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ABSTRACT

In 1997, Andrew Beal announced the following conjecture: Let A, B,C,m,n, and [ be
positive integers with m,n,l > 2. If A™ + B® = C' then A, B, and C have a common
factor. We begin to construct the polynomial P(z) = (z — A™)(z — B")(z + C!) =
x3 — px + g with p, ¢ integers depending of A™, B" and C!. We resolve > —pxr+¢q =0
and we obtain the three roots x1,z9,x3 as functions of p, ¢ and a parameter 6. Since
A™ B™ —C! are the only roots of 2% — px + ¢ = 0, we discuss the conditions that
1, T9, T3 are integers and have or not a common factor. Three numerical examples are

given.
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1. Introduction

In 1997, Andrew Beal [I] announced the following conjecture :

Conjecture 1.1. Let A, B,C,m,n, and [ be positive integers with m,n,l > 2. If:
A"+ B" = (! (1)

then A, B, and C have a common factor.

In this paper, we give a complete proof of the Beal Conjecture. Our idea is to construct a
polynomial P(z) of three order having as roots A™, B"® and —C' with the condition . The
paper is organized as follows. In Section 1, we begin with the trivial case where A™ = B".
In Section 2, we consider the polynomial P(z) = (z — A™)(z — B")(z + C') = 23 — px + q.
We express the three roots of P(x) = 23 — px + ¢ = 0 in function of two parameters p, 6 that
depend of A™, B™ C'. The Sections 3,4 and 5 are the main parts of the paper. We write that

4 0 a
AP = §6082§. As A?™ ig a natural integer, it follows that cos®~ must be written as — where

a,b are two positive coprime integers. We discuss the conditions of divisibility of p,a,b so that
the expression of A?™ is a natural integer. Depending of each individual case, we obtain that
A, B, C have or not a common factor. We present three numerical examples in section 6 and we
give the conclusion in the last Section.

1.1 Trivial Case
We consider the trivial case when A™ = B"™. The equation becomes:

2A™ = (! (2)
then 2|C! = 2|C = Jc € N*/ C = 2¢, it follows 2A™ = 2/l = A™ = 2/=1¢l. As [ > 2, then
2|A"™ = 2|A = 2|B"™ = 2|B. The conjecture is verified.

We suppose in the following that A™ > B™.
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2. Preliminaries

Let m,n,l € N* > 2 and A, B,C € N* such:
A"+ B =C!
We call:
P(z) = (x — A™)(x — B")(z + C') = 2® — 22(A™ + B" — (")
+ z[A™B" — CY(A™ 4 B")] + C' A" B"
Using the equation , P(z) can be written:

P(x) = 23 + z[A™B" — (A™ + B")?] + AmB"(A™ + B")

We introduce the notations:
p= (A" 4 B")? - A™B"
As A™ # B", we have :
p>(A™ - B")?% >0
Equation becomes:
P(z) =2 — pr +q
Using the equation , P(z) = 0 has three different real roots : A™, B® and —C".

Now, let us resolve the equation:
P(x)=a2%—pr+q=0
To resolve let:

r=u-+v
Then P(x) = 0 gives:
Pz)=Pu+v)=(u+v?-pu+v)+q¢=0= >4+ >+ (u+v)(Buv —p) + ¢ =0

To determine v and v, we obtain the conditions:

ud 4+ 03 = —q

uww=p/3>0
Then u? and v3 are solutions of the second order equation:

X2+ qX +p%/271=0

Its discriminant A is written as :

27¢> —4p> A
A=g —ap?/21=""_"T = —
T~ /2T 27 27

Let:
A =27¢% — 4p3 = 27(A™B"(A™ + B™))? — 4[(A™ + B™)?> — A™B"]3
— 27A2mB2n(Am + Bn)? _ 4[(Am + Bn)? _ AmBn]S
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Noting :
a=A"B" >0 (18)
B =(A™+ B")? (19)
we can write as:
A =270*8 — 4(8 — a)? (20)

As a # 0, we can also rewrite as :

A=d (275 —4 <§ — 1>3> (21)

We call t the parameter :

t= g (22)
A becomes :
A =327t — 4(t — 1)) (23)
Let us calling :
y=y(t) =27t —4(t —1)3 (24)
Since a > 0, the sign of A is also the sign of y(t). Let us study the sign of y. We obtain y/(t):
y'(t) =y =3(1+2t)(5—2t) (25)

Yy =0=t; = —1/2 and t2 = 5/2, then the table of variations of y is given below:

52 4 +oc

172
142t - |_0| +
5-2t + T + 0
y'®

FIGURE 1. The table of variation

The table of the variations of the function y shows that y < 0 for ¢ > 4. In our case, we are
interested for ¢ > 0. For ¢ = 4 we obtain y(4) = 0 and for ¢ €]0,4[— y > 0. As we have
= g > 4 because as A™ # B™

(A™ —B™?>0= = (A™+ B")? > 4a = 4A™B" (26)

Then y < 0 = A < 0 = A < 0. Then, the equation (15)) does not have real solutions u>
and v3. Let us find the solutions © and v with = u + v is a positive or a negative real and
u.v = p/3.
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2.1 Expressions of the roots
Proof. The solutions of are:

We may resolve:

Writing X in the form:

with:

2 3v3
VvV=A
and sin = —— >0
2p

cosl = 4 <0

2p

Then 6 [271] €] + g, +7], let:

T T 0 1 V3
<0 e M e
2< <+7T:>6<3<3=>2<cos3< 5
and:
1< 29<3
— < cost- < =
4 3 4
hence the expression of Xo:
X2:pe—u9
Let:
u=re"
-1+ 27
and j— —LHIV3
2
o i 144V3
]263:— 2 :]

j is a complex cubic root of the unity <= j2 = 1. Then, the solutions u and v are:

up = re™t = J/pe's
. .z 0 - 0427

Uy = re¥z — %jel?, = 3pe' 3
60+4m

. ) Q 4771— Q .
uz = re¥s = \?’/ﬁjzels = W@Z 3etls = 3 pe’ 3

(29)

(30)

(31)
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and similarly:

vy =re” W1 = %e_’% (44)

UQ — Te*i’ll)g — %]26771% — e/ﬁei%efi — \3/56'[471'379 (45)
vy =re " = Ypje

- 2m—0

:\?’/ﬁeZ 3

We may now choose u; and vy so that ug + v, will be real. In this case, we have necessary :

wl w|

v = Uy (47)
Vo = Uy (48)
V3 = U3 (49)
We obtain as real solutions of the equation :
0

1 =ul +v = 2\3fpcos§ >0 (50)

0+ 2 0 0
To = Uz + v2 = 2/ pcos —;, T _ —/p <6083 + \/gsin?)) <0 (51)

0+4 0 0
x3 = u3z + v3 = 2/ pcos 2 T Jp <—0083 + \/381'713) >0 (52)

We compare the expressions of 1 and z3, we obtain:

”
6 ~~ 6 6
2{”/130033 > p <—cos3 + \/gsin?))
?

3003% > \/gszng (53)

0 6 0
As 3 €]+ %, +g[, then sz’ng and cos are > (. Taking the square of the two members of the
last equation, we get:

1 0
1< cos® 3 (54)

6
which is true since - €] + %, +g[ then 21 > z3. As A™, B™ and —C! are the only real solutions

of ([10f), we consider, as A™ is supposed great than B", the expressions:

0
A" =31 =u1 +v1 = 2\3/ﬁcos§

0+4 0 0
B" = 13 = ug + v3 = 2¢/pcos —;, T _ Jp <—0033 + \/gsz'n3> (55)

0+ 2
—Cl' =29 =ug+ vy = 2/ pcos +3 T_ —/p <cos§ + ﬁsmi)
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3. Preamble of the Proof of the Main Theorem

THEOREM 3.1. Let A, B,C,m,n, and | be positive integers with m,n,l > 2. If:
A™ 4+ B" = (! (56)

then A, B, and C' have a common factor.

0 0
A™ = 2\3/ﬁcos§ is an integer = A%?™ = 4/ p20032§ is also an integer. But :

V=2 57
PP=3 (57)
Then:

0 6 4 0
AP = 4Wc032§ = 4§.c032§ = p-§~0032§ (58)

0
As A?™ is an integer and p is an integer, then cos2§ must be written under the form:

1
cos“—= = - or cos‘-=— (59)

with b € N*; for the last condition a € N* and a, b coprime.

Notations: In the following of the paper, the scalars a, b, ..., z, a, 5, ..., A, B, C, ... and A, ®, ...
represent positive integers except the parameters 6, p, or others cited in the text, are reals.

0
3.1 C 22 =
asecos3 b
We obtain:
4 0 4p
A% = p.= cos? - = — = 60
P3c08 3= 5y (60)
1 6 3 1 1 3
As = 2 s <<t =2b<4<3b=>bb=1,23.
s4<cos3<4:>4<b<4:> <4< 3b= ;2,3

3.1.1 b=1 b=1= 4 < 3 which is impossible.

2.
— P 3|p = p = 3p’ with p’ # 1 because 3 < p, we

312b=2 b=2= A’ =p. 3

obtain:

W =
N

2
AP = (A™)? = ?p =29 = 2| = p/ = 2%}
with 2J[p1, a+1:25
A™ = 28p, (61)
0
B"C! = 3/ p? (3 — 400323> =p =2} (62)

From the equation , it follows that 2|A™ = A = 2'A;, i > 1 and 2 { A;. Then, we have
B = i.m = im. The equation implies that 2|(B"C!) = 2|B™ or 2|C".
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Case 2|B" :1If 2|B" = 2|B = B = 2/ By with 21 B;. The expression of B"C! becomes:
Bwlmcl — 22im—1—jnp%

- If 2im — 1 — jn > 1, 2|C" = 2|C according to C! = 2™ AT 4 2/" B? and the conjecture ([1.1)

is verified.

- If 2im — 1 — jn < 0 = 2{ C', then the contradiction with C! = 2™ AT 4 2/" B7.

Case 2|C! : If 2|C": with the same method used above, we obtain the identical results.

41 4
3.13b=3 b:3:>A2m:p.§.§:§p:>9|p:>p:9p’withp’7£1,a89<<pthen

A?m = 4/ If p/ is prime, it is impossible. We suppose that p’ is not a prime, as m > 3, it follows
that 2|p/, then 2|A™. But B"C! = 5p’ and 2|(B"C"). Using the same method for the case b = 2,
we obtain the identical results.

0 a
3.2 C 1, cos’~ = —
ase a > 1, cos 373
We have:
0 4 0 4p.
0032§ = % Y C— p.g.0032§ = 31.7ba (63)
where a, b verify one of the two conditions:
’ {3la and blip} ‘ or ’ {3lp and bl4p} ‘ (64)

and using the equation , we obtain a third condition:

b<4a<3b (65)
0

For these conditions, A?™ = 4{/ p20052g = 4p.0052§ is an integer.

3
Let us study the conditions given by the equation in the following two sections.

4. Hypothesis : {3la and bl4p}

We obtain :
3la= 3d' e N* / a = 3d (66)
4.1 Case b =2 and 3Ja :
A?™ is written as:
4p 0 4dpa 4dpa 2pa
A2m_7 27:7.7:7‘7: 67
33730 32 3 (67)
Using the equation , A?™ becomes :
/
A2 = 2'p:'33“ —2p.ad (68)

0 3a’
but 00525 = % = 7& > 1 which is impossible, then b # 2.
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4.2 Case b =4 and 3|a :
A2™ is written :

2m 4p 50 B 4.p

a .
33T 3 b 34 3 3 P (69)
2
0 a 3.d V3 3
2 !
_ = - = _ e 1
and cos 2 1 <<2> 1< (70)
which is impossible. Then the case b = 4 is impossible.
4.3 Case b=p and 3|a :
We have :
cos?s = = 3a’ (71)
3 b p
and:
4 0 4 !
AP — ?p 00525 = ?f)?)g = 4d' = (A™)? (72)
Ja” /CLI _ a772 (73)
and B"C'=p— A’ =b—4d =b—4a"? (74)
The calculation of A™B™ gives :
20
A"B"™ = p.\égsing —2d
20
or A™B"™+2d = p.\égsing (75)

20
The left member of is an integer and p also, then 2?3@'713 is written under the form :

V3 20 K
27 n— — —
3 SN o (76)

where ki, ko are two coprime integers and ko|p = p = b = ko.k3, k3 € N*.

** A-1- We suppose that k3 # 1, we obtain :
Am<Am + QBn) = ki.k3 (77)
Let p a prime with p|ks, then plb and p|A™(A™ + 2B") = u|A™ or p|(A™ + 2B™).

6 A-1-1- If p|A™ = p|A and p|A?™, but A?™ = 4a’ = plda’ = (u = 2, but 2|a’) or (ula’).
Then pula it follows the contradiction with a,b coprime.

K A-1-2-Tf p| (A" +2B™) = pt A™ and p 1 2B™ then p # 2 and p t B". We write u|(A™+2B")

as:
A™ 4+ 2B" = p.t! (78)
It follows :

Am+Bn :,ut'—B” :>A2m+BQn+2AmBn :’u2t/2 _Qt/IuBn_i_BQn
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Using the expression of p:
p=1?u*—2'B"u+ B"(B" — A™) (79)
As p = b = ko.k3 and plks then pu|b = I’ and b = uy’, so we can write:
W= p(pt” = 2t'B") + B"(B" — A™) (80)
From the last equation, we obtain u|B™(B™ — A™) = u|B™ or u|(B™ — A™).

** A-1-2-1- If pu|B™ which is in contradiction with ut B™.

K A-1-2-2- If p|(B™ — A™) and using that p|(A™ + 2B"™), we arrive to :

pl|B"
u|3B™ < or (81)
©w=3

K A-1-2-2-1- If p|B™ = p|B, it is the contradiction with p{ B cited above.
** A-1-2-2-2- If = 3, then 3]b, but 3|a then the contradiction with a,b coprime.

** A-2- We assume now k3 = 1, then :

A% 4 2A™B" =k (82)
b= ko (83)
2v/3 . 20 k
\!sing = ?1 (84)
Taking the square of the last equation, we obtain:
4 520 kP
37 TR
16 . .0 .0 k?
—sin’~cos’= = -+

3 b b
Finally:
42d'(p — a) = ki (85)
but a’ = a”2, then p — a is a square. Let:
M=p—a=b—a=b-3a"2 = N +3a"2=b (86)
The equation becomes:
4207202 =k} = k1 = 4a” A (87)
taking the positive root, but ky = A™(A™ + 2B™) = 2a” (A™ + 2B"), then :
A" +2B" =2\ = A=d" + B" (88)

HOA2-1- As A™ = 207 = 2|A™ = 2|A = A = 2'A;, with i > 1 and 2 { Aj, then
A™ = 20" = 2" AT — @” = 2" AP but im > 3 = 4]a”. Asp =b = A+ A"B" 4+ B*" =

10
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A =2im=lAm 4 B" Taking its square, then :
)\2 — 22im72A%m + 2zmA71an + B2n

As im > 3, we can write A2 = 4\; + B> = \’=B?"(mod4) = \?=B?"=0(mod4) or
A2=B?"=1(mod 4).

¥ A-2-1-1- We suppose that \2=B?"=0(mod 4) = 4|\> = 2|(b — a). But 2|a because a =
30’ =3a"? = 3x 22(””_1)/1%’” and im > 3. Then 2|b, it follows the contradiction with a, b coprime.

#* A-2-1-2- We suppose now that A>=B?"=1(mod 4). As A™ = 2/™~1 AT and im — 1 > 2, then
Am=0(mod 4). As B?*=1(mod 4), then B" verifies B"=1(mod 4) or B"=3(mod 4) which gives
for the two cases B"C'=1(mod 4).

We have also p = b = A?™ + A™B" 4+ B?>" = 4d' + B".C' = 4a”? + B"C! — B"C! =
A2 —a’? = B™.C!, then \,a” € N* are solutions of the Diophantine equation :
22—y =N (89)

with N = B"C' > 0. Let Q(N) the number of the solutions of (89) and 7(N) is the number of
suitable factorization of N, then we announce the following result concerning the solutions of
the equation (see theorem 27.3 in [2]):

- If N=2(mod 4), then Q(N) = 0;

- If N=1 or N=3(mod 4), then Q(N) = [7(N)/2];

- If N=0(mod 4), then Q(N) = [7(N/4)/2].

[z] is the integral part of = for which [z] <z < [z] + 1.

Let (u,v), u,v € N* another pair, solution of the equation , then u? —v? =22 —y> =N =
B"C!, but A = z and a” = y verify the equation given by x — y = B", it follows u, v verify
also u — v = B", that gives u+v = C!, then u =2 = X\ = a” + B"” and v = a”. We have given a
proof of the uniqueness of the solutions of the equation with the condition x — y = B". As
N = B"C'=1(mod 4) = Q(N) = [r(N)/2] > 1. But Q(N) = 1, then the contradiction.

Hence, the case k3 = 1 is impossible.

Let us verify the condition given by b < 4a < 3b. In our case, the condition becomes :
p < 3A™ < 3p with p= A*™ 4 B™ 4 AmB" (90)
and 342" < 3p = A?™ < p that is verified. If :

?

p < 3A%M = 24%™m _ AmB" — B2"7570

Studying the sign of the polynomial Q(Y) = 2Y? — B"Y — B?" and taking Y = A™ > B", the
condition 24%™ — A™B"™ — B?" > ( is verified, then the condition b < 4a < 3b is true.

In the following of the paper, we verify easily that the condition b < 4a < 3b implies to verify
that A™ > B™ which is true.

11
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4.4 Case blp= p=bp,p>1,b#2,b# 4 and 3|a :
4p a  4bp 3.d

A% = iy 4.p'd (91)

We calculate B™C':

t 0 0 : 4
B"C' = {/p? <38in23 — 60823> = W (3 - 400523> (92)

/!
but \/p? = g, using coszg = 3:

/ !/
B"C! = {/p? (3 - 400820> =2 <3 - 43: ) =D. (1 - 4; > =p'(b—4a’) (93)

we obtain:

3 3
As p=1b.p/, and p’ > 1, so we have :
B"C! = /(b —4d) (94)
and A’ = 4.9 .d (95)

** B-1- We suppose that p’ is prime, then A*™ = 4ap’ = (A™)?> = p'|la. But B"C! =
p'(b—4d') = p'|B" or p/|C.

#* B-1-1- If p/|B" = p/|B = B = p'B; with B; € N*. Hence : p" 'BPC! = b — 4d’. But
n>2= (n—1)>1and p'|d, then p'|b = a and b are not coprime, then the contradiction.
#% B-1-2- If p/|C! = p/|C. The same method used above, we obtain the same results.

** B-2- We consider that p’ is not a prime.

** B-2-1- p/, a are supposed coprime: A?™ = 4ap’ => A™ = 2a’.p; with a = a’? and p’ = p?,
then o/, p; are also coprime. As A™ = 2a’.p; then 2|a’ or 2|p;.

#* B-2-1-1- 2|, then 2|a’ = 24 p1. But p’ = p?.
** B-2-1-1-1- If p; is prime, it is impossible with A™ = 2a/.p;.

*% B-2-1-1-2- We suppose that p; is not prime, we can write it as p; = w™ = p/ = w?™, then:
B"C! = w?™ (b — 4d').

#% B-2-1-1-2-1- If w is prime, it is different of 2, then w|(B"C') = w|B" or w|C".
% B-2-1-1-2-1-1- If w|B" = w|B = B = w’ By with w{ By, then B}.C! = w?™~" (b — 4a').
% B-2-1-1-2-1-1-1- If 2m — n.j = 0, we obtain B}.C! = b —4ad’. As C' = A" 4 B" = w|C! =

w|C, and w|(b — 4a’). But w # 2 and w is coprime with a’ then coprime with a, then w 1 b. The
conjecture (|1.1)) is verified.

¥ B-2-1-1-2-1-1-2- If 2m — nj > 1, in this case with the same method, we obtain w|C! = w|C
and w|(b—4d’) and w t a and w 1 b. The conjecture (1.1)) is verified.

12
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% B-2-1-1-2-1-1-3- If 2m — nj < 0 = W™/ 2mB.C! = b — 4a’. As w|C using C!' = A™ + B»
then C' = w'.Cy = W= 2mHhipn OL = p — 4a’. If n.j — 2m + h.l < 0 = w|BPCY, it follows

the contradiction that w { By or w { C1. Then if n.j — 2m + h.l > 0 and w|(b — 4a’) with w,a,b
coprime and the conjecture ([1.1)) is verified.

¥ B-2-1-1-2-1-2- We obtain the same results if w|C?.

*k B-2-1-1-2-2- Now, p/ = w?™ and w not a prime, we write w = w{.Q with w; prime 1 ©Q and
f > 1 an integer, and wi|A. Then B"C! = w%f'mQ2m(b—4a’) — w1|(B"C") = w1 |B™ or w,|C.

¥ B-2-1-1-2-2-1- If w) | B” = w1 |B = B = w! B, with w { By, then BP.C! = ™ ~miQ2m(p, —
4a’):

% B9 1.1-2.2-1-1- If 2f.m — n.j = 0, we obtain BJ.C! = Q2™(b — 4d’). As C! = A™ 4 B" —
w1|C' = w1|C = w1|(b—4d’). But wy # 2 and wy is coprime with @/, then coprime with a, we

deduce w; tb. Then the conjecture (1.1)) is verified.

¥ B-2-1-1-2-2-1-2- If 2f.m — n.j > 1, we have wi|C! = w1|C = w1|(b — 4a’) and w; { a and
w1 1 b. The conjecture (|1.1)) is verified.

 B-2-1-1-2-2-1-3- If 2fom — n.j < 0 = w’f‘j_Zm‘fB{‘.Cl = Q?"(b — 4d'). As w1|C using
Ol = A™ 4 B", then C = wl.C} = wi—2mf+hipn ot — 2m(h — 40/). If n.j — 2m.f + hl <
0= w; ]B’fC{, it follows the contradiction with w; t By and wy t Cy. Then if n.j —2m.f+h.l >0
and w1 |(b — 4a’) with w1, a, b coprime and the conjecture ([1.1)) is verified.

#¥ B-2-1-1-2-2-2- We obtain the same results if w;|C".

¥ B-2-1-2- If 2|py, then 2|p; = 2{a’ = 2t a. But p' = p?.

** B-2-1-2-1- If p; = 2, we obtain A™ = 4a’ = 2|d’, then the contradiction with a,b coprime.

** B-2-1-2-2- We suppose that p; is not a prime and 2|p;, as A™ = 2a'p;, p; is written as
p1 = 2"l = pf = 22m=242m Tt follows B"C! = 22m~24,2™(h — 4a') = 2|B" or 2|C".

% B-2-1-2-2-1- If 2| B" = 2| B, as 2| A, then 2|C. From B"C! = 22m=2,>™(b — 44'), it follows if

2|(b — 4a’) = 2|b but as 2t a, there is no contradictions with a,b coprime and the conjecture

(1.1)) is verified.

% B-2-1-2-2-2- If 2|C!, using the same method as above, we obtain the identical results.
** B-2-2- p/, a are supposed not coprime. Let w be a prime so that w|a and w|p’.

¥ B-2-2-1- We suppose firstly w = 3. As A?™ = 4ap’ = 3|A, but 3|p) = 3|p, as p =
A?m 4 B2 4 AmBn — 3|B?" = 3|B, then 3|C! = 3|C. We write A = 3'A;, B = 3/ By,
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C = 3"Cy and 3 coprime with A;, By and C; and p = 3%mA32m 4 32ni g2n 4 3im+ingmpn — 3k g
with k& = min(2im,2jn,im + jn) and 3 1 g. We have also (w = 3)|a and (w = 3)[p’ that gives
a=3%1 =3d = d =3"'a;, 31 a; and p' = 3#py, 3 { p; with A?™ = 4da'p’ = 32MAZ" =
4x3 1 g1 pr = a+p—1=2im. As p = by’ = b.3*p; = 3*.b.p;. The exponent of the term
3 of p is k, the exponent of the term 3 of the left member of the last equation is p. If 3]b it is a
contradiction with a, b coprime. Then, we suppose that 3 t b, and the equality of the exponents:
min(2im, 2jn,im + jn) = u, recall that a + u — 1 = 2im. But B"C! = p/(b — 4d’) that gives
3ath) grt = 3k, (b—4x3("Day). We have also A™+ B™ = C! gives 3" AT+ 3" B = 3MCL.
Let € = min(im, jn), we have € = hl = min(im, jn). Then, we obtain the conditions:
k = min(2im,2jn,im + jn) = u (
a+pu—1=2im (
e = hl = min(im, jn) (98
3D BRCY = 3py (b — 4 x 3 Vay) (
** B-2-2-1-1- « = 1 = a = 3a; = 3d’ and 31 a1, the equation becomes:
w=2im
and the first equation is written as:
k = min(2im, 2jn,im + jn) = 2im
- If k = 2im, then 2im < 2jn = im < jn = hl = im, and gives p = 2im =nj + hl =
im +nj = im = jn = hl. Hence 3| A, 3|B and 3|C and the conjecture (1.1)) is verified.
- If k = 2jn = 2jn = 2im = im = jn = hi. Hence 3|A, 3| B and 3|C and the conjecture (/1.1
is verified.

-If kK =1im+ jn = 2im = im = jn = € = hl = im = jn case that is seen above and we

deduce that 3|4, 3|B and 3|C, and the conjecture (1.1)) is verified.

** B-2-2-1-2-a>1= a>2and a =3 lq.

- If k = 2im = 2im = pu, but 4 = 2¢m + 1 — « that is impossible.

-Ifk = 2jn = p = 2jn = 2im+1—a. We obtain 2jn < 2im = jn < im = 2jn < im-+jn,
k = 2jn is just the minimum of (2im, 2jn,im + jn). We obtain jn = hl < im and the equation
becomes:

BICL = pi(b—4 x 3@ Vgy)

The conjecture is verified.

-Ifk=im+ jn < 2im = jn <im and k = im + jn < 2jn = im < jn = im = jn —
k=1im+ jn =2im = u but p = 2im + 1 — « that is impossible.

-Ifk=im+ jn < 2im = jn < vm and 2jn < im + jn = k that is a contradiction with
k = min(2im,2jn,im + jn).

** B-2-2-2- We suppose that w # 3. We write a = w®ay with w { a1 and p/ = whp; with w 1 py.
As A?™ = 4ap’ = 4wt.a1.p) = WA = A = WA}, wt A But B"C! = p/(b - 4d') =
whpy (b — 4a') = w|B"C' = w|B" or w|C".

#% B-2-2-2-1- w|B" = w|B = B = w/B; and w{ B;. From A™ 4+ B" = C! = w|C! = w|C.

Asp = bp' = whbp; = Wk (wWPm=F AT 2Nk BIn g imEin=k AM B with k = min(2im, 2jn, im+
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jn). Then :
- If 4 = k, then w 1 b and the conjecture is verified.
- If & > p, then wlb, but w|a we deduce the contradiction with a, b coprime.
- If k < p, it follows from :

w,ubpl —_ wk(WQimka%m + w2jn7kB%n + wierjnkagnB?)

that w|A; or w|Bj that is a contradiction with the hypothesis.

¥ B-2-2-2-2- If w|C! = w|C = C = W'Cy with w { Cy. From A™ + B" = C!' = w|(C' -
A™) = w|B. Then, we obtain the same results as B-2-2-2-1- above.

4.5 Case b= 2p and 3|a :
We have :
0 a 3d
2 2m / m\2 !
CTZTE T B 3y =AY " = 2Ja

Then 2|a and 2|b that is a contradiction with a,b coprime.

_4pa 4p 3d

4.6 Case b =4p and 3|a :
We have :

dp.a  4p 3d
2A2m:7:77: ,: Am 2: »2
3 b 4p 3 3 4p (A™)"=a

with A" =a”
Let us calculate A™B™, we obtain:

pV3 20 2p L0 pV3 20 d
ampn = BV3 200 2 20 pV3 20 @
5 -sin 508 3 3 s — 5

A2m _p\/g .20

AmBn + T = 3 .S’Lng
Let:
2 26
A2M 4 24mpn = p;/gsmg (100)
: : : : .20 . :

The left member of (100f) is an integer and p is an integer, then smg will be written as :
2V3 20 Ky
sin— = —
3 3 ko

where k1, ko are two integers coprime and ka|p = p = ko.k3.

** C-1- Firstly, we suppose that k3 # 1. Then :
AP 4 2AM B = 3.k
Let 1 be a prime and pul|ks, then p|A™(A™ + 2B") = u|A™ or p|(A™ + 2B").

B C-1-1- If pf(A™ = a”) = pl(a”? = ') = p|(3d’ = a). As plks = plp = p|(4p = b), then
the contradiction with a, b coprime.
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K C-1-2- If p|(A™ +2B™) = pu{ A™ and p 1 2B", then:
w#2 and piB" (101)
w|(A™ + 2B™), we write:
A™ +2B" = u.t’

Then:

A™ 4 B" = ut' — B = A*™ 4 B 41 2A™B" = *t”? — 2t'uB"™ + B*"

— p=1t"u? - 2'B"u + B"(B" — A™)
As b = 4p = 4ko.k3 and plks then plb = 3’ so that b = p.u’, we obtain:
i = (4t — 8t B") +4B™(B" — A™)

The last equation implies p|4B™(B™ — A™), but p # 2 then u|B™ or p|(B™ — A™).

** (C-1-1-1- If pu|B™ = then the contradiction with (101)).

K C-1-1-2- If p|(B™ — A™) and using p|(A™ + 2B™), we have :

p|B"
w|3B" = < or
p=3

K (C-1-1-2-1- If p|B™ then the contradiction with (101]).
K (C-1-1-2-2- If p = 3, then 3|b, but 3|a then the contradiction with a,b coprime.

** (C-2- We assume now that k3 = 1, then:
A% 4 2A™B" = Ky (102)
p =k
2V3 20 Ik
Tsmg = "
We take the square of the last equation, we obtain :

4 5,20 K}

—8sin"— = —

3 3 p?
16 . 5,0 50 kf

§$2n gCOS g = p2

Finally:
d (4p — 3d') = k3 (103)
but a’ = a”2, then 4p — 3d’ is a square. Let :

N=4p—3d =4p—-a=b—a
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The equation becomes :

AN =k =k =a”\ (104)
taking the positive root. Using , we have:

kg = A™(A™ 4+ 2B") = a”(A™ 4 2B")
Then :
A™4+2B" =\

Now, we consider that b —a = A\> = A2 4 3a”? = b, then the pair (\,a”) is a solution of the
Diophantine equation:

X?+3Y?=b (105)
with X = A and Y = a”. But using one theorem on the solutions of the equation given by ,
b is written under the form (see theorem 37.4 in [3]):
b= 225 « 3t'p§1 . _ngqfsl . qur
where p; are prime integers so that p;=1( mod 6), the qj are also prime integers so that g; =5( mod
6). Then, since b = 4p :
-If t > 1 = 3|b, but 3|a, then the contradiction with a,b coprime.

** (C-2-2-1- Hence, we suppose that p is written under the form:

tg 2s1 25,

with p;=1(mod 6) and ¢;=5(mod 6). Finally, we obtain that p=1(mod 6). We will verify if this
condition does not give contradictions.

We will present the table of the value modulo 6 of p = A?™ + A™B" 4+ B?" in function of the
value of A™, B"(mod 6). We obtain the table below:

A™ B" 0

| wl|—| o
|| =o

[ [RJC] TS TS (rJCY iy |
W= o R |
| =] o] | =] ol o
O | ] cof i
ol | = wo| | =] ot

TABLE 1. Table of p (mod 6)

¥ (0-2-2-1-1- Case A™=0(mod 6) = 2|(A™ = a”) = 2|(d’ = a”?) = 2|a, but 2|b, then the
contradiction with a, b coprime. All the cases of the first line of the table [I] are to reject.

*k (C-2-2-1-2- Case A™=1(mod 6) and B"=0(mod 6), then 2|B" = B™ = 2B’ and p is written
as p = (A™ + B')? 4+ 3B" with (p,3) = 1, if not 3|p, then 3|b, but 3|a, then the contradiction
with a, b coprime. Hence, the pair (A" + B’, B') is solution of the Diophantine equation:

22 4+3y2=p (106)
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The solution x = A™ + B’,y = B’ is unique because z — y verify x — y = A™. If (u,v) another
pair solution of (106, with u,v € N*, then we obtain:
w430t =p
u—v=A"
Then u = v+ A™ and we obtain the equation of second degree 4v? + 2vA™ —2B'(A™ +2B') = 0
that gives as positive root v; = B’ = y, then u = A™ + B’ = z. It follows that p in (106) has
an unique representation under the form X? 4 3Y? with X, 3Y coprime. As p is an odd integer
number, we applique one of Euler’s theorems on convenient numbers ”"numerus idoneus” (see
[41,[5]) : Let m be an odd number relatively prime to n which is properly represented by x? +ny?.
If the equation m = x> +ny? has only one solution with x,y > 0, then m is a prime number. Then
p is prime and 4p has an unique representation (we put U = 2u, V = 2v, with U? + 3V?2 = 4p
and U —V = 2A™). But b = 4p = A2 + 3a”2 = (2(A™ + B'))? + 3(2B’)? the representation of
4p is unique gives:
A=2(A"+ B')=2a"+ B" = 2a” + B"
and o =2B' = B" =A™
But A™ > B"™, then the contradiction.
*k (C-2-2-1-3- Case A™=1(mod 6) and B"=2(mod 6), then B" is even, see C-2-2-1-2-.
** (C-2-2-1-4- Case A™ = 1(mod6) and B™ = 3(mod6), then 3|B" =— B" = 3B’. We can
write b = 4p = (24™ + 3B')?2 + 3(3B')?> = A2 + 3a”2. The unique representation of b as

22+ 3y = A2 + 30”2 = a” = A™ = 3B’ = B", then the contradiction with A™ > B".

#¥ (0-2-2-1-5- Case A™ = 1(mod 6) and B™ = 5(mod 6), then C'=0(mod 6) = 2|C!, see C-2-
2-1-2-.

** (0-2-2-1-6- Case A™ = 2(mod 6) = 2|a” = 2|a, but 2|b, then the contradiction with a,b
coprime.

#* (0-2-2-1-7- Case A™ = 3(mod 6) and B" = 1(mod 6), then C'=4(mod 6) = 2|C! = C'! =
2C", we can write that p = (C' — B")? + 30", see C-2-2-1-2-.

*k (C-2-2-1-8- Case A™ = 3(mod 6) and B™ = 2(mod 6), then B™ is even, see C-2-2-1-2-.
** (0-2-2-1-9- Case A™ = 3(mod 6) and B™ = 4(mod 6), then B" is even, see C-2-2-1-2-.

#¥ (0-2-2-1-10- Case A™ = 3(mod 6) and B" = 5(mod 6), then C'=2(mod 6) = 2|C!, see C-2-
2-1-2-.

** (C-2-2-1-11- Case A™ = 4(mod 6) = 2|a” = 2|a, but 2|b, then the contradiction with a,b
coprime.

*k (C-2-2-1-12- Case A™ = 5(mod 6) and B™ = 0(mod 6), then B™ is even, see C-2-2-1-2-.
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% (-2-2-1-13- Case A™ = 5(mod 6) and B" = 1(mod 6), then C'=0(mod 6) = 2|C!, see C-2-
2-1-2-.

#* (0-2-2-1-14- Case A™ = 5(mod 6) and B" = 3(mod 6), then C'=2(mod 6) = 2|C! = C! =
2C", p is written as p = (C' — B")? 4 3C"2, see C-2-2-1-2-.

** (C-2-2-1-15- Case A™ = 5(mod 6) and B™ = 4(mod 6), then B™ is even, see C-2-2-1-2-.
We have achieved the study all the cases of the table [1] giving contradictions.

Then the case k3 = 1 is impossible.
4.7 Case 3|la and b=2p’ b # 2 with p/|p :
3la = a =3d, b=2p with p=k.p/, then:

42m 4dp a  4kp.3.d

a
S g =2.k.d
3D 6p/ “

We calculate B*C':

0 0 0
B"C! = ¥/p? (33@'712 - 0032> = /p? <3 - 400323>

3 3

0 3.d
but +/p? = g, then using 0032§ = ba :

0 a 4.a/
B"C! = /p? (3 — 4cos® =2 3—43& —p.(1- =2 = k(p' —2d')
3 3 b b
As p=>b.p/, and p’ > 1, then we have:

B"C!' = k(p' — 2d) (107)
and A?™ = 2k.d/ (108)

** D-1- We suppose that k is prime.

¥ D-1-1- If k = 2, then we have p = 2p' = b = 2|b, but A?™ = 4a’' = (A™)? = A™ = 24"
with a’ = a”2, then 2|a” = 2|(a = 3a”?), it follows the contradiction with a,b coprime.

**# D-1-2- We suppose k # 2. From A?" = 2k.ad’ = (A™)? = k|d’ and 2|d/ = d =
2.k.a’? = A™ = 2.k.a”. Then k|A™ = k|A = A = k" A; with i > 1 and k | A;.
EMmAT = 2ka” = 24" = k™7 1A7. From B"C! = k(p' — 2d') = k|(B"C') = k|B" or
k|Ct.

** D-1-2-1- We suppose that k|B" = k|B = B = k/.B; with j > 1 and k { B;. It follows
k=1BnOl = pf —2a’ = p' —4ka”?. Asn >3 = nj—1 > 2, then k|p’ but k # 2 = k|(2p' = b),
but k|’ = k|(3a’ = a). It follows the contradiction with a,b coprime.
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#* D-1-2-2- If k|C! we obtain the identical results.

** D-2- We suppose that k is not prime. Let w be a prime so that k = w®.k1, with s > 1, w { k;.

The equations (107} -- ) become:
B"C' = ws ki (p) — 2d)
and A% = 20w ky.d/
** D-2-1- We suppose that w = 2, then we have the equations:
A?m =95t k! (109)
B"C! = 2%k (p — 2d) (110)
** D-2-1-1- Case: 2|a’ = 2|a, but 2|b, then the contradiction with a,b coprime.

#* D-2-1-2- Case: 21 a’. As 21 ki1, the equation (109)) gives 2|A?™ = A = 2/A;, with i > 1 and
21 A;. Tt follows that 2im = s + 1.

** D-2-1-2-1- We suppose that 21 (p — 2a’) = 2t p’. From the equation (110]), we obtain that
2|B"C! = 2|B" or 2|C":

¥ D-2-1-2-1-1- We suppose that 2|B" = 2|B = B = 2/B; with 2 { B; and j > 1, then
BYC! = 2579k (p' — 2d'):
-If s — jn 1, then 2|C! = 2|C, and no contradictions with C! = 2™ AT 4 2/" B and the

conjecture is verified.
-If s — jn < 0, from BPC! = 257"k (p' — 2a') = 2 1 C', then the contradiction with
Cl = 2mAM 4 2in BN — 2|C.

% D-2-1-2-1-2- Using the same method of the proof above, we obtain the identical results if 2|C".

% D-2-1-2-2- We suppose now that 2|(p’ — 2d’) = p’ — 2d’ = 2#.Q, with p > 1 and 2 1 Q. We
recall that 2 1 a’. The equation ((110) is written as:

B"C' =25t ) .Q
This last equation implies that 2|(B"C') = 2|B" or 2|C".

#* D-2-1-2-2-1- We suppose that 2|B" = 2|B = B = 2/B; with j > 1 and 2 { B;. Then
Bncl 95— n kl Q-

-If s+ ,u jn 1, then 2|C! = 2|C, no contradictions with C! = 2™ AT 4 2/" B2 and the
conjecture is verified.

-If s+ p—jn < 0, from B{LC’I = 25t =i"k QO = 2 { C!, then contradiction with
Cl = 2imAM 4 2in B — 2|C.
¥ D-2-1-2-2-2- We obtain the identical results If 2|C’.
** D-2-2- We suppose that w # 2. We have then the equations:
A% = 20° ky.d (111)
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B"C! = w® ky.(p' — 2d)) (112)

As w # 2, from the equation (111)), we have 2|(k;.a’). If 2|a’ = 2|a, but 2|b, then the contra-
diction with a,b coprime.

£ D-2-2-1- Case: 21 a’ and 2|k = k1 = 2#.Q with p > 1 and 2 1 Q. From the equation (111J),
we have 2|A?™ = 2|A = A = 2!A; with i > 1 and 2 1 A;, then 2im = 1 + p. The equation
(112]) becomes:

B"C!' = w24 .Q.(p) — 2d) (113)
From the equation (113)), we obtain 2|(B"C') = 2|B" or 2|C".

#* D-2-2-1-1- We suppose that 2|B" = 2|B = B = 2/ By, with j € N* and 21 B.

#% D-2-2-1-1-1- We suppose that 21 (p’ — 2a’), then we have B}C! = w*2h=I"Q(p' — 2a’):

-If p—jn > 1 = 2|C' = 2|C, no contradictions with C' = 2™ AT + 2/"B? and the
conjecture is verified.

- If p— jn < 0 = 24 C! then the contradiction with C! = 2im A 4 2" B7.

** D-2-2-1-1-2- We suppose that 2|(p’ — 2d') = p’ — 24’ = 2*.P, with « € N* and 2 { P. It
follows that BPC! = ws2rte=inQ p:

-If p4a—jn > 1= 2|C' = 2|C, no contradictions with C! = 2™ AT + 2/"B? and the
conjecture is verified.

-If p+a —jn < 0= 21 C! then the contradiction with C! = 2™ A 4 2" BY.

% D-2-2-1-2- We suppose now that 2|C™ = 2|C. Using the same method described above, we
obtain the identical results.

4.8 Case 3|a and b =4p’ b # 2 with p|p :

3la = a = 3d, b = 4p’ with p = k.p/, k # 1 if not b = 4p this case has been studied (see
paragraph , then we have :

We calculate B"C':

0 0 0
B"C' = {/p? (35@'7123 - 6082) = /p? <3 - 400823)

3

3.a"
L

0 3.a 4.0/
B”CZ:W<3—4c0323> :13’(3—4 ba> =p. <1— ba> = k(p' —d’)

Asp=>bp', and p' > 1, we have :

but +/p? = g, then using cos2g =

B"C' = k(p —d) (114)
and A = k.d/ (115)

21



ABDELMAJID BEN HADJ SALEM

** E-1- We suppose that k is prime. From A?™ = k.a’ = (A™)? = k|d’ and o’ = k.a"? =
A™ = k.a”. Then k|A™ = k|A = A = k'.A; withi > 1 and k{ Ay. k™MAT = ka” = a” =
Emi=L AT, From B"C! = k(p/ — a/) = k|(B"C') = k|B™ or k|C".

** E-1-1- We suppose that k|B" = k|B = B = k/.B; with j > 1 and k { B;. Then
k1Bl =9 —a'. Asn.j — 1> 2 = k|(p/ — d'). But k|la’ = k|a, then k|p’ = k|(4p’ = b)
and we arrive to the contradiction that a,b are coprime.

** F-1-2- We suppose that k|C!, using the same method with the above hypothesis k|B", we
obtain the identical results.

** E-2- We suppose that k is not prime.
** B-2-1- We take k = 4 = p = 4p’ = b, it is the case studied above.

** E-2-2- We suppose that k& > 6 not prime. Let w be a prime so that k = w®.k1, with s > 1, w { k;.
The equations become:
B"C' = Wi ki (p) — d) (116)
and  A*" = w* ky.d (117)
** E-2-2-1- We suppose that w = 2.

ok E-2-2-1-1- If 2|’ = 2|(3a’ = a), but 2|(4p’ = b), then the contradiction with a,b coprime.

¥ E-2-2-1-2- We consider that 2 { a’. From the equation (117)), it follows that 2| A?™ = 2|4 =
A =2'A; with 21 A; and:

Bnc«l — 281{71(2?/ _ a/)
¥ [-2-2-1-2-1- We suppose that 2 1 (p' — a’), from the above expression, we have 2|(B"C') =
2|B™ or 2|C.

% [-2-2-1-2-1-1- If 2| B" = 2|B = B = 2/ B; with 2{ B;. Then B}C! = 22m=i"k, (p/ — a'):

- If 2im — jn > 1 = 2|C' = 2|C, no contradictions with C! = 2/ AT + 20" Bl and the
conjecture is verified.

- If 2im — jn < 0 = 21 C!, then the contradiction with C! = 2im AT 4 2/n 1 — 2|C".

¥ [-2-2-1-2-1-2- If 2|C! = 2|C, using the same method described above, we obtain the identi-
cal results.

€ E-2-2-1-2-2- We suppose that 2|(p' —a'). As 2td = 24p. 2|(p) —d) = p —d =2°.P
with @ > 1 and 2 1 P. The equation ([116)) is written as :
B"C! = 25T, . p = 2%mteg, p (118)

then 2|(B"C!) = 2|B" or 2|C".
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¥ E-2-2-1-2-2-1- We suppose that 2|B" = 2|B = B = 27 By, with 2{ B;. The equation ((118)
becomes BIIC! = 22imta=ing, p.

-If 2im + o — jn > 1 = 2|C! = 2|C, no contradictions with C! = 2™ AT 4+ 2" B and the
conjecture (|1.1)) is verified.
- If 2im + a — jn < 0 = 21 C!, then the contradiction with C! = 2im AT 4 2/n BN — 2|C!.

¥ F-2-2-1-2-2-2- We suppose that 2|C* = 2|C. Using the same method described above, we
obtain the identical results.

** E-2-2-2- We suppose that w # 2. We recall the equations:
AP = 8 k. (119)
B"C' = Wi ki (p) — d) (120)

*k E-2-2-2-1- We suppose that w,a’ are coprime, then w { a’. From the equation (119)), we have
wW|A?" = w|A = A = W'A; with w{ A; and s = 2im.

¥ [-2-2-2-1-1- We suppose that w 1 (p’'—a’). From the equation (120)) above, we have w|(B"C!) =
w|B" or w|C".

% [-2-2-2-1-1-1- If w|B" = w|B = B = w’ By with w{ By. Then B}C! = 2%m—ing, (p' — a'):

- If 2im — jn > 1 = w|C! = w|C, no contradictions with C! = w™ AT + W/ BT and the
conjecture (|L.1)) is verified.
- If 2im — jn < 0 = w1 C', then the contradiction with C! = W™ AT 4 w/" B = w|C".

¥ [-2-2-2-1-1-2- If w|C! = w]|C, using the same method described above, we obtain the iden-
tical results.

%k E-2-2-2-1-2- We suppose that w|(p’ — ') = w {p' if not wld’. w|(p' —d') = p' —d' =w*.P
with @ > 1 and w { P. The equation ({120]) becomes :

B"C! = Wtk P = Mk P (121)
then w|(B"C!) = w|B™ or w|C".

¥ B-2-2-2-1-2-1- We suppose that w|B" = w|B = B = w’Bj, with w { B;. The equation
is written as BpC! = 22m+a—ing, p;

- If 2im + o — jn > 1 = w|C! = w|C, no contradictions with C! = w™ AT + w/" B} and
the conjecture is verified.

-If 2im+a—jn < 0 = w1t C', then the contradiction with C! = AT +wi" B} = w|C".

¥ F-2-2-2-1-2-2- We suppose that w|C! = w|C, using the same method described above, we
obtain the identical results.

% F-2-2-2-2- We suppose that w,a’ are not coprime, then o’ = w?.a” with wt a”. The equation
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(119) becomes:
AP = ¥kiad = W TPk .a”

We have w|A?" = w|A = A = w'A; with w{ A and s + 3 = 2im.

* E-2-2-2-2-1- We suppose that w { (p/ —d') = wtp = w t (b = 4p’). From the equation
(120)), we obtain w|(B"C!) = w|B™ or w|C".

% [-2-2-2-2-1-1- If w|B" = w|B = B = w’/ By with w{ By. Then B}C! = 2577k (p/ — a'):
-If s —jn > 1 = w|C! = w|C, no contradictions with C! = w™m AP + w/"B? and the
conjecture is verified.
-If s — jn < 0 = w{ C!, then the contradiction with C! = w™m AT + WI" B = w|C".

¥ [-2-2-2-2-1-2- If w|C! = w]|C, using the same method described above, we obtain the iden-
tical results.

¥ F-2-2-2-2-2- We suppose that w|(p’ — d’ = p/ — wl.a’) = wlp/ = w|@p' = b), but
wla’ = wla. Then the contradiction with a, b coprime.

The study of the cases of [£.§|is achieved.

4.9 Case 3|a and b|4p :
dp .0  4p3d

a=3d and 4p = k1b. As A?>™ = gcos 3= 3 = kia' and B"CL:
0 0 0 ! k
B"C! = W <3sin23 — c0323> = g (3 — 400323> = g <3 - 432) = Zl(b —4d’)

As B"C' is an integer, we must obtain 4|k;, or 4|(b — 4a’) or (2|k; and 2|(b — 4a’)).
¥ Fo1-If ky = 1 = b=4p: it is the case [4.6]

¥ PF-2-1f ky =4 = p=1>0: it is the case 4.3

¥ F-3- If ky = 2 and 2|(b— 4a’): in this case, we have A*™ = 24’ = 2|a’ = 2|a. 2|(b—4d’) =
2|b then the contradiction with a, b coprime.

B F-4- If 2]k and 2|(b — 4d’): 2|(b — 4d') = b —4d’ = 2*\, a and A € N* > 1 with 2 { X
2|ky = k1 = 2'k} with ¢ > 1 € N* with 2{ &} and we have:
A% =2k a! (122)
B"Cl = 2ttem2k A (123)
From the equation (122), we have 2|A?™ = 2|A = A = 2'A;,i > 1 and 2} A;.
** F-4-1- We suppose that ¢ = a = 1, then the equations (122123]) become :
A% = 2k} d/ (124)
B"C' = K\ (125)
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From the equation (124)) it follows that 2|a’ = 2|(a = 3d’). But b = 4a’ + 2\ = 2|b, then the
contradiction with a, b coprime.

** F-4-2- We suppose that t + a — 2 > 1 and we have the expressions:
A% = otgha! (126)
B"Ct = 212\ (127)

* F-4-2-1- We suppose that 2|a’ = 2|a, but b = 2*\ 4 4a’ = 2|b, then the contradiction with
a, b coprime.

#* F-4-2-2- We suppose that 2 { a’. From (126]), we have 2|4?"™ = 2|A = A = 2'A; and
B"C! = 2t+e=2l A = 2|B"C! = 2|B" or 2|C".

¥ F-4-2-2-1- We suppose that 2|B™. We have 2|B = B = 2/ By, j > 1 and 2 { By. The equation
becomes BPC! = 2tHa—2=ing! X

-Ift+a—2—jn > 0= 2|C' = 2|C, no contradictions with C! = 2™ A7 4 2" B} and
the conjecture is verified.

-Ift4+a—2—jn < 0= 2|kK{\ but 2t k] and 21 A. Then this case is impossible.

- Ift+a—-2—jn=0= BIC' = k\A = 2t C! then it is a contradiction with
Cl = 2imAM 4 2" By,

#* F-4-2-2-2- We suppose that 2|C!. We use the same method described above, we obtain the
identical results.

% F-5- We suppose that 4|k; with k1 > 4 = k1 = 4k}, we have :
A% = 4khad (128)
B"C' = k(b — 4a) (129)
** F-5-1- We lsuppose that k% is prime, from , we have kj|a’. From , Ky|(B"CY) =
k4| B" or Ky|C!.

*k F-5-1-1- We suppose that k|B" = k}|B — B = k;’B.Bl with 8 > 1 and k} 1 B;. It follows
that we have k/Q”ﬂ _lB_{‘C’l = b — 4a’ = kb|b then the contradiction with a,b coprime.

#% F_5-1-2- We obtain identical results if we suppose that kj|C".

** F-5-2- We suppose that & is not prime.

** F-5-2-1- We suppose that k) and o’ are coprime. From (128), k5 can be written under
the form k} = q%] .5 and q1 { g2 and ¢ prime. We have A*™ = 4qu qgd’ = q1|A and
B"C' = ¢ .¢2(b — 4d') = q1|B™ or q:|C".

** F-5-2-1-1- We suppose that ¢1|B" = ¢1|B = B = q{.Bl with q; { B;. We obtain B}C! =

a7 " g3 (b — 4d'):
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-If2j — fn > 1= ¢1|C" = ¢1|C but C' = A™ + B" gives also ¢q1|C and the conjecture
is verified.

- If 25 — f.n = 0, we have B}C! = ¢2(b — 4d’), but C' = A™ + B" gives ¢1|C, then q1|(b — 4a’).
As ¢1 and d' are coprime, then ¢; 1 b, and the conjecture is verified.

-If 25 — fn < 0 = q1|(b — 4a’) = q1 { b because d’ is coprime with ¢;, and C' = A™ + B"
gives q1|C, and the conjecture (|1.1)) is verified.

#* F-5-2-1-2- We obtain identical results if we suppose that q;|C".

¥ F-5-2-2- We suppose that kj,a’ are not coprime. Let q; be a prime so that qi|k5 and g1]a’.
We write k) under the form ¢].g2 with j > 1, q1 { ga. From A?™ = 4kha' = q|A*™ = q1|A.
Then from B"C' = q]q2(b — 4a’), it follows that q1|(B"C') = ¢1|B" or q1|C".

** F-5-2-2-1- We suppose that ¢1|B" = q1|B = B = qIB.Bl with 8 > 1 and ¢; 1 B;. Then, we
have q?ﬁB?CZ = q{qz(b —4d') = BPC! = q{_nﬁQQ(b —4d).

-If j —nB > 1, then ¢1|C' = ¢1|C, but C' = A™ + B™ gives ¢1|C, then the conjecture is
verified.

-If j —nB = 0, we obtain BC! = ga(b—4d’), but C! = A™ + B" gives ¢1|C, then ¢|(b—4a') =
q1|b because ¢q1|a’ = q1|a, then the contradiction with a,b coprime.

-If j—nB < 0= q|(b—4d') = ¢1]b, because qi|a’ = q1|a, then the contradiction with a,b
coprime.

#* F-5-2-2-2- We obtain identical results if we suppose that g;|C’.
W F-6- If 4 1 (b—4d’) and 4 t k; it is impossible. We suppose that 4|(b — 4a’) = 4|b, and

b—4a' =4'.g ,t > 1 with 41 g, then we have :

AQTTL — kla/

B"C! = k.47l g

** F-6-1- We suppose that ki is prime. From A?™ = kja’ we deduce easily that kj|a’. From
B"C! = k1.4'~1.g we obtain that ki |(B"C') = k1| B" or ki|C".

** F-6-1-1- We suppose that k;|B" — k;|B — B = k{.Bl with 7 > 0 and k1 1 By. Then
K BRCH = ky4tlg = EPTTIBROL = 401 g But no > 3 and j > 1 then n.j — 1 > 2. We
deduce as k1 # 2 that ki1|g = k1|(b — 4a’) but ki|a’ = k1|b then the contradiction with a,b
coprime.

#* F-6-1-2- We obtain identical results if we suppose that k1 |C.

** F-6-2- We suppose that kj is not prime # 4, (k1 = 4 see case F-2, above) with 4 1 k.

¥ F-6-2-1- If ky = 2k’ with k¥’ odd > 1. Then A?™ = 2k'a’ = 2|a’ = 2|a, as 4|b it follows the
contradiction with a, b coprime.
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*ok F-6-2-2- We suppose that ki is odd with ky and'a’ coprime. We write k1 under the form
k1 = q.q2 with ¢1 { g2, ¢1 prime and j > 1. B"C! = q1.g24"" 1 g = q1|B" or q1|C".

** F-6-2-2-1- We suppose that ¢1|B" = ¢1|B — B = q{.Bl with q; { B;. We obtain B}C! =
q gt g

I j—fn>1= q|C' = ¢|C, but C! = A™ + B gives also q1|C' and the conjecture (1.1)
is verified.

-If j— f.n =0, we have BPC! = g4'"1g, but C! = A™ + B gives q1|C, then ¢;|(b—4a’). As ¢
and o’ are coprime then ¢; 1 b and the conjecture (1.1)) is verified.

-Ifj— fn < 0= q1|(b— 4a’) = q1 1 b because ¢, a’ are primes. C! = A™ + B" gives q1|C
and the conjecture (|1.1)) is verified.

¥ F-6-2-2-2- We obtain identical results if we suppose that g;|C".

#* F-6-2-3- We suppose that k1 and o’ are not coprime. Let ¢ be a prime so that ¢i|k; and g1]a’.
We write k1 under the form ¢].¢g2 with g1 { g2. From AP = ki) = ¢1|A*™ = q1|A. From
B"C! = qlq2(b — 4d'), it follows that ¢1|(B"C') = q1|B" or ¢1|C".

** F-6-2-3-1- We suppose that ¢1|B" = q1|B = B = qf.Bl with 8 > 1 and ¢; 1 B1. Then we
have q’fﬂB’fCl = qlq2(b— 4d') = BC! = q{_nﬁqg(b —4d):

-If j —nB > 1, then ¢1|C' = ¢1|C, but C' = A™ + B" gives ¢q1|C, and the conjecture (]1.1)
is verified.

- If j — nB = 0, we obtain BP'C' = ga(b — 4a’), but q;|A and ¢1|B then ¢;|C and we obtain
q1|(b — 4a’) = q1]b because ¢1|a’ = q1|a, then the contradiction with a,b coprime.

-If j—nB < 0= q1|(b — 4d’) = q1]b, then the contradiction with a,b coprime.

% F_6-2-3-2- We obtain identical results as above if we suppose that ¢ |C".

5. Hypothese: {3|p and bl4p}

5.1 Case b=2 and 3|p :
3|lp = p = 3p’ with p’ # 1 because 3 < p, and b = 2, we obtain:

_4pa  43p'a  4pa

AP = = = =2p.
3 3b 2 P
As:
1 0 3 0 1
Z<0032§:%:g<Z:>1<2a<3:>a:1=>0032§:§

but this case was studied (see case [3.1.2)).

5.2 Case b=4 and 3|p :
We have 3|p = p = 3p’ with p’ € N*| it follows :

dp.a  4.3p'.a
A2m = — = ,‘
36 3x4 I
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and:
1 20 a a 3
Z<COS§_5_Z<Z:>1<G<3:>G_2

as a,b are coprime, then the case b = 4 and 3|p is impossible.

5.3 Case: b# 2,b# 4,b # 3, blp and 3|p :
As 3|p, then p = 3p’ and :

A%m = 4—pcoszg _dpa_4x 3p'a = p'a
3 3 30 3 b b

We consider the case: b|p’ = p’ = bp” and p” # 1 (if p” = 1, then p = 3b, see paragraph
Case k' = 1). Finally, we obtain:
_4bpTa
b
** (3-1- We suppose that p” is prime, then A*™ = 4ap” = (A™)?> = p’|a. But B"C! =
p” (3b — 4a) = p”|B" or p”|C".

Arm =4ap”; B"C'=p’.(3b— 4a)

% (1-1-1- If p|B" = p”|B = B = p” By with B; € N*. Then p""~'BPC! = 3b—4a. Asn > 2,
then (n —1) > 1 and p”|a, then p”|30b = p” = 3 or p”|b.

¥ G-1-1-1- If p” = 3 = 3|a, with a that we write as a = 3a’?, but A™ = 6a’ = 3|A" —
3|A = A = 343, then 3" 1AP = 2d/ = 3| = o’ = 3a”. As p"""!BPC! = 3" I1BIC! =
3b—4a — 3”_2B?C'l =b—36a"2. Asn>3=n—22>1, then 3|b and the contradiction with
a, b coprime.

** G-1-1-2- We suppose that p”|b, as p”|a, then the contradiction with a,b coprime.

#% (G-1-2- If we suppose p”|C?, we obtain identical results (contradictions).

** G-2- We consider now that p” is not prime.

** G-2-1- p”, a coprime: A*™ = dap” = A™ = 2d/.p; with a = a’? and p” = p3, then o, p; are
also coprime. As A™ = 2a’.py, then 2|a’ or 2|p;.

** (G-2-1-1- We suppose that 2|a’, then 2|a’ = 2 { p1, but p” = p?.
** (G-2-1-1-1- If py is prime, it is impossible with A™ = 2d’.p;.

*k (3-2-1-1-2- We suppose that p; is not prime so we can write p; = w™ = p” = w?™. Then
B"C! = w?™(3b — 4a).

% (G-2-1-1-2-1- If w is prime # 2, then w|(B"C!) = w|B" or w|C".

% (G-2-1-1-2-1-1- If w|B" = w|B = B = w’/ By with w{ By, then B.C! = W™~ (3b — 4a).
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¥ (G-2-1-1-2-1-1-1- If 2m —n.j = 0, we obtain BP.C! = 3b—4a. As C' = A™ + B" = w|C! =
w|C, and w|(3b —4a). But w # 2 and w, a’ are coprime, then w, a are coprime, it follows w 1 (3b),
then w # 3 and w 1 b, the conjecture (1.1)) is verified.

% (3-2-1-1-2-1-1-2- If 2m — nj > 1, using the method as above, we obtain w|C! = w|C and
w|(3b —4a) and w{ a and w # 3 and w ¢ b, then the conjecture (|L.1)) is verified.

B (-2-1-1-2-1-1-3- If 2m —nj < 0 = W™~ 2mBP.C! = 3b — 4a. From A™ + B" = C! —
w|C! = w|C, then C = w".Cy, with w { Cy, we obtain w™i=2m+hipn Cl = 3p — 4a. If
n.j —2m + hl < 0 = w|BYC! then the contradiction with w { By or w { Cy. It follows
n.j —2m+ h.l >0 and w|(3b — 4a) with w, a, b coprime and the conjecture (1.1)) is verified.

#% (3-2-1-1-2-1-2- Using the same method above, we obtain identical results if w|C".

% (5-2-1-1-2-2- We suppose that p” = w?™ and w is not prime. We write w = w{.Q with wy prime
1Q, f > 1, and wy|A. Then B"C! = wff'mQQm(?)b —4a) = w1|(B"C") = w1|B" or w|C".

% (3-2-1-1-2-2-1- If wi | B" = w1|B => B = w! B; with w { By, then B}.C! = W™ ™ Q2™ (3h—
4a):

% (G-2-1-1-2-2-1-1- If 2f.m — n.j = 0, we obtain B}.C! = Q?™(3b — 4a). As C! = A™ + B" —>
w1|C! = w1|C, and w1|(3b — 4a). But w; # 2 and wy, a’ are coprime, then w,a are coprime, it

follows wy 1 (3b), then wy # 3 and wy 1 b, and the conjecture (1.1)) is verified.

¥ (-2-1-1-2-2-1-2- If 2f.m —n.j > 1, we have w;|C! = w1|C and wy|(3b—4a), as w; t a, w1 # 3
and wy 1 b, it follows the conjecture (1.1 is verified.

F(G-2-1-1-2-2-1-3- If 2fm —nj < 0 = W2 Br.cl = Q?(3b — 4a). As wi|C using
Cl = A™ 4 B", then C = wh.C} = wnJi=2mfHhipn Ct = Q?™(3b — 4a). If n.j — 2m.f +hl <
00— wﬂB?Ci, then the contradiction with wy { By and w; 1 Cy. Then if n.j —2m.f + hl >0
and wy|(3b — 4a) with wy, a,b coprime and the conjecture (1.1)) is verified.

#% (3-2-1-1-2-2-2- Using the same method above, we obtain identical results if w |C?.

¥ (3-2-1-2- We suppose that 2|p;: then 2|p; = 2t d’ = 21 a, but p” = p3.

** (3-2-1-2-1- We suppose that p; = 2, we obtain A™ = 4a’ = 2|d/, then the contradiction with
a,b coprime.

** (G-2-1-2-2- We suppose that p; is not prime and 2|p;. As A™ = 2d'p;, p1 can written as
p1 = 2" WM = p” = 22m=2,2m Then B"C! = 22242 (3b — 4a) = 2|B" or 2|C".

#% (3-2-1-2-2-1- We suppose that 2| B" = 2|B. As 2|A, then 2|C. From B"C! = 22m~2,,2m(3p —
4a) it follows that if 2|(3b — 4a) = 2|b but as 2 { a there is no contradictions with a, b coprime
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and the conjecture (1.1)) is verified.
% (3-2-1-2-2-2- We suppose that 2|C?, using the same method above, we obtain identical results.
** (3-2-2- We suppose that p”, a are not coprime: let w be a prime number so that w|a and w|p”.

#* (3-2-2-1- We suppose that w = 3. As A?™ = 4ap” = 3|A, or 3|p, As p = A?" + B> +
AMB" = 3|B?" = 3|B, then 3|C! = 3|C. We write A = 3'A;, B = 3'By, C = 3",
with 3 coprime with A;, By and Cy and p = 3%MmA2m 4 32nip2n 4 gimtinAmpBr = 3k g with
k = min(2im, 2jn,im+jn) and 3 1 g. We have also (w = 3)|a and (w = 3)|p” that gives a = 3%a,
31aj and p” = 3Hpy, 31 p; with A% = dap” = 32MAI™ = 4 x 3% qy.p; = a + p = 2im. As
p = 3p = 3b.p” = 3b.3*p; = 3*TL.b.p;. The exponent of the factor 3 of p is k, the exponent of the
factor 3 of the left member of the last equation is g+ 1 added of the exponent S of 3 of the term b,
with 8 > 0, let min(2im, 2jn,im + jn) = p+ 1+ B and we recall that o+ pu = 2im. But B"C! =
p”(3b — 4a), we obtain 3T BrCt = 3141y, (b — 4 x 3(eVgy) = 38+ (30b; — 4 x 3(eDgy),
3 1 b;. We have also A™ + B" = C! = 3™AT + 37" BP = 3MCL We call € = min(im, jn), we
have € = hl = min(im, jn). We obtain the conditions:
k = min(2im,2jn,im +jn) =pu+ 1+ (130)
a+ p=2im (131)
€ = hl = min(im, jn)
it gned — 3041y, (3%h — 4 x 3007 Vg,)
** G-2-2-1-1- a = 1 = a = 3a; and 3 { a;, the equation (131) becomes:
14+ p=2im
and the first equation (130]) is written as :
k = min(2im, 2jn,im + jn) = 2im +
- If k = 2im = 8 = 0 then 3 1 b. We obtain 2im < 2jn = im < jn, and 2im < im + jn =
im < jn. The third equation gives hl = im and the last equation gives nj+hl = p+1 = 2im —
im = nj, then im = nj = hl and quCi = p1(b—4ay). As a,b are coprime, the conjecture li
is verified.
- If k = 2jn or k = im + jn, we obtain 8 = 0, im = jn = hl and B}C! = p1(b—4a1). As a,b
are coprime, the conjecture (|1.1)) is verified.

** G-2-2-1-2-a> 1= a > 2.
-If k= 2im = 2im = p+1+5, but p = 2im—a that givesa = 14+ > 2 = [ # 0 = 3|b,
but 3|a then the contradiction with a,b coprime.

-tk =2in=p+1+8<2im = p+1+B8< pt+ta=1+<a= B >11If
B = 1= 3|b but 3|a, then the contradiction with a,b coprime.

-If k =im+ jn = im + jn < 2im = jn < im, and im + jn < 2jn = im < jn, then
im=jn. Ask=im+jn=2im=14+pu+p and a4+ pu = 2im, weobtaina=1+p > 2 =
B = 1 = 3|b, then the contradiction with a,b coprime.

** (G-2-2-2- We suppose that w # 3. We write a = w®ay with w { a1 and p” = wtp; with w f p;.

30



DEFINITIVE PROOF OF BEAL’S CONJECTURE

As AP = 4ap” = 4w H.a1.p) = w|A = A = WA, w1 A But B"C! = p"(3b — 4a) =
whp1(3b — 4a) = w|B"C! = w|B" or w|C".

% (G-2-2-2-1- We suppose that w|B" = w|B = B = w’/ By and w { B;. From A"+ B" = C! =
w|C' = w|C. As p = bp' = 3bp” = 3whbp; = WF(WPmM—FAIM | 2in—kpin 4 imtin=k g pn)
with k = min(2im, 2jn,im + jn). Then :

- If k = p, then w { b and the conjecture is verified.

- If k > p, then w|b, but w|a then the contradiction with a,b coprime.

- If k < p, it follows from :

3w,ubp1 — wk(w2im7kA%m + w2jnka%n + wim+jnka§nBiz)

that w|A; or w|Bj, then the contradiction with w{ A; or w t By.

¥ (G-2-2-2-2- If w|C! = w|C = C = w"C; with w { Cy. From A™ 4+ B" = C! = w|(C' -
A™) = w|B. Then, using the same method as for the case G-2-2-2-1-, we obtain identical
results.

5.4 Case b= 3 and 3|p :
As 3|p = p = 3p/, We write :
w4 20 dpa_4x3pa_ 4a

3 3 30 3 3 3

0
As A?™ is an integer and a,b are coprime and cos?’~ < 1 (see equation ), then we have

necessary 3|p) = p' = 3p” with p” # 1, ifnot p = 3p' =3 x3p” =9, but 9 <« (p =
A%m 4 B2 4 AmB™), the hypothesis p” = 1 is impossible, then p” > 1, and we obtain :

_4pla 4Ax3pa

am = 5 =SB = dpa; BN =79~ da)
1 0 3
Asf<cosgf:g:g<f:>3<4a<9:>asa>1,a:2andweobtain:
4 3 b 3 4
3p” (9 —4
A2m:4p77a:8p77; Bncl: p (3 a) :p7> (132)

The two equations of (132) imply that p” is not a prime. We can write p” as : p” = [[,c;pi"
where p; are distinct primes, «; elements of N and ¢ € I a finite set of indices. We can write also
p” = p{*.q1 with p1 { ¢1. From (132), we have p;|A and p;|B"C! = p1|B"™ or p;|C".

** H-1- We suppose that p1|B" = B = p?l.Bl with p; 1 By and 1 > 1. Then, we obtain
BPCh = p' "1 g1 with the following cases :

-If oy — By > 1 = p1|C* = p1|C, in accord with p;|(C! = A™ + B™), it follows that the
conjecture is verified.

-If oy —npB = 0 = BIC' = ¢y = p1 1 C', it is a contradiction with p;|(A™ — B") = p;|C".
Then this case is impossible.

- If a; — nB; < 0, we obtain p?ﬁl_alB’fCl = q1 = p1|q, it is a contradiction with p; 1 ¢;.
Then this case is impossible.
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** H-2- We suppose that p;|C!, using the same method as for the case p;|B", we obtain identical
results.

5.5 Case 3|p and b = p:
20 a a

— = — = — and:

we have cos
3 b p

4a

AP = 4—pcos2g = 4—.9 =
3 3 3 p 3
As A?™ is an integer, it implies that 3|a, but 3|p = 3|b. As a and b are coprime, then the
contradiction and the case 3|p and b = p is impossible.

5.6 Case 3|p and b=4p :
3lp=p=23p, p # 1 because 3 < p, then b = 4p = 12p'.

4p 0 4pa a
53 353
as A?™ is an integer. But 3|p = 3| [(4p) = b], then the contradiction with a,b coprime and the
case b = 4p is impossible.

5.7 Case 3|p and b=2p :

3lp = p=23p, p # 1 because 3 < p, then b = 2p = 6p’.
AZm — 471)6052Q - 4£g - 2ﬁ

3 3 30 3

But 3|p = 3|(2p) = 3|b, then the contradiction with a,b coprime and the case b = 2p is

impossible.

= 3|a

5.8 Case 3|p and b # 3 a divisor of p :
we have b =p' # 3, and p is written as p = kp/  with 3|k = k = 3k’ and :

AP = 4—pcos2g _4pa = dak’

3 337D
0
B"C! = g. <3 - 400323> = k' (3p' — 4a) = K'(3b — 4a)

R B By S

#* 1-1-1- We suppose that k' is prime, then A?" = 4ak’ = (A™)? = K'|a. But B"C! =
k' (3b — 4a) = K'|B™ or K'|C".

% 1.1.1.1- If /| B" = K/|B => B = k'B; with B, € N*. Then k" 'BPC! = 3b — da. As n > 2,
then (n — 1) > 1 and '|a, then ¥'|3b = k' = 3 or K/|b.

#* [-1-1-1-1- If ¥’ = 3 = 3|a, with a that we can write it under the form a = 3a’%2. But A™ =
6a’ = 3|A™ = 3|A = A = 3A; with A; € N*. Then 3™ AT = 20’ = 3|a’ = o/ = 3a”.
But k" 1B2C! = 3" 1B = 3b — da = 3" 2BIC! = b—36a"2. Asn >3 = n—2 > 1, then
3|b. Hence the contradiction with a,b coprime.
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** 1-1-1-1-2- We suppose that k'|b, but £’|a, then the contradiction with a,b coprime.

% 1-1-1-2- We suppose that &’|C!, using the same method as for the case k’|B™, we obtain iden-
tical results.

** 1-1-2- We consider that &’ is not a prime.

*% [-1-2-1- We suppose that k’,a are coprime: A?>™ = 4ak’ = A™ = 2d/.p; with a = a/? and
k' = p?, then a’, p; are also coprime. As A™ = 2a’.p; then 2|a’ or 2|p;.

¥ [-1-2-1-1- We suppose that 2|a’, then 2|a’ = 2 ¢ p1, but k' = p?.
** 1-1-2-1-1-1- If py is prime, it is impossible with A™ = 2a’.p;.

ok 1.1-2-1-1-2- We suppose that p; is not prime and it can be written as p; = W™ = k' = w?™.
Then B"C! = w?™(3b — 4a).

% 1-1-2-1-1-2-1- If w is prime # 2, then w|(B"C') = w|B"™ or w|C".

% 1-1-2-1-1-2-1-1- If w|B" = w|B = B = w’ By with w{ By, then BP.C! = w?™ " (3b — 4a).

- If 2m — n.j = 0, we obtain B}.C! = 3b — 4a, as C' = A™ 4+ B" — w|C! = w|C and
w|(3b — 4a). But w # 2 and w, a’ are coprime then w,a are coprime, then w t (3b) = w # 3 and
w t b. Hence, the conjecture is verified.

- If 2m — nj > 1, using the same method, we have w|C! = w|C and w|(3b — 4a) and w { a
and w # 3 and w 1 b. Then, the conjecture is verified.

-If2m—nj < 0 = WWTIBLC = 3b — 4a. As C' = A™ 4+ B" = w|C, then
C = wh.Cy = whi=2mthipn ot = 3b — 4a. If n.j — 2m + h.l < 0 = w|B}C!, then the
contradiction with w { By or w{ Cy1. If n.j — 2m + h. > 0 = w|(3b — 4a) with w, a,b coprime,
it implies that the conjecture is verified.

** 1-1-2-1-1-2-1-2- We suppose that w\Cl, using the same method as for the case w|B", we obtain
identical results.

%k 1-1-2-1-1-2-2- Now, k’ = w?™ and w not a prime, we write w = w{.Q with wy a prime 1 and
f > 1 an integer, and w;|A, then B"C! = w%f'mQQm(?)b—éla) = w1 |(B"CY) = w1|B" or w;|CL.

¥4 1.1-2-1-1-2-2-1- If wy | B" = w1 |B = B = w! B with w; { By, then BP.C! = o>/~ (2m (3p—
4a).

-If 2f.m —n.j = 0, we obtain B}.C! = Q2™ (3b—4a). As C!' = A™ + B" = w;|C! = w|C,
and w1|(3b — 4a). But w; # 2 and wy,d’ are coprime = w, a are coprime, then wy 1 (3b) =
w1 # 3 and w; 1 b. Hence, the conjecture is verified.

- If 2f.m —n.j > 1, we have w1|C! = w;|C and w;|(3b — 4a) and w; { a and w; # 3 and
w1 t b, then the conjecture ([1.1)) is verified.
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-If2fm—nj< 0= w?‘j_2m'fB?.Cl = O2™(3b — 4a). As C' = A™ 4 B" = w|C, then
C = wh.C) = wni=2mJHhipn ot = Q2™ (3b — 4a). If n.j — 2m.f + h.l < 0 = w|BPC!, then
the contradiction with wy 1 By and wy t Cq. Then if n.j — 2m.f + h.l > 0 and wq|(3b — 4a) with
w1, a, b coprime, then the conjecture ([1.1)) is verified.

% 1-1-2-1-1-2-2-2- As in the case w;|B", we obtain identical results if w;|C’.
% 1-1-2-1-2- If 2|py: then 2|p; = 24 d’ = 24 a, but k' = p?.

* 1-1-2-1-2-1- If p; = 2, we obtain A™ = 4a’ = 2|d/, then the contradiction with 2 1 a’. Case
to reject.

** 1-1-2-1-2-2- We suppose that p; is not prime and 2|p;. As A™ = 2a'py, p; is written under the
form p; = 2m~lw™ = p? = 22242 Then B"C! = k'(3b—4a) = 22" 2w*™(3b—4a) = 2|B"
or 2|CL.

% [-1-2-1-2-2-1- If 2|B™ = 2|B, as 2|4 = 2|C. From B"C! = 22m~2,>™(3bh — 4a) it follows
that if 2|(3b — 4a) == 2|b but as 2 { a there is no contradictions with a,b coprime and the
conjecture (|1.1]) is verified.

% 1-1-2-1-2-2-2- We obtain identical results as above if 2|C%.
¥ 1-1-2-2- We suppose that k', a are not coprime: let w be a prime integer so that w|a and w|p?.

¥ 1-1-2-2-1- We suppose that w = 3. As A?™ = 4ak’ = 3|A, but 3|p, As p = A*™ + B?" +
AMmB" = 3|B?™ = 3|B, then 3|C! = 3|C. We write A = 3'4;, B = 3/B;, C = 3"Cy
with 3 coprime with Ay, By and Cy and p = 3%mA3™ 4 320 pIn 4 3im+in Ampn — 35 g with
s = min(2im, 2jn,im+ jn) and 3 g. We have also (w = 3)|a and (w = 3)|k’ that give a = 3%ay,
3tar and k' = 3#py, 31 pe with A2™ = dak’ = 32 A2 = 4 x 39T q1.py = a + pu = 2im. As
p =3p = 3b.k' = 3b.3"py = 3*TL.b.py. The exponent of the factor 3 of p is s, the exponent of the
factor 3 of the left member of the last equation is 1+ 1 added of the exponent § of 3 of the factor
b, with 8 > 0, let min(2im, 2jn,im + jn) = p+ 1+ B, we recall that a + p = 2im. But B"C! =
' (4b — 3a) that gives 30 Hh) BrCl = 31t py (b — 4 x 3@ Vay) = 30F1py(3%b) — 4 x 3@ Vqy),
31 b1. We have also A™ + B" = C! that gives 3™ AT 4 3" B = 3" CL. We call € = min(im, jn),
we obtain € = hl = min(im, jn). We have then the conditions:

s = main(2im,2jn,im +jn) =pu+ 1+ (133)
a+p=2im (134)

€ = hl = min(im, jn) (135)

3(ithl) grot — 3ut1p, (38h) — 4 x 3(@Ng,) (136)

*#1-1-2-2-1-1- « = 1 = a = 3a; and 3t ai, the equation (134) becomes:
1+ p=2im
and the first equation (133]) is written as :

s = min(2im,2jn,im + jn) = 2im +
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-If s =2im = =0 = 3{b. We obtain 2im < 2jn = im < jn, and 2im < im + jn =
im < jn. The third equation gives hl = im. The last equation gives nj + hl =
g+ 1= 2im = im = jn, then im = jn = hl and BPC} = pa(b — 4a1). As a,b are coprime, the
conjecture is verified.

- If s = 2jn or s = im + jn, we obtain B = 0, im = jn = hl and B}C} = pa(b — 4a;). Then
as a, b are coprime, the conjecture is verified.

11-2-2-1-2-a> 1= a > 2.

-If s =im+ jn = im + jn < 2im = jn < im, and im + jn < 2jn = im < jn, then
im=jn. Ass=im+jn=2im=14+pu+p and a+p=2imthat givesa=1+8>22= (>
1 = 3|b, then the contradiction with a, b coprime.

% 1-1-2-2-2- We suppose that w # 3. We write a = w%ay with w t a1 and k¥’ = whpe with w 1 po.
As AP = 4ok’ = 4w F.ay.py = w|A = A = WAy, w1 Ay, But B"C! = K/(3b — 4a) =
WHpo(3b — 4a) = w|B"C' = w|B™ or w|C".

% 1-1-2-2-2-1- w|B" = w|B == w/Bj and w { By. From A™ + B" = C! = w|C! =
w|C. As p = bp' = 3bk' = 3whbpy = ws (WM S A 4 WHINTS BN 4 IMTINTS AM B with s =
min(2im, 2jn,im + jn). Then :

- If s = p, then w { b and the conjecture is verified.

- If s > p, then w|b, but w|a then the contradiction with a,b coprime.

- If s < , it follows from :

3w“bp1 — WS(w2im—sA%m + w2jn—sB%n + wim—&—jn—sAgnB{L)
that w|A; or w|Bj that is in contradiction with the hypothesis.

¥ 1-1-2-2-2-2- If w|C! = w|C = C = w"C; with w { C;. From A™ + B" = C! =
w|(C! — A™) = w|B. Then, we obtain identical results as the case above I-1-2-2-2-1-.

¥ 1-2- We suppose that k' = 1: then ¥’ = 1 = p = 3b, then we have A?™ = 4a = (2d)?> =
A™ =20/ = a = a/? is even and :

A"B" = 2\/56087 N sznf - COSQ p\[ — —2a
3 3 3
and we have also :
2
A% 4 2A™B" = p ‘[ — =23 sm— (137)

The left member of the equation (137]) is a natural number and also b, then 2\/351'71? can be

written under the form:

2v/3sin— 29 kl
" ke

where k1, ko are two natural numbers coprime and kalb = b = ko.k3.

¥ 1-2-1- k' = 1 and k3 # 1: then A*™ + 2A™B" = k3.ki. Let u be a prime so that ul|ks. If
i =2 = 2|b, but 2|a, it is a contradiction with a,b coprime. We suppose that p # 2 and pl|ks,
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then u|A™(A™ + 2B™) = p|A™ or u|(A™ + 2B™).

¥ [-2-1-1- p|A™: If p|A™ = p|A*™ = plda = pla. As pu|ks = p|b, then the contradiction
with a, b coprime.

K 1-2-1-2- p|(A™ + 2B™): If u|(A™ +2B") = put A™ and p { 2B™ then p # 2 and p t B™.
w|(A™ 4+ 2B™), we can write A™ 4+ 2B™ = p.t'. it follows :
A™ 4 B" = /~Lt/ — B" — A2m+32n+2AmBn — /'LQtIQ —2t/,u,Bn—|-BQn
Using the expression of p, we obtain:
p= t/2N2 _ 2t/Bn,u+ Bn(Bn _ Am)

As p = 3b = 3ko.ks and plks then plp = p = p.u/, then we have :

wp = p(ut — 2t'B") + B"(B" — A™)
and p|B"(B™ — A™) = u|B" or p|(B™ — A™).

#K 1-2-1-2-1- p|B™: If p|B™ = p|B that is the contradiction with I-2-1-2-.

K 1-2-1-2-2- p|(B™ — A™): If p|(B™ — A™) and using p|(A™ + 2B"™), we obtain:

p|B" = u|B
w|3B™" = < or
p=3

K 1-2-1-2-2-1- p|B™: If p|B"™ = p|B that is the contradiction with I-2-1-2- above.

K 1-2-1-2-2-2- o= 3: If p = 3 = 3|ks = k3 = 3k%, and we have b = koks = 3kokj, it follows
p = 3b = 9kok} then 9|p, but p = (A™ — B™)? + 3A™B" then:

Ykokl — 3A™B" = (A™ — B™)?
that we write as:

3(3kokh — A™MB™) = (A™ — B")? (138)
then:

3|(3koky — A" B™) = 3|A™B"™ = 3|A™ or 3|B"

¥ 1-2-1-2-2-2-1- 3|A™: If 3| A™ = 3| A and we have also 3|A?™, but A*™ = 4a = 3|4a = 3|a.
As b = 3kak% then 3|b, but a,b are coprime then the contradiction, then 3 1 A.

ok 1.9.1.2.9.2.2 3|B™: If 3|B" = 3|B, but the equation (I38) implies 3|(A™ — B")? —>
3|(A™ — B") = 3|A™ = 3| A. But using the result of the last case above, we obtain 3 { A.

then the hypothesis k3 # 1 is impossible.

** 1-2-2 - Now, we suppose that ks =1 = b = ks and p = 3b = 3ks, then we have :
20 Kk

2V3sin = "L 1
\/gsmg , (139)
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with k1, b coprime. We write (139) as :
k1

0 0
4 17, — _ = —
\/§sm30053 2

0
Taking the square of the two members and replacing cos2§ by %, we obtain :

3x 4%.a(b—a) =k = ki =3 x 42.a”*(b— a)
it implies that :
b—a=30>=b=d?+30%> = ki = 12d
As:
ki =12da = A™(A™ +2B") = 3a =d + B"
We consider now that 3|(b — a) with b = a’?> + 3a2. The case a = 1 gives a’ + B" = 3 that is
impossible. We suppose « > 1, then the pair (a/, ) is a solution of the Diophantine equation :
X24+3Y2=0b (140)
with X = ¢’ and Y = a. But using a theorem on the solutions of the equation given by , b
is written as (see theorem 37.4 in [2]):
b=2% x 3Lpl - plgi g2
where p; are prime numbers verifying p;=1(mod6), the ¢; are also prime numbers so that
¢;=5(mod 6), then :
-If s > 1 = 2|b, as 2|a, then the contradiction with a,b coprime,
-Ift > 1 = 3|b, but 3|(b — a) = 3|a, then the contradiction with a,b coprime.

** 1-2-2-1- We suppose that b is written as :

tg 2s1 25,

b:pil.-.pgql ...qr

with p;=1(mod6) and ¢;=5(mod6). Finally we obtain that b=1(mod6). We will verify then
this condition.

#% 1-2-2-1-1- We present the table giving the value of A™ + B" = C! modulo 6 in func-
tion of the value of A™, B"(mod6). We obtain the table below after retiring the lines (re-
spectively the colones) of A™=0(mod6) and A™=3(mod 6) (respectively of B"=0(mod 6) and
B"=3(mod 6)), they present cases with contradictions :

A" B 1 2 4 5
1 2 350
2 3401
4 5 0 2 3
5 01 3 4

TABLE 2. Table of C!(mod 6)

#% 1-2-2-1-1-1- For the cases C' = 0(mod6) and C' = 3(mod6), we deduce that 3|C! =
3IC = C = 3"Cy, with h > 1 and 3 t Cy. It follows that p — B"C! = 3b — 3""CiB" =
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A?™ — 3|(A?™ = 4a) = 3|a = 3|b, then the contradiction with a,b coprime.

#* [-2-2-1-1-2- For the cases C' = 0(mod6), C' = 2(mod6) and C' = 4(mod6), we deduce
that 2|C! = 2|C = C = 2"y, with h > 1 and 21 Cy. It follows that p = 3b = A>™ + B"C! =
4a + 2" C! B" = 2|3b = 2|b, then the contradiction with a,b coprime.

4 1-2-2-1-1-3- We consider the cases A=1( mod 6) and B"=4( mod 6)( respectively B"=2( mod
6)): then 2|B" = 2|B = B = 2/ By with j > 1 and 2 { By. It follows from 3b = A?>™ 4 B"C! =
4a + QJ"B?CI, then 2|b, then the contradiction with a,b coprime.

#* 1-2-2-1-1-4- We consider the case A™=5(mod 6) and B"=2(mod 6): then 2|B" — 2|B =
B = 2/B; with j > 1 and 2 { By. It follows that 3b = A?™ 4 B"C' = 4a + 2" B}C!, then 2|b,
then the contradiction with a, b coprime.

ok 1-2-2-1-1-5- We consider the case A™=2(mod6) and B"=5(mod6): as A™=2(mod6) —
A™=2(mod 3), then A™ is not a square and also B". Hence, we can write A™ and B" as:

A™ = qy. A?

B" =byB’

where ag (respectively by) regroups the product of the prime numbers of A™ with exponent 1
(respectively of B™) with not necessary (ao,./A) = 1 and (by,B) = 1. We have also p = 3b =
A2 4 AmBn 4 B2 = (A™ — BY? 4 34BN = 3|(b — AMB") = A™B"=b(mod3) but
b=a+ 3a? = b=a=a"*(mod 3), then A™B"=a"%?(mod 3). But A™=2(mod 6) = 2a’=2(mod
6) = 4a’’=4(mod 6) = a’*=1(mod 3). It follows that A™B™ is a square, let A" B" = N? =
A?.B%.ag.by. We call Nf = ag.bg. Let p; be a prime number so that pijag = ap = p1.a; with
p1far. piIN? = piINi = N1 = piN] with t > 1 and p; { N}, then p2 NP2 = ay.by.
As 2t 22 = 2t—1 > 1 = pi|a1.bp but (p1,a1) = 1, then pi|by = p1|B™ = p1|B. But
p1|(A™ = 2a’). p1 # 2 because p1|B™ and B™ is odd, then the contradiction. Hence p;|a’ = p1|a.
If py = 3, from 3|(b — a) = 3|b then the contradiction with a,b primes. Then p; > 3 a prime
that divides A™ and B™, then p;|(p = 3b) = p1|b, it follows the contradiction with a, b primes,
knowing that p = 3b=3(mod 6) and we choice the case b=1(mod 6) of our interest.

** 1-2-2-1-1-6- We consider the last case of the table above A”™=4(mod 6) and B"=1(mod 6).
We return to the equation ((140) that b verifies:

b=X?+3Y? (141)
with X=d; Y=«
and 3a=ad + B"
Suppose that it exists another solution of :
b=X?4+3Y =0’ +30 = 2u# A" 3v#d + B"

6o — A™
But B" = QT = 3a — a’ and b verify also :3b = p = A?™ + A™B" + B?", it is impossible

that u, v verify :
6v =2u + 2B"
3b = 4u® + 2uB" + B*"
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If we consider that : 6v—2u = 6a—2a’ = u = 3v—3a+ad’, then b = u?+3v? = (3v—3a+ad’)?+3v2,
it gives:
202 —Bw+a?—da=0
(' + B™)(A™ — B")
9
The resolution of the last equation gives with taking the positive root (because A™ > B™),
v1 = a, then v = d'. It follows that b in has an unique representation under the form

X?+3Y? with X, 3Y coprime. As b is even, we applique one theorem of Euler’s theorems on the
convenient numbers as cited above (Case C-2-2-1-2). It follows that b is prime.

20% — B™y — =0

We have also p = 3b = A?™ + A™B" + B> = 44> + B".C' = 9a® — a’*> = B".C!, then
3a,a’ € N* are solutions of the Diophantine equation:
2 —y* =N (142)

with N = B"C! > 0. Let Q(N) be the number of the solutions of (142)) and 7(/N) the number of
ways to write the factors of NV, then we announce the following result concerning the number of
the solutions of (142)) (see theorem 27.3 in [2]):

- If N=2(mod 4), then Q(N) = 0;
-If N=1 or N=3(mod 4), then Q(N) = [r(N)/2];
- If N=0(mod 4), then Q(N) = [r(N/4)/2].

We recall that A”=0(mod 4). Concerning B™: for B"=0(mod 4) or B"=2(mod 4), we find that
2|B" = 2|a = 2|b, then the contradiction with a,b coprime. For the last case B"=3(mod
4) = (C'=3(mod4) = N = B"C'=1(mod4) = Q(N) = [r(N)/2] > 1. But Q(N) = 1,
because the unknowns of are also the unknowns of and we have an unique solution
of the two Diophantine equations, then the contradiction.

It follows that the condition 3|(b — @) is in contradiction.

The study of the case [5.8|is achieved.

5.9 Case 3|p and b|4p:

The following cases have been soon studied:

* 3|p, b =2 = b|4p: case

* 3|p, b =4 = b|4p: case

*3lp=p=3p, blp = p =bp”, p” # 1: case .3
* 3|p, b =3 = b|dp: case

*3lp=>p=3p, b=p = b|dp: case[.§

** J-1- Particular case : b = 12. In fact 3|p = p = 3p’ and 4p = 12p’. Taking b = 12, we have
bl4p. But b < 4a < 3b, that gives 12 < 4a < 36 = 3 < a < 9. As 2|b and 3|b, the possible values
of a are 5 and 7.
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4 b / /
#k J1-1- ¢ = 5 and b = 12 = 4p = 12p = bp/. But A?™ = ?% = 535 = 5?]) = 3y =
p' = 3p” with p” € N*, then p = 9p”, we obtain the expressions:
A% = 5p” (143)
n vl p 29 e
BC'Zg 3—4005§ =4p (144)

As n,l > 3, we deduce from the equation (144) that 2|p” = p” = 2%p; with a > 1 and 2 1 p;.
Then (143)) becomes : A?™ = 5p” =5 x 2°p; = 2|A = A =2'A;,i > 1 and 2 { A;. We have
also B"C! = 2°+2p; = 2|B" or 2|C".

#% J-1-1-1- We suppose that 2| B" = B = 2/ By, j > 1 and 2 { B;. We obtain BP'C! = 29+2=iny,.;

-If a+ 2 — jn > 0 = 2|C!, there is no contradictions with C! = 2 AT 4 2in BN — 2|C!
and the conjecture is verified.

-Ifa+2—jn=0= B}C' = p;. From C! = 2m AP 4 2" B — 2|C! that implies that
2|p; then the contradiction.

-lfa4+2—-jn< 0= Zj”_a_QB{LC'l = p; it implies that 2|p; then the contradiction.

% J-1-1-2- We suppose that 2|C!, using the same method above, we obtain the identical results.

4 129" 7
*% J-1-2- We suppose that a = 7 and b = 12 = 4p = 12p’ = bp/. But A*™ = gp% = 3p 13 =
7 /
% = 3|p = p = 9p”, we obtain:
A2m — 7]7”
0
B"C! = g (3 — 400523) =2p”

The last equation implies that 2| B"C!. Using the same method as for the Case J-1-1- above, we
obtain the identical results.

We study now the general case. As 3|p = p = 3p’ and b|4dp = Tk € N* and 4p = 12p’ = k;b.

#% J-2-ky =1 :If ky = 1 then b = 129/, (p # 1, if not p = 3 < A?™ + B?" + A™B"). But
4 0 12p’ 4p’.

L LA B N 3la because A?™ is a naturel number, then the
3 3 3 b 12p/ 3

contradiction with a, b coprime.

4 0 ki.
#* J-3- ky = 3 : If k; = 3, then b = 4p’ and A?™ = gp.coszg = 1Ta —a=(A"?=d* =
3 .20
A™ = d'. The term A™B™ gives AMB" = p\?’[smg — g, then
2pv3 . 26 26
A?™ 4 2A™B" = p;[smg =2 332‘11? (145)

The left member of ((145)) is a natural number and also p’, then 2\/§sin§ can be written under
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the form:

2V/3 sm29 ka
k3

where ko, k3 are two natural numbers and are coprime and k3|p’ = p' = k3.k4.
** J-3-1- k4 # 1 : We suppose that k4 # 1, then :

AP L QAT B = ky.ky (146)
Let p be a prime natural number so that p|ks. then p|A™(A™+2B") = pu|A™ or p|(A™+2B").

K J-3-1-1- p|A™ 2 If p|A™ = p|A*™ = pula. As plky = plp’ = pl(4p’ = b). But a,b are
coprime then the contradiction.

K J-3-1-2- p|(A™ +2B™) : If pu|(A™ +2B") = pt A™ and p { 2B" then p # 2 and p t B™.
w|(A™ 4+ 2B™), we can write A™ 4+ 2B™ = u.t'. It follows:
Am_|_Bn _ ,U,t/—Bn — A2m+32n+2AmBn _ M2t12 _2t/,uBn_|_B2n

Using the expression of p, we obtain p = #2u? — 2¢/B"u + B*(B™ — A™). As p = 3p’ and
wlp’ = p|(3p") = ulp, we can write : 3’ and p = pp’, then we arrive to:

W' = p(pt”® —2t'B") + B"(B" — A™)
and p|B"(B" — A™) = u|B™ or u|(B™ — A™).

*x J-3-1-2-1- p|B™ : If p|B"™ = p|B it is in contradiction with J-3-1-2-.

K J-3-1-2-2- p|(B™ — A™) : If p|(B™ — A™) and using p|(A™ + 2B"™), we obtain :

pl|B"
w|3B™ = ¢ or
p=3

K J-3-1-2-2-1- p|B™ : If u|B™ = p|B it is in contradiction with J-3-1-2-.
K J-3-1-2-2-2- =3 : If p = 3 = 3|lky = k4 = 3k}, and we have p’ = kskq = 3k3k), it follows
that p = 3p’ = 9ksk/, then 9|p, but p = (A™ — B™)2 + 3A™B", then we obtain :

Yk3k) — 3A™B" = (A™ — B")?
that we write : 3(3ksk/,— A" B") = (A™ — B™)2, then : 3|(3ksk),— A™B") = 3|A™B" = 3|A™
or 3|B™.

¥ J-3-1-2-2-2-1- 3|A™ : If 3|A™ = 3|A?™ = 3|a, but 3|p’ = 3|(4p’) = 3|b then the contradic-
tion with a,b coprime and 3 1 A.

K J-3-1-2-2-2-2- 3|B™ : If 3| B™ but A™ = ut' —2B™ = 3t' — 2B™ = 3|A™, it is a contradiction.
Then the hypothesis k4 # 1 is impossible.
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** J-3-2- k4 = 1: We suppose now that ky = 1 = p’ = ksks = k3. Then we have :

20 k&
with ko, p’ coprime, we write (147) as :
6 6 k
4\/§8ingcos§ = p—?

6
Taking the square of the two members and replacing coszg by % and b = 4p’, we obtain:

3.a(b—a) = k3
As A?™ = g = o’?, it implies that :
3|(b—a), and b—a=b—ad?=3a"

As kg = A™(A™ + 2B"™) following the equation (146)) and that 3|ky = 3|A™(A™ + 2B") —
3|A™ or 3|(A™ + 2B"™).

¥ J-3-2-1- 3|A™: If 3| A™ = 3|A?™ = 3|a, but 3|(b — a) = 3|b, then the contradiction with
a,b coprime.

¥ J-3-2-2- 3|(A™ 4 2B") = 31 A™ and 3 { B". As k2 = 9aa® = 9a”%a? = ky = 3d'a =
A™(A™ + 2B™), then :

30 = A™ 4 2B" (148)

As b can be written under the form b = a’?> + 3a?, then the pair (a’,a) is a solution of the
Diophantine equation :

22+ 32 =b (149)
As b =4p, then :

** J-3-2-2-1- If z,y are even, then 2|a’ = 2|a, it is a contradiction with a, b coprime.

K J-3-2-2-2- If x, y are odd, then da/, a are odd, it implies A™ = a’=1(mod 4) or A™=3(mod 4).
If w,v verify , = b = u? + 32, with u # ¢ and v # «, then u,v do not verify :
3v # u+ 2B, if not u = 3v — 2B™ = b = (3v — 2B™)? + 3v% = a’? + 3q, the resolution of the
obtained equation of second degree in v gives the positive root v; = «, then u = 3o — 2B™ = d’,
then the uniqueness of the representation of b by the equation .

K J-3-2-2-2-1- We suppose that A”=1(mod4) and B"=0(mod 4), then B" is even and B" =
2B’. The expression of p becomes:
p=d?+2dB +4B”% = (d + B')> +3B* =3p = 3|(d/ + B') = d + B' = 3B"
p'=B?+3B"% = b=4p = (2B')* + 3(2B")* = a” + 30*
that gives 2B’ = B" = a/ = A™, then the contradiction with A™ > B".

% J-3-2-2-2-2- We suppose that A™=1(mod4) and B"=1(mod4), then C! is even and C! =
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2C". The expression of p becomes:
p=C"—C'B"+ B> =4C” —2C'B" + B*" = (C' — B")* +3C" = 3/
= 3|(C" — B") = C' — B" =3C"
P =C"+3C"2 = b=4p = (2C")* +3(2C")* = d”* + 3a’
we obtain 2C" = C! = ¢/ = A™, then the contradiction.

ok J-3-2-2-2-3- We suppose that A™=1(mod 4) and B"=2(mod 4), then B" is even, see J-3-2-2-
2-1-.

% J-3-2-2-2-4- We suppose that A™=1(mod 4) and B"=3(mod 4), then C! is even, see J-3-2-2-
2-2-.

K J-3-2-2-2-5- We suppose that A™=3(mod 4) and B"=0(mod 4), then B" is even, see J-3-2-2-
2-1-.

% J-3-2-2-2-6- We suppose that A™=3(mod 4) and B"=1(mod 4), then C! is even, see J-3-2-2-
2-2-.

%k J-3-2-2-2-7- We suppose that A”=3(mod 4) and B"=2(mod 4), then B" is even, see J-3-2-2-
2-1-.

% J-3-2-2-2-8- We suppose that A™=3(mod 4) and B"=3(mod 4), then C! is even, see J-3-2-2-
2-2-.

We have achieved the study of the case J-3-2-2- giving contradictions.

** J-4- We suppose that k; # 3 and 3|ky = k1 = 3k} with k] # 1, then 4p = 12p' =
dp .0  3kiba ,

kib = 3kib = 4p' = kib. AP can be written as A?™ = geos’y = —3— = kia and
0 K
B"C! = g 3— 4cos2§ = Zl(3b— 4a). As B"C' is a natural number, we must have 4|(3b — 4a)

or 4|k} or [2|k] and 2|(3b — 4a)].
** J-4-1- We suppose that 4|(3b — 4a).

** J-4-1-1- We suppose that 3b — 4a = 4 = 4|b = 2|b. Then we have:
A% = Ela
B"C' =k

#% J-4-1-1-1- If k| is prime, from B"C! = k}, it is impossible.

% J-4-1-1-2- We suppose that k] > 1 is not a prime. Let w be a prime natural number so that
wlk].
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%k J-4-1-1-2-1- We suppose that k] = w®, with s > 6. We have :
AP = % (150)
B"C! = w* (151)

%k J-4-1-1-2-1-1- We suppose that w = 2, If a, k] are no coprime, then 2|a, as 2|b, it is the con-
tradiction with a, b coprime.

K J-4-1-1-2-1-2- We suppose w = 2 and a, k] are coprime —> 2 t a. From , we deduce
that B =C =2 and n+1 = s, and A2 = 25.q, but A™ = 2! — 2" = A" = (2! —27)2 =
220 4 920 _ g(ltny = 92 4 920 _ 9 x 2% = 25,0 = 2% 4 22" = 2%(q + 2). If | = n, we obtain
a = 0 then the contradiction. If [ # n, as A™ =2/ —2" > 0 = n < | = 2n < s, then
221 (1 4 2%=2n _ gs+1=2ny — 9ondl g We call | = n +np = 1 4 22720 — 25+1=2n — om 4 hut
the left term is odd and the right member is even then the contradiction. Then the case w = 2
is impossible.

%k J-4-1-1-2-1-3- We suppose now that k] = w® with w # 2:

#* J-4-1-1-2-1-3-1- Suppose that a, k] are not coprime, then wla = a = w'.a; and ¢ { a;. We
have :

AP = ot gy (152)

B"C! = w® (153)

From (153), we deduce that B" = w", C" = w!, s =n+4+land A =w! —w" >0 =1 > n.

We have also A%™ = w*tt.a; = (W' — w")? = W + W?" — 2 x W*. As w # 2 = w is odd, then

A% = 5t gy = (w! — w™)? is even, then 2|a; = 2a, it is in contradiction with a,b coprime,
then this case is impossible.

% J-4-1-1-2-1-3-2- Suppose that a, k] are coprime, with :
AP = s (154)
B"C! = w* (155)

From (155)), we deduce that B® = w", C' = w! and s = n+ 1. As w # 2 = w is odd and
A% = w%.a = (W' — w™)? is even, then 2|a. Tt follows the contradiction with a,b coprime, then
this case is impossible.

#k J-4-1-1-2-2- We suppose that k] = w®.ke, with s > 6, w t k2. We have :
AP = W' kg.a
B"C' = w®.ky

** J-4-1-1-2-2-1- If ko is prime, from the last equation above, w = ko, it is in contradiction with
w 1 ko. Then this case is impossible.

% J-4-1-1-2-2-2- We suppose that &} = w®.ka, with s > 6, w { k2 and k2 non a prime. We have :
AP = W ko

B"C! = W' ky (156)
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#¥ J-4-1-1-2-2-2-1- We suppose that w, a are coprime, then w { a. As A?™ = w* ky.a = w|A =
A = w'A; withi > 1 and w { Ay, then s = 2im. From (156]), we have w|(B"C') = w|B" or w|C".

% J-4-1-1-2-2-2-1-1- We suppose that w|B" = w|B = B = w By with j > 1 and w { By, then
: BPC! = wm—inky:

- If 2im — jn > 0, w|C!' = w|C, no contradictions with C! = WA + wI"B} and the
conjecture is verified.

- If 2im — jn = 0 = BPC! = ko, as w { ks = w t C! then the contradiction with
w|(Ct = A™ + B").

-If 2im— jin< 0= wjn*zimB{‘Cl = ko = wl|ke then the contradiction with w { ko.

** J-4-1-1-2-2-2-1-2- We suppose that w\Cl, with the same method used above, we obtain iden-
tical results.

#* J-4-1-1-2-2-2-2- We suppose that a,w are not coprime, then w|a = a = w'.a; and w { a;. So,
we have :
A% = 5T gy (157)
B"C' = W ky (158)
As A?" = w3t ky.a; = w|A = A = w'A; with i > 1 and w { Ay, then s+t = 2im. From
(158), we have w|(B"C') = w|B"™ or w|C".

% J-4-1-1-2-2-2-2-1- We suppose that w|B" = w|B = B = w’/B; with j > 1 and w { By, then:
BC! = w?m—t=ingy:

- If 2im — t — jn > 0, w|C! = w|C, it is no contradictions with C! = W™ AT + wI" B} and
the conjecture is verified.

-If 2im —t —jn = 0 = BPC' = ky, as w { kg = w { C! then the contradiction with
w|(Ch = A™ + B").

- If 2im — t — jn < 0 = Wi =2m BRCl = ky = w|ky then the contradiction with w k2.

k% Jo4-1-1-2-2-2-2-2- We suppose that w|C!, with the same method used above, we obtain iden-
tical results.

K J-4-1-2- 3b — 4a # 4 and 4[(3b — 4a) = 3b — 4a = 4°Q with s > 1 and 4 1 Q. We obtain:
A% = Kla (159)
B"C! = 457K Q (160)

% J-4-1-2-1- We suppose k] = 2, from (159 we deduce that 2|a. As 4|(3b—4a) = 2|b, then the
contradiction with a, b coprime and this case is impossible.

% J-4-1-2-2- We suppose that k] = 3, from (159) we deduce that 33| A%™. From (160)), it follows
that 33| B™ or 3%|C’. In the last two cases, we obtain 33|p. But 4p = 3k{b = 9b and 33|p = 3|b,
then the contradiction with a,b coprime and this case is impossible.
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% J-4-1-2-3- We suppose that k] is prime > 5:

#* J-4-1-2-3-1- We suppose that k] and a are coprime. The equation (159)) gives (A™)? = k}.a
that is impossible with &}  a. Then this case is impossible.

%k J-4-1-2-3-2- We suppose that k] and a are not coprime, let kj|la = a = k{*a; with a > 1
and k} 1 a1. The equation (159) is written as:
AP = Fla =K

The last equation gives kf|A?" = kj|A = A = k}'. Ay, with k] t A1, If 2iom # (o + 1) it is
impossible. We suppose that 2i.m = « + 1, then k||A™. We return to the equation (160). If &}
and ) are coprime, it is impossible. We suppose that k] and € are not coprime, then £} |Q2 and
the exponent of k] in © is so that the equation (160) is satisfying. We deduce easily that k}|B™.
Then k2|(p = A?™ 4+ B?" + A™B™), but 4p = 3k}b = k{|b, then the contradiction with a,b
coprime.

%k J-4-1-2-4- We suppose that k] > 4 is not a prime.

% J-4-1-2-4-1- We suppose that k] = 4. we have then : A?™ = 4q and B"C! = 3b—4a = 3p’ —4a.
This case was studied in the paragraph case ** [-2-.

** J-4-1-2-4-2- We suppose that k7 > 4 is not a prime.

% J-4-1-2-4-2-1- We suppose that a, k] are coprime. From the expression AP = k}.a, we deduce
that a = a? and k] = k2. Tt follows :

A™ = ay.k"1

B"C!' = 4571172,
Let w be a prime so that w|k”; and k71 = wt. k79 with w 1 k7. The last two equations become :
A™ = a1.w' k7 (161)
B"Cl = 4571w 2.0 (162)

From (161) w|A™ = w|A = A = w'.A; with w  A; and im = t. From (162), we have
w|B"C! = w|B" or w|C".

% J4-1-2-4-2-1-1- If w|B" = w|B = B = w/. By, with w { By. From (161)), we have ByC! =
w=ings=1 k2 O If w = 2 and 21§, we have BPC! = 22t+2s—jn=2p»2.

- If 2t + 25 — jn — 2 < 0 then 2 { C! it is in contradiction with C! = W™ AT + /" BY.

SIf 2t 425 — jn — 2 > 1 = 2|C' = 2|C and the conjecture (1.1 is verified.

(identical results if 2|2 = Q = 2#.Q, we replace 2t + 2s — jn — 2 by 2t + 2s + u — jn — 2).
If w # 2, we have B}C! = w?=in4s=172 ().

Here again, if w { Q:
-If 2t — jn < 0 = w { C' it is in contradiction with C! = w™ AT + wI" B},

46



DEFINITIVE PROOF OF BEAL’S CONJECTURE

-If 2t — jn > 1 = w|C" and the conjecture (1.1)) is verified.
Identical results if 2|2 = Q = 2#.Q, we replace 2t — jn by 2t + u — jn.

¥ J4-1-2-4-2-1-2- If w|C! = w|C = C = w".C}, with w { C;. With the same method used
above for the case J-4-1-2-4-2-1-1, we obtain identical results.

%k J-4-1-2-4-2-2- We suppose that a, k] are not coprime. Let w be a prime natural number so
that wla and w|k]. We write:
a=w%ay
ki = Wk
with a1, k”1 coprime. The expression of A?™ becomes A?" = w® . q;.k”1. The term B"C!
becomes:
B"Cl =471 wh k7 1.Q (163)
*4 J-4-1-2-4-2-2-1- If w = 2 = 2|a, but 2|b, then the contradiction with a,b coprime.

K J-4-1-2-4-2-2-2- If w > 3. we have wl|a. If w|b it is the contradiction with a,b coprime. We
suppose that w 1 b. From the expression of A*™, we obtain w|A?™ = w|A = A = w'.A; with
w{ Ay, i>1and 2i.m = a+ p. From (163), we deduce that w|B™ or w|C".

¥ J-4-1-2-4-2-2-2-1- We suppose that w|B" = w|B = B = w/ B with w{ By and j > 1. Then
BPOt = 45~ 1wp—in k1.0

*wi Qo

- If u — jn > 1 we have w|C! = w|C, there is no contradictions with C! = w™ AT 4 wi" B}
and the conjecture is verified.

- If u— jn < 0 with w{ Q, then w { C! and it is the contradiction with C! = w™ AT + " B}
Then this case is impossible.

* w|Q : we write Q = wP.Qy with 8> 1 and w1t Q. As 3b — 4a = 4°.Q = 4°.0WP.Q) = 3b =
da + 4°.wP.Q = dw.ay + 4°.wP.Q = 3b = dw(w* tay + 4 LW LO). fw =3 and B =1,
we obtain b = 4(3%"La; +4°71Q;) and BPC! = 457 13#F1=in k71O

-If 4 — jn +1 > 1, then 3|C" and the conjecture is verified.

-If u— jn+1 <0, then 31 C! and it is in contradiction with C! = 3™ AT 4 39" BP.

Now, if 3 > 2 and o = im > 3, we obtain 3b = 4w?(w* 2a; +4°71wP2Qy). If w = 3 or not, then
w|b, but w|a, then the contradiction with a,b coprime.

% J-4-1-2-4-2-2-2-2- We suppose that w|C! = w|C = C = w"C} with w{ C; and h > 1. Then
B"Cl = 457 twr= k71 Q. With the same method used above, we obtain identical results.

** J-4-2- We suppose that 4|k].
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K J-4-2-1- k) = 4 = 4p = 3kib = 12b = p = 3b = 3p/, this case has been studied (see Case
I-2- paragraph .

% 1429 K > 4 with 4|k} => k| = 45k”; and s > 1, 41 k”1. We have :
AQm — 4Sk:”1a — 225k771a
B"C! = 4571k 1(3b — 4a) = 2%72k” 1 (3b — 4a)

#k J-4-2-2-1- We suppose that s = 1 and k] = 4k”; with k71 > 1, so p = 3p’ and p’ = k”1b, it is
the case (.3

#k J-4-2-2-2- We suppose that s > 1, then k] = 4°k”; = 4p = 3 x 4°k”1b and we have:
AP = 457 1a (164)
B"C' = 45717 (3b — 4a) (165)
¥ J-4-2-2-2-1- We suppose that 2 1 (k”1.a) = 21 k"1 and 2 { a. As (A™)? = (2%)2.(k"1.a), we

call d®> = k”1.a, then A™ = 25.d = 2|A™ = 2|A = A = 2'A; with 2/ A; and i > 1, then
2imAM = 25.d = s = im. From the equation ([165)), we have 2|(B"C!) = 2|B" or 2|C".

¥ J-4-2-2-2-1-1- We suppose that 2|B" = 2|B = B = 2/.B;, with j > 1 and 2 { B;. The
equation ([165]) becomes:
ByC! = 2% 2k (3b — da) = 2227 (3 — 4a)
* We suppose that 21 (3b — 4a):
- If 2im — jn — 2 > 1, then 2|C%, there is no contradictions with C! = 2™ AT 4 20" B} and
the conjecture (|1.1)) is verified.
- If 2im — jn — 2 < 0, then 24 C! and it is in contradiction with C! = 2™ A" 4 2" BY.

* We suppose that 2#|(3b — 4a), p > 1:

- If 2im + p — jn — 2 > 1, then 2|C!, there is no contradictions with C! = 2/ AP 4 2/n By
and the conjecture is verified.

- If 2im + p — jn — 2 < 0, then 21 C, then the contradiction with C! = 2/m A 4 2" By,

% J-4-2-2-2-1-2- We suppose that 2|C! = 2|C = C' = 2".Cy, with h > 1 and 24 C;. With the
same method used above, we obtain identical results.

ok J-4-2-2-2-2- We suppose that 2|(k”;.a):
** J-4-2-2-2-2-1- We suppose that k"1 and a are coprime:

% J-4-2-2-2-2-1-1- We suppose that 2 { a and 2|k” = k"1 = 22%.k”3 and a = @, then the
equations ([164H165)) become:

AP = 45 02202 — A™ = 25TE k75 g (166)

B"C! = 45719%75(3b — da) = 22127 2E75(3h — 4a) (167)
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The equation (166]) gives 2|A™ = 2|A = A = 2. A1 with 2{ Ay, i > 1 and im = s + p. From
the equation (167, we have 2|(B"C') = 2|B" or 2|C".

#¥ J-4-2-2-2-2-1-1-1- We suppose that 2|B" = 2|B = B = 2/.By, 2 { By and j > 1, then
BpCl = 225+20=in=2k»2(3ph — 4q):

* We suppose that 2 1 (3b — 4a):

-If 2im 4+ 2pu — jn — 2 > 1, then 2|C’l, there is no contradictions with C! = QimAT + QJA"Bi1
and the conjecture is verified.

- If 2im + 2 — jn — 2 < 0, then 21 C!, then the contradiction with C! = 2im Am 4 2inpn,

* We suppose that 2%|(3b — 4a), a > 1:

- If 2im +2p+a— jn—2 > 1, then 2|C?, there is no contradictions with C! = 2/m AT 4 2in Bn
and the conjecture is verified.

-If 2im+2p+a — jn—2 < 0, then 24 C'; then the contradiction with C! = 2™ AT + 20" B,

% J-4-2-2-2-2-1-1-2- We suppose that 2|C! = 2|C = C = 2".Cy, with h > 1 and 2t C;. With
the same method used above, we obtain identical results.

¥ J-4-2-2-2-2-1-2- We suppose that 2 k71 and 2ja = a = 2%*.a? and k"1 = k3, then the
equations ({164H165)) become:

AP = 45 22273 = A™ = 25TF gy k7. (168)

B"C' = 457 k75(3b — 4a) = 2% 72k75(3b — 4a) (169)

The equation (168)) gives 2|A™ = 2|A = A = 2. A1 with 2{ Ay, i > 1 and im = s + p. From
the equation (169)), we have 2|(B"C') = 2|B" or 2|C".

#¥ J-4-2-2-2-2-1-2-1- We suppose that 2|B" = 2|B = B = 2/.B1, 2 { By and j > 1, then
BpCl = 2257In=272(3h — 4aq):

* We suppose that 21 (3b — 4a) = 21 b:

- If 2im — jn — 2 > 1, then 2|C%, there is no contradictions with C! = 2™ AT 4 20" B} and
the conjecture is verified.

- If 2iém — jn — 2 < 0, then 21 C!, then the contradiction with C* = 2imAm 4 2inpn,

% J-4-2-2-2-2-1-2-2- We suppose that 2|C! = 2|C = C = 2".Cy, with h > 1 and 2t C1. With
the same method used above, we obtain identical results.

#¥ J-4-2-2-2-2-2- We suppose that k71 and a are not coprime with 2|a and 2|k”1. Let a = 2t.ay

and k"1 = 2"k”5 and 2 { a; and 2 1 k”5. From (164)), we have p + ¢t = 2\ and a;.k”2 = w?. The
equations ((164H165) become :

AP = A7k = 2252175 20 ay = 22T WP = AT = 2T (170)

B"Cl = 45712175(3b — 4a) = 22TH 72175 (3b — 4a) (171)

49



ABDELMAJID BEN HADJ SALEM

From (170 we have 2|A™ = 2|A = A =2'A;,i > 1 and 2t A;. From (171), 25+ pu—2 > 1,
we deduce that 2|(B"C') = 2|B" or 2|C".

¥ J-4-2-2-2-2-2-1- We suppose that 2|B" = 2|B = B = 2/.B;, 2 f By and j > 1, then
BC! = 225+H=in=2]"2(3h — 4q):

* We suppose that 21 (3b — 4a):

- If 25+ 1 — jn — 2 > 1, then 2|C?, there is no contradictions with C! = 2™ AT 4 20" B} and
the conjecture (|L.1)) is verified.

- If 25 + p — jn — 2 < 0, then 21 C!, then the contradiction with C! = 2™ AT 4 27" Bn,

* We suppose that 2¢|(3b — 4a), for one value o > 1. As 2|a, then 2%((3b — 4a) =
2|(3b — 4a) = 2|(3b) = 2|b, then the contradiction with a,b coprime.

% J-4-2-2-2-2-2-2- We suppose that 2|C! = 2|C = C = 2".Cy, with h > 1 and 2 { C;. With
the same method used above, we obtain identical results.

#* J-4-3- 2|k} and 2|(3b — 4a): then we obtain 2|k} = k{ = 2L.k”; with ¢ > 1 and 2 t k”;.
2|(3b — 4a) = 3b—4a = 2*.d with p > 1 and 2 1 d. We have also 2|b. If 2|a, it is a contradiction
with a, b coprime.

We suppose in the following of the section that 2 { a. The equations (164H165)) become:
AP =2t |7 = (A™)? (172)
BrCl =220 d = 22 d (173)

From (172), we deduce that the exponent ¢ is even, let ¢ = 2)\. Then we call w? = k”;.a that
gives A™ = 2Mw = 2|A™ = 2|A = A = 2" A; with i > 1 and 2{ A;. From (173, we have
2\ 4+ p — 2 > 1, then 2|(B"C') = 2|B" or 2|C":

#* J-4-3-1- We suppose that 2| B" = 2|B = B = 2/ By, with j > 1 and 2 { B;. It follows that
BRC! = 222 nmin=2 7y d,

- If 2X + . — jn — 2 > 1, we have 2|C! = 2|C, there is no contradictions with C! =
2im Am 4 20" B1 and the conjecture ([1.1)) is verified.
- If 2s+t+pu—jn—2 < 0, it follows that 2 { C, then the contradiction with C! = 2™ AT +-2i" B7.

*#% J-4-3-2- We suppose that 2|C! = 2|C. With the same method used above, we obtain iden-
tical results.

The Main Theorem is proved.
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6. Numerical Examples

6.1 Example 1:
We consider the example : 6% 433 = 3° with A™ = 62, B” = 3 and C! = 3°. With the notations
used in the paper, we obtain:

p=3"%x73 ¢=8x3" A=4x383"x42-73)<0

38 x 7373 4x33x/3
p=———, cos=———— (174)
V3 7373
4 0 o 3A2m 24
As AP = ?p.coszg — cos2§ = 34p = 5 >7<3 = % — a =3 x 2% b="73, then we obtain:
0 4V3 6
co0s— = ——, =3".b 175
5= P (175)

We verify easily the equation to calculate cosf using . For this example, we can use
the two conditions from as 3|a,b|l4p and 3|p, b|4p. The cases and are respectively
used. For the case it is the case B-2-2-1- that was used and the conjecture is verified.
Concerning the case it is the case G-2-2-1- that was used and the conjecture is verified.

6.2 Example 2:

The second example is : 7* + 73 = 143. We take A™ = 7%, B® = 7 and C! = 14%. We obtain
p=5TxT0=3x19x7 ¢=8x70 A =27¢>—4p3 =27 x4 x T'8(16 x 49 — 193) =

4 x7 4p 0
—2Tx A xT® x 6075 <0, p=19x7" x+19, cosh = — CAs AP = ot =
r 19v/19 373

6  3A*m 72 0 7
COS2§ = . = Ix10 - % — a="T%b=4x19, thencosg = 27\/@ and we have the

two principal conditions 3|p and b|(4p). The calculation of cosf from the expression of cosg is

confirmed by the value below:

0 0 7\’ 7 4x7
0 = cos3(6/3) = 4cos®~ —3cos; =4 ——] -3 =-
cost) = cos3(0/3) = 4cos 3 ~ 3cosg (2\/@) Wiri VT

We obtain then 3|p = p = 3p/, b|(4p) with b # 2,4 then 12p’ = k1b = 3 x 7%. It concerns the
paragraph of the second hypothesis. As k; = 3 x 7% = 3k} with k] = 76 # 1. It is the case
J-4-1-2-4-2-2- with the condition 4((3b — 4a). So we verify :

3b—4a=3x4x19—4x 7> =32 = 4/(3b — 4a)

with A%?m = 78 = 76 x 72 = k{.a and k} not a prime, with a and k| not coprime with w = 7 ¢
(= 2). We find that the conjecture (1.1)) is verified with a common factor equal to 7 (prime and
divisor of k{ = 7°).

6.3 Example 3:

The third example: 19* + 383 = 573 with A™ = 19%, B" = 38% and C!' = 573. We obtain
p =190 x577, ¢=8x27x 190 A =27¢> —4p> = 4 x 1918(273 x 16 x 192 — 5773) <

199 x 577/577 4 % 3% x19v/3 om 4D o0 o0  3Am
0, p=—-—"—, 0s) = ————————— As A°"" = — c08° = = cos”“= = =
3V3 577577 3 3 3 4p
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3x192 «

0 193
= =3x19% b=4 th - =
1x577 b:>a 3 x 194, X 577, en0053 N

6
3la and b|(4p). Here again, the calculation of cosf from the expression of cosz is confirmed by

and we have the first hypothesis

the value below:

0
cosh = c0s3(0/3) = 4cos®~ — 3cos— = 4 = —
(6/3) 3 24/577 24/577 577577

3
We obtain then 3la = a = 3a’ = 3 x 192, b|(4p) with b # 2,4 and b = 4p’ with p = kp’
with p/ = 577 and k = 19%. This concerns the paragraph of the first hypothesis. It is the
case E-2-2-2-2-1- with w = 19, a’,w not coprime and w = 19 1 (p' — a’) = (577 — 19?) with
s—jn=6—1x3=32>1, and the conjecture (|1.1]) est is verified.

3
0 (1%@) G 19VB  4x3x19v3

7. Conclusion

The method used to give the proof of the conjecture of Beal has discussed many possibles cases,
using elementary number theory and thanks of some theorems about Diophantine equations. We
have confirmed the method by three numerical examples. In conclusion, we can announce the
theorem:

THEOREM 7.1. (A. Ben Hadj Salem, A. Beal, 2019): Let A, B,C,m,n, and | be positive
natural numbers with m,n,l > 2. If :

A™ 4 B" = (! (176)

then A, B, and C have a common factor.
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