par (i,j),1<i,j <3, x€R3 e tempo t nio negativo (para mais
detalhes veja, por exemplo, Apostoll?], cap. 10).

Se admitirmos, entretanto, que (1) tem solucdo (p,u) possivel e esta
também obedece (2), (3) e (6), a condicdo inicial u°(x) verifica (2) e (4), a forca

76



externa f (x, t) verifica (5) e u®(x) e f(x, t) sdo de classe C*, podemos tentar obter
a condi¢do de quebra de solugdes em t > 0 violando-se a condi¢do (7) de energia
limitada (bounded energy), i.e., escolhendo-se u°(x) ou u(x,t) que também
obedecam a

(10) fR3 |lu(x, t)|*dx — oo, para algum t > 0.

A descricao oficial do problema para este caso (C) de quebra de solugdes é
dada a seguir:

(C) Quebra das solugdes da Equagdo de Navier-Stokes sobre R3. Para v>0 e
dimensado espacial n = 3 existem um campo vetorial suave e com divergéncia nula
u%(x) sobre R3 e uma forc¢a externa suave f(x, t) sobre R3 X [0, o) satisfazendo

(4) |02u°(x)| < Cox (1 + |x]) ¥ sobre R3, Va, K,
e
(5) 020" f (x, t)| < Comx (1 + |x] + t) 7K sobre R3 x [0, ©), Va, m, K,

tais que ndo existe solu¢do (p,u) sobre R3 x [0, o) satisfazendo (1), (2), (3), (6) e

(7).

Vé-se claramente que podemos resolver este problema buscando
velocidades validas cuja integral do seu quadrado em todo o espaco R3 é infinito,
ou também, conforme indicamos em (8), buscando fun¢des ¢ ndo gradientes, onde
a pressdo p ndo podera ser considerada uma fungao potencial, para algum instante
t > 0. Entendemos que os a,m indicados em (4) e (5) s6 fazem sentido para
la|,m € {0,1,2,3,4, ...} e os K negativos podem ser desprezados, pois ndo limitam
o valor das func¢des u° f e suas derivadas quando |x|] = o ou t — o, com
CaK' CamK > 0.

§2

A inequacdo (4) traz implicitamente que u°(x) deve pertencer ao espaco
vetorial das fun¢des de rapido decrescimento, que tendem a zero em |x| = oo,
conhecido como espaco de Schwartz, S(R3), em homenagem ao matematico
francés Laurent Schwartz (1915-2002) que o estudou [3]. Estas fungdes e suas
infinitas derivadas sdo continuas (C™) e decaem mais rapido que o inverso de
qualquer polinoémio, tais que

(11) lim o [X]¥D%(x) = 0

para todo a = (a4, ..., a,), @; inteiro ndo negativo, e todo inteiro k = 0. @ é um
multi-indice, com a convengdo
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|ex|
(12) DY =l = @y + -+ € @ €{0,1,2,...),

x1 " 9xpn

D° é o operador identidade, D* um operador diferencial. Um exemplo de funcdo
deste espaco é u(x) = P(x)e~*”, onde P(x) é uma funcio polinomial.
Valem as seguintes propriedades [4]:

1) S(R™) é um espaco vetorial; ele é fechado sobre combinacoes lineares.

2) S(R™) é uma algebra; o produto de fungdes em S(R"™) também pertence a
S(R™).

3) S(R™) é fechado sobre multiplicacdo por polindmios.
4) S(R™) é fechado sobre diferenciagao.

5) S(R™) é fechado sobre translacdes e multiplicagdo por exponenciais complexos
(eix-g‘)_

6) fungdes de S(R™) sdo integraveis: fRn |f(x)]dx < oo para f € S(R"). Isto segue
do fato de que |f(x)|<M(1+|x|)~™*Y e, usando coordenadas polares,
Jon@ + |x)™*Vdx = € fooo(l +7r) " 1 r"1dr < o, i.e, o integrando decresce

como 2 (e (1 + r)~2) no infinito e produz uma integral finita.

Da definicio de S(R3) e propriedades anteriores vemos que, como
u®(x) € S(R*), entdo [, |[u’()|dx < [, M(1 + |x)"*dx < C fooo(l +7r)%2dr <o
e quadrando |u®(x)| e M(1 + |x|)~* chegamos a desigualdade [, [u®(x)|*dx < oo,
que contradiz (10).

Outra forma de verificar isso é que o conjunto S(R") estd contido em
LP(R™) paratodop, 1 < p < o ([5]-[9]), e em particular parap = 2 e n = 3 segue

a finitude de [, [u®(x)|*dx.

Portanto, se a condi¢do (7) for desobedecida, conforme propomos neste
artigo, sera para t > 0, por exemplo, encontrando alguma funcao u(x,t) da forma

u(v(x t), v(x,0) =1, ouu’(x) +v(x,t), v(x,0) =0,com [, |v(x,t)|*°dx > oo

e Jps [u(x, t)|?dx — oo,

§3

De fato, escolhendo u°(x) € S(R3) e f(x,t) € S(R3 X [0, »)), obedecendo-
se assim (4) e (5), lembrando-se que ndo precisamos ter u,p € S(R3 X [0, ©))
como solucdo, apenas u,p € C"°([R3 X [0,00)), entdo é possivel construir uma
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solucio para a velocidade da forma u(x,t) = u®(x)e~* + v(t), com v(0) = 0, tal
que [ [u(x, t)|?dx — oo, pois, quando [.[|u’(x)[*e™" + 2u’(x) - v(t)]dx = 0, por
exemplo, quando cada componente de u°(x) tem o mesmo sinal da respectiva
componente de v(t) ou o produto entre elas é zero ou [, u(x) - v(t)dx = 0,
teremos [, |u(x, )|?dx > nglv(t)lzdx = |v(t)|? fm@ dx — oo, com v(t) # 0,t > 0.

Também devemos escolher u, u° taisque V-u = V-u® = 0.
Em especial, escolhamos, paral <i < 3,

(13.1) u0(x) = e~ I+ D) (o x %, x5, —2%1X5),
(13.2) v;(t) =w(t) =e t(1—e™),
(13.3) u;(x, t) = ud(x)e "t + v;(t),
- ous uf
(13.4) fi(x,t) = (—u? +e t Y uf 31; +X3 117] >e g

o que resulta para p(x, t), como a Unica incégnita ainda a determinar,

ov
(14) Vp + E = 0,
e entdo
(15) p(x,t) = == (xy +x; +x3) + 0(2).

A pressdo obtida tem uma dependéncia temporal genérica 6(t), que deve ser de
classe C*([0,)) e podemos supor limitada, e diverge no infinito (|x| = o0), mas
tenderda a zero em todo o espago com o aumento do tempo (a menos
eventualmente de 8(t)), devido ao fator e ¢ que aparece na derivada de w(t),

(16) == e t(2e7 - 1).

Neste exemplo [,

t > 0, como queriamos. Mais simples ainda seria escolher u°(x) = 0.
Interessante observarmos que ndo ocorre nenhuma descontinuidade na
velocidade, nem singularidade (divergéncia: |u| — o), entretanto a energia

;u’(x) - v(t)dx =0, e assim [ ,|u(x,t)|*dx —» oo para

cinética total em todo o espaco diverge, fm@ |u|? dx — oo. Tivemos como dados de
entrada u® € L2(R%), f € L?(R3 X [0,)), mas por solugdo u ¢ L?(R3 x [0,)),
assim como p & L? (]R3 x [0, 00)), parat > 0.
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§4

Nosso exemplo obedece as condi¢des de divergéncia nula (divergence-free,
V-u® = 0), suavidade (smoothness, C*) e derivadas parciais de u° e f da ordem
de Cox(1 + |x])7% e Cpmr (1 + |x| + t)7K, respectivamente. Concluimos que deve
ser u® € S(R3) e f € S(R® X [0,)). Para cada u(x,t) possivel tal que (3) seja
verdadeira, a forga externa f(x, t) e a pressdo p(x,t) podem ser convenientemente
construidas, na classe C®, verificando (8), e de modo a satisfazerem todas as
condi¢des necessarias, encontrando-se assim uma solu¢do possivel para (1), (2),
(3), (4), (5) e (6), e apenas (7) nao seria satisfeita, para t > 0, conforme (10).
Mostramos entdo um exemplo de quebra de solucdes para o caso (C) deste
problema do milénio. Este exemplo, entretanto, ndo leva ao caso (A) de [1], de
existéncia e suavidade das solugdes, justamente por violar (7) (O caso (A) também
impde que seja nula a forca externa, f = 0).

Um resumo das condi¢des do problema esta listado abaixo.

v>0n=3
Ju°(x):R3 smooth (C®), divergence-free (V- u° = 0)
3f(x,t): R3 x [0, ) smooth (C*)

(4) 105 u’()] < Cax (1 + [xDF:R?, Va, K

(5) 020 f (x,t)| < Comr (1 + x| + ) K:R3 X [0,0), Va,m, K

A(p, u): R® X [0, 00) /

1) B4y 1u,a M vVZui—s—i+ﬁ(x,t),1 <i<3 (xe€R%t>0)
() V-u=0

3)  u(x0) =u(x) (x€R3)

(6) pu€C?(Rx[0,00))

(7)) fpslu(x, O)|?dx < C, vt =20 (bounded energy)

E importante analisarmos também a questdo da unicidade das solucées.
Como u®(x) e f(x, t) sdo dados, escolhidos por nés, de classe C* e satisfazendo (4)
e (5), i.e, pertencentes ao espa¢o de Schwartz, com V- u® = 0, afirmar que ndo
existe solucdo (p,u) para o sistema (1), (2), (3), (6) e (7) pode pressupor que
exploramos, ou provamos para, as infinitas combinag¢des possiveis de p e de u, i.e.,
de (p,u). Sendo assim, precisamos que haja unicidade de solu¢do para cada
velocidade que construimos, o que elimina outras velocidades possiveis para os
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mesmos dados utilizados, u°(x) e f(x,t), e que implicassem em energia cinética
total finita.

A unicidade da solucao (a menos da pressao p(x,t) com o termo adicional
constante ou dependente do tempo) vem dos resultados classicos ja conhecidos,
descritos por exemplo no mencionado artigo de Fefferman [1]: o sistema das
equacoes de Navier-Stokes (1), (2), (3) tem solugdo (Unica [10]) para todot =0
ou apenas para um intervalo de tempo [0, T) finito dependente dos dados iniciais,
onde T é chamado de “blowup timée’. Quando ha uma solugdo com T finito entdo a
velocidade u torna-se ilimitada proxima do “blowup time”.

Vemos que a existéncia de nossa solucdo, no exemplo dado, estd garantida
por construcao e substituicdo direta. Nossa velocidade nao apresenta nenhum
comportamento irregular, em instante t algum, em posicao alguma, que a torne
ilimitada, infinita, nem mesmo para t - o ou |x| = o, sendo assim, ndo pode
haver o “blowup time” no exemplo que demos, portanto a solu¢do encontrada no
caso anterior é Unica em todo tempo (a menos da pressdo). Mas ainda que
houvesse um T finito (em [11], [12] vemos que T > 0), a unicidade existiria em
pelo menos um pequeno intervalo de tempo, o que ja é suficiente para mostrar que
neste intervalo ocorre a quebra das solucbes de Navier-Stokes por ser
desobedecida a condi¢do de energia cinética limitada (7), tornando o caso (C)
verdadeiro.

Embora sé tenhamos exposto um caso possivel para ocorréncia de energia
infinita em t > 0, quando a velocidade u toma a forma u(x, t) = u®(x)e™t + v(t),
casos mais gerais de velocidades v(x,t) dependentes explicitamente das
coordenadas espaciais xq, X, x3 provavelmente ocorram também, v(x,t) um vetor
com v(x,0) = 0, assim como para as velocidades da forma u(x,t) = u®(x)v(x, t),
sendo v(x,t) uma funcdo escalar com v(x,0) =1, ou ainda outras possiveis
velocidades u(x,t). Uma vasta e importante pesquisa em Andlise, Fisica-
Matematica e Matematica Aplicada (por exemplo, [1], [10]-[16]).

Grato ao professor Ricardo Rosa da UFR], matematico especialista nas
equacdes de Navier-Stokes, que me explicou sobre o caso a = 0 e sua natureza de
multi-indice.

l
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09 - Three Examples of Unbounded Energy for t > 0

Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

We have different gifts, according to the grace given to each of us.
If your gift is prophesying, then prophesy in accordance with your faith;
if it is serving, then serve;
if it is teaching, then teach;
if it is to encourage, then give encouragement;
if it is giving, then give generously;
if it is to lead, do it diligently;
if it is to show mercy, do it cheerfully.
Love must be sincere. Hate what is evil; cling to what is good.
(Romans 12, 6-9)

Abstract - A solution to the 6t millenium problem, respect to breakdown of
Navier-Stokes solutions and the bounded energy. We have proved that there are
initial velocities u°(x) and forces f(x, t) such that there is no physically reasonable
solution to the Navier-Stokes equations for t > 0, which corresponds to the case
(C) of the problem relating to Navier-Stokes equations available on the website of
the Clay Institute. Three examples are given.

Keywords — Navier-Stokes equations, continuity equation, breakdown, existence,
smoothness, physically reasonable solutions, gradient field, conservative field,
velocity, pressure, external force, unbounded energy, millennium problem,
uniqueness, non uniqueness, 15t Problem of Smale, blowup time.

A great effort and expectation were used in this article, relying on the uniqueness of solutions for
the velocity in at least a small time interval, which I later found not to be true. Yet it still contains
several good results, despite the multiplicity of solutions.

The uniqueness mentioned by Leray, Ladyzhenskaya, Temam, etc. refers to the inclusion of
boundary conditions, for example, velocity equal to zero at infinity. February-03-2017.

Um grande esforco e expectativa foram usados neste artigo, baseando-se na unicidade de solucées
para a velocidade ao menos em um pequeno intervalo de tempo, que posteriormente verifiquei nio
ser verdade. Mesmo assim ele ainda contém vdrios bons resultados, a despeito da multiplicidade de
solugées.

A unicidade mencionada por Leray, Ladyzhenskaya, Temam, etc. refere-se a inclusdo de condicoes
de contorno, por exemplo, velocidade igual a zero no infinito. 03/02/2017.
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§ 1 - Introduction

The second way I see to prove the breakdown solutions of Navier-Stokes
equations, following the described in [1], refers to the condition of bounded
energy, the finiteness of the integral of the squared velocity of the fluid in the
whole space.

We can certainly construct solutions for
aul _ 2 dp .
(1) +Z] 1u]a vVeu; axi+fi,13153,

that obey the condition of divergence-free to the velocity (continuity equation to
the constant mass density),

3 0y

(2) divu=V-u= =13,

=0, (incompressible fluids)

and the initial condition
(3) u(x, 0) = u’(x),

where u;, p, f; are functions of the position x € R3 and the time t > 0,t € R. The
constant v> 0 is the viscosity coefficient, p represents the pressure and
u = (uq,uy,uz) is the fluid velocity, measured in the position x and time t, with

V2=V-V=33 1a 7 The function f = (f}, f,, f3) has the dimension as acceleration

or force per mass unit, but we will keep on naming this vector and its components
by its generic name of force, such as used in [1]. It's the externally applied force to
the fluid, for example, gravity.

The functions u°(x) and f (x, t) must obey, respectively,

(4) |0%u°(x)| < Co (1 + |x]) % on R3, forany @ € N} and K € R,
and
(5) 10507 f (%, t)| < Comi (1 4 x| + )™ on R® x [0,), for any

a € N3, m € Nyjand K € R,

with N, = {0,1,2,3, ...} (derivatives of order zero does not change the value of
function), and a solution (p,u) from (1) to be considered physically reasonable
must be continuous and have all the derivatives, of infinite orders, also continuous
(smooth), i.e,,

(6) p,u € C®(R3 x [0, )).

Given an initial velocity u® of C* class, divergence-free (V- u° = 0) on R3
and an external forces field f also C® class on R3 X [0, ), we want, for that a
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solution to be physically reasonable, beyond the validity of (6), that u(x,t) does
not diverge to |x| = oo and satisfy the bounded energy condition, i.e.,

(7) Jgs [u(x, ©)]?dx < C, forall ¢ > 0.

We see that every condition above, from (1) to (7), need to be obeyed to get
a solution (p,u) considered physically reasonable, however, to get the breakdown
solutions, (1), (2), (3), (6) or (7) could not be satisfied to some t > 0, in some
position x € R3, still maintaining (4) and (5) validity.

A way to make this situation (breakdown) happens is when (1) have no
possible solution to the pressure p(x,t), when the vector field ¢: R3 x [0, 0) —» R3
in

(8) Vp=vV2u—3—1;—(u-V)u+f=¢)

is not gradient, not conservative, in at least one (x,t) € R3 x [0, ®). In this case, to
¢ = (¢4, P2, P3) not to be gradient, it must be
9¢; , 09;

S LF]

©) oxj 0x;

to some pair (i,j),1 <i,j<3,x€ R3 and time t not negative (for details check,
for example, ApostollZ], chapter 10).

If we admit, however, that (1) has a possible solution (p,u) and this also
obey (2), (3) and (6), the initial condition u°(x) verifies (2) and (4), the external
force f(x,t) verifies (5) and both u°(x) and f(x, t) are C* class, we can try get a
breakdown solutions in t > 0 violating the condition (7) (bounded energy), i.e.,
choosing u°(x) or u(x, t) that also obey to

(10) Ja [u(x, )[?dx — o0, for some ¢ = 0.

The official description of the problem to this (C) case of breakdown
solutions is given below:

(C) Breakdown solutions of Navier-Stokes on R3. Take v > 0 and n = 3. Then there
exist a smooth and divergence-free vector field u°(x) on R® and a smooth external
force f(x,t) on R3 X [0, ) satisfying

(4) 105u° ()] < Coe(1 + |x])® on R3, Vo, K,
and
(5) |02 f (x,t)| < Comix (1 + |x| + t) "% on R3 X [0, ), Va, m, K,
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for which there exist no solutions (p, ) of (1), (2), (3), (6), (7) on R3 x [0, o).

It's clear to see that we can solve this problem searching valid velocities
which the integral of its square in all space R3 is infinite, or also, as shown in (8),
searching functions ¢ non gradients, where the pressure p won'’t be considered a
potential function to some instant t > 0. We understand that the @, m shown in (4)
and (5) just make sense to |a|,m € {0,1,2,3,4,...} and the negatives K can be
neglected because it does not limit the value of functions u°, f and its derivatives
when |x| = o or t = oo, with C,g, Comr > 0.

§ 2 - The Schwartz Space S

The inequation (4) brings implicitly that u°(x) must belong to the vectorial
space of rapidly decreasing functions, which tend to zero for |x| — oo, known as
Schwartz space, S(R®), named after the French mathematician Laurent Schwartz
(1915-2002) which studied it [3]. These functions and its derivatives of all orders
are continuous (C®) and decrease faster than the inverse of any polynomial, such
that

(11) lim o [X]¥ D% (x) = 0

for all @ = (a4, ..., @), @; non negative integer, and all integer k > 0. « is a multi-
index, with the convention

alal

a1 an |
gt .o

(12) D* = al=a;++a,a €{0,1,2,..}

DY is the operator identity, D® is a differential operator. An example of function of
this space is u(x) = P(x)e™¥°, where P(x) is a polynomial function.

The following properties are valid [4]:
1) S(R™) is a vector space; it is closed under linear combinations.

2) S(R™) is an algebra; the product of functions in S(R™) also belongs to S(R™)
(this follows from Leibniz’ formula for derivatives of products).

3) S(R™) is closed under multiplication by polinomials, althrough polynomials are
notinS.

4) S(R™) is closed under differentiation.

5) S(R™) is closed under translations and multiplication by complex exponentials
(eix{)_
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6) S(R™) functions are integrable: fRn |f (x)]dx < oo for f € S(R™). This follows
from the fact that |f(x)| <M1+ |x])"™*D and, using polar coordinates,
Jon @ + X))~ Vdx =C fooo(l +7r) ™ 1" ldr <o, e, the function |[f]
decreases like 72 (and (1 + r)~2) at infinity and a finite integral is produced.

By S(R3) definition and previous properties we see that, as u°(x) € S(R?),
then [0, [u®()|dx < [, M(1+ [x])"*dx < Cfooo(l +7)"2dr <o and squared
[u®(x)| and M(1+ |x[)™ we come to the inequality [, |u’(x)|*dx < oo, that
contradicts (10).

Another way to check this is that the set S(R") it is contained in L? (R") for
all p, 1 <p <oo ([5]-[9]), and in particular for p =2 and n = 3 follows the

finiteness of [, [u®(x)|*dx.

Therefore, if the condition (7) is disobeyed, as we propose in this article,
will be for t > 0, for example, finding some function u(x,t) like u®(x)v(x,t),

v(x,0) =1, or u’(x)+v(xt), v(x,0)=0, with [,|v(x,t)]?dx > and

Ji I, ) 2dx > .

§ 3 - Example 1

Really, choosing u°(x) € S(R®) and f(x,t) € S(R3 X [0,)), obeying this
way (4) and (5), remembering that we do not need have u,p € S(R3 X [0,)) as a
solution, but only u,p € C*(R3 X [0, ©)), then it is possible to build a solution to
the velocity like wu(x,t) =u’(x)e”t+v(t), with v(0)=0, such that

Jgs [u(x, t)|?dx > o, because when [ .[|u®(x)[*e™" +2u’(x) - v(t)]dx = 0, for
example, when each component of u°(x) has the same sign of the respective
component of v(t) or the product between them is zero or fm@ u®(x) -v(t)dx =0,
we will have [0, [u(x, t)|?dx = [p|v()|?dx = [v()|? [os dx — oo, with v(t) # 0,

t > 0. We must also choose u,u® suchthat V-u=V-u° = 0.

In particular, we choose, for 1 < i < 3,

(13.1) u®(x) = e~ I+ (o xo %, X3, —2X1%5),
(13.2) vi(t) =w() =et(1-e™),
(13.3) u(x, t) = ud(x)e t + v;(t),
0
134 fin0 = (el et T 2 35,y S vvu) e
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which results to p(x,t), as the only unknown dependent variable yet to be

determined,
ov _
(14) Vp + E = 0,
and then
(15) p(xt) = =2 (x; + x5 + X3) + O(D).

The resulting pressure has a general time dependence 6(t), should be class
C”([0,0)) and we can assume limited, and diverges at infinity (|x| = o0), but
tends to zero at all space with the increased time (unless possibly 8(t)), due to the
factor et that appears in the derivative of w(t),

(16) = e t(2e7t - ).
In this example [, u®(x) - v(t)dx = 0,and so [, [u(x,t)|*dx — oo fort >0,
as we wanted. Simpler it would be to choose u°(x) = 0.

Interesting to note that there is no discontinuity in velocity, no singularity
(divergence: |u| = o0), however diverges the total kinetic energy in the whole

space, [pq|u|>dx — oo, t > 0. We had as input data u® € L>(R®), f € L3(R3 x
[0, 0)), but the solution u ¢ [*(R3 % [0,%)),asp & L2(R® x [0, ).

§ 4 - Example 2 - General Idea

Another interesting example, using the same previous initial velocity, but
making v explicitly depend on the position coordinates x4, x, in the direction e, e,,
besides time t, and be equal to zero in the direction e;, with v(x,0) =0,V -v =0,
v Z 0 (v not identically zero), and also obeys all the conditions (1) to (6), is, for
1<i<3,

(17.1) u0(x) = e~ CIHXEHX3) (3, x5 3, X3, — 22, %,),
(17.2) v(x,t) = e tw(x,t),
(173) W(x! t) = (Wl(x11x21 t)l Wy (x11x21 t)' 0);
w(x,0)=0,V-w=0 wg=v3=0, w£0,
(17.4) u;(x,t) = uf (e~ + vy(x, 1) = [w) (x) + wilx, t)]e ™",
- ou) aw; u) _
(17.5) filx, t) = (—u? +e 'y [ alx,- +u) a—‘:j + w; alxj] — vVZu?> et
_(_.0 3 -t 00u | 0dvi  dult Ty o)\ _¢
_( u; + Xj=1le” ox, + u; ax]-+vf 6x]-] 1% ui>e ,
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which results for p(x, t) and v(x, t), as unknowns still to be determined,

o 4 Wiy 3

avi 2
— = vV,
axj v

the Navier-Stokes equations without external force.

We know that for n = 2 the equation (18) has a solution whose existence
and uniqueness is already demonstrated ([10]-[13]), therefore, we will transform
our three-dimensional system (18) in a two-dimensional system in v, which offers
as solution a pressure p and a velocity v, a priori, with spatially two-dimensional
domain, i.e,, in the variables (x4, x,, t). Resolved, by hypothesis, the equation (18)
above, with v(x,0) =0, V-v =0, but v not identically zero, we add the third
spatial coordinate vz = 0 in the definitive solution for u(x,t), spatially three-
dimensional, in (17.4), and calculate the external force in (17.5). Choosing
v € S(R? x [0, %)) or v polinomial, sine, cosine or their sums to be used in (18),
we guarantee that f € S(R3 x [0, ©)), obeying up (5), with u°® € S(R?), according
(4). Making v limited in module (norm in Euclidean space) we make that u not
diverge at |x| = oo, which is a physically reasonable and desirable condition in [1].
Then build a velocity v not identically zero, with v(x,0) = 0, V-v = 0, such that it
is relatively simple to solve (18), which is limited in module, can (preferably) go to
zero at infinity in at least some situations and can be integrated in R?, itis C® class
and satisfies (5).

Equation (18) also admit a general time dependence to the pressure that is
of the form

(19) p(x,t) = pi(xq1,x5,8) + 0(t), x € RS,

i.e., besides the conventional solution p; to the pressure of the two-dimensional
problem of the Navier-Stokes equations (18) in the independent variables
(x1,x5,t), add to p a generic parcel 6(t) only dependent on the time and/or a
constant as the definitive pressure solution in the original three-dimensional
problem, as we have seen in (15).

The infinitude of the total kinetic energy in this second example, occurs due
to the integration of a two-dimensional function (Jv|? or |w|?) not identically zero
in the infinite three dimensional space (R®).

The total kinetic energy of the problem is, for v = e ~tw,

(20) Ja lulPdx = [s(e7?[u|? + 27U’ - v + [v|*)dx

= et [([u°)? + 2u® - w + |w|?)dx.
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Although [ ,(Ju’|* + 2u® - w)dx is finite, by the properties of functions

belonging to the Schwartz space and integrable (the case u® = 0 is elementary),
the third parcel in (20) will be infinite in R3 for v,w # 0, though the function can
converge and be finite in R?, that is, if |v| is not identically zero and ¢t > 0,

(21) Jys I012dx = [*7 (fo I01Pda) doxg = C, [ dox; — o0,

hence, for strictly positive and finite ¢,

(22) Jgs ul?dx = o0, t > 0,v £ 0,

the violation of condition (7).

§ 5 - Example 2 - Exact Solution

Let us now solve (18) explicitly, first in the domain R? X [0, ). In the
example 3 your domain will be R3 x [0, ©). We show that a solution of the type

(23) v(x1, X2, t) = (X (%1 — x2)T (1), X(xq — x2)T (1)),

with a given pressure such that

o _ _ 9 _ _
(24) o ox, aQ(x; — x2)R(t) + b,
a,b constants, a # 0,Q a function of the difference of the spatial coordinates, R a
function of time, Q, R not identically zero functions, solve (18) and eliminate the
non-linear term, in which case if T(0) = 0 resolves (17) and the original system
(1), (2), (3). X and T not identically zero, of course.

Ifv; = v; = V in (18), we have to the nonlinear terms

3 OV
j=1ax]-'

(25) 3 avi

i _y3 OV _
1=1v16x]-_ J=1V6xj VZ

Doing Z}’?:l;—rf = 0 in (25) eliminates the nonlinear term, equality which is

true when the necessary condition incompressible fluid imposed by us, V-v = 0,

is satisfied, i.e.,

ov; 3 av
2 3 i y3 7
( 6) i=1 axi Jj=1 ax]

Defining V(x,t) = X(E(x))T(t), with x € R", then

90



(27)

ax a B
g = TO T T2 = TO T X (O 52 = TOX O T 5.2
Functions &(x) such that Z}?zlaf(x)—O then result in Y7 ,-— s =0,
ox;j Ox;

according (27), following the example of { = x; — x, in spatial dimension n = 2, as
it was used in (23).

Substituting (24) in (18), already no nonlinear terms Z, 117]2 and for
simplicity makinga = 1,b = 0, comes

(28) Q(x, — x,)R(D) + 2 = vV?V,

with V = X(x; — x3)T(t). We thus transform a system of n partial differential
equations nonlinear in a single linear partial differential equation.

Defining £ = x; — x,, equation (28) becomes

(29) QR + X(§) 5 = VIV2X ()

We want to get a function T'(t) such that T(0) = 0, in order thatin t = 0 we
have v(x,0) =0, according (23). Let us choose, for example, among other
possibilities endless,

(30) Tt)=(1—-eHe™,
limited functioninrange 0 < T'(t) < 1, t = 0, going to zero for t — oo.

Thus, by (29), with

ar

(31) — = e (et - 1),
comes
(32) QORM) +X(He~(2e™ = 1) =v(1 — e e " V2X({).

Defining Q(¢) = X(£) in (32), to separate our equation with the traditional
method of separation of variables used in D.P.E. theory,

(33) [R(t) + e (et = D]X(E) =v(1 — e H)e tVEX ().

The linear partial differential equation (33) may be resolved by some
alternative combinations:

(34) {R(t) +et(2e~t—1) = +v(1 — e~t)et

X(§) = 1V?X (&)
or
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{R(t) +etRet-1)=4+(1—-ebHet

(35) X(©) = +vVPX(8)

or more generally, withv; -v, =v >0, v4,v, >0,

{R(t) +etRet—1)=4v,;(1—e et

(36) X(©) = +v,V2X ()

The differential equation of second order in X, depending on which of the
signals we use to =+, leads us to the Helmholtz equation (negative sign) or a moving
steady state governed by Schrodinger equation independent of time (positive
signal or negative).

Not intending to use any specific boundary condition for X(¢) and we do
make use of series and Fourier integrals, we choose here the negative sign in +
(the option should be the same in both equations system), and let us make X be a
trigonometric function, sum of sine and cosine in ¢, i.e,,

(37) X(&) = Acos(Bé) + C sin(D¢E).

With ¢ = x; — x, we have

(38) VX = (;7 + %) [A cos(BE) + C sin(DE)]
= % [A cos(BE) + C sin(DE)] + % [A cos(BE) + C sin(D&)]
= —2[AB? cos(BE) + CD? sin(D¥)].
From X(§) = —v,V2X(&) in (36) comes

1 1
(39 V2 = 57 = 5w V1 = 2B%v = 2D%, |B = |D|,

whatever the values of A and C (if A = C = 0 or B = D = 0 we have the trivial and
unwanted solution v(x, t) = 0).

The solution for R(t) obtained is then, using v; = 2B?v given in (39) and
the negative sign in (36),

(40) R(t) = —e ' [2B*v(1 —e ") + 2e7t — 1],
being R(0) = —1.

From (23), (30) and (37) comes up as a possible solution, for x € R? and
implicitly introducing the third coordinate space v; = 0 into v, to

(41) v(x,t) = X(x; — x,)T(t)(1,1,0)
= [A cos(B¢) + C sin(£B&)](1 — e YHe™t(1,1,0),
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which as we can see is not actually a single solution for speed, because of the
endless possibilities that we had to set the time dependence T(t), as well as the
temporal dependence X(¢), & = x; — x,, beyond the arbitrary constants 4, B, C in
(41). Even without uniqueness of solution, it meets the requirements we expected:
it is limited, continuous of class C®, equal to zero at the initial time, tends to zero
with increasing time, and has divergent null (V- v = 0). Furthermore, when used
in the expression (17.5) obtained for the external force, it does not remove to the
force f the condition that belong to Schwartz space in relation to space R® and to
the time, i.e.,, f € S(R3 X [0, ©)), as can be shown of the S properties that we saw in
section § 2 above.

The pressure is obtained by integrating (24) with respect to the difference
& =x; —xy,witha=1,b=0,Q(¢) = X(¢) and R(¢t) given in (40),

(42) p(x,t) = po(t) = R(®) J; Q©)d§
= —e '[2B?v(1 —e7t) + 2e7t — 1] S(%),
S(@) = £[sin(BE) — sin(B&o)] £ 5 [cos(£BE) — cos(£B&,)],

where ¢ is the surface ¢ = ¢, and where the pressure is py at time t. Again we see
that this solution is not unique, not only due solely to the function py(t) and
respective &,, but also because of the arbitrary constants A and B, the signal +,
beyond from the way R(t) and Q(¢) were obtained, with a certain freedom of
possibilities. py(t) substitute the function 6(t) used in (15) and (19), our generic
function of time, or a constant, which must be class C* ([0, ©)) and we can assume
limited.

Completing the main solution (p, ) that we seek to equation (1), we finally
have

(43) u(x, t) =ul()e t + v(x, t),
with u®(x) given in (17.1), v(x, t) in (41) and f(x, t) in (17.5).

The velocity (secondary) v we choose makes the velocity (main) u a
function with some properties similar to it: u it is limited oscillating, contains a
sum of sine and cosine of a difference in spatial coordinates and decays
exponentially over time, or does, not belong to a Schwartz space over the position,
nor is square integrable (violating so the inequality (7) in ¢ > 0), but is continuous
of class C* and does not diverge when |x| — co. Their behavior in relation to
X1 — X, and the divergence of the total kinetic energy obviously not withdraw of
f(x,t) the condition to be pertaining to S(]R3 x [0, 00)), equivalent to inequality
(5), since it only depends on u°(x) and v(x, t). We also have v(x,0) =0, Vv = 0,
v € C*(R3 x [0,)), the validity of (1), (2), (3), (4) and (6), u(x,0) = u(x), u® €
S(R?), withV-u = 0andu € C*(R® x [0, »)), as we wanted.
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§ 6 - The non uniqueness in n = 2 spatial dimension

What's with the proofs of uniqueness of solutions of the Navier-Stokes
equations in spatial dimension n = 2?

Not possible to examine all the available proofs, you can at least understand

that such proofs should not take into account the absence of the nonlinear term in
. : ou; . . .

the Navier-Stokes equations, Z’]Lluja—z; = ((u-V)u);, 1 <£i<n, and it was this

lack that we use in our second example.

Similarly to this cause, also realize that different equations of the type
Navier-Stokes equations with the absence of one or more terms of their complete
equation, and which nevertheless have the same initial condition u(x, 0) = uo(x),
will probably, in the general case, different solutions u(x,t) among them, and so
there can be no uniqueness of solution from the full Navier-Stokes equation, with
all terms. If all always presented the same and only solution would suffice for us to

solve the simplest of them only, for example, Vp = —2—1; ou Vp = vV?u (Poisson
Equation if Vp # 0 or of Laplace if Vp = 0) or % = vV?u (Heat Equation with
Vp = 0), all with u(x, 0) = u°(x), and check if the sum of the other missing terms is
zero to apply the solution u obtained in the reduced equation. If so, the solution of
the reduced equation is also solution of the complete equation. Important example
of this absence are the Euler equations, which differ from the Navier-Stokes

equations by the absence of differential operator Laplacian applied to u, V?u = Au,
due to the viscosity coefficient be zero, v = 0.

It is easy to prove that the above three equations, as well as the equation

] : . : o
Vp + a_lz = vV?u, not may actually have a unique solution, given only the initial
condition for velocity u(x,0) = u°(x). On the contrary, the complete form of the

: . ou;
Navier-Stokes equations, where we assume that }7_; u; a—zl =((u-Vyu); £#0, 1 <
j

i < n, it has uniqueness of solution for n = 2 and at least a short period of time not
null [0,T] for n = 3, where T is known as blowup time. Let us add all of these
equations the condition of incompressibility, V- u = 0.

This is so an interesting problem of Combinatorial Analysis applied to
Mathematical Analysis and Mathematical Physics.

§ 7 - Uniqueness in n = 2 spatial dimension

We found in section § 5 that the system
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( o _ o2
|Vp+at—vVv

(44) 4 v V)vr=0
V-v=0
L v(x,0) =0

has infinite solutions to the velocity of the form

(45) v(x, t) = X(OT®)(L,1),§ =x — xz,

with T(0) = 0, however there are known proofs of the uniqueness of

Vp+%+(v-v)v=vvzv
(46) V-v=0
v(x,0) =0

contradicting what we got.

No need to linger in the known proofs, exposing all its details, repeating his
steps, you can be seen in Leray [10], Ladyzhenskaya [11], Kreiss and Lorenz [14],
among others, that the proofs of existence and uniqueness are based on the
complete form of the Navier-Stokes equations, for example (46), and not in a
dismembered form of the Navier-Stokes equations, as (44).

The Navier-Stokes equations without external force with n = 2 are (using
X=x;andy = x,)

d ou du ou
Pt b 2y, ot = WPy
ax at dx ay
@7 I Bz gy, By, B2 = 2y
ay | ot 1 ax 29y — 2
We can dispose the system up in a similar form to a system of linear
equations,
ou ou a du
u1_1+u2_1:VV2 1~ P —
ox dy a at
(48) ou ou 0 u
U —+ 2 = yV2y, — 2 -2
1 ax 2 3y 2 9 at

and then in the form of a matrix equation,

ou; OJduq 2 dp Oduq
_— — u1 vV ul—a—w
(49) ox dy _
Oup dup w2y, 22 _duz |
Ox oy Uz 27 3y at
Calling
oy ow
| ox dy
(50) A - 6u2 6u2 ’
ax ay
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Uq
(51) U= ( )
U;

(52) B = ;

the solution for U of the equation (49), AU = B, is
(53) U=A1B,

that for its existence and unique solution must be

aul auz 6u1 auz

(54) detA ZEE—EE:F 0,

that is,

(55) au1 auz aul auz
ox dy oy ox’

rule should also be obeyed for t = 0 (again can lead us to cases (C) and (D) of [1]
applying the method in matrix 3 X 3, i.e,, n = 3, however, with appropriate choice

of p or du/dt the system will be possible).

If we use the condition of incompressibility V-u = 0,

6u1 auz _
s6)  Za4laog,
i.e.,

ou _ _ous
(57) = oy

becomes the condition (55) in

_ @)2 dus 9
(58) (6y * oy ox’

or equivalently,

aul 2 aul auz
(59) - (g) R

Since this condition must be valid for all ¢, in t = 0 must obey to

2 ouf oul

oul
(60) _(E) * dy Ox
and
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2

LA LT
(61) (ay * oy ox’

usingu(x,y,0) = u°(x,y) = W(x, ), ud(x,y)).

If the initial velocity u° is such that either disobeyed (60) or (61) then
either there is no solution to the system (47) (impossible system) or there will be
a non-unique solution (indeterminate system), as in theory linear systems.

Defining
3] ou ou
iy, -2 T
(62) U. = x at dy
1 2 op Ou, Ouy
WUy ————= —
dy at dy
and
ou 3] u
o Wm—g- g
63) U, =
( 2 ou, op duy |
—2 YWy, ————2
ox dy at
the solution for u;, u, will be
_ det Uq
(64) U= det A
and
_ det U2
(65) Uy = oo
Being
Jdp Ou ) ou ( ap auz) ouq
_ 2,, _Op 0u;\o0u; 2, _ Op _Ouz)du,
(66) detU; = (VV W~ " a0 5 vVeu, 3 ot ) oy
and
dp Ou ) ou ( ap 6u1) ou,
_ 2, _Op Ouz\du; 2, _0p_ 0us\0uz
(67) detU, = (vV Y2 =% " ot ) ox vV = o T o) o

with det A given in (54), then we have

dp Ouq) dup dp Oup)\ duq
ey, _ (7R R) % (w22 52 2

dx ot /] oy dy at /) oy
(68) ul - det A - aul auz _aul auz
dox 0Jy dy O0x
and
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dp Oup) duq dp 0duq) duy
ey _ (BB (32 B e

_ ox
(69) U2 = Geta — Juy dup _ duy Jup '

Using the incompressibility equation in the determinant of 4,

(szul— a_p _%)aﬂ — (szuz_a_p _%)%

- dox at / oy dy at / oy
(70) U = (6u2)2 duq duy
dy dy 0dx
and
7] dup) ou 7] duq) du
2 __P__Z)_l_( 2 __P__l)_z
1) " = — (VV U2~ 3y "3t ) ax WV M 5" 50 ) ax
2 (aul)z duq Ouy )
dx dy 0x

It is true that the solutions (equations) above are as or more complicated as
the original equations (47), and seems there no use whatsoever in resolving them.

But this complicated form can be reached with more certainty to the
following conclusion: the Navier-Stokes (and Euler) equations have a symmetry
between the variables, both dependent as independent. The same can also be
realized directly in (47).

The symmetry in this case of n = 2 is
(72.1) U © U,
(72.2) xXey
p and t being unchanged:
(73.1) pep
(73.2) t ot

This suggests, if not completely solves, the question of the solution of these
equations. If the equations themselves are symmetrical with respect to certain
transformations, so we hope that their solutions are also under these
transformations. The same method can be applied also for n > 3, with the rule

(e.g)

(74.1) Ui 2 Ujpq, Upyr = Uy,
(74.2) Xi B Xit1, Xny1 = Xq,
(743)  ponp,
(74.4) tot
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In this case it is necessary that the initial condition u(x,0) = u°(x) also
obey these symmetries, but remains unchanged the condition of incompressibility:

ou; 6u
Z?=1 axl Z? 1 ox

If we provide u,(x,y,t) as input data in our system then we can conclude
that the solution for u;, supposedly symmetrical to u, by the rule (72) previous, is

(75) u (x, y,t) = uy(y, x, t),

i.e,, we exchange x by y, and vice versa, in the solution previously given for u, and
we equate to u; the result of this transformation. Lack get the pressure p or else if
it has also been given, check that the variables u;, u,, p really satisfy the original
system.

The general form of the solution to the pressure p, which must satisfy

(76) Vp + + (u-V)u = vy,
is
(x.y) 0
(77) p—po(t) = [ [vVPu— 35— (u- Vul-dl,

where we assume that in the position (x,y) = (xq,y,) and at the instant t the
pressure is equal to py(t). The integration occurs in any way between (x,, y) and
(x,v), because the pressure should be a potential function of the integral of (77) in
order that (47) has solution.

It is also expected that p be symmetric with respect to variables x and y, in
other words,

(78) p(x,y,t) =p(y,x,t),

as well as in 3 dimensions, using x = x4,y = X,z = x3,

(79) p(x,y,z,t) =p(,zxt) =p(zxYy,t).

Of course (74), (75), (78) and (79) implicitly admits that we have
rectangular symmetry in the initial and contour conditions of the system. Since this
symmetry does not occur, for example, have another type of symmetry, spherical,
cylindrical, or even none symmetry (general case), the equalities (74), (75), (78)
and (79) do not need to be met. Thus, the solution for the case that there is none
symmetry is still a problem to be solved, assuming that there is at least one
solution (when the system is possible; as we said, it can be proved that the system
is always possible, for example, with appropriate choice of p or du/dt).

Finally then developed the foregoing, our example 3, which seeks a unique
solution to the Navier-Stokes system with n = 3, all terms of the equation, nonzero
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external force, and provides infinite total kinetic energy to the system (1) to (6) in
t > 0 will be based on the example 2, but again need to resort to the absence of
non-linear term in the equation auxiliary with n = 3. Since (18), the Navier-Stokes
equation without external force, has as initial condition the zero initial velocity, the
only possible velocity for your solution with all the terms is also the zero velocity
due to the uniqueness of the solutions in the form complete this equation
(abstracting constant generic pressures and/or time functions), solution that does
not interest us. So, we need again that (18) does not have the non-linear term. The
uniqueness of the main equation solution in three dimensions, however, at least in
short time, is guaranteed because it contains all terms (again, except for not unique
pressure), including the applied external force (which itself depends of not unique
solution of the auxiliary equation with n = 3).

§ 8 - Example 3

The third example is a generalization of the example 2, with the velocity
components v, and v; proportional to the component v,,

(80.1) vy = X(OT(E), £ =x1 +-x; — 2%x3, a#0, B#0,
(80.2) vy = avy,
(80.3) vs = Bvy,

a and [ non-zero constant. We could also use other coefficients combinations in
the variables x; in &, whenever V- (§I) = 0, with I = (1,1,1). In the example 2 we
usea =1, f =0.

We will choose the components of the initial velocity u® with some property
of symmetry. It is not easy to think of not constant velocities with symmetrical
components u and simultaneously whose divergent V- u° is null. The velocities

with symmetry which the i-th component does not contain the i-th coordinate
. . . I . ouy .
space, for all i (natural) in 1 < i < n, fulfill this requirement: a—ul = (. Alternatively

Xj
we can use the known vector equality V- (V X A) = 0, ie, choosing a vector u° that
has a potential vector 4, i.e, u® = V X A. So we choose primarily a vector A that has
the symmetry properties we expect.

Be A = (A,,A,,A3) the potential vector we want. Doing A; = A, = A; =

e—T'

* with 72 = x2 + x2 + x2, the value assigned to the initial velocity u°(x) will be
(81) UO(x) =rot A = 27" (—xp + X3, —X3 + X1, —X1 + X3).

Following the equations 17 of Example 2, let us now for x € R3,
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(82.1) v(x,t) = e tw(x,t),

(822) W(x, t) = (Wl(x1)x2;x3r t)rWZ (x11x21x3' t),W3(x1,x2,X3, t))'
w(x,0)=0,V-w=0, wZ0,

(82.3) wi(xt) = ul (e +v,(x, ) = [uf () + wi(x, )]e ™,

(82.4) fi(x, 1) =( up + et Y3 [y Oaul -+ u) ng+ ]gu —L] - vVZu?>e‘t

- au(-) av; ou -
= (—u? + X5 [e” ) 7; +u) vt - szu?> e’t,

which results for p(x, t) and v(x, t), as unknowns variables still to be determined,

6vl

(83) + L+ ¥y Z = vVy,,

the Navier-Stokes equations without external force.

Equations (80) applied to (83) result in

(st Tt v (R +agt+BT) = v,
1
% ovy avl 6171 _ 2
(84) 4 +a—+ vl( +a axz+ﬁ’ )-vaVvl

ox;
ap. 6171 (6171 vy %) _ 2
Lax3+ﬁ +Bl ta 0x, +ﬁ3x3 —VBV‘Ul
As

(85) a4 pIt=TOS ("’f+a—f+ﬁ"’—f)

ax1 axz 6x2 3x3

—T(t)—(1+1—2)—0

by the definition of ¢ we use in (80.1), then (84) becomes

;—:1 + % = vV2p,
(86) axz 2+ aTt= ¥y

;—i + B % = BvV3y,
or equivalently,

;—:1 =vV?p, — %
(87) ;—i = a|vWiv, - 24| = a;—i
d
6x3 - B[ iy, — vl] 'Ba_x1

Similar to what we saw in section § 5, equation (24) fora = land b =

we will make the pressure to be defined as
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(88) = Q®RO,

and the velocity

(89) v; = ciX(E(x)) T(t), c;=1,¢c,=a,c3=p,
with ¢ defined in (80.1),

(90) 5=x1+§x2—2%x3,a¢0,5¢0.

Then it will be sufficient, besides the equation (88) to the pressure, solve
one linear partial differential equation involving v;, instead of a system of three
nonlinear partial differential equations involving v, v,, vs.

The development of the solution here follows the same steps already seen
in section § 5, equations (29) to (43), being the main change the expression for &
given in (90), with increased dimensions and the proportionality between v,, v
and v;. We come to

91) v(x,t) =X (x1 + %xz — 2%x3) T, o, B)

= [A cos(B¢) + C sin(£B&)](1 — e He (1, a, B), a,p # 0,

keeping valid the solutions (42) and (43) for the pressure p and velocity u,
respectively. Initial velocity equal to (81). We also have the validity of V-v =20

and the corresponding integral fRS |v|2dx infinite, portion of Kinetic energy total
system (1) to (6).

§ 9 - Conclusion

All three examples obey the necessary conditions of divergence-free
(V- u® = 0), smoothness (C®) and partial derivatives of u® and f of C,x (1 +
|x)™% and Cymx (1 + |x| +t)~K order, respectively. We conclude that we must
have u° € S(R?) and f € S(R3 X [0,)). To each possible u(x,t) so that (3) is
true, the external force f(x,t) and the pressure p(x, t) can be fittingly constructed,
in C* class, verifying (8), and in a way to satisfy all the necessary conditions,
finding, this way, a possible solution to (1), (2), (3), (4), (5) and (6), and only (7)
wouldn’t be satisfied, for t > 0, according to (10). We then show examples of
breakdown solutions to case (C) of this millennium problem. These examples,
however, won’t take to case (A) from [1], of existence and smoothness of solutions,
because they violate (7) (case (A) also impose a null external force, f = 0).

An overview of the problem’s conditions is listed below (:R3® and
: R3 X [0, o) representing the respective functions domains).
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v>0n=3

Jul(x):R3 smooth (C®), divergence-free (V- u° = 0)
3f(x, t):R3 x [0, o0) smooth (C®)

4)  10Fu ()| < Cox(1 + |x)7X:R3, Va,K

(5) 10207 f (x,t)| < Comix(1 + |x| + )7 %:R3 X [0,00) , Va,m, K

A(p,w): R® x [0, ) /

(1) E"’Z?:lu]a—x]: szul_a_jcl-l_fl(x!t)'lSlSB (XER3,tZO)
20 V-u=0

(3) u(x,0)=ux) (x € R®)

(6)  pu€C”(R®x[0,00)

(7)) Jpelu(x, O)|?dx < C, vt 20 (bounded energy)

In all three examples the head velocity u we used was of the form
(92) u(x,t) = [u’(x) +wx) (1 —eHle ™5

in example 1, w(x) =1, in example 2, w(x) = X(¢)(1,1,0), ¢ = x; — x,, and in
example 3, w(x) =X, a,B), § =x; + %xz — 2%x3, a, S cst.# 0, examples 2
and 3 with X(¢) = [A cos(B¢) + C sin(+B¢)] .

It's important that we also analyze the solution’s uniqueness question. As
u%(x) and f(x, t) are given of C* class, chosen by us, and satisfying (4) and (5), i.e.,
belonging to the Schwartz space, with V- u® = 0, claim that there is no solution
(p,u) to the system (1), (2), (3), (6) and (7) might assume that we explored, or
proved to, the infinite possible combinations of p and u, i.e., of (p,u). So we need
that exists uniqueness of solution for the velocity that we build, eliminating other
possible velocities for the same data used, u°(x) and f(x, t), and involving in finite
total kinetic energy.

The uniqueness of the solution (except due the pressure p(x,t) with
constant additional term or time-dependent 6(t), and other cases of non-
uniqueness of pressure on x and T'(t)) comes from classical results already known,
for example described in the mentioned article of Fefferman [1]: the system of
Navier-Stokes equations (1), (2), (3) it has (unique [15]) solution for all ¢t > 0 or
only for a finite time interval [0, T) depending on the initial data, where T is called
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“blowup time’. When there is a solution with finite T then the velocity u becomes
unbounded near the “blowup time”.

We see that the existence of each our solution in the given examples are
guaranteed by construction and direct substitution. Our velocities has no irregular
behavior, any regularity loss, at no time ¢, in none position, that becomes one
unlimited, infinite, even for t — o or |x| — oo, therefore, there can be no "blowup
time" in the examples we gave, therefore the solutions found in the previous cases
are unique at all times (unless pressure). But even if there were a finite T (in [14],
[16] we see that T > 0), the uniqueness would exist in at least a small interval of
time, which is enough to show that in this time range occurs the breakdown of
Navier-Stokes solutions because it was disobeyed the limited kinetic energy
condition (7), making the case (C) true.

We must understand that uniqueness is in the main velocity u (equation 1),
it is not necessary that is also in secondary velocity v (equations 14, 18 and 83),
which as we have seen in the examples 2 and 3 it can have infinite solutions, due to

the absence of n nonlinear terms X', v %. Chosen a velocity v, however,

J
applying in it the external force f (equations 13.4, 17.5, 82.4), results finally in the
uniqueness of u (according 13.3, 17.4, 43, 82.3), solution of an equation with all

the terms, of its kinetic energy and the corresponding divergence of the total
kinetic energy fRs |u|? dx in t > 0 due to the term fRS |v|? dx — oo. The pressure p,

we already know, it is not unique, but this does not change, qualitatively, the fact
that the total kinetic energy of the system is infinite or not. This is better
understood with examples 1 and 2: v being any constant or time dependent
exclusively, or with x € R or with x € R?, since not identically zero, and whatever
the pressure p, null or not, the condition (7) is violated due to integration of |v|? in
the whole space R3.

§ 10 - Final Comments

It is not difficult to extend the results obtained earlier in the § 5 with the
two-dimensional speed to a speed v with three non-zero spatial components, as we
saw in section § 8.

In examples 2 and 3 we had to solve an ordinary differential equation to get
X(&). We will now, however, find a solution non unique for the velocity in the
Navier-Stokes equations, but without solving any differential equation aid. You just
have to make an integration necessary to obtain pressure. Out of curiosity, the
initial speed may be different from zero, as well as the external force, and we are
not concerned to seek just endless kinetic energies or velocities belonging to the
Schwartz space. We are not looking now a breakdown solution, on the contrary, we
seek endless (many) solutions.
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We will solve the system (1), (2), (3) for the special case in which

(93) u(xy, x2,x3,t) = X(xg + x, + x3)T(¢) (1,1, -2) = X(E)T(t)],
§(x)=x1+x, +x3, ] =(1,1,-2),

being worth V- (§]) = 0. This gives us V-u =V-u® = 0 and the elimination of

0 . .
non-linear terms (u* V)u = (2] 1Y a’;l ) = 0 of the Navier-Stokes equations,
T 71<i<3
with or without external force. So the solution of (1) will be reduced to the solution

of one linear partial differential equation, the Heat Equation three-dimensional

inhomogeneous,
d 6
(94) £=vv u‘+fl ¢, 1<i<3,
i

need to be true

9, _ % |

(95) ox;j - ax;’

L#].

9 _ 93¢ _

9 _09 _2
om — 2Eom; — 5t Vi, as well the differential operators —

dx; 0Edx; 0§

3 \2 e . .
and (6x) = (5) , Vi, i.e, we have a pressure that may be expressed as a
4

function of &, as well as the velocity components u, and the x; are shown
symmetrically and linearly relative to & = x; + x, + x3, with the transformation of

infinitesimal element of integration df— af d + d + dx3 dx; +

9%p

dx, + dxs, equality (95) is true, it is valid " axl = = Smox;

and we have the following

solution to the pressure:

(96) p(x,6) = po(t) = f; ) (VIVZX — XS0+ f) d,
with
97) w _ o _ o

6x1 axz OX3,

assuming that the force f(x,t) is of the form Y(§)Z(t)(1,1,—2), such as
u(x,t) = X(€)T(t)(1,1,—2). Let us consider py(t) as the pressure at the instant t
and the surface ¢ = §,. This solves the system we wanted, since the integration in
(96) is possible, and so we do not solve any intermediate ordinary differential
equation to find X(§), because we can prefix which the expression for X(§) we
want to use, among infinite possibilities, and such that have u(x, 0) = uo(x).
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Other combinations of the components of the vector | may be used, as well
as other combinations of the coefficients of x;,x,,x3 in &, provided that they
eliminate non-linear terms and check it (2) and (95). Thus, more complex forms to
¢ are also possible, in addition to linear, which provides a robust way to achieve
solutions for u. For example, defining

(98) u; = ai(xr t)ull 1 < [ < n, a; = 1;

the condition to be obeyed by X and ¢ in order to eliminate the nonlinear terms is

ax($) 0§ oa;
(99) O L1 g+ X 450 =0,

for all i (natural) in 1 < i < n. For each determined i liminates the nonlinear term
of the line (or coordinate) i if (99) is satisfied.

One way to do (99) true is when

0§ oa;

When the «; are constant or time dependent only the condition to be
obeyed for ¢ is

o
(101) g =0,

which is in accordance with examples 2 and 3 above.

Including also the incompressibility condition for u, must be valid also the
relation

d(ajuy) da; ou
(102) ;11#1 12] 1(3] Z] =1 ]al

aa; dx(f) 3¢

As (102) must be valid for all ¢, then we need to be valid

Jdaj dX a
(103) XE Szt + G a5, = 0.

When the a; are constant or time dependent only, the condition to be
obeyed for ¢ is equal to the condition (101) previous,

9§
(104) 7=1aja—xj = 0.

Notice that the function T'(t) in (93) must not have singularities in case it is
desired that the velocity u is regular, limited in module, notwithstanding, T (t)
singular, infinite for one or more values of time ¢, the function can be considered as
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a "highlighter" of blowups, and so we can build solutions with instants of blowup
7, well determined, to our will, such that T(z,) — oo.

In the absence of singularities of T'(t) and X(¢(x)), however, only wishing
regular velocities, it follows that it is possible for a three-dimensional Navier-
Stokes equation (generally, n-dimensional) “well behaved” have more than one
solution for the same initial velocity. To the special form given to the solution
u(x,t) in (93), with T(0) =0 or not, for a same initial velocity u(x,0) =
X(f(x))T(O)] = u%(x), with J = (1,1, —2), can be generated, in principle, infinite
different velocities u(x,t) = X(é(x))T(t)], for different functions of the position
X(&(x)) and time T(t), solutions that solve the Navier-Stokes equation (1). If the
external force is zero, this brings us to the negative answer to 15t problem of
Smale [12], as we have seen before thinking only in the non uniqueness of pressure
due to the additional term 6(t) + q, where g # 0 is a constant and 8(t) an explicit
function of time (in the original Smale problem pressure does not vary in time).

In next article the corresponding section § 7 in three dimensions.
Thankful, friend God. For peace between religions and between people.

Dedicated to John Nash. In memoriam.
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09 - Three Examples of Unbounded Energy for t > 0

Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Temos dons diferentes, de acordo com a graca dada a cada um de nés:
se é a profecia, exercamo-la em harmonia com a fé;
se € 0 servico, pratiquemos 0 Servico;
se é o dom de ensinar, consagremo-nos ao ensino;
se é o dom de exortar, exortemos.
Quem distribui donativos, faga-o com simplicidade;
quem preside, presida com solicitude;
guem se dedica a obras de misericordia, faca-o com alegria.
O amor seja sincero. Detestai o mal, apegai-vos ao bem.
(Romanos 12, 6-9)

Abstract — A solution to the 6th millenium problem, respect to breakdown of
Navier-Stokes solutions and the bounded energy. We have proved that there are
initial velocities u°(x) and forces f(x, t) such that there is no physically reasonable
solution to the Navier-Stokes equations for t > 0, which corresponds to the case
(C) of the problem relating to Navier-Stokes equations available on the website of
the Clay Institute. Three examples are given.

Keywords - Navier-Stokes equations, continuity equation, breakdown, existence,
smoothness, physically reasonable solutions, gradient field, conservative field,
velocity, pressure, external force, unbounded energy, millenium problem,
uniqueness, non uniqueness, 15t Problem of Smale, blowup time.

§ 1 - Introdugao

A segunda maneira que vejo para se provar a quebra de solucdes
(breakdown solutions) das equagdes de Navier-Stokes, seguindo o descrito em [1],
refere-se a condicdo de energia limitada (bounded energy), a finitude da integral
do quadrado da velocidade do fluido em todo o espago.

Podemos certamente construir solugdes de
aul i_ 2 dp .
(1) +Z] 1u]a vVui—a—m+ﬁ-,1slss,
que obedecam a condicao de divergente nulo para a velocidade (equac¢do da

continuidade para densidade de massa constante),

3 0y

(2) divu=V-u= =15, — 0, (fluidos incompressiveis)
i

e a condigdo inicial

109


mailto:valdir.msgodoi@gmail.com

(3) u(x,0) = u’(x),

onde u;, p, f; sdo funcdes da posicdo x € R® e do tempo t > 0,t € R. A constante
v = 0 é o coeficiente de viscosidade, p representa a pressdo e u = (uy,uy, uz) € a
: , : - 9
velocidade do fluido, medidas na posicio x e tempo t, com V2=V V= 21-3:1 Wz A
i
funcao f = (f1, f2, f3) tem dimensao de aceleracdo ou forc¢a por unidade de massa,
mas seguiremos denominando este vetor e suas componentes pelo nome genérico
de forca, tal como adotado em [1]. E a for¢a externa aplicada ao fluido, por
exemplo, gravidade.

As fungdes u®(x) e f(x, t) devem obedecer, respectivamente,

(4) 0%ul(x)| < Cyrxe (1 + |x]) ¥ sobre R3, para quaisquer a € N3 e
X aK

K e R,

e

(5) 10507 f (x,t)| < Comi (1 + |x| + t)™¥ sobre R3 x [0, ), para

quaisquera € N3, me Ny eK € R,

com N, = {0,1,2,3, ...} (derivadas de ordem zero néo alteram o valor da fungio), e
uma solucao (p,u) de (1) para que seja considerada fisicamente razoavel deve ser
continua e ter todas as derivadas, de infinitas ordens, também continuas (smooth),
i.e.,

(6) p,u€C”® (R3 X [0, ©)).

Dada uma velocidade inicial u° de classe C* com divergente nulo
(divergence-free, V - u® = 0) sobre R3 e um campo de forcas externo f também de
classe C* sobre R3 x [0,), quer-se, para que uma solucido seja fisicamente
razoavel, além da validade de (6), que u(x,t) ndo divirja para |x| = o e seja
satisfeita a condicdo de energia limitada (bounded energy), i.e.,

(7 fIR{3 |lu(x, t)|*dx < C, paratodo t > 0.

Vemos que todas as condi¢des acima, de (1) a (7), precisam ser obedecidas
para se obter uma solucdo (p,u) considerada fisicamente razoavel, contudo, para
se obter uma quebra de solugdes, (1), (2), (3), (6) ou (7) poderiam ndo ser
satisfeitas para algum t > 0, em alguma posicio x € R3, mantendo-se ainda a
validade de (4) e (5).

Uma maneira de fazer com que esta situa¢do (breakdown) ocorra é quando
(1) ndo tem solucao possivel para a pressao p(x,t), quando o campo vetorial
¢:R3 x [0,0) - R3 em
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(8) Vp=vV2u—Z—1:—(u-V)u+f=¢

é ndo gradiente, ndo conservativo, em ao menos um (x,t) € R3 X [0, ). Nesse
caso, para ¢ = (¢, ¢, , ¢p3) ser ndo gradiente deve valer

0¢; i
9 a—diz],

para algum par (i,j),1<i,j <3, x € R?® e tempo t ndo negativo (para mais
detalhes veja, por exemplo, Apostoll?], cap. 10).

Se admitirmos, entretanto, que (1) tem solucdo (p,u) possivel e esta
também obedece (2), (3) e (6), a condicio inicial u°(x) verifica (2) e (4), a forca
externa f (x, t) verifica (5) e u®(x) e f(x, t) sdo de classe C*, podemos tentar obter
a condicdo de quebra de solu¢des em t > 0 violando-se a condi¢do (7) de energia
limitada (bounded energy), i.e., escolhendo-se u°(x) ou u(x,t) que também
obedecam a

(10) fR:,; |lu(x, t)|?dx — o, para algum t > 0.

A descricao oficial do problema para este caso (C) de quebra de solugoes é
dada a seguir:

(C) Quebra das solugdes da Equagdo de Navier-Stokes sobre R3. Para v>0 e
dimensado espacial n = 3 existem um campo vetorial suave e com divergéncia nula
u%(x) sobre R3 e uma forg¢a externa suave f(x, t) sobre R3 X [0, o) satisfazendo

(4) |0%u°(x)| < Cox (1 + |x]) ¥ sobre R3, Va, K,
e
(5 |0207 f (x,t)| < Camix (1 + |x| + t) 7% sobre R3 X [0, ), Va, m, K,

tais que ndo existe solu¢do (p,u) sobre R3 x [0, ) satisfazendo (1), (2), (3), (6) e

(7).

Vé-se claramente que podemos resolver este problema buscando
velocidades validas cuja integral do seu quadrado em todo o espago R3 é infinito,
ou também, conforme indicamos em (8), buscando fun¢des ¢ nao gradientes, onde
a pressdo p ndo podera ser considerada uma fungao potencial, para algum instante
t > 0. Entendemos que os a,m indicados em (4) e (5) s6 fazem sentido para
la|,m € {0,1,2,3,4, ...} e os K negativos podem ser desprezados, pois ndo limitam
o valor das func¢des u® f e suas derivadas quando |x| = o ou t — o, com
CaKJ CamK > 0.
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§ 2 - O espago de Schwartz S

A inequacdo (4) traz implicitamente que u°(x) deve pertencer ao espaco
vetorial das fung¢des de rapido decrescimento, que tendem a zero em |x| — oo,
conhecido como espaco de Schwartz, S(R3®), em homenagem ao matemaético
francés Laurent Schwartz (1915-2002) que o estudou [3]. Estas fung¢des e suas
infinitas derivadas sdo continuas (C™) e decaem mais rapido que o inverso de
qualquer polinémio, tais que

(11) lim o [X]¥D%(x) = 0

para todo a = (, ..., ¢,), @; inteiro ndo negativo, e todo inteiro k > 0. & é um
multi-indice, com a convengao

lal
(12) D“ =aala— la| =a; + -+ ay,a; €{0,1,2,...}.

an »
o ogn

D é o operador identidade, D% um operador diferencial. Um exemplo de fung¢io

deste espaco é u(x) = P(x)e~*”, onde P(x) é uma funcio polinomial.
Valem as seguintes propriedades [4]:
1) S(R™) é um espagco vetorial; ele é fechado sobre combinacdes lineares.

2) S(R™) é uma algebra; o produto de fungdes em S(R™) também pertence a
S(R™).

3) S(R™) é fechado sobre multiplicacdo por polindmios.
4) S(R™) é fechado sobre diferenciacao.

5) S(R™) é fechado sobre translagdes e multiplicagdo por exponenciais complexos
(eix-‘f).

6) funcdes de S(R™) sdo integraveis: fRn |f(x)]dx < oo para f € S(R"). Isto segue
do fato de que |f(x)|<M(1+|x|)~™Y e, usando coordenadas polares,
Jon@ + |x)™Vdx = € fooo(l +7r) " 1" 1dr < o, i.e, o integrando decresce

como 2 (e (1 + r)™?) no infinito e produz uma integral finita.

Da definicio de S(R3) e propriedades anteriores vemos que, como
u®(x) € S(R*), entdo [, [u®()|dx < [, M(1+ |x)™*dx < C fooo(l +7)%2dr <o

e quadrando |u®(x)| e M(1 + |x|)~* chegamos a desigualdade [, [u®(x)|?dx < oo,
que contradiz (10).
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Outra forma de verificar isso é que o conjunto S(R") esta contido em
LP(R™) paratodop, 1 <p < oo ([5]-[9]), e em particular parap = 2 e n = 3 segue

a finitude de [, [u®(x)|*dx.

Portanto, se a condi¢do (7) for desobedecida, conforme propomos neste
artigo, sera para t > 0, por exemplo, encontrando alguma funcao u(x,t) da forma

u’()v(x,t), v(x,0) =1, ouu’(x) + v(x,t), v(x,0) =0, com [, |v(x,t)[*dx — oo

e Jps [u(x, t)|?dx — oo,

§ 3 - Exemplo 1

De fato, escolhendo u°(x) € S(R3) e f(x,t) € S(R3 X [0, »)), obedecendo-
se assim (4) e (5), lembrando-se que ndo precisamos ter u,p € S(R3 X [0, ©))
como solucdo, apenas u,p € C®(R3 x [0,»)), entdo é possivel construir uma
solucdo para a velocidade da forma u(x,t) = u®(x)e~* + v(t), com v(0) = 0, tal

que [p; [u(x, t)|?dx — oo, pois, quando [p,[|u’(x)|?e™" + 2u’(x) - v()]dx = 0, por
exemplo, quando cada componente de u°(x) tem o mesmo sinal da respectiva
componente de v(t) ou o produto entre elas é zero ou fm@ u®(x) - v(t)dx = 0,
teremos [o; [u(x, t)|?dx = [o;|v(t)|?dx = [v(t)|? [z dx — o0, com v(t) # 0,t > 0.

Também devemos escolher u, u° taisque V-u = V-u® = 0.

Em especial, escolhamos, paral <i < 3,

(13.1) u0(x) = e~ CI+X3HX3) (3, x5 3, X3, — 22, %,),
(13.2) vi(t) =w(t) =et(1—eY),
(13.3) u(x, t) = ud(x)e t + v;(t),
— 0 —ty3 004 3 ou} 0),-
(13.4) filx, t) = (—ui +e tZ]-:luj e + Yo vfa_xj — VWy; ) et

o que resulta para p(x, t), como a Unica incognita ainda a determinar,

ov
(14) Vp + P 0,
e entao
(15) p(x,t) = —Z—V:(xl + x, + x3) + 6(0).

A pressdo obtida tem uma dependéncia temporal genérica 8(t), que deve ser de
classe C*([0,)) e podemos supor limitada, e diverge no infinito (|x| = o0), mas
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tenderda a zero em todo o espagco com o aumento do tempo (a menos
eventualmente de 0(t)), devido ao fator e ¢ que aparece na derivada de w(t),

dw

(16) -

=e t(2e - 1).
Neste exemplo [ ,u’(x)-v(t)dx =0, e assim [, |u(x,t)|?dx —» co para

t > 0, como queriamos. Mais simples ainda seria escolher u°(x) = 0.

Interessante observarmos que ndo ocorre nenhuma descontinuidade na
velocidade, nem singularidade (divergéncia: |u| — o), entretanto a energia
cinética total em todo o espaco diverge, ng |u|? dx - oo. Tivemos como dados de
entrada u® € L?(R®), f € L?(R® x [0,0)), mas por solugdo u & L?(R? x [0,)),
assim como p ¢ L?(R3 x [0, )).

§ 4 - Exemplo 2 - Ideia Geral

Outro exemplo interessante, utilizando a mesma velocidade inicial anterior,
mas fazendo v depender explicitamente das coordenadas de posicao x;,x, nas
direcdes ey, e,, além do tempo t, e ser igual a zero na diregdo e;, com v(x,0) = 0,
V-v=0, v # 0 (v ndo identicamente nulo), e que também obedece a todas as
condi¢des de (1) a (6),é,paral <i < 3,

(17.1) u0(x) = e~ CT+XEHX3) (3, 5 3, X3, — 22, %5),
(17.2) v(x,t) = e tw(x,t),
(173) W(x! t) = (Wl (Xl, le t), WZ (xll XZI t)' 0);
w(x,0)=0,V-w=0,wyg=v3=0, w#0,
(17.4) u;(x,t) = ul (et + v;(x,t) = [ ud(x) + wi(x, t)]et
— d ow; ouf —
(17.5) filx,t) = (—u? +e Tt X S u H aw +w; au.] —szu?>e t
_ 0 3 - oau 0 9v; ouy o) —
= (_ui +Xj-ale™u + Y oz, T3 ]] VVZUi)‘? ’

o que resulta para p(x, t), como a Unica incégnita ainda a determinar,

6vl

(18)

Vi _ g2
+Z, 117]6 vV,

as equacdes de Navier-Stokes sem forca externa.

Ndés sabemos que para n = 2 a equagado (18) tem solucao cuja existéncia e
unicidade ja estd provada ([10]-[13]), sendo assim, transformemos nosso sistema
tridimensional (18) em um sistema bidimensional em v, o que fornecera como
solucdo uma pressao p e uma velocidade v, a priori, com dominio espacialmente
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bidimensional, i.e., nas variaveis (x;, x,, t). Resolvida, por hipdtese, a equacido (18)
acima, com v(x,0) = 0, V- v = 0, mas v ndo identicamente nula, acrescentemos a
terceira coordenada espacial v; =0 na solucdo definitiva para u(x,t),
espacialmente tridimensional, em (17.4), e calculemos a for¢a externa em (17.5).
Escolhendo v € S(R? X [0, %)) ou v polinomial, seno, cosseno ou suas somas para
ser usada em (18), garantiremos que f € S(R3 X [0, ©)), obedecendo-se (5), com
u® € S(R?), conforme (4). Fazendo que v seja limitada em mddulo (norma no
espaco euclidiano) faremos com que u nao divirja em |x| = o, que é uma condigao
fisicamente razoavel e desejavel em [1]. Construamos entdo uma velocidade v nao
identicamente nula, com v(x,0) = 0, V-v = 0, tal que seja relativamente simples
resolver (18), que seja limitada em moédulo, possa (de preferéncia) tender a zero
no infinito em ao menos determinadas situacdes e se possivel ser integravel em R?,
seja de classe C* e satisfaca (5).

A equacdo (18) admitira ainda uma dependéncia temporal genérica para a
pressdo da forma

(19) p(x,t) = py(x1,x5,t) + 0(t), x € R3,

i.e, além da solucdo convencional p; para a pressdo do problema bidimensional
das equacbes de Navier-Stokes (18) nas varidveis independentes (xq,x,,t),
acrescente-se a p uma parcela genérica 6(t) dependente apenas do tempo e/ou
uma constante como a solucao definitiva da pressao no problema tridimensional
original, conforme ja vimos em (15).

A infinitude da energia cinética total, neste segundo exemplo, ocorre devido
a integracido de uma funcio bidimensional (|v]|? ou |w|?) ndo identicamente nula
no espaco tridimensional infinito (R3).

A energia cinética total do problema €, parav = e tw,

(20) Js lulPdx = [(o(e7?[u|? + 27U’ - v + |v|*)dx

= e [([u°)? + 2u® - w + |w|?)dx.

Embora [ ,(|u®|* +2u® - w)dx seja finito, das propriedades das fungdes

pertencentes ao espaco de Schwartz e integraveis (o caso u® = 0 é elementar), a
terceira parcela em (20) divergird em R® para v,w % 0, ainda que possa convergir
e ser finita em R?, ou seja, se |v| ndo for identicamente nulo e t > 0,

+ o0

+o00
21) Jys 02dx = [77 (fi IvI2dx) doxs = C, [ dacy > oo,
donde, para t estritamente positivo e finito,
(22) Jos lul?dx = oo, t > 0,v £ 0,
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a violacdo da condigao (7).

§ 5 - Exemplo 2 - Solugao Exata

Vamos agora resolver (18) de maneira explicita, primeiramente no dominio
R? x [0, ). No exemplo 3 seu dominio serd R3 X [0, ). Mostraremos que uma
solucao do tipo

(23) v(xl, x2) t) = (X(xl - xZ)T(t): X(X1 - xZ)T(t))l

com uma pressao dada tal que

or _ _Op _ _
(24) o om, aQ(x, — x2)R(t) + b,
a, b constantes, a # 0, Q funcdo da diferen¢a das coordenadas espaciais, R funcao
do tempo, @, R fun¢des ndo identicamente nulas, resolve (18) e elimina seu termo
nio linear, e nesse caso se T(0) = 0 resolve-se (17) e o sistema (1), (2), (3)

original. X e T ndo identicamente nulas, evidentemente.

Se v; = v; =V em (18), teremos para os seus termos ndo lineares

3 _yys v
Fazendo Z] 1a =0 em (25) elimina-se entdo o termo ndo linear,

igualdade que é verdadeira quando a condicdo necessaria de fluidos
incompressiveis imposta por nés, V- v = 0, é satisfeita, i.e.,

3 avl _
(26) i=1ax _Z] 1ax -

Definindo V(x, t) = X(&(x))T(t), com x € R™, entdo

(27)
aX () 9
716 = T(t) 3 “(_"” T(t) B, X' EE = =T(OX'(©) X} jm-
Fungdes ¢(x) tais que }j- 16§(x) = 0 resultardo entdo em X7_ 1;:: =0,

conforme (27), a exemplo de ¢ = x; — x, em dimensdo espacial n = 2, tal qual
utilizado em (23).

Substituindo (24) em (18), ja sem os termos nao lineares Z] 17j Z e por

simplicidade fazendoa = 1,b = 0, vem
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(28) Q(x, — x,)R() + 2. = vV?V,

com V = X(x; —x,)T(t). Transformamos assim um sistema de n equagdes
diferenciais parciais ndo lineares em uma unica equacao diferencial parcial linear.

Definindo ¢ = x; — x,, a equacgao (28) fica
(29) QEOR(®) + X(§) S- = vTV2X(§)

Queremos obter uma fungio T(t) tal que T(0) =0, para que em t =0
tenhamos v(x,0) = 0, conforme (23). Escolhamos, por exemplo, dentre infinitas
outras possibilidades,

(30) T(t)=(1—-eHe™,
fungdo limitada no intervalo 0 < T(t) < 1, t > 0, que vai a zero parat — oo.

Assim, de (29), com

(31) T=e{(2et - ),
vem
(32) QORM® +X(e™ (2e™ = 1) =v(1 — e e V2X($).

Definindo Q(¢) = X(§) em (32), a fim de separar nossa equac¢do com o
tradicional método de separacdo de variaveis usado na teoria de E.D.P.,,

(33) [R(t) + e t(2et = D]X(E) =v(1 — e Ve tVEX ().

A equacao diferencial parcial linear (33) pode ser resolvida por algumas
alternativas de combinacgdes:

R(t)+etRet—1)=+v(1—eHet
G { X() = £V2X(®)
ou

Rit)+etRet—1)=+(1—-eHet
55 { X(E) = +VVPX (&)

ou de forma mais geral, comv; v, =v >0, v4,v, > 0,

{R(t) +etRet-1)=4v,(1—e e

(36) X(©) = +v,V2X ()

A equacao diferencial de segunda ordem em X nos sistemas acima,
dependendo de qual dos sinais usemos em =, remete-nos a Equacdo de Helmholtz
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(sinal negativo) ou a algum movimento em estado estacionario regido pela
Equacdo de Schrodinger independente do tempo (sinal positivo ou negativo).

Nio pretendendo usar nenhuma condicdo de contorno especifica para X(§)
e que nos faca recorrer as séries e integrais de Fourier, escolhemos aqui o sinal
negativo em + (a op¢do deve ser a mesma nas duas equagdes do sistema), e

facamos X ser uma funcdo trigonométrica, soma de seno e cosseno em ¢, i.e.,
(37) X(&) = Acos(Bé) + C sen(D$).
Com ¢ = x; — x, temos

62

(38) VX = (2 + ) [A cos(BE) + C sen(DE))]

= aa—; [A cos(BE) + C sen(DE)] + % [A cos(BE) + C sen(D&)]
= —2[AB? cos(B¢) + CD? sen(D¢§)).

De X(§) = —v,V2X (&) em (36) vem

1 1
(39 V2 =57 = 7w V1 = 2B%v = 2D, |BI = D],
quaisquer que sejam os valores de Ae C (se A=C =0 ouB =D =0 teremos a

solucdo trivial e indesejada v(x,t) = 0).

A solugdo para R(t) que se obtém é entdo, usando v; = 2B%v dado em (39)
e o sinal negativo em (36),

(40) R(t) = —e ' [2B*v(1 —e %) + 2e7t — 1],
valendo R(0) = —1.

De (23), (30) e (37) chega-se, como um caso possivel de solucdo, para
x € R3 e introduzindo implicitamente a terceira coordenada espacial v; = 0 em v,
a

(41) v(x,t) = X(x; — x,)T(t)(1,1,0)
= [A cos(B¢) + C sen(xB&)](1 — e He™(1,1,0),

que como podemos perceber nao é de fato uma solucdo Unica para a velocidade,
devido as infinitas possibilidades que tivemos para definir a dependéncia temporal
T(t), bem como a dependéncia espacial X(§), § = x; — x,, além das constantes
arbitrarias A,B,C em (41). Mesmo sem unicidade de solugdo, ela satisfaz aos
requisitos que esperavamos: é limitada, continua de classe C®, igual a zero no
instante inicial, tende a zero com o aumento do tempo, e tem divergente nulo
(V-v = 0). Além disso, quando utilizada na expressao (17.5) obtida para a forca
externa, ndo retira da forga f a condigdo de pertencer ao espa¢co de Schwartz em
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relacdo ao espaco R3® e ao tempo, ie, f € S(R® X [0,0)), conforme é possivel
provar das propriedades de S que vimos na se¢do § 2 anterior.

A pressdo é obtida integrando-se (24) em relacao a diferenca & = x; — x5,
coma=1,b=0,Q(¢) =X(¢) eR(t) dado em (40),

(42) p(x,6) = po(t) = R(®) J; Q(€)d§
—e 2B?v(1 —e™t) + 2e7t — 1] S(§),
[sen(BE) — sen(B&y)] + = [cos(£B¢) — cos(+B&)],

A
B

S =

onde &, é a superficie £ = &, e onde a pressao € p, no instante t. Novamente vemos
que esta solucdo nio é Unica, ndo apenas devido exclusivamente a funcio py(t) e
respectivo &,, mas também devido as constantes arbitrarias 4 e B, o sinal £, além
da maneira como R(t) e Q(¢) foram obtidas, com certa liberdade de possibilidades.
po(t) substitui a fungdo O(t) usada em (15) e (19), nossa fungdo genérica do
tempo, ou uma constante, que deve ser de classe C*(][0,)) e podemos supor
limitada.

Completando a solugdo principal (p,u) que buscamos para a equagdo (1),
temos finalmente

(43) u(x, t) =u’(x)e "t + v(x,t),
com u°(x) dado em (17.1), v(x,t) em (41) e f(x,t) em (17.5).

A velocidade (secundaria) v que escolhemos torna a velocidade (principal)
u uma fung¢do com algumas propriedades semelhantes a ela: u é limitada oscilante,
contém uma soma de seno e cosseno em relacdo a diferenca das coordenadas
espaciais, e decai exponencialmente em relacdo ao tempo, ou seja, nao pertence a
um espaco de Schwartz em relacdo a posicdo, nem é de quadrado integravel
(violando assim a inequagdo (7) em t > 0), mas é continua de classe C* e ndo
diverge quando |x| — oo. Seu comportamento em relagdo a x; — x, e a divergéncia
da energia cinética total, obviamente, ndo retiram de f(x,t) a condicdo de ser
pertencente a S(R® x [0, )), equivalente a inequagdo (5), j& que esta sé depende
de u°(x) e v(x,t). Também temos v(x,0) =0, V-v =0, v € C°°(R3 x [0, 00)), a
validade de (1), (2), (3), (4) e (6), u(x,0) = u°(x), u® € S(R3®), com V-u=0e
u € C*(R3 x [0,)), conforme querfamos.

§ 6 - A ndo unicidade em dimensao espacialn = 2

O que ha com as provas de unicidade das solu¢cdes das equacdes de Navier-
Stokes em dimensdo espacial n = 2?
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Nao sendo possivel analisar todas as provas existentes, é possivel ao menos

entender que tais provas nao devem levar em consideracdo a auséncia do termo

T ~ . du; , .

nio linear nas Equagdes de Navier-Stokes, X", u; — = ((u-V)u);, 1 < i < n, e foi
J 1 J ax]- t

a esta auséncia que recorremos em nosso segundo exemplo.

Semelhantemente a esta causa, também se percebe que diferentes equacgdes
do tipo de Navier-Stokes, com auséncia de um ou mais termos da respectiva
equacao completa, e que ndo obstante tenham a mesma condigdo inicial
u(x,0) = u®(x), terdo provavelmente, no caso geral, diferentes solu¢cdes u(x,t)
entre elas, e assim nao podera haver unicidade de solucao em relagdo a equagdo de
Navier-Stokes completa, com todos os termos. Se todas apresentassem sempre a
mesma e Unica solucdo, bastaria para nds resolver somente a mais simples delas,

por exemplo, Vp = —Z—IZ ou Vp = vV?u (Equacdo de Poisson se Vp 0 ou de

Laplace se Vp = 0) ou 2—1: = vV?u (Equacdo do Calor com Vp = 0), todas com
u(x,0) = u®(x), e conferir se a soma dos demais termos faltantes é igual a zero ao
aplicar a solug¢do u obtida na equagdo reduzida. Se sim, a solucao da equagao
reduzida é também solucdo da equagdo completa. Importante exemplo desta
auséncia sao as Equacoes de Euler, que diferem das Equacdes de Navier-Stokes
pela auséncia do operador diferencial laplaciano aplicado a u, V?u = Au, devido ao
coeficiente de viscosidade ser nulo, v = 0.

E facil provar que as trés equacdes acima, assim como a equacio
Vp +?9_1; = vV?u, ndo podem realmente ter uma unica solucdo, dada apenas a
condicdo inicial para a velocidade u(x, 0)=u°(x). Pelo contrario, a forma
completa das equagdes de Navier-Stokes, onde supomos que Z?zlujg—z;z
((u-Vyu); #0, 1 <i <n, tem unicidade de solugdo para n = 2 e em ao menos
um pequeno intervalo de tempo nado nulo [0,T] para n = 3, onde T é conhecido
como blowup time. Acrescentemos em todas estas equagdes a condicdo de

incompressibilidade, V- u = 0.

Trata-se assim de um interessante problema de Andlise Combinatéria
aplicada a Analise Matematica e Fisica-Matematica.

§ 7 - Unicidade em dimensao espacial n = 2

Verificamos na se¢do § 5 que o sistema

( ov

Vp+5=vvzv

! (v-V)vr=0
V-v=0

L v(x,0) =0

(44)
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tem infinitas solucdes para a velocidade da forma

(45) v(x, t) = X(OT®)(1,1),¢ = x1 — xz,

com T'(0) = 0, ndo obstante existem as provas conhecidas da unicidade de

Vp+%+(v-v)v=vvzv
(46) V-v=0
v(x,0) =0

contradizendo o que obtivemos.

Sem ser necessario nos demorarmos nas provas conhecidas, expondo todos
os seus detalhes, repetindo suas passagens, é possivel constatar em Leray [10],
Ladyzhenskaya [11], Kreiss and Lorenz [14], dentre outros, que as provas de
existéncia e unicidade baseiam-se na forma completa das equacdes de Navier-
Stokes, por exemplo (46), e ndo em uma forma desmembrada das equagdes de
Navier-Stokes, como (44).

As equagdes de Navier-Stokes sem for¢a externa com n = 2 sao (usando
X=Ex,ey =xy)

o] u u u
Py Ly, ot = vy
dx at dx dy

47 0 | Oz 4 gy B2y T2 y2y,
ay = ot 1 ox 29y 2

Podemos dispor o sistema acima de forma parecida com um sistema de
equagoes lineares,

ou ou i) ou

u1—1+ 2_1— Vzul__p_ L

(48) ox ay ax at
1 ax 2 9y 2 9y ot

e a seguir em forma de uma equagdo matricial,

aul aul 2 ap 6u1
_ _— ul vV ul—a—w
49 ox dy _
(49) Juz  du T\ vy, 0wz
ox 9y u; 279y ot
Chamando
6u1 au1
_ | ox ay
(>0 A=\ ow ow |
dx dy

(51) U

Il
~
< <
N =
~——
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a ou
2, 9P Oui
Wil - 5~ e

(52) B=l )
A% uz_@_F

a solucdo para U da equacdo (49), AU =B, é
(53) U=A1B,

que para existir e ter solu¢do nica deve-se ter

8u1 auz _ 6u1 auz

(54) detd = % 0y 3y ox * 0,
ou seja,
(55) Ouy 0up _, Ouq Ouy

ox dy oy ox’

regra que também deve ser obedecida para t = 0 (de novo pode nos levar aos
casos (C) e (D) de [1] aplicando-se o método em matriz 3 X 3, i.e, n =3,
entretanto, com conveniente escolha de p ou du/dt o sistema sera possivel).

Se usarmos a condicao de incompressibilidade V- u = 0,

au1 auz

(56) Ty = 0,
i.e.,

au1 _ _%
(57) -

transforma-se a condicdo (55) em

_ @)2 duy duz
(58) (6y * dy ox’

ou equivalentemente,

6u1 2 6u1 auz
(59) - (g) # ol

Como esta condi¢do deve ser valida para todo t, em t = 0 deve-se obedecer

a
oud\%  auf oul
(60) -(34) =2u22
ax dy 0x
e
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2

LA LT
(61) (ay * oy ox’

usando u(x,y,0) = u’(x,y) = W (x,y),ud(x, y)).

Se a velocidade inicial u° for tal que sejam desobedecidas (60) ou (61)
entdo ou nao havera solucdo para o sistema (47) (sistema impossivel) ou nao
havera uma unica solugdo (sistema indeterminado), tal como na teoria de sistemas
lineares.

Definindo
a ou ou
Wiy, -2
P vz, 0wz
2 9y ot oy
e
u a u
6_x1 VWi, — £ N at1
63) U, =
( 2 du, 2 ap ouy |
=2 vy, -2 -
ox dy at
a solucdo para uq, u, sera
det U1
4 =—2=
(64) U1 = Teta
e
_ det U2
(65) Uz = detAd’
Sendo
Jdp Ou ) ou ( ap auz) ouq
_ 2, _0p_Odus\duz 2, _Op Oup\duy
(66) detU; = (VV Uy —o-—— 3y vVeu, 3 ot )y
e
ap duy\ du dp Ouq)du
— 2 2 1 2 1 2
(67) detUz—(vV u2—5—¥>¥—<vv ul—a—g)g,

com det A dado em (54), temos entdo

— — 9y
(68) ul - det A - aul auz 6u1 auz
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dp Oup) duq dp 0duq) duy
qety, (vWrup- B2\ 0 (g, 00 o) dus

69 dy at ) ox 0x at ) ox
(69) 27 deta Jug dup _ duq Jup '
dox 0y dy 0x
Usando a equagao de incompressibilidade no determinante de 4,
(70) U = — 17 8x ot ) ay 279y ot/ ay
1 (6u2)2 duq duy
dy dy 0dx
e
a duy\ du 0 duq) du
2 __P__Z)_l_( 2 __P__l)_z
1) " = — (VV U2~ 3y "3t ) ax WV M 5" 50 ) ax
2 (aul)z duq Ouy )
dx dy 0x

E verdade que as solugdes (equagdes) acima sdo tdo ou mais complicadas
quanto as equacgdes originais (47), e parece nao haver utilidade em resolvé-las.

Mas desta forma complicada se pode chegar com mais certeza a seguinte
constatacdo: as equacgdes de Navier-Stokes (e Euler) tém uma simetria entre as
variaveis, tanto as dependentes quanto as independentes. A mesma também pode
ser percebida diretamente em (47).

A simetria neste casoden = 2 é
(72.1) U © U,
(72.2) X ey
ficando p e t inalterados:
(73.1) pep
(73.2) t ot

I[sso sugere, se ndo resolve completamente, a questdo da solucdo destas
equacdes. Se as equacdes em si sdo simétricas em relagdo a determinadas
transformacdes, entdao esperamos que suas solucdes também o sejam sob estas
transformacdes. O mesmo método pode ser aplicado também para n > 3, com a
regra (por exemplo)

(74.1) Ui 2 Ujpq, Upyr = Uy,
(74.2) Xi B Xit1, Xny1 = Xq,
(743)  ponp,
(74.4) tot
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Nesse caso é preciso que a condi¢io inicial u(x, 0) = u°(x) obedeca também
a estas simetrias, mas permanece inalterada a condi¢do de incompressibilidade:

Zn ou; — Zn 6u? =0.

i=1a_xi i=1 dx;

Se fornecemos u,(x,y,t) como dado de entrada no nosso sistema entdo
podemos concluir que a solugdo para u;, supostamente simétrica a u, pela regra
(72) anterior, seja

(75) u (x,y,t) = uy(y, x, t),

i.e, trocamos x por y, e vice-versa, na solucdo dada previamente para u, e
igualamos a u; o resultado desta transformacdo. Restara obter a pressdo p ou
entdo, caso ela também tenha sido dada, verificar se as variaveis u;, u,, p
realmente satisfazem o sistema original.

A forma geral da solugdo para a pressao p, que deve satisfazer

(76) Vp + Z—I: + (u-V)u = vy,
é

_ —_ (&) 20 % _ (- :
(77) p—po(t) = f(xo,yo) [VV u———(u V)u] dl,

onde supomos que na posicdo (x,y) = (xq,Y,) € no instante t a pressio é igual a
po(t). A integragdo se da em qualquer caminho entre (x,y,) e (x,y), pois a
pressao deve ser uma funcao potencial do integrando de (77) para que (47) tenha
solucao.

E de se esperar ainda que p seja simétrica em relacdo as variaveis x e y, ou
seja,

(78) p(x,y,t) =p(y,x,t),

assim como em 3 dimensdes, usando x = x,y = X3,Z = X3,

(79) p(x,y,2,t) =p(,zxt) =p(z,x7y,t).

Claro que (74), (75), (78) e (79) admitem implicitamente que temos
simetria retangular nas condig¢des iniciais e de contorno do sistema. Uma vez que
esta simetria nao ocorra, por exemplo, tenhamos outro tipo de simetria, esférica,
cilindrica, ou mesmo simetria nenhuma (caso geral), as igualdades (74), (75), (78)
e (79) nao tém necessidade de serem satisfeitas. Sendo assim, a solucdo para o
caso em que nao ha simetria alguma ainda é um problema a resolver, admitindo-se
que ha ao menos uma solucdo (quando o sistema é possivel; conforme dissemos,
pode-se provar que o sistema sempre é possivel, por exemplo, com escolha
apropriada de p ou du/dt).
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Finalmente entdao, desenvolvidas as consideragcdes anteriores, nosso
exemplo 3, que busca uma solugdo Unica para o sistema de Navier-Stokes em n =
3, com todos os termos da equagao, forca externa nao nula, e que fornece energia
cinética total infinita para o sistema (1) a (6) em t > 0, serd baseado no exemplo 2,
mas precisaremos novamente recorrer a auséncia do termo nao linear na equagao
auxiliar com n = 3. Uma vez que (18), a Equacao de Navier-Stokes sem forga
externa, tem como condicdo inicial a velocidade inicial nula, a Unica velocidade
possivel para sua solucdao com todos os termos é também a velocidade nula, devido
a unicidade das solucdes na forma completa desta equacdo (abstraindo-se de
pressdes genéricas constantes e/ou fungdes do tempo), solucdo que nao nos
interessa. Sendo assim, precisaremos novamente que (18) nao tenha o termo nao
linear. A unicidade da solugdo da equagdo principal em trés dimensdes, entretanto,
ao menos em pequeno intervalo de tempo, é garantida por esta conter todos os
termos (novamente, exce¢do feita a pressdo ndo Unica), inclusive a for¢a externa
aplicada (que por si depende da solu¢do nao unica da equacgdo auxiliar com n = 3).

§ 8 - Exemplo 3

O terceiro exemplo é uma generalizacao do exemplo 2, com as componentes
de velocidade v, e v; proporcionais a componente v;,

(80.1) vy = X(OT(E), £ =x; +-x; — 2%x3, a#0, B#0,
(80.2) vy = avy,
(80.3) vy = By,

a e B constantes nao nulas. Também poderiamos usar outras combinagdes de
coeficientes nas variaveis x; em &, desde que V- (¢I) =0, com [ = (1,1,1). No
exemplo 2 usamosa =1, f = 0.

Vamos escolher as componentes da velocidade inicial u° com alguma
propriedade de simetria. Nao é facil pensar em velocidades nao constantes com
componentes simétricas u e a0 mesmo tempo cujo divergente V - u° seja nulo. As
velocidades com simetria cuja i-ésima componente ndo contém a i-ésima
coordenada espacial, para todo i (natural) em 1 < i < n, cumprem este requisito:

ouy . . . . .

% = (0. Alternativamente podemos utilizar a conhecida igualdade vetorial
l

V- (VX A) = 0, ou seja, escolher um vetor u°® que tenha um potencial vetor 4, i.e.,

u® =V X A. Entio escolhamos primeiramente um vetor A que tenha as

propriedades de simetria que esperamos.
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Seja A = (A4, A,,A3) o potencial vetor que queremos. Fazendo 4; = 4, =
A; = e, comr? = x2 + x% + x2, o valor que atribuimos para a velocidade inicial
u®(x) sera

(81) ul(x) =rotA = 2" (=x5 + x3,—x3 + X1, —x1 + X3).

Seguindo as equacgdes 17 do exemplo 2, facamos agora para x € R3,

(82.1) v(x,t) = e tw(x,t),
(82.2) w(x, t) = (Wl(xl,xz,x3, t), w,(xq, x5, X3, t), wa (x4, X5, X3, t)),
w(x,0)=0, V-w=0, wZ0,
(82.3) u(x,t) = ud(x)e t + v(x,t) = [ud(x) + w;(x, t)]et
- au ow; Bu? -
(82.4) filx,t) = (—u? +e Tt X S H aw +w; a_xj] — szu?> et
- au? 0 9v; ou;
= (—u? + X3 ,[e tu})a—x}_ +u) a_+ ; Bx]-] vVZu?>e :

o que resulta para p(x, t) e v(x, t), como incognitas ainda a determinar,

6vl

(83) + Z, 117] o, L= yV2yp,,

as equacoes de Navier-Stokes sem forga externa.

As equacgdes (80) aplicadas em (83) resultam em

% (% 6171 0171 _ 2
ax1+ +v taz B )_vv v,
% Wy L0 g o
(84) axz Praltan, ( +a 375 +p axg) =vaVey,
Op 6v1 (6171 ﬂ %) _ 2
6X3 ﬁ + ﬁ axz + B 6x3 - VBV vl
Como
o L0 pn Y2 g 2y 25
(85) oxs +a— 7y + ,B ax = T(t) +a s +p s

—T(t)—(1+1—2)—0

pela defini¢cdo de ¢ que usamos em (80.1), entdo (84) fica

ap v, 2
6x1 + — pral = vV,
6V1 _ 2
(86) 6x2 L ta 5 = VT,
ap ovy _ 2
o +0 Pl BvVev,

ou equivalentemente,
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dp 2 vy
— =vVy ——
ax, 1 ot
op __ [ 2 avl] _ ap
(87) oy o |vVey, | = aaxl
ap [ 2 avl] _ ap
xs st acl — 'Bax1

Semelhantemente ao que vimos na sec¢ao § 5, equacdo (24), paraa=1¢e
b = 0, vamos fazer a pressao ser definida como

)
(88) 3¢ = QOR®,
e a velocidade

(89) v; = ciX(E(x)) T(t), c;=1,¢c,=a,c3=p,

com ¢ definido em (80.1),
(90) E=x1+%x2—2%x3,a¢0,ﬁ¢0.

Sera suficiente entdo, além da equacdo (88) para a pressdo, resolvermos
uma unica equacdo diferencial parcial linear, envolvendo v;, ao invés de um
sistema de trés equacgodes diferenciais parciais nao lineares, envolvendo v;, v,, v3.

O desenvolvimento da solucdo aqui segue os mesmos passos ja vistos na
secdo § 5, equacgdes (29) a (43), sendo a principal mudanga a expressao para &
dada em (90), com o aumento de dimensdes e a proporcionalidade entre v,,v; e
v;. Chegamos a

91) v(x,t) =X (x1 + %xz - 2%x3) T, o, B)
= [A cos(B) + C sen(+B&)](1 —e YHe (1, o, B), a,f # 0,

mantendo-se validas as solugdes (42) e (43) para a pressdao p e velocidade u,
respectivamente. Velocidade inicial igual a (81). Também temos a validade de

Vv = 0 e a correspondente integral fR3 |v|?dx infinita, parcela da energia cinética
total do sistema (1) a (6).

§ 9 - Conclusao

Todos os trés exemplos obedecem as condigcdes de divergéncia nula
(divergence-free, V - u® = 0), suavidade (smoothness, C®) e derivadas parciais de
u® e f da ordem de Chx (1+ |x|)7% e Chpmx (1 + |x| + )X, respectivamente.
Concluimos que deve ser u’ € S(R3®) e f € S(R3 x [0,)). Para cada u(x,t)
possivel tal que (3) seja verdadeira, a forca externa f(x,t) e a pressao p(x,t)
podem ser convenientemente construidas, na classe C*, verificando (8), e de modo
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a satisfazerem todas as condi¢des necessarias, encontrando-se assim uma solucao
possivel para (1), (2), (3), (4), (5) e (6), e apenas (7) nado seria satisfeita, para
t > 0, conforme (10). Mostramos entdo exemplos de quebra de solu¢cdes para o
caso (C) deste problema do milénio. Estes exemplos, entretanto, ndo levam ao caso
(A) de [1], de existéncia e suavidade das solugdes, justamente por violarem (7) (O
caso (A) também impoe que seja nula a forga externa, f = 0).

Um resumo das condi¢des do problema estd listado abaixo (:R3 e
: R3 x [0, ) representam o dominio das respectivas fungdes).

v>0n=3
Juo(x):R3 smooth (C®), divergence-free (V- u® = 0)
3f(x,t): R3 x [0, ) smooth (C*)

(4) |0%u°(x)] < Co (1 + |x])7K:R3, Va,K

(5) 020 f(x,t)| < Comx (1 + x| + ) K:R3 X [0,0) , Va,m, K
A(p,u): R x [0, ) /

1) H+3i 1uja = szui—j—i+ﬁ(x,t),1 <i<3 (x€R3t>0)
2) Veu=0

(3) u(x,0)=u"®%) (x € R®)

(6)  pu€C”(R®x[0,0))

(7)) Jpslu(x,)|?dx < C, vt 20 (bounded energy)

Em todos os trés exemplos a velocidade principal u que utilizamos foi da
forma

(92) ulx,t) = [u’(x) +wx) (1 —e et

no exemplo 1, w(x) =1, no exemplo 2, w(x) = X(§)(1,1,0), £ =x; —x,, € no
exemplo 3, w(x) =X()(1,a,p), E =x; + %xz — 2%x3, a, [ cte.# 0, exemplos 2
e3 comX(¢) = [Acos(BE) + C sen(+Bé§)].

E importante analisarmos também a questdo da unicidade das solugdes.
Como u®(x) e f(x, t) sdo dados, escolhidos por nés, de classe C* e satisfazendo (4)
e (5), i.e, pertencentes ao espa¢o de Schwartz, com V- u® = 0, afirmar que ndo
existe solucdo (p,u) para o sistema (1), (2), (3), (6) e (7) pode pressupor que
exploramos, ou provamos para, as infinitas combinag¢des possiveis de p e de u, i.e.,
de (p,u). Sendo assim, precisamos que haja unicidade de solucao para cada
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velocidade que construimos, o que elimina outras velocidades possiveis para os
mesmos dados utilizados, u°(x) e f(x,t), e que implicassem em energia cinética
total finita.

A unicidade da solucao (a menos da pressao p(x,t) com o termo adicional
constante ou dependente do tempo 8(t), além de outros casos de nao unicidade da
pressdo sobre x e T(t)) vem dos resultados classicos ja conhecidos, descritos por
exemplo no mencionado artigo de Fefferman [1]: o sistema das equac¢des de
Navier-Stokes (1), (2), (3) tem solugao (Unica [15]) para todo t = 0 ou apenas
para um intervalo de tempo [0,T) finito dependente dos dados iniciais, onde T é
chamado de “blowup time’. Quando ha uma solu¢do com T finito entdo a
velocidade u torna-se ilimitada proxima do “blowup time”.

Vemos que a existéncia de cada solucdo nossa, nos exemplos dados, esta
garantida por construcdo e substituicdo direta. Nossas velocidades ndo
apresentam nenhum comportamento irregular, em instante t algum, em posicdo
alguma, que as tornem ilimitadas, infinitas, nem mesmo para t = o ou |x| — oo,
sendo assim, ndo pode haver o “blowup time’ nos exemplos que demos, portanto
cada solugao encontrada nos casos anteriores é Uinica em todo tempo (a menos da
pressdo). Mas ainda que houvesse um T finito (em [14], [16] vemos que T > 0), a
unicidade existiria em pelo menos um pequeno intervalo de tempo, o que ja é
suficiente para mostrar que neste intervalo ocorre a quebra das solucdes de
Navier-Stokes por ser desobedecida a condicdo de energia cinética limitada (7),
tornando o caso (C) verdadeiro.

Entendamos que a unicidade esta na velocidade principal u (equagdo 1),
ndo sendo preciso que esteja também na velocidade secundaria v (equagdes 14, 18

e 83), que conforme vimos nos exemplos 2 e 3 pode ter infinitas solu¢des, devido a

auséncia dos n termos nao lineares Z;‘zl v %. Escolhida uma velocidade v,
J

entretanto, aplicando-a na for¢a externa f (equacgdes 13.4, 17.5, 82.4), resulta

enfim na unicidade de u (conforme 13.3, 17.4, 43, 82.3), solucao de uma equagao

com todos os termos, de sua energia cinética, e na correspondente divergéncia da
energia cinética total [ ,|u|*dx em t >0 devido ao termo [, |v|*dx — co. A

pressao p, ja sabemos, ndo € Unica, mas esta nao altera, qualitativamente, o fato da
energia cinética total do sistema ser infinita ou ndo. Isto é mais facil de perceber
com os exemplos 1 e 2: fosse v qualquer funcao constante, ou dependente
exclusivamente do tempo, ou com x ER ou com x € R?, desde que nio
identicamente nula, e qualquer que fosse a pressdo p, nula ou ndo, a condi¢cao (7)
seria violada, devido a integracdo de |v|? em todo o espaco R3.
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§ 10 - Comentarios Finais

Nao é dificil estender o resultado obtido anteriormente na secdo § 5 com a
velocidade bidimensional para uma velocidade v com trés componentes espaciais
nao nulas, conforme vimos na sec¢ao § 8.

Nos exemplos 2 e 3 tivemos que resolver uma equagao diferencial ordinaria
para obter X(§). Vamos agora, entretanto, achar uma solu¢do ndo Unica para a
velocidade nas Equagdes de Navier-Stokes, mas sem precisar resolver nenhuma
equacdo diferencial auxiliar. S6 sera preciso efetuar uma integracdo, necessaria a
obtencdo da pressdo. A titulo de curiosidade, a velocidade inicial podera ser
diferente de zero, assim como a forca externa aplicada, e ndo estaremos
preocupados em buscar apenas energias cinéticas infinitas ou velocidades
pertencentes ao espaco de Schwartz. Ndo estamos buscando agora uma
breakdown solution, pelo contrario, buscamos infinitas so/utions.

Vamos resolver o sistema (1), (2), (3) para o caso especial em que

(93) u(xy, x2,x3,t) = X(x1 + 2, + x3)T(¢) (1,1, -2) = X(T (@),
§(x) =x1+x, +x3, ] =(1,1,-2),

valendo V- (§J) = 0.Isso nos d4 V-u = V-u® = 0 e a elimina¢do dos termos nio

lineares (u - V)u = (Z =1 Uj gul ) = 0 das Equacdes de Navier-Stokes, com ou
1<i<3

sem forca externa. Assim a solu¢do de (1) serd reduzida a solucdo de uma equagio

diferencial parcial linear, a Equagdo do Calor ndo homogénea tridimensional,

aul

(94) P vV, ——+f,=¢;,1<i<3,
devendo valer

. 9,
(95) —=—,1F].

J

9 _ 938 _p

Como dx; 9Eax; 0oE’

Vi, assim como os operadores diferenciais
0 298 _0 e ( 0 )2 = (a )2 Vi, i.e, temos uma pressdo que pode ser
ox;  0Fdx; 0 ax;) — \ag) "7 TV p que p

expressa como funcao de &, assim como as componentes da velocidade u, e os x;
apresentam-se de forma simétrica e linear em relacao a & = x; + x, + x3, com a

transforma(;ao do elemento infinitesimal de integracdo d¢ = f d + dxz

_ 3210
ax]axl axiaxj'

o dx3 = dx; + dx, + dx;, aigualdade (95) é verdadeira, é valido

teremos a seguinte solucdo para a pressao:

131



(96) p(x,6) = po(t) = [{7 (VIVEX — X T+ F) dg,
com

97) op _9p _ 9p
6x1 axZ 6x3'

supondo que a forga f(x,t) seja da forma Y(£)Z(t)(1,1,—2), tal qual u(x,t) =
X(T()(1,1,-2). Consideremos py(t) como a pressio no instante t e na
superficie £ = . Isto resolve o sistema que pretendiamos, desde que a integracdo
em (96) seja possivel, e assim ndo precisamos resolver nenhuma equagdo
diferencial ordinaria intermedidria para encontrarmos X(§), pois podemos
prefixar qual a expressao para X(¢) que desejamos utilizar, dentre infinitas
possibilidades, e tal que tenhamos u(x, 0) = u°(x).

Outras combinag¢des das componentes do vetor /] podem ser usadas, assim
como outras combinag¢des dos coeficientes dos x;, x5, x3 em &, desde que eliminem-
se os termos ndo lineares e verifique-se (2) e (95). Assim sendo, formas mais
complicadas para ¢ também sdo possiveis, além das lineares, o que traz uma
robusta maneira de se obter as solu¢des para u. Por exemplo, definindo-se

(98) w=a;(x,uy, 1<i<n a; =1,

a condic¢do a ser obedecida por X e ¢ a fim de se eliminar os termos nao lineares é

(99) 0 T 5 H X O 5 =0,

para todo i (natural) em 1 <i < n. Para cada determinado i elimina-se o termo
ndo linear da respectiva linha (ou coordenada) i se (99) for satisfeita.

Uma maneira de fazer (99) ser verdadeira é quando

(100) n g2 —ym g 0%

J=1% 5y, = 2j=1% 5 = 0-

Quando os «a; sao constantes ou dependentes apenas do tempo a condi¢ao a
ser obedecida para ¢ é

(101) n g2

]=lafja—xj = O,

0 que esta de acordo com os exemplos 2 e 3 anteriores.

Incluindo-se ainda a condi¢cdo de incompressibilidade para u, deve ser
valida também a relacdo
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d(ajuy) da;
(102) S, S 2, a5

= TOXE) Ly 50+ TP T 521 =0

Como (102) deve ser valida para todo t, entdo precisamos que seja
G ¢
(103) XO T+ 5 T a5 =0

Quando os a; sdo constantes ou dependentes apenas do tempo a condigdo a
ser obedecida para ¢ é igual a condi¢do (101) anterior,

(104) n @2 =,

j=19j dx;
Observemos que a fun¢do T(t) em (93) ndo deve ter singularidades no caso
de se desejar que a velocidade u seja regular, limitada em mdédulo, ndo obstante,
T(t) singular, infinita para um ou mais valores do tempo t, pode ser considerada
como um “marcador” de blowups, e assim podemos construir solugdes com
instantes de blowup 1, bem determinados, a nossa vontade, tais que T(t,) — 0.

Na auséncia de singularidades de T'(t) e X(&(x)), entretanto, desejando
apenas velocidades regulares, conclui-se que é possivel a uma equacdo de Navier-
Stokes tridimensional (em geral, n-dimensional) “bem comportada” ter mais de
uma solu¢do para a mesma velocidade inicial. Da especial forma dada a solugdo
u(x,t) em (93), com T(0) =0 ou ndo, para uma mesma velocidade inicial
u(x,0) = X(E(x))T(O)] =u%(x), com J = (1,1, —2), é possivel gerar, em principio,
infinitas velocidades diferentes u(x,t) = X(&(x))T(t)], para diferentes fun¢des da
posicdo X(¢(x)) e do tempo T(t), que resolvem a equacdo de Navier-Stokes (1). Se
a forca externa é zero, isso nos remete a resposta negativa ao 152 problema de
Smale [12], como ja haviamos visto anteriormente pensando apenas na ndo
unicidade da pressdo devido ao termo adicional 6(t) +q, onde g # 0 é uma
constante e 6(t) uma func¢do explicita do tempo (no problema original de Smale a
pressdo ndo varia no tempo).

Em proximo artigo o correspondente a se¢do § 7 em trés dimensdoes.
Grato, amigo Deus. Pela paz entre as religides, e entre as pessoas.

Dedicado a memoria de John Nash.
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Abstract - A most deep solution to the fifteenth problem of Smale, the Navier-
Stokes equations in three spatial dimensions. The answer is negative.

Keywords — Navier-Stokes equations, existence, inexistence, smoothness,
gradient field, conservative field, velocity, pressure, uniqueness, non uniqueness,
15th Problem of Smale.

§ 1 - Introdugao

Steve Smale escreveu um estimulante artigo em 1998 onde propode 18
problemas ainda ndo resolvidos na épocalll, em atengdo a solicitagdo de V.I.Arnold.
Ambos, Arnold e Smale, por sua vez se inspiraram na famosa lista de 23 problemas
de David Hilbertl?! (da lista de Hilbert, 10 estdo completamente resolvidos, 8
parcialmente resolvidos e 5 a resolver).

A proposta deste artigo é resolver o 152 problema da lista de Smale, sobre a
unicidade das solu¢des suaves (smooth) das equacOes de Navier-Stokes, de
maneira ndo trivial, em um interessante nivel de profundidade.

“Do the Navier-Stokes equations on a 3-dimensional domain ) in R® have a
unique smooth solution for all time?’

Resposta: Nao.

A resposta que aqui é dada ja foi vista em [3], usando um argumento
simples, a nao unicidade da pressdao devido ao acréscimo de uma constante nao
nula. Smale define a pressio no dominio Q € R3, sem varia¢do no tempo, ao
contrario do que normalmente se faz, por exemplo, em Feffermanl/4. Para a
generalizacdo de nossa exposicdo, entretanto, suponhamos inicialmente a pressao
variando no tempo, além da variag¢ao espacial.

Se (u,p) é uma solucdo suave (lisa, regular, smooth, de classe C*) da
equacao de Navier-Stokes,

%+(u-V)u—vV2u+Vp=O, (1)

com
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V-u=0, (2)
velocidade prescritaem t = 0,

u(x,0) = u®(x), 3)
e no contorno (ou borda, fronteira) 9(},

ulxeaﬂ = ua (X, t)' (4)

entdo (u,p + 6(t)) também é uma solugdo, pois Vp(x,t) = V(p(x,t) + 6(t)),
supondo que 6(t) ndo apresente singularidades, seja continua e possa ser
derivavel espacialmente (obviamente, VO(t) = 0), i.e., seja tdo bem comportada
quanto o que se espera para p(x, t) neste problema.

Estd muito claro que p(x,t) e p(x,t) + 6(t) ndo sdo necessariamente a
mesma solucdo p em (u, p) para o sistema (1) a (4), exceto se 8(t) = 0, portanto a
resposta deste problema nao pode ser Sim.

Raciocinio analogo pode ser feito com as fung¢des q(x,t) tais que Vg =0
(vetor nulo), cuja solucdo é uma constante em x ou variavel apenas com o tempo.
Temos, neste caso,

Vp(x,t) = V(p(x,t) + 6(t) + q), (5)

q € R. Entdo, se p faz parte da solugdo (u,p) de (1) e (2), também sdo solugdes de
(1) a (4) infinitos outros pares (u, r) tais que

r(x,t) =plx,t) +06(t) +q, (6)

com q€€ER, x ER3, t €[0,), e as fungdes p,7:Q X [0,0) > R, 0:[0,o) - R,
p, 7,0 € C® em Q para todo t > 0, ) € R3, i.e,, todas estas funcdes e solugdes sdo
regulares (suaves, lisas, smooth).

Também ha o caso de ser a funcao ¢ em
2 u
Vp=vVu—E—(u-V)u=g0 (7)

ndo gradiente, o que impossibilitara de ser encontrado um valor para p, desde
t = 0 ou a partir de algum t = Ty ou mais genericamente em algum conjunto de
valores de t tais que ¢ ndo seja uma fungio gradientel5! nestes instantes de tempo
t. Isto pode acontecer ja em t = 0, com a imposicdo de uma adequada condicdo

L. . . ou ~ Du ou
inicial adicional o |:=¢ Ou entdo, por exemplo, para - lt=0 = (E + (u- V)u) l¢=0-

Entdo pode nao haver solu¢do (u,p) para o sistema de equacgdes (1) a (4)
em algum t > 0, mas quando ha solucao ela nao é unica, pelo menos devido a
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infinidade de outras solugdes (u,p + 6(t) + q) possiveis para o sistema, com q # 0
ef(t) #0.

Vejam que nao haver solucdo para p ndo é a mesma coisa que admitir que a
pressdo é nula, p = 0, ou mais genericamente impor como condicdo de contorno
uma determinada pressao p(x,t). Nessas situacdes Vp existird em geral, mas o
problema original é outro, pois p deve ser uma variavel dependente incognita, ndo
uma fungdo pré-fixada.

Lembremos também que tanto neste problema descrito por Smalelll quanto
no correspondente (e mais detalhado) descrito por Fefferman(*l nio é dada
nenhuma condigdo inicial para a pressdo p(x,t), apenas para a velocidade inicial
u(x,0). Smale, ao contrario de Fefferman, inclui uma condi¢do de contorno para
u(x, t) sobre d(), a nossa equagao (4).

Ainda mais uma observagdo é necessaria. Conforme dissemos, ao contrario
de Fefferman e da pressao real, no cotidiano, em maquinas e na natureza, poder
variar com o tempo, Smale define o dominio da pressdo como igual a 1 € R3, i.e,
sem variar no tempo. Seja por equivoco ou nao, mesmo admitindo-se p,r: 1 - R,
com p,r € C* em () para todo t > 0 e g € R uma constante, sem utilizarmos a
funcao 6(t), temos

Vp(x) = V(p(x) + q), (8)

resultado que também proporcionara infinitas outras solugdes (u,r) admissiveis
para (1) a (4), sendo (u, p) uma solugado regular (suave, lisa, smooth) e

r(x) =pX) +q, €))

q # 0, como ja dissemos em [6] com outras palavras, usando 6(t), e mostramos
inicialmente para o caso mais geral da pressao variavel com o tempo e a posicdo,

p(x,t).

Naturalmente, estamos admitindo que r(x) em (9) esta definida em (), tal
qual p(x). Isto ndo oferece nenhuma dificuldade de entendimento no caso especial
de ser Q = R3. Outros dominios, entretanto, também sio facilmente estendidos
para a funcdo r(x). Se p(x) existe em () e tem imagem R, entdo para todo x € {1 a
funcdao r(x) = p(x) +q também existe, esta bem definida e tem imagem R.
Comentério similar se faz a respeito de r(x, t) sobre Q X [0, ©), dada em (6).

Assim, concluindo, a resposta ao problema é Nao. Nem sempre, nem Unica.

Nas préoximas secdes analisaremos situagdes mais gerais para que ocorra a
ndo unicidade destas soluc¢des, além da possibilidade de nao haver solugao alguma.
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§ 2 - Uma solugao mais completa

Na secdo anterior mostramos de maneira quase trivial a ndo unicidade da
solucao (u,p) das equagdes de Navier-Stokes devido a pressdo p, com o
correspondente acréscimo de um termo constante q ou dependente do tempo 6(t).
Vamos agora achar uma solu¢do ndo Unica para a velocidade nas equagdes de
Navier-Stokes, sem precisar resolver nenhuma equacao diferencial auxiliar. S6 sera
preciso efetuar uma integracao, necessaria a obtencao da pressao. Em beneficio da
generalizacdo, a velocidade inicial podera ser diferente de zero, assim como a for¢a
externa aplicada, e ndo estaremos preocupados em buscar apenas energias
cinéticas infinitas ou velocidades pertencentes ao espaco de Schwartz. Nao
estamos buscando uma breakdown solution, como fizemos em [7], pelo contrario,

buscamos infinitas smooth solutions.

Vamos resolver o sistema (1), (2), (3) para o caso especial em que

u(xq, %2, %3, t) = X(x + x5 + x3)T () (1,1,-2) = X(§T ()], (10)
{:(X) =X + X2 + X3, ] = (1' 1, _2):

valendo V- (§J) = 0, onde estamos supondo X € C*(R3) e T € C*([0, »)). Isso
nos da V-u =V-u®=0 e a eliminacdo dos termos nio lineares (u-V)u =

(Z =1 u] EPo ) = 0 das Equacgdes de Navier-Stokes, com ou sem forga externa.
J /1sis<3

Assim a solugdo de (1) sera reduzida a solucdo de uma equacdo diferencial parcial
linear, a Equacgdo do Calor ndo homogénea tridimensional,

aul

0
L= yv2u St fi=¢i1<i<s, (11)
6xl-
devendo valer
a_x,- = a—xi,l * J. (12)

] ap 3¢ 0 . . L
Como 2 -%% _0 Vi, assim como os operadores diferenciais
ax; 9&ax; 9’

0 _09% _29 e (6)2—(6)2 Vi, i.e., temos uma pressio que pode ser
dx; 0Edx; OE ax;) ~— \ag) T TV p que p

expressa como funcao de &, assim como as componentes da velocidade u, e os x;

apresentam-se de forma simétrica e linear em relacao a & = x; + x, + x3, com a
a

transformacao do elemento infinitesimal de integracdo dé = 5 dx1 + dxz

_ 6 p
dx axl axiaxj'

af dx3 = dx; + dx, + dx;, aigualdade (12) é verdadeira, é valido

teremos a seguinte solucdo para a pressao:
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p(x,6) = po(t) = [; 7 (vIVEX — X+ f) d, (13)
com

Op _ 9p _ 9p (14)

axl 6x2 8x3'

supondo que a forca f(x,t) € C*(R3 X [0, %)) seja da forma Y (§)Z(t)(1,1, —2), tal
qual u(x,t) = X(&)T(t)(1,1,—2). Consideremos py(t) € C*([0,0)) como a
pressdo no instante t e na superficie & =¢,. Isto resolve o sistema que
pretendiamos, desde que a integracdo em (13) seja possivel, e assim nao
precisamos resolver nenhuma equacdo diferencial ordinaria intermediaria para
encontrarmos X(§), pois podemos prefixar qual a expressdo para X(&) que
desejamos utilizar, dentre infinitas possibilidades, e tal que tenhamos u(x,0) =

u®(x).

Outras combina¢des das componentes do vetor /| podem ser usadas, assim
como outras combinac¢des dos coeficientes dos x4, x,, x3 em &, desde que eliminem-
se os termos nao lineares e verifique-se (2) e (12). Assim sendo, formas mais
complicadas para ¢ também sdo possiveis, além das lineares, o que traz uma
robusta maneira de se obter as solu¢des para u. Por exemplo, definindo-se

u =a;(x,tuy, 1<i<n, a; =1, (15)

a condicdo a ser obedecida por X e ¢ a fim de se eliminar os termos nao lineares é

0 e 5 + KO T a5 = 0, (16)

para todo i (natural) em 1 < i < n. Para cada determinado i elimina-se o termo
nao linear da respectiva linha (ou coordenada) i se (16) for satisfeita.

Uma maneira de fazer (16) ser verdadeira é quando

af da;
105, = Bl st =0 (17)

Quando os «a; sdo constantes ou dependentes apenas do tempo a condi¢do a
ser obedecida para ¢ é

n 9%

145, =0, (18)

0 que esta de acordo com a expressao de ¢ escolhida em (10).

Incluindo-se ainda a condicdo de incompressibilidade para u, deve ser
valida também a relacao
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n 6(aju1) da;

j=1 ox;j 12] 16x] Z] =1 jax (19)

= TOXE) Ly 50+ TP T 521 =0

Como (102) deve ser valida para todo t, entdo precisamos que seja

XO T+ 5 T a5 =0 (20)

Quando os a; sdo constantes ou dependentes apenas do tempo a condigdo a
ser obedecida para ¢ é igual a condigao (18) anterior,

0§
1 @5 = 0. (21)

Observemos que a fungdo T(t) em (10) nao deve ter singularidades no caso
de se desejar que a velocidade u seja regular, limitada em médulo (norma), nao
obstante, T'(t) singular, infinita para um ou mais valores do tempo t, pode ser
considerada como um “marcador” de blowups, e assim podemos construir
solugcdes com instantes de blowup 7, bem determinados, a nossa vontade, tais que
T(t,) — oo.

Na auséncia de singularidades de T(t) e X(&(x)), entretanto, desejando
apenas velocidades regulares, conclui-se que é possivel a uma equac¢do de Navier-
Stokes tridimensional (em geral, n-dimensional) “bem comportada” ter mais de
uma solucdo para a mesma velocidade inicial. Da especial forma dada a solucdo
u(x,t) em (10), com T(0) =0 ou ndo, para uma mesma velocidade inicial
u(x,0) = X(£(x))T(0)] = u°(x), com J = (1,1, —2), é possivel gerar, em principio,
infinitas velocidades diferentes u(x,t) = X(&(x))T(t)], para diferentes fungdes da
posicdo X(¢(x)) e do tempo T(t), que resolvem a equacdo de Navier-Stokes (1). Se
a forca externa é zero, isso nos remete de novo a resposta negativa ao 152
problema de Smale [1], como ja haviamos visto na secdo § 1 anterior pensando
apenas na nio unicidade da pressido devido ao termo adicional 6(t) + g, onde
q # 0 é uma constante e 6(t) uma fungio explicita do tempo.

§ 3 - A ndo unicidade em dimensao espacialn = 2

O que ha com as provas de unicidade das solu¢des das equacdes de Navier-
Stokes em dimensdo espacial n = 2?7 O que foi feito na secdo anterior com n = 3
pode ser aplicado em n = 2, com ¢ = x; + x,, /] = (1,—1), portanto também néo
ha unicidade de solucdes nas Equacdes de Navier-Stokes para n = 2. Mas este é
(ou era) um dos resultados mais bem estabelecidos na teoria matematica dos
fluidos, importantissimo resultado, portanto iremos analisa-lo.
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Nao sendo possivel analisar todas as provas existentes, € possivel ao menos

entender que tais provas nao devem levar em consideracdo a auséncia do termo

T ~ . du; , .

nio linear nas Equagdes de Navier-Stokes, X", u; — = ((u-V)u);, 1 < i < n, e foi
J 1 J ax]- t

a esta auséncia que recorremaos em nosso exemplo.

Semelhantemente a esta causa, também se percebe que diferentes equacgdes
do tipo de Navier-Stokes, com auséncia de um ou mais termos da respectiva
equacao completa, e que ndo obstante tenham a mesma condi¢do inicial
u(x,0) = u®(x), terdo provavelmente, no caso geral, diferentes solucdes u(x,t)
entre elas, e assim nao podera haver unicidade de solucao em relagdo a equagdo de
Navier-Stokes completa, com todos os termos. Se todas apresentassem sempre a
mesma e Unica solucdo, bastaria para nds resolver somente a mais simples delas,

por exemplo, Vp = —Z—IZ ou Vp = vV?u (Equacdo de Poisson se Vp 0 ou de

Laplace se Vp = 0) ou 2—1: = vV?u (Equacdo do Calor com Vp = 0), todas com
u(x,0) = u(x), e conferir se a soma dos demais termos faltantes é igual a zero ao
aplicar a solug¢do u obtida na equagdo reduzida. Se sim, a solucao da equagao
reduzida é também solucdo da equagdo completa. Importante exemplo desta
auséncia sao as Equacoes de Euler, que diferem das Equacdes de Navier-Stokes
pela auséncia do operador diferencial nabla aplicado a u, V?u = Au, devido ao
coeficiente de viscosidade ser nulo, v = 0.

E facil provar que as trés equacdes acima, assim como a equacio
ou ~ ;o ~
Vp t5,= vV?u, ndo podem realmente ter uma unica solucdo, dada apenas a

condicdo inicial para a velocidade u(x,0) = uo(x). Pelo contrario, a forma
N : ou;

completa das equagdes de Navier-Stokes, onde supomos que X7_;u; a—zl =
j

((u-Vyu); #0,1 <i <n, tem unicidade de solugdao paran = 2 e em ao menos um

pequeno intervalo de tempo ndo nulo [0,T] para n = 3, onde T é conhecido como

blowup time. Acrescentemos em todas estas equagdes a condicio de

incompressibilidade, V- u = 0.

Trata-se assim de um interessante problema de Analise Combinatoria
aplicada a Analise Matematica e Fisica-Matematica.

§ 4 - Unicidade em dimensao espacial n = 3

Verificamos na se¢do § 2 que o sistema

er + Z—l: =vVu

! u-Vyu=0 (22)
V-u=90

Lu(x, 0) = u’(x)
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tem infinitas solucdes para a velocidade da forma
U(X, t) = X(E)T(t) (1r 1; _Z)r E =X + X3 + X3, (23)

com T(0)=0 ou outro valor constante e obedecendo a condi¢do inicial
u®(x) = X(6)T(0)(1,1,—2), ndo obstante existem as provas conhecidas da
unicidade de

Vp+g—lz+ (u-V)u =vViu
Veu=0 (24)
u(x,0) = u(x)

em ao menos um pequeno intervalo de tempo [0, T] ndo nulo, contradizendo o que
obtivemos.

Sem ser necessario nos demorarmos nas provas conhecidas, expondo todos
os seus detalhes, repetindo suas passagens, é possivel constatar em Leray [8],
Ladyzhenskaya [9], Kreiss and Lorenz [10], dentre outros, que as provas de
existéncia e unicidade baseiam-se na forma completa das equacdes de Navier-
Stokes, por exemplo (24), e ndo em uma forma desmembrada das equacgdes de
Navier-Stokes, como (22).

§ 5 - Nao Unicidade em dimensao espacial n = 3, com Z—IZ =0

Nado exploramos a condi¢do (4) até o momento, a condicdo de contorno
U]yeaq = u%(x,t), uma condigdo de Dirichlet varidvel no tempo, nem o fato da
~ ~ .~ dp
pressao nao ter variacao temporal, e 0, conforme proposto no problema
original de Smale [1]. De fato sdo dois grandes complicadores ao problema, mas

ndo impossibilitam a solucao da questao. A resposta continua a mesma: negativa.

De (13), fatorando o integrando, separando as variaveis em X(§) e T(t),
fazendo

VX = —X (25)

(buscando solugdes espacialmente periddicas, combinacdes de senos e cossenos),
retirando o tempo do dominio da pressao e definindo f = 0, temos

pG) ~po =[5 (vIVEX ~ X ) de (26)

= () x e

Consideremos p, como a pressao na superficie & = £, qualquer que seja o instante
de tempo t = 0.
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Como a pressdo ndo pode variar no tempo, entdo o termo que aparece
multiplicando a integral deve ser igual a uma constante k, i.e,,

dT
(vr+50) =k 27)
ou
S +vT+k=0, (28)

uma equacdo diferencial ordinaria linear e de primeira ordem no tempo, cuja
solucao é da forma

T(t) = AeBt + Ce Pt + E, (29)
para 4, B, C, D, E constantes.
Substituindo (28) em (27) obtemos
B=—v
D=+v (30)

E=—E,v¢0
%

ou seja,
T(t) = Fe™ —%,v >0, (31)

para F = A + C uma constante e lembrando que o coeficiente de viscosidade v nao
pode ser negativo.

Em t = 0, chamando T(0) = T,, temos

T(0) =F — % =T, (32)
ou
k
F=Ty+1, (33)
donde
k _ k
T(t) = (TO+;)e Ly (34)

Daqui se vé que somente o valor de T, ndo é suficiente para encontrar
unicidade de solugdo neste problema, pois hd uma infinidade de possibilidades
para se escolher a constante k. Incluamos a seguir a condicao (4),

Ulxean = U’ (x,1), (35)

onde Q € R3 é 0 dominio em u: Q X [0,00) > R3 e p: Q — R.
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Podemos escolher o dominio () que seja mais conveniente para a solucao
deste problema de Smale. Precisamos, em principio, escolher apenas um unico
dominio () especifico tal que se verifique a nao unicidade de solu¢des, sem precisar
provar que a mesma conclusao vale também para qualquer regido Q.

Nao obstante, constata-se que a possibilidade aqui é bastante ampla, e uma
infinidade de regides Q  R3 podem ser escolhidas. O valor da fungio u®(x, t) que
devemos escolher é igual ao valor de u(x, t) em d(}, qualquer que seja ().

Para u(x, t) dado em (10),

u(xl,xz, X3, t) = X(xl + X2 + X3)T(t) (11 1' _2) = X(E)T(t)]' (36)
§)=x1+x+x;, J=(1,1,-2),

e X(&(x)) solugdo de (25), i.e.,
X()=Acosé + Bsené, (37)

com A e B constantes reais e T(t) dado em (34), a solucdo do sistema (1), (2), (3)
para a velocidade é

u(x,t) = (Acos & + Bsené) [(T0+§)e_"t—§]], (38)

EX)=x1+x,+x3, J=(1,1,-2), v>0,
valendo
u%(x) = u(x,0) = (Acos&E+Bsen&) T,]J. (39)
Por simplicidade, vamos escolhner A=B =T, =k =1 em (38), e assim a

funcido u?(x,t) deve ser igual ao valor da solucio u(x,t) em 9Q, com os
pardmetros igualados a 1, i.e., qualquer que seja Q € R3 teremos

ul(x,t) = u(x,t) = (cos & + sen &) [(1 + %) e vt — %]], (40)
EX)=x1+x,+x35, J=(1,1,-2), v>0,

valendo
u®(x) = u(x,0) = (cos & + sen &) J. (41)
Vemos que a introdugdo da condi¢ao (4) no sistema (1), (2), (3) pode

tornar unica a velocidade, conforme (40), mas a pressao continuara nao sendo
Unica, como também ja acontecia na situacdo da sec¢do § 1.

145



Usando (37) e (27) em (26),com A =B =

&(x)

k = 1, teremos

p() —po =+ [, X d§ = (sen& —cos D[, (42)

= (sené —cos &) — (sené&, — cos &),

E(X) =X1 + X2 + X3,

onde podemos considerar p, como a pressdo (constante) na superficie £ = &,

Vemos assim que, ao contrario da velocidade em (40), a solucao acima para
a pressao do sistema (1) a (4) tem ainda dois parametros livres, p, e &,, portanto
devemos concluir que a solu¢do (u,p) ndo é Unica. Faltam, evidentemente, os
valores de p, e &,, condi¢des que ndo fazem parte dos dados do problema.

§ 6 - Inexisténcia em dimensao espacialn = 3

Nesta secao vamos fazer para trés dimensdes o que ja fizemos em duas

dimensdes em [7], secdo § 7.

As equagdes de Navier-Stokes sem forca
X=X, YV=EX,€6Z = X3)

0 du du u ou

(9P , ows ouy ouy ouy

ox T o Tty Tk ay tus,

dap ou, ou, du, du,
—+—tu—t+u,—+uz;—
ay+6t+1ax+26y+3

dp ., Ous dug dug dusz
ka T Ty, T ay tUs >,

externa com n = 3 sao (usando

=V V2u1

= v V2u, (43)

v V2u,

Podemos dispor o sistema acima de forma parecida com um sistema de

equacoes lineares,

ou ou ou 0 ou
(. 2 Juy U _ g2, 920U
U152 T U ay T3 oz Y Vi, ax ot
du, ou, ou, 2 ap du,

Us - +u, 3y + ug 5, = v Veu, 3y ot (44)
dus dus ousz __ 2 dp Odus
kul 6x+u26y+u3 az—vVu3 9z ot

e a seguir em forma de uma equagdo matricial,

% % % Uy 72 _9p duy
0x ay dz VVIUIT ox T e
0 a d
dup Juz ||

0z

6x¥

ax 9y 9z Us v V2y,— 9P _ 03
z

Chamando
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aul 6u1 8u1
ox ay 0z

_ auz 6u2 auz
A _-l ox ay dz |’ (46)
aU3 6u3 aU3
x ay 0z
U
U= Uz |, (47)
Us
2 dp 0Ouq
/V v Uq— E_Y
B = 2, _0p_duz |, 48
vV Uy— @ - F | ( )
2, 9P _0us
A PR T:
a solucdo para U da equagdo (45), AU =B, é
U=A"1B, (49)
que para existir e ter solucdo Unica deve-se ter
duq (Ou, du du, 0u duq (Ou, du du, 0u
detA:—l(_z_s__z_B)__l(_z_3__2_3) (50)
dx \ 0y 0z dz dy dy \0x 0z dz 0x
+ 6u1 (auz 6u3 auz 3u3)
0z \ dx dy oy 0x ’
ou seja,
Ous duz Qus | Oy Dz Qs | Oy Dz Oy 1)

ox 0y 0z dy 0z 0Ox dz 0x 0dy

aul auz 6u3 aul auz 6u3 aul auz 6u3
ox 0z 0y dy 0x 0z 0z dy ox’

regra que também deve ser obedecida para t = 0 (de novo pode nos levar aos
casos (C) e (D) de [4], quando o sistema torna-se impossivel de ser resolvido).

Se usarmos a condi¢ao de incompressibilidade V- u = 0,

oy | Qup | dus _

ox + 3y + 5, = 0, (52)
i.e.,

Juy _ _ (Quz 4 Ous

ox (6y + 62)' (53)

transforma-se a condi¢do (51) em
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(auz 4 6u3) 0u, Ouz , O0uq Oup duz , Oduq du, dus (54)
ay dz /) 0y 0z dy 0z 0x dz dx 0y
_ (auz + aU3) 6u2 6u3 aul 6u2 6u3 aul auz 6u3
oy 0z ) 9z dy dy 0x 0z 0z dy ox’
ou equivalentemente,
u duz\ du, du duq Ou, du duq 0uy du
_|_(_2_|__3)_2_3 Ouy Oup Jus | Ous 9up Jus (55)
ay dz /) 0z 0y dy 0z 0x d0z dx 0y
+ (auz + aU3) 6u2 6u3 aul 6u2 6u3 aul auz 6u3
oy 0z ) 0y 0z dy 0x 0z 0z dy ox'

Como esta condicdo deve ser valida para todo t, em t = 0 deve-se obedecer

a
n (aug n 6ug) aud aud = oud aud oud | au? aud aul (56)
dy dz ) 0z 0dy dy 0z O0x dz 0x 0y
n (aug n 6ug) oud aud = oud aud aud . ouf oug oul
oy 0z ) dy 0z dy 9x 0z 0z dy ox’
Le.
§ (0 2yt | oot | out o ouf 57
dy dz /) 0z dy dy 0z 0x dz 0x 0y
+(@)2%+(%)2% ouf 0ug oug | oug 9ug ou
oy 0z 0z oy dy 9x 0z oz 9y ox’

onde se usou u(x,y,z,0) = u’(x,y,2) = (W (x,y,2),ud(x,y,2),ud(x,y, z)).

Se a velocidade inicial u° for tal que sejam desobedecidas (56)-(57) entdo
ou ndo havera solucdo para o sistema (43) (sistema impossivel) ou ndao havera
uma Unica solucdo (sistema indeterminado), tal como na teoria de sistemas
lineares. Qualquer que seja um destes casos (sistema impossivel ou sistema
indeterminado) teremos a resposta negativa ao problema de Smale: ndo ha sempre
uma Unica solucdo para o sistema (1) a (4), o que ja pode ocorrer desde t = 0.

Definindo

ap u ou u

2 — ket St e 3

VW P} at  dy az\
0 ou ou u
— 2 _9p_Ou» Ouz 0Ouz
Up=| vWi oy ot ay oz | (58)

dp Ou ou u

2 _ £ __Zm3 73 Z13

vV, 9z at dy 0z
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TR b
U2—|% VVZuZ—Z—Z—% %
e
Us = % aa—l;z szuz—g—Z—%,
e g

a solucdo para u,, u,, uz sera

U = det Uy
17 deta’
U, = det U2
27 Qdeta
e
u det U3
37 deta
Sendo
i) ou ou, ou ou, du
= (yv2 ___2____1)(__1__z____z__z)
det Uy (VV U1~ 5% t/)\ay 9z oz dy +
dp Ou )(6u1 ou ou, du )
2 _E_ TR\ (P M 7Es
+ (VV Uz dy t dz 0oy dy 0z +
0 ou Juq, ou ouy ou
2 _l__%CJ_l__LJ)
+(VV Us 0z t dy 0z oz ay /)’
0 ou ou, ou ou, ou
= (yv2 _l__%CJ_ﬁ__LJ)
det U2 (VV t x t dz 0x dx 0z +
dp Ou )(6u1 ou ou, du )
2 _E_ TR\ (P M 7Es
+ (VV Uz dy t dx 0z dz 0x +
0 ou Juqy ou ou, ou
2 _l__%CJ_l__LJ)
+(VV Us 0z t dz 0x dx 0z
e

0 ou ou, ou ou, ou
— 2 _l__%CJ_ﬁ__LJ)
det U, (VV Uy — = —- +
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com det A dado em (50), temos entdo

u =detU1:[(vv2u _@_%)(%aﬁ_aﬁ%)_l_ (67)
17 deta T ax  ac)\ay az 0z ay

duy\ (Ouq Ou Juq ou
2 — athad Sched BN dhes' Sihhas: ]
+ (VV Uz = ) ( dz 0y dy 0z ) +

0us) (% Juz _ 0w %)] /

2
+wV Us = 0z at dy 0z dz Jdy
6u1 3u2 3u3 6u1 6u2 3u3)

(aul auz 3u3
ay dz 0x dz 0dx 0y

dx 0y 0z

ST L
dx 0z 0y dy 0x 0z dz dy O0x

w, = detle _ (v P_%)(aﬁ%_%%)Jr (68)
27 deta ax ot)\oz ax ox oz

ap ou )(8u ou Juq ou )
2 2 1 3 1 3
+ v‘7»” P — —_— e = +
( 2 y at dx 0z dz O0x

2y, 9P %)(@@_%%)
+(VV Us = 0z at dz 0x dox 0z ]/

(6u1 6u2 6U.3 6u1 0u2 0u3 0u1 Buz 0u3)
ox dy 0z 6y 0z 0x dz 0x 0Jy
 (Gudus y 0,0y s | 9 01 01))
dx 0z 0y dy 0x 0z dz dy O0x
e
det Us ap 6u1 Ou, dug du; Oug
Uy = —=2 = | (szul——— e EN()
det A ox ot ox oy dy 0x

p auz) (au1 duz OJuq 6u3) n

2
+wW Uz — ady at dy 0x dx 0dy

2y, 20 2 (B Dy 9y D)
+(vV Us =5, 73 )\ox 3y ~ oy ox 1/
Ox dy 0z 6y 0z 0x 0z 0x 0Jy

2, 0y s | 9t 9 9 01, 0 D)

(6 1 u2 611.3 6U1 6u2 6u3 6u1 6u2 6u3)
( dy 0x 0z dz dy O0x

dx 0z 0dy
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Se detA#0 o sistema (43) é determinado, se detA =detU; =
det U, =detU; = 0 o sistema é indeterminado (infinitas solu¢des), caso contrario
o sistema é impossivel (det A =0 e ao menos uma matrizes U;,U, e U; com
determinantes diferentes de zero).

E verdade que as solugdes (equagdes) anteriores, equacdes (67) a (69), sdo
bem mais complicadas que as equagoes originais em (43), e parece nao haver
utilidade alguma em resolvé-las.

Mas desta forma complicada se pode chegar com mais certeza a seguinte
constatacdo (ja vista em [7] para n = 2): as equagdes de Navier-Stokes (e Euler)
tém uma simetria entre as variaveis, tanto as dependentes quanto as
independentes. O mesmo também pode ser percebido diretamente em (43).

A simetria neste casoden = 3 é

Uy B Uy (70.1)
Uy B Uz (70.2)
Uz P Uy (70.3)
Xy (70.4)
yez (70.5)
ZPX (70.6)

ficando p e t inalterados:

peop (71.1)
t ot (71.2)

I[sso sugere, se ndo resolve completamente, a questdo da solucdo destas
equagdes. Se as equacdes em si sdo simétricas em relagdo a determinadas
transformacdes, entao esperamos que suas solucdes também o sejam sob estas
transformac¢des. O mesmo método pode ser aplicado também para n > 4, com a
regra (por exemplo)

Ui P Ujgq, Upgr = Uy, (72.1)
Xi B Xit1, Xny1 = Xq, (72.2)
p <D (72.3)
t ot (72.4)
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Nesse caso é preciso que a condi¢io inicial u(x, 0) = u°(x) obedeca também
a estas simetrias, mas permanece inalterada a condi¢do de incompressibilidade:

Zn ou; — Zn 6u? =0.

i=1a_xi i=1 dx;

Se fornecemos u;(x,y,z,t) como dado de entrada no nosso sistema entao
podemos concluir que as solugdes para u, e us, supostamente simétricas a u; pela
regra (70) anterior, sejam, respectivamente,

uZ(x;y)Zl t) = ul(y;Z,x; t)l (73.1)
us(x,y,z,t) =u,(y,z,x,t) =uy(z,x,y,t), (73.2)

i.e., trocamos x por y, y por z e z por x, na solucdo dada previamente para u; e
igualamos a u, o resultado desta transformacao. Repetimos esta regra em u, e
igualamos a u; o resultado da transformagao. Restara obter a pressdo p ou entdo,
caso ela também tenha sido dada, verificar se as variaveis u;, u,, uz, p realmente
satisfazem o sistema original, procedendo a ajustes caso seja necessario.

E de se esperar ainda que p seja simétrica em relacdo as variaveis x,y e z,
ou seja,

p(x,y,z,t) =p(,zx1t) =p(zxYy,t). (74)

Claro que (73) e (74) admitem implicitamente que temos simetria
retangular nas condi¢Oes iniciais e de contorno do sistema. Uma vez que esta
simetria nao ocorra, por exemplo, tenhamos outro tipo de simetria, esférica,
cilindrica, ou mesmo simetria nenhuma (caso geral), as igualdades (73) e (74) ndo
tém necessidade de serem satisfeitas. Sendo assim, a solugdo para o caso em que
ndo ha simetria alguma ainda é um problema a resolver, admitindo-se que ha ao
menos uma solucdo (quando o sistema é possivel; pode-se provar que o sistema
sempre é possivel, por exemplo, com escolha apropriada de p ou du/dt).

§ 7 - Conclusao
A pergunta de Smale

“Do the Navier-Stokes equations on a 3-dimensional domain £ in R3 have a
unique smooth solution for all time?”

respondemos “Nao”.

E possivel eliminar os termos ndo lineares em cada uma das equagdes do
sistema (1), obedecendo-se (2) e (3), o que fornecera infinitas solucdes para a
velocidade e a pressao, conforme (10) e (13), respectivamente,

u(xy, X2, x3,t) = X(x1 + x5 + x3)T(¢) (1,1, -2) = X(ET(t)], (75)
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E(X) =Xq + X2 + X3, ] = (1, 1; _2)'
p(e, ) —po(t) = [{ ) (VIVZX — X+ f) dg, (76)

considerando que a pressdo pode variar no tempo e temos forga externa. Claro que
devemos escolher para py, X, T,f fungdes smooth (C*) em seus respectivos
dominios. Como resultado teremos também u,p € C*.

Eliminando a variacdao temporal da pressao, fazendo f = 0 e incluindo-se a
condicdo (4), velocidade u®(x,t) na fronteira 9(Q, restringimos a infinidade de
velocidades, tornando-a Unica, dada em (40),

ul(x,t) = u(x,t) = (cos & + sen §) [(1 + %) e vt — %]], (77)

EX)=x1+x,+x3, J=(1,1,-2), v>0,
valendo
u®(x) = u(x,0) = (cos & + sené) J, (78)

e onde igualamos a 1 todos os parametros livres, A = B =T, = k = 1, mas ainda
temos infinitas solucdes possiveis para a pressao, de acordo com (42),

p() = po = + [{ X dg = (sen & - cos )}, (79)

= (sené —cos &) — (sen &, — cos &),
§(x) = x1 + x5 + x3,

onde consideramos p, como a pressdo (constante) na superficie { = ,. Para
garantir a unicidade deveriam ser fornecidos os valores de p, e &,, condi¢gdes que
nao fazem parte dos dados do problema.

Interessante perceber que nao é apenas a nao unicidade de solugdes que
encontramos, mas também verificamos na secdo § 6 anterior a possibilidade de

ndo existir solucdo alguma para o sistema, em especial em t = 0, caso neste

. . . ou; . . .
instante o determinante contendo as derivadas — seja igual a zero e um ou dois

6x]-

dos determinantes detU;,detU,,detU; também sejam iguais a zero. Estes
. d du; ~ ~ .
determinantes det U; dependem de a—;’_ e %, portanto nao poderdo ser quaisquer
13
valores da pressdao e velocidade que tornardo o sistema univocamente bem
determinado (de fato, esta afirmacgdo é valida para qualquer que seja o valor de t).

Vimos situacdo semelhante na equacdo (7) da sec¢do § 1, relacionada a pressao ser
uma func¢do potencial para ¢, i.e, ¢ ser uma funcdo gradientel5l. Na pratica,
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entretanto, poderemos sempre obter um sistema possivel, por exemplo, com
adequada escolha da pressao.

Dedicado a Steve Smale!
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11 - A naive solution for Navier-Stokes equations
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract - We seek some attempt solutions for the system of Navier-Stokes
equations for spatial dimensions n =2 and n = 3. These solutions have the
principal objective to provide a better numerical evaluation of the exact analytical
solution, thus contributing to the solution not only from a theoretical mathematical
problem, but from a practical problem worldwide.

Keywords - Navier-Stokes equations, numerical solutions, exact solutions,
equivalent systems, Millennium Problem, existence, smoothness.

1 - Introduction

The reading the last pages of chapter 10 of the book by lan Stewart,
"Seventeen Equations that Changed the World" [1], reminded me once again of the
importance of the Navier-Stokes equations, especially of its solutions. A sense of
urgency proved necessary for this issue. It is not equal to seek proof of the
Riemann hypothesis, which although it is one of the most difficult problems of
mathematics does not seem to bring greater immediate consequences to the world.

The problem of the Navier-Stokes equations described in the millennium
problems(?] was solved for the case (C), the breakdown of the solutions[3! [4], based
on the acceptance of known theorems of existence and uniqueness solutions,
theorems I believed fail only when the nonlinear terms are equal to zero, or not
have all the terms, although I recognize that the cases more interesting and useful
to solve are the cases (A) and (B), the proof of existence and smoothness of their
solutions for all initial velocity u°(x) obeying determinate conditions.

The world is running a serious heating problem, either by natural or human
causes. The more likely they are combined causes, of course. The northern
hemisphere is heating up more (much more...) that the southern hemisphere, so
we cannot rule out the human influence in this heat. Evidently the northern
hemisphere is the most industrialized hemisphere of the world, which produces
more heat due to their machines, and thus would be more likely to contribute to
this warming.

The problem of global warming is not only the increase in temperature, the
feeling of discomfort, but also in the disasters that it is able to produce, as the
melting ice of the poles, the corresponding increase in sea levels, as well as
torrential rains, storms, fires and the most destructive hurricanes.
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According lan Stewart in the mencioned book, two climate vital aspects are
the atmosphere and the oceans. Both are fluid, and both can be treated using the
Navier-Stokes equation. The secrets of the climate system are closed in the Navier-
Stokes equation. He said, referring to a research council document in physical
sciences and engineering (EPSRC - Engineering & Physical Sciences Research
Council, from United Kingdom), published in 2010: "The secrets of the climate
system are closed in the Navier-Stokes equation, but it is too complex to be solved
directly”. Instead, researchers of climate models are using numerical methods to
calculate the fluid flow at the point of a three-dimensional grid covering the globe
from the depths of the oceans to the highest points of the atmosphere. The
horizontal grid spacing is 100 km; anything less makes your computation
impractical. Faster computers will not serve much, then the best way forward is to
think harder. Mathematicians are developing more efficient means to numerically
solve the Navier-Stokes equation.

Then that's it. The purpose of this paper is to find a solution to the system of
Navier-Stokes equations, given the initial condition u(x,0) = u°(x), x € R*,n = 2
and n =3, for both the cases that must be obeyed the equation of
incompressibility, V- u = V- u® = 0, as also for the general case, any values of V- u
and V- u®. When V - u # 0 must be added the term % vV(V - u) to vV?u on the right

side of the Navier-Stokes equations!®l, which for simplicity will be omitted here.
Obviously this method can be used for the numerical solution of these equations,
which I hope to have your accuracy greatly increased (1 m or less instead of 100
km would be excellent). A grid with width cell 100 km is absolutely unreliable.

2 - Solutions forn = 2

The system of Navier-Stokes equations in spatial dimensionn = 2 is

au1 aul

5]
a+—+ 15, T =vWou + fp
(2.1) ap auz auz 6 2 2
E‘I'_‘l' ax‘l‘ 26—=VVu2+f2
or in vectorial form
(2.2) Vp + + (u-V)u=vViu+f,

where u(x,y,t) = (ul(x, y, ), uy(x,, t)), u:R? x [0,0) - R?, is the velocity of
the fluid, of components u;,u,, p is the pressure, p:R? X [0,0) - R, and
fl,y,t) =(fixy,0), 2(xy,1), fiR? X [0,00) > R?, is the density of external
force applied in the fluid in point (x,y) and at the instant of time t, for example,
gravity force per mass unity, with x,y,t € R, t > 0. The coefficient v> 0 is the
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viscosity coefficient, and in the special case that v= 0 we have the Euler equations.
_ (0 0. , T I
= (6x'6y) s the nabla operator and V- =V -V = —+ 57

operator. We are using fluid mass density p = 1.

= A is the Laplacian

If u; and u, are solutions of system (1) then are valid the following

equalities:
dp , duq ouq
Weu + f; — (o + =2+ ug——= ou
(2.3) U, = (g’; 2 ax),if L0,
1 dy
oy
and
ap . ]
VW2, + f, — (a_i + % + uzaiyz)  ou, 0
(2.4) u, = aaﬂ , if F™ # 0.
X

The equation (2.3) says that u, is a function of u,, as well as the equation
(2.4) says that u4 is a function of u,. Therefore, if we have the correct value of u,
we can get the value of u,, and vice versa, need for this too that the pressure can be
obtained. The equations (2.3) and (2.4) can not contradict each other, i.e, the
obtaining u, given u; in (2.3) must be verified next by the use of the equation
(2.4), confirming it, and vice versa. If the pressure p is not a given function for the
problem, both equations (2.3) and (2.4) need be solved to the complete

obtainment of p. Thus, in principle, the velocity and pressure can be obtained
du; Odu
completely following this method, since thata—y1 a—xz # 0. In this case, the systems

(2.3)-(2.4) and (2.1) are equivalent.

The solutions (2.3) and (2.4) are valid for all ¢t > 0 on condition that
6u1 auZ

% Ei 0, and in this case, in t =0, defining f(x,v,0)=f%x7y) and

p(x,y,0) = p°(x,y), we come to

0

0
2.0 o (9p° | duq 0 9uj
o YWwmith ‘(W*Wltw”“lﬁ) ol
(2.5) ul = if =L %0
2 oud '’ oy ’
oy
and
0 0
vW2ud + 9 - (al + aﬂh:o + ugaﬂ) 910
(2.6) ud = 9y ot 0/ if 220
1 ouj Toox
dx

ie, u) and ud are related by (2.5) and (2.6), beyond the incompressibility
condition, V - u® = 0, if this is a condition imposed.

158



0
The equations (2.5) and (2.6) can be used to calculate %h:o and
ou
at
provided at least at time t = 0.

|t=0, supposing that the pressure or its respective spatial derivatives are

0
For other values of t,t > 0, through the value of 6_1;’ held fixed position
(x,y), itis possible to calculate the value of u(x, y, t), obviously by integrating with

. . odu .
respect to time the local acceleration P ie.,

(2.7) u= f%dt + v(x,y),

where v(x, y) may be encountered by given initial conditions.

Numerically, we have

ou
(2.8) uT+T =T 4 = le=r AT,
where u” is the fluid velocity in the position (x,y) at time t = T. AT is a positive
not null small constant, the increment in time to each step calculation for u”.

Using (2.1) in (2.8) comes

apT ouT
(2.9) u A = + (szu{ + T = —ul 22—yl 2L AT,

oul
dx ay

T T T

T+AT T 2. T T _ 9P T OUz TauZ)

2.10 u =u ( Veu - —u, — —= | AT,

(2.10) 2 2 HvVeuy + f; 3y 1 5 275,

where fT and p” are the external force and pressure, respectively, in the position

(x,y) at time t=T, supposing given p’ =p(x,y,T). Numerically and

algorithmically, we need to use the approximations (among other that knows in

the literature about numerical methodsl®l)

oul _ ul(x+AxyT) —ul (xy,T)

(2.11) I~ - ,

(2.12) ou ~ uf (xy+4y.T) —uf(x,y,T),
oy Ay

(2.13) up  up (x+AxyT) = ug(x,y,T),
0x Ax

(2.14) Oup  uz(oy+ay.T) —uE(x,y,T),

oy Ay
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(2.15) vl ~ “T("“Ax'%ﬂ—Zui%:Ax,yr)+uI(x,y,r) N

u{(x,y+2Ay,T)—2u{(x,y+Ay,T)+uI(x,y,T)
(Ay)? ’

_l_

(2.16) Vzug ~ ug(x+2Ax,y,T)—Zu(i%:AX,y,T)+ug(x,y,T) n

ug(x,y+2Ay,T)—2u£(x,y+Ay,T)+u£(x,y,T)
+ (Ay)? ’

where Ax X Ay is the grid cell size.

This numerical-algorithmic approach, which resulted in the equations (2.9)
to (2.16), it shows that we can calculate approximately the system solution (2.1)
from t = 0 up to any t = T;,4,, and the same method can be used in n = 3. When
greater T,,,, value, however, the greater the accumulation of numerical errors to
the correct result. It will be very convenient if it is possible to obtain an exact
solution (the great dream) to this problem, at least in certain situations,
eliminating thus to the maximum the occurrence of numerical errors. Our naive
solution, or better, our first naive attempt solution, will be described to follow.

The smaller the value of T, the closest correct value of u are the results
obtained with (2.9) and (2.10). Therefore, considering t a small value, in the first
order approximation in time the solution to the u components will be

— 0 2,0 _ 9 odul 0"’_“?)
(2.17) ul—u1+(vV u; + fi W W2, t,
= 0 2,0 _9% _ 00u3 0%)
(2.18) uz—u2+(vV u; + f, 3y W U2, t,

which shows the possibility of infinite solutions to velocity, given only the initial
velocity, since each different pressure can, in principle, imply a different velocity.
Unfortunately, in general the above solution is not limited to the increased time,
and therefore in general there is not here a case of velocity belonging to Schwartz
space, space of fast decreasing functions. This time t in (2.17) and (2.18)
corresponds exactly to the AT value that appears in (2.9) and (2.10).

Defining x; := x, x, :=y, for an arbitrary value of t, we can try a solution to
the system (2.1) in the form

5]
(219) u; = u? + Xi (ug,ug,ﬁ,a—;) Tl(t),
with
(2.20) T;(0) =0, T;/(0) =1,
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in special

ou? ou?
(2.21) X; = VV2u°+fl———u§’—1;l —ug—?,
Xi
or else, for example,
]
@22)  w=uf 4 X0 ude + [ (fi — 7%) de +vi(xy),
i

d ou?

(2.23) X; = vv2u? —uf a” —ul —”yl

solutions based on (2.17) and (2.18), with
(2.24) f(ﬂ )dt|t o +vi(x,y) =0.
Differentiating (2.22) in relation to time, obviously, we obtain
a .
(2.25) —=X;(ui,ud) + f; — ,,

or, using (2.23),

Oui _ \,y2y0 — _ Lyf_Op
(2.26) = vV, —uy 7 W2 ay+f‘ P

ot

To the equation (2.26) to be equivalent to the system (2.1) for all u; we
need to have

2 g M, 0% g20 00wl 00w
(2.27) vVeu, —uy 7 W2 ay vVeu; —uy 7 W2 "
therefore, trying
(2.28) u; (x,y,t) =1 (x,y) + w; (), w;(0) =0,

and substituting (2.28) in (2.27), it is necessary that

6u?
(2.29) w; (t) -t

The trivial solutions of (2.29) are w,(t) = w,(t) = 0 and u; = cte. A more
general condition is

wi(t) _  0u)/dy

(230) wy(t)  oud/dx

=k keR", i=1,2

Well, the solution (2.28) there is not the same form that (2.22)-(2.23),
except if
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0
j fi= 3% =vi(xy) =0

(2.31) w;(t) = k;t, k; € R

LXi = vV2u) —uf aau —ud aau =k;, k; € R*
and, according (2.30),

ou oul kq .
(2.32) E=—k¥, k:E' k, ki k, € R"

For this reason, the attempt solution (2.22)-(2.23) correctly solved the
system (2.1) for some initial velocities, in special when (2.31) and (2.32) are
obeyed. Another case of solution when (2.22)-(2.23) is valid, using trivial solution
of (2.29),is

0
fi—so=vi(xy) =0

Xi
0 _
0 =

(2.33)

u; = u; = cte.

The dependence of f in relation to p, related in (2.31) and (2.33), or

(2.34) Vp =f,

shows that it’s necessary f be a gradient function, and thus p is a potential function
for f (see, for example, [7]). An example for f is a constant gravity acceleration,
like f = (0,—g), assuming a two-dimensional world, and in this case we have

p=-gy.

For more generic initial velocity, the form given by (2.28) is our next
attempt solution,

(2.35) w;(x,y,t) = ud(x,y) + w;(t), w;(0) =0.
Applying (2.35) in (2.1) comes

ou?
dy

5} d g d
(236) L Swi() +ud 2 “l + u “l + l(t)[ g
l
= vVl + £,
using x; (= x, X, =Y.

A consistent initial velocity also needs to be (2.1) solution, for t = 0. In
t = 0 the equation (2.36) is equivalent to

) )
(2.37) —+wl '(0) +u0 u —tu 9 1; = vV2u) + f7°,
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using w;(0) = 0, so

]
(2.38) u? a”‘ +ul

au° _

2,0 L c0_90°
2%, vVeu, + f; ox; w;'(0),

the superior symbol 0 meaning the respective function value at time t = 0.

Substituting (2.38) in (2.36) we obtain

(2.39) (a—” = —) + (W (©) = w/(0) + [wy (©) ‘% +w,(0) f’aiy _

0x
= fi(xnyt) _fi (ny)'

a equality that allow us to solve the system (2.1) in many situations, for any u° (or
better, vu°® € C*(R?)), making u; (and therefore u;) a function of p,w;, f;, or by
contrary, making p a function of u?,wj, fi, being u;(x,y,t) = ud(x,y) + w;(t),
according (2.35). But for this reason we cannot to accept any external force and
pressure in the system, or model, except when (2.39) is true and the pressure can
be calculated. Between numerically solve the system (2.39) or (2.1) seems to me
that (2.39) is faster to solve, in special when the pressure is given, p € C1(R? X
[0, 00)), and the velocity is the unique unknown variable.

The next and last attempt solution is
@40 w(oy,t) =w Coy) wi®), wi(0) =1,
where u;: R? X [0,0) > R, u): R? - R, w;:[0,0) > R, i =1,2.

Repeating the steps from (2.35) to (2.39) with (2.40), applying (2.40) in
(2.1) we come to

op od o ou? 00ul
(2.41) o T Wi + wiwity a_xl + wyow;u, a_yl =
= ox, | WiWi T Wi Wil 5o 2Uz = vw;Vu; + f;

As we have said, a consistent initial velocity also needs to be (2.1) solution,
fort = 0.Int = 0 the equation (2.41) is equivalent to

op° | 0. 10 0,,0,00u | o 0 o0u
axi+uiwi TWIWiUL T W WUy =

(2.42) %

2 0
= vwlv u?+fi,
defini 0 _ dw; d 0 _ (0)_1
efiningw;” = — lt=0 and w; = w; =1,so0
0,,0,,00u 0,0, 00U 0y2,,0
(2.43) Wlwiu1¥+ 2Wiu2E—V Veu =
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0
0 0y 0 0y 2.0
= |u; — — — yVeu; | =
[ 1 ox 2 9y t
0 op° 0,0
fl 6.7(,: ulWl

4

Supposing w; = w, = w and therefore w) =wd =w® =1, w; =w, =w/,
wi® = wy? = w'?, we have from (2.41) and (2.43), respectively,

2 2
(2.44) —+u w' + w? [uo L 9 u]—VWV2u°+ﬁ
and
(2.45) [uo U 4 9 a_u?] = vVau) + f° — W0 0yy10
' 1 ox 2 9y t L ox; t )

0

ouy ou;
Taking the factor [u(l) 61;‘ + ug aiyl] in (2.45) and leading it in (2.44) we

obtain

dp 9%\ _ _ 2.0 _ . 0( 1 _ 10
(2.46) (Bxi a axi) =vw—-a)Vu —u;(w' —aw’®) +
+(fi — af?),

with @ = w?(t) # 0. This relation (2.46) shows us that there are many
possibilities to solve the system of Navier-Stokes equations, for an infinite set of
initial velocities, external forces and pressure, thereby eliminating the non-linear
term.

The integration of (2.46) is
(2.47) p—ap’=[ S-di,
S=vw—-a)V?u’ —u'Ww’' —aw’®) + (f — af?),

where L is any continuous path linking a point (xg, yo) to (x,y), supposing that the
integrand S is a gradient field[”], without singularities.

3 - Solutions forn = 3

Similar to what we saw in section 2 for n = 2, now we solve the Navier-
Stokes equations for spatial dimension n = 3 and fluid mass density p = 1. As we
know, it can be put in the form of a system of three nonlinear partial differential
equations, as follows:
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dp , Juq ouq ouq ouq 2
—+—+u —+u,—+u;— =vV-eu
ox T or THig, T 26y+ 3 9z 1t h
dp . du, ou, ou, ou, 2
—_ —= —= —= — =y

(3.1 ay+ o +uy o +u, % + U 5, Veu, + f,

dp . OJus ous ous Jdus 2
— — — — — V
az+6t+u16x+uzay+u3 5, Véus + f3

where u(x,y,2z,t) = (u;(x,7,2,t), uz(x,y,2,t), u3(x,y,2,t)), w:R3 X [0,00) > R?,
is the velocity of the fluid, of components u,u,,uz, p is the pressure, p: R3 X
[0,0) >R, and f(xyzt) = (fi(xy.2z0), Y21, f(x,y,21t)), f:R>x
[0, 0) » R3, is the density of external force applied in the fluid in point (x,y,z)
and at the instant of time ¢, for example, gravity force per mass unity, with
x,v,Z,t ER, t =2 0. The coefficient v=> 0 is the viscosity coefficient, and in the

. : a a8 9.
special case that v= 0 we have the Euler equations. V= (5,5,5) is the nabla
d 2 62 2 62 _ . h 1 .
operatorand V- =V -V = ezt 37 to3= A is the Laplacian operator.

Writing u, as a function of u, and u; we have by the system (3.1) above,

dp , duyp ouy ouy
VVZU.2 +f2 - (—+—+ u2—+u3—)
— 9y = ot dy 9z .. Ou,
(3.2) u, = Tuz , if ox #* 0,
dox
2 op  Ousz ., Ous . Ous
33 U _VV u3+f3 (az+6t+ zay+'l,L3aZ) f au3¢0
(33) 1= Jus o TV
ax
aul aul aul aul 2 ap
3.4 —+4+u u u = vV u - —,
(34) 6t+16x+26y+3az 1t ox
ou, ou
therefore valid system when —2—==%0.
ox 0x

Similarly to u;, we obtain the following equations for u, and u3, in index
notation, defining x; = x, x, =y, x3 := z,and index 4 = index 1, index 5 = index
2,withl <j <3,

2y f (22 0 O, O
3 5 u vV u] +f] <ax] + ot +ul+1axi+1 +ul+zaXi+2 f au] i 0
. ;= if —
( ) l ﬂ /] axi )
dx;
ou; ou; ou; ou; 2 op
3.6 —tu —tuy—+uz—=vWu +f——
(3.6) 6t+16x+26y+362 i /i ax;
Ouijyq 0U;
therefore valid systems when ﬁﬁ #0,for1 <i<3.
i i

All solutions obtained in (3.5) can not contradict each other, as well as (3.6)
must be true for each i.
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Uit1 aul+2 + 0
xi 0x;

for 1 <i <3, and in this case, in t =0, defining f(x,v,2z,0) = f°(x,y,z) and
p(x,y,2,0) = po(x, v, z) and using index notation, we come to

The solutions (3.5) are valid for all ¢ = 0 on condition that

0 0
3 us; ou
2 op” . ) 0 J 0 J
vV u +f:] <6x + At |t 0 + i+1p 1+2 axl+2)
(3.7) ud = 1<j<3
) l aul =] =9
j
axi

where the superior index 0 means the respective value function at time t = 0. The

d ou;j
equation (3.7) shows that the sum % + — |t o cannot have any arbitrary
J

value, independently of u} relation (3.7), contradicting it.

Numerically we can solve (3.1) through following iteration algorithm, just
like we do for n = 2, for eachnaturaliin1 <i < 3:
T+AT _ T 2,,T n T ou;
(3.8) U; —ui+(Vu + fF _E_ j=1l 5 )AT
where u”, fT and pT are the velocity, external force and pressure, respectively, in
the position (x,y,z) at time t = T, supposing given p’ = p(x,y,z,T). AT is a
positive not null small constant, the increment in time to each step calculation for

ul.

Again, we need to use the approximations (among other that knows in the
literature containing numerical methods!®])

au'f u{ (x+Ax,y,z,T) — u{ (x,y,2,T)

3.9 = :
( ) ox Ax

oy Ay ’

ouT ul x,y,Z+0Az,T —uf x,9,Z,T
(3.11) 1 1(xy ) 1 (xy )’

0z Az

au;r ug(x+Ax,y,z,T) - ug(x,y,z,T)
(3.12) X ,

ox Ax

oy Ay ’

oul ul x,y,Zz+Az, T —ul x,y,z,T
(3.14) 2 Y (x,y ) 2(xy )'

0z Az

oul ul x+Ax,y,z,T —ul x,v,z,T
(3.15) 3~ 3( y ) 3(xy )

dx Ax !
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oul  ul(xy+Ay,zT) —ul(x,y,2T)

(3.16) % o

Q

)

oul  ul(xyz+8zT) - ul(x,y,zT)
0z Az

Q

(3.17)

)

o ul(x+240x,y,2,T)-2ul (x+Ax,y,2,T)+ul (x,y,2,T)
(318) U ul ~ L 1( )2 L +

u{(x,y+2Ay,z,T)—2u{(x,y+Ay,z,T)+u{(x,y,z,T)

+ (Ay)?

+

u{ (x,y,z+2Az,T)—2u%w (x,y,z+Az,T) +u{ (x,y,2,T)
(Az)? ’

+

2T ug(x+2Ax,y,z,T)—2u§(x+Ax,y,z,T)+u£(x,y,z,T)
(3.19) Véu, =~ a2

+

ug(x,y+2Ay,z,T)—2u£(x,y+Ay,z,T)+u§(x,y,z,T)
(Ay)?

+ +

ug (x,y,z+2Az,T)—2u£ (x,y,z+Az,T) +u§ (x,y,2,T)

+ (Az)? ’

2T ug(x+2Ax,y,z,T)—2u§(x+Ax,y,z,T)+u§(x,y,z,T)
(3.20) Véus; =~ @07

+
ul (x,y+24y,2,T)-2ul (x,y+Ay,z,T)+ul (x,y,2,T)

+ (Ay)?

+

ug (x,y,z+2Az,T) —2u£ (x,y,z+Az,T) +u§w (x,y,2,T)
(Az)? ’

+

where Ax X Ay X Az is the three-dimensional grid cell size.

The greater the value of T, the greater the number of times that need to
iterate the solution given in (3.8), more numeric errors are added to the correct
solution of system (3.1), is therefore highly desirable to find an exact solution for
(3.1).

All attempt solutions seen for the case n = 2 can be used for n = 3, with
obviously adaptations. The simplest (and naive) of these solutions is the similar
one to (2.35),

(3'21) ui(xr Y,z t) = U,?(X, Y, Z) + Wi(t)' WL(O) = 0;
or
(3.22) u(x,y,z,t) =u(x,y,z) + w(t), w(0) =0,
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whose direct application in (3.1) and more the correspondent use for t = 0 leads
to the similar condition (2.39) seen previously, i.e.,

(3.23) (2—5 —~ %) + (w;'(®) —w;'(0)) +

0 ouf d

u u?
+ [Wl§+w2 ayl + wy azl] = fi(x,y,2,t) —fio(x,y,z).

As we have said for two dimensions, this equality allow us to solve the system
(3.1) in many situations, for any u° (say, vu’ € C2(R®)), making u{ (and ;) a
function of p, Wj,fi, or by contrary, making p a function of u?,wj,fi, being
u;(x,y,2,t) = ud(x,y,z) + w;(t), according (3.21). For this reason, when (3.21) is
valid we cannot to accept any external force and pressure in the system, or model,
except when (3.23) is true and the pressure can be calculated. Again, between
numerically solve the system (3.23) or (3.1) seems to me that (3.23) is faster to
solve, in special when the pressure is given, p € C1(R3 X [0, )), and the velocity is
the unique unknown variable. By default, however, the initial velocity is the given
function and the pressure is an unknown variable to be calculated, and in this
manner it is necessary that

(3-24) S = (f(x' Y, Z, t) - fo(x' Y, Z)) - (W,(t) - W,(O)) -

oud oud 6u‘i))
(W1 ax T W2, TWsT, 1<i<3

is a gradient vector function[7l. In this general case we have

(3.25) p—p°=[ S-di,
where L is any continuous path linking a point (x,, y,, Zo) to (x,y, z).

In the special case when S = (S, S,, S3) is equal to zero or an explicit
function of time and S(0) = 0, the solution for (3.23) is

(3.26) p—p° = [S1(t)(x—x¢) + S (t)(y — ¥o) + S3(t) (z—2p)] +
+6(t),

where 6(t) is a well behaved (or physically reasonable) generic time function with
6(0) = 0,and p°(x,y,2) = p(x,y,2,0).

The solutions for u, (3.22), and p, (3.25), are not unique, due to infinities
different possibilities to construct w(t), w(0) = 0. Beyond this, the pressure may

be unlimited, when S(t) # 0, due to linear term [S;(t)(x—x) + S, ()(y —yo) +
S3(t)(z—zy)], although we can choose u°(x,y,z) and w(t) that limit the velocity
u(x,y,z,t).
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The next and last attempt solution forn = 3 is
3.27) u(x,y,2,t) = u (x,y,2) wt), w(0) =1,
where u;: R® X [0,0) > R, u): R3 > R, w:[0,0) > R, 1 <i < 3.

Applying (3.27) in (3.1), following similarly the steps from (2.40) to (2.46),
we come to

op _ _9p°\ _ NU2a,0 0t 10
(3.28) (axi a axi) =vw—-—a)Vu —u;(w' —aw’®) +
+(fi — af?’),

with @ = Wz(t) # 0. Note that this form is no longer necessary to worry about
the non-linear term, although the correspondent to (2.45) is implicitly valid for all
i =1,2,3, of course:

0 0w}

06“9 OE“9 — 2.,0 0 épo 0 0
(3 ) u] uZ U3 14 ul i : ul w

The integration of (3.27) is

(3.30) p—ap’=[ S-dl,

S=vw-—a)V?u’ —u'Ww’' —aw’®) + (f — af?),
where L is any continuous path linking a point (x,, vy, Zz9) to (x,y,2), supposing
again that the integrand S is a gradient field!”], without singularities.

This solution is not always possible, when S is not a gradient field, but it is

. . . 0
easily soluble when u° is equal to zero and the external force alsois f = f = 0.In
this situation we have u = 0 and

(3.31) p=w?()p° +6(t), w(0) =1, §(0) = 0,

again showing the non-uniqueness of the solution for the pressure. 8(t) is our well
behaved (physically reasonable) generic time function.

4 - Conclusion

We do not solve exactly the Navier-Stokes equations in the general case,
given any initial velocity, nor proved that this is possible, but we developed some
attempt solutions for some initial velocities. Particularly, if we know exactly the
value of one (n = 2) or two (n = 3) velocity components and the pressure we can
find the exact value of the component we have not initially, according to equations
(2.3), (2.4) and (3.5). In special, for 1 < i,j < 3, the exact solution that we seek is
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ou; ou; ou;
2., . _[op J . J . J
vWeu; + f; <axi+ 3% +1“*1axHq>+1h+zaxHQ>

. 0u;j
(4.1) u; = — , if a—xf + 0.

Nothing easier than this, although there can be no contradiction, of course. For
example, for n = 3 the equation (3.6) must continue to be satisfied, i.e.,

aui 6ui aui aui
4.2 — t U — -
(4.2) ac T U1y

Of the numerical point of view, I think that solve the system (3.23),

(43) (22— 22) 4 (wy/(t) - wi'(0)) +

axi axi
ou ouf

ou ?
+ [ng+ Wz—y+ W3 a_z] = fi(x,y,z,t) — f°(x,y,2),

1 <i <3, is faster than (3.1), and they are equivalent systems, assuming the
validity of

(4.4) w;(x,y,2t) =ul(x,y,2) + w;(t), w;(0) = 0.

The solution above shows that the velocity u can vary in a same point from
the initial velocity u° to any other value, adding a convenient time function w(t).

More than this, we reaches to an important conclusion: the solutions of the
Navier-Stokes equations may not be unique, even for two spatial dimensions, even
for three spatial dimensions, even with all equations with all terms and even for
any very small time t > 0, and indeed for any value spatial dimension n. We lack at
least initial conditions for the pressure, among other requirements, at least in the
cases which we analyze. The possibility of infinite solutions, however, even for
cases in which all terms are present, leads us to conclude on the need to provide
more equations to the models that claim to accurately simulate the atmospheric
conditions or fluids in general terms, from simplest cases to the most complex one,
or else build more complete Navier-Stokes equations, containing more dependent
variable, initial and boundary conditions. What we can see, the same initial velocity
can generate both an eternal calm as a giant seaquake.

Of course the velocity of a storm, hurricane or a tsunami does not need to be
regular, limited, continuous, infinitely differentiable, well behaved and belonging
to the Schwartz space, nor obey to the incompressibility condition. This gives us
enough freedom to work with these equations.

[ think that, in practical terms, the external force can act as a pressure or
velocity controller, since it is not only due to the uncontrollable nature, but can
also be conveniently constructed by engineering. This is a clear example of Applied
Mathematical.
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More naive than these solutions is this author...

To world’s stability...

January 2016 L-OTI( * C) Anomaly vs 1951-1980 1.13

| I — — |
-41-4.0-20-1.0-05-0.2 0.2 05 1.0 20 40 129

Note: Gray areas signify missing data
Note: Ocean data are not used over land nor within 100km of a reporting land station

February 2016 L-OTI(“C) Anomaly vs 1951-1980 1.35

| —
-4.4-40-2.0-1.0-05-0.2 0.2 05 1.0 2.0 4.0 11.5

Images source: NASA (see http://data.giss.nasa.gov/gistemp/maps/)
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12 - Solution for Navier-Stokes Equations -

Lagrangian and Eulerian Descriptions
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract - We find an exact solution for the system of Navier-Stokes equations,
supposing that there is some solution, following the Eulerian and Lagrangian
descriptions, for spatial dimension n = 3. As we had seen in other previous
articles, it is possible that there are infinite solutions for pressure and velocity,
given only the condition of initial velocity.

Keywords - Navier-Stokes equations, velocity, pressure, Eulerian description,
Lagrangian description, formulation, classical mechanics, Newtonian mechanics,
Newton’s law, second law of Newton, equivalent systems, exact solutions,
Millennium Problem, existence, smoothness, Bernoulli’s law, Turbulence Theory,
Theory of Perturbations, Numerical Methods, Computational Fluid Dynamics.

§1

Essentially the Navier-Stokes equations relating the velocity u and pressure
p suffered by a volume element dV at position (x,y,z) and time t. In the
formulation or description Eulerian the position (x,y, z) is fixed in time, running
different volume elements of fluid in this same position, while the time varies. In
the Lagrangian formulation the position (x,y,z) refers to the instantaneous
position of a specific volume element dV = dx dy dz at time t, and this position
varies with the movement of this same element dV'.

Basically, the deduction of the Navier-Stokes equations is a classical
mechanics problem, a problem of Newtonian mechanics, which use the 2nd law of
Newton F = ma, force is equal to mass multiplied by acceleration. We all know
that the force described in Newton's law may have different expressions, varying
only in time or also with the position, or with the distance to the source, varying
with the body's velocity, etc. Each specific problem must to define how the forces
involved in the system are applied and what they mean. I suggest consulting the
classic Landau & Lifshitz[!l or Prandtl’s book!?! for a more detailed description of
the deduction of these equations. Note that the deduction by Landau & Lifshitz [1]
contain more parameters than the shown in the references [2] and [3].

In spatial dimension n = 3, the Navier-Stokes equations can be put in the
form of a system of three nonlinear partial differential equations, as follows:
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op |, oy duy duy ouy _ 2 1 :
ox T or T, Ty Tuso, =W +wWi(V-u) + fy
op | 0up ouz ouz Uz _ y2 1 :

D) 15y To Ty Ty, TUsy, =W +V(Vw) +

dp , Ous Jus ous ous
oz T or T, T dy T U,

= vVeu, + §VV3(V “u) + f3

where u(x,y,2z,t) = (u;(x,7,2,t), uz(x,y,2,t), u3(x,y,2,t)), w:R3 X [0,00) > R?,
is the velocity of the fluid, of components u,u,,uz, p is the pressure, p: R3 X
[0,0) >R, and f(xy2t) = (L2 XYz, (xy21), f:R®x
[0, 0) » R3, is the density of external force applied in the fluid in point (x,y,z)
and at the instant of time ¢, for example, gravity force per mass unity, with

x,v,Z,t ER, t =2 0. The coefficient v=> 0 is the viscosity coefficient, and in the
. . 8 9 9.

special case that v= 0 we have the Euler equations. V= (5,5,5) is the nabla

62

operatorand V2 =V -V = —

2 62 _ . .
+ 37 + 57 = A is the Laplacian operator.

6ui 6ui
ay ' 3oz
consequence of the Eulerian formulation of motion, and corresponds to part of the
total derivative of velocity with respect to time of a volume element dV in the fluid,
i.e., its acceleration. If u = (u;(x,y,z,t),u,(x,y,2,t),u3;(x,y,2t)) and these x,y, z
also vary in time, x = x(t), y = y(t), z = z(t), then, by the chain rule,

Ju;
The non-linear terms u4 a—xl + u, +u , 1 <i <3, are a natural

Du _Ou , dudx A dudy b dudz

2 = —4 — .
@) Dt ot dx dt dy dt dz dt
Defini dx u dy u dz u
efining — =u,, — =u,, — = U4, comes

8 ar gt 20 at 3

Du ou ou u du
3 —=—+—u; +—u, + —us,
) Dt 6t+6x 1+ay 2+623
and therefore

Du; ou; ou; ou; ou; ;
4 _ e —_— —1<i<
) be - or TG, Ty tUs5n1siss,

which contain the non-linear terms that appear in (1).
Numerically, searching a computational result, i.e., in practical terms, there
can be no difference between the Eulerian and Lagrangian formulations for the
Du du
evaluate of Dr (or ax it is the same physical and mathematical entity). Only

conceptually and formally there is difference in the two approaches. I agree,
however, that you first consider (x, y, z) variable in time (Lagrangian formulation)
and then consider (x,y,z) fixed (Eulerian formulation), seems to be subject to
criticism. In our present deduction, starting from Navier-Stokes equations in
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Eulerian description, implicitly with a solution (u,p), next the pressure, and its
corresponding gradient, they travel with the volume element dV = dx dy dz, i.e,
obeys to the Lagrangian description of motion, as well as the external force f, in
order to avoid contradictions. The velocity u also will obey to the Lagrangian
description, and it is representing the velocity of a generic volume element dV over
time, initially at position (xg, y,,Z,) and with initial velocity u® = u(0) = const.,
u = u(t). Done the solution in Lagrangian description, the solution for pressure in
Eulerian description will be given explicitly and at end a solution in function of the
initial data.

Following this idea, the system (1) above can be transformed in

1dp , D 1

(u_la_zt’ + % =v (Vuy)le + vV (V- w)le + file
10p , D 1

) u_za_’t’+ﬁ=v(vzu2)|t +ov(Vo (V- w)le + fole
10p , D 1

u_ga_rt’ n ﬁ =v (V)| + v(Vs(V-W)le + file

thus (1) and (5) are equivalent systems, according (4) validity, since that the
partial derivatives of the pressure and velocities were correctly transformed to the
variable time, using dx = u,0t, dy = u,0t, 0z = uzdt. The nabla and Laplacian
operators are considered calculated in Lagrangian formulation, i.e., in the variable

D
time. Likewise for the calculation of D—I;, following (4), and external force f, using

x = x(t),y = y(t), z = z(t). The integration of the system (5) shows that anyone
of its equations can be used for solve it, and the results must be equals each other.
Then this is a condition to the occurrence of solutions. In the sequence the
procedure in more details for obtaining the pressure in Lagrangian formulation, a
time dependent function.

Given u = u(x,y,z,t) € C*(R3 X [0,)) obeying the initial conditions and
an integrable vector function f, the system’s solution (1) for p, using the
condensed notation given by (4), is

(6) p=[ S-dl+6(t),
2 1 Du
S=vWVu+-vViV-u)+f——,
3 Dt
where L is any continuous path linking a point (x,, y,, o) to (x,y,z) and 6(t) is a
generic time function, physically and mathematically reasonable, for example with

0(0) = 0. We are supposing that the vector S is a gradient vector function
(VxS =0, S=Vp, ppotential function of S).

In Eulerian description and in special case when the integrand S in (6) is a
constant vector or a dependent function only on the time variable, we come to
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(7) p=p°+51(t) (x —x0) + S,(t) (¥ — ¥o) + S3(t) (z — 2),
S;(t) = v Viu; + gv Vi(V-u) + f; — %,
where p° = p°(t) is the pressure in the point (x,, v, z,) at time t.

When the variables x,y,z in (6) as well as f and u are in Lagrangian
description, representing a motion over time of a hypothetical volume element dV
or particle of fluid, we need eliminate the dependence of the position substituting
in (6)

(8) dl = (dx, dy, dz) = (u,dt, u,dt, usdt)

and integrating over time. The result is

©) p() =p° + [ T8, S (O wi(®) dt,
p° = p(0) = const.

Du;
This calculation can be more facilitated making uiD_tldt = u;du; and

t, D g, _ (W _ 12 02 :
fo U; D—tdt = fu? udu; = E(ui —U; ), so (9) is equal to

(10) p(t) = p® =5 X, (uf —ul?) + [ Ty Ri(D) w () dt,
Ri(t) = v(V2up)le + v (Vi (V- u))le + file

i.e.,

(11) p(t) =p°—%(u2—u°2)+f0tR-udt,
1
R =v(V*W)|, + EV(V(V “W)le + flo
p,p° € Ru,ul, f,R € R3,u = (uy, uy, u3)(t), u® = (d, ud,u?d) =u(0),
f = (fi, f2, f3)(t), in Lagrangian description. u? = u-u and u®? =u°-uare

the square modules of the respective vectors u and u°.
When f = 0 and v = 0 (or most in general R = 0) it is simply

(12) p=p°—>@-u’?),

which then can be considered an exact solution for Euler equations in Lagrangian
description, and similarly to Bernoulli’s law without external force (gravity, in
special).

Unfortunately, in Eulerian description, neither
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(13) p(x,y,2,t) =p°(x,y,2) —; W2 —u"®) + [ R-dl,
p°(x,v,2) = p(x,v,2,0), u® =u°(x,v,2) = u(x,y,z0),nor
(14) p(x;y; Z, t) = po(t) _%(uz - uoz) + fL R - dl,

pO(t) = p(x0, Vo, 2o, t), u° = u°(t) = u(xy, ¥o, 2o, t), solve (1) for all cases
of velocities, both formulations supposing R = vV2u + gvV(V ‘u) + f a gradient

vector function (VX R =0, R = V¢, ¢ potential function of R).

For example, for R = 0 the solution (14) is valid only when

6p _ j_ ou; ou;
(15) axl Z] 1u]a ( +Z] =1 ]a )
i.e.,

Ui _ y3 Juj _ ow
(16) o =1l (6xl- ox; )

How to return to the Eulerian formulation if only was obtained a complete
solution in the Lagrangian formulation? As well as we can choose any convenient
velocity u(t) = (uq(t), u,(t), uz(t)) to calculate the pressure (11) that complies
with the initial conditions (Lagrangian formulation), we also can choose
appropriates u(x,y,z,t) (Eulerian formulation) and x(t),y(t),z(t) to the
velocities and positions of the system and taking the corresponding inverse
functions in the obtained solution. This choose is not completely free because will
be necessary to calculate a system of ordinary differential equations to obtain the
correct set of x(t), y(t), z(t), such that

dx
e u,(x,y,2,t)
d
(17) = = (%,y,7,t)
dz
— = us(x,¥,21)
Nevertheless, this yet can save lots calculation time.

It will be necessary find solutions of (17) such that it is always possible to
make any point (x,y,z) of the velocity domain can be achieved for each time ¢,
introducing for this initial positions (xg, ¥y, Zo) conveniently calculated according
to (17). Thus we will have velocities and pressures that, in principle, can be
calculated for any position and time, independently of one another, not only for a
single position for each time. For different values of (x,y,z) and t we will, in the
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general case, obtain the velocity and pressure of different volume elements dV,
starting from different initial positions (x,, yo, Zo)-

We can escape the need to solve (17), but admitting its validity and the
corresponding existence of solution, previously choosing differentiable functions
x =x(t),y = y(t),z = z(t) and then calculating directly the solution for velocity in
the Lagrangian formulation,

(m® =5
(18) J uy(t) ==
uz(t) = %
hereafter calculating g—:,f;l and the differential operations V-u,V(V-u) and
j

VZu through of the transformations

du; _ du;/0t _ 1 ou;

(19.1) dx;  0x;/dt  u; ot
ou; 1 0uj
oy =%3 9% y3 ou;j
(19.2) V-u J=15x, = Zi=1y 0
. _ a/ot 3 1 6u] _
(19.3) Vi(V-u) ~ axy/ot ==y, at
=133 -2 () (%) + o
- uizleuj[ e )\ac) T o
and
azui_ 0 [ouy; _ ad/ot 1 du; _
(20.1) ax? 0, (axj> ~ oxj/ot\u; ot )
= 2]~ 2(2) (%) + 2
uj at/ \ at at2
2, _ v3 0%u; au]) 9%u;
(20.2) Viu, = Y7 1ax [ at +—=

u; _ du; .
= — supposin
Dt dt pp J

finites the limits in equations (19) and (20) when u; —» 0. Note that perhaps the

and finally calculating the pressure in (9) or (11), with

denominators appearing in (19) and (20) explaining the occurrence of blowup
timereported in the literaturel3], when the limits are not finites.

Concluding, answering the question, in the result of pressure in Lagrangian
formulation given by (9) or (11), conveniently transforming the initial position
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(%0, Yo, Zp) as function of a generic position (x,y,z) and time t, we will have a
correct value of the pressure in Eulerian formulation. The same is valid for the
velocity in Lagrangian formulation, if the correspondent Eulerian formulation was
not previously obtained.

§2

It is worth mentioning that the Navier-Stokes equations in the standard
Lagrangian format, traditional one, are different than previously deduced.

Based on [5] the Navier-Stokes equations without external force and with
mass density p = 1 are

ain 3 aAj dap
21.1 = —Xj=13. 75
( ) ot2 21_1 0x; 6aj
2 ; 2
3 3 3 0%4A; ou; aA] 04 04y,
V)i =1]= Ey ’
+V 2jo1 Lk=1 Zi=1 (axkaxk da;  0x) 0x) 0aj0a
dA; d
—J=_"_Y.
(21.2) o = 9y X (%n, ) =X, (anms|t):

where a,, is the label given to the fluid particle at time s. Its position and velocity
at time t are, respectively, X,,(a,,, s|t) and u, (a,,, s|t).

The significant difference between (21) and (5) is that our pressure (5) is
varying only with time, as the initial position is a constant for each particle, not
variable. In (21) the pressure varies with the initial position (label) and there is a
summation on the three coordinates. We did in (5) dx; = u;dt. The nabla operator
has also a very difficult expression in the traditional Lagrangian formulation, a
triple summation varying on positions (functions of time, evidently) and initial
positions.

§3

Without passing through the Lagrangian formulation, given a velocity
u(x,y, z,t) at least two times differentiable with respect to spatial coordinates and
one respect to time and an integrable external force f(x,y,z,t), perhaps a better
expression for the solution of the equation (1) is, in fact,

P;
(22) p(x,y,2,) = Xils fpo Sidx; + 6(0),
Jdu; ou; 1
Si=-— (a—lz + 235:1 U a—z]) +v(VZu,) + gv(Vi(V w) + f;,

supposing possible the integrations and that the vector § = — [2—1; + (u- V)u] +

vW2u + %vV(V ‘u) + f is a gradient function. This is the development of the
solution (6) for the specific path L going parallely (or perpendicularly) to axes X,Y
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and Z from (x?,x2,x3) = (x0,¥0,20) to (x1,%,%x3) = (x,y,2), since that the
solution (6) is valid for any piecewise smooth path L. We can choose P =
(X0, Y0, Z0), P3 = (x,¥0,20), PY = (x,y,2,) for the origin points and P; =
(%, V0, 20), P, = (x,y,2y), P3 = (x,y, z) for the destination points. 8(t) is a generic
time function, physically and mathematically reasonable, for example with
0(0) = 0 or adjustable for some given condition. Again we have seen that the
system of Navier-Stokes equations has no unique solution, only given initial
conditions, supposing that there is some solution. We can choose different
velocities that have the same initial velocity and also result, in general, in different
pressures.

The remark given for system (5), when used here, leads us to the following
conclusion: the integration of the system (1), confronting with (5), shows that
anyone of its equations can be used for solve it, and the results must be equals each
other. Then again this is a condition to the occurrence of solutions, which shows to
us the possibility of existence of breakdown solutions, as will become clearer in §5.

§4

Another way to solve (1) with f = 0 seems to me to be the best of all, for its
extreme ease of calculation, also without we need to resort to Lagrangian
formulation and its conceptual difficulties. If u(x,y,z,0) = u°(x,y, z) is the initial
velocity of the system, valid solution in t = 0, then u(x,y,zt) = uo(x +ty+
t,z + t) is a solution for velocity in t > 0, a non-unique solution, where specifically
there is the additional initial condition

0
3 o0y
2 — =0 = Qi1 —
(23) 57 lt=0 J=1x,

Similarly, p(x,y,z,t) = pO(x +t,y +t,z+t) is the correspondent solution
for pressure in t > 0, being p°(x,y,z) the initial condition for pressure. See
reference [6] for a proof of this theorem.

The velocities u®(x +¢t,v,2z), u®(x,y +t,z) and u°(x,y,z+1t) are also
solutions, and respectively also the pressures p°(x +t,v,2), po(x,y +t,z) and
p°(x,y,z + t), each one with its respective additional initial condition

ou; ou? ou; 6u? ou; _ au?

(24) S¢ lt=0 = 5 or rle=0 =50 or Frle=0 = 50

whose proof requires only a small adaptation of [6], for the particular index which
occurs the transformation x; — x; + t.

Other solutions may be searched, without external force, for example in the
kind u(x,y,zt) = uo(x +T,(t), y+T,(t), z+ T3(t)), T;(0) =0, and therefore
p(x,y,2,t) = p°(x + Ty (t), y + T2 (t), z + T5(t)), supposing T;(t) smooth.
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§5

This article would not be complete without mentioning the potential flows.
When there is a potential function ¢ such that u = V¢ then VX u =0, i.e., the
velocity is an irrotational field. When the incompressibility condition is required,
i.e, V-u =0, the velocity is solenoidal, and if the field is also irrotational then
Viu=V(V-u) —Vx (Vxu) =0, ie, the Navier-Stokes equations are reduced to
Euler’s equations and the velocity-potential ¢ must satisfied the Laplace’s
equation, V2¢ = 0, as well as the velocity.

According Courantl’l (p.241), for n = 2the “general solution” of the
potential equation (or Laplace’s equation) is the real part of any analytic function
of the complex variable x + iy. For n = 3 one can also easily obtain solutions
which depend on arbitrary functions. For example, let f(w,t) be analytic in the
complex variable w for fixed real t. Then, for arbitrary values of t, both the real and
imaginary parts of the function

(25) u=f(z+ixcost+iysint,t)

of the real variables x, y, z are solutions of the equation V2u = 0. Further solutions
may be obtained by superposition:

(26) u= fff(z + ix cost + iysint,t)dt.

For example, if we set

(27) f(w,t) = whet,

where n and h are integers, and integrate from -m to +m, we get homogeneous
polynomials

(28) u= ffﬂ(z + ix cost + iysint)™ etdt

in x,y,z, following example given by Courant. Introducing polar coordinates
z=rcosf,x =rsinfcos ¢,y = rsinf sin ¢, we obtain

(29) u = 2rtethd fon(cos 0 + isin @ cost)™ cos ht dt

= r"e"®p, . (cosH),
where P, , (cos B) are the associated Legendre functions.

On the other hand, according Tokatyl®], Lagrangel®! came to the conclusion
that Euler’s equations could be solved only for two specific conditions: (1) for
potential (irrotational) flows, and (2) for non-potential (rotational) but steady
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flows. The external force in [9] is considered with potential, f = VV, and the fluid
is incompressible.

Lagrange also proved, as well as Laplace (Mécanique Céleste), Poisson
(Traité de Méchanique), Cauchy (Mémoire sur la Théorie des Ondes) and Stokes
(On the Friction of Fluids in Motion and the Equilibrium and Motion of Elastic
Solids), that if the differential of the fluid’s velocity u;dx + u,dy + uzdz is a
differential exact in some instant of time (for example, in t = 0) then it is also for
all time (t = 0) of this movement on the same conditions. This means that a
potential flow is always potential flow, since t = 0. Then, from the previous
paragraph, if the initial velocity have not an exact differential (i.e., if the initial
velocity is not a gradient function, irrotational, with potential) and the external
force have potential then the Euler equations have no solution in this case of
incompressible and potential flows, for non-steady flows.

And what happens with respect to Navier-Stokes equations, which is the
major problem?

0
For stationary (say, steady) flows, where 6_1: =0andu=u’forallt >0,

the condition for existence of solution (obtaining the pressure) is that

aS; _ asj
(30) Ox; - dx;

for all pair (i,j), 1 < i,j < 3, defining

_ 0 0 0w}
(31) S; = vV} — Jlja‘+fl,

where f = f° is the stationary external force. This is a common condition for
existence of solution for a system Vp = §, representing the stationary Navier-
Stokes equations, thatisV X § = 0.

For non-stationary flows it is knows that the Lagrange’s theorem, as well as
the Kelvin’s circulation theorem, is not valid for Navier-Stokes equations, but here
it is implied that vV?u # 0, the general case.

The vorticity w =V Xu # 0 is generated at solid boundaries(1?, thus
without boundaries (© = R3) no generation of vorticity, and without vorticity
there is potential flow and vanishes the Laplacian of velocity if V- u = 0, then it is
possible again the validity of Lagrange’s theorem in an unlimited domain without
boundaries and with both smooth and irrotational initial velocities and external
forces, for incompressible fluids.

Regardless, the general condition for existence of solution for pressure in
t = 0is (30), for all pair (i,j), 1 < i,j < 3, substituting (31) by
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aui 0 6u?

(32) S; = vV — (at lt=0 + Z}?-’:luj a—x]> +£0,

fio = fi(x1, %2, %3, 0).

It is important the application of (30), (31) and (32) in Turbulence Theory
and Theory of Perturbations. According Landau & Lifshitz[l], in the chapter III
(Turbulence), article § 26 (Stability of steady flow), of his famous book on Fluids
Mechanics,

For any problem of viscous flow under given steady conditions there must
in principle exist an exact steady solution of the equations of fluid dynamics. These
solutions formally exist for all Reynolds numbers. Yet not every solution of the
equations of motion, even if it is exact, can actually occur in Nature. Those which
do must not only the equations of fluid dynamics, but also be stable. Any small
perturbations which arise must decrease in the course of time. I, on the contrary,
the small perturbations which inevitably occur in the flow tend to increase with
time, the flow is unstable and cannot actually exist.

But it is not true that any given initial velocity, yet small in module, or large
velocity, is according with relation (30), or further approximations following
perturbative methods, with S; given by (31) or (32), and for this reason we
sometimes (or yet oftentimes) cannot obtain the necessary solution to the
pressure or else we obtain a wrong solution. The same is said about the Numerical
Methods in Computational Fluid Dynamics. For any time t > 0 need be valid the
relation (30) with

_ 2 ou; 3 ou;
(33) Si =vV u; — (a—tl + Zj=1 u]' a_le> +fl

§6

[ think that this is better than nothing... It is no longer true that the Navier-
Stokes and Euler equations do not have a general solution (when there is some).

Apply some of these methods to the famous 6th Millenium Problem!3! on
existence and smoothness of the Navier-Stokes equations is not so difficult at the
same time also it is not absolutely trivial. It takes some time. I hope to do it soon.
On the other hand, apply these methods to the case n = 2 or v = 0 (Euler
equation) is almost immediate.

To Leonard Euler, in memorian,

the greatest mathematician of all time.
309th anniversary of his birth,
April-15-1707-2016.
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Last update: August-27-2016.

Euler, and mathematical community,
forgive me for my mistakes...
This subject is very difficult!
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13 - Solution for Euler Equations -

Lagrangian and Eulerian Descriptions
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract - We find an exact solution for the system of Euler equations, supposing
that there is some solution, following the Eulerian and Lagrangian descriptions, for
spatial dimension n = 3. As we had seen in other previous articles, it is possible
that there are infinite solutions for pressure and velocity, given only the condition
of initial velocity.

Keywords - Euler equations, velocity, pressure, Eulerian description, Lagrangian
description, formulation, classical mechanics, Newtonian mechanics, Newton's law,
second law of Newton, equivalent systems, exact solutions, Bernoulli’s law.

§1

Essentially the Euler (and Navier-Stokes) equations relating the velocity u
and pressure p suffered by a volume element dV at position (x, y,z) and time t. In
the formulation or description Eulerian the position (x,y,z) is fixed in time,
running different volume elements of fluid in this same position, while the time
varies. In the Lagrangian formulation the position (x,y,z) refers to the
instantaneous position of a specific volume element dV = dx dy dz at time t, and
this position varies with the movement of this same element dV’.

Basically, the deduction of the Euler equations is a classical mechanics
problem, a problem of Newtonian mechanics, which use the 2nd law of Newton
F = ma, force is equal to mass multiplied by acceleration. We all know that the
force described in Newton's law may have different expressions, varying only in
time or also with the position, or with the distance to the source, varying with the
body's velocity, etc. Each specific problem must to define how the forces involved
in the system are applied and what they mean. I suggest consulting the classic
Landau & Lifshitz[ll or Prandtl’s bookl?l for a more detailed description of the
deduction of these equations (including Navier-Stokes equations).

In spatial dimension n = 3, the Euler equations can be put in the form of a
system of three nonlinear partial differential equations, as follows:
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dop , Juy ouq ouq ouq

— u u Uy — =

6x+6t+16x+26y+362 h

dp , Ou, ou, ou, ou,

-— u u Uqy——— =
M |6y+6t+ 15 T 26y+ 3 9z f2

dp Jus ous ous Jus

-— u u Uy — =

az+6t+1ax+26y+3az f3

where u(x,y,2z,t) = (u;(x,7,2,t), uz(x,y,2,t), u3(x,y,2,t)), w:R3 X [0,00) > R?,
is the velocity of the fluid, of components u,u,,uz, p is the pressure, p: R3 X

[0,00)—)]R, and f(x,y,z,t) =(fl(x,y,z,t),fz(x,y,z,t),f3(x,y,z,t)), f:R3X
[0, 0) » R3, is the density of external force applied in the fluid in point (x,y,z)

and at the instant of time ¢, for example, gravity force per mass unity, with

g d 0

2
x,y,z,t ER, t = 0. VE( ) is the nabla operator and V? =V-V=%+

ox’ 3y’ 9z
9%z | 9% _ . . h laci
52 + 57 = A is the Laplacian operator.
ou; ou; ou;
The non-linear terms U, a—xl + u, a—yl + ug a_zl’ 1<i<3, are a natural

consequence of the Eulerian formulation of motion, and corresponds to part of the
total derivative of velocity with respect to time of a volume element dV in the fluid,
i.e., its acceleration. If u = (u;(x,y,z,t),u,(x,y,2,t),us;(x,y,2t)) and these x,y, z
also vary in time, x = x(t), y = y(t), z = z(t), then, by the chain rule,

Du _ Ou , dudx  dudy b dudz

2 =—+— .
@) Dt ot dx dt dy dt dz dt
Defining & =u;, Z=u,, L=y
efining — =u,, — =u,, — = U4, comes

8 ar gt 20 at 3

Du ou ou u du
3 —=—+—u; +—u, + —us,
) Dt 6t+6x 1+ay 2+623
and therefore

Du; ou; ou; ou; ou; ;
4 _ e —_— —1<i<
) be - or TWig, Ty tTUsn1siss,

which contain the non-linear terms that appear in (1).

Numerically, searching a computational result, i.e., in practical terms, there
can be no difference between the Eulerian and Lagrangian formulations for the

Du du
evaluation of Dr (or v it is the same physical and mathematical entity). Only

conceptually and formally there is difference in the two approaches. I agree,
however, that you first consider (x, y, z) variable in time (Lagrangian formulation)
and then consider (x,y,z) fixed (Eulerian formulation), seems to be subject to
criticism. In our present deduction, starting from Euler equations in Eulerian
description, implicitly with a solution (u,p), next the pressure, and its
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corresponding gradient, they travel with the volume element dV = dx dy dz, i.e,
obeys to the Lagrangian description of motion, as well as the external force f, in
order to avoid contradictions. The velocity u also will obey to the Lagrangian
description, and it is representing the velocity of a generic volume element dV over
time, initially at position (xg, y,,2,) and with initial velocity u® = u(0) = const.,
u = u(t). Done the solution in Lagrangian description, the solution for pressure in
Eulerian description will be given explicitly.

Following this idea, the system (1) above can be transformed into

(ia_p_|_Du1 fi

u, 8t Dt
10p , Du __
() 4u26t+Dt = /2

16p Du3_
u36t+ Dt = /3

thus (1) and (5) are equivalent systems, according (4) validity, since that the
partial derivatives of the pressure and velocities were correctly transformed to the
variable time, using dx = u,0t, dy = u,0t, 0z = uzdt. Likewise for the calculation

D
of D—:f, according (4), and external force f, using x = x(t),y = y(t),z = z(t). The

integration of the system (5) shows that anyone of its equations can be used for
solve it, and the results must be equals each other. Then this is a condition to the
occurrence of solutions. In the sequence the procedure in more details for
obtaining the pressure in Lagrangian formulation, a time dependent function,
starting by solution for pressure in Eulerian description.

Given u = u(x,y,zt) € C}(R3 x [0,)) obeying the initial conditions and a

vector function f (both when in Eulerian description) such that the difference
D

f— D—I: is gradient, the system'’s solution (1) for p, using the condensed notation

given by (4), is

(6) p=J, (f-2)-dl+6(),

where L is any continuous path linking a point (xy, y, zo) to (x,y,2z) and 6(t) is a
generic time function, physically and mathematically reasonable, for example with
6(0) =0.

: - . . Du
In Eulerian description and in special case when f — Dr 152 constant vector

or a dependent function only on the time variable, we come to

(7) p=p°+S(t) (x —x0) + S, () (v — yo) + S3(t) (z — 2),
Si(t) = f; — =2

Dt’
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where p° = p°(t) is the pressure in the point (x,, y,, Zo) at time t.

When the variables x,y,z in (6) as well as f and u are in Lagrangian
description, representing a motion over time of a hypothetical volume element dV
or particle of fluid, we need eliminate the dependence of the position using in (6)

(8) dl = (dx, dy, dz) = (u,dt, u,dt, usdt)

and integrating over time. The result is

©) p(t) =p° + [ X, Si(®) w(®) dt,

p® = p(0) = const.

Du;
Dt

t D'U,i _ u; _ 1 2 02 .
Jo ui Edt - fu? wdu; = 2 (ui — Y ): so (9) is equal to

This expression can be more facilitated making u; dt = u;du; and

0

(10) p(t) = p° =53, (wf —ul?) + [{ 2L, (D) w(D) dt,
i.e.,

1 t
(11) p(t) =p° —- W —u’?) + [ fudt

p,P° € Ru,u’, f € R3,u = (uy, up, u3)(t), u® = W?,ul, ud) = u(0),
f = (fi, f2 f3)(t), in Lagrangian description. u? =u-u and u®? = u°-uare
the square modules of the respective vectors u and u°.

When f = 0 the solution (11) is simply
1
(12) p=p°—5@ —-u’?),
which then can be considered an exact solution for Euler equations in Lagrangian

description, and similarly to Bernoulli’s law without external force (gravity, in
special).

Unfortunately, in Eulerian description, neither
1
(13) p(x,y,z,t)=p°(x,y,z)—5(u2—u°2)+fL fdl'
p°(x,v,2) = p(x,v,2,0), u® =u°(x,v,2) = u(x,y,z0),nor

(14) Py, 2,t) = p°(t) = (W? —u®?) + [, f-di,
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pO(t) = p(x0, Vo, 2o, t), u°® = u°(t) = u(xy, yo, 2o, t), solve (1) for all cases
of velocities, both formulations supposing f a gradient vector function
(VX f =0, f=V¢, ¢ potential function of ).

For example, for f = 0 the solution (14) is valid only when

op _ 3 6u] _ ou; du;
(15) o = 2= gy +Z]1]a
i.e.,

aul w3 ouj  ouy
(16) ot j=1 J(ax ax;j)"

How to return to the Eulerian formulation if only was obtained a complete
solution in the Lagrangian formulation? As well as we can choose any convenient
velocity u(t) = (uy(t), u,(t), us(t)) to calculate the pressure (11) that complies
with the initial conditions (Lagrangian formulation), we also can choose
appropriates u(x,y,zt) (Eulerian formulation) and x(t),y(t),z(t) to the
velocities and positions of the system and taking the corresponding inverse
functions in the obtained solution. This choose is not completely free because will
be necessary to calculate a system of ordinary differential equations to obtain the
correct set of x(t),y(t),z(t), such that

dx
(S =w@y.zt)
a7 2wy (x,y,2,1)

dz
i =us(x,y,z,1t)

Nevertheless, this yet can save lots calculation time.

It will be necessary find solutions of (17) such that it is always possible to
make any point (x,y,z) of the velocity domain can be achieved for each time ¢,
introducing for this initial positions (xg, ¥y, Zzo) conveniently calculated according
to (17). Thus we will have velocities and pressures that, in principle, can be
calculated for any position and time, independently of one another, not only for a
single position for each time. For different values of (x,y,z) and t we will, in the
general case, obtain the velocity and pressure of different volume elements dV,
starting from different initial positions (x,, Yo, Zp)-

We can escape the need to solve (17), but admitting its validity and the
corresponding existence of solution, previously choosing differentiable functions
x = x(t),y = y(t), z = z(t) and then calculating directly the solution for velocity in
the Lagrangian formulation,
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(m(® =5
o=

u,(t) = a

dz

Lus (t) =—

Concluding, answering the question, in the result of pressure in Lagrangian
formulation given by (9) or (11), conveniently transforming the initial position
(x0, Yo, 2p) as function of a generic position (x,y,z) and time t, we will have a
correct value of the pressure in Eulerian formulation, since that keeping the same
essential original significance. The same is valid for the velocity in Lagrangian
formulation, if the correspondent Eulerian formulation was not previously
obtained.

(18)

§2

It is worth mentioning that the Euler equations in the standard Lagrangian
format, traditional one, are different than previously deduced.

Based on [5] the Euler equations without external force and with mass
density p = 1 are

62Xl _ aA] 6p
(19.1) —-¥i, 9%, 9a,’
aAj _ 0
(19.2) ax = o, 5 G Oy =xn(amsity:

where a,, is the label given to the fluid particle at time s. Its position and velocity
at time t are, respectively, X,,(a,,, s|t) and u, (a,, s|t).

The significant difference between (19) and (5) is that our pressure (5) is
varying only with time, as the initial position is a constant for each particle, not
variable. In (19) the pressure varies with the initial position (label) and there is a
summation on the three coordinates. We did in (5) dx; = u;0t.

§3

Without passing through the Lagrangian formulation, given a differentiable
velocity u(x,y,z,t) and an integrable external force f(x,y,z,t), perhaps a better
expression for the solution of the equation (1) is, in fact,

(20) 1fpo[ (aul+2] 1uja >+fl]dxl+6(t)

supposing possible the integrations and that the vector S = —[% + W-Vu]l+fis

a gradient function. This is the development of the solution (6) for the specific path
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L going parallely (or perpendicularly) to axes X,Y and Z from (x{,x2,x2) =
(%0, Y0, 29) to (x1,x5,%x3) = (x,y,2), since that the solution (6) is valid for any
piecewise smooth path L. We choose P = (x¢,¥0,20), Py = (X,V0,2), Py =
(x,v,2z9) and P; = (x,¥0,20), P, = (x,y,2y), P3 = (x,y,2). 8(t) is a generic time
function, physically and mathematically reasonable, for example with 8(0) = 0 or
adjustable for some given condition. Again we have seen that the system of Euler
equations has no unique solution, only given initial conditions, supposing that
there is some solution. We can choose different velocities that have the same initial
velocity and also result, in general, in different pressures.

The remark given for system (5), when used here, leads us to the following
conclusion: the integration of the system (1), confronting with (5), shows that
anyone of its equations can be used for solve it, and the results must be equals each
other. Then again this is a condition to the occurrence of solutions, which shows to
us the possibility of existence of breakdown solutions, as will become clearer in §5.

§4

Another way to solve (1) with f = 0 seems to me to be the best of all, for its
extreme ease of calculation, also without we need to resort to Lagrangian
formulation and its conceptual difficulties. If u(x,y,z,0) = u°(x,y, z) is the initial
velocity of the system, valid solution in t = 0, then u(x,y,z,t) =u’(x +t,y +
t,z+t) is a solution for velocity in t > 0, a non-unique solution. Similarly,
p(x,y,z,t) =p°(x +t,y +t,z+1t) is the correspondent solution for pressure in
t >0, being po(x, y,z) the initial condition for pressure. The velocities
ul(x+t,y,2), u’(x,y + t,z) and u°(x,y, z + t) are also solutions, and respectively
also the pressures p°(x + t,y, z), p°(x,y + t,z) and p°(x,y, z + t). Other solutions
may be searched, for example in the kind u(x,y,z,t) = uo(x + T,(t),y + T,(t), z +
T5 (t)), T;(0) = 0, and therefore p(x,y,zt) = po(x +T,(t),y + T,(t),z + T3(t)).
See [6].

§5

This article would not be complete without mentioning the potential flows.
When there is a potential function ¢ such that u = V¢ then VX u =0, i.e., the
velocity is an irrotational field. When the incompressibility condition is required,
i.e, V-u =0, the velocity is solenoidal, and if the field is also irrotational then
V2u=V(V-u) —Vx (Vxu) =0, ie, the Navier-Stokes equations are reduced to
Euler’'s equations and the velocity-potential ¢ must satisfied the Laplace’s
equation, V2¢ = 0, as well as the velocity.

According Courantl”l (p.241), for n = 2the “general solution” of the
potential equation (or Laplace’s equation) is the real part of any analytic function
of the complex variable x 4+ iy. For n = 3 one can also easily obtain solutions
which depend on arbitrary functions. For example, let f(w,t) be analytic in the
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complex variable w for fixed real t. Then, for arbitrary values of t, both the real and
imaginary parts of the function

(21) u=f(z+ixcost+iysint,t)

of the real variables x, y, z are solutions of the equation VZu = 0. Further solutions
may be obtained by superposition:

(22) u= f(ff(z + ix cost + iysint, t)dt.

For example, if we set

(23) f(w,t) = whet,

where n and h are integers, and integrate from -m to +m, we get homogeneous
polynomials

(24) u = f_ﬂn(z + ix cost + iy sint)™ e dt

in x,y,z, following example given by Courant. Introducing polar coordinates
z=rcosf,x =rsinf cos ¢,y = rsinf sin ¢, we obtain

(25) u = 2rntethd fon(cos 0 + isinfcost)" cosht dt

= r"e"®p, . (cosH),
where P,  (cos 6) are the associated Legendre functions.

On the other hand, according Tokatyl8], Lagrangel®] came to the conclusion
that Euler’s equations could be solved only for two specific conditions: (1) for
potential (irrotational) flows, and (2) for non-potential (rotational) but steady
flows. The external force in [9] is considered with potential, f = VV, and the fluid
is incompressible.

Lagrange also proved, as well as Laplace (Mécanique Céleste), Poisson
(Traité de Méchanique), Cauchy (Mémoire sur la Théorie des Ondes) and Stokes
(On the Friction of Fluids in Motion and the Equilibrium and Motion of Elastic
Solids), that if the differential of the fluid’s velocity u;dx + u,dy + uzdz is a
differential exact in some instant of time (for example, in t = 0) then it is also for
all time (t > 0) of this movement on the same conditions. This means that a
potential flow is always potential flow, since t = 0. Then, from the previous
paragraph, if the initial velocity have not an exact differential (i.e., if the initial
velocity is not a gradient function, irrotational, with potential) and the external
force have potential then the Euler’s equations have no solution in this case of
incompressible and potential flows, for non-steady flows.
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5]
For steady flows, where 6_1: = 0 and u = u° for all t > 0, the condition for

existence of solution (obtaining the pressure) is that

as; _ asj
Oxj o ax;

(26)
for all pair (i,j), 1 < i,j < 3, defining

_ 3 00y
(27) Si=fi—2iny ox;
where f = f° is the stationary external force. This is a common condition for

existence of solution for a system Vp =S, representing the stationary Euler’s
equations, thatisV x § = 0.

§6

[ think that this is better than nothing... It is no longer true that the Euler
equations do not have a general solution (when there is some).

Apply some of these methods to the Navier-Stokes equations and to the
famous 6th Millennium Problem!4l on existence and smoothness of the Navier-
Stokes equations apparently is not so difficult at the same time also it is not
absolutely trivial. It takes some time. I hope to do it soon. On the other hand, apply
these methods to the case n = 2 is almost immediate.

To Leonard Euler, in memorian,
the greatest mathematician of all time.
He was brilliant, great intuitive genius.

Euler, and mathematical community,
forgive me for my mistakes...
This subject is very difficult!

References

[1] Landau, Lev D. and Lifshitz, Evgenii M., Fluid Mechanics, Course of Theoretical
Physical, vol. 6. New York: Elsevier Butterworth Heinemann (2004).

[2] Prandtl, L. and Tietjens, O. G., Fundamentals of Hydro- and Aeromechanics. New
York: Dover Publications, Inc. (1957).

[3] Apostol, Tom M., Calculus, vol. 1I, chap. 10. New York: John Wiley & Sons
(1969).

193



[4] Fefferman, Charles L., Existence and Smoothness of the Navier-Stokes Equation,
in http://www.claymath.org/sites/default/files /navierstokes.pdf (2000).

[5] Bennett, Andrew, Lagrangian Fluid Dynamics. Cambridge: Cambridge
University Press (2006).

[6] Godoi, Valdir M.S., Two Theorems on Solutions in Eulerian Description,
available in http://www.vixra.org/abs/1605.0236 (2016).

[7] Courant, Richard, and Hilbert, David, Methods of Mathematical Physics, vol. 1l (by R.
Courant). New York: Interscience Publishers (1962).

[8] Tokaty, G.A., A History and Philosophy of Fluid Mechanics. Oxfordshire: G. T. Foulis
& Co Ltd. (1971).

[9] Lagrange, Joseph L., Analytical Mechanics, Boston Studies in the Philosophy of
Science, 191. Boston: Springer-Science+Business Media Dordrecht (1997).

194


http://www.claymath.org/sites/default/files/navierstokes.pdf
http://www.vixra.org/abs/1605.0236

14 - Two Theorems on Solutions in Eulerian Description
Valdir Monteiro dos Santos Godoi
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Abstract - We present two proofs of theorems needed to the major work we are
doing on existence and breakdown solutions of the Navier-Stokes equations for
incompressible case without external force in n = 3 spatial dimensions.

Keywords - Navier-Stokes equations, velocity, pressure, Eulerian description,
Lagrangian description, formulation, equivalent equations, exact solutions,
existence, inexistence.

Let u°(x,y,z) and p°(x,y, z) be respectively the initial velocity and initial
pressure of the three-dimensional incompressible (V-u =V-u®=0) Navier-
Stokes equations without external force and with mass density equal to 1,

ap(X,t) auL(X t)

0 l(X ) _
© ot + X (X, ) =

Vzui (X, t),

1<i<3, X=(x,%,x3)€ERS x;=x,x, =y, x3=2z x;,t ER, t>0.

Then in t = 0 is valid, for each integer i belongsto 1 < i < 3,

ap°(X) 6uL(X t)
axi

6u (X)

(2) le=0 + i1 ) () == = vV2P (X).
Supposing that u(x,y,zt) =u’(x+t,y+t,z+t) and p(xy,zt)=

p°(x + t,y + t,z + t) is a solution (u, p) for (1), we have

op°(&) , ou(é 0 (f)
€ PO L MO 433wl @D = i),

where § = (£1,&;,é3) and &, =&(X,t) =x; +t, 1 <i < 3.

For t = 0 the equations (2) and (3) are equals, because in t = 0 we have
§; = x; and therefore § = (§1,82,&3) = (x1,x2,x3) = X

For t > 0, if (2) is valid for any X = (x,y,z) € R3 then (3) is valid for any
§€R3 substituting x— & =x+t yp & =y+t, zoE&=z+t x,9,Z€
R,t >0, so u(x,y,zt)=u(x+t,y+tz+t) and p(x,y,zt) =p°(x+t,y+
t,z+t), ie, u(X,t) = u’(¢) and p(X, t) = p°(&), solve equation (3) and therefore
the Navier-Stokes equation (1).

The initial motivation to prove it is as follows. Let A(x), B(x),C(x) and
D(x) functions such that is always valid, for any x € R, the relation
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(4) A(x) + B(x) + C(x) = D(x).
Then,as (x +t) € R, x,t € R, t > 0, need be valid too the relation
(5) Alx+t)+B(x+t)+ C(x+t)=D(x+1).

The same argument can be used for functions of two and three spatial
dimensions (or better, for n spatial dimensions), for example, Vx,y,z,t € R, t > 0,

(6) Ai(x,y,z)+Bi(x,y,Z)+ Cl-(x,y,z) =Di(x,y,z)
= Ai(x+t, y+t, z+t)+Bi(x+t, y+t, z+t)+
+Ci(x+t, y+t, z+t)=D;(x+t, y+t, z+1t).

Applying the previous relation (6) to the Navier-Stokes equations (2) for
t=0,if

oy Ay =52,

72 Biloyn) =T,

(7.3) am%@=,1,af“9

(7.4) D;(x,y,z) = vV2ul (X),

(7.5) A;(x,y,z) + Bi(x,y,2) + Ci(x,y,2z) = Di(x,y,2),

X = (x,y,2), then, using { =&(X,t) = (x+t,y+t,z+t), need be valid
too the equalities

(8.1) Ai(x+t, y+t, z+t)=%x(f),

(82) Bilx+t, y+t, z+ 1) = (2| _)(©),

(8.3) Cilx+t, y+t, z+0) =33, ](5)6” (&)

(8.4) Di(x+t, y+t z+t)=vViu)(§),

(8.5) Ailx+t, y+t, z+t)+B;(x+t, y+t, z+1t)+

+C(x+t y+t, z+t)=D;i(x+t, y+t z+1t).
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ul(X t)

The expression ( lt=0)(£) in (8.2) means that first is calculated the value

dui(X,t)
at
xP & =x+t, yr &=yttt zo G =z+tie, X ¢

of , next we assign the value t = 0 in this result and then we substitute

Note that the right side of the relations (8.1) to (8.4) corresponds to each
parcel of the Navier-Stokes equations (8.5) with the solution (u, p) such that

0.1 uX,t) =u’(),
(9.2) p(X,t) =p°(%),

X=0,y2), =Xt)=(x+t, y+t, z+t), then (9) is a solution for (1) if
u°(X) and p°(X) are initial conditions.

We will now prove that if the variables (9.1) and (9.2) solve (1) for t > 0
then u°(x,v,z) and p°(x,y,z) solve (1) for t = 0, i.e,, then both u°(x,y,z) and
p°(x,y,2) solve (2). This is an important result of this paper. We'll use the chain
rulel],

Proof: Starting from (1), the three-dimensional incompressible Navier-Stokes
equations, whereV-u =V - u® =0,

ap(X,t)
axi

6ul(X t) aul(X t)

(10) + +X3 (X, ) vV2u;(X, 1),

1<i<3, X=(x,y2),ifasolution (u, p) for them is (9), ie.,

(11.1) u(X,t) = u’®),
(11.2) p(X,t) = p°(&),

E=¢X,t)=(x+t y+t z+t) then we have, according (3),

apo(f) ouf (f) ouj (f)
(12) . + 2w ) 5 = vV ().
98i 0§ 08 _ ~ips : :
How &; = x; + t then ox ot 1 and 2%, 0 if i # j, so using the chain

rulelll we have, for each parcel in (10) and (12),

IpXt) _ 9p°@&) _ w3 9p°() % _ 9p°()

(131) 6Xi o axi o j=1 an axi_ 6fi
duiXt) _ 0u)(©) _ w3 0w _ w3 9ul(©)
(13.2) A Y e I P
] (Xt) ouj (&) 0 (E) af
133  w&X,0— W@ = = w (@) =t =

0x;
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0(5) au (f)

Jd d g a9 0

4 Va0 = V@) = (Gt e F ) W@ =

0xq10x1 0x, 0xy 0x3 0x3
— V3 9 0§j 2 955\ o0 00z} —
J= 1(65 9x; 0 6x) 0 (§) = Z (E)E ae) i (§) =
= Vguo(f)

Adding the parcels (13), with (13.3) for each integer j = 1,2,3 and the
multiplication of (13.4) by viscosity coefficient v, we come to

ap ap~($) ouf (f) ouf (f) 0
which is equivalent to previous Navier-Stokes equations (10) and (12) with the
solution (11), although it is not a conventional Navier-Stokes equation because the
time derivative disappears, i.e.,

dui(X,t) 3 0u)(§)
(15) — P Xi=1 5
ot J=1 3¢
d
Note that the right side of (15) is not 24&) (f) + Z] 1 1;;{) because here u} is,

initially, a function only of & = (&4,¢,, 53), not including ¢, but each ¢; is a function
dwxt) _ 0ul®) _ v3 0w _
at ot J=1 9¢; ot

of t and for this reason here is

65_
thfj—x]+t, ey = 1.

Int = 0, when §; = x;, the equation (14) became

6u (X)

(16) ap°(x) + 33 duf (X)

dx j=1 6 Z} =1 ](X) Vzu?(X)'

If this equation is equivalent to (2) then

dui(X,t) 3 dui(X)
(17) o lt=0 = 2j=1 ox;

which is thereby a good manner of define or choose the temporal derivative of

velocity at t = 0 when the solution for velocity is u(X, t) = u°(%).
Similarly, for t > 0 we have

dui(Xt) _ w3 0ul(d)
(18) ot - j=1 af] )
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X = (x,y,z), f = (61'62'53); fi = Ei(X’t) =xi+t' 1<i<3.

Concluding, assuming that (9), identical to (11), is a solution for (1),
identical to (10), we come to (16) for t = 0, which is equivalent to (2) with the
additional initial condition (17) and it has a solution (u°(X),p°(X)). This is what
we wanted to prove. O

Next, we will prove the opposite way of the previous demonstration: if
u®(x,y,z) and p°(x,y,z) solve (1) for t = 0, i.e, if both u°(x,y,z) and p°(x,y, 2)
solve (2), then the variables (u,p) given in (9.1) and (9.2) solve (1) for t > 0. This
is the fundamental result of this paper. The proof basically follows what we write
from beginning of this paper until the equations (9), increasing the
transformations (13) and the conditions (17) and (18). We'll use the chain rulelll
again.

Proof: If u®(x,y,z) and p°(x,y,z) solve the three-dimensional incompressible
(V+-u = V-u® = 0) Navier-Stokes equations

ap(X,t)
axi

6ul(X t) aul(X ) _

_l_

(19) +X3 (X, ) vV2u;(X,t)

fort =0, with1<i<3, X=(x,%,%)€ERS x;=x,x, =Yy, x3 =2, x;,t ER,
t > 0, thenint = 0is valid, for each integer i belongsto 1 < i < 3,

op°(X) aul(X t)

au (X)
. le=o + T3, wf (1) 202

(20) vV2u (X).

Supposing that u(x,y,zt) =u(x+t,y+t,z+t) and p(x,y,zt) =
p°(x +t,y +t,z+t)is asolution (u,p) for (19), we have

ap° d 9 ()
(21) PO 12O 4 33 w6 2 = vy,

using € = (6,5, &) and & = §(X, ) =% +t, 1< i < 3.

For t = 0 the equations (20) and (21) are equals, because in t = 0 we have
& = x; and therefore & = (&1,&5,&3) = (x1,%2,x3) =X

For t > 0, if (20) is valid for any X = (x,y,z) € R3 then (21) is valid for any
§€R3 substituting x— & =x+t yp & =y+t zoé=2z+t X,,Z€
R,t > 0, according transformations (22) below, so u(x,y,zt) =u’(x +t,y +
t,z+t) and p(x,y,zt)=p°(x+t,y+t,z+t), ie, ulX,t)=u’¢) and
p(X,t) = p°(&), solve equation (21) and therefore the Navier-Stokes equation
(19).

afl afi El

How ¢; = x; + t then axi=5= la da—xj—Olflqt],sousmgthechaln

rulelll we have, for each parcel in (21),
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ap°() _ apEWD) _ 3 %9 _ ap°@)
(221) ox; o 0x; _Zj_l afj axi_ 0¢&;
ou)(®) _ dwEXD) _ y3 09I _ 3 0w (@)
(22.2) at ot J=1 3¢ ot J=1 3¢;
u(§) _ du;(§ (Xt 9 0¢;
(223)  ul(®) LD = (g (x, 1)) 2O _ 05y 2O %)
Xj 9% 0x;j
a )
= uf(§) B (5
a 0
@20 VUE) = VuEX0) = T (2 WG 0) =
3 0 af] 0 af] 0 0 —
J= 1(65 ax,af,ax,) [(§) == (af af) ((§) =
—Vguo(f)

The equation (21) transformed through by (22) gives

ap°(©) 0 (E) 9 (E)
(23) T iy W () 5 = vV (),

a .
that is, we transform X + ¢ and from §; = x; + t we have a—il = 1 and therefore
i
axl- = afl
The unexpected transformation is

oud(®) _ wiE(X0) _ w3 oud (@)

making (23) not be in the form of a standard Navier-Stokes equation. In t = 0 the
transformation (24) becomes

(25) %| =_a”i(5(x't))| :aui(X,t)l 3 oud(X)
ot 1170 ot 't=0 ot 1t=0 T Lij=1"5, ™

Ej = Xxj, & =X, fort = 0, thus we need to assume the additional initial condition

du;(X,t) 3 ud(Xx)

(26) 3% le=0 = Xj=1 ox;

when the solution for Navier-Stokes equation (1), identical to (19), is given by (9),

ie.,
(27.1) u(X,t) = u’®),
(27.2) p(X,t) = p°(),
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X=(y2), =X t)=((x+t y+t z+10).

Concluding, if (u°(X),p°(X)) solve (2), identical to (20), substituting in
(20) the transformation X = &, X = (x,y,2), & = (&,&,,&3), & = x; + t, we come
to (23),

ap°(&) 0 (E) 0 (E)
(28) Tt L H Ry ()5 = vVAL @),

assuming the additional initial condition (26)

ou(Xt) 3 oulX)

(29) o lt=0 = 2j=1 ox;

due to transformation (24),

u)(&) _ w3 0wl

(30) ot U=l gg;

Using (30) in (28) we come to

op° G 9 ()
(31) PO 4 MO 173w 2D = v (),

the Navier-Stokes equations with the solution (u°(¢),p°(8)), i.e, (u(X,t),p(X,t)),
according (27), identical to (9).

Using (27) and 0¢; = 0x; in (31) we come finally to

dp(X,t)
6xi

6ul(X t) 6ul(X t) _

+

(32)

+Z] LW (X, ) —== = vViuw(X, 0),

the Navier-Stokes equations (1) with the solution (u(X, t), p(X, t)). This is what we
wanted to prove. O

What we see in the two previous proofs can be applied, with the obvious
adaptations, to solutions of the form

(33.1) u(X,t) = u’(®),
(33.2) p(X,t) = p°(5),

X = (x,y,z), E = (51'52'53)' El’ = X + Ti(t)ﬁ TL(O) = 0' 1 < [ < 3!
with the conditions

du(X) _ w3 0u{®9; _ w3 0ul(® .

(34)

and
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ou;(X,t) 3 au?(f) T', (0) — 3 au?(X)
J

(35) ot |t 0o~ j=1 aé—] j=1 axj

7/ (0),

being the functions T;(t) differentiable of class C*([0,0)). In this case the
equations (23) and (28) are

p°() 9 (f) 9 (s‘)
(36) ot X [0+ B (O

_w°® oud (&) s
=5 T 2= %€, [T/ () + v ()] = vVEuP(&).

Note that the equation (34) implies

37) w(X,0) = WX + 13 f‘g;aT ) dt =

= ul(§,85,&) = u)(xy + To(0), x2 + T2(), x5+ T3(1)),

that must be true for all differentiable function uf (&) with & = x; + T;(t), Ti(t)
differentiable, T;(0) =0, 1 <i < 3.

It is clear that in the Eulerian description[?] the computational and analytical
challenges will be, more than solving the Navier-Stokes equations for t > 0, solve
these equations for t = 0, the initial instant. Unfortunately, it is not for all pair of
values (u° p?) that exists solution to the equation (28) and related equations, so
or u? is a function of p°, or p is a function of u°, or both u° and p° are functions of
another functions, for example, a potential function ¢ such that u® = V¢ (t = 0),
u = V¢, resulting in the known Bernoulli’s law. From Lagrangian description[?] yet
there is a great problem: the collision of particles of the fluid, which always are
forgotten or overlooked. The adoption of the continuity equation do not solves it.

NOTE: A few days ago I realized the possibility of proving the invariance of waves
and Maxwell's equations with respect to Galilean transformations with this

2
method, without the need to introduce the famous coefficient /1 — 1(,;'_2 of Einstein,

including the Schrodinger equation. This also seems to be able to reach to the
General Relativity.
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15 — Notes on Uniqueness Solutions of Navier-Stokes Equations
Valdir Monteiro dos Santos Godoi

valdir.msgodoi@gmail.com

Abstract: § 1: remembering the need of imposed the boundary condition u(x,t) = 0 at
infinity to ensure uniqueness solutions to the Navier-Stokes equations. This section is
historical only. § 2: verifying that for potential and incompressible flows there is no
uniqueness solutions when the velocity is equal to zero at infinity. More than this, when
the velocity is equal to zero at infinity for all t = 0 there is no uniqueness solutions, in
general case. Exceptions when u® = 0. § 3: non-uniqueness in time for incompressible
and potential flows, if u # 0. § 4: a more general solution of Euler and Navier-Stokes
equations for incompressible and irrotational (potential) flows, given the initial velocity.
§ 5: Solution for Euler and Navier-Stokes equations using Taylor’s series of powers of t
around t = 0.

§1

Recently | wrote a paper named “A Naive Solution for Navier-Stokes

»[1]

Equations”'™ where | concluded that it is possible does not exist the uniqueness of

solutions in these equations for n = 3, even with all terms and for any ¢t > 0.

This conclusion inhibited me to publish officially my other article “Three
Examples of Unbounded Energy for t > 0" also a very important paper.

This distressful and no way out situation disappears when we impose the
boundary condition Il}m u(x,t) = 0, which guarantees the desired uniqueness of
X|—00

solutions at least in a finite and not null time interval [0, T]. Possibly others boundary
conditions also arrive at the uniqueness, but null velocity at infinite may imply a
minimum volume of |u|? and the respective total kinetic energy.

Thus is necessary do some changes in the expressions of external forces,
pressures and velocities used in [2] to establish again the breakdown solution in [3],

due to occurrence of unbounded energy fmz?» |ul?dx — o int > 0. In special, a general

example, for1 <i<3andV-u=V-u’=V-v=0,is
w(x,t) = ul (et + v;(x)e t(1—e™ ), u,u’,v,x € R3,

u)(x) € S(R3), v;(x) € C°(R?), v ¢ L>(R3), |Hgloo v(x) =0,

p € C*(R® x [0,)),
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_ (9., %ui 3 Ui p2 3
fi= <6xi o 2=y ox, VYV Ui) € S(R? x [0,00)).
The conditions (4) for initial velocity and (5) for external force, conforming
description given in [3],

(4)  107u’C)l < Cox(1 + [Xx)TH:R®, Va, K
(5) |agagnf(x, t)l S CamK(l + |x| + t)_K: R3 X [Ol OO) Y] valle

is a kind of straitjacket, and for me do not seem good conditions to make possible
physically reasonable solutions, rather only restricts the solutions to a very limited and
very artificial set of possibilities. If it were possible to the external force be in the set
C°°(]R3 x [0, 00)), such as the velocity and pressure in t > 0, even being only limited
functions and equals zero as |x| = oo, instead Schwartz Space, the possible solutions
will be much more interesting and realistic.

July-03-2016

§2

As we know, when V X u = 0 exist a potential function ¢ such that u = V¢.
When VXu =0 and V-u =0 then V?¢p = 0 and V?u = 0, therefore the Navier-
Stokes equations are reduced to Euler’s equations and the solutions for velocity are
given by Laplace’s equation, they are harmonic functions, i.e.,

Viu=V(V-u) — VX (Vxu) = (V?uy, V?u,, V?u3) = 0

and

dp 0d¢ d¢ 0’ | 0°¢p | 9%*¢

u=Ve = (E’E’E)N'u =0= (ax2 + ay? t 622) =0.

It is clear that there is no uniqueness solutions in all cases, in special when the

velocity is both irrotational and incompressible, even if the velocity vanishes at infinity.

Defining ¢ (x,t) = ¢°(x)T(t), T(0) =1, then we have u=Vep=T(t)Vp° =

T(t)u®(x) and so there are endless possibilities for constructing u given u°, because

there are endless possibilities for constructing T(t) with T(0) =1, even if
lim e u = T(t) lim g5 u® = 0.

According proof in my other paper [4], if u(x, v,z 0) = u®(x,y, z) is the initial
velocity of the system, valid solution in t = 0, then u(x,y, z,t) = uo(x +ty+tz+
t) is a solution for velocity in t > 0. Similarly, p(x,y,z,t) =p°(x +t,y + t,z + t) is
the correspondent solution for pressure in t > 0, being p°(x, y, z) the initial condition
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for pressure. More than this, the velocities u®(x +t,y,z), u°(x,y +t,z) and
u®(x,y,z + t) are also solutions, and respectively also the pressures p°(x + t,y, z),
p°(x,y +t,z) and p°(x,y,z + t). That is, when the velocity is equal to zero at infinity
for all £t > 0 there is no uniqueness solutions, in general case. Apparently, an
additional complication if the uniqueness condition is required.

Exception to the two previous paragraphs when u® =

July-19-2016

§3

In line with previous date, if V-u =0 and Vxu = 0 then V?u = 0. For
u = (U, Uy, uz) and w = (wy, w,, ws), defining w; = A(t)u; + B;(t),1 <i <3, we
willhaveV-w =0, VX w = 0 and V?w = 0.

If u = V¢ solves the Navier-Stokes equations then
0
Vp+a—1;+ (u-V)u =vViu

Vp+V(5) + (Vxu) x u+3V]uf? =
=v(V(V-u) = Vx (VxXuw)

Vp+V(32)+V(51u?)=0
V(p+g—f+%|u|2)=0
P+ + |u|2 6(t),

which is the Bernoulli’s law without external force.

With a gradient external force f = VU we will have
p + + |u|2 U+ 6(t).

For w defined as above, substituting u = w in the Navier-Stokes equations
comes

+—+ | |2 =U+0(t),

where ¢ = A(t)¢ + Bix + B,y + B3z, and p is the new pressure for the velocity
w = A(t)u + B(t)!B = (B]JBZPB?))'
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If A(0) =1 and B;(0) =0, 1 <i <3, then u and w obey the same initial
condition and both solve the Navier-Stokes (and Euler) equations and they are
incompressible and potential flows. In this case, there is no uniqueness solution,
for A(t) # 1or B(t) #0,i.e.,u # w.

Imposing the boundary condition at infinity u|,., = 0,7 = {/x2 + y2 + 22,
the velocity w = A(t)u obey the same boundary condition, for A(0) =1, A(t) #1
finite for all t > 0, i.e. w(x,y,z,t) = A(t)u(x,y,z t) and u(x,y, z,t) obey the same
initial and boundary conditions, so there is no uniqueness solutions for Navier-
Stokes (and Euler) equations in this case of incompressible and potential flows
with velocity zero at infinity, ifu # 0.

July-30-2016
August-15-2016

§4

Other class of solutions for velocity is built through of the transformations
xiral)x; +ct, 1<i<3 a(t),c eR, a(t) # 0, a(0) =1, in the parameters of
the initial velocity, i.e.,

(4.1) u(x,y,zt) = A(u®(ax + ct,ay + ct,az + ct) + B(t),
because if

(4.2.1) VZul(x,y,z) = V2 [A(D)u’(x,y,2) + B(t)] =0

(4.2.2) V-ul(x,y,2) =V - [AOu’(x,y,z) + B(t)] =0

(4.2.3) Vxu®(x,y,z) =Vx[A®)u’(x,y,z) + B(t)] =0

then also
(4.3.1) VZ[A(Du®(ax + ct,ay + ct,az + ct) + B(t)] = 0
(4.3.2) V- [A(®u’(ax + ct,ay + ct,az + ct) + B(t)] = 0
(4.3.3) VX [A®)u®(ax + ct,ay + ct,az + ct) + B(t)] = 0

a a function of time, that is, the velocity (4.1) with A(0) =1, B(0) =0, a(0) =1,
a(t) # 0, is a solution for Euler (and Navier-Stokes) equations with initial velocity
u®(x, y, z), a general solution for incompressible and irrotational (potential) flows,
in the case of conservative external forces. The respective pressure is again given
by the Bernoulli’s law,
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(4.4) p+ + |u|2 U+ 6(t),

u =V¢, f = VU, also without uniqueness solution due to 6(t) and u.

August-18-2016

§5

In [5] we got to a great result, the complete solution for Euler and Navier-
Stokes equations for incompressible fluids, using the expansion of the velocity u in
a Taylor’s series of powers of time around t = 0. This work was a natural evolution
of [6], which in turn is a consequence of [4]. In [4] the external force is equal to
zero, and in [6] the external force need be conservative, derived from a potential.
In [5] a very general condition is accepted, since that the initial velocity, external
force and pressure belong to C®, and of general way they can be expressed in
Taylor’s series of time t.

This expansion of the velocity in a Taylor’s series in relation to time around
t = 0, considering x,y, z as constant, for 1 <i < 3,1is

. oy 0%u; 03u;

(5.1) ui_u|t0+ |t0 +at2|t0? at3|t0_+
aku; tk
o *|e=0 PR
or
k k

.0 o 0*u; t

(5.2) U; = Uy +2k=1_atk t=0 7"

ou; 90%u; 03u;
ot ' otz ’ a3’
directly from the Navier-Stokes equations and its derivatives in relation to time,
i.e.,

For the calculation of — we use the values that are obtained

ou; _0p 3 2
5.3 — = v Veu ,
5:3) ot ox =1 Ja + i i

0%u; ouj ou; 9 oy ou; , Of;
5.4 L= — — Sz u VZ i _l’
G4 ot? ot ax Z (at 0x; + T ox; ot tv ot
and using induction we come to

akui ak k1 Zak 1ul ak— lfl
(5:5) atk —  atk—1ax; Z N+ vV TN TT=Y

k-1 _ 0 yk—2 _ k-1 kll__l_
NfT = SN = SIS () ol ot
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k—1 _(k-1)t
( ) (k—=1=-D'1r

0, —
o u, = u,, 0*u, = tm ,
In (5.1) and (5.2) it is necessary to know the values of the derivatives

ou; 02%u; oku;
—L : — int = 0 then we must to calculate, from (5.3) to (5.5),

ot ' at2 ' otk
du; _ _o° 3 l 2.0
(5.6) Elt:o_ ox; j=1 ]6 +vVu +fl,

the superior index 0 meaning the value of the respective function att = 0,

0%u; 9%p 3 1
(5.7) 5c2 lezo = " atox; lte=0 = 27=1Nj =0 +
d d
+v V2 ul|t o+ fl|t 0

ou;j a ou;
3 0
N |t 0 ( J |t 0 ax + ] ax atl |t=0)l

and of generic form,

oku; okp 3 k-1
(58) atk |t 0 atk—l aXi |t=0 - .=1 IV] |t=0 +
ak—1u ak=1f;
2 i i
+ 14 V atk—l |t=0 + atk 1 |t =0

k— k k—1\ Ak—-1-1 0 41
Nj 1|t=0 = 01( )6 - Uj| =0 a_xjatuih:o;

m
oMmu,

0 _ _
O Up|t=0 = u?v 0 U |¢=0 = at_m|t=°'

This solution is an explicit representation of the non-uniqueness solution of
the Euler’s (v = 0) and Navier-Stokes equations because it is possible choose any
smooth pressure to be a solution for the problem, in special in the cases without
boundary conditions, where the domain of the position (x, y, z) is the whole space
R3 and be of the class C* is a necessary condition for the velocity, in each point of
space and time.

The presented method can be implemented in other equations, of course,
for example, heat equation, Schrédinger equation, wave equation and many others.
In linear equations the facility of operations seems to be great.

September-07-2016
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16 — Breakdown of Euler Equations — New Approach
Valdir Monteiro dos Santos Godoi

valdir.msgodoi@gmail.com

Abstract - The solution for the problem of Breakdown of Euler Equations, like the
Millenium Problem for Navier-Stokes equations.

§1

Motived by the 6™ Millenium Problem, relative to the solution of the Navier-
Stokes equations or prove of the inexistence of solutions, obeying certain conditions, |
wrote this paper for solve this problem substituting Navier-Stokes by Euler equations,
since that these same questions are unsolved for Euler equations, although these last
are not on the Clay Institute’s list of prize problems.[” The natural sequence of this
paper is the correspondent to Navier-Stokes equations.

In his famous Méchanique Analitique (1788), using the notions of total or
complete differential and exact differential, and creating the concept of velocity-
potential, for an external force with potential (a gradient or conservative external
force, which also can be a force equal to zero) Lagrange came to the conclusion that
Euler’s equations could be solved only for two specific conditions: (1) for potential
(irrotational) flows, and (2) for non-potential (rotational) but steady flows.[2L[3] In
Lagrangel3], pp. 536-542, the pressure is represented as A, the external force
components as X,Y,Z, the velocity components as p,q,r, the rectangular
coordinates as x,y,z and time as t. The velocity-potential is ¢ and the force-
potential is V.

The solution for pressure obtained by Lagrange for incompressible fluids in
potential flow case was

_ oy oo de  10dp\? 1(d_<o)2 1(d_<o)2
A_V+dt+2(dx) +2 dy +2 dz) ’

and an arbitrary function of t could be added here because this variable is treated
in the integration as a constant, which is nothing more nor less that the Bernoulli's
law, except by the signs of A and V (the use by Lagrange of d is as our d, means
partial derivative).

The determination of ¢ will depend upon equation (continuity equation, the
incompressibility condition)

dp dq dr_O
dx dy dz '
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de do d
in which after substitution of the expressions d—f ) d—;f ) d—f for p, q,r becomes

de | d?¢ | d?¢p _

dx?2 = dy? = dz? ’

that is the Laplace’s equation.

Thus, conclude Lagrange, all the remaining difficulty will now lie in the
integration of this last equation.

Of course that it is possible describe a fluid movement without potential
flow and conservative forces, simply by setting the external force as

(1.1) f=Vp+ Z—I: + (u-V)u,

given any pressure p and velocity u, both differentiable functions of class € and C?,
respectively, velocity with potential or no, obeying the incompressibility condition
or no, but we do not need this kind of force here.

In the present paper we are interested only in conservative external forces,
i.e, with potential, including zero, and the validity of incompressible flow
condition, which require for the solution of Euler equations a potential velocity for
non-steady flows.

[ think that the deduction used by Lagrange in Euler’s equations can be
implemented also in Navier-Stokes equations, and we will come to V?u = 0.1 am
hopeful to prove this in next article, concluding this subject. Really, today, 08-12-
2016, my answer to the problem of breakdown of Navier-Stokes equations is as
follow: given an initial velocity u® which is potential flow and a not null and not
conservative external force, in special both belonging to the Schwartz Space, there
is no solution (u,p) for Navier-Stokes equations, velocities u and u® obeying the
incompressibility condition or not, i.e., satisfying the Laplace’s equation or not,
which is not exactly equal to Lagrange’s proof. My prototype of external force is

(1.2) f=g+ [(u" Vu —v (Vzu0 +3V(V- u°)>] et

where g is non gradient and decreases exponentially in the time.

§2

When V X u = 0 then exist a potential function ¢ such that u = V¢p. When
VXxu=0and V-u = 0 then V2¢p = 0 and V?u = 0, therefore the Navier-Stokes
equations are reduced to Euler’s equations and the solutions for velocity are given
by Laplace’s equation, they are harmonic functions, i.e.,
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(2.1) Viu=V(V-u) —Vx ((Vxu) = (Vu V?v,V?w) =0

and

— — (9 9¢ 9% P 0’¢ | 9%¢ | 99\ _
(22) u_vqb_(ax’ay‘az)’V u_O:(ax2+ay2+azz)_0'

It is clear that there is no uniqueness solution in all cases, in special when
the velocity is both irrotational and incompressible, even if the velocity vanishes at
infinity. Defining ¢(x,y,z,t) = ¢°(x,v,2)T(t), T(0) =1, T(t) £ 1, then we have
u=Vep=T(t)Vep° = T(t)u®(x,y,z) and so there are endless possibilities for
constructing u given u®, because there are endless possibilities for constructing
T(t) with T(0)=1, even if lim, e u=T(t)lim_,u’=0, where r=
VX% + y?% + z2. Exception if the initial velocity is identically null, when for the
previous reasoning the velocity is u = 0 unique.

A more long way to see this is for example as follow. If V-u =0 and
Vxu=0 then V2u=0. For u= (uy,uyu3) and w = (w;,w,,ws), defining
w; = A(t)u; + Bi(t),1<i <3, wewillhaveV-w =0, VXw = 0and V?w = 0.

If u = V¢ solves the Navier-Stokes equations then, from

(2.3.1) Vp + Z—’t‘ + (u-V)u =vViu

(2.3.2) V’P+V(%)+(V><u) ><u+%V|u|2 =
=v(V(V-u) -V X (VXu)

(2323) Vp+V(32) +V(5lu?) =0

dp 1
(2.3.4) V(p +E+5|u|2) =0,
we obtain
d¢ 1
(2.4) p+- +ul® =600,

which is the Bernoulli’s law without external force.

With a gradient external force f = VU we will have
5} 1
(2.5) p+=t+-|ul? = U+06(D).

For w defined as above, substituting u = w in the Navier-Stokes equations
(2.3.1) comes
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dp 1
(2.6) p+—-+5Iwl*=U+6(),
where ¢ = A(t)¢ + B, (t)x + B,(t)y + B3(t)z, and p is the new pressure for the
velocity w = A(t)u + B(t), B = (B;, B3, B3).

If A(0) =1 and B;(0) =0, 1 <i < 3, then u and w obey the same initial
condition and both solve the Navier-Stokes (and Euler) equations and they are
incompressible and potential flows. Thus, in this case, there is no uniqueness
solution, for A(t) # 1 or B(t) # 0,i.e, u # w.

Imposing the boundary condition at infinity u|,_. = 0,7 = \/x? + y? + 22,
the velocity w = A(t)u obey the same boundary condition, for A(0) =1, A(t) #1
finite for all t > 0, i.e. w(x,y,z,t) = A(t)u(x,y,zt) and u(x,y, z,t) obey the same
initial and boundary conditions, so there is no uniqueness solutions for Navier-
Stokes (and Euler) equations in this case of incompressible and potential flows
with velocity zero at infinity, if u # 0.

§3

Sobolevl*l (pp. 12, 13, 18, 19) is very assured to affirm that the problem of
the motion of an incompressible fluid is equivalent to that of finding an unknown
functionV (the velocity-potential) such that

v v oV

v=gradV, Vx = vy—a, V=

Continuing his citation, substituting these expressions for the velocity components
in the continuity equation, we get

2 2 2
(G +5i o) =0
or
V2V = 0. (1.17)
(..)

Later we shall write down the complete set of equations of motion for a
fluid and we shall show that any function V which satisfies (1.17) does indeed
describe a possible motion of the fluid. Thus to solve a problem of fluid motion it
suffices to know to find the requisite solutions of equation (1.17).

In some circumstances, the velocity v and so also the function V do not
depend on the timet, the motion is then one of steady flow.

(..)
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We can now verify what was said earlier about the potential flow of an
incompressible fluid: namely, that

v=gradV,
V2V =0,

do actually satisty the complete set of equations (Euler equations with mass
density coefficient ¢ and external force (X,Y,Z), note mine), if the function o is
defined correspondingly, and if further

ou au ou
X=—,Y=—,7=—
ox’ oy’ oz’

e, if the external force have a potential.

It suffices to show that if we take

b v v
X oax’ YT oy’ 2T a7

then the equations (1.22) (the Euler equations) allow the function p to be
constructed. When the expressions for vy,v,,v, are substituted, these equations

yield explicit expressions for

o o op

ox’ 8y’ oz
And it is known from the theory of partial differential equations of the first order
that the equations will be compatible provided that the mixed second-order
derivatives

2’p 9*p 0%p
oxdy’ 0ydz’ 9zox

determined from the different equations have the same values. (...)

Then, following Sobolev, if the external force is gradient, if it have a
potential, the solutions for velocity in the Euler's equations in case of
incompressible flows are given by Laplace’s equation, the velocity is a harmonic
function in the three orthogonal directions, not only one possibility among others,
but in fact they are the unique possible cases of solution, only harmonic functions,
when the external force is gradient (for example also without external force,
X =Y =7 = 0) and the fluid is incompressible.

The same argument used by Sobolev for solve Euler’s equations can be used
for solve the Navier-Stokes equations: Thus to solve a problem of fluid motion it
suffices to know to find the requisite solutions of equation (1.17), V*?V = 0. This is
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like the conclusion of Lagrange, viewed in section § 1, for Euler’s equations in
potential flow case.

All solution of Euler equations is solution of Navier-Stokes equations for
potential and incompressible flows, when V?u = 0. If u = V¢ then VX u =0,

because
i j k
3.1) Uxuo |0/0x 8/3y 8/ok|_
99 99 99
ox ay 0z
2 2
¢ _ 979 1<1i,j<3.

bein = :
& axiaxj axjaxi

If VX u = 0 (potential flow) and V- u = 0 (incompressible flow) then
(3.2) Vu=V(V-u)—-Vx(Vxu) =0,

i.e. the derivatives of second order in Navier-Stokes equations vanishes in case of
potential and incompressible flows and the Navier-Stokes equations reduced to the
Euler equations, whose respective solutions are harmonic functions. In this case,
solve Euler equations implies solve Navier-Stokes equations, supposing the same
initial and boundary conditions, and if the Navier-Stokes equations has unique
solution at least in a small and not null time interval [0, T], with the boundary

condition lim,_, |u| = 0,r = \/x? + y? + 2?2, then this first solution in time is also
the solution of Euler equations and the velocity satisfies the Laplace’s equation.

§4
How the condition
du; _ 0uj .
—=—1< <
(4.1) ox;  ox/ 1<i,j<3,

equivalent to V X u = 0, solve the Euler equations with a null or gradient external
force f = VU, so with this external force the condition of irrotational or potential
flow is a necessary condition for solution of these equations, at least for non-steady
flows. This has been rigorously proven by Lagrangel3], for incompressible fluids.
Including the incompressibility condition, we have the Laplace’s equation in vector

0

form, V2u =0 and V?u® =0, where u® is the initial velocity, even without

uniqueness solution, as viewed in section § 2.

Lagrange also proved, as well as Laplace (Mécanique Céleste), Poisson
(Traité de Méchanique), Cauchy (Mémoire sur la Théorie des Ondes) and Stokes
(On the Friction of Fluids in Motion and the Equilibrium and Motion of Elastic
Solids), that if the differential of the fluid’s velocity u;dx + u,dy + uzdz is a
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differential exact in some instant of time (for example, in t = 0) then it is also for
all time (t = 0) of this movement on the same conditions. This means that a
potential flow is always potential flow, since t = 0. Then, from § 1, if the initial
velocity have not an exact differential (i.e., if the initial velocity is not a gradient
function, irrotational, with potential) and the external force have potential then the
Euler’s equations have no solution in this case of incompressible and potential
flows, for non-steady flows.

0
For steady flows, where a—ltl = 0 and u = u° for all t > 0, the condition for

existence of solution is that

aS; _ asj
(42) 6xj o axi

for all pair (i,j), 1 < i,j < 3, defining

0

3 0 0y
(4.3) S;=fi—%3_ ud =L
i fl j=1% axj

where f = f0 is the stationary external force. This is a common condition for
existence of solution for a system Vp =S, representing the stationary Euler’s
equations, thatisV x § = 0.

Then now is possible go to the solution related to the breakdown of the
Euler equations, corresponding to the cases (C) and (D) of [1]: without external
force or with an external force which have a potential, f = VU, f € S(R3 x [0, ©)),

S representing the Schwartz space, if the initial velocity u® € R with V- u® = 0 is

as

. . . aS; j .
not a potential flow and (considering also the steady flows) a_xl- * 6_x]- for some pair
j i

(i,j) suchthat1 < i,j < 3, with

44 S, — £0 3 09y
(4.4) i = f; j=1Y ox;’
X, =X, X, =y, x3 =2, f° = f(x,y,2,0), there is no solution (u,p) for the Euler
equations, belonging to C® or not, periodic solution or not. In special, when

daS;
1 *
6x]- axi

(i, ), there is no solution for Euler equations, in the mentioned conditions for f.

u® € S(R?), V-u® = 0 and u® is not a gradient function, with for some

Besides that the unique initial velocity u® € S(R?), harmonic and gradient function
is u® = 0, which provide only the trivial solution u = 0 for velocity in Schwartz
space and infinite solutions for pressure, p = U + 8(t), p € C®(R3 X [0, 0)).

§5

[ finish this work with a qualitative discussion of the conclusion which we
have obtained in the previous section. Any student of physics, Gravitation or
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Electromagnetism, knows that the most well-known non trivial solution of the
Laplace’s equation is of the form 1/r, which diverges in origin and goes to zero at
infinity. According Liouville’s Theorem!*], a harmonic function which is limited is
constant, and equal to zero if it tends to zero at infinity. How the Millennium
Problem requires a limited solution in all space for velocity and a limited initial
velocity which goes to zero at infinity (in cases (A) and (C)), then we are forced to
choose u® = 0.

Without these requisites we can obtain other solutions for velocity, for
example, u = A(t), as well as potential flows in general (say, harmonic functions
for incompressible flows), including spatially periodic functions of unitary period
without singularities in the cube [0,1]3, which refers to case (B). Initial velocities
spatially periodic but non potential flows lead to case (D) if the external force is
% 95; in t =0 for any (i,j), S; defined by (4.4), such as

6xi

null or gradient and *

J
occurs in the case (C).

Specifically, without preoccupations with unbounded velocity in some
region, a solution of Euler’s (and Navier-Stokes) equations for incompressible,
non-steady and potential flows with gradient external force is

(5.1) u = A(t)u® + B(¢),

where A(0)=1, B(0)=0, V-u® =0, u® =V¢(t =0) and u® is the initial
velocity, without uniqueness solution due to possibility of A(t) # 1 or B(t) # 0,
and the pressure is given by Bernoulli’s law,

(5.2) p+ % +-[ul? = U +6(),

f=VU, u=V¢, also without uniqueness solution due to 8(t) and u. We can
consider A(t) and B(t) belonging to C* in their respective domains.

Other class of solutions for velocity is built through of the transformations
x;palt)x; +ct, 1<i<3 a(t) EC”(R), ceR, a(t) #0, a(0) =1, in the
parameters of the initial velocity, i.e.,

(5.3) u(x,y,zt) = A(t)uo(ax + ct,ay + ct,az + ct) + B(t),
because if

(5.4.1) V2ul(x,y,z) = V2 [A(Ou(x,y,z) + B(t)] =0

(5.4.2) V-ul(x,y,2) = V- [Au’(x,y,2z) + B(t)] =0

(5.4.3) Vxu®(x,y,z) =Vx[A)u’(x,y,z) + B(t)] =0
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then also

(5.5.1) VZ[A(Du®(ax + ct,ay + ct,az + ct) + B(t)] = 0
(5.5.2) V- [A(@®u’(ax + ct,ay + ct,az + ct) + B(t)] = 0
(5.5.3) VX [A®)u®(ax + ct,ay + ct,az + ct) + B(t)] = 0

a a function of time, that is, the velocity (5.3) with A(0) =1, B(0) =0, a(0) =1,
a(t) # 0, is a solution for Euler (and Navier-Stokes) equations with initial velocity
u®(x, v, z), a general solution for incompressible and irrotational (potential) flows,
in the case of conservative external forces. The respective pressure is again given
by (5.2), obviously both velocity and pressure without uniqueness solution.

As pointed by Lagrange and Sobolev, the solution of Laplace’s equation is
essential in the solution of Euler’s equations. How is not difficult to see, the
Laplace’s equation is especially important for obtain the initial velocity of a motion
of incompressible, irrotational and non-steady fluid, u® = V¢(t = 0), V¢ = 0, as
well as u = V¢. Will be possible obtain others velocities for t > 0 and the pressure
using (5.3) and (5.2), respectively. For a system where is prescribed a specific
velocity u? in a boundary 99, except when Q = R3, the application of (5.3) may not
be adequate and will be needed in general the use of other methods of solution. If
Q = R3 and 1|, = 0 then B(t) = 0.

According Courant®! (p.241), for n = 2the “general solution” of the
potential equation (or Laplace’s equation) is the real part of any analytic function
of the complex variable x + iy. For n = 3 one can also easily obtain solutions
which depend on arbitrary functions. For example, let f(w, t) be analytic in the
complex variable w for fixed real t. Then, for arbitrary values of t, both the real and
imaginary parts of the function

u = f(z+ixcost+iysint,t)

of the real variables x, y, z are solutions of the equation VZu = 0. Further solutions
may be obtained by superposition:

b . . .
u= [ f(z+ixcost+iysint,t)dt.
For example, if we set
fw,t) = wheht,

where n and h are integers, and integrate from -m to +m, we get homogeneous
polynomials

u= f_nn(z + ix cost + iysint)" e*tdt
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in x,y,z, following example given by Courant. Introducing polar coordinates
z=rcosf,x =rsinfcos ¢,y =rsinf sin ¢, we obtain

u = 2rteth® fon(cos 6 + isinf cost)™ cos ht dt

— ih
= r"e"®p, . (cosH),
where Py, (cos @) are the associated Legendre functions.

Possibly when or if it is analyzed that the incompressibility condition is not
so important, with little relation with the physical reality, the solutions of the Euler
(and Navier-Stokes) equations will no longer comply with the solutions of the
Laplace's equation in irrotational movements, and you can find regular solutions in
the whole space as well as more compatible with experiences.

A musician must make music,
an artist must paint,

a poet must write,

if he is to be ultimately happy.
What a man can be, he must be.

This need we may call self-actualization.

It refers to the desire for self-fulfillment,
namely, to the tendency for him

to become actualized in what he is potentially.

Abraham H. Maslow
(in “A Theory of Human Motivation”)

Um musico deve compor,

um artista deve pintar,

um poeta deve escrever,

caso pretendam ser felizes.

O que um homem pode ser, ele deve ser.

A essa necessidade podemos

dar o nome de autorrealizac3o.

Refere-se ao desejo de autopreenchimento,
isto é a tendéncia que ele apresenta

de se tornar, em realidade,

0 que jd é em potencial.

Abraham H. Maslow
(em “Uma Teoria da Motivacdo Humana”)

219



References

[1] Fefferman, Charles L., Existence and Smoothness of the Navier-Stokes Equation, in
http://www.claymath.org/sites/default/files/navierstokes.pdf (2000).

[2] Tokaty, G.A., A History and Philosophy of Fluid Mechanics. Oxfordshire: G. T. Foulis
& Co Ltd. (1971).

[3] Lagrange, Joseph L., Analytical Mechanics, Boston Studies in the Philosophy of
Science, 191. Boston: Springer-Science+Business Media Dordrecht (1997).

[4] Sobolev, Sergei L., Partial Differential Equations of Mathematical Physics. New York:
Dover Publications Inc. (1989).

[5] Courant, Richard, and Hilbert, David, Methods of Mathematical Physics, vol. Il (by R.
Courant). New York: Interscience Publishers (1962).

220


http://www.claymath.org/sites/default/files/navierstokes.pdf
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with Conservative External Force
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Abstract - We present two proofs of theorems on solutions of the Navier-Stokes
equations for incompressible case with a conservative external force in n = 3
spatial dimensions. Without major difficulties, it can be adapted to any spatial
dimension, n > 1.

Keywords - Navier-Stokes equations, velocity, pressure, Eulerian description,
formulation, conservative external force, equivalent equations, exact solutions,
existence, inexistence, Cauchy, irrotational, potential flow, Bernoulli's law,
Lagrange’s theorem.

We find previouslylll a general solution for Navier-Stokes Equations,
supposing that there is a solution for initial instant ¢t =0 and applying an
du;(X,t) 3wl

additional initial condition
a |t 0 ] 1 ax]

, 1 <i < 3, in the case on

what the external force is zero. We will now generalize that solution to the case
where there is a conservative external force, f = VU, being applied in the fluid, for
example, gravity. The problem is resolved dividing the original pressure in two
parts, p = py + p,, one of them (py) depending exclusively of the potential of f and
another (p,) as the obtained previously, depending exclusively of the velocity u
(and therefore u°). The influence of the conservative external force is only change
the total pressure, without influence in the velocity, as happens in the Bernoulli’s
law.

Firstly, we will prove theorems without external force, using p = p,, pf = 0,
the identical proofs of [1].

Let u°(x,y,z) and p°(x,y, z) be respectively the initial velocity and initial
pressure of the three-dimensional incompressible (V-u =V-u®=0) Navier-
Stokes equations without external force and with mass density equal to 1,

auL(X t)

Ip(X,t) 6ul(X t)
axi +

(1 +Z] 1u](X t) Vzui(Xr t):

1<i<3, X=(x,%,x3)€ER3 x;,=x, 5, =y, x3=2z x;,t ER, t >0.

Then in t = 0 is valid, for each integer i belongsto 1 < i < 3,
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ap°(X) aul(X t)
axi

au (X)

(2) |¢= 0+2] 1 ](X) v72u (X).
Supposing that u(x,y,zt) =u’(x+t,y+t,z+t) and p(xy,zt)=

p°(x + t,y + t,z + t) is a solution (u, p) for (1), we have

(3) ap (f) au (f) +2] 1 | (f) au (5) Vzu?(f),

dx;i
where & = (£1,6,,&) and ¢ =&(X,t) =x;+t, 1 <i < 3.

For t = 0 the equations (2) and (3) are equals, because in t = 0 we have
$i = x; and therefore & = (§1,$2,§3) = (X1, %2, x3) = X

For t > 0, if (2) is valid for any X = (x,y,z) € R3 then (3) is valid for any
E§€R3 substituting x— & =x+t, yp & =y+t, zoE&=z+t x,9,Z€
R,t>0, so u(x,y,zt)=u(x+t,y+tz+t) and p(x,y,zt) =p°(x+t,y+
t,z+t),ie, ulX,t) =u’(&) and p(X,t) = p°(&), solve equation (3) and therefore
the Navier-Stokes equation (1).

The initial motivation to prove it is as follows. Let A(x), B(x),C(x) and
D(x) functions such that is always valid, for any x € R, the relation

(4) A(x) + B(x) + C(x) = D(x).
Then,as (x +t) € R, x,t € R, t > 0, need be valid too the relation
(5) Alx+t)+B(x+t)+ C(x+t)=D(x+1t).

The same argument can be used for functions of two and three spatial
dimensions (or better, for n spatial dimensions), for example, Vx,y,z,t € R, t = 0,

(6) Ai(x,y,z)+Bi(x,y,Z)+ Ci(x'yrz) =Di(x'yrz)
= Ai(x+t, y+t, z+t)+Bi(x+t, y+t, z+t)+
+Ci(x+t, y+t, z+t)=D;(x+t, y+t, z+1t).

Applying the previous relation (6) to the Navier-Stokes equations (2) for
t=0,if

ap (X
(7.1) A;(x,y,2) = pax(l )
oui(X,t
] (X)
(7-3) Ci(x,y,z) = ] 1 ] (X) = ’

222



(7.4) D;(x,y,z) = vV (X),
(7-5) Ai(x;y; Z) + Bi(xJYﬂZ) + Ci(x'YJZ) = Di(x,y,z),

X = (x,v,2), then, using E =&(X,t) = (x+t,y+t,z+t), need be valid
too the equalities

0
(8.1) A+t y+t, z+0) =28
l
aul(X t)
3}

(8.3) Ci(x+t, y+t z+1t)= 311(6)”(5)
(8.4) Di(x+t, y+t, z+t) = vViu)(é),
(8.5) Ailx+t, y+t, z+t)+Bi(x+t, y+t, z+1t)+

+Ci(x+t, y+t, z+t)=D;(x+t, y+t, z+1t).
The expression ( l(X 2 lt=0) (&) in (8.2) means that first is calculated the value
of %, next we assign the value t = 0 in this result and then we substitute

xe & =x+t, yo &=y 4tz =24t 0e, X &

Note that the right side of the relations (8.1) to (8.4) corresponds to each
parcel of the Navier-Stokes equations (8.5) with the solution (u, p) such that

(9.1) u(X, t) =u°(),
(9.2) p(X,t) = p°(&),

X=0,y2), =¢X,t)=(x+t, y+t, z+t) then (9) is a solution for (1) if
u%(X) and p°(X) are initial conditions.

We will now prove that if the variables (9.1) and (9.2) solve (1) for t > 0
then u°(x,y,z) and p°(x,y,z) solve (1) for t =0, i.e.,, then both u°(x,y,z) and
p°(x,y,z) solve (2). This is an important result of this paper. We'll use the chain
rulel?l,

Proof: Starting from (1), the three-dimensional incompressible Navier-Stokes
equations, where V-u = V-u® =0,

ap(X,t)
ox, +Z 1 U (X, t)

1<i<3, X=(x,y2),ifasolution (u, p) for them is (9), ie.,

ou; (x t) aul(X t) _

Vzui (X, t),

(10) +
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(11.1) u(X,t) =u°(é),
(11.2) p(X,t) = p°(%),

E=¢X,t) =(x+t, y+t z+t), then we have, according (3),

apo(g) ouf (s‘) ouf (s‘)
(12) . + 7= () vV (§).
_ 9% _ 9% _ 0 _ (yic:, _ _
How &; = x; + t then ox ot 1 and 2%, 0 if i # j, so using the chain

rulell we have, for each parcel in (10) and (12),

op(Xt) _ 9p°(§) _ v3 9p°(§) 9% _ ap°()

(131) aXi - a.Xi - Jj=1 6{1 6xi_ afi
duiXt) _ oul(©) _ w3 0w _ w3 9§
(13.2) ot ot A=l gg; ot T A= g
] l(Xt) 0 (E) ] (5)66
(13.3) wi(X,t) = U (§) = = u) (§) == on =
0
0({) u; (f)

34 V0 = V@) = (oo ot o) WO =

0xq 0x1 0xy 0xy
3¢ 9 9§
- (a(jc ox; aff ax) w () =X <af af) () =
_Vguo(f)

Adding the parcels (13), with (13.3) for each integer j = 1,2,3 and the

multiplication of (13.4) by viscosity coefficient v, we come to

an  BO4ys MO WO MO = v,

which is equivalent to previous Navier-Stokes equations (10) and (12) with the
solution (11), although it is not a conventional Navier-Stokes equation because the
time derivative disappears, i.e.,

oui(X,t) 3 0u)(§)
(15) or | 4=l 0§

ouy ou; (§)
Jj=1 Fg

initially, a function only of & = (&;,&,, 53), not including t, but each ¢; is a function

Note that the right side of (15) is not 24&) (6) + y3 , because here u! is,

224



dwX) _ 0ui(®) _ y3 dul@ 3 _
at ot J=1 9¢; ot

of t and for this reason here is

ou? 9¢.
?:1 7'(;‘5(?), with §; = x; + t, 6—; = 1.
]

In t = 0, when §; = x;, the equation (14) became

6u (X)

ap°(x d (X)
(16) T 4 B T 4 B () T

vV2ul (X).

If this equation is equivalent to (2) then

duy(X,t) _v3 W™
(17) —5p lt=0 = Lj=1 ox;

which is thereby a good manner of define or choose the temporal derivative of
velocity at t = 0 when the solution for velocity is u(X, t) = u°(é).
Similarly, for t > 0 we have

duiXH) _ 3 0ui(®)
ot J=1 9¢;

(18)

X = (X,y,Z), g = (51;52153), fi = fi(X:t) =X +tr 1 < [ < 3.

Concluding, assuming that (9), identical to (11), is a solution for (1),
identical to (10), we come to (16) for t = 0, which is equivalent to (2) with the
additional initial condition (17) and it has a solution (u°(X),p°(X)). This is what
we wanted to prove. O

Next, we will prove the opposite way of the previous demonstration: if
u%(x,y,z) and p°(x,y,z) solve (1) for t = 0, i.e,, if both u°(x,y,z) and p°(x,y, 2)
solve (2), then the variables (u,p) given in (9.1) and (9.2) solve (1) for ¢ = 0. This
is the fundamental result of this paper. The proof basically follows what we write
from beginning of this paper until the equations (9), increasing the
transformations (13) and the conditions (17) and (18). We'll use the chain rulel2]
again.

Proof: If uo(x,y, z) and po(x,y,z) solve the three-dimensional incompressible
(V-u = V-u® = 0) Navier-Stokes equations

ap(X,t)
axi

ou; (x t) aul(X t)

(19)

+ +Z (X ) ——= = vV (X, t)

fort =0, with1<i<3, X=(x,%,x3) ER3, x;=x, x, =y, x3 =2z, x;,t €ER,
t > 0, thenint = 0is valid, for each integer i belongsto 1 < i < 3,
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ap°(X) + 6uL(X t)

0 (X)
(20) S =0 + X1 0 () ==

vV2ul (X).

Supposing that u(x,y,zt) =u’(x+t,y+t,z+t) and p(xy,zt)=
p°(x + t,y + t,z + t) is a solution (u, p) for (19), we have

ap°(§) |, 9y (&) 0 (s‘)
(21) PO L 20 4 53 w06 2 = v,

using & = (§4,&5,&3) and ¢ =&§(X, ) =x; +¢t,1<i< 3.

For t = 0 the equations (20) and (21) are equals, because in t = 0 we have
$i = x; and therefore & = (§1,$2,§3) = (X1, %2, x3) = X

For t > 0, if (20) is valid for any X = (x,y,z) € R3 then (21) is valid for any
E§€R3 substituting x— & =x+t, yp & =y+t, zoE&=z+t x,9,Z€
R,t > 0, according transformations (22) below, so u(x,y,zt) =u’(x +t,y +
t,z+t) and p(x,y,zt)=p°(x+t,y+tz+t), ie, ulX,t)=u’¢) and
p(X,t) = p°(&), solve equation (21) and therefore the Navier-Stokes equation
(19).

How ¢; =xi+ttheng—z =%= landg—z
rulel?] we have, for each parcel in (21),

= 0 if i # j, so using the chain

op°()) _ pEXD) _ v3 %99S _ ap°(&)

(22.1)

ox;  oxg  “UFY ag oax T 9
uf(§) _ dwiEXD) _ v3 0@ _ w3 aui(®)
(22.2) at at A= g ot T AUE1 gg;
9 (E) du(E(X,0)) 9 (5)65
@23) WO ==X )T = ()5, =
0
O(E) u(f)

Jda a

@20 VUE) = VuEX0) = T (2 WG ) =
9 09§j 2 9§ _
= 35 (o ) @) = 5o (527 ) W0 ®) =
—Vguo(f)

The equation (21) transformed through by (22) gives

ap°(®) 0 (E) 9 (E)
(23) T Ly F R )5 = vVAL @),
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a .
that is, we transform X — ¢ and from §; = x; + t we have a—il = 1 and therefore
i
axl- = afl
The unexpected transformation is

ui(§) _ owEX.) _ v3 9w @)

@4 ot I

making (23) not be in the form of a standard Navier-Stokes equation. In t = 0 the
transformation (24) becomes

ouf (&) du;i(£(X,0)) du;(X,t) 3 Ui (X)

(25) =0 = —5—lt=0 == lt=0 = J=1"ox;

¢j =xj, ¢ =X, fort =0, thus we need to assume the additional initial condition

dui(X,t) 3 u{(X)

(26) 3% le=0 = Xj=1 ox;

when the solution for Navier-Stokes equation (1), identical to (19), is given by (9),
i.e.,

(27.1) u(X,t) = u’($),
(27.2) p(X,t) = p°(&),

X=0,y2), =X t)=((x+t y+t z+10).

Concluding, if (u°(X),p°(X)) solve (2), identical to (20), substituting in
(20) the transformation X » &, X = (x,y,2), & = (£1,6,,&3), & = x; +t, we come
to (23),

°(®) 9 (E) 9 (E)
(28) Tt iy W () 5 = vV (),

assuming the additional initial condition (26)

aui(X,t)l 3 ud(Xx)
ot 1t=0 = Zuj=1"5,

(29)

due to transformation (24),

() w3 0wl

(30) ot U=l g
Using (30) in (28) we come to
ap°) , 9 (f) 0 (5)
3D or t ot R (D = vV (),
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the Navier-Stokes equations with the solution (u°(¢),p°(8)), i.e, (u(X,t),p(X,t)),
according (27), identical to (9).

Using (27) and 9¢; = 0x; in (31) we come finally to

Ip(X,t)
axi

aul(x t) aul(X ) _

(32) + +Z] 1 U (X, 1) vViu;(X,t),

the Navier-Stokes equations (1) with the solution (u(X, t), p(X, t)). This is what we
wanted to prove. O

What we see in the two previous proofs can be applied, with the obvious
adaptations, to solutions of the form

(33.1) u(X,t) = u’),
(33.2) p(X,t) = p°(%),

X = (X,y,Z), g = (51;52153); Ei = X + Ti(t)l TL(O) = 0' 1 i< 3'
with the conditions

duXt) _ w3 0w (@05 _ 3 0u®

34 ot “U=1 gg; ar T =1 g T; (6),
and

oui(X,t) 3 6u?(f) / _ 3 au?(X) ’
(35) ot |t 0= j=1 af] ’1}(0) - j=1 axj ’1}(0)1

being the functions T;(t) differentiable of class C*([0,%0)). In this case the
equations (23) and (28) are

ap°(©) ou () 9 (5)
(36) DY Rl HORDY R Ob

=20+ 53, MO +w©] = vTR©.

Note that the equation (34) implies

37) w0 =00 + [ITL f’;;aT}(t) dt =
= uf(§1,82,8) = u)(xy + Ty (0), %2 + T2(t), x5+ T3(1)),

that must be true for all differentiable function uf (&) with & = x; + T;(t), Ti(t)
differentiable, T;(0) =0, 1 <i < 3.
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Also it is not hard see that, without major difficulties, it can be adapted to
any integer spatial dimension, n >= 1.

Including in the system a conservative external force f = (fi, f2, f3) whose
potential is U, f = VU, we can separate the total pressure p in two parts, py and p,,

such that p=ps+p,. In this case, the more complete equations for

incompressible Navier-Stokes equations are, for 1 < i < 3,

(38) D D 4 Yy (D) %}i” = vV2u,(X,t) + f;,
with
(39) V-u=V-u=0.
Defining
(40) pX,t) =ps(X,t) + pu(X, 1)

and the respective initial pressures

(41) p°(X) = pp(X) + pp(X),

the obtained results in equations (1) and (2) for the pressure without external
force will be attributed to p, and p2, respectively, while pr(X, t) is equal to force-
potential U, i.e.,

(42.1) Vp,=f=VU

0¢(t) a generic physically and mathematically reasonable function of time, as we

already know.

Of this manner, the introduction of an external force do not change the
velocity, but only the total pressure, such that

(43) p = DPf t Du-

Then, the velocity can be calculated without the use of external force, in
case of a conservative external force f = VU.

It is clear that in the Eulerian description[3] the computational and analytical
challenges will be, more than solving the Navier-Stokes equations for t > 0, solve
these equations for t = 0, the initial instant. Unfortunately, it is not for all pair of
values (u, p?) that exists solution to the equation (28) and related equations, so
or u? is a function of p°, or p° is a function of u°, or both u° and p° are functions of
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another functions, for example, a potential function ¢ such that u® = V¢(t = 0),
u = V¢, resulting in the known Bernoulli’s law.

It is convenient say that Cauchy(*! in his memorable and admirable Mémoire
sur la Théorie des Ondes, winner of the Mathematical Analysis award, year 1815,
firstly does a study on the equations to be obeyed by three-dimensional molecules
in a homogeneous fluid in the initial instant t = 0, coming to the conclusion which
the initial velocity must be irrotational, i.e., a potential flow. Of this manner, after,
he comes to conclusion that the velocity is always irrotational, potential flow, if the
external force is conservative, which is the Lagrange’s theorem (a possible
exception occurs if one or two components of velocity are identically zero, when
the reasonings on 3-D molecular volume are not valid). The solution obtained by
Cauchy for Euler's equations is the Bernoulli's law, as almost always happens.
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18 - General Solution For Navier-Stokes Equations

With Any Smooth Initial Data
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Abstract - We present a solution for the Navier-Stokes equations for
incompressible case with any smooth (C*) initial velocity given a pressure and
external force in n = 3 spatial dimensions, based on expansion in Taylor’s series
of time. Without major difficulties, it can be adapted to any spatial dimension,
n=1.

Keywords — Lagrange, Mécanique Analitique, exact differential, Euler’s equations,
Navier-Stokes equations, Taylor’s series, Cauchy, Mémoire sur la Théorie des
Ondes, Lagrange’s theorem, Bernoulli's law.

Let p, q, r be the three components of velocity of an element of fluid in the 3-
D orthogonal Euclidean system of spatial coordinates (x,y, z) and t the time in this
system.

Lagrange in his Mécanique Analitique, firstly published in 1788, proved that
if the quantity (p dx + q dy + r dz) is an exact differential when t = 0 it will also
be an exact differential when t has any other value. If the quantity (p dx + q dy +
r dz) is an exact differential at an arbitrary instant, it should be such for all other
instants. Consequently, if there is one instant during the motion for which it is not
an exact differential, it cannot be exact for the entire period of motion. If it were
exact at another arbitrary instant, it should also be exact at the first instant.[1]

To prove it Lagrange used

p = pl + p”t + pIIItZ + pIVt3 + -
(1) q= qI + q”t + q’”tz + qIVt3 + .
r=rl+rift+re? +rVed 4o

11

in which the quantities p!, p'!, p', etc., g, q", q'", etc,, r!, v, r!!!, etc,, are functions

of x, y, z but without t.

Here we will finally solve the equations of Euler and Navier-Stokes using
this representation of the velocity components in infinite series, as pointed by
Lagrange. We assume satisfied the condition of incompressibility, for brevity.
Without it the resulting equations are more complicated, as we know, but the
method of solution is essentially the same in both cases.

To facilitate and abbreviate our writing, we represent the fluid velocity by
its three components in indicial notation, i.e., u = (uq,u,,u3), as well as the
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external force will be f = (fy, f2, f3) and the spatial coordinates x; = x, x, =y,
x3 = z. The pressure, a scalar function, will be represented as p.

The representation (1) is as the expansion of the velocity in a Taylor’s
series in relation to time around t = 0, considering x,y,z as constant, i.e.,, for
1<i<3,

aul a Ui a Uj
(2) u_u|t0+ |t0t+at2|t0? at3|t0_+
ak u; tk
Tk le=0 o+

or

k k

— .,0 o 0%u; t

3) U = u; +2k=1_atk t=0 Ty

aul 0%u; 03u;
P otz a3’
directly from the Nav1er-Stokes equations and its derivatives in relation to time,

For the calculation of — . we use the values that are obtained

i.e.,
Ju; _ 0p 3 2
4) E__a_xi_ j=1 ]6 +vVul+fl,
and therefore
azui 62p au] 6ul 6 6u 2 du; of;
) == - X Vit =L
ot2 ot 9x; J=1\ ot 0x; a ot ot ot
03y, 03 0%u; ouy ou; 9 ou; 0 9%uy;
(6) i _ p _Z J L+2_]__L+u__ i
at3 at2 ox; at? ox; ot dx; ot T ox; ot?
0%u; . 9%f;
2 i i
VV—+—
+ ot? + ot?
0*u; d*p 3 2 9% 63fi
7 = — — N vV :
™) ot* ot3 ox; ZJ + ot3 6t3
0 2 2 92 Uuj ou; auj 0 Jdu; 5} 62ui
N3==N? N?=—JZ4pJ = ", ~ ~ ¢
Jooac VT 9t? ox; ot dxj ot J oxj at?
N3 = Pwou g9 0w 0w 0 0w 0w
J at3 ox; 9t? 9xj ot ot oxj at? T ox; ot3’
®) 5u; 3°p N4 4y V2 o4 ul 0*fi
ats ot ox; 6t4'
d i3 a4u,- du; d%u; 8 aui 0%u; 8 9%y,
I et ot ox; HIRIFTE dx; ot o050 dx; 0t? +
ou; 9 03y 0 0%y
+4— “+u :

at ox; ot3 J ox; at*’
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and using induction we come to

akUi akp k1 2 ak 1 ak—lfi
9 = — — N vV
©) otk otk—19x; 21 t tk 1 + otk-1’
k-1 _ 0 k-2 _ k=1Y gk—1-1, L,
IV]- - atlvj - ( )a x; atul'
0™Mmu - (k=1)!
0 — m _ n k—1y _ _k—1)
Orun = Un, Of Un = atm ’ ( ) T (k-1-D11

In (2) and (3) it is necessary to know the values of the derivatives
aui azui akui
at ' otz gtk

in t = 0 then we must to calculate, from (4) to (9),

(10) —L i = 23 1u + v VA + £,

the superior index 0 meaning the value of the respective function at t = 0, and

9%u; 9%p 3 1
(11) Tz lt=0 = =555 le=0 = Lj=a N le=o0 +
ou; af
2 i 9Ji
+vV _lt e |t 0
ou; au 0 ou;
1 3 j 0 ouq
Ni'|i=o = ( |e= 05y, +ula |t 0)
d3u; d3p 3 2
(12) FYE le=0 = " at2ox; le=0 = 2j=1 N lt=0 +
0%u; 0%f;
2 i o Ji
+vV EYS: lt=0 + == 3¢ le=0
0%u; ou? ou; 0 0u;
2 bl § i J oui
Nile=o = 53 le= =03, t2—= = 05x, o7 le=o t+
Oiﬂ
a4ul a4p 3 3
(13) 5c4 lt=0 = 33 ox; le=0 G=1 N7 =0 +
03u; 23f;
2 i i
+vV PYE |¢ 0+at3 le=0
93u; 6u 62 0 0u;
N-3 — bl § M _
e=0 = 555 le= Oax 3502 e 05, at le=0 +
ou; 0 0%u; 0 93u
J g% 0 i
asul asp 3 4
(14) 3¢5 le=0 217 o, le=0 = 25=1Nj le=0 +
0%u 0%
+vv2 i fl

at4 |t=0 at4 |t 0
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and of generic form,

oku; okp 3 k—1
(15) Sk lt=0 = ~ 3= o le=0 = 27=1 N/ " [t=0 +

ak—lu, ak—lf,
2 l l
+vV 9ck-1 |t=0 +—atk_1 |t=0'

k-1 _ vk-1 (k=1 qk—-1-1 0 a1
N; le=0 = Zi=o ( ! )at ! Uj =0 a_xjatuih:o'

m
oMu,

0 _ _
O Up|t=0 = u?v 0 U =0 = at_mlt=0-

If the external force is conservative there is a scalar potential U such as
f = VU and the pressure can be calculated from this potential U, i.e.,

0 ou
(16) a—fi =fi =50
and then
a7 p=U++06(t),

6(t) a generic function of time of class C®, so it is not necessary the use of the
pressure p and external force f, and respective derivatives, in (4) to (15) if the
external force is conservative. In this case, the velocity can be independent of the
both pressure and external force, otherwise it will be necessary to use both the
pressure and external force derivatives to calculate the velocity in powers of time.

The result that we obtain here in this development in Taylor’s series seems
to me a great advance in the search of the solutions of the Euler’s and Navier-
Stokes equations. It is possible now to know on the possibility of non-uniqueness
solutions as well as breakdown solution respect to unbounded energy of another
manner.

We now can choose previously an infinity of different pressures such that
ou
the calculation of % and derivatives can be done, for a given initial velocity and

external force, although such calculation can be very hard.

It is convenient say that Cauchy!?! in his memorable and admirable Mémoire
sur la Théorie des Ondes, winner of the Mathematical Analysis award, year 1815,
firstly does a study on the equations to be obeyed by three-dimensional molecules
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in a homogeneous fluid in the initial instant ¢ = 0, coming to the conclusion which
the initial velocity must be irrotational, i.e., a potential flow. Of this manner, after,
he comes to conclusion that the velocity is always irrotational, potential flow, if the
external force is conservative, which is essentially the Lagrange’s theorem
described in the begin of this article, but it is shown without the use of series
expansion (a possible exception occurs if one or two components of velocity are
identically zero, when the reasonings on 3-D molecular volume are not valid). The
solution obtained by Cauchy for Euler's equations is the Bernoulli's law, as almost
always happens. Perhaps a solution in Eulerian description not always
corresponds to some solution in Lagrangian description, and vice-versa, I yet don’t
know for sure. There can be no contradiction in science, particularly in
mathematics.

I began my study of the Navier-Stokes equations verifying the lack
(inexistence, I called breakdown) of solutions, but realizing that given the pressure
and initial velocity there would be no problem about not being possible to
integrate the equations of Navier-Stokes and find the velocity, in general case. Now
with more clarity and conviction I realize that, given only the velocity may not be
possible to find the corresponding pressure, but given the pressure we can find the
velocity, in special using the expansion in Taylor’s series, as we see here.

If the mentioned series is divergent may be an indicative of that the
correspondent velocity and its square diverge, again going to the case of
breakdown solution due to unbounded energy. Without pressure and with initial
velocity and external force both belonging to Schwartz Space is expected that the
solution for velocity also belonging to Schwartz Space, obtaining physically
reasonable and well-behaved solutions throughout the space.

The method presented here can also be applied in other equations, of
course, for example in the heat equation. Always will be necessary that the
remainder in the Taylor's series goes to zero when the order k of the derivative
tends to infinity.[31 Applying this concept in (3) and (9), substituting t by t, the
remainder R; j of order k for velocity component i is

1t K 0%y,
(18) Ry = Efo (t - D" S dr,

which can be estimated by Lagrange’s remainder,

tk+1 ak+1u,

(19) Rik = G aemm ©)

or by Cauchy’s remainder,

ak+1ui

. tk+1 k
(20) Ri,k - T (1 - 0) otk+1 (f);
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with0 <¢é<tand0 <6< 1.

To Jean-Christophe Yoccoz, in memorian. | have just know of his premature death,
great friend of mathematicians of IMPA. I'm not one successful, I do not have fame,
[ did not win any awards. In common we have only a great love for mathematics.
He was a genius man who now leaves the Earth, but [ know that even in heaven
there are math and science to be done. He did an excellent job.

September-06,27-2016
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Abstract - We present a solution for the Euler and Navier-Stokes equations for
incompressible case given any smooth (C*) initial velocity, pressure and external
force in N = 3 spatial dimensions, based on expansion in Taylor’s series of time.
Without major difficulties, it can be adapted to any spatial dimension, N > 1.
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Ondes, Lagrange’s theorem, Bernoulli’s law, non-uniqueness solutions.

§1

Let p, q, r be the three components of velocity of an element of fluid in the 3-
D orthogonal Euclidean system of spatial coordinates (x,y, z) and t the time in this
system.

Lagrange in his Mécanique Analitique, firstly published in 1788, proved that
if the quantity (p dx + q dy + r dz) is an exact differential when t = 0 it will also
be an exact differential when t has any other value. If the quantity (p dx + q dy +
r dz) is an exact differential at an arbitrary instant, it should be such for all other
instants. Consequently, if there is one instant during the motion for which it is not
an exact differential, it cannot be exact for the entire period of motion. If it were
exact at another arbitrary instant, it should also be exact at the first instant.[1]

To prove it Lagrange used

p =p1+p”t+p”1t2+p”/t3 + -
(1.1) g=q" +q"t+q"t?> +q"Vt3 + -
r=rl+rlt 4+ M2 4 Vg3 oo

11

in which the quantities p!, p'!, p', etc., q', q", q'", etc,, r!, v, r!!!, etc,, are functions

of x, y, z but without t.

Here we will finally solve the equations of Euler and Navier-Stokes using
this representation of the velocity components in infinite series, as pointed by
Lagrange. We assume satisfied the condition of incompressibility, for brevity.
Without it the resulting equations are more complicated, as we know, but the
method of solution is essentially the same in both cases. We focus our attention in
the general case of the Navier-Stokes equations, and for the Euler equations simply
set the viscosity coefficientas v = 0.
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To facilitate and abbreviate our writing, we represent the fluid velocity by
its three components in indicial notation, i.e., u = (uy,u,,u3), as well as the
external force will be f = (fy, f2, f3) and the spatial coordinates x; = x, x, =y,
x3 = z. The pressure, a scalar function, will be represented as p. As frequently used
in mathematics approach, the density mass will be p = 1 (otherwise substitute p
by p/p and v by v/p). We consider all functions belonging to C*, being valid the

azui _ azui
axjaxk - axkaxj

use of and other inversions in order of derivatives, so much in

relation to space as to time.

The representation (1.1) is as the expansion of the velocity in a Taylor’s
series in relation to time around t = 0, considering x,y,z as constant, i.e., for
1<i<3
%y t2
= atz |t0? at3 |t0_+

ak Uu; tk
t—x |t=0 ot

F
(1.2) U = Ujlzo + = ul

or

k k
.0 o 0 u; t
(1.3) U; = Uy +Zk=1_atk le=0 P

ou; 0%u; 93u;
For the calculation of —,—,—, ..
ot~ ot2 ’ ot3

directly from the Navier-Stokes equations and its derivatives in relation to time,
i.e.,

. we use the values that are obtained

du; _ dp 3. 2
and therefore
0%u; ouj ou; 9 oy ou; , Of;
1.5 L= — — —J 7 U — VZ i + Ji
(-5 ot?2 ot ax Z (at ox;j + T 9x; rr v ot
03u; 0%u; oy ouj 9 odu; d 0%u;
(1.6) L= —Z e’ L = Ty ——t
at3 6t2 ax at? ox; ot dx; ot T ox; ot?
0%u; 0% f;
2 i i
vVVi—+—,
+ ot? + ot?
o*u; 0*p 3 2 03 ul 03f;
1.7 = — — =1 N vV ,
(1.7) at* at3 dx; + at3 6t3
N3=2pN2 N2 = ﬂ% a”fiaul 4 ogy 0w
Jooec VT 9t? ox; ot dx; b ax; 9t?’
N3 = 63uj% 0%u; 0 oy ou; 6 0%u; 0 Py
J ot3 0x; at2 dx; ot at ox; ot? Y ax; at3’
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65ul 2 64ui 64fl-
1.8 = — vy Ve—
(1.8) at5s at4 ax Z ot T ot4’
d 0%u; ou; 03u; 9 ou; 0%u; KB 02%u;
N.4:—N.3=—]—l ]——l+6 z -
J ot J ot ox; ot3 dxj ot 9t2 ox; j 0t?
ou; 9 93u; 9 0%u;
ST dxj ot3 Y dxj ot*’

and using induction we come to

ok, okp ok1u; ok,

_ k-1 2
1.9 = 1 N vV
(1.9) otk T atk-19x; Z J + atk-1 + otk-1’
k-1 _ 90 ak—-2 _ yvk-1 (k=1\ gk-1-1,, 9 A1~
Ny = ath = 2ico ( l )af U; ox; druy,
0™Mmu - (k=1)!
0 — m _ n k—1y _ _k—1)
Optn = Un, Op"ty = atm ’ ( ) T (k-1-D0

In (1.2) and (1.3) it is necessary to know the values of the derivatives

ou; 9%u; aku;
a—tl, atzl ) e ?kl in t = 0 then we must to calculate, from (1.4) to (1.9),

aui

ap" 3
(1.10) S lt=0 =~ 5 -~

ar L 2,,0
ox, ]1]a +vVu+fl,

the superior index 0 meaning the value of the respective function att = 0, and

(1.11) Zztz le=0 = %h:o - 3—1 N'l le=0 +
+szaul|t 0+afl|t 0
NP lizo = Zjma (5 lemo Tk + P 52 2, ),
(1.12) %h:o = _%h:o — X721 N = +
+vV? Z;lh ot azt);l|t_0'
Plico = G lomo S+ 252 |eco o 2t g +
U 2T,
(1.13) %h:o = _%h:o — Y521 NP [e=o +
+v V? f;,i |t=0 ;tfgl le=0/
NP le=o = 50 o oaxl +32 5c2 |, Oai aatlh ot
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ou; d 90%u o d3u
] i 0 i
T35 le=053 5 le=0 T 5255 le=o
9°u; 9°p 3 4
(1.14) 555 lt=0 = = 55— le=0 j=1 N [e=0 +
0%u; 0f;
2 i i
+ 14 V at4 |t—0 + at4 |t—0’
N4| 0%y | ouf n d3u; | 0 ou;
J =07 gea 1620 gy at3 't=09x; ot
%u d 9%u; ouj d d3u
6 j i 4 ] L
T6-5 |t_oa 3e2 le=0 + s |1:_oa PYE le=0 +

and of generic form,

aku; akp

— 3 k-1
(1.15) 3tk lt=0 = — 9tk ox, le=0 — j=11Vj le=0 +
ak—lu, ak—lf.
2 14 L
+ v V atk_l |t:0 + atk_l |t:01

k—1 _ wk-1 (k-1\ qk-1-1 Y
Nj le=0 _Zl=01 ( 1 )at ! uj|t=0 a_xjatuih:o'

m
oMu,

0 _ _
O Up|t=0 = u?v 0 U =0 = at_mlt=0-

If the external force is conservative there is a scalar potential U such as
f = VU and the pressure can be calculated from this potential U, i.e.,

) au
(1.16) % = fi =50
and then

(1.17) p=U+06(t),

6(t) a generic function of time of class C®, so it is not necessary the use of the
pressure p and external force f, and respective derivatives, in (1.4) to (1.15) if the
external force is conservative. In this case, the velocity can be independent of the
both pressure and external force, otherwise it will be necessary to use both the
pressure and external force derivatives to calculate the velocity in powers of time.

The result that we obtain here in this development in Taylor’s series seems
to me a great advance in the search of the solutions of the Euler’s and Navier-
Stokes equations. It is possible now to know on the possibility of non-uniqueness
solutions as well as breakdown solution respect to unbounded energy of another
manner. We now can choose previously an infinity of different pressures such that
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Ju
the calculation of 3t and derivatives can be done, for a given initial velocity and

external force, although such calculation can be very hard.

It is convenient say that Cauchy(2] in his memorable and admirable Mémoire
sur la Théorie des Ondes, winner of the Mathematical Analysis award, year 1815,
firstly does a study on the equations to be obeyed by three-dimensional molecules
in a homogeneous fluid in the initial instant ¢ = 0, coming to the conclusion which
the initial velocity must be irrotational, i.e., a potential flow. Of this manner, after,
he comes to conclusion that the velocity is always irrotational, potential flow, if the
external force is conservative, which is essentially the Lagrange’s theorem
described in the begin of this article, but it is shown without the use of series
expansion (a possible exception to the theorem occurs if one or two components of
velocity are identically zero, when the reasonings on 3-D molecular volume are not
valid). The solution obtained by Cauchy for Euler's equations is the Bernoulli's law,
as almost always happens. Now a more generic solution is obtained, in special
when it is possible a solution be expanded in polynomial series of time. Though not
always a function can be expanded in Taylor’s series, there is certainly an infinity
of possible cases of solution where this is possible.

If the mentioned series is divergent in some point or region may be an
indicative of that the correspondent velocity and its square diverge, again going to
the case of breakdown solution due to unbounded energy. With the three functions
initial velocity, pressure and external force belonging to Schwartz Space is
expected that the solution for velocity also belongs to Schwartz Space, obtaining
physically reasonable and well-behaved solution throughout the space.

The method presented here in this first section can also be applied in other
equations, of course, for example in the heat equation, Schrodinger equation, wave
equation and many others. Always will be necessary that the remainder in the
Taylor's series goes to zero when the order k of the derivative tends to infinity
(Courantl3], chap. VI). Applying this concept in (1.3) and (1.9), substituting t by z,
the remainder R;  of order k for velocity component i is

(1.18) ik f(t—r)" e AT,

which can be estimated by Lagrange’s remainder,

tk+1 ak+1

(1.19) Ri,k = m dtk+1 (E)

or by Cauchy’s remainder,

(120)  Ryo=t-(1-0)I ke,
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with0 <¢é<tand0 <6< 1.

Note that if it is not possible to make a series around t = 0 (for example, to
the functions logt, Ve, e_l/tz, according Courant3], chap. VI) an other instant ¢,
of convergence and remainder R; o, zero must be found, and then replacing t* by
(t — to)* and the calculations in t = 0 by t = ¢, in previous equations.

§2

In this section we will build a series of powers of time solving the Navier-
Stokes equations, differently than that used in the previous section. From theorem
of uniqueness of series of powers (A4 function f (x) can be represented by a power
series in x in only one way, if it all, i.e, the representation of a function by a power
series is “unique’; Every power series which converges for points other than x = 0
is the Taylor series of the function which it represents (Courant3l, chap. VIII)),
both solutions need be the same, for a same initial velocity, pressure, external
force, compressibility condition and all boundary conditions.

Defining

(2.1) = u) + X b+ X t2 o Xt e = X0 X ™,

— 1,0 —
Xio = u; = u;(x1,%2,%3,0),
where each X; ,, is a function of position (X1, X, x3), without ¢, and

op
(2.2) — =q) + qirt + qit?+ o F Gt = Y Qint™

6xl- -

0
_ 0 _09p 0 _
dio = 4; = %, p° = p(xy,x3,x3,0),

(2.3) fl = fio + fi,lt + fi,zt2 + ot fi,ntn + o= Zflozofi,ntn'
fi,o = fio = fi(x1, %2, %3, 0),

we can put these series in the Navier-Stokes equation,

aui ap 3 aui 2
— =——=i Ui—t+vVu +f.
ot ox; <=1 i i

(2.4) 3%,

The velocity derivative in relation to time is

s
% = Xi,l + 2Xi’2t + 3Xi’3t2 + -+ nXi’ntn_l + .- =

= Z;.lo=0(n + 1)Xi,n+1tn'

(2.5)

the nonlinear terms are, of order zero (constant in time)
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3 0 au
(26) j=1 ] dx P
of order 1,
3 0 aXi'l 6u?
(2.7) j=1 (u] ox,; + Xj,l 6_x]> t,
of order 2,
3 0 aXlZ aXll ? 2
(2.8) j= 1<] ox; +X +X26x]> ,
of order 3,
3 0 6XL3 aXlz aXLl a_u? 3
(2.9) j=1( U; ox,; +X] +X] ox; -I-Xj,g ox; t°,

and of order n, of generic form, equal to

3 0Xin-k ,n
210) T T X2t

20 0Xio _ ouf

w1thX , = .
] 6xj an

Applying these sums in (2.4) we have

(2.11) Z?f:o(n + 1)Xi n+1tn = _Z?zo=0 Qi,ntn -
_Zn=02 1Zk =0 ]k aln ktn +V2n=0 VZXi,n t"

+ Xn=0 fint™,

and then

0X;
(2.12) (n + 1)Xi,n+1 = —qin — 1Zk =0 Jk al; "

+ WX+ f

in’

which allows us to obtain, by recurrence, X;;, X;,, X;3, etc, thatis,for1 <i <3
andn = 0,

1

(2.13) Xin+1 =

S
0Xin—
Snz_qi,n_ 12]{ 0 ]k ox; k+ V2X1n+fln

You can see how much will become increasingly difficult calculate the terms
Xin with increasing the values of n, for example, will appear terms in
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v, V202 V2, etc. If v > 1 (say, 1/p > 1 or v/p > 1) certainly there is a specific
problem to be studied with relation to convergence of the series, which of course
also occurs in the representation given in section § 1. The same can be said for
t — oo. In fact, I do not understand why a particle fluid initially in motion, without
any collision with another particle and submitted to a permanent impulsive force
need always be with finite velocity as t — oo. For example, a constant resulting
force f, not equal to zero, applied all time on a body will produce an infinite
velocity u to this body when t — oo, supposing possible such force and a way no
obstacles, etc.

§3

The previous solutions show us that we need to have, for all integers
1<i<3andn =0,
1 0™u;

(3.1) —

n! otn

|t:0 = Xi,nf

and both members of this relation are very difficult to be calculated, either
equation (1.15) as well as (2.13). Add to this difficulty the fact that besides the
main Navier-Stokes equations (1.4)-(2.4) must be included the condition of
incompressibility,

(3.2) V-u=Y3 aui=0.

=19y,
Using (2.1) in (3.2) we have

a 0 (0e]
(3.3) V-u= ?=1 EZYFO Xi,ntn = Zn=0(

L

3 0
=1 axi

Xi,n) tn == 0
As this equation need be valid for all t = 0 we have

(3.4) 3 0

=1 axi

Xi,n == VXn - 0,

defining X, = (X1,n» X2 X3,n), i.e, all coefficients X,, must obey the condition
of incompressibility in the vector representation of velocity,

(3.5) U=y, oX,t"

Following Lagrangelll, getting two differentiable and continuous functions a
and B of class C? and defining

_ o _% = (L4 2
(3.6.1) u, = o U, = Py Uz = ox + 3y’
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0o _ 0 0o _ 98° 0 _ _( 98° )
(3.6.2) U =—- Uy =—- Uz = P + 3y
with a® = a(t = 0) and B° = B(t = 0), we have satisfied the condition (3.2),
which it is easy to see. Other manner is when u is derived from a vector potential
A, ie.,

(3.7.1) u=VXA4,
(3.7.2) u® =vxA4°

with A% = A(t = 0).

The relations (3.6) are very useful and easy to be implemented and we will
use them to solve the Euler and Navier-Stokes equations when the
incompressibility condition is required. Given any continuous, differentiable and
integrable vector components u; and u, then

(3.8.1) a=[udz
(3.8.2) B=[u,dz,

and thus u; and u need to be according

(3.9.1) Uz = _f(%Jr%) dz = (ax N c’;ﬁ;)
(G + %)z =-(5+%)

3.9.2 ul =
( ) 3 3y

|
|
—

which reminds us that the components of the velocity vector maintains conditions
to be complied to each other, i.e,, it is not any initial velocity which can be used for
solution of Euler and Navier-Stokes equations in incompressible flows case.

Jda
In the equations of the sections § 1 and § 2, instead u; we will use 57

. . 0 d B\ .
instead u, will be a—f, and — (i + %) instead u3, as well as the correspondents

oa’ ap° d
initial values, replacing ul by i, u3 by i and uj by — (E + %) Of this

. : : a_a % B i _
manner, we will be developing series for 57 92 and (ax + ay) sothatV-u = 0.

Then this is a preliminary problem to be solved, the calculation of a® and #° giving
u?,ud and ud when V- u® = 0 and it is necessary that V-u = 0, i.e,,

(3.10.1) a® = [u) dz,

(3.10.2) B° = [uddz,

with the validity of (3.9.2). Done this, the exact solution for the principal problem
can be calculated from reasoning exposed here, if there is not an equivalent
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solution described in a most simplified formulation, for example, according
Bernoulli’s law and Laplace’s equation.

September-11,27-2016
December-16,21,27-2016

What good would living on a planet without destruction, greed and envy,
where the nations were dedicated to building a beautiful world

and to the salvation of those in need.

That there were no enemies and everyone could be happy where they live,

in their own way.
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20 - Solutions for Euler and Navier-Stokes Equations

in Finite and Infinite Series of Time
Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract - We present solutions for the Euler and Navier-Stokes equations in finite
and infinite series of time, in spatial dimension N = 3, firstly based on expansion in
Taylor’s series of time and then, in special case, solutions for velocity given by
irrotational vectors, for incompressible flows and conservative external force, the
Bernoulli’s law. A little description of the Lamb’s solution for Euler equations is
done.

Keywords — Lagrange, Mécanique Analitique, exact differential, Euler’s equations,
Navier-Stokes equations, Taylor’s series, series of time, Cauchy, Mémoire sur la
Théorie des Ondes, Lagrange’s theorem, Bernoulli’s law, non-uniqueness solutions,
Millenium Problem, velocity potential, Liouville’s theorem, Helmholtz
decomposition, Hodge decomposition.

§1

Let p, q,r be the three components of velocity of an element of fluid in the 3-
D orthogonal Euclidean system of spatial coordinates (x,y,z) and t the time in this
system.

Lagrange in his Mécanique Analitique, firstly published in 1788, proved that
if the quantity (p dx + q dy + r dz) is an exact differential when t = 0 it will also
be an exact differential when t has any other value. If the quantity (p dx + q dy +
r dz) is an exact differential at an arbitrary instant, it should be such for all other
instants. Consequently, if there is one instant during the motion for which it is not
an exact differential, it cannot be exact for the entire period of motion. If it were
exact at another arbitrary instant, it should also be exact at the first instant.[1]

To prove it Lagrange used

p =p1+p”t+p”1t2+p”/t3 + -
(1.1) g=q" +q"t+q"t?> + q"Vt3 + -
r=rl+rift+re? 4+ rVed 4o

11

in which the quantities p’, p'!, p', etc., g, q", q'", etc., r!, v, r!'!, etc,, are functions

of x, y, z but without t.

Here we will finally solve the equations of Euler and Navier-Stokes using
this representation of the velocity components in infinite series, as pointed by
Lagrange. We assume satisfied the condition of incompressibility, for brevity.
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Without it the resulting equations are more complicated, as we know, but the
method of solution is essentially the same in both cases. We focus our attention in
the general case of the Navier-Stokes equations, with v > 0 constant, and for the
Euler equations simply set the viscosity coefficientasv = 0.

To facilitate and abbreviate our writing, we represent the fluid velocity by
its three components in indicial notation, i.e., u = (uy,u,,u3), as well as the
external force will be f = (f, f2, f3) and the spatial coordinates x; = x, x, =y,
x3 = z. The pressure, a scalar function, will be represented as p. As frequently used
in mathematics approach, the density mass will be p = 1. We consider all functions
0%u; 0%u;

6x]6xk 0x0xj

belonging to C*, being valid the use of and other inversions in

order of derivatives, so much in relation to space as to time.

The representation (1.1) is as the expansion of the velocity in a Taylor’s
series in relation to time around t = 0, considering x,y,z as constant, i.e., for
1<i<3

_ aul aZul a Ui

(1.2) ui_u|t0+ |t0 +at2|t0? at3|t0_+
ak Uu; tk
t— le=o o+
or
k k

— .0 o 0%u; t

(1.3) U =u; +Zk=1_atk t=0 o'

aul 0%u; 03y,
For the calculation of — , ).
"otz ot3

directly from the Nav1er-Stokes equations and its derivatives in relation to time,
i.e.,

. we use the values that are obtained

du; _ dp 3. 2
and therefore
0%u; 9%p 3 ouj ou; 0 oy ou; , Of;
1.5 = — -y == i v V24—
(15 at2 ot ax; Lj=1 ot dx; + J ox; ot + ac ot
o3u; 23p azu,aul ouj 9 oy o 0%y
1.6 = — — 2t ——+u —
(1.6) at3 9t2 9x; Z:J 9t? 0x; 25 dxj ot Ty dxj at?
0%u; . 9%f;
2 i i
vVE—+ —
+ at? + at?
0*u; d*p 3 2 0%y 63fi
1. = — — N
(1.7) ot* ot3 ox; Z:J t vV ot3 6t3’
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N3 =Nz 2o 2Wow au,iaul 4oy 0 2
Jooac VT 9t? 0x; ot dx; Y ax; at?’
Ujou; U; Ui Ui Ui ul
N3_a3,a 0%u; 8 du; a]aa 9 d
J 7 9t ax; at2 dx; ot ot ox; ac2 | Y ox; or®’
(1.8) Pu_ — YN+ v VR Pus y T
' ats at4 ax at* at4’
Ni= 2 3 0%*u;a °u; 9 o o*u; 9 02
Jo et T T att ax; at3 dx; ot at2 dx; dt2
ouj 9 03y, 6 0*u;
HSIFT dxj at3 Ty oxj at*’
and using induction we come to
akui ak k-1 2 9k- 1“1 ak— 1fl
(1.9) otk —  atk-1oyx; Z N+ v PSP

k=1 _ 0 nk-2 — yk—1 (k=1) gk-1-1;,. 9 51,
IV]- - atlvj Zl 0 ( )a U; ax; atul’

0Muy, (k—l)_ (k—1)!

0 — m —
Orun = Un, O Un = atm ’ T (k-1-D'1

In (1.2) and (1.3) it is necessary to know the values of the derivatives
aui azui akui

5t 9z’ gk M t = 0 then we must to calculate, from (1.4) to (1.9),

aui

(1.10) =0 === %3 ] ™ oup -+ v V2l + 7,

the superior index 0 meaning the value of the respective function att = 0, and

9%u; 9%p 3 1
(1.11) Sz le=0 = T otox le=0 = 25=1Nj le=0 +
ou; af
2 i 9Ji
+vV _It e |t 0
ou; 6 ou;
Nl 3 ] l 0 g% _
It 0 |t Oax + ] ax at |t—0 )
d3u; 93p 3 2
(1.12) 53 le=0 = T3t ox; le=0 = 2j=1 N lt=0 +
0%u; 0%f;
2 i o Ji
+vV atz le=0 3¢ le=0
0%u; ous ou; d du;
2 _ J l et ] oy
Nile=o = 53 le=o £ t2—= = 05x, o7 le=o t+
0o 0 a2 0 u;
T 5 ox; ot li=o-
64 a4p 3 3
(1.13) 3c4 “le=o = T G on; lt=0 = 2j=1 N} |t=0 +
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+v V? Ztil |t=0 Zf; le=0,
NP le=o = a;;, le=0 axl +324 PYE: |, Oai 661? le=0 +
+3— 6u] |t 0 aa (z;l l¢=0 +u ]0 ai 2;1 le=0/
(1.14) %h:o = _%h:o - sf:1N'4 le=0 +
+v V? Z: le=0 + i:til lt=0,
Nj'le=o = 664154 le=0 axl +4663t3 le= Oaij%
+ 66;;] le=0 aa % le=0 + 4% le=0 aixj% le=0 +
=T o
and of generic form,
(1.15) Zktk lt=0 = %h:o - 3?=1 Njk_l le=0 +
+v Vzi =0 + aktklil le=0/

k—1 k k—1\ qk—1—-1 Y
Nj le=0 = 2= 01( )6 - uj|t=06_xjatui|t:0'

0Muy,

a?unh:o =u$u 0 U |¢=0 = at_m|t=°'

If the external force is conservative there is a scalar potential U such as
f = VU and the pressure can be calculated from this potential U, i.e.,

) au
(1.16) % = fi =50
and then

(1.17) p=U+06(t),

6(t) a generic function of time of class C®, so it is not necessary the use of the
pressure p and external force f, and respective derivatives, in (1.4) to (1.15) if the
external force is conservative. In this case, the velocity can be independent of the
both pressure and external force, otherwise it will be necessary to use both the
pressure and external force derivatives to calculate the velocity in powers of time.

The result that we obtain here in this development in Taylor’s series seems
to me a great advance in the search of the solutions of the Euler’s and Navier-
Stokes equations. It is possible now to know on the possibility of non-uniqueness
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solutions as well as breakdown solution respect to unbounded energy of another
manner. We now can choose previously an infinity of different pressures such that

Ju
the calculation of % and derivatives can be done, for a given initial velocity and

external force, although such calculation can be very hard.

It is convenient say that Cauchy!2l in his memorable and admirable Mémoire
sur la Théorie des Ondes, winner of the Mathematical Analysis award, year 1815,
firstly does a study on the equations to be obeyed by three-dimensional molecules
in a homogeneous fluid in the initial instant ¢ = 0, coming to the conclusion which
the initial velocity must be irrotational, i.e., a potential flow. Of this manner, after,
he comes to conclusion that the velocity is always irrotational, potential flow, if the
external force is conservative, which is essentially the Lagrange’s theorem
described in the begin of this article, but it is shown without the use of series
expansion (a possible exception to the theorem occurs if one or two components of
velocity are identically zero, when the reasonings on 3-D molecular volume are not
valid). The solution obtained by Cauchy for Euler's equations is the Bernoulli's law,
as almost always happens. Now at first a more generic solution is obtained, in
special when it is possible a solution be expanded in polynomial series of time.
Though not always a function can be expanded in Taylor’s series, there is certainly
an infinity of possible cases of solutions where this is possible.

If the mentioned series is divergent in some point or region may be an
indicative of that the correspondent velocity and its square diverge, again going to
the case of breakdown solution due to unbounded energy. With the three functions
initial velocity, pressure and external force belonging to Schwartz Space is
expected that the solution for velocity also belongs to Schwartz Space, obtaining
physically reasonable and well-behaved solution throughout the space.

The method presented here in this first section can also be applied in other
equations, of course, for example in the heat equation, Schrodinger equation, wave
equation and many others. Always will be necessary that the remainder in the
Taylor's series goes to zero when the order k of the derivative tends to infinity
(Courantl3], chap. VI). Applying this concept in (1.3) and (1.9), substituting t by 1,
the remainder R; , of order k for velocity component i is

1t Kk 0%ty
(1.18) Rip =+ J,(t =) 7 dr,
which can be estimated by Lagrange’s remainder,

tk+1 ak+1u,

(1.19) Rik = g aom €

or by Cauchy’s remainder,
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_ tk+1 K a
(1.20) Rij = —— (1= ) £ (),

with0<&<tand0<6<1.

§2

In this section we will build a series of powers of time solving the Navier-
Stokes equations, differently than that used in the previous section. From theorem
of uniqueness of series of powers (4 function f (x) can be represented by a power
series in x in only one way, if it all, i.e, the representation of a function by a power
series is “unique”; Every power series which converges for points other than x = 0
is the Taylor series of the function which it represents (Courant3l, chap. VIII)),
both solutions need be the same, for a same initial velocity, pressure, external
force, compressibility condition and all boundary conditions.

Defining
(21) ul - u? + Xi,lt + Xl"ztz + -+ Xl"ntn + = Z?{J:()Xi'ntn,
— .,0 _
Xio =u; =u;(xq, %3 x3,0),

where each X; ,, is a function of position (x4, X5, X3), without t, and

Bp
(2.2) P ql +q11t+q12t +- +ql7’ltn _Zn Oqlntn

op°
dio = Qi = ox; p = p(xq, X3, x3,0),

(2.3) fl = fio + fi,lt + fi,zt2 + et fi,ntn + o= Zflozofi,ntn'
fi,o = fio = fi(x1, %2, x3,0),

we can put these series in the Navier-Stokes equation

oui _ _ 0% g3 2
(2.4) 2t = ax, =1 ]a =Ly V2 + fr
The velocity derivative in relation to time is
du; _ 2 n—1 —
(25) ? = Xi,l + 2Xl',2t + 3Xl',3t + -+ nXl-'nt + .=

= Ym=o(n + DX pyrt™

the nonlinear terms are, of order zero (constant in time),

0
3 00y

of order 1,
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0X; uf
(2.7) 2]1<° 1+X]1 )t

oxj
of order 2,
3 0 aXlZ aXll ? 2
(2.8) j:1< U; 2%, +X] +X]2 ax1>t ,
of order 3,
3 0 aXl3 aXlZ aXll au? 3
(2.9) j=1< U; ox,; +X +X X; +Xj’36_xj>t )
and of order n, of generic form, equal to
aXLn k.n
(2.10) F1 im0 Ky ")
ith X; o = uf OXig _ Oup
Wi ]’ ax]' - an.
Applying these sums in (2.4) we have
(2.11) Ym=o(M+ DX pnt™ = — X5 o qint™ —
0Xin—k
— =0 =1 Lm0 Xj e 52t +V X VX "
+ Y=o fint™
and then
0Xin-k
(2.12) (n + 1)Xi,n+1 = —qin — 1Zk 0 ]k aln +
2
+vV Xi,n +fi,n’

which allows us to obtain, by recurrence, X;q, X;,, X;3, etc, thatis,for1 <i <3
andn = 0,

1
(2.13) Xin+1 = 75
0Xin—k 2
Sp = —qin — 1Zk =0 ]k am + vV Xi,n +fi,n-

You can see how much will become increasingly difficult calculate the terms
Xin with increasing the values of n, for example, will appear terms in
v, V2V2 V2, etc. If v > 1 certainly there is a specific problem to be studied
with relation to convergence of the series, which of course also occurs in the
representation given in section § 1. The same can be said for t — oo.
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§3

The previous solutions show us that we need to have, for all integers
1<i<3andn =0,

1 0™u;

(3'1) ; atn |t:0 = Xi,n’

and both members of this relation are very difficult to be calculated, either
equation (1.15) as well as (2.13). Add to this difficulty the fact that besides the
main Navier-Stokes equations (1.4)-(2.4) must be included the condition of
incompressibility,

(3.2) V-u= u; = 0.

lla

Using (2.1) in (3.2) we have
n d n
(3.3) V-u = l 16 Zn OXlTlt Zn 0( i= 16x Xi,n)t = 0.

As this equation need be valid for all t = 0 we have

3 0y _—y.x =
(3.4) =1 axin'" V-X,=0,
defining X, = (X1,n» Xon) X3,n), i.e, all coefficients X,, must obey the condition

of incompressibility in the vector representation of velocity,
(3.5) U=y _oX,t"

As we realized that it is possible infinite solutions for a same initial
condition for velocity then we can try choose a more easier solution, whose
maximum value of n is finite, in special n = 1, i.e,,

(3.6) W =uf + X; 4t
where

ou;
3.7) Xi1= a_tl l¢=0-

Then of (3.4), for n = 0, it is necessary that
(3.8) V-ul =
which is also an initial condition, for n = 1 it is necessary that

a l
(3.9) §=1a—xl_(—qi,0— =1 ] o, +vv2uo +fl) 0,
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5}
qio = a—i(xl,xz,x3, 0), and for n > 2 do not have no term for velocity, by

definition in (3.6), but we need that the nonlinear terms of second order in time
) ) 3 ou; .
vanishes in the sum Zj=1 Uj axj, i.e.,

(3.10) 3 x,, Pia_

.=1 .11 .

The two last conditions are obviously satisfied when X; ; is zero, any other

numerical constant or a generic smooth function of time 7;(t), i.e.,

ouf
GID  Xig = —Gio ~ Dja W 5 H WV + 2 = 5 (®),
and then
(3.12) w; = u) + T;(t)

may be our solution obtained for velocity, with T;(0) = 0 and T = t t, still lacking
the calculation of pressure.

As our initial hypothesis was that X;; was not time dependent we need
review the solution or simply choose T;(t) = c;t, ¢; a numerical constant. Note that
for compliance with the Millenium Problem!4], case (A), only if T;(t) is identically
zero we can have the condition of bounded energy satisfied, i.e.,

(3.13) Jralul?dx < C finite, x € R?,

what force us to choose T;(t) = 0 and thus the final solution for velocity will be
u = u° for any t > 0, since that u° obey to the necessary conditions of case (A). For
case (B), related with periodical spatially solutions, where the condition of
bounded energy in whole space is not necessary, it is possible T;(t) # 0, and in fact
this is a promising and well behaved solution for Euler and Navier-Stokes
equations in periodic spatially solutions cases, choosing T(t) € C* limited, as well

as u° and consequently u.

Note that the solution (3.12) also is compatible with the condition (3.4) of
divergence free for series of form

(3.14) w=ud + Y0 cinth
i.e.,
(3.15) Ti(t) = Xp=1Cint™ Xin = Cin
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supposing that (3.8) is valid. The same is said if the maximum value of n is finite,

obviously. All ¢; ,, are numerical constants forn > 1.

§4
How calculate the pressure value, if it is not given nor previously chosen?

From Navier-Stokes equations, it is equal to the line integral
— _u . 2 ) :
(4.1) p=/ ( — — W Vu+vViu+f)-di,

where L is any sectionally smooth curve going from a point (x°,y°,z°) to (x,y, 2),
for a fixed time ¢, and for this calculation it is necessary that the vector

(4.2) S=—Z—’“t‘—(u-V)u+ vV2u + f
is gradient, i.e.,

(4.3) S =Vp, p = fL S-di,

so the condition

(4.4) Z—z = Z—Z

need be satisfied for all integer 1 < i,j < 3 in order that (4.1) can be calculated,
where S = (Sl, Sz, 53) and

du; 3

(4.5) Si =~ T Lj=1

ou; 2
u]' a_le +vV Uu; + fl
Obviously, even if the pressure is given or chosen previously, as indicated in
sections § 1 and § 2, the equations (4.1) and (4.4) need to be fulfilled.

The condition (4.4) is a very hard condition to be satisfied, instead the
incompressibility condition

(4.6) V-u=V-u’=0.

Following Lagrangell], getting two differentiable and continuous functions @ and 8
of class C? and defining

da B da 9B
(471) u, = E, U, = E, Uz = — (a + 5),
9a® aB° 9a® aﬁo)
o _ da° 0o _ 98° 0 _ _ (9%  9B°
(4.7.2) uf =—, ug = —, u ( o)
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with a® = a(t =0) and B° = B(t = 0), we have satisfied the condition (4.6),
which it is easy to see. Other manner is when u is derived from a vector potential
A, ie,

(4.8.1) u=VxA4,
(4.8.2) u® =vxA4°

with A% = A(t = 0).

The relations (4.7) are very useful and easy to be implemented. Given any
continuous, differentiable and integrable vector components u; and u, then

(4.9.1) a=[udz
(4.9.2) B =[u,dz,

and thus u; and uJ need to be according

(4101)  uz=—[ (% + %) dz = — (Z_: + %)

IG5 d = (5 %)

which reminds us that the components of the velocity vector maintains conditions
to be complied to each other, i.e,, it is not any initial velocity which can be used for
solution of Euler and Navier-Stokes equations in incompressible flows case.

(4.10.2) ul

Following these transformations, in the equations of the sections § 1 and §
B (Oa

Jda
2, instead u; we will use —, instead u, will be —, and
0z 0z ox

0 0
well as the correspondents initial values, replacing u? by i, ud by i and u3 by

i) .
+ —B) instead us, as
ay

6 0
— (— + L) Of this manner, we will be developing series for a_(;’ a—i and

— (6x + gﬁ) so that V- u = 0. Then this is a preliminary problem to be solved, the

calculation of a® and S° giving u?,u? and ud when V- u° = 0 and it is necessary
thatV-u =0, i.e,,

(4.11.1) a® = [uf dz,
(4.11.2) B° = [u)dz,
with the validity of (4.10.2). Done this, the exact solution for the principal problem
can be calculated from reasoning exposed here, if there is not an equivalent

solution described in a most simplified formulation, for example, according
Bernoulli’s law and Laplace’s equation.

257



Another relation need be obeyed for obtaining the mentioned solution, both
in compressible as incompressible flows, described below.

For obtaining a solution for the system

ap __
(5—51
P=g
(4.12) 3y °2
dp _
9. =93

representing the Euler (v = 0) and Navier-Stokes equations, with S; given by (4.5)
using x = xq, ¥ = x,, Z = X3, it is necessary that VX S =0, S = (5;,5,,S3). This
condition is equivalent to follow system

0S; _ 05,
dy T oox
a5, d0S;3
4,13 —_— = —
( ) 0z ox
05, _ 95
9z 9y

which is the mentioned condition (4.4).

The first of these equations leads to

0 du; _ 0 du,
(4.14) dy at  9x at
respect to equality of temporal derivatives of velocity components 1 and 2, or

0 6u1 _ d auz

(4.15) at 9y ot ox

Repeating this reasoning for the second and third equations of (4.13) we

come to
0 0uy _ 0 dus
(4.16.1) at dz ot ox’
0 uz _ 0 0us
(4162) at dz ot ay’
or
0 du; 0 Jduj o
(4.17) — = —— 1<i,j<3,

atox; ot ox;’

. d d ) ) ou
ie., anu=§VXu=O for all t > 0, which contains Vxu =10 anda= 0 as

solutions.
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Continuing the reasoning for the Laplacian terms, we have for the first
equation of (4.13)

d 02 02 02 d 9% 02 02
41 V(o u = v (o o+ )
(4.18) oy \ox2 T dy? T 022 U ox \9x2 T dy? t 022 Uz,

where we can have

0 0%uy _ dPuy 0 %uy _ P, 0 0%uy _

4.19 = , = , = ,
( ) dy 0x? 0x3 dy 0y? 0x0y? dy 90z2 0x0z2

for the second equation of (4.13)

d 0% K K d 9% 9% 9%

42 V(oo e )u = oV (5t o 2
(4.20) 0z \0x2 t dy? t 022 U ox  \9x2 t dy? t 022 Uz,
with the possibility
4.21) 0 0%uy _ dug 0 0%uy _ dug 0 %y _ dPug

' 9z ax2 ~ 9x3’ 9z dy? ~ oxdy? 8z 9z2  0x0z?

and for the third equation of (4.13)

d 02 02 02 d 02 02 02
[ LI
( ) azv 0x? t dy? t 0z2 Uz ayv 0x2 t dy? t 0z2 Us

again as the respective previous equalities, equaling each parcel of the left side to
the respective parcel of the right side, we can have

0 azuz _ 63u3 0 62u2 _ 6311.3 d azuz _ 63U3
9z dx2  9ydx? 9z ayz  ay3’ 9z 9z2  9ydz?'

(4.23)

For the nonlinear terms of (4.13) we have, for the first equation

0 6u1 aul 6u1) 0 ( auz 6u2 auZ)
4.24 —(u — T Uy—TU3— | =—\ Uy — T Uy — T U3 —
( ) dy 16x+26y+362 dx 16x+26y+3az
6u1 6u1 62u1 aul auz azul 6u1 6u3 62u1
4.25 — T U u u =
( ) dx 0y 16x6y t dy 0y T Uy 0y? t 0z 0y t 3ayaz
6u1 6u2 azuz auz 6u2 62u2 6u3 auz azuZ
=——TUu u Uz ——
dx Ox T Uy d0x2 t dx 0y t Zaxay t dx 0z 3 9xdz

for the second equation

0 aul 6u1 aul) 0 ( 6u3 aug au3)
4.26 —(u — — — ) == — — + U3 —
(4.26) 9z 16x+26y+362 dx 16x+26y+3az

6u1 6u1 62u1 6u1 6u2 62u1 6u1 6u3 62u1
4.27 ——4u u u =
(4.27) dx 0z 1oxaz ' oy oz T 29ydz = 9z 0z 3 922

_ Ouy Jug 0%uz . O0u, dus 0%u; . Oug dus 0%u;

— u u u
dx 0x 1 gx2 t ox 0y Zaxay dx 0z 3 dxdz
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and for the last equation

0 6u2 auZ 6u2) 0 ( 6u3 aU.3 aU,3)
4.28 - (u -— Uy, — Uy— )| = —\ U — Uy, — Uy —
(4.28) 9z 16x+26y+3az dy 16x+26y+3c')z
6u1 6u2 62u2 auZ auZ azuZ auZ aU.3 azuz
4.29 ——4u u u =
(4.29) oz ox T W, T dy 0z T 26y62+ o0z 0z T W35
ou, du 0%u ou, du 0%u ous du 0%u
_ 9u, Oug U, 3 4 Ouz Ous U, 3 4 JusOus Us 3
Jdy 0Ox 0x0y dy 0Oy dy?2 dy 0z 0yoz

All these equations, from (4.17) to (4.29), admit for solution the condition

ou; auj ..
_— < <
(4.30) ox, o 1<i,j<3,

in which case u is an irrotational vector, VX u = 0, and so there is a velocity
potential ¢ such that u = V¢. We will use this condition that u is irrotational and
that also it is incompressible for the calculation of pressure in this special
situation, coming to the known Bernoulli’s law. For this also it is necessary to
consider that the external force is conservative, i.e., it has a potential U such that
f=VU and V X f =0, because then we will have satisfied the system (4.13)
completely, when

of; _ Ofj ..
(4.31) e = 1siis3

IfVXu=0andV-u = 0then
(4.32) Veu=V(V-u)—Vx(Vxu) =0,

i.e, the Laplacian in the Navier-Stokes equations vanishes for any viscosity
coefficient and the Navier-Stokes reduced to Euler equations.

[f VX u = 0 then the nonlinear term in vector form is simplified, according
1 1
(4.33) (u-V)u=(Vxu) ><u+EV|u|2 =EV|u|2,

thus, using (4.32) and (4.33) and more the potentials of the velocity and external
force, the Navier-Stokes (and Euler) equations reduced to

0 1
(4.34) Vp+ Vo +EV|u|2 = VU,
therefore the solution for pressure is

d 1
(4.35) p=-2—Cju+U+06(),
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the Bernoulli’s law, where 6(t) is a generic time function, let’s suppose 6(t) € C* a
limited time function, a numeric constant or even zero.

If u=V¢p and V-u=0, according we are admitting, then from
incompressibility condition

_00¢, 20p , 00p _
(4.36) Vius= dxdx dydy 0z9z

we come to the Laplace’s equation
(4.37) Vigp =0,

where each possible solution gives the respective values of velocity components,
such that

_ 9 9% _ 9

(438) u1 —_ ax, uZ - ay; u3 - aZ’

and the pressure is given by (4.35), with

2 2 2
(4.39) lul?> =u? +u3 +u = (Z—Z) + (Z—i) + (%) :
According Courant®! (p.241), for n = 2the “general solution” of the
potential equation (or Laplace’s equation) is the real part of any analytic function
of the complex variable x + iy. For n = 3 one can also easily obtain solutions
which depend on arbitrary functions. For example, let f(w, t) be analytic in the
complex variable w for fixed real t. Then, for arbitrary values of t, both the real and
imaginary parts of the function

(4.40) u = f(z+ixcost+iysint,t)

of the real variables x, y, z are solutions of the equation VZu = 0. Further solutions
may be obtained by superposition:

(4.41) u= fff(z + ix cost + iy sint,t)dt.

For example, if we set

(4.42) fw,t) = whet,

where n and h are integers, and integrate from -m to +m, we get homogeneous
polynomials

(4.43) u= f_nn(z + ix cost + iysint)" e*tdt
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in x,y,z, following example given by Courant. Introducing polar coordinates
z=rcosf,x =rsinfcos ¢,y =rsinf sin ¢, we obtain

(4.44) u = 2rhelh® fon(cos 6 + isinfcost)" cosht dt

— ih
= r"e"®p, . (cosH),
where Py, (cos @) are the associated Legendre functions.

§5

The series obtained in two first sections admitted that the incompressibility
condition is satisfied for any t > 0, but we saw how difficult are the expressions
(1.15) and (2.13) for that this can really occur for ¢ > 0. In t = 0 this can be
satisfied without great problems because the terms in ¢, t?,t3, etc. vanish. We can
construct a solution using the indicated in equations (4.7), more general than
(4.8), but the easier solution is to consider all coefficients, since the order zero, the
free time power coefficient, as components of an irrotational and incompressible
vector, this when the initial velocity is compatible with these conditions, i.e., our
solutions for velocity in series of time (finite and also infinite) are, in this case, of a
generic form

(5.1) ulx,y,z,t) = Yo X (x,v,2) T (),

where all X, (x,y,z) are irrotational and incompressible vectors, i.e., solutions of
Laplace’s equation in vector form, they are harmonic functions, according
superposition principle, as well as the respective velocity potentials are the scalar
functions ¢ (x, y, z) such that

(5'2) (P(xr Y, Z, t) = ;cn=0 ¢k(x; Y, Z) Tk(t)'

solutions of

(5.3) Vig, =0,
where

a
(5.4) Xik = a_xigbk’

with X = (X100 Xz Xak), Xo = u® the initial velocity, Ty(0) = 1 and T, (0) = 0
if kK > 1. The functions Ty (t) € C*(R) are limited for t finite, by our convention.

Resorting again to the mentioned theorem of uniqueness of series of
powers in § 2 and using the Taylor’s theorem (Courantl3], chap. VI), we can choose
T (t) = t¥ and m — o« in (5.1), i.e,,

(5.5) u(x,y,7,t) = Yoo X (x, 5, 2) tX,
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and conclude that the coefficients of series of time given by (1.15) and (2.13) are,
when u® is irrotational, solutions of Laplace’s equation, at least in cases of
conservative external forces and incompressible flows, for a same initial velocity,
pressure, external force, compressibility condition and all boundary conditions,
without contradictions with Lagrangeltl and Cauchy!?], and for this reason in these
cases the Bernoulli’s law is the correct solution for pressure in Euler and Navier-
Stokes equations. We are assuming, but it is possible to prove in more detail, that
always there some solution for Euler and Navier-Stokes equations in series of
power (even, for example, u = 0), that it is analytical in a non-empty region for all
t > 0 finite, and even not existing uniqueness of solutions, for each possible
solution u it can be put in the form (5.5) using (1.15) or (2.13) or, for irrotational
and incompressible flows, (5.3) and (5.4), existing the relation of equivalence
(3.1),1e,

1 akui

(5.6) o otk

le=0 = Xik

for i = 1,2,3. Note that if it is not possible to make a series around ¢t = 0 (for

example, to the functions logt, Ve, e_l/tz, according Courantl3], chap. VI) an other
instant t, of convergence and remainder R;_o. zero must be found, and then
replacing t* by (t —t,)* and the calculations in t =0 by t =t, in previous
equations.

It is not necessary the use of viscosity coefficient for smooth and
incompressible fluids with conservative external force (or without any force). For
non-stationary flows it is knows that the Lagrange’s theoreml®ll7], as well as the
Kelvin’s circulation theoreml”18], is not valid for Navier-Stokes equations, but here
it is implied that vV?u # 0, the general case. The necessity of smooth velocity in
whole space leads us to exclude all obstacles and regions without velocity of the
fluid in study, which naturally occur using boundaries. The vorticity w =V xXu # 0
is generated at solid boundariesl®], thus without boundaries (spatial domain
Q = R®) no generation of vorticity, and without vorticity there is potential flow
and vanishes the Laplacian of velocity if V-u = 0, then it is possible again the
validity of Lagrange’s theorem in an unlimited domain without boundaries and
with both smooth and irrotational initial velocities and external forces, for
incompressible fluids, because thus V2u = 0, independently of viscosity coefficient.

Note that according Liouville’s theorem(10], a harmonic function which is
limited is constant, and equal to zero if it tends to zero at infinity. How the
Millennium Problem requires a limited solution in all space for velocity and a
limited initial velocity which goes to zero at infinity (in cases (A) and (C)), then we
are forced to choose only u® =0 for case (A) if V?u = 0, what automatically
implies the occurrence of case (C) due to infinite examples of prohibited u° and
using any conservative external force f. If V2u = 0 and u° = 0 then the unique

263



possible solution for case (A), where it is necessary that f = 0, is u = 0 otherwise
u would not be limited or u would be equal to constant greater than zero or any
not null function of time, that violated the condition of bounded energy, equation
(3.13).

If V2u # 0 then the suitable general solution for Navier-Stokes equations is
as indicated in sections § 1 and § 2 using (4.7), for an infinity of possible pressures
of C™ class.

§6

[ finish this article mentioning that Lambl’l (chap. VII) gives a complete
solution for velocity in Euler equations when the velocity vanishes at infinity.

He said that “no irrotational motion is possible in an incompressible fluid
filling infinite space, and subject to the condition that the velocity vanishes at
infinity.” This is equivalent to the unique possible solution u = 0.

From this result he proved the following theorem: “The motion of a fluid
which fills infinite space, and is at rest at infinity, is determinate when we know
the values of the expansion (8, say) and of the component angular velocities &, 7, {,
at all points of the region.”, where

u v ow
(6.1) a+a+g—9

is the named expansion and

dw  0v
(6.2.1) ay 9z 2¢

du ow
(6.2.2) 3 ax 2n

ov  du
(6.2.3) ox oy 2¢

are the equations for angular velocities. The components of the velocity are u, v, w,
and vanish at infinity as well as 9, &, n, ¢.

Lamb obtain the solution for velocity

od O0H 0G

(6.3.1) u= ™ 5—5
63 w20y _ow
(6.32) T 9y 9z ox
(633  we_22, 00 0

0z ox dy
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where

(6.4.1) = — [[f Ldx'dy'dz
(6.4.2) = ifff%dx'dy’dz'
(6.4.3) G = %fff%dx’dy’dz'
(6.4.4) H= ifff%dx’dy’dz’

the accents attached to 6, &, n, ¢ are used to distinguish the values of these
quantities at the point (x’,y’,z"), r denoting the distance

(6.5) r={-x)+ -y +@z-2)}?

and the integrations including all places which &', &, ', {' differ from zero,
respectively.

The following relations are valid:

Y _ oo
( ' ) 1 — ax’ 1 — ay; 1 — oz’
% vy 2 —
(67) L2 o g =g
for solution of (6.1), and
OH G OF OH G oF
(6.8) uz—a—g, UZ—E—J, Z_E_E’
ou | 0vy  ows _
(6.9) Fw + 2y + 9 0
o 0w _ 0 (0F 06, oy o
(6.10) 28 = 2y Py ox + + V“F
e 0w _ 0 (0F 06 o) oo
(6.11) 2n = Y ox 9y \ox + — 3y + Y VG
_aﬁ_%_i(ai 96 a_H)_ 2
(6.12) 2¢ = ox dy 8z \ox t oy T 0z Vi
oF aG 0H
(6.13) e @ e 0
(6.14) V?F = —2¢, V%G = —2n, V’H = —2d,

for solution of (6.2).
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The solution (u, v,w) given by (6.3) is obtained by superposition
(6.15.1) u=1u; +u,
(6.15.2) vV=v;+ v,
(6.15.3) w=w;+w,

From the reasoning of Lamb, derived from von Helmholtz, and following
your calculations, we cannot understand a priori that the equations (6.3) are the
correct solutions of Euler equations because the equations (6.2) are not the Euler
equations and the pressure is not mentioned, i.e., the relation (4.4) is not verified.

The equations (6.3) are a form of representation of any vector u = (u, v, w),
a fluid flow or not, satisfying appropriate smoothness and decay conditions, in a
sum of one gradient vector (up = —V®), the velocity potential, and one rotational
vector (u, =V x (F,G,H), with V- (F, G, H) = 0), which is the know Helmholtz or
Hodge decomposition(!1]l. Adopting the minus sign of Lamb in V®,

(6.16) U=1us+u,=-Vo+Vxuy,
where @ is the scalar potential and ¥ = (F, G, H) is the vector potential, with
(6.17) VY = —u,,.

The solution given by Lamb in a sum derived of one scalar potential and one
vector potential can be expressed as a single vector, gradient of scalar potential, in
case of incompressible flow.

If u= (uy,u,,uz) and A = (4,,4,,A3) are vectors, ¢ is a scalar function,
u, A, ¢ are smooth functions and we define

(6.18) u=VxA=Vp

then we have

(6.19) V-u=0, VXu=0, Viu =0,
and

(6.20) ¢p=[ (VxA)-dl=[ u-dl,

since that V X A is a gradient vector function, as well as the velocity u.

For that V X A is gradient it is necessary that, for 1 < i,j < 3,

d d
(6.21) a_xi(VXA)f =a—xj(v><A)i.
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Developing we have, with x; = x,x, = y,x3 = z,

024 024 0 0A 0 0A 0 [0A 0A
(6.22.1) K 3 - 904 L 904 _ 9 (_1 _2)
ox dy? dx 0z dy 0z 0z \ dx ay
024 024 0 0A 0 0A 0 (0A 0A
(6.22.2) 242 %2 2024 __3=_(_1+_3)
0x? 0z2 dx 0y dz dy dy \ dx 0z
0%A 024 0 0A 0 0A 0 (0A 0A
(6.22.3) 1 1_ 904 L 994 _ 90 (_2 _3)
oy? 0z2 oy ox 0z dx ox \ 9y 0z

When V- 4 = 0 then comes

0%4A; | 0%A; | 0%A; _
(6.23.1) Py + oy + Py 0

924, | 0%4, | 0%4A, _
(6.23.2) Py + oy + Pyl 0

0%A 0%A 0%A
(6.23.3) S+ =4+ ===

0x? dy? 0z2
i.e., each component of the vector A is a harmonic function and so
(6.24) V24 = 0.

We see then that it is possible to have simultaneously a potential flow
(u=V¢) and a vortex motion (u =V X A), since that V-4 = 0, without be
necessary that neither VX A = 0 nor u = 0. In this case the equation (6.16) can be
rewritten as

(6.25) U=1ugp =1u, =Vp =VXA

where we use ¢ = —® and A =, without use of bold characters for indicate

vectors. As we saw in section § 4 for incompressible and potential flow, the
pressure is given by Bernoulli’s law, equation (4.34),
9p 1

(6.26) p-—;—5|u|2+U+9(t),

because here too V:-u =0 and u = V¢, even though u =V X A (due to lack of a
better name I also called vortex motion the not null velocity generated by a curl of
a not null vector).

September-25,29-2016
October-07,20,25,27-2016
November-03-2016
December-20-2016

267



Lagrange, grande matematico.

A Matemadtica é um desafio quando se comega,

uma alegria quando pensamos estar certos pela 12 vez,
uma vergonha quando se erra,

tortura quando o problema é dificil,

esporte gostoso quando o problema é fdcil,

um alivio quando se termina,

um luxo quando se prova tudo.

Acima de tudo é grande beleza.
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Abstract - A brief draft respect to a problem found in the equations of Euler and
Navier-Stokes, whose adequate treatment solves a centennial problem about the
solution of these equations and a most correct modeling of fluid movement.
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§1

Motived by my work on Lagrangian and Eulerian descriptions in Euler(!]
and Navier-Stokes[2] equations, where I used for velocity’s components the relation

ou; . ,
— =0, i #],
(1D oxj
axi = uiat
. . ou; aul u- .
because the construction of the non-linear terms u1§+ 2% +u 35, b

these equations was based on the 2M law of Newton, F = ma, making

__Du Judx , Judy , dudz
(2) a=2c = +6xdt+6ydt+azdt
with
(% —
! ax W
dy _
Ldz u
dt 3

I now realize that it is possible, or better said, it is necessary for a more
appropriate modeling of fluids in motion, the simultaneous use of both velocities,
in the Lagrangian and Eulerian descriptions, in the same equation (Euler equations
or Navier-Stokes equations), what we will see in § 3. For while, we think in each
description or formulation separate of the other, i.e., used exclusively, in an
equation.

dx;
The equations (3), writing synthetically as d_tl = Uu;, with x; = x, x, =y,

X3 = z, show us that the velocity’s component u; is dependent only of coordinate
x;, regardless of the values of others x;, j # i, justifying the use of (1).
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Following this idea, the original system

(a_p + aul aul aul

ou 1
| ox ?-F 1g+ ZE+U36—;=VVZU1+§VV1(V'U)+]C1
dp . Ou ou ou ou 1
(4) £+6_t2+u16_xz+ Za_;+u36_zz=vvzu2+§VV2(VU)+f2
dp , du ou ou ou 1
£+a—:+ 1a—;+ 2a3+U3a—Z3=VVZU3+§VV3(V'u)+f3
can be transformed in
10p . Du 1
(u_lg + D_tl = v(V2uy)|e + EV(V1(V “w)|e + file
1 0p , Du 1
(5) u_ZE‘FD_::V(VZuth +§V(V2(V'u))|t+f2|t
10dp . Du 1
ku—3§ + D_: = v(V?us)|, + Sv(Vs(V-w)le + f3le

thus (4) and (5) are equivalent systems, according validity of (2) and (3), since
that the partial derivatives of the pressure and velocities were correctly
transformed to the variable time, using dx = u,0t, dy = u,0t, 0z = u30dt. The
nabla and Laplacian operators are considered -calculated in Lagrangian

Du
formulation, i.e., in the variable time. Likewise for the calculation of o following

(2), and external force f, using x = x(t),y = y(t), z = z(t). The integration of the
system (5) shows that anyone of its equations can be used for solve it, and the
results must be equals each other. Then this is a condition to the occurrence of

solutions.

We use the following transformations (omitting the use of |;, the

calculation at time t of the position (x, y, z) of the moving particle):

du;/ot 1 ou;

(6.1) % = {0x;/0t o u; at’ =J
i 0, i #]
ou; 1 0u;
3 ] 3 ]
2 . = == . ——
(6 ) v u J=1 axj J_luj ot
0 (Ouq; , Ou, ous 0 Jdu; d/ot 1 du;
6.3 V.(V-u =—( )=__= 19w
(6.3) i ) dx; \ ox dy + 0z dx; 0x;  Ox;/0tu; ot
1 1 (aui)2 _|_62ui
Tu?| o w\at ot2
and

271



. 1 __(au) 0%u;
(71) 07u; = ui2 at T ot2 l =]

J ,li]

ul azui
(7.2) Viu, =— = —[ atz]

and thus the system (5) can be integrated, finding the pressure p.

§2

Without passing through the Lagrangian formulation, given a velocity
u(x,y, z,t) at least two times differentiable with respect to spatial coordinates and
one respect to time and an integrable external force f(x,y, z, t), perhaps the better
expression for the solution of the equation (4) is

@) p(x,y,z,t)=[ S-dl+6(t) = ?=1flj:(,"5idxi +0(0),
S=(S1 S S3),
5= — (B4 5, w2 >+V(V2u)+ (Vi (V1) + £

supposing possible the integrations and that the vector § = — [% + (u- V)u] +

vW2u + %vV(V -u) + f is a gradient function, where it is necessary that

as; _ 9sj
€) ax,  oxi
This is the development of the solution of (4) for the specific path L going parallely
(or perpendicularly) to axes X,Y and Z from (x2,x9,x3) = (x,v0,2,) to
(x1,x2,x3) = (x,y,2), since that the solution (8) is valid for any piecewise smooth
path L. We can choose P = (xq,Vo,2), Ps = (x,V0,20), PY = (x,y,2,) for the
origin points and P; = (x,,,2,), P, = (x,¥,2,), P; = (x,y,2) for the destination
points. (t) is a generic time function, physically and mathematically reasonable,
for example with 68(0) = 0 or adjustable for some given condition. Again we have
seen that the system of Navier-Stokes equations has no unique solution, only given
initial conditions, supposing that there is some solution. We can choose different
velocities that have the same initial velocity and also result, in general, in different
pressures.

The remark given for the system (5), when used in (4), leads us to the
following conclusion: the integration of the system (4), confronting with (5),
shows that anyone of its equations can be used for solve it, and the results must be
equals each other. Then again this is a condition to the occurrence of solutions,
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which shows to us the possibility of existence of “breakdown” solutions, as defined
in [3].

By other side, using the first condition (1), — Py =0 if i #j, due to
j

d ;
Lagrangian formulation, where u; = d_tl’ the original system (4) is simplified as

(ap ouq 6u1 . 4 02 07Uy

x+_+ o 6x2 +f1
) a 92
(10) oot et a”2=§ Sith
ap aU,3 au3 _ 4’ 62u3
St T =V o5 + f3

where u; is a function only of the respective x; and t, but not x; if j # i. When it is

. . R . 0 d d
required the incompressibility condition, V- u = (% + aiyz + %) = 0, then the

4
constant 3 in (10) should be replaced by 1.

If the external force has potential, f = VV, then the system (10) has solution

(11) 1fpo[ a“‘ )+f au‘+fl]dxl+8(t)

=V 433 1f"‘[ ("’”l lax)+f aul]dxl+9(t)

V= f L f - dl, which although similar to (8) has the solubility guaranteed by the

special functional dependence of the components of the vector u, i.e., u; = u;(x;, t),
ou;
with a—xl = 0 if i # j, supposing u, its derivatives and f integrable vectors. In this
Jj
case the vector S described in (8) is always a gradient function, i.e., the relation (9)
is satisfied. Note that if f is not an irrotational or gradient vector, i.e., if it does not
have a potential, then the system (10), with u; = u;(x;, t), it has no solution, the
case of “breakdown” solution in [3].

When the incompressibility condition is imposed (V - u = 0) we have, using
(1), a small variety of possible solutions for velocity, of the form

(12) w;(x;, t) = A;()x; + B;(¢),
Ai'Bi € C°°([O, OOD, with
(13) Ai(t) + Ay(t) + A3(t) =0,

if the coordinates x;, x,, x3 are independent of each other. In this case it is valid

V2u = 0, i.e, the system of equations has a solution for velocity independent of
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viscosity coefficient, equal to Euler equations, and except when u = 0 (for some or

all t > 0) we have always fR3 |u|? dxdydz — oo, the occurrence of unbounded

or unlimited energy, what is not difficult to see.

Another class of solutions S for velocity gives more possibility for the
construction of the components of velocity u;, but maintains a bond between
X1, X3, X3 and t such that

(14) S ={(uy, up,u3); u; € CL(R X RY), (xq,%5,%x3,t) ER3X RS, V-u =0},

where R¢ = [0, 00[, and there is a scalar function @5 with x3 = @3(xq, x5, t) or
similarly x; = @1(x3,x3,t) or x, = @,(x1,x3,t). The dependence between
X1, X2, X3 and t is necessary for that V-u = 0 in these points (x4, x,, x3) at each
time ¢, forming a surface or manifold which is the domain of the solutions and
which varies in time.

§3
The system (3), for the sake of mathematical rigor, needs to be replaced by
dx
( Pra )
d
(15) d’{ =up(t)

k = u3(t)

emphasizing that the velocity components that appear as the time derivative of the
coordinate (x,y,z) are legitimate functions of time, i.e., can be considered as
representative of the Lagrangian description, u;(t), unlike the derivatives of u; in

ou; ou;
atl 7%, — V * U and Vzui, that are in the Eulerian description, function of (x,y,z, t).

Representing the Eulerian velocity and respective components with the
letter E indicated as upper index, and the corresponding Lagrangian components
with the letter L, the system (4) is rewritten as

E

(0D 6u1 Lau’f Lauf 1, ouy _ 2 E 1 . E
T T U=t u ay+u3 az—vVu1+3vV1(V u®)+fi
ap , ouf LauE [ oub [ ouf 2. g , 1 E
16) { —+—=2 —z = = :
( ){ay+ +u 6x+u2 ay+u3 P vVu2+3vV2(Vu)+f2
aus L ouf L ouf Louf _ o g 1 E
kaz+ 15+ 26y+u3 az—vVu3+3vV3(Vu)+f3

being the pressure p and external force f implicitly defined in the Eulerian
description. A more concise notation for (16) is simply, fori = 1, 2, 3,

274



v 0ui aul o Ui _ 2y + V(T - .
(17) axl+ +a + a, % taz——=vV ul+3vVl(V u) + f;,
where p, f;, u and u; are in Eulerian description and «@; = a;(t) in Lagrangian

I . dx; . .
description, i.e. «; =d—tl, with the radius vector r = (xq,%3,%x3) = (x,y,2)

function of time and indicating a motion of a specific particle of fluid.

The equations (16) and (17) shows us that the nonlinear form disappear,
facilitating the obtaining of its solutions, transforming when V- u = 0 into a linear
and second-order partial differential equation of the elliptic type, already well-
studied!®l. If v = 0 (Euler equations) we have equations of first order, obviously,
which is also widely studied[®l. We realize that for each possible value of «; it is
possible to obtain different values of u;, and reciprocally, i.e., there is not an one-
one correspondence between «; and u;, thus it is convenient choose more easy
time functions for the «;(t), provided that compatible with the physical problem to
be studied.

Nevertheless, even though it is very interesting to study other mathematical
solutions for the original system (4) or the new system (16), [ understand that the
final conclusion made in [1] and [2] remains valid: it is possible to exist velocities
in the Eulerian formulation that do not correspond to a real movement of particles
of a fluid, according to the Lagrangian formulation. When I wrote this the first time
[ did not have the equations (16) and (17) deduced here, but if it is true (as it is)
that we should have (3) and (15) for a motion of fluid particle, then x; and its
respective velocity u; are closely related, and the initial use of (1) in section § 1 is
valid. This is an excellent question to be examined computationally. Being correct,
the solution (11) for pressure must therefore be replaced by

(18) 1fpo[ aul )+i 6ul

=V + 33 1f"‘[—("’“l lax)+f ‘Zi]dxlw(t)

] dx; + 0(t)

where a; = a;(t) is the component i of the velocity in Lagrangian description of a
particle of fluid in motion, u; = u;(x;, t) is the component i of the velocity in
Eulerian description, and the other meanings already given in the previous section.
As we have already seen, when it is required the incompressibility condition then

4
the constant 3 in (18) should be replaced by 1 and the general solution (12) for

velocity with the condition (13) remains valid, if the coordinates x;, x,, x5 are
independent of each other, as well as (14) with possible dependence between
X1, Xy, X3andt.
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1 - Introduction

This article is a better version of [1], which in turn was motived by my
works on Lagrangian and Eulerian descriptions in Euler(?] and Navier-Stokes![3!
equations, where I used for velocity’s components the relation

ou; . ,
— =0, i #],
(1.1) 0x;
axi = uiat
du; ou; ou;
because the construction of the non-linear terms ula_xl + uza—yl + u3a—Z‘ in

these equations was based on the 2n law of Newton, F = ma, making

_Du_ du, Odudx  Oudy , dudz
(1.2) =y T atnatat o
with

dx

P!

dy _
(1.3) T Uy

dz _

- W

I now realize that it is possible, or better said, it is necessary for a more
appropriate modeling of fluids in motion, the simultaneous use of both velocities,
in the Lagrangian and Eulerian descriptions, in the same equation (Euler equations
or Navier-Stokes equations), what we will see in section 4. For while, we think in
each description or formulation separate of the other, i.e., used exclusively, in an
equation.
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dx;
The equations (1.3), writing synthetically as d_tl =u;, withx; =x, x, =y,
X3 = z, show us that the velocity’s component u; is dependent only of coordinate

x;, regardless of the values of others x;, j # i, justifying the use of (1.1).

Following this idea, the original system for n = 3 spatial dimension and
volumetric mass density p = 1,

ap , @ 3 9 9
(a—p+ S G U T U T = W + 5w (T w) + £y

d 0 0 ou
(1.4) + ottt au2+u3 5 = VW + SV (V o) + f,

a 0 0 ou
T+t 2, au3+u36 = VWPu; 509V + f

can be transformed in

10 1
(u—la_l;-l_ —V(V2u1)|t+_V(V1(V'u))|t+f1|t
10
(15) 4u aI;+D__V(V Ul += V(Vz(V w)le + fale
10
- aZZ+D—_v(V2u3)|t+ v(V3(V-w)le + f3le

thus (1.4) and (1.5) are equivalent systems, according validity of (1.2) and (1.3),
since that the partial derivatives of the pressure and velocities were correctly
transformed to the variable time, using dx = u,0t, dy = u,0t, 0z = uz0dt. The
nabla and Laplacian operators are considered calculated in Lagrangian

Du
formulation, i.e., in the variable time. Likewise for the calculation of o following

(1.2), and external force f, using x = x(t),y = y(t),z = z(t). The integration of
the system (1.5) shows that anyone of its equations can be used for solve it, and
the results must be equals each other, except for a constant of integration. Then
this is a condition to the occurrence of solutions, if the velocity u and external force
f are given and the pressure p must be calculated.

We use the following transformations (omitting the use of |;, the
calculation at time t of the position (x, y, z) of the moving particle):

ou;/ot i%

(1.6.1) % —Noxyor  wmoc’ P
% 0,i#j
ou;j 1 Ju;
u=y3 . _y3 =
(1.6.2) Vou=33, 7 = L=1a o

(1.6.3)

Vo0 w) = (D Dy D) _ 9 O 0/0t 10w
L " 9x;\dx 9y  9z/) 0x;0x; Ox;/dtu; ot
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L _1(%)2 4 2w
u? u; \ ot ot2

and
1 1 (ou: 2 92u;
(171) axl;.l = uiz [ Ui ot ot ’ L= ]
J 0, i#]
92u; 1 1 [/ou; 2 9%u;
29, = === (= :
(172) V ul axlz uiz [ ui ( at ) + atz ]

and thus the system (1.5) can be integrated, finding the pressure p on the particle
in motion.

From equations (1.5) to (1.7) it is possible to construct the Euler and
Navier-Stokes equations in a new Lagrangian description from the respective
Eulerian description. Although in the Eulerian description a position (x,y,Zz)
refers to any position, generally adopted as fixed in time, when we want it to refer
to a particle motion we arrive at this new Lagrangian description aforementioned.
While in this Introduction the equations (1.5) to (1.7) lead to a new Lagrangian
formulation of the Euler and Navier-Stokes equations, in section 4 and Conclusion
we will see the respective modification of the Eulerian formulation, or a kind of
mixed description.

Next, in section 2 we will deduce the equations of Euler, in section 3 we will
deduce the equations of Navier-Stokes, the section 4 will show a new expression
for the equations of Euler and Navier-Stokes, with the simultaneous use of the
Eulerian and Lagrangian formulations (or a correction of the Eulerian
formulation), and in the section 5 we will give examples of the need to use the new
equations here deduced, rather than the traditional equations known.

The section 6 deals with the issue of breakdown solutions, section 7 on non-
uniqueness of solutions, and section 8§, finally, will be our conclusion.

Except for sections 2 and 3 we use mass density p = 1, otherwise if it is
necessary replace the pressure p by p/p and the viscosity coefficient v by v/p. |
believe that the new equations presented here really need to be accepted, and we
will have exact solutions found faster for the various applications.

2 - Deduction of Euler equations

Many deductions of the Euler (and Navier-Stokes) equations start from the
assumption that the pressure is a scalar magnitude, equal in all directions at the
same point. Particularly I do not think this needs to be this way, or rather, I believe
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that the pressure can be a vector entity, rather than a scalar, so there is a vector
pressure such that p = (p;, p,, p3), which would make it extraordinarily simple
to solve the Euler and Navier-Stokes equations. Instead of using the gradient of p,

d 0 0
the vector Vp = (g—i, g—f}, Z—Z), we should use the vector (% , aiyZ , %), and then
b ou; 3 du;
2.1) pi = Jpo |~ (a—tl + X1y a_x;) + fi] dx; + 6;(¢),

for i = 1,2, 3, solves the Euler equations, i.e., calculate the components of pressure
given the velocity and an external force, conservative or not, and an “arbitrary”
(well behaved, smooth, physically reasonable) function of time 6(t). This will be a
pressure with independence of path, depending only of the initial and final points,
(x?, x2, x9) and (x;, x,, x3) respectively. Without wanting to deepen this subject
now, we will continue using scalar pressure, at least in general.

We will follow the deduction of Landau & Lifshitz[*l and as they we will use
v to indicate velocity and bold characters for vectors. They emphasize that
v(x,y,2z,t) is the velocity of the fluid at a given point (x,y,z) in space and at a
given timet, i.e, it refers to fixed points in space and not to specific particles of the
fluid; in the course of time, the latter move about in space. The same remarks apply
top andp.

Let us considerer some volume in the fluid. The total force acting on this
volume is equal to the integral (the minus signal indicates a compressive force)

~$par

of the pressure, taken over the surface bounding the volume. Transforming it to a
volume integral, we have

(2.2) —¢pdf =—[gradpdV.

Hence we see that the fluid surrounding any volume element dV exerts on that

element a force -dV grad p. In other words, we can say that a force —grad p
acts on unit volume of the fluid,

See that an equality similar to Gauss's law was used with the previous
acceptance of scalar pressure. The same equality, with equal reason, could be
rewritten, using a vector pressure p = (p;, p2, P3), as

0 d d
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i.e,, without assuming that p; = p, = p; = p and with the convention that p is a
resultant vector of pressures applied on a volume element dV = dx dy dz centered
at point (x, y, z) and time t.

Continuing Landau & Lifshitz, we can now write the equation of motion of a

volume element in the fluid by equating the force - grad p to the produt of the
mass per unit volume (p) and the acceleration dv/dt:

(2.4) pdv/dt = —grad p.

The derivative dv/dt which appears here denotes not the rate of change of
the fluid velocity at a fixed point in space, but the rate of change of the velocity of a
given fluid particle as it moves about in space. This derivative has to be expressed
in terms of quantities referring to points fixed in space. To do so, we notice that the
change dv in the velocity of the given fluid particle during the time dt is composed
of two parts, namely the change during dt in the velocity at a point fixed in space,
and the difference between the velocities (at the same instant) at two points dr
apart, where dr is the distance moved by the given fluid particle during the time
dt. The first part is (0v/dt)dt, where the derivative 0v/dt is taken for constant
x,y,z, Le, at the given point in space. The second part is

ov ov ov _ ]
(2.5) dxa + dya + dza—z = (dr - grad)v.
Thus
(2.6) dv = (dv/dt)dt + (dr - grad)v,

or, dividing both sides by dt,

(2.7) i % + (v grad)v.

dt

Substituting this in (2.4), we find
ov 1
(2.8) P (v-grad)v = — ;grad p;

it was first obtained by L. Euler in 1755.

If the fluid is in a gravitational field, an additional force pg, where g is the
acceleration due to gravity, acts on any unit volume. This force must be added to
the right-side of equation (2.4), so the equation (2.8) takes the form

gradp

(2.9) Z—: + (v-grad)v = — +g

Using the vector pressure, the correspondent to equation (2.9), with a
generic density of external force f (not only gravitational), is
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v . — _1(9p: 9p2 %)
(2.10) P (v-grad)v = p(ax 'y 92 + f,
therefore a new kind of Euler’s equation, and whose integration does not involve
major difficulties.

It is interesting observe that Batchelorls] wrote (chap. 3.3) “The simple
notion of a pressure acting equally in all directions is lost in most cases of a fluid in
motion’, thus shown that the imposition or acceptation of a pressure equal in the
three rectangular coordinates is, in fact, something fragile, possibly not true in the
nature, for fluids in motion.

3 — Deduction of Navier-Stokes equations

Among several deductions of the equations of Navier-Stokes, we will choose
the one described in Richardson[®l(1950), for its brevity, simplicity and
understanding.

Richardson firstly makes his deduction of the Euler equations (Acad. Berlin,
1755),

au ou au ou _,, 10p
(6t+U6x+V6y+Waz_X p 0x

ov av av v _,, 1dp

3.1D) 6t+U6x+V6y+Waz_Y >3y
ow ow ow ow _ ,, 19dp
at+Uax+Vay+Waz_ p 0z

where the velocity of fluid is (U,V,W), the external force (on unit mass) is
(X,Y,Z), the pressure is p and the volumetric density of mass is p.

The equations are constructed from the statement of Newton’s Second Law
of Motion, i.e, that the total force acting on a particle is the product of its mass and
acceleration.

If x,y,z are the rectilinear co-ordinates of a small cube of the material
(density p ) of volume 6v, X,V,Z the components of its acceleration and X,Y,Zof
forces on unit mass, let X o Yoo Zp be the components of the external forces acting
normally on the three surfaces of area 6S due to the differences of pressure (Fig.

1).
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Fig. 1 - Forces on fluid element.

Setting aside the frictional forces for the moment (which resulting in Navier-Stokes
equations), we have these conditions of equilibrium:

pXév = Xpév + X, 65
3.2) pyév =Ypbv +Y,65
pZév = Zpbdv + Z,65

In place of X,, Y, Z, we shall insert the pressure gradients in the
corresponding directions, i.e.
(x .55 =2P.
|XP 6S o ov

_0p,
(3.3) 4 Y, 65 =57 6v

.sc 9P,
Zy SS—aZ ov

For (3.3), in an ideal fluid, the pressure acts equally in all directions in the interior
and at right angles to any surface presented to it. Then X,,, Y, Z,, are each derived

from p, the mean hydrostatic pressure at the point in the fluid circumscribed by
the cube.

Substituting in (3.2) we get

¢ oy 2P
px =pX —o;
oy 2P
;= g 2
’DZ_pZ 0z

These equations are not suited to direct application since the quantities
X,y,z appear in them at once as dependent and independent variables. There are
two ways of adapting them to suit experimental observation. We can ask ourselves,
“At a given point, what fluid occupies the element of space subsequently?” or,
“Where does a given particle find itself as times goes on?” The first attitude
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corresponds to that of a fixed observer, the second to that of an observer who
moves with the general velocity of the medium.

Mathematically, the first question can be put thus: “What function of x,y,z
and t are the velocity components U(=x), V(=y), W(= 2)?” We proceed to
retain x,y,z as independent variables but eliminate their dependent aspects to
obtain

d*x _du _9U QU dx  OU dy A 9dU dz
3.5 = — =4+ —— etc
(3:5) datz  dt ot ot T ox ax dt P dy dt t 0z dt

which with (3.4) resolve into the Eulerian equations (3.1).

Answering to the first question, Richardson says that the second form of our
question (“Where does a given particle find itself as times goes on?”) can be
translated thus: “What functions of time and place are those co-ordinates - let
them be a,b,c - which characterize a given particle?” To answer this, we get rid of
X,V,z as independent variables but retain them where dependent and arrive at the
Lagrangian (Mem. Acad. (Berlin), 1781) form of the equations of motion:

(Z2ox) 2 (Z2oy) 24 (Z2og) 2422

ot2 da ot2 da ot2 da poa
0%x ox 0%y oy (622 ) 10p
(3:6) < (atz X) b + (6t2 Y) b + at2 4 t pdb =0

(G =¥ 5+ (-1 5+ (GE-2) 5435 =0

As we known, the form due to Euler is, however, more generally used.

Now let us introduce the frictional forces. We define the coefficient of
viscosity, n, as the force per unit area of two parallel laminae of fluid unit distance
apart, measured across the direction of flow. Thus, if U andU + 8U (Fig. 2) are the
velocities (in the direction of x) at two planes 6y apart, the force per unit area on
the fluid in either plane is n - dU /0y, i.e, the product of the coefficient of viscosity
and the velocity gradient perpendicular to the direction of flow. If A,B and C are
such laminae, each of area S, A exerts a force on B equal to —n - 0U /0y - S, C exerts
a force on B equal to i+ (dU/dy + 92U /dy? - 8y) * S, so that the net force on B is

02U 02U

(3.7) n- 0y - S—— édm- 52 =1 517—

6y

where om is the mass of fluid between A and B and v is the respective volume.
The factor n/p, written v, which we shall often require, is called the kinematic
(coefficient of) viscosity. (It should be noted that it is here assumed that mn is
constant for a given fluid, invariable with dU /0y, but a more general proof also is
made posteriorly in [6], here omitted.)
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Fig. 2 - Action of fluid friction.

In the general case, the total viscous force on an element of mass m due to
the component U will be
9%u | o%*u | 9%U
n-ov- (5 + 55+ 5)
written shortly vimV2U. This force must be added to those on the right-hand side
of the equations we have already derived (Euler equations), resulting in the

equations ascribed to Navier (Mem. Acad. Sci. (Paris), 1822) and Stokes (Camb.
Trans.,, 1845),

10p

ou U ou U _ , 19p )
(6t+U6x+V6y+Waz_X ~oL TV
v g v v _y_1op 2
(3.8) e FUG TV, + W, =Y — o4 vviy
ALY RCLUANTS TACLUANS 174U RN/ S
ot ox ady 0z p 0z

with v = n/p the (kinematic) viscosity coefficient.

Confirming the difficulty of the Lagrangian description of the Euler and
Navier-stokes equations, based on [7], the Navier-Stokes equations without
external force and with volumetric mass density p = 1 are, describing the velocity
as (uq, u,, u3) and the spatial coordinates as (xy, x5, X3),

0%X; 3 0A4j dp
3.9.1 = T Lj=15. A
( ) ot2 21_1 axi 6aj
2 . 2
3 3 3 0%4A; ou; aA] 04; 0“u;
+v i = = a; ’
21—1 Zk_l Zl_l (axkaxk da; Oxk Oxy 0a;oa;
0A; d
—J=_"y.
(3.9.2) o = 9 Xi (ns ) |x, =%, (a5t

where a,, is the label given to the fluid particle at time s. Its position and velocity
at time t are, respectively, X,,(a,,, s|t) and u, (a,,, s|t). The respective deduction of
these equations we will omit, but the reader can consult [7] for more details.
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4 - A new form of Euler and Navier-Stokes equations

The Eulerian (equations (3.1) and (3.8)) and Lagrangian (equations (3.6)
and (3.9)) forms are not the unique possible equations for description of fluids.
Other equation for modeling of fluids is possible, based on them, with the great
advantage of linearity. It is what we will show in this section.

The system (1.3), for the sake of mathematical rigor, needs to be replaced

by
d
Z=uy(t)
d

(4.1) 7 = w)

kE = uz(t)

emphasizing that the velocity components that appear as the time derivative of the
coordinate (x,y,z) are legitimate functions of time, i.e., can be considered as
representative of the Lagrangian description, u;(t), unlike the derivatives of u; in

ou; ou;
6tl 2%, — V * U and Vzui, that are in the Eulerian description, function of (x,y,z, t).

Representing the Eulerian velocity and respective components with the
letter E indicated as upper index, and the corresponding Lagrangian components
with the letter L, the system (1.4) is rewritten as

(4.2)

op @ 2 ouf ouf

”’+i+ L u1+u§ﬁ+u§ﬂ=vv2uf+1vV1(V-uE)+f1
dx ay 0z 3

op . 2 ouf ouf

<_Z+ﬂ+ uk uz+u§%+u§%=vvzu§+§VV2(V'UE)+f2

9 9 9 out

+ us ul u3+ L u3+u§—u3 =vV2u§+§VV3(V'UE)+f3

0z

being the pressure p and external force f implicitly defined in the Eulerian
description. A more concise notation for (4.2) is simply, fori = 1,2, 3,

du; 6ul ou; ou

(4.3) —+—+ + oo, 4 gy 2= Y2y, + 2yY(V ) +
0x; dy 0z 3

where p, f;, u and u; are in Eulerian description and «; = a;(t) in Lagrangian
dx;

description, ie., a; = d_tl' with the radius vector r = (xq,x,,%x3) = (x,Y,2)

function of time and indicating a motion of a specific particle of fluid starting from

position (x2,x2,x3) = (x0, Vo, 2)-

The equations (4.2) and (4.3) shows us that the nonlinear form disappear,
facilitating the obtaining of its solutions, transforming when V- u = 0 into a linear
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and second-order partial differential equation of elliptic type, already well-
studied8l. If v = 0 (Euler equations) we have equations of first order, obviously,
which is also widely studied®l. We realize that for each possible value of «; it is
possible to obtain different values of u;, and reciprocally, i.e., there is not an one-
one correspondence between «; and u;, thus it is convenient choose more easy
time functions for the ;(t), provided that compatible with the physical problem to
be studied.

Nevertheless, even though it is very interesting to study other mathematical
solutions for the original system (1.4) or the new system (4.2), I understand that
the final conclusion made in [2] and [3] remains valid: it is possible to exist
velocities in the Eulerian formulation that do not correspond to a real movement of
particles of a fluid, according to the Lagrangian formulation. When I wrote this the
first time I did not have the equations (4.2) and (4.3), deduced later in [1], but if it
is true (as it is) that we should have (1.3) and (4.1) for a motion of fluid particle,
then x; and its respective velocity u; are closely related, and the initial use of (1.1)
in section 1 is valid. This is an excellent question to be examined with examples,
which we will see in the next section.

But even when the relationship (1.1) is not required, a general solution for
the new Euler equations (v = 0)

aul aui ou; ou; _
(4.4) axl LI 157 + a, 3y + a5 S, = fi
or
Bp Du
(4.5) —=f

axl

in the case which the pressure p and external force f = (f;, f5, f3) are given and
the velocity u = (u4, u,, uz) is calculated, is

o w=wl+(f (- 5E) lde) Ik,

using
Du;
iy b (p o)
(4.7) Dt fi — |-
u is the component i of the initial velocity u° |, represents the use of

transformation from Eulerian description to Lagrangian description and |g
represents the inverse transformation used in |;, returning to Eulerian description.

We use implicitly U? = (u?|L)|E aswellasu; = (W;])|g-
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So here we conclude that the new Euler equations have a natural physical
solution when the pressure and external force are given (or chosen) and the
integration in (4.6) is possible, for i =1,2,3, solution which varies with the
specific movement of particles that is used. Boundary conditions must be in
accordance with the solution (4.6) and it is also necessary substitute (4.6) in (4.4)

for verification of possible conditions to be obeyed by each u? and «;.
op
axl-
constant function, the solution (4.6) is

In special, when (fl — ) |, is a function without temporal dependence, a

=0 - _ 9
(4.8) U = U; +(ﬁ 6xl-) . t,

which is an exact solution and it is relatively fast and easy to simulate
computationally. Substituting (4.8) in (4.4) we have

ou? ou? ou?
49 a,—+a,—+a,— =0,
(4.9) 15, T . Taz

then a condition to be obeyed in this case.

We will see in section 8, Conclusion, an even better form of these equations,
where we use
ouf ouf ouf auE) |
t

Da
(4.10) E—(¥+alg+azg+a3—

5 - Verification of physically reasonable solutions

§1

Of a point of view purely mathematical, it is not necessary to have the
adoption of (1.1). It is possible forgotten that the Euler and Navier-Stokes
equations have something relation with motion of fluids, liquids or gases, and
accept that they are just equations of high level and difficulty of Pure Mathematics,
but in this section we want to keep the bond or link between theses equations and
the motion of fluids, and thus the use of (1.1) is born and can be used, as we will
see.

If a particle (or some volume) of fluid has the movement governed
according to the position vector r = (x,y,z), with a temporal dependence
x =x(t), y=y(t), z=2z(t), then the respective velocity of this particle (or
volume) of fluid is u = ar = (d—x, d—y, E), also, a priori, dependent of time

dt dat’ dt  dt
(except if all three derivatives are equal to constant).
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The first equation of (1.1),

6ui _ . .
(5.1.1) 2%, 0, i#],
is valid when we intend to follow the movement of a particle (or group of particles
in a small volume) because in a mechanical movement we have by definition

__dx;

(5.1.2) w=—5

i.e, the component i of velocity is dependent only of component i of position,

ou;
which is obvious, then we have a—xl = 0 ifi # j, according we saw in section 1.
j

From equation (5.1.2) we conclude that dx; = u;dt, or
(5.1.3) axi = uiat,
the second equation of (1.1).

Thus we emphasize that if it is not necessary to have some particle or group
of particles in the elementary volume dV = dx dy dz in position (x,y, z) at time ¢t
then the use of (1.1), or (5.1.1) and (5.1.3), can be ignored, and we will have a
problem purely mathematical.

Even if there is some bond or link between the coordinates, as x? + y? +
z>=R? and xx +yy+2zz =0 in a circular motion of constant radius R, the
relation (5.1.2) is still true, by definition, and we do not need despise (5.1.1), a
calculation facilitator, except if the external force is intrinsically dependent of the
more than one spatial coordinate in at least one of the three orthogonal directions
and we have Vp # f.

Then, what can be done when it is indispensable to use a determined
relation between x, y and z, for example, when the particles need to be moving on
a specific surface or manifold as z = g(x,y)? We try to first solve the equations
using each variable in isolation, following (5.1.1), and at the end we use the
dependence z = g(x, y), i.e,, the final solution for velocity will be

u; = @1(x,t)
(5.1.4) U, = @y, t)
Uz = §03(Z, t) = 903(g(x1y):t) = h(xry' t)

u
and so we have indeed, in final consequence, 6_23 = (. Obviously, if such

procedure is not mathematically possible for some situation or configuration, we
should abandon the use of (5.1.1) in this specific case.

289



We will check now the use of the relations (4.1),

(Z=w(®)
(5.1.5) 4% = uy ()
% = u3(t)

origin of the fundamental difference between the traditional equations and the
new equations presented here. In fact, when we use and distinguish in a same
equation the Eulerian uf and Lagrangian ul velocities the use of (1.1) is of
secondary importance.

§2
Be the example 1
x=xy+t E=1=0ul Du%—O
0T gy T S T L pe T
dy L Duj
5.2.1 = + 2t ==2=us —==90
( ) Iy Yo ' dt 2’ pt
dz puk
kz=20+3t,— 3=uf, —==0
dt Dt
L L L
u Du Du
in fact a movement of total acceleration equal to zero, Dtl = th = Dt?’ =0,

each particle starting from a generic initial position (x, ¥, Zg)-

Suppose that the introduction of external force, internal frictional forces
and internal pressure generated a solution for velocity, in the Eulerian formulation,
such that, for example,

uf = pu¥ _ Dx _ D(xg+t) _1
1 ' Dt Dt Dt
puf Dy  D(yo+2t)
5.2.2 uf = === =)
( ) 2 =Y o T e Dt
WE = Duf _ Dz _ D(zo+30) _ 3
3 ’ Dt Dt Dt

The acceleration as used in the Euler and Navier-Stokes equations is

(2 t=au1+ Eau1+uEau1+u aul—x xt)=t£1
E
(5.2.3) %—fz%+u‘fa;;+u§aﬁ+u§a£—y, y() =2t £ 2

Du3 _ aug Eau3 E6u3 E6u3 _ _
e = 5 TUl 5o tuy 52+ us =2z z(t)=3t%3
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i.e., the use of the expression according to the traditional Euler and Navier-Stokes
E

. i Du
equations generates a wrong value for the value of the acceleration e

By other side, using the correct form of the new Euler and Navier-Stokes
equations, according (4.2), we have

puf _ auf L ouf L 6u1 Louf
W——+ulax+u +u3——
(5.2.4) 4 Dt = + uj—= ax + u; + Uz —= az =2

Dt 379z

E
therefore the correct and expected result conform (5.2.2) for the acceleration Duit’

pul

but with the dlsagreement — ;t Y

puf _ pul . e
For that to be D—ut = D—ut for all time and position it is necessary too, by a

logical necessity of consistency between both velocities, that

(5.2.5) uf (x(t),y(t),z(t),t) = ul(t),

so, from (5.2.1)

(F =1 Oui_owr _
ur =1 % _ax,-_o
E E
(5.2.6) Luy; =2, Y 2%, 0
E _ Jus ouf
(U =3 % dx; 0
E L
and now 22 = 2% — o,
pt ~ Dt
§3
Be now the example 2
. t2 dx L Duy _
x—x0+u0t+f2, dt—u0+ft—u1, Y =f
t? dy . Duk
(5.3.1) Y=Yot+vot+g—, —=votgt=u; - ==¢g
. t? dz _ _ L Dbui _
kz—zo+wot+h2, dt—W0+ht—u3, oy =h

for constants xg, Vg, Zg, Ug, Vo, Wo, f,9g,h, a movement of constant acceleration

(f, g, 0.
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Suppose again that the introduction of external force, internal frictional
forces and internal pressure generated a solution for velocity, in the Eulerian
formulation, such that, for example,

puf
(uf =uo+ft, =2 =f
D E
(5.3.2) ug = v, + gt, Dutz =g
D E
uf =wy+ht, ===nh
Dt

without dependence of spatial position and with uf = u*.

The acceleration as used in the Euler and Navier-Stokes equations is

(Du’f_aul Eau1 Eau1 Eauf_auf_
|Dt_ + uf + u; +u362—at—f

Duz _ 6u2 Eauz 6u2 Eau2 _od _
(5:3.3) { T T A b el o
D—u§=%+u56u3+u56u3+u56u3 —%_p

Dt at 1 5% 3 9z at

i.e, this time the use of the expression according to the traditional Euler and
. : . puf
Navier-Stokes equations generates a correct value for the acceleration r because

there is no dependence of position.

Besides this, using the correct form of the new Euler and Navier-Stokes
equations, according (4.2), we have

Duf ouk au au au uf

A A A
(5.3.4) o = +u +u +u3 3y a =g

Duf _ 6u3 L 6u3 L 6u3 L 6u3 _odk

bt = o TUIG, TUs5 tus5 =5 =h

. Duf
therefore the correct and expected result conform (5.3.2) for the acceleration Dlt,

I . puf  pul
this time with the agreement D—ut = D—ut.

§4

We will next use the solution (4.6) of (4.5),

(5.4.1) u; = ul + (f (ﬁ ) |l dt) |5

292



a
solution of the new Euler equations, for the special and easier case that f; = %,
i

i.e, the external force is conservative, a gradient field, being the pressure its
respective potential, and

E E
_ . E _ .0 Dui _ 0y
(5.4.2) Uu; =u; =u;, ot 3t 0,
and with
_¢+ dx _ pu¥ —
! = xpe ¢, — = —Xge t=ul, —. = Xge t
—_¢+ dy _ Duk -
_ t _ t _ oL z _ t
(54.3) |V T Y0 G T Ve S e T = Yee
dz Duk
_ —t _ -t _ ,,L 3 _ —t
kz-zoe ,E——zoe —u3,D—t—zoe

for constants x,, y,, Zy, @ movement of contraction from (x, ¥, zo) to (0,0, 0), with

pub _ (x0, Y0, Z0)e™" = (x(£), y(t), z(1)).

Dt

The acceleration as used in the traditional Euler and Navier-Stokes
equations is

(5.4.4)

(Duf _ (9uf 4 B 0] +uf aul 4y 24 | = w024 | 00w 00w |
pt ~ \ ot 179x 379z )1t 7 \"1ax 2 9y 39z )t
Duf _ (ouf E 6u2 E 6u2 E Ouj _ (. 00w 0 du, 0 ou;

< D—t—(at turg tw g tws )l = (wg twngitu )l
puf (09U E 0u3 E 6u3 E duz _ (. 00ud 0 Oug 0 oud

\ﬁ—(WJF tuz 5 tus 5 )l —(“17+“ZE+ 33, ) e

uf

which shows us the possibility of being Vahd v 0w =~ = 0.

. . . Duf 6uf .
Being necessary in this case that Dt = St =0, fori=1,2,3, we have
u a”1+uoaul+ 09w _
1 ox 3 0z
(5.4.5) u(l) aauz + uo auz +u 0 6u2 =0

ku06u3+ 06u3+ Oauz3 — 0
which is valid, for example, for initial velocities such that

(5.4.6) u) = k;¢;(ax + by + cz),
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with
(54‘7) k1¢1a + k2¢)2b + k3¢)3C = O,

k;,a,b,c real numbers, ¢;: R — R differentiable functions, for i = 1,2,3. If the
condition of incompressibility V-u = V- u® = 0 is required in the resolution of a
given problem then it is also necessary that

(54‘8) k1¢ia + k2¢éb + k3¢)éc == O,
always satisfied when (5.4.7) is true.

With the correct form of the new Euler and Navier-Stokes equations we
have, using (5.4.2),

(5.4.9)

(Du’f 8u1 L ouf L 6u1 L 6u1 _ (.0 L 6u1 L 6u(1) _
o Uit uy o+ us |, = u16x+u S tusg, |, =0
puf _ (ouf L ouk L 6u2 L 6u2 {10 L 6u2 L 0ud _

' (6t+ Uiyt tusg )l = uigr tuig tus 57 )1, =0
puf _ (0uf L ouf L 6u3 L aug _ 6u3 L 6u3 L aug _

S ( tuiz2+uz; +u3 ~ |, = (u + uy +u3 P ;=0

which also has by solution, for example,
(5.4.10) w) = kip;(ax + by + cz),

supposing ¢;: R — R differentiable functions and k;, a,b,c real numbers, for
i =1, 2,3, but this time with

(5.4.11) aul() +bul(t) + cul(t) =0,

or equivalently

(5.4121) uk(t) =-— % (b uk(t) + cub(t)), a#0,
(54.12.2)  uk(t) = — % (aub(t) +cuk(t)), b#0,

(54.123)  uk(t) = — % (aub(®) +bul(®)), c %0,

for all t > 0, or all ¢;" are constants. For that V- u = V- u® = 0 it is necessary also
be valid (5.4.8) or all ¢; need be constant.

According to the solution (5.4.10) and for the chosen movement given by
(5.4.3), the condition (5.4.11) imposes that

(54.13.1) xo = —%(b Yo + € 2p),
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(54.13.2) Y, = —%(a Xo + € zp),

(54.133) 7, = —%(a xo + b ¥y),

respectively if a # 0, b # 0, ¢ # 0, therefore each initial position of a specific
particle or group of particles need to obey the previous condition, in this case:
initial positions on a plane for each family of coefficients (a, b, c).

Note that in this way the Lagrangian solution is which governs the
movement of fluids, or rather, explains what happens in the fluid, with respect to
velocity. We can choose many different ¢ functions for Eulerian solution of u, but
the individual motion of the particles or group of particles is the same with each
prefixed choice of u®. Thus, it is unnecessary to choose complicated initial
velocities in the Eulerian formulation when the movement in the Lagrangian
formulation is simpler, at least when the external force is a conservative field.

As made in § 2, by a logical necessity of consistency between both velocities

E L
and for that DDLt = DD% for all time and position it is necessary too that

(5.4.14) uE (x(t),y(t), z(t),t) = ut(t),
so, from (5.4.3) we have

ouf  ouf  auf ouf

(E
uf =y, L2 T g T g
! at ay 0z dx
outb  ouf  auf ouk
5.4.15 ub=—y Z2=222=_"2_( 2= _1
( ) | 42 Y ot T ox T oz dy
ouf  ouf  auf duf
PR Y R S S
\ at ax dy 9z
DuE DuL : : . . .
and now ——|, = ——= (x(6), y(®),2z(t)), but it is a compressible motion, with

V-uf =-3.
§5
In this present case we will analyze the same Lagrangian solution in (5.4.3),

L e . .. . ouf .
but now with time dependent Eulerian solution, i.e., with some or all % # 0. Again
. puf . L
with Vp = f and Dit = (, the Lagrangian solution is

L

dx Du
X = Xp€ — = —Xpe =Uu — = Xp€
0 'odt 0 ' pt 0
_+ dy _ Duk _
—_ t — t — ,,L 2 __ t
(5.5.1) y=ype ", == —yse " =u;, — =y,€e
dt Dt
dz puk
—_ -t — -t —_ ,,L 3 -t
Z = Zpne — = —Zpye =Uu — = Zpe€
0 ’odt 0 3’ pt 0
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for constants x,, y,, Zy, @a movement of contraction from (x, ¥, zo) to (0,0, 0), with

pul ¢
> = (X0, y0,z0)e™" = (x(8), y (£), z(t)).
We have in this case for Eulerian representation in the traditional meaning
(5= (e +uf G+ T+ )1 = 0
(5.5.2) <DD_1§5:(%+ §G_+ + §a;§)|t=0
5 = (% 4 uf 2 4 +u§ag‘z3)| =0
Choosing for respective solution
(5.5.3) uf = k;¢;(ax + by + cz + dt),

with ¢;: R = R differentiable functions and k;, a, b, c real numbers, for i = 1,2, 3,
we have

(554) qu')la + k2¢2b + k3¢3c + d = O,

otherwise all ¢; are constants. If the condition of incompressibility V- u = V- u° =
0 is required in the resolution of a given problem then it is also necessary that

(555) k1¢£a + kzd)éb + k3¢éc = 0,
always satisfied when (5.5.4) is true.

With the correct form of the new Euler and Navier-Stokes equations we
have

puf _ (ouf L ouf L aul L 6u1 _
D_t ( +u1 ax+u +U3 OZ | =0
(5.5.6) T ( +uy 52 . U3 + uz = |t =0
Dug _ 6u3 L 6u3 L 6u3 L 6u3 _
W_< +ulax+u +US £ | =0

which also has by solution, for example,
(5.5.7) uf = k;¢;(ax + by + cz + dt),

for ¢;: R = R differentiable functions, k;, a, b, c real numbers, i = 1, 2, 3, but this
time with

(5.5.8) aub(@®)+bul(t) +cul(®)+d=0,

or equivalently
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(559.1)  ub(t) = —%(b k() + cuk(t) +d), a#0,

(559.2) uk(t) =-— % (aub(®) +cuk(t) +d), b0,

(5593)  uk(t) = — % (@ub(t) +buk(®) +d), c #0,

forall t > 0, or all ¢;" are constants. For that V- u = V- u® = 0 it is necessary also
be valid (5.5.5) or all ¢; need be constant.

According to the solution (5.5.7) and for the chosen movement given by
(5.5.1), the condition (5.5.8) imposes that

(5510.1) x9=—=(byy+czo—d),
(55102) Yo =—y(ax+czy—d),

(55.103) zo=—=(axo+by,—d),

respectively if a # 0, b # 0, ¢ # 0, therefore each initial position of a specific
particle or group of particles needs to obey the previous condition, in this case:
initial positions on a plane for each family of coefficients (a, b, ¢, d).

Note that a solution in the Lagrangian description may correspond to two
(or even more) solutions in the Eulerian description, for example, a steady state
solution as well as a non-steady state solution, as can be seen by comparing the
solutions in § 4 and § 5, so it is convenient to look for, or pre-define, simpler
formats for Eulerian solutions.

On the other hand, as we have already said, for to have logical consistency
between both velocities, it is necessary that

(5.5.11) uf (x(t),y(t),z(t),t) = ul(t)

E L
and DDLt |; = Dit for all time t > 0, and we came back to the solution obtained in

D
(5.4.15), a steady state solution, i.e.,

(uE:_x 6u’15:6u’15:6uf:() au’f:_l
1 ' ot dy 9z ’ 9x
ouk ouk ouf ouk

5.5.12 u=—y —2="2="2=(0 —2=-1
( ) ] 42 Yr ot ox 0z dy
ouk ouf ouf ouf

ué“:—Z, 3 — 3 — 3:()’—3=—1
\ ot ox oy 0z
. . . E Dpuf pul

a compressible motion with V- u® = —3 and Y l; = - = (x(t),y(t),z(t)).
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§6

Lastly, we will see the new Navier-Stokes equations. As the Lagrangian
description governs the movement of particles or group of particles, while the
Eulerian description is a kind of complicating of the real (or approximate, say)
behavior of fluids, at least when the external force is conservative and the pressure
is its potential (Vp = f), we will try an Eulerian solution for velocity using (1.1),
ie, givenul = (uf, uk, ut) we will use the form

(5.6.1) uf =ui (x;,t) = ¢;(x) ;i (t)

in the equation

puf 1 d
5.6.2 —L =y V2uf 2y — (V- ub),
( ) Dt i T 3 c’)xi( )
with
puf _ ouf 1, ouf 1, ouf L ouf
(5.6.3) ot ot + uy 3 + uj 3 + U3 oz

and V - uf without specific value, thus

(5.6.4) ¢ ()i (8) + ui (P (x) i (t) = %V ¢i"' (x) (1),

an ordinary differential equation, for i = 1,2,3, supposing ¢; and ¢; differentiable
and continuous functions how much is needed.

By the superposition principle we can also add solutions,
E _ ,,E _ E —
(5.6.5) u =y (g, t) = Xieg w0, £) = X551 i () @i (2),

and then
(5.6.6) b (x)ei;(t) + u{’(t)%{j(xi)fpij(t) = %V bi;" (x) @i (D),

but the better use of (1.1) is when we give completely the Lagrangian and Eulerian
solutions for velocity (i.e., a choose obeying the required initial and boundary
conditions as well as the compressibility condition) and the external force is
conservative, such that,

_ _ buf 2.E 1 . E .
(5.67) p—fL ( —+vViu +3vV(V u)+f) dl
uiEZuiE(xirt)

for i =1,2,3, i.e, the pressure is the unique function which we do not have a
priori and need be calculated, while the choose components of velocities have the
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necessity to be logically consistent with the problem in question. In section 6 we
will see again this solution.

We now will make the Eulerian solution even easier than (5.6.1) by
removing the dependence of time,

E _ . E _
(5.6.8) w; =u; (x;) = ¢i(x;),
with
Duf‘7 _ Lauf Lauf Lauf _ 2 E 1 d E
(5.6.9) o= Ul — =t ay+u3 ~ =vV ui+3vaxi(V u”),

V - uf with free value, and so

(5610)  wf(DP;(x) =TV ¢;" (%)

or

14
L 4 @i (xi)
5.6.11 u; (t) =-v=>2—"==yg;,
a spatial solution which obviously cannot varies in time and for this reason it is
necessary that the function u’(t) is a real constant c;. The solution is exponential

in relation to coordinate x;:
(5.6.12) uf = ¢i(xi) = kie3ci xi/4v,
which in fact solves (5.6.9) for k;, ¢;, v > 0 real constants.

Note that although (5.6.12) is a spatially unlimited function for x; — +oo if
k; # 0 and ¢; > 0, the respective Lagrangian solution u}(t) = ¢;, which indicates a
motion of constant velocity, is well behaved, smooth and limited, for all position
and all t > 0. Then this is another case (as in § 2) in that we have a regular motion
in the time in Lagrangian description but with possibility of an unlimited solution
in Eulerian description. By other side, if k; # 0 and ¢; < 0 the respective
component uf decreases with position for x; > 0 and it is unlimited for x; - —oo,
which also is not compatible with the respective motion of those particles or group
of particles, but nevertheless it is a possible solution in Eulerian description.

Also note that in each of the examples in this section, we had initially in
general ul(t) #uf(x,y,z1t), except if t=0 and x = xy, y = y,, z =z, is the
initial position, or some specific set of positions (x, y, z) and (x,, y,, Z¢) at time t (in
special, x = x(t,xy), ¥y = y(t,y0), z = z(t, zy) according defined in the respective
Lagrangian description) or if uf is not dependent of position (as in § 3), so by the
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. . puf . . .
chain rule the correct form of the total acceleration % in a particle of fluid (or

elementary volume dV or group of particles) is

DufE ouk ouk ouk ouk
(5.6.13) —=—tut—t+ul—+ut—
Dt at dx

Il
+
<

because we have in general
oufk oufk
L L
(5.6.14) Uy —— + u; oy +u

We are using implicitly the initial position (x4, Yo, Zzo) in the Lagrangian
description ul(t) as constant, although it has the same meaning as in

u®(t, %o, Yo, Zo)

In the last example of this § 6 for that
d
5.6.15)  uF(x(1),y(t),z(t),t) = ut(t) = — (x(8),y(1), z(t))
L
and DDLt |; = DD% forall t > 0 itis necessary to have, fort = 0,
(5.6.16)  uf(xg,¥0, 20, t = 0) = ul(0) = ¢
and then, from (5.6.11) and (5.6.12),
(5.6.17)  k; = c;e~3cixi/4v
and
(5618)  uf = c;e3la=xl) /4v

where (xg,Vo,20) = (x9,x9,xJ) is the respective initial velocity, a motion of
constant velocity ¢ = (c;,¢y,¢c3) for each particle or group of particles in
Lagrangian description, without compressibility along time, but an exponential
function in Eulerian description and with V - uf # 0.

Also thinking about other time values, t > 0, we cannot accept this solution,
and then the unique possible solution here is

(5.6.19) uf(xi(t)) =ul(t) = ¢,
thus
(5.6.20) x; = x}

and so, no movement,
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(5.6.21) ¢; = 0.

The conclusion in this case is that it is necessary to have time dependence in
the velocity uf.

6 - The question of the breakdown solutions

Without passing through the Lagrangian formulation, given a velocity
u(x,y, z,t) at least two times differentiable with respect to spatial coordinates and
one respect to time and an integrable external force f(x,y, z, t), perhaps the better
expression for the solution of the equation (1.4) is

(6.1) p(,y,z,t)=[ S-dl+6(t) = 1-3=1f£0"5idxi +0(0),
S =(S1, S S3),
ou; ou; 1
S;=-— (a—lz + X3y a—;:}) +v(Vu) +v(Vi(V-w) + £,

supposing possible the integrations and that the vector § = — [% + (u- V)u] +

vW2u + %vV(V -u) + f is a gradient function, where it is necessary that

as; _ 0S;
(6.2) a—x] = on
This is the development of the solution of (1.4) for the specific path L going
parallely (or perpendicularly) to axes X,Y and Z from (x2,x9,x3) = (xq, V0, 2,) to
(%1,%2,x3) = (x,y,2), since that the solution (6.1) is valid for any piecewise
smooth path L. We can choose P = (xq, Vo, Zo), P2 = (x,Y0,2), PY = (x,y,2,) for
the origin points and P, = (x,y0,20), P, = (x,y,25), P; = (x,y,z) for the
destination points. 8(t) is a generic time function, physically and mathematically
reasonable, for example with 6(0) = 0 or adjustable for some given condition.
Again we have seen that the system of Navier-Stokes equations has no unique
solution, only given initial conditions, supposing that there is some solution. We
can choose different velocities that have the same initial velocity and also result, in
general, in different pressures.

The remark given for the system (1.5), when used in (1.4), leads us to the
following conclusion: the integration of the system (1.4), confronting with (1.5),
shows that, except for a constant or free term of integration, respectively
A(y,zt), B(x,zt) and C(x,y,t), anyone of its equations can be used for solve it,
and the results must be equals each other, if the velocity u and external force f are
given and the pressure p must be calculated. Then again this is a condition to the
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occurrence of solutions, otherwise there is not any solution, which shows to us the
possibility of existence of “breakdown” solutions, as defined in [10].

By other side, using the first condition (1.1), 7 =0 if i #j, due to
J

d ;
Lagrangian formulation, where u; = d_tl’ the original system (1.4) is simplified as

(ap 6u1 6u1 . 4 92 07Uy

ox T Tu o 6x2 + fl
6 6 02
(6.3) ot St U 6”2 =§ 24 f
6p 6u3 duz _ 4 62u3
T Ty, =3V on Th

where u; is a function only of the respective x; and t, but not x; if j # i. When it is

. . R . 0 d d
required the incompressibility condition, V- u = (% + aiyz + %) = 0, then the

4
constant 3 in (6.3) should be replaced by 1.

If the external force has potential, f = VV, then the system (6.3) has
solution

4 aul

(6.4) 1fpo[ (Si+ lax)+—

x aul ou; 4 c’)ul
_V+Z 1fl[—( uia—ﬂ)ﬁ‘

+ fl] dx; +6(t)

+0(D),

V= fL f - dl, which although similar to (6.1) has the solubility guaranteed by

the special functional dependence of the components of the vector u, i.e,
ou;

u; = u;(x;, t), with a—xl = 0 if i # j, supposing u, its derivatives and f integrable
J

vectors. In this case the vector S described in (6.1) is always a gradient function,

i.e., the relation (6.2) is satisfied. Note that if f is not an irrotational or gradient
vector, i.e,, if it does not have a potential, then the system (6.3), with u; = u;(x;, t),
it has no solution, the case of “breakdown” solution in [10].

When the incompressibility condition is imposed (V - u = 0) we have, using
(1.1), a small variety of possible solutions for velocity, of the form

(6.5) u;(x;,t) = A;(t)x; + B;(¢),
Ai’Bi € C°°([O, 00)), with

(6.6) Ai(t) + A, (t) + A5(t) =0,
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if the coordinates x;, x,, x3 are independent of each other. In this case it is valid
Viu =0, ie, the system of equations has a solution for velocity independent of
viscosity coefficient, equal to Euler equations, and except when u = 0 (for some or
all t > 0) we have always fR3 |u|? dxdydz — oo, the occurrence of unbounded

or unlimited energy, which is not difficult to see.

Another class of solutions S for velocity gives more possibility for the
construction of the components of velocity u;, but maintains a bond between
X1, X3, X3 and t such that

(6.7) S ={(uy,upuz); u; € CL(R X RY), (xq,x5,%x3,t) ER3XRE, V-u =0},

where RY = [0,), and there is a scalar function @5 with x5 = @3(x;,x,,t) or
similarly x; = @1(x3,x3,t) or x, = @,(x1,x3,t). The dependence between
X1, X5, X3 and t is necessary for that V-u = 0 in these points (x;, x,, x3) at each
time ¢, forming a surface or manifold which is the domain of the solutions and
which varies in time.

Being correct that (1.1) and (4.1) can be used, which we saw in section 5,
the solution (6.4) for pressure can therefore be replaced by

(6.8) Sir fp [ (S2+ ) T

=V 433 1]"‘[—("’”1 — )+f Zu]dxl+9(t)
=V + ¥ [pi(xut) —pi(x), t)] + 6(D),

where a; = a;(t) is the component i of the velocity in Lagrangian description of a
particle of fluid in motion, u; = u;(x;, t) is the component i of the velocity in
aul ou; 4 0%u

+ a; ) + -
Lox; ox}

other meanings already given prev1ously in thls article. As we have already seen,

] dx; + 0(t)

Eulerian description, p; (x;,t) = f [ l] dx; and the

4
when it is required the incompressibility condition then the constant 3 in (6.8)

should be replaced by 1 and the general solution (6.5) for velocity with the
condition (6.6) remains valid, if the coordinates x;, x,, x3 are independent of each
other, as well as (6.7) with possible dependence between x;, x,, x3 and t.

In section 8, Conclusion, we will see other cases of breakdown solution,
when the Euler and Navier-Stokes equations have no solution.
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7 - The non-uniqueness of solutions

The new equations presented here have clearly non-unique solutions (when
there is at least one solution) in the following sense:

1) For the same initial Eulerian velocity, indicated as u°, we can propose different
velocities in the Lagrangian description, u*, to compose the new equations, also
with possibility of collisions between the particles belonging to the different
movements described by each u’. This can result in a rather chaotic Eulerian
solution for velocity, in fact many velocities for a same point, and consequently
also for the pressure, if it has not previously been chosen.

2) When we analyze the uniqueness of solutions (u£,p) bearing in mind that the
Lagrangian velocity u® is predetermined, if only the initial velocity u° is given we
have the non uniqueness of the pair (uf,p) because we can construct many
possible and different velocities uf, as uf = @(t)u’ + 7(t), 9(0) = 1,7(0) = 0,

@:[0,00) - R, 7:[0,00) - R3, all smooth functions, and the pressure will be given

E
by (6.8), where we are supposing the use of (1.1), i.e., uf = uf (x;,t), with % =0
j

if i # j. Note that in this case we have V x uf = 0 and the equation has solution,
again with many possible pressures.

3) If is given a boundary condition of type uf|ss = u® (Dirichlet condition), with
ud e C°°(]R3 %X [0, 00)) and u? (x,y,z,t = 0) = u° then we can use the solution for
velocity as uf = u? and also we have the non uniqueness of the pair (u%,p),
because for the pressure to be unique it needs to be known the values of
p1(x0,t), p2(¥o, t), p3(2p,t), i.e., the pressure is dependent of the values of
X0, Vo, Zo, and moreover 6(t), according (6.8). Naturally, the velocities u® and u°
must, themselves, obey to the new equations of Euler and Navier-Stokes, u? for
t >0 and u® for t =0. Note that in our convention the functions p;(xo,t),
p2 (o, t), p3(zy,t) denote the pressure value in a generic time t > 0, respectively
at the positions (x4,y,2), (x,v,,2), (x,v,2z,), where (xg,Vo,2,) is the initial
position. In this condition we have 8(t = 0) = 0.

8 — Conclusion

In fact we saw two problems in Euler and Navier-Stokes equations, not only
one:

1) the pressure is (or may be) a vector, which was viewed briefly in sections 2 and
3 during the deductions of these equations;
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2) the nonlinear characteristic of these equations is not correct for modeling of

Du u (')u dx oudy

motion of fluids, because the use of chain rule in — = — ——+
Dt at ax dt dy dt

6u dz d d d . . .
97 dr implies that u; = d): = d—{ and uz = d—i are time functions only, without

spatial dependence, which we viewed in section 4.

Uy

We propose a new form for the Euler (v = 0) and Navier-Stokes equations,
where there is the simultaneous use of Euler and Lagrangian descriptions in a
same equation, i.e., fori =1, 2, 3,

Ju; aul ou; ou

9p , Ou; 9u; Ui _ w2, 410 o, .
(8.1) xl+ +a +azay+a362—vVul+3vaxi(V u) + fi,

where p, f;, u and u; are in Eulerian description and «@; = a;(t) in Lagrangian
dx;
description, i.e., a; = d—tl, according equation (4.3). Of this manner the nonlinear

form of these equations disappear, replacing it by linear equations, a second-order
equation of elliptic type if v > 0 or first order equation if v = 0.

Obviously, using the vector nature of pressure the equation (8.1) needs to
be modified to

0 0 0
(82) S+ =+ ay =t
l

aul

~tata A e v—(V w) + f;.

3 9z
In (8.1) it is still necessary to have a resultant conservative field, a gradient vector,
specifically for the integrable vector S = (S;, S,, S3), with

2 1. 0 o o, o o
(8.3) Siz(vV ui+§v6—xi(v-u)+fi)—(”+a t+a u+a ai)

whereas in equation (8.2) this is no longer necessary.

In section 4 we conclude that the new Euler equations have a natural
physical solution when the pressure and external force are given (or chosen) and
the integration in (4.6), which is the mentioned solution,

9 w=ul+ () (fi-32)ldt) s,

is possible, for i = 1,2,3, in general a non unique solution varying with the
transformations indicated as |, and |g. Beside this, boundary conditions must be
in accordance with this solution, as well as it is necessary the verification of
possible conditions to be obeyed by each u{ and a;(t), substituting the solution in
the equation, for that the mentioned solution effectively satisfies the equation of a
mathematical point of view.
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The functions a describe the velocity of the particles of the fluid over time,
so the importance of them can be considered greater than that of velocity u, that is,
it is convenient to choose initial velocities u® as simple as possible that are
compatible with the selected movement described by the a functions, in special:
u°(x9, Vo, 2o) = a(t = 0,xg, Yo, Zo). Without the compromise of the equality in time
of the Eulerian and Lagrangian descriptions, it is even possible that different
velocities u, for example u’ # u'’, correspond to the same motion described by «,
and we have divu' =0 and divu" # 0. So, seems that the incompressibility
condition is not of priority importance for the description of motion of fluids. Note
that similarly to what we have already said in section 5, we use implicitly the initial
position (xg, ¥y, Z9) in the function a(t) as constant, although it has the same
meaning as in a(t, xy, Yo, Zg)- Other constant parameters also can be included, of
course: R, 8y, w, Vv, p, etc., able to describe a very large class of motions.

It is also possible an easier form for the Euler (v = 0) and Navier-Stokes
equations, that is
opi , Da;

opi , Dai _ g2, 1,0 (p. .
(8.5) axi+Dt =V ul+3vaxi(v u) + f;,

. . . Da; .
where we can substitute p; by p if p; = p, = p; = p is scalar pressure. Here o S

in fact, a function only of time (and possibly constant parameters), without explicit
dependence of x,y,z. The new forms for these equations are most didactic,
because they can remind us of the need to be valid

(8.6) uF (x(£), y (1), 2(6),£) = uk(t) = a(t) = - (x(0), y(1), (1))
and

when we analyze a fluid motion, a physical system, not only the solution of a
problem purely mathematical, without application.

Now, to solve the equations of Navier-Stokes, and especially the Euler
equations, is no more difficult than solve the traditional equations of mathematical
physics, as heat equation, wave equation, Laplace and Poisson equations, etc., all of
them linear differential equations. Despite this, in case of scalar pressure, if v =0
and the external force is non conservative there is no solution for Euler equations,
as well as if the initial velocity is gradient (u°® = V¢°, V x u°® = 0) and the external
force is non conservative, which leads us to the case of breakdown solution
described in [10], when the pressure is a scalar function, because is not possible
the calculation of pressure, according rule (6.2) viewed in section 6.
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Note that the application of a non conservative force in fluid is naturally
possible and there will always be some movement, even starting from rest. So that
this is not a paradoxical situation it seems certain that the pressure in this case
cannot be scalar, but rather vector, and thus the equations returns to solution in all
cases (assuming all derivatives are possible, etc.). It is as indicated in (8.2) and
(8.5). With the use of vector pressure the conditions mentioned for systems (1.4)
and (1.5) also becomes unnecessary.
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23 - Describing a fluid in three-dimensional circular motion
with at most one spatial variable by rectangular coordinate

Valdir Monteiro dos Santos Godoi
valdir.msgodoi@gmail.com

Abstract: Describe a fluid in three-dimensional circular motion with at most one spatial
variable by rectangular coordinate, beyond time, and concludes on the breakdown of
Euler and Navier-Stokes solutions and the necessity of use of vector pressure.

In [1] we showed that the three-dimensional Euler (v = 0) and Navier-Stokes
equations in rectangular coordinates need to be adopted as

(1) B4Ry 23_104]—]: = W2 + 20V (V-u) + £,

, dxj . o . L
for i = 1,2,3, where a; = % is the velocity in Lagrangian description and u; and the

partial derivatives of u; are in Eulerian description, as well as the scalar pressure p and
density of external force f;. The coefficient of viscosity is v and by ease we prefer to
use the mass density p = 1 (otherwise substitute p by p/p and v by v/p).

An alternative equation is
iy 2 u _ oz L 1uy.
(2) o, +Z] -1 ]axj—vV ui+3vVi(V u) + fi,
thus making the pressure a vector: p = (p1, P2, P3). In both equations is valid

Du; Duf Du ou;
3 —_— = = = a; ,
B o T T o ( +ZJ 1 1 ax; )1

where the upper letter E refers to Eulerian velocity and L to Lagrangian velocity. The
symbol |, means the respective calculation in Lagrangian description, substituting each
X; as a function of time, initial value and eventually some parameters.

A condition indicated by us in [1] were

ou;
=0, i+#]j,
(4) ax] J
axi = uiat

because we have, by definition,

dx;

(5) ul = dtl
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in Lagrangian description, and for this reason the velocity u;, a priori, is not dependent
of others variables x;, with x; # x;. More than a rigorous mathematical proof, this is a

practical approach, which simplifies the original system.

It is very easy to accept the first equation of (4) when there is no link between
the spatial coordinates during the movement of the fluid over time, but in a circular
motion, for example, it seems to be no longer valid.

Let a circular motion of radius R, centered at (x;, yc) and with constant
angular velocity w > 0 described by the equations:

. {x = x. + R cos(6, + wt)
(6) Yy =y¢ + Rsin(6, + wt)

and consequently
2
(7)) x—x)*+(y—y,) =R~

Then the velocity components are

@) a;, =ul =x=—-wRsin(0y + wt) = —w(y —yc) = uf
a, =us =y =+wRcos(0y + wt) = +w(x —xc) = ub

and the acceleration components are

L E

DD—utl =% = —w?*Rcos(fy + wt) = —w?(x —xc) = D;tl

©) Duk puf
—- =V =—w?Rsin(0, + wt) = —w*(y —yc) ==

Supposing that the particles of fluid obey the motion described by (6) to (9), we

have
owm _ _,, 9u_g
ay T ox

(10) u u
—Z=+4w, —=2=0
ox ’ y

apparently in disagree with (4) if w # 0. But, as x is a function of y and reciprocally, in
this circular motion according (7), again (4) turns valid, for any signal of x and y. For to
complete a three-dimensional description, we define z = z,, without dependence of
time, and u; = 0.

ou; ou;
This is a motion of velocity without potential, because a—xl F 6_x] for some
j i
. ) . as; _ 0S; .. )
i # j, butif f = (fi, f2, f3) has potential we have Fyiale foralli,j = 1,2,3, with
j i
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= % g3 00U 2. +1, 2 (v.
(1) 8 =-—— ijlajaxj+vVui+3vaxi(V u) + fi,

then the system (1) has solution.

A calculation for the scalar pressure of this motion is

(12) p=[ (5,58 dl=] (—%+f)-dl
= @? (5= xex) 15, + (5= vey) 13, + U = Vo +6()

2 ) (2 )+ (- 0) ()]
U—U,+6(),

where f =VU, Uy, = U(xg,Y0,Z9,t) and L is any smooth path linking a point
(%0, Vo, Z9) to (x,y,2). We can ignore the use of xy, yo, 2z, and U,, and use only the
free function for time, 8(t), which on the other hand can include the terms in x,, y,
and z,, and nevertheless this solution shows us that the pressure is not uniquely well
determined, therefore we get to the negative answer to Smale's 15t problem,
according already seen in [2] and [3], even if we assign the velocity value on some
surface that we wish and even if 8(t) and U does not depend explicitly on the variable
time t. In this motion the pressure is dependent, besides of x,y and U, without any
problematic question, and x.,y. and w, specific parameters of the movement
conditions of a particle, of 8(t), U, and more three parameters, x,, y, and z,, then
there is not uniqueness of solution.

Another calculation for pressure is possible due to fact that we can describe the
Du Da
acceleration Dt of a particle of fluid as a function only of time, ot without the

variables x, y, z, and then

(13) p=—2o-f, dl+U—Us+06(t)

= +w?R[cos(0y + wt) (x — x4) + sin(f, + wt) (y — y,)]
+ U — U, + 6(t),

with
Z—z = +w?Rcos(fy + wt) + f; = +w?(x —x¢c) + f
(14) Z—z = 4+w?Rsin(0y + wt) + f, = +w* Y —yc) + fo

a_p o f
0z 3
in fact derivatives such as can be obtained from (12).
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Note that in order to continue using the traditional form of the Euler and
Navier-Stokes equations we will have non-linear equations, which can make it difficult
to obtain the solutions and bring all the difficulties that we know. To make sense to
use the velocity in Eulerian description rather than the Lagrangian description in q; it
is necessary that, forallt = 0,

(15) uF(x(),y(0),2(0), 1) = a(®) = (5.2, 5) = ut (o),

dt’ dt’ dt
omitting the use of possible parameters of motion, then nothing more natural than the
ou ou;
definitive substitution of the terms 2t + Y 7 % well as 24 + Y3y o, —

L
i

Da;
in the traditional form, by or D_tl' This brings a great and important simplification

in the equations, and to return to having the position as reference it is enough to use
the conversion or definition adopted for x(t),y(t) and z(t), including the possible
additional parameters, for example, substituting initial positions in function of position
and time, etc.

Thus, more appropriate Euler (v = 0) and Navier-Stokes equations with scalar
pressure are, in index notation,

(16) S—Z+DD—T = yV2y, +§vaixi(v ) + fi.

If v =0 and f is not conservative then there is no solution for Euler equations,
as well as if u is conservative and f is not conservative there is no solution for Navier-
Stokes equations, which now it is very clear to see from (16) and it is according [4].
More specifically, if u°, the initial velocity, is conservative (irrotational or potential
flow) and f is not conservative then there is no solution for Navier-Stokes equations,
because it is impossible to obtain the pressure. This then solve [5] for the cases (C) and
(D), the breakdown of solutions, for both u° and f belonging to Schwartz Space in case
(C), and smooth functions with period 1 in the three orthogonal directions e4, e,, €3 in
case (D). As u® need obey to the incompressibility condition, V:u® =0, with
Vxu® =0 and u® = Vg? where ¢° is the potential of u°, we have V?u® = 0 and
VZp® =0, i.e.,, u® and ¢° are harmonic functions, unlimited functions except the
constants, including zero. As u° need be limited, we choose u® = 0 for case (C) (where

it is necessary that f3|u 2dx dy dz is finite) and any constant for case (D), of

spatially periodic solutions. In case (D) the external force need belonging to Schwartz
Space with relation to time.

Note that the application of a non conservative force in fluid is naturally
possible and there will always be some movement, even starting from rest. So that this
is not a paradoxical situation it seems certain that the pressure in this case cannot be
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scalar, but rather vector, and thus the equation returns to solution in all cases
(assuming all derivatives are possible, etc.). It is as indicated in (2), or substituting p by
p; in (16).
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24 - Describing a Fluid Motion with 3-D Rectangular Coordinates
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Abstract: We describe a fluid in three-dimensional motion with at most one spatial
variable by rectangular coordinate, beyond time, and conclude on the breakdown of
Euler and Navier-Stokes solutions and the necessity of use of vector pressure.

Keywords: Euler equations, Navier-Stokes equations, Lagrangian description, Eulerian
description, Bernoulli’s law, breakdown solutions, vector pressure.

1 - Introduction

In [1] we showed that the three-dimensional Euler (v = 0) and Navier-Stokes
equations in rectangular coordinates need to be adopted as

dp |, oy 3 up 2 10 ]
(1) —+—+Z-_1aj7j—vv ui+§v6—xi(V u)+ﬁ-,

d .
for i = 1,2,3, where a; = Zis the velocity in Lagrangian description and u; and the
dt

partial derivatives of u; are in Eulerian description, as well as the scalar pressure p and
density of external force f;. The coefficient of viscosity is v and by ease we prefer to
use the mass density p = 1 (otherwise substitute p by p/p and v by v/p).

An alternative equation is

op; Bu ou; d
2 == ‘+Z]10c]a = vW2u; + va—xi(V-u)+fz,

Bxl

thus making the pressure a vector: p = (p4, P2, P3). In both equations is valid

Du; Duf Du ou;
3 —_— = = = a; ,
B o T T o ( +ZJ 1 1 ax; )1

where the upper letter E refers to Eulerian velocity (u) and L to Lagrangian velocity
(a). The symbol |, means the respective calculation in Lagrangian description,
substituting each x; as a function of time, initial value and eventually some

D
parameters. With the notation o e want, in principle, to make explicit that we are

calculating a total derivative in relation to time, and the result is a function exclusively
of time (and possibly a set of parameters), without the spatial coordinates x, y, z, but
when for some reason we need to leave the result as a function of the spatial
coordinates we can also do it.
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A condition indicated by us in [1] were

ou;
— =0, i #]j,
(4) 9% /
axl- = uiat

because we have, by definition,

dx;
5 u; = —,
() Ladt
in Lagrangian description, and for this reason the velocity u;, a priori, is not dependent
of others variables x;, with x; # x;. More than a rigorous mathematical proof, this is a
practical approach, which simplifies the original system.

It is very easy to accept the first equation of (4) when there is no link between
the spatial coordinates during the movement of the fluid over time, but in a circular
motion, for example, it seems to be no longer valid. In order to show how it is possible
to describe a motion with a single independent spatial variable by rectangular
coordinate, u; = @;(x;, t), we will describe in section 2 a circular motion and in section
3 a quite general movement.

The section 4 will be our Conclusion, concluding on the breakdown solutions
and the necessity of use of vector pressure.

2 — Circular Motion

Let a circular motion of radius R, centered at (x., y.) and with constant
angular velocity w > 0 described by the equations:

6 {x = x¢ + Rcos(6y + wt)
(6) Yy =y + Rsin(6,y + wt)

and consequently
2
(7)) (x—xc)*+(y—y.) =R

Then the velocity components are

@) a; =ul =x=—-wRsin(0y + wt) = —w(y —yc) = uf
a, =us =y =+wRcos(fy + wt) = +w(x —xc) = us

and the acceleration components are

314



L E
DU _ % = —w?Rcos(6y + wb) = —w?(x — x;) = 24
(9) Duk . puf
—2=j = —w’Rsin(f, + wt) = —w?(y —yc) = 2

Supposing that the particles of fluid obey the motion described by (6) to (9), we

have
ow _ _, u_
ay ' 0x
1o P2 — 4 2
ax ’ 9y

apparently in disagree with (4) if w # 0. But, as x is a function of y and reciprocally, in
this circular motion according (7), again (4) turns valid, for any signal of x and y. For to
complete a three-dimensional description, we define z = z,, without dependence of
time, and u; = 0.

ou; , 0u;j
This is a motion of velocity without potential, because — L for some
axj axi
o . . as; _ 0S;j .. .
i #J, butif f = (fi, f2, f3) has potential we have . e foralli,j = 1,2,3, with
j i

aui 3

ou; 1 0
) Si=-=; jzlaja—é+vvzui+§va—m(v-u)+ﬁ,

then the system (1) has solution.

A calculation for the scalar pressure of this motion is

12) p=] (5,5,5)dl=][ (—%+f)-dl
= w? [(x; - xcx) % T (y; - ycy) |§,’0] + U —Uy + 6(t)

= (5 xee) (55 ) (2 3e9) ()]
U—U,+06(),

where f =VU, Uy =U(xg,Y9,%9,t) and L is any smooth path linking a point
(X0, Yo, 20) to (x,y,z). We can ignore the use of x,, vy, 2z, and Uy, and use only the
free function for time, 8(t), which on the other hand can include the terms in x,, y,
and z,, and nevertheless this solution shows us that the pressure is not uniquely well
determined, therefore we get to the negative answer to Smale's 15" problem,
according already seen in [2] and [3], even if we assign the velocity value on some
surface that we wish and even if 8(t) and U does not depend explicitly on the variable
time t. In this motion the pressure is dependent, besides of x,y and U, without any
problematic question, and x.,y. and w, specific parameters of the movement
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conditions of a particle, of 8(t), U, and more three parameters, x,, y, and z,, then
there is not uniqueness of solution.
Another calculation for pressure is possible due to fact that we can describe the
Du Da
acceleration Dt of a particle of fluid as a function only of time, Yy without the

variables x, y, z, and then

(13) p———J"w+U Uy + 6(t)
= +w?R[cos(8, + wt) (x — x,) + sin(8, + wt) (y — y,)]

with
d
fﬁ = +w?Rcos(fy + wt) + f; = +w?(x —x¢c) + fi
5} .
(14) ! £ = +w?Rsin(@, + wt) + f, = +w?(y —yo) + [
op _
5, = I3
in fact derivatives such as can be obtained from (12).

Note that in order to continue using the traditional form of the Euler and
Navier-Stokes equations we will have non-linear equations, which can make it difficult
to obtain the solutions and bring all the difficulties that we know. To make sense to
use the velocity in Eulerian description rather than the Lagrangian description in q; it

is necessary that, forall t > 0,

dx dy dz
(15) uF(x(t), y(6),z(0), 1) = a(t) = (5,22, %) = ut(®),
omitting the use of possible parameters of motion, then nothing more natural than the
e S ou; a 6ui
definitive substitution of the terms Y + Z aj Fy e , as well as + Z] =1 U ox,

L

in the equations, and to return to having the position as reference it is enough to use
the conversion or definition adopted for x(t),y(t) and z(t), including the possible
additional parameters, for example, substituting initial positions in function of position
and time, etc.

Thus, more appropriate Euler (v = 0) and Navier-Stokes equations with scalar
pressure are, in index notation,

2.+, % (v. .
(16) axl+ t—vV ul+3v6xi(V u) + f;.
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3 — Generic three-dimensional motion

Suppose that a particle of fluid moves according to equation
(17)  x; = A;(Ox] + B; (D),

A;(0) =1, B;(0) =0, 4;,B; € C*([0,)), i = 1,2,3, (x1,%3,%x3) = (x,7,2),where
(x2,x2,x9) = (x4, V0, 20) is the initial position of this particle in relation to three-
orthogonal system of reference considered at rest.

Your velocity in relation to this systemis, for i = 1,2,3,

Lx; = ul = a; = AL(O)x? + BL(0),

(18) % =

with acceleration

(19) X; = d —X; = %u{“ = —al = A/ (t)x) + B}'(¢).

dt

We are using both the superior point (x) and the prime mark (A"), and respective
repetitions, for indicate differentiations in relation to time.

We are going to transform Lagrangian velocity into Eulerian velocity through
transformation

i—Bi(t
20) x) =28

which results in

Xi—B;(t)

@1 u =A% +Bi(t) = A() ==+ Bi(t)

_AI®) . AU®Bi() | o

= a0N T am B
and

E
22) 2= A (Ox] +BJ'(6) = A} () 52 + B! (1)
=N T T ae TEW®
We see that both uf and are linear functions in x; or only functions of time

: — . A A[® -
if A;(t) = 1. We still want the limits hmA—(t) and lmA 0 to be finite for all t > 0,

otherwise we will have infinite velocities or accelerations in these instants of infinity if
the corresponding values in Lagrangian description also are. When A;(t) = 0 the
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values respect to Eulerian description are equal to the corresponding Lagrangian
description.

The expression (22) is also obtained through the chain rule

Duf . auf 3 6uf
@) T = T L%y,
being
aulig A Al (A) (AgBi), 14
(24) at A? i A; + By,
B AlBi+alBl Al
(25) ( L l) — 1~ |t A (_l) Bl
Aj Aj Aj
and
(’iu{-5 N Aj
(26) Y3 1% 5 = (Ajx} +Bi)A_i'

With movements where there is some linear relation between the spatial
coordinates, as

(27)  x; = A (O)x) + A (©)xF + A (0)x3 + B;(b),
Aij(t),Bl-(t) € C*([0,)) fori,j = 1,2,3, we can transform
(28.1) A;(t) » Ay (D)x)

(28.2) B;(t) = A;j(®)x] + Ay (£)xg + B;(t)

into the previous equations (17) to (26), with j < k, i #j # k, i,j,k = 1,2,3, and we
will arrive at results similar to those already obtained.

If the relation between the coordinates is more complicated, not just linear, for
example when the particles need follow a specific family of surfaces of type
z = g(x,y) (omitting other possible parameters), for g smooth function, then we can
abandon the dependency of position, at least in one coordinate, as

29) z=g(xy) = g(x(t),y()) = h(t),

and therefore

u; = @1(x,t)
(30) Uy = @2(y,t)
uz = @3(z,t) = @3(h(t),t) = as(t)
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Thus, (4) holds in an infinity of cases and the Euler and Navier-Stokes equations has
solution in this way (if f is conservative).

Note that in both examples, sections 2 and 3, the solutions for velocity are at
most linear in relation to spatial coordinates, and then there is no necessity of
calculation of second derivatives of velocity, i.e., VZu = 0 for any viscosity coefficient
and the Navier-Stokes equations are reduced to the Euler equations. In general terms
we have, from (21),

0 _ A0 Ai0)Bi(0) |

where we suppose that limt_,oj‘:—gg is finite for i = 1,2,3. If it is necessary that
V:-u=V-u®=0 (incompressible fluids) then it must be valid, for all t >0, the

relation

A1) | A1) | As(t) _

2 =
32) A1(t)  Azx()  Az(D)

In all functions of time A;(t), A;;j(t) and B;(t) are implicit the inclusion of
constant parameters of movement, as R, 6y, w, x¢, Y, etc.

The scalar pressure is equal to
D
33 p=J, (5,5,8)-dl=[ (—2+f)-dl
i Du;
= i[5 (- 58) dxe + U = Uy +6(0),

if f is a conservative external force, f = VU, with

Du;

(34) Si = ~ D + fl
and

98i _95j o o _ o Ofi _ O
(35) 7%, = ox fori,j =123, i.e., 2%, = ot

and then there is solution for Euler equations in this case.

As we have seen previously, the calculation of pressure is not unique and we

Du; i . . .
can use D—tl as a function of x; and t or only of t. The simpler calculation gives

36) p=—Xi,[47(©Ox? + B! ®)](x;—x?)+U—-U, +06(t),

using
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DU _ D& _ iy, 0 4 g
(37) —-=—-=A4; Ox; +B;' (1),
according (19). The pressure is not dependent only of position and time, but also initial
position, although there is a one-to-one correspondence between initial position with

time and position, according (17) and (20).

See that we use A;(t) # 0 because any particle start from some position and it
is not possible all particles start from the same position, but if A;(t) = 0 for some
t > 0 use for (18) to (37) the results equivalents to A;(t) = A;'(t) = 0 and 4;(t) = 1,
except (20) which is no sense in this case, and (17) will be x; = B;(t).

Another calculation for scalar pressure gives, from (33) and using

Du; dx;
(38) —dx; = —du; = w;du;,
Dt dt

the interesting result

39 p=-Nii; Ul —uf?) +U-U,+06(t)
= —%(uz—u°2)+U—Uo+9(t),

as the Bernoulli’s law with % =0, u=Vgp.

4 — Conclusion

From equation (16),

(40) :_i-l_% = vV, +§vaixi(v ‘u) + f;,
we realize that if v = 0 and f is not conservative then there is no solution for Euler
equations, as well as if u is conservative and f is not conservative there is no solution
for Navier-Stokes equations, which now it is very clear to see and it is complementing
[4]. More specifically, if u®, the initial velocity, is conservative (irrotational or potential
flow) and f is not conservative then there is no solution for Navier-Stokes equations,
because it is impossible to obtain the pressure. This then solve [5] for the cases (C) and
(D), the breakdown of solutions, for both u° and f belonging to Schwartz Space in case
(C), and smooth functions with period 1 in the three orthogonal directions e4, e,, €3 in
case (D). As u® need obey to the incompressibility condition, V:u® =0, with
Vxu® =0 and u® = Vp°, where ¢° is the potential of u°, we have V?u® = 0 and
V2p® =0, i.e.,, u® and ¢° are harmonic functions, unlimited functions except the
constants, including zero. As u° need be limited, we choose u® = 0 for case (C) (where
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it is necessary that fRS |u®|?dx dy dz is finite) and any constant for case (D), of

spatially periodic solutions. In case (D) the external force need belonging to Schwartz
Space with relation to time.

Note that the application of a non conservative force in fluid is naturally
possible and there will always be some movement, even starting from rest. So that this
is not a paradoxical situation it seems certain that the pressure in this case cannot be
scalar, but rather vector, and thus the equation returns to solution in all cases
(assuming all derivatives are possible, etc.). It is as indicated in (2), or substituting p by
p; in (16).

According to what we saw in this article, solve the Navier-Stokes equations can
be synonymous to solve the Euler equations and we can take advantage of this facility.
For the time being, | do not know any reason for having to a more complicated
solution than the one described here, when the use of V2u # 0 is necessary, except if
the compromise with the motion of particles is forgotten or we intend to describe a
spatially periodic solution in Fourier series or the pressure is given and is not Vp = f
or, the worst, the velocity is not smooth (C®) and there are boundary conditions.
Nevertheless, even in the most complicated cases, the movement of particles can be
transformed into functions exclusively of time. Perhaps naval or aeronautical
engineers have other motives, but with a greater rigor, involving temperature and the
collision of particles, other equations must be constructed.

September-05,11,19-2017
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Abstract: We describe a fluid motion in three dimensions with rectangular, cylindrical
and spherical coordinates.

Keywords: Euler equations, Navier-Stokes equations, Lagrangian description, Eulerian
description, Bernoulli’s law, rectangular coordinates, cylindrical coordinates, spherical
coordinates.

1 - Introduction

In [1] we showed that the three-dimensional Euler (v = 0) and Navier-Stokes
equations in rectangular coordinates need to be adopted as

ou; i 2
(1) a—xl+—‘+211 J —vVul+ v—(V u) + f;,
d .
for i = 1,2,3, where q; = % is the velocity in Lagrangian description and u; and the

partial derivatives of u; are in Eulerian description, as well as the scalar pressure p and
density of external force f;. The coefficient of viscosity is v and by ease we prefer to
use the mass density p = 1 (otherwise substitute p by p/p and v by v/p).

An alternative equation is

op; Bu d
2 == ‘+Z]10c]a L= V2, + va—xi(V-u)+fz,

Bxl

thus making the pressure a vector: p = (p4, P2, P3). In both equations is valid

Du; Duf Du ou;
3 —_— = = = ,
B o T T o ( +ZJ 1 1 ax; )1

where the upper letter E refers to Eulerian velocity (u) and L to Lagrangian velocity
(a). The symbol |, means the respective calculation in Lagrangian description,
substituting each x; as a function of time, initial value and eventually some

D
parameters. With the notation o e want, in principle, to make explicit that we are

calculating a total derivative in relation to time, and the result is a function exclusively
of time (and possibly a set of constant parameters and initial position), without the
spatial coordinates x, y, z, but when for some reason we need to leave the result as a
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function of the spatial coordinates we can also do it. It is like when we want to write

E L
puf  pul . o ,
—- = —*|g, where the symbol | means the respective calculation in Eulerian
pt ~ bt 'E E
description.

A condition indicated by us in [1] were

ou;
—=0,1i#],
(4) 6xj J
axl- = uiat

because we have, by definition,

_ dx
(5) ul - dt’

in Lagrangian description, and for this reason the velocity component u;, a priori, is not
dependent of others variables x;, with x; # x;. More than a rigorous mathematical
proof, this is a practical approach, which simplifies the original system.

We will describe in section 2 a circular motion with uniform angular velocity
and in section 3 a quite general movement, both in rectangular coordinates. In the
section 4 we will write the Euler and Navier-Stokes equations in cylindrical coordinates
and in section 5 in spherical coordinates. The section 6 will be our Conclusion,
concluding again on the breakdown solutions and the necessity of use of vector
pressure.

2 — Circular Motion in Rectangular Coordinates

Let a circular motion of radius R, centered at (x;, y.) and with constant
angular velocity w > 0 described by the equations:

. {x = x¢ + R cos(6y + wt)
(6) Yy =yc + Rsin(6y + wt)

and consequently
2
7 x—x)’+(y—y.) =R

Then the velocity components are

E

@) a; =ul =x=—-wRsin(0y + wt) = —w(y —yc) = uf
a, =us =y =+wR cos(fy + wt) = +w(x — xc) = us

and the acceleration components are
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L E
DU _ % = —w?Rcos(6y + wb) = —w?(x — x;) = 24
(9) Duk . puf
—2=j = —w’Rsin(f, + wt) = —w?(y —yc) = 2

Supposing that the particles of fluid obey the motion described by (6) to (9), we

have
ow _ _, u_
ay ' 0x
1o P2 — 4 2
ax ’ 9y

apparently in disagree with (4) if w # 0. But, as x is a function of y and reciprocally, in
this circular motion according (7), again (4) turns valid, for any signal of x and y. For to
complete a three-dimensional description, we define z = z,, without dependence of
time, and u; = 0.

ou; , 0u;j
This is a motion of velocity without potential, because — L for some
axj axi
o . . as; _ 0S;j .. .
i #J, butif f = (fi, f2, f3) has potential we have . e foralli,j = 1,2,3, with
j i

aui 3

ou; 1 0
) Si=-=; jzlaja—é+vvzui+§va—m(v-u)+ﬁ,

then the system (1) has solution.

A calculation for the scalar pressure of this motion is

12) p=] (5,5,5)dl=][ (—%+f)-dl
= 02 [(% = xex) 15, + (L= yey) ] +U = Us +q®

= (5 xee) (55 ) (2 3e9) ()]
U—U,+q(t),

where f =VU, Uy =U(xg,Y9,Z9,t) and L is any smooth path linking a point
(X0, Yo, 20) to (x,y,z). We can ignore the use of x,, vy, 2z, and Uy, and use only the
free function for time, q(t), which on the other hand can include the terms in x,, y,
and z,, and nevertheless this solution shows us that the pressure is not uniquely well
determined, therefore we get to the negative answer to Smale's 15" problem,
according already seen in [2] and [3], even if we assign the velocity value on some
surface that we wish and even if g(t) and U does not depend explicitly on the variable
time t. In this motion the pressure is dependent, besides of x,y and U, without any
problematic question, and x.,y. and w, specific parameters of the movement
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conditions of a particle, of g(t), U, and more three parameters, x,, y, and z,, then
there is not uniqueness of solution.
Another calculation for pressure is possible due to fact that we can describe the
Du Da
acceleration Dt of a particle of fluid as a function only of time, Yy without the

variables x, y, z, and then

(13) p———J"w+U Uy + q(t)
= +w?R[cos(8, + wt) (x — x,) + sin(8, + wt) (y — y,)]

with
d
fﬁ = +w?Rcos(fy + wt) + f; = +w?(x —x¢c) + fi
5} .
(14) ! £ = +w?Rsin(@, + wt) + f, = +w?(y —yo) + [
op _
5, = I3
in fact derivatives such as can be obtained from (12).

Note that in order to continue using the traditional form of the Euler and
Navier-Stokes equations we will have non-linear equations, which can make it difficult
to obtain the solutions and bring all the difficulties that we know. To make sense to
use the velocity in Eulerian description rather than the Lagrangian description in q; it

is necessary that, forall t > 0,

dx dy dz
(15) uF(x(t), y(6),z(0), 1) = a(t) = (5,22, %) = ut(®),
omitting the use of possible parameters of motion, then nothing more natural than the
e S ou; a 6ui
definitive substitution of the terms Y + Z aj Fy e , as well as + Z] =1 U ox,

L

in the equations, and to return to having the position as reference it is enough to use
the conversion or definition adopted for x(t),y(t) and z(t), including the possible
additional parameters, for example, substituting initial positions in function of position
and time, etc.

Thus, more appropriate Euler (v = 0) and Navier-Stokes equations with scalar
pressure are, in index notation,

2.+, % (v. .
(16) axl+ t—vV ul+3v6xi(V u) + f;.
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3 — Generic three-dimensional motion in Rectangular Coordinates

Suppose that a particle of fluid moves according to equation
(17)  x; = A;(O)x] + B;(0),

A;(0) =1, B;(0) =0, 4;,B; € C*([0,0)), i = 1,2,3, (x1, %3, %3) = (x,¥,2z),where
(x2,x2,x9) = (x4, V0, 29) is the initial position of this particle in relation to three-
orthogonal system of reference considered at rest.

Your velocity in relation to this system is, for i = 1,2,3,

(18) X%; = —x; = uf = a; = Aj(O)x] + B;(t),

d
dt
with acceleration

D

d %
(19) xl = X = oy

D 144 144
a uf = 5% = A (®)x) + B (t).

We are using both the superior point (x) and the prime mark (4"), and respective
repetitions, for indicate differentiations in relation to time.

We are going to transform Lagrangian velocity into Eulerian velocity through
transformation

i—Bi(t
o) xf =25

which results in

xi—Bj(t)

21 uf =ufly = (4[(Ox) +B{(D) I = A1) 752+ B{(®)

_ A AOB®) |

=a05 T 4w B
and

puf Dul % % _ A XimBi(t) "

22) ZL=2, = (A7 (Ox) + B (©) | = AY (O 52 + B (1)

_ @, AOBO L pi

=0T T ae THWO

We see that both u an

; or only functions of time

l() L()
A(t)a dlmA(t)

otherwise we will have infinite velocities or accelerations in these instants of infinity if

if A;(t) = 1. We still want the limits lim to be finite for all t > 0,
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the corresponding values in Lagrangian description also are. When A;(t) = 0 the
values respect to Eulerian description are equal to the corresponding Lagrangian
description.

The expression (22) is also obtained through the chain rule

DuiE uf
(23) ¢ +21 1 Ja
being
ouf  alla—(a})? AlB\
24 1 —_ l i 1 ( 1 l) +B{I'
(24) ot A? i A; L
A'B;\'  AVB;+A!B a2
e () == () B
A A A
and
(’iu{-5 N Aj
(26) Y3+ o = (Ajx} +Bi)A_i'

With movements where there is some linear relation between the spatial
coordinates, as

(27)  x; = A (Ox) + A (O)x3 + Az (H)x3 + By (t),
A;j(t), Bi(t) € C*([0,)) fori,j = 1,2,3, we can transform
(28.1) A;(£) » Ay(D)x)

(28.2) B;(t) = A;j(®)x] + Ay (£)xg + B;(t)

into the previous equations (17) to (26), with j <k, i #j # k, i,j,k = 1,2,3, and we
will arrive at results similar to those already obtained.

If the relation between the coordinates is more complicated, not just linear, for
example when the particles need follow a specific family of surfaces of type
z = g(x,y) (omitting other possible parameters), for g smooth function, then we can
abandon the dependency of position, at least in one coordinate, as

29) z=g(xy) =g(x(),y(®) = h(0),

and therefore
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u; = @1(x,t)
(30) U, = @y, 0)
u3 = (pS (Z, t) = (pg(h(t),t) = a3(t)

Thus, (4) holds in an infinity of cases and the Euler and Navier-Stokes equations has
solution in this way (if the external force f is conservative).

Note that in both examples, sections 2 and 3, the solutions for velocity are at
most linear in relation to spatial coordinates, and then there is no necessity of
calculation of second derivatives of velocity, i.e., V2u = 0 for any viscosity coefficient
and the Navier-Stokes equations are reduced to the Euler equations. In general terms
we have, from (21),

0 _ A0 A{0Bi(0) | p
BU W =¥ aw B

where we suppose that limt_)oj‘:—gg is finite for i = 1,2,3. If it is necessary that
V-u=V-u®=0 (incompressible fluids) then it must be valid, for all t >0, the

relation

A | A0 | A _
4:1(1) A As(D)

(32)

In all functions of time A;(t), A;;(t) and B;(t) are implicit the inclusion of
constant parameters of movement, as R, 8y, w, X¢, Y, V, etc.

The scalar pressure is equal to

B3 p=J, (5,5,8)-dl=[ (—2+f)-dl
i Du;
— Zi3=1f;? (_D_Ii) dxl- + U — UO + CI(t),

if f is a conservative external force, f = VU, with

Du;

(34) Si=_m+fi

and

aS; _ aS
(35) ox; 0

j .. . i J
fori,j =123, ie,—=—
x ori,j i.e ox; 9%/’

and then there is solution for Euler equations in this case.

As we have seen previously, the calculation of pressure is not unique and we

Du; . . . .
can use D—tl as a function of x; and t or only of t. The simpler calculation gives

328



36) p=—Xi[47@Ox?+B!'®)](x;—x)+U—-U, +q(¢),
using

2% = 2% 40 + B (o),

(37) Dt Dt L

according (19). The pressure is not dependent only of position and time, but also initial
position, although there is a one-to-one correspondence between initial position with
time and position, according (17) and (20).

See that we use A;(t) Z 0 because any particle start from some position and it
is not possible all particles start from the same position, but if A;(t) = 0 for some
t > 0 use for (18) to (37) the results equivalents to A;(t) = A;'(t) = 0 and 4;(t) = 1,
except (20) which is no sense in this case, and (17) will be x; = B;(t).

Another calculation for scalar pressure gives, from (33) and using

Du; dx;
(38) tl dxi = d—tldui = ul-dui,

D

the interesting result

1
—Ti (W —w?) + U= U, +q(®)
= —— @2 —u?) +U - U, +q(1),

(39) p

as the Bernoulli’s law with %: 0, u =V¢, compatible with the velocity u in

Lagrangian description, u = u* = @, but whose value may be converted to Eulerian
description too, using uf = u’| as (21).

4 — Cylindrical Coordinates (1, @, z)

Using the transformations

— /2 2
(40) T xc+y

¢ = arctan

and the inverse transformations

X =TCOSQ
(41) {y =rsing

for radius r, azimuthal angle ¢ and elevation z as shown in figure 1, it is possible write
the Euler and Navier-Stokes Equations in cylindrical coordinates. Note that the inverse
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tangent denoted in ¢ = arctan%must be suitably defined, taking into account the

correct quadrant of (x, y).

Fig. 1 — Cylindrical coordinates (r,¢, z).

Based on Landau and Lifshitz[4], for viscous incompressible fluid we have for the
three components the new form

9p | Our L. _ Ul _ (2 _ia“_w_&)

(42.1) ar+ o + (u” - Vu, — =V Veu, = 12 + £,
19p | dug L. uGuy (2 iaur_u_(p)
(42.2) 7o+ + W Vuy +=——=v(Vu, + 3 9 72 + for
ap auz L 2
(42.3)6—2+E+(u 'V)U,Z:VV uz+fz,

where the Lagrangian velocity is
@3) ubt = (uf,ub,ub),
the Eulerian velocity is

E _ ,, —

and, for v: R3 X [0, ) — R smooth scalar function,
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L UGy 0

u
T"or  r d¢ Z 97

by 12 (00) , 1070 o
(46) V7w r or rar +r26<p2+622'

45) (@Wl-VYiv=u

The incompressibility condition (equation of continuity) is

_10(@uy) | 10uyp

(47) V-u r odr r do

ou,

+ 5, = 0.
You can consult in internet for a brief comparison the links

https://en.wikipedia.org/wiki/Navier%E2%80%93Stokes equations and

https://en.wikipedia.org/wiki/Del in cylindrical and spherical coordinates. In the
1 1

. . a d a . .
first link the terms ~v—V - u, —v-—V-u and 2vZV-u are added respectively in
3 O0r 3 rde 3 0z

right side of each one of equations (42) for viscous compressible fluid.

Using the substitutions

X, X T

(48) (X2, Y P @
X3,Z P Z

and, respectively,

Ug, a1, 41, Bl;Alj = Uy, Ay, Ay, By, Arj
(49) Uz, aZ;AZ; BZ;AZj = u(p; a(p; A(p; B(p: A(pj
usz, a3, Az, B3, Azj = Uy, a5, Az By, Ay

in section 3, equations (17) to (22) and (27) to (31) for rectangular coordinates, it is
possible obtain similar relations for cylindrical coordinates, such that

r=A,.(t) ry + B.(t)
(50) 3@ =Au(t) po + By(D)
z = A, (t) zp + B,(t)

supposing the time functions are smooth, with the initial conditions

4,(0) = A,(0) = 4,(0) = 1
G {Brm) = B,(0) = B,(0) = 0

Differentiating in relation to time we have the velocity components in
Lagrangian description
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I F=dr=ul=a =A@ 1+ B,®
(52) {9=2p=ub=a,=A4,0 ¢,+ B,
( z=4z=ul=a,=A,t) 20+ B,(t)

and using the initial conditions parameters obtained from (50)

( _ r—B,(t)
07 4.0
_ @—By()
(53) %o —A(p(t)
_Z—By(t)
20 = Ay (t)

in the Lagrangian velocity components (52) we have the Eulerian velocity components

_Ar®) _ AR©B(®)

Ur = ur = ’rlE - Ar(t) Ar(t) + Br(t)
_ Ay () _ Ay (£)By (1) ,
(58) Uy = Uy = Uyl = e yes + B, (t)
= yE = 4L Az(t) AL()B,(t)
| Uz = U = U= ol Tam T B.(t)

Differentiating (52) in relation to time we have the Lagrangian acceleration

components
(F=Si=2uk== aT—A(t)r0+B(t)
. d . D D
(55) {p==¢= Eug =50 = A(,,(t) @t Bq,(t)
z=tz=2ul=2a —A(t)zo+B(t)

and using again the initial conditions parameters (53) now in (55) we have the Eulerian
acceleration components

(Duf _ Dub, _ A® .. AW®B® | p"
i T R L O

Dub _ Dub, Ap®)  Ap®By(t) | p”

(56) Dt Dt |E Ay(D) W"‘Bq)(t)
Duf _ Duby _ Ay®)  _ A;OB,(O | p"

D = o e T A T B0

Being true that numerically we have
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Du, 6ur ubu
(Dt = +(u -Vu, — “’T‘”
Du au uku
57 Yo _ qo oUr
57 {Z2=Z24 (ub-V)y, +
Z a Z
Du, _ Ju +(u -Vu,

Dt
when all functions are converted into time functions, where

d
(u V)u‘l" = u# aur

u(p au(,,

I
(58) {(u Vu, = .

L@t Vo, = uk 2

for

Our _ Our _ Oup _ Uy _ Ouz _ O0u,
dp 9z or 98z  or  dg

(59) =0,

according (54), we write the Navier-Stokes equations (42) in cylindrical coordinates as

dp , Duy _ 2. 20up  u

I(6_+ —V(V Ur =35~ —)+fr
10 Du 2 u

(60) 4 p+ “’—V(V u(p——rf)+f

\ a’”+D”Z=1/V2uz+fz

From (46) and (54) we have

2, —A®1
(61) Viu, = AT

Vzu(p = Vzuz =0

and then in this case the Navier-Stokes equations are

o Dur _ (A1 _ 24,0 _u
ar Tt V(Ar(t)F 2 A,(t) r_2> +f,

(62) 9p Dug _ _ %
l a(p+rDt vr+rf(p
dp , Du, __
az+ Dt _fZ

Defining
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(Sr= _D!ltr_l_v(Ar(t)l_iA@_(t)_ﬂ)_'_fr

D AT T2ANE) 1
(63) — _Duw W
So=-—r o V- +rf¢
— Du,
SZ - = Dt + fz

to have some solution to the system (62) it is necessary that

of
(05r — %S¢ Uy _ _ DUy , | Uo Yo
| 9 or 0@ Dt +vr2+f<p+r6r

05, _ 95, _,0f, _ O,

az ~ ar 9z or
654,_652:) oy _ 9of,

0z do 0z do

(64)

so there is not always a solution to the Euler and Navier-Stokes equations in cylindrical
coordinates, according to the above system, as too occurs in the case of rectangular
coordinates.

When there is some solution for the system (62), given the velocity and
external force, a solution for pressure is then as in the rectangular coordinates case,

65) p= [, S-dl+q(),

for A= (r,,z), Ay = (19, Vo, Zo), (Z—I:,Z—Z,Z—Z) = (Sr,S(p,SZ) = S and with the line
differential element equal to dl = (dr, r dg, dz), being also possible the use of the
vector S transformed as time function only, the Lagrangian description. The value of
line integral is independent of path. q(t) is any smooth and limited time function, a

physically reasonable time function.

5 — Spherical Coordinates (r, 8, @)

Using the transformations

r= \x%+y2+z2
Z
(66) 0= arccos —

Q= arctan%

and the inverse transformations

X = rsinf cos @
(67) {y =rsinfsing@
Z=rcosf
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where
0 < 0 < m, 0O isthe polarangle or colatitude,
0 < ¢ < 2m, @ isthe azimuthal angle,
r = 0 is the radius,

as shown in figure 2, it is possible write the Euler and Navier-Stokes equations in
spherical coordinates.
£

¥ (r, B, q&)

Fig. 2 - Spherical coordinates (r,8,) as commonly used in physics (ISO convention): radial
distance r, polar angle 8 (theta), and azimuthal angle ¢ (phi). The symbol p (tho) is often used
instead of r.

Based on Landau and Lifshitz!¥, for viscous incompressible fluid we have for the
three components the new form

L L
ou Ugug+ugu
(68. 1) — + L+ (ut-Vu, — % =
2 2 0(ugsin @) 2 Jduy ZuT)
v(Veu, — - -
( " r2sin20 00 r2sin@ d¢ 72 +ﬂ
10p 6u9 ugur uéu(p cotf
68.2) —— u- - V)ug — =
(68.2) ———+—=+ (u" - Vug + -
2 2cos@ duy 2 aur )
viViug —————+ 5 ——
( ® " r2sin2g L) r2 90 T stH fe
683 1 dp n ouy n ( L V) n u@ur n u@ug cotf
. —+—+ W -V)u =
( ) rsinf do at ¢ T T

2 2 du, 2cosf aug )
v({Viu
( ¢ + r2sin@ d¢ + r2sin?6 d¢ r 51n29 f(p

where the Lagrangian velocity is
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L —(,L ,L ,L
(69) ut = (uk,ug,ub),
the Eulerian velocity is
700 uf =u = (u,,ug uy,),

and for v: R3 x [0, 00) — R smooth scalar function,

pov  ubov | b ov
T"or ' r 00  rsinf d¢’

10 ov 1 9 ov 1 9%
) V= lO(a®) 10 (g0, 1 ot
(72) 2 9r or t r2sin@ 06 06 t r2sin%6 92

71y @Wr-VYv=u

The incompressibility condition (equation of continuity) is

1 9(r?uy) 1 9(ugsinh) 1 Ouy
r2 or rsin 6 a0 rsind d¢p

(73) V-u=

You can also consult in internet for a brief comparison the links
https://en.wikipedia.org/wiki/Navier%E2%80%93Stokes equations and

https://en.wikipedia.org/wiki/Del in cylindrical and spherical coordinates. In the
1 1

s 19 a 1 a .
first link the terms =v—V -u, —-v=—V-uand =v———V - u are added respectively
3 0r 3 radé 3 rsinf de

in right side of each one of equations (68) for viscous compressible fluid.

Using the substitutions

X, X T

(74) {xz,y 0
x3,z g (p

and, respectively,

uy,aq,41, By, Ayj » up, @y, Ar, By, Ay
(75) Uz, az,AZ, BZ)AZj = Uy, a@:Ae: BQ,AQJ'
ug, ag,A3,B3,A3] - u(p, a(p,A(p,B(p;A(p]

in section 3, equations (17) to (22) and (27) to (31) for rectangular coordinates, it is
possible obtain similar relations for spherical coordinates, such that

r=A.(t) 1o + B.(t)
(76) { 6 = Ap(t) By + By(t)
@ =A,(t) o+ By(t)

supposing the time functions are smooth, with the initial conditions
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4,(0) = Ag(0) = 4,(0) = 1
U7 1 B,(0) = By(0) = B,(0) = 0

Differentiating in relation to time we have the velocity components in
Lagrangian description

d ! !
I{ r=—r=ul=a =A)ro+ B

0=20=ul=ay=4y1 0+ By(®)

¢ =20 =uh=a,=A,0 ¢, + Byt

(78)

and using the initial conditions parameters obtained from (76)

r—B,(t)
Ar(1)
0—Bg(t)
9, =0
(79) 14 Yo Ag(0)
=§0_B<p(t)
(o Ap(t)

in the Lagrangian velocity components (78) we have the Eulerian velocity components

40O AOBO 4 pipy

(.,
U = up = urlp =250 A (D)
_ L E _ Ly _A®) 5,  Ap®)Bg(t) | p
(80) | Us =Us =Ugle =7 = 1w T Be(®
_ B _ Ly Ae®)  Ap®)Be(®) | o
(Up = Up = Uglg = 2,0 e + B, (1)

Differentiating (78) in relation to time we have the Lagrangian acceleration

components
( r—%r——ur =2 a, = A, 1o+ B (1)
(1) {h=24=Luyk= DQ=A&0%+B&0
. d . n "
=== D—tué = D_t% = Ay(t) @, + By(t)

and using again the initial conditions parameters (79) now in (81) we have the Eulerian

acceleration components

(Duf _ Dub, _ A® .. AW®B® | p"
Dt ~ Dt IE o Ar(t)r Ar(t) + B (0

Duf _ Dub Ap®) f _ Ag(®Bg(t) 4
82) 5 =Dl = Ag(t)g Ag(0) +Bo(0)
Duf _ Dub, Ap®  AgDBy(®) 4 B:;, ©®

\ Dt Dt |E Ay () Ay(t)
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Being true that numerically we have

( Du ou ubug+ulu

—r =7+ W Vu, — R
Du ou uku uku, cotd

(83) <D—te 9+(u V)u+9r—‘”"’r
Du au uku ukug coto

¢ _““o L. QUr [ad’)

37 = 5 + (" - Vu, + .

when all functions are converted into time functions, where

d
I( (ut-Vu, =ut aur
L. _ u0up
(84) (u V)U,Q = 9
L
L. _ Yo O
(u V)u‘p " rsin® do

for

ou ou ou ou ou ou
(85) T _ ro_ % — 6 — <P Qo __ 0
a0 do ar do ar 26

according (80), we write the Navier-Stokes equations (68) in spherical coordinates as

(o0 4 Dur _ ( 2, 2 O(ugsing) 2 duy ZuT)
46 + Dt viViu r2sin’@ 20 r2sin @ ago r2 fr
19p | Duy 2 2cosf Juy
86 +—=—"L=v (V Ug — )
(86) rae ' Dt 0 2sinZg 99 r251n 0 f@

1 ap Du(p _ ( 2 _ Ugp )
rsin96<p+ Dt =v(V g r2sin®@ +f(P

From (72) and (80) we have

10 0 10 Ar(t 2 Ayt
rvzur _ (r2 ﬁ) _ ——(rz r( )) _ 24
r2 or ar r2 or Ap(t) T Ap(t)
a ou 1 Ag(t)
2 0 _ 1 4p
(87) 4 Vup = 2 sin @ ae( ing ae) T 12 Ag(0) cot&
2
2 _ 1 0 u<p _
\ v Up = r2sin26 9?2

and then in this case the Navier-Stokes equations are

(a_p_I_Dur — vy zA’r(t) 2 O(upsing) 2 A;p(t) 2u, +f
Dt rAr(t)  r2sing 00 r2sinfA,(t) 12 r

(88) <{ 1lop Dug _ 1 Ag(t) cotf — 2cosh Ap(t)  uy
706 + 2 Ap(®) r2sin®0 Ap(t)  r2sin’@ f9

1 dp Duy, (_ Up )
\ rsin9690+ Dt =V r2sinZ6 +f§0
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Defining

( Duy 2 A;ﬂ(t) 2 0(ugsinB) 2 A:p(t) 2uy
Sr=- Dt TV (?Ar(t) T 2sinZg 06 2 sin 6 Ay (t) 2 + f

(89) A S 7"% Vl A’g(t) cotd — 2c0s0 Apt)  uy e
6= Dt T\ 4g(t) sin?8 Ap(t)  sin’g f9

Sy = —r51n0——vrsm9+r51n9f

to have some solution to the system (88) it is necessary that

]
+r£

(90)

_ )
5= 5= (e s T = e TV
) %:%:%z—sin6%+vr +51n9(f¢,+raf<p)
k %:% %:—rc059%+ ur<p;:05 +r(cos€f¢,+sm9 )
where
o1 0= (2corg - L2220 va)

so there is not always a solution to the Euler and Navier-Stokes equations in spherical
coordinates, according to the above system, as too occurs in the cases of rectangular
and cylindrical coordinates.

When there is some solution for the system (88), given the velocity and
external force, a solution for pressure is then as in the rectangular and cylindrical
coordinates cases,

(92) p= L:S-dl+q(t),

whered = (1,0, ¢), Ay = (19,00, ¥o), (Zf SZ 25,) = (ST,SQ,S(p) =S and the line

differential element is dl = (dr, r d@, rsin 6 dg). It is also possible the use of the
vector S transformed as time function only, the Lagrangian description. The value of
line integral is independent of path. q(t) is any smooth and limited time function, a
physically reasonable time function.
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6 — Conclusion

Essentially the present conclusion has already been obtained in [1], using only
rectangular coordinates, and here we are only updating it with the three coordinate
systems we have seen.

From equation (16) in rectangular coordinates,

(93) :—Z+% = vV, +§vaixi(v u) + f;,

we realize that if v = 0 and f is not conservative then there is no solution for Euler
equations, as well as if u is conservative and f is not conservative there is no solution
for Navier-Stokes equations, which now it is very clear to see and it is complementing
[5]. More specifically, if u®, the initial velocity, is conservative (irrotational or potential
flow) and f is not conservative then there is no solution for Navier-Stokes equations,
because it is impossible to obtain the pressure. This then solve [6] for the cases (C) and
(D), the breakdown of solutions, for both u° and f belonging to Schwartz Space in case
(C), and smooth functions with period 1 in the three orthogonal directions e4, e,, €3 in
case (D). As u® need obey to the incompressibility condition, V:u® =0, with
Vxu® =0 and u® = Vp°, where ¢° is the potential of u°, we have V?u® = 0 and
V2p® =0, i.e.,, u® and ¢° are harmonic functions, unlimited functions except the
constants, including zero. As u° need be limited, we choose u® = 0 for case (C) (where

it is necessary that fw |u®|?dx dy dz is finite) and any constant for case (D), of

spatially periodic solutions. In case (D) the external force need belonging to Schwartz
Space with relation to time.

The conditions (64) for cylindrical coordinates and (90) for spherical
coordinates also show that there is not always a solution to the Euler and Navier-
Stokes equations, with even more difficult equations to be obeyed.

Note that the application of a non conservative force in fluid is naturally
possible and there will always be some movement, even starting from rest. So that this
is not a paradoxical situation it seems certain that the pressure in this case cannot be
scalar, but rather vector, and thus the equation returns to solution in all cases
(assuming all derivatives are possible, etc.). It is as indicated in (2), or substituting p by
p; in (16) and pr, Dy, Pz De in the others correspondent coordinates.

According to what we saw in this article, solve the Navier-Stokes equations can
be synonymous to solve the Euler equations, at least in rectangular coordinates, and
we can take advantage of this facility. For the time being, specifically in rectangular
coordinates case, section 3, | do not know any reason for having to a more
complicated solution than the those described here, when the use of V?u # 0 is
necessary, except if the compromise with the motion of particles is forgotten or we
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intend to describe a spatially periodic solution in Fourier series or the pressure is given
and is not Vp = f or yet, the worst, the velocity is not smooth (C*) and there are
boundary conditions. Nevertheless, even in the most complicated cases, the
movement of particles can be transformed into functions exclusively of time and
parameters as initial position and others. Perhaps naval or aeronautical engineers have
other motives, but with a greater rigor, involving temperature and the collision of
particles (between them and on rigid surfaces), other equations must be constructed.

So that there are no contradictions between the three reference systems, if in
rectangular coordinates the solution is independent of the coefficient of viscosity, then
the same movement in the cylindrical and spherical coordinates will also be, taking
into account the additional terms that appear after V?u,, Vu,, and V?uy in (42) and
(68) and the terms related to the partial derivatives of V - u (equation of continuity).

We deduce all these equations thinking about a generic particle of fluid, hence
with a single initial position, as (xg,Yo,2Z) in rectangular coordinates. We can
generalize all these results also for several particles and its respective initial positions,
Xom> Yom Zom)» Tom» Poms Zom)» (Toms Qoms Pom), Using for example an identification
index for the various functions and variables, as Aip, Bim, Arm, Aoms Apm» Azm Pm.
etc.,, 1 < m < n, with n the total number of particles (ideally n — o0) and m indicating
the specific particle. An interesting study is to calculate the time instants of the various
collisions between particles, and the consequences of these collisions. A statistical
treatment seems to be the most appropriate.
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