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Abstract

Given three noncollinear points P, B and C, we investigate the con-
struction of the triangle DBC' with symmedian point P.

1 Introduction

The problem of constructing a triangle ABC' given two vertices A, B and the
symmedian point K is solved of Michel Bataille in [I].

In this paper we give another construction.

2 Preliminaries

We shall work with homogeneous barycentric coordinates. We consider a nonde-
generate triangle ABC' as the reference triangle, and set up a coordinate system
for points in the plane of the triangle (a = |BC|,b = |CA|,c = |AB]).

A=(1:0:0), B=(0:1:00, C=(0:0:1)
We shall make use of John H. Conway’s notations [5, §3.4.1]. Let S denote

twice the area of triangle ABC'. For a real number 6, denote Sy = Scotf. In
particular,

_b2+02—a2 g _c2+a2—b2 g _aQ—i—bQ—c2
- 2 ) B — 9 ) C = 9
SB—FSC:LLQ, Sc+SA=b2, SA+53262
Sap =545, Sc=58Sc, Sca=ScSa

Sa

1
S? = Sup+ Spc+ Sca = i(2a2b2 + 2022 +2c%a% —at — bt — 04)

Definition 1. The symmedian point K of the triangle ABC (Lemoine point,
Grebe point, point X(6) in ETC, [4]) is the isogonal conjugate of the centroid G.
The symmedian point K has homogeneous barycentric coordinates (a? : b? : ¢?).



Theorem 1. [5, §4.6.2], [2, §118]

The symmedian point is the only point which is the centroid of its own pedal
triangle.

Theorem 2. [Z, §125/

The symmedian point is the point of intersection of lines joining the midpoints
of the sides of ABC' to the midpoints of corresponding perpendiculars.
Definition 2. [0, §7.1] The distance formula in homogeneous barycen-
tric coordinates

IfP=(x:y:2)and Q = (u:v:w), the square distance between P and @
is given by:

|PQP* = 5 > Sallv+w)z —uly+2))°

cyclic

(utvt+w)?(z+y+2)

3 The point D

Given three noncollinear points P, B and C, to be construct a triangle DBC
with symmedian point P.

Let the point P = (u : v : w),u # 0 with respect to triangle ABC. Let the
point D = (z:y: 2).

The symmedian point Kp of the triangle DBC has homogeneous barycentric
coordinates with respect to triangle DBC :  Kp = (|BC|?:|CD|? : |DB|?).

The square distances between D, B and C' are (see Definition :

|BC|? = a?
CDP? = b2z? + a’y? + (a® + b2 — Ay
(x+y+2)? (1)
|DB|2 B Ax? +a?22 + (a® — b2 + )z
a (z+y+2)?

With respect to triangle ABC, the symmedian point of triangle DBC has ho-
mogeneous barycentric coordinates:

Kp = |BC|*D +|CD|*B + |DB|*C
=a?(z:y:2)+|CD*(0:1:0)+|DB|?(0:0:1)

= (a®z(z+y+2): 2x(z+y) +y(—cz+ a2z + 2y + 2)) : Cz(z + 2) + 2(=b%z + a®(2z + y + 22)))
(2

The point P = (u : v : w) is the symmedian point of the triangle DBC' if and

only if
u v w

- B+
u+v+w u—+v+w u—+v+w

Kp=P=



Solving these equations we obtain two solutions (may be not real) for point D:

Dy = (—4u(a®V/f + 2a*u(u + v + w))
(02 — A u(\/f + 302 — A)u?) 4+ a*u(8u? — 3v% + 2vw + w? + 2u(v + 3w))
+a?(Vf(2u — v+ w) — 2u? (b?(Bu — 2w) + ¢ (5u + 2w)))
(=02 4+ AV fu + 3007 — )20 + a?(—2u?((Bu — 20) 4 b (5u + 20))
+VFCu+v —w)) + a*u(8u? + v? + 20w — 3w? 4 2u(3v + w)))

Dy = (4u(a®V/f — 2a*u(u + v + w))
(=62 4+ AV fu + 3007 — )20 + a*u(8u? — 3v? + 2vw 4 w? + 2u(v + 3w))
—a?(VF(2u — v + w) + 2u?(b?(3u — 2w) + 2 (5u + 2w)))
D (0% — Au(\V/f + 3% — A)u?) — a?(2u?(? (3u — 2v) + b2 (5u + 2v))
+ VF(2u+ v — w)) + a*u(8u? + v? + 20w — 3w? + 2u(3v + w)))

f=u?((16a* — 24a%b? 4 9b* — 24a2c? — 1822 4+ 9ch)u? + a*v? + atw?

+ 2a2(4a? — 302 4 3¢?)uv + 14a*vw + 2a%(4a? + 3b% — 3¢*)wu)

()

The points D o are real if and only if f > 0. This is equal to be the points D
lie inside or on the conic x:

x: (16a* — 24a2b? + 9b* — 24a%c? — 18b%c? + 9¢M)a? + aty? + a'2?

4
+ 2a%(4a® — 3b% + 3c?)xy + 14atyz + 202 (4a? + 3b% — 3¢}z =0 @

Figure 1: Triangle DBC' and conic x

The type of the conic is depending on its discriminant for the infinity point
(x :y:2),x+y+2z =0, see [0, §10.7.1]. The conic x has discriminant
—576a25? < 0 and Y is a ellipse.



4 Ellipse x

The center of the ellipse x is the midpoint O of the segment BC', and focuses
are the points B and C, see Figure |1} conf. [I, §3]. The vertices are the points

Vi=(0:1:=-7—4V3), Vo=(0:1:-7+4V3)

The ellipse is independent of the position of point A.

If we choose A = P,ie. u=1,v=w =0, the condition P=A=(1:0:0) € x
(see (4)) is 6 = 0 where:

§ = 16a* — 24a%b* + 9b* — 24a?c® — 18b%c* + 9¢* (5)

really § =(4a? — 3b2 4 6bc — 3¢?)(4a? — 3b% — 6bc — 3¢?)
=(2a 4+ V3(b — ¢))(2a — V3(b — ¢))(2a + V3(b+ ¢))(2a — V3(b + ¢)) ;
2a+\/§(b+c) >0;
2a+V3(b—c)=V3a+b—c)+(2-V3)a>0;
20— V3(b—c)=V3a—b+c)+(2—V3)a>0
Condition point A be on the ellipse with focuses B, C and vertexes Vi, V5 is

2
c+b=|AB| +|AC| = [ViB| + [ViC| = [ViVa| = —=

&

i. e. 2a—V3(b+c)=0,or

>0, 2a—+3(b+c)>0, Ainside x;
§¢=0, 2a—+3(b+c)=0, Aon x; (6)
<0, 2a—+3(b+ec) <0, Aoutside x.

Theorem 3. Let P lies on the ellipse x . Let C s a circle with center O
and diameter V1Va. Construct pedal P, of the perpendicular of point P to line
BC, and point P' — the reflection of P, in P. When P traverses the ellipse
X, the locus of P' is the circle C (Figure[d).

Proof. The circle C has center O = (0 : 1 : 1) — midpoint of the segment BC
and radius |V; V3| = 5+ The equation of the circle (see [B, page 91]) is:

2 2 2
Ary+b’rztatyz—(vt+y+z) <(—(; + Z(_GQ +20% + 2c2)> z- LY M) =0

This can be rewritten as

2
C: Fay+biaz+ad®yz — (x+y+2) (SAx—W>:0 (7)

Let P = (u,v,w). The infinity point of line BC'is (0 : —1 : 1). The infinity point
of lines perpendicular to it is (—Sp — S¢, Se, Sp). The perpendicular from P



Figure 2: The circle C

to BC is the line (Spv—Scw)z — (Scw+ Sp(u+w))y+ (Spv+ Sc(u+v))z =0
and the intersection with BC' is the point P, = (0: Spv + Sc(u+v) : Scw +

—
PP = PLﬁ
PP-P=P-P
P =2P— P, =(2(Sg +Sc)u: Spv+ Sc(—u+v) : Scw + Sp(—u + w))
(8)

The point P, lies on C, () if
%a2(16a4u2 — 24a2b%u? + 9b*u? — 2402 Pu? — 18b%Pu? 4 9ctu? + 8atuv
— 6a2b%uv + 6a%cPuv + a*v? + 8atuw + 6a2b%uw — 6a2cCuw + 14a*vw + a4w2) =0
But this is satisfied because condition to be point P lies on ellipse ¥, is
(16a*u? — 24a2b%u? + 9*u? — 24a2c2u? — 18b%cu? 4 9c*u? + 8atuw
— 6a2b%uv + 6a%cuw + a*v? + 8atuw + 6a%b%uw — 6a%cPuw + 14atvw + a* 2) =0
O

Theorem 4. Let P be point of the ellipse x. Let (BP),(CP) are circles with
diameters BP and CP respectively. The circles (BP), (CP) tangent to the circle
C with diameter V1 Vs inwardly in points Ty, T, respectively. The points P, Ty, T,
are collinear (Figure @

Proof. The ellipse x is independent of the position of point A. We choose A = P,
ie.u=1,v=w=0.

The circles (BP) = (BA) with center midpoint of BA and radius ¢/2 (see [0
§9.6.1]) and (CP) = (CA) with center midpoint of CA and radius b/2 , have



Figure 3: T3, T,

equations:

(BA): a*yz+b*2a+ oy — Sez(z +y+2) =0
(CA): a*yz+b*2x+ oy — Sy +y+2)=0

The intersect points of circles C and (BA) are

(4a® — 3(b% — 2)3(b2 + ¢2) — 3a°(3b% + 5¢2) + a*(3b* + 8b%c? 4 21¢%)

+a?(5b5 + b*c? + Th%c* — 13¢5) £ 85405V -8

1 =202 (=3(a® — 3a%(b% 4 c?) — (b® — D)2 (b% + ) 4+ a®(3b* 4 207 + 3¢h)) £ 4545V =9)

2254 (408 — 11a* (02 + ¢2) — 3(b% — )2 (b + ¢2) + 2a2(5b* + 2b%c? 4 5¢*) £ 4545V =3))
If § < 0 there are two intersect points. If § = 0 there is only one tangent point:
Ty, = (4a® + 3b% — 3¢ : 6b% : —4a® + 3(b* + ¢?)) = (a® + 65 : 6b* : —a® +6S,)

(10)

similarly:

T, = (4a® — 3b* + 3¢* : —4a® +3(b* + *) : 6¢%) = (a®* + 6Sp : —a* + 65,4 : 6¢2)

T, |y |a®>+6Sc 602 —a® + 654
T. T. a®4+6Sg —a®>+6S4 6¢2
It follows that the points T3, P, T, are collinear. O

Theorem 5. Let P be point of the ellipse x. Let (BP),(CP) are circles with
diameters BP and CP respectively. Construct pedal P, of the perpendicular
of point P to line BC, and point P’ — the reflection of P, in P. Let P" be
midpoint of segment PP’. Let T is perpendicular of point P" to line OP’, O is
midpoint of BC (Figure . Then T is the common tangent of the circles (BP)
and (CP).



Vy

Figure 4: The line 7

Proof. The ellipse x is independent of the position of point A. We choose
A=P=(1:0:0). Then P, = (0:Sc : Sp) and P’ = (2a% : =S¢ : —Spg), see
Theorem [3] and (8). The equation of the line joining points O = (0:1: 1) and
P, is:
OP': (b — *)x +2ay — 2a*2 =0

The infinite point of line O P’ has homogeneous coordinates (4a? : —2a%—b%+c? :
—2a?+b%—c?). The infinite point of the lines perpendicular to OP’, see |5 §4.5],
has homogeneous coordinates (2a?(b? — ¢?) : 2a* + (b? — ¢?)? — a?(5b% + 3¢?) :
—2a* — (b2 — )% + a?(3b® + 5¢?)). The midpoint of segment PP’ is point
P" = (6a*: —a® —b*> 4+ * : —a® + b* — ¢?).

The perpendicular from P” to OP’ is the line 7 , which has equation

6a? —a? — b+ c? —a? +b% — 2
2a2(b% — c2)  2a* + (b2 — )2 — a?(5b% +3c%)  —2a* — (% — )% + a?(3b% + 5¢%)| =0
x y z
this is

—48%x 4 (3a* +2(b% — )% — a? (502 +7¢*))y + (3a* +2(b% — ?)2 — a?(7b? +5¢2))z = 0 (11)

The intersect points of line 7 and circle (BA) ([9) are Ty, T},:
2a%(12a* 4+ 9(b? — )% — 242 (116% 4 13¢?)) £ 2a2(b% — A)V6
s = (% — A)(6a* +3(b% — *)? — a?(7h? +9¢)) £ (2a* + (b — )% — a?(5b% + 32))VE
: —8a8 + 3(b% — )% +2a* (902 + 7c?) + a?(—13b* + 106%c? + 3¢h)
T (2a* + (b2 — )% — a?(3b2 + 5¢2))V9)
where ¢ is given in above.

If A inside x @, 0 > 0, there are two intersect points T}, Ty,. If A lies on ¥,
0 = 0, there is only one tangent point:

T = (2a%(12a* + 9(b% — ?)? — 2a%(116% 4 13¢?)) : —(b% — ?)(6a* + 3(b% — )% — a®(7b? 4 9¢2))

0 —8a% +3(b% — ¢®)3 + 2a*(96? + 7c?) + a2(—13b* + 10622 + 3¢t))
(12)



Similarly the intersect points of line 7 and circle (CA) (9) are 17y, T.y:

(2a%(12a* 4 9(b% — ¢?)? — 2a%(13b% 4 11c?)) + 2a2(—b? + V6

: —8a5 — 3(0% — ?)2 + 2a*(7b% + 9¢) + a2 (3b* 4+ 10022 — 13¢h)

T (20" + (b2 — )% — a? (5% + 3¢2))V6

(02 — ) (6a 4+ 3(b% — )2 — a?(96% + 7¢?)) £ (2a* + (b — ?)? — a?(3b% + 5¢2))V)

The tangent point of 7 and (CA) @, 6 =0, is:
T! = (2a%2(12a* + 9(b% — ¢#)? — 2a2(13b% + 11c?)) : —8a8 — 3(b% — ¢2)® + 2a*(7b% + 9¢?)
+a?(3b* + 1062 — 13¢?) : (0% — ) (6a* + 3(b — ¢?)? — a2(92 + 7c?)))
O

Theorem 6. The point P" is midpoint of T|T.. (See Theorem@ and Figure

[4).

Proof. The condition the point P be midpoint of T;T) is Tj + T, = 2P" (in
absolute barycentric coordinates). The sum of the coordinates of the points are:
Ty T) — 4a®(4a* 4+ 3(b* — c)? — 8a?(b* + ¢?))

P" — 4a?

T T = 12a% 4+ 9(b% — ¢?)? — 2a%(11b2 + 13¢?) (6% — 2)(6a* + 3(b% — c?)2 — a2(7b2 + 9c?))

2(4a* + 3(b2 — c2)2 — 8a2(b? + ¢2)) B 4a2?(4a* 4 3(b2 — ¢2)2 — 8a2(b2 + c?))
N —8a8 + 3(b% — ¢2)3 + 2a* (962 + 7c?) + a?(—13b* 4 10b%c? + 3c?)
4a2(4a* + 3(b2 — 2)2 — 8a?(b? + ¢?))
12a* + 9(b? — ¢%)? — 2a2(13b2 + 11c?) (62 — c2)(6a* + 3(b% — ¢2)? — a2(92 + 7c?))
2(4a* + 3(b2 — ¢2)? — 8a?(b? + ¢2)) 4a2(4a* + 3(b2 — 2)2 — 8a?(b? + ¢?))
N —8a% — 3(b% — ¢2)3 + 2a*(Tb? + 9¢?) + a2(3b* + 10b2c% — 13c%)
4a2(4a* + 3(b2 — 2)2 — 8a2(b? + ¢?))
a? 4+ b2 —¢? a? —b% 42

=3A— B - C =2P"
2a? 2a?

O

Remark. Similarly we prove that the point P” is midpoint of 7}, T,;, i = 1,2.
(See Theorem [5)).

Theorem 7. The lines OP', BT,,CT}

ct?

1=1,2, see Theorem@ are concurrent.

Proof. The equations of the lines are:
OP': (b — )z + 242y — 2a%2 = 0;

BT}y 5+ (—8a® — 2a*(—9b6% — 7c® £ V/5) — (b* — c)?(—3b* + 3c? £ V6)
+a?(=13b" + 3¢* £ 5¢2V6 + b?(10¢? £ 3V4)))z
+ (—24a® 4 a*(44b? + 52¢%) — 2a2 (b2 — )(96% — 92 £V6))z =0

CTly 5+ (8a® +2a*(—7b% — 9¢* £ V5) + (b* — ¢*)?(3b? — 3¢ £ V/5)
—a?(3b* —13¢* + 3¢V + 5b%(2¢% £ V3))
+ (2408 — 4a* (1362 + 11c2) — 2a2 (b2 — ¢2)(—9b% + 9¢® £ V3))y = 0

)
)

x



Three lines p;x + q;y + ;2 = 0,7 = 1,2, 3, are concurrent if and only if (see [5]

§4.3], 31)

P @1 T
p2 q2 12| =0
pP3 g3 T3
For the lines OP’, BT};,CT;,i = 1,2 this is true. O

5 Construction

Construct a triangle DBC' given the side BC' and symmedian point P, not on
the line BC.

Construction. (See Figure[5])

1. The given noncollinear points P, B and C'
2. Midpoint O of BC

Perpendicular of P to BC, which intersect BC' in point P

- W

Point P’ — the reflection of P, in P.

ot

The midpoint P” of PP’
Circles (BP), (CP) with diameters BP and C'P
Perpendicular line 7 from P” to OP’

Intersections T}, and T}, of the line 7 and circle (BP)

© »®» N @

D, = BT}, NOP' and D, = BT}, N OF’
10. Triangles D1 BC and Dy BC.

O

Proof. Let D; be a point constructed by method given above, see Figure [0}
Likewise is proof for point Ds.

By construction, D1 = BT}, N OP’. By Theorem 7|, D; € CT},.

By construction, PP, L BC. From triangle BPT,, inscribed in circle (BP),
<PT},B = 90°. Similarly from triangle CPT}; follow <PT/;C = 90°. Hence
the triangle P, T/, T}, is pedal triangle of point P with respect to the triangle
D.BC.

By the remark after Theorem @ point P” is midpoint of T},T/, i.e. P P”
is median in triangle P, T/,T},. By construction, point P divides the median
P P" in the ratio P| P : PP"” =2 : 1. Hence P is centroid of triangle P, T/, T}, .

By Theorem [T} P is the symmedian point of triangle D; BC. O



D,

Figure 5: Construction

J
Ty

P

Figure 6: Existence of D

Existence of D. (See Figure[6])

1. If the point P lies on the ellipse x;, @, 0 =0, see @, the line 7 tangent
to circles (BP), (C'P) and exist a unique point D, such as P is symmedian

point of triangle DBC'

2. If the point P is inside y, not on the line BC , § > 0, the line 7 intersect
each of circles (BP), (CP) in two points. Then exist two points Dy, Do,
such as P is symmedian point of triangles D; BC and D BC

3. If the point P is outside x, § < 0, the line 7 not intersect circles (BP), (CP)

(Theorem , and point D not exist.

10



References

[1] M. Bataille, Constructing a Triangle from Two Vertices and the Symmedian
Point, Forum Geometricorum Volume 18 (2018) 129 — 133.

[2] W. Gallatly, The Modern Geometry of the Triangle, second edition, Fr.
Hodgson, London.

[3] S. Grozdev and D. Dekov, Barycentric Coordinates: Formula Sheet, 2016,
IJCDM, Vol. 1, No. 2, pp. 75-82.

[4] C. Kimberling, Fncyclopedia of Triangle Centers, ETC, http://faculty.
evansville.edu/ck6/encyclopedia/ETC.html| .

[5] P. Yiu, Introduction to the Geometry of the Triangle, 2001 — 2013, Version
13.0411, Department of Mathematics Florida Atlantic University.

[6] P. Yiu, Geometry of the Triangle, 2016, Department of Mathematics
Florida Atlantic University.

TODOR ZAHARINOV
Sofia, Bulgaria
e-mail: zatrat@abv.bg

11


http://faculty.evansville.edu/ck6/encyclopedia/ETC.html
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html
mailto:zatrat@abv.bg

	Introduction
	Preliminaries
	The point D
	Ellipse 
	Construction

