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Abstract:

The permanent’s polynomial-time computability over fields of characteristic 3 for k-semi-
unitary matrices (i.e. nXn-matrices A such that rank (AAT — I,) = k) in the case k < 1
and its #3P-completeness for any k > 1 (Ref. 9) is a result that essentially widens our
understanding of the computational complexity boundaries for the permanent modulo 3.
Now we extend this result to study more closely the case k > 1 regarding the (n-k)X(n-k)-
sub-permanents (or permanent-minors) of a unitary nXn-matrix and their possible
relations, because an (n-k)X(n-k)-submatrix of a unitary nXn-matrix is generically a k-
semi-unitary (n-k)X(n-k)-matrix.

The following paper offers a way to receive a variety of such equations of different sorts,
in the meantime also extending (in its second chapter divided into subchapters) this
direction of research to reviewing all the set of polynomial-time permanent-preserving
reductions and equations for a generic matrix’s sub-permanents they might yield,
including a number of generalizations and formulae (valid in an arbitrary prime
characteristic) analogical to the classical identities relating the minors of a matrix and its
inverse. Moreover, the second chapter also deals with the Hamiltonian cycle polynomial
in characteristic 2 that surprisingly demonstrates quite a number of properties very
similar to the corresponding ones of the permanent in characteristic 3.

Besides, the paper’s third chapter is devoted to the computational complexity issues of
the permanent and some related functions on a variety of Cauchy matrices and their
certain generalizations, including constructing a polynomial-time algorithm (based on
them) for the permanent of an arbitrary square matrix in characteristic 5 and
conjecturing the existence of a similar scheme in characteristic 3.



Throughout the paper, we investigate various matrix compressions and transformations
preserving the permanent and related functions in certain finite characteristics. And, as
an auxiliary algebraic tool supposed for an application when needed in all the
constructions we’re going to discuss in the present article, we’ll introduce and utilize a
special principle involving a field’s extension by a formal infinitesimal and allowing,
provided a number of conditions are fulfilled, to reduce the computation of a polynomial
over a field to solving a system of algebraic equations in polynomial time.

The neighboring computation principle

(for any characteristic).

(We’ll denote by 6(q) the natural function in the natural variable g that equals unity if g
is zero and equals zero otherwise, and by J(b(t), t)lt=g the Jacobian matrix of the

vector-function b(t) on the vector-variable t computed in the point t = g. For a field F,
we’ll denote by F(g) F's extension by the formal infinitesimal variable ¢, i.e. F(¢) :=

{a= Zif;orders(a) ageX, order,(a) € Z, ay € F for k = order,(a), ..., ©} ).
Let f(u) be a polynomial in uy, ..., Ugimcu) Of degree d over a field F,

i= ﬁ(hl, ...,hdim(h)), V= v(hl, ...,hdim(h)) be two analytical vector-functions in the

parameter vector-variable h such that dim(Gi) + dim(v) < dim(h) and hl% pe a value

of this  vector-variable  such  that  G(hl%) exists,  v(h!%) = Gdim(v),
ﬁ(h)> | : . .

R) ,h exists and is nonsingular.

3om) 0, o 8

Then, given a value ul® of the vector-variable u, over F(g) (where € is a formal
infinitesimal)

d d
f(ul®) = » coef.i(f(a( ) €*hlkl)))

where the dim(h)-vectors hll ..., hl4l satisfy the equations

~(0(h) K] — (5(1( — 1)(_ﬁ(h[0]) + u[o]) — COEfSk(ﬁ(Z%;_Ol gl h[i]))>
‘5(<v(h)> ' h)|h:h[0] h —coef k (v(ZK- L el hlily)



fork=1,..,d

(and thus G(X{_,eh¥) = G(hl%1) + g(—a(h1) + ul® ) + 0(ed+1),
v(Si_o£h) = 0(%1) )

This method will be called the neighboring computation of the polynomial f(u) in the
point ul®! via the parameterization ti(h) in the region v(h) = ﬁdim(v) from the bearing

point h%!,

Therefore if f(G(h)) is computable in polynomial time for any h such thatv(h) =

f))dim(v) (including the e-power series h = Zﬂzo ekhlkl 4 O(sd+1) whose members of

degrees higher than d are the solutions of the above equations for k > d) and there

exists a bearing point h[® such that @G(hl%)exists, v(h!%) = ﬁdim(v),

S((ﬁ(h)),h) exists and is nonsingular then f(u[o] ) is computable in polynomial
v(h) heplol

time for any ul” too.

In the further, for the purpose of simplicity, we’ll call a system of functions S
algebraically absolutely independent in a region R (given by a system of equations with
a zero right part) if and only if the joint system of functions consisting of S and the left
part of the system representing R is algebraically independent at some point of R.

WEe’ll also define a computational circuit as arithmetically polynomial-time over a field
if it consists of a polynomial-time number of arithmetic operations over the field.

The above principle hence tells us that a polynomial in n variables over a field is
computable in arithmetically polynomial (in n) time over the field when its
calculation can be arithmetically polynomial-time (in n, over the field) reduced
to finding a solution of an algebraic equation system for a polynomial (in n)
number of some other variables that consists of a polynomial (in n) number of
equations represented by arithmetically polynomial-time (in n, over the field)
computable and analytical (over the field) functions in these new variables.

I.  Equalities for the sub-permanents of a unitary matrix

over fields of characteristic 3



Definitions:

Let A be an nxn-matrix, |, J be two subsets of {1,...,n} of an equal cardinality. Then we
define its I—J-replacement matrix AU”J as the matrix received from A through
replacing its rows with indexes from J by those with indexes from |, i.e. through
replacing its ix-th row by its ji-th one for k =1,...,|1].

Analogically, given two pairs 1,J and K,L of subsets of {1,..,n} such that |I|=]J| and
|K|=|L|, we define its [—J,K— L-double-replacement matrix AIPTKSL 56 the matrix
received from A through replacing its rows with indexes from J by those with indexes
from | and its columns with indexes from L by those with indexes from K.

We also define its I,J-repeat matrix AlM! as the matrix received from A through
repeating twice its rows with indexes from | and its columns with indexes from J (while
the pairs of doubled rows or columns receive neighboring indexes. i.e. the doubled rows
and columns follow each other).

By A®D we’ll denote the matrix lying on the intersection of the rows with indexes from |
and the columns with indexes from J, and by AOL\D we’ll denote the matrix received
from A through removing its rows with indexes from | and its columns with indexes from
J.

For the purpose of simplicity, for a 1-set {i} we’ll omit the brackets {} and write just i
instead.

Theorem I.1:

Let U be a unitary nxn-matrix, |, J be two disjoint subsets of {1,..,n} of an equal
cardinality.

Then per(U[I"”) = (—1)|I|per(UU"H)
Proof:

To prove this theorem, we should effectively apply the principal equality expressing the
permanent of an nxn-matrix through its “principal minor convolution”, i.e.

(1) per(A) = (=" ZLrcq,..ny det(AD) det(ANAY)

First of all, as the permanent of a square matrix doesn’t change after any permutation
of its rows and a unitary matrix remains unitary after any permutation of its rows, we
can assume 1={1,3,...,2k-1}, J={2,4,...,2k} because we always can permute the rows of U



so that the latter condition is fulfilled. Therefore proving the theorem for this pair of
sets |, J is equivalent to proving it for the generic case. Hence, each of the two rows of
the matrix U™1] with the indexes 29-1, 2q are the (2g-1)-th row of U, g=1,...,k.

Since the matrix UT for |I]=k has k doubled rows, the sum over T in the above
equality (1) can be replaced by the sum over those T that contain exactly one element
from each pair 2g9-1, 2q for g=1,...,k.

And now we apply the equality expressing a minor of a square matrix A through a minor
of its inverse (for L,M being subsets of {1,...,n} of an equal cardinality):

(2)  det(A®“M) = det(A)det((A~H)\MAL)(—1)ZieL+Lmemm
For a unitary U this formula just takes the form
(3)  det(ULM) = det(U)det(UN-AM)(—1)21e 1+ Zmemm
while in such a case the convolution equality (1) for the matrix yl-Jl yields:

per(Ul=) =

(=D TR Ret,...nn(us} Lhefo, 1y« det(URVIRVEMD) det(UARUIMRUGMD)
where G(h) = {2 —h; U ..U 2k — hy}.

After the application of the formula (3) to the latter equality, we receive

per(Ul=) =

(—=1)" z z (—1)*det(UNRUBARUGHDY geor (U RUIRUGH))

RRE(1,..,n}\{IU]} he{0,1}K

as all the indexes of the involved minors are doubled except 1,...,2k each of whom
appears exactly once in the corresponding sum of indexes (according to the formula (3))
and their sum is equal to k modulo 2. Hence, we get the theorem.

Theorem 1.2:
Let U be a unitary nXn-matrix, |,J be two subsets of {1,...,n} of an equal cardinality.
Then per(UM) = (—=1)llper(UQIW)

Proof:



The proof of this theorem virtually repeats the proof of Theorem I.1, including the
preliminary permutations of repeated rows and repeated columns that make their
indexes belong to the set {1,...,2k}, where |I|=]J|= k. l.e. we can assume, beforehand,
that | =J = {1,..,k} — for the same reason as in the proof of Theorem .1, while
preserving the degree of commonness. In such a case in the corresponding convolution
sum all the indexes would be repeated twice when passaging to the inverse’s minors,
while each product of principal minors will have the coefficient 211 = (—1)|I|

Theorem 1.3: given two pairs I,J and K,L of subsets of {1,...,n} such that
[1=P]=IK|=IL],In]=KNL=9,

per(U[I—>],K—>L]) — per(UU_’I'L_’K])
Proof:

Once again, this theorem can be easily proven in the same way as Theorems 1.1, 1.2,
while assuming | =K ={1,3,...,2k-1}, J=L={2,4,...,2k}.

Definition:

For an nXn-matrix A and k < n, let’s define its k-th permanent-minor matrix P(A, k) as a
CK x CX-matrix whose rows and columns are indexed by k-subsets of {1,..,n} and

whose |,J-entry p; (A, k) = per(A"D) for a pair of k-subsets 1,J.

Let’s also define its k-th permanent-complement matrix F(A,k) as a CX x CX-matrix
whose rows and columns are indexed by k-subsets of {1,..,n} and whose |,J-entry
fi;(A k) = per(AN"\D) for a pair of k-subsets I,J.

Obviously, P(UT,k) = PT(U,k) and F(UT,k) = FT(U,k) .

Corollary 1.4: let U be unitary. Then

(*) F(U,0PT(U, k) = (~DFPU,IOFT(U, k) * (=D e, e
where * denotes the Hadamard (i.e. entry-wise) product of matrices.

Corollary I.5:

(**) (—DX*1F(U, k) + P(U,K)FT(U,K)P(U,k) =



k-1
= —{Z Z (P(U,)F'(U,8)P(U, ))1pnini (U k = )iy = 0

s=0 IclLjc]
|1]=[5]=s
Both the above corollaries follow from Theorems I.1 and 1.2 correspondingly and the

Laplace expansions of the permanent for a set of rows and for a set of rows and a set of
columns.

The equalities (*) and (**) are actually linear equations expressing the entries of F(U,k)
through the entries of F(U,s) for s<k.

We can also notice that for a unitary U its replacement matrix for |I|=|J]|= 1 is 1-semi-
unitary and, therefore, we can compute its permanent in a polynomial time, while for a
unitary U and four pair-wise distinct indexes i, j, s, r (where s<r)

(*%) per(U[{i’S}_){j’r}]) - per(U[{i,l‘}—’{i,S}]) = per(MS rU[i—’i])

where Mg ;. is the identity matrix I, where the s-th and r-th rows were left-multiplied by
v=1 -1
—V-1 V-1

row-transformation of the 1-semi-unitary matrix U[i_’”).

the unitary matrix ( ) (hence MS,rU[i_’” is also 1-semi-unitary as a unitary

Lemma 1.6.

Let U be unitary, i<j. Then per(U[i_’j]) = per(Mi,jU)
Lemma I.7.

Let U be unitary, i<j, s<r, |{i,j,r,s}|=4. Then

per(ULSI01) — per(ULEN=651) = per(M;,M;;U)

Since, by the Laplace expansion of the permanent for a set of rows, the |,J-entry of the
matrix P(U,2)FT(U,2) equals per(U™1), i.e (P(U,2)FT(U, 2)yy = per(U=I1), the
equalities (***) (together with the fact that if [IN]J] > 0 then UMM has either
precisely one replaced row or no replaced rows and, accordingly, is 1-semi-unitary or
unitary correspondingly) signify that the matrix F(U,2)PT(U,2) = (P(U, 2)FT(U,2)T
can be polynomial-time expressed as the sum of a known matrix and a matrix X(U) with



the following properties: x;;(U) = x¢(U) if IU] =KULand x;(U) =0if [[n]] >
0. We'll call a matrix super-symmetric if its rows and columns are indexed by 2-subsets
of {1,..,n} and it satisfies the two latter conditions. Hence, analogically, the matrix
PT(U, 2)F(U, 2) = P(UT, 2)FT(UT,2) can also be expressed as the sum of a known
matrix and a super-symmetric Y(U). Accordingly, if in the generic case of a unitary U the
homogeneous system of linear equations for two super-symmetric matrices X and Y
P(U, 2)X — YP(U, 2) = 0 is non-singular and, therefore, its only solution is zero, we can
polynomial-time compute the entries of F(U,2) because the two above-mentioned
expressions yield a non-singular system of linear equations for X(U), Y(U) (via expressing
F(U,2) through X(U) and Y(U) correspondingly from these expressions). As an instrument
for studying the equation P(U, 2)X — YP(U, 2) = 0, we can apply, for n = 0 (mod m),
the unitary matrix U = Diag({Wq}qﬂ,___’%) where W, ..., W, , are unitary mXm-

matrices.

Analogically, we can polynomial-time compute the differences

(****) per(U[i_)j'r_)s]) — per(U[i_’j'S_’r]) = per(U[i"j])Ms,r

because per(U[i_)j])MS,r is also 1-semi-unitary for the same reason as MS,rU[i_’j].

It provides us with even more equations for the entries of the matrix F(U,2). Similar
unitary linear combinations of k-1 pair-wise disjoint pairs of rows in the matrix yli=il
would lead to some linear equations relating the entries of the matrices F(U,k),...,F(U,1).
And the following question arises accordingly: whether it may appear that all those
equations form a non-singular system for finding those matrices for some k>1 in the
generic case of a unitary U. If it's so, we may easily reduce their computation in any
special case of our interest (particularly, significant for proving P=NP) to computing
those matrices in the most generic case -- hence implying P=NP. As a necessary tool for
such a research, we can offer the neighboring computation principle.

Let’s call the equation (***) the (i,j;r,s)-replacement-shift equation for the matrix U and
the equation (****) the (i,j;r,s)-double-replacement-shift equation for U.

ol Vi—a2uT
V1—a?U —al,

block-composition of U where a is an element of a field. It’s easy to see that B(U, a) is

Let’s also define the matrix B(U, o) = ( > which we’ll call the a-

unitary when U is unitary. We’ll now consider, for a ground field H the entries of U
belong to, its a-extension H(a) whose elements are formal power series in «, i.e. having



the form h = 32, h.a® where k we’ll call the smallness-order of h (or just the order of
h) order(h).

Conjecture 1.8.

For the generic case of a unitary nxn-matrix U, the set of (ij;s,r)-replacement-shift
equations for U and UTand (i+n,j;r+n,s)-replacement-shift equations (considered only
for the power a?) for B(U,a) and B(UT, a), where ijs,r are from {1,..,n}, form an
algebraically complete (i.e. having a nonsingular Jacobian matrix) system of equations
for the entries of F(U,2).

Actually, while proving the above conjecture looks yet too difficult at the present time,
we can try to experimentally check it via a computer modeling on a random U.

Il. Reviewing the permanent-minors and other permanents
derived from a unitary matrix from a much wider point of
view.

1. The permanent-analog of the inverse’s minor formula.

Let A be an nXn-matrix over a field of a prime characteristic p, «, 3 be two n-vectors
having all their entries from the set {0,...,p-1}, i.e. o, 3 € {0,...,p — 1}". Then let’s
denote by AP the matrix received from A through repeating «; times its i-th row
fori=1,..,nand B times its j-th column for j=1,..,n (if some a; or f; equals zero it
would mean we remove the i-th row or j-th column correspondingly). Then, in case if
AP js square, i.e. YL, o = Yj=1Bj, the following identity holds

Theorem Il.1.1 (in characteristic p):

n
=1 04!

jn=1(p —1-p)!

per(A@P)) = detP~1(A)per((A~1)(P-DIn-B(-DIn-a)

5
where 1,, is the n-vector all whose coordinates are equal to 1.

The above identity can be also written as



(%) per(A(®B) =
— detP~1(A)per((A~1)(P~DIn=B(p-DIn—x)y (Hn_ o !)( "B (-1

i=1 j=1
Proof:

First of all, let’s prove that

(1) (H?zl(p;!l)!)per(A(“’B))=per(lfl(p_lﬁn'(p_lﬁn_“) A((p‘l)Tn'B))

i
where in the right side is the permanent of a matrix composed of two blocks, the first

block Ir(l(p_lﬁn’(p_lﬁn_a) being block-diagonal itself with diagonal blocks of sizes (p —
DX (p—1-aq), i=1,..,n. The identity (1) follows from the Laplace expansion of the
right permanent by the columns corresponding to the first block (this expansion is the
direct product of the Laplace expansions for its diagonal blocks).

Secondly, if B is an mX((p-1)m)-matrix and G is an mXm-matrix then

(2)  per((GB)(® DImip-nm)) = detP~1(G)per(B(®Dimip-nm)

as in characteristic p the permanent doesn’t change if each row of a matrix is repeated
p-1 times and we add one of its (p-1)-tuples of equal rows to another (p-1)-tuple of
equal rows, and is multiplied by dP~ if we multiply a (p-1)-tuple of equal rows by d.

Upon applying the formula (2) to the case B = (Ir(?n'(p‘lﬁn‘“) AnB), G = A1, we'll
receive an identity involving a two-blocked matrix with the second block being block-
diagonal itself (like in the identity (1)) and hence analogous to the identity (1) what will
give us the initial identity.

This identity is, first of all, a generalization (for an arbitrary prime characteristic p) of all
the repeat-removal identities we received in characteristic 3, and, secondly, the
permanent-analog of the classical formula for the matrix inverse’s minor.

Besides, in characteristic p there is the following pair of dual identities for an nXn-
matrix A:

per(A) = (-1 Z det(AUlJl)) ...det(A(]p—l']p—l))

Jiulp-1

det(A) = (=1)" z per(AU11D) ... per(AUp-1Jp-1))

Jirlp-1



where in both the above formulas the summation is over all the (p-1)-tuples J4, ..., Jp—1
that are partitions of the set {1,...,n} into p-1 subsets, some of them possibly empty,
while p isn’t obliged to be prime.

2. Permanent-preserving compressions over fields of
characteristic 3

2.1 The basic compression

Let A be an nXn-matrix over a field of characteristic 3 with at least one pair of
equal rows. Let i,j (i<j) be the indexes of the lexicographical minimum (index-
wise) of such pairs of rows. We'll define the compression of A Comp(A) as the (n-
1)X(n-1)-matrix received from A through making zero (via the Gauss algorithm) all
the entries of the first column of A by its i-th row (having a; ; as the leading entry
for the column elimination) and then removing the first column and the j-th row
of the received matrix. Then
per(A) = —a; ;per(Comp(A))

We'll also define the compression-closure of A Comp(A) as the limit of the
compression operator’s sequential application to A or, if at some stage the
received matrix is incompressible, to its transpose (i.e. the limit of actions when
we compress the matrix and transpose it if no rows are equal any more but there
are equal columns, until it would have no equal rows or equal columns). We can
also speak about applying the compression and compression-closure operators to
sets of matrices that would map them into another sets of matrices. It’s obvious
that, if we denote by Uy the set of k-semi-unitary matrices, Comp(U,) = U, i.e.
unitary matrices are incompressible because they are non-singular and can’t have
equal rows.

But, if we take a unitary matrix with one row replaced by another one (whose
permanent we can polynomial-time compute) and multiply both copies of the
repeated row by v—1, then such a matrix will be both 1-semi-unitary and
compressible, and, though strange, its compression won’t be 1-semi-unitary but
will be 2-semi-unitary instead. Hence Comp(U;) c U, and the latter fact raises
somewhat a hope that Comp(U,) is a set of matrices that is #3P complete and,



in such a case, we can use the neighboring computation principle to prove #;P =
P and, therefore, P = NP.

2.2 The generalized compression.

Let A be an nXn-matrix over a field of characteristic 3 having at least one linearly
dependent triple of rows, i.e. a triple of rows with pair-wise distinct indexes i, j, k such
that ay = gaj+ha; where g and h are some elements of the field (we also assume
aj and a; are linearly independent). Then adding the row ga;—ha; multiplied by any
element of the field to any row of A except the i-th, j-th and k-th ones doesn’t change
the permanent because of its row-wise multi-linearity and the fact that the permanent
of a matrix having four rows a;, aj, gai+ha]-, gai—haj is zero in characteristic 3. Hence
we can eliminate, while assuming that the first entry of the row ga;—ha; is non-zero (or
permuting A’s columns for to fulfill this condition otherwise) and using it as the
Gaussian column-elimination’s leading entry, the first column of A except the entries
aj1,aj1, Aky- Then per(A) equals the permanent of the matrix received from A through
replacing its i-th, j-th and k-th rows by the pair of rows aj;a;—aj;a;, gaj—ha; and
removing its first column. We’ll call such a compression a triple-compression (as it
involves a triple of linearly dependent rows), while the case of two linearly dependent
rows a; = da; , where d is some element of the field, we’ll call a pair-compression (i.e.
we can divide the j-th row by d while the permanent will also be divided by d and hence
we'll receive the above-described case of equal rows). In fact, the pair-compression is a
partial case of the triple-compression by putting d=g, h=0, but, nevertheless, these are
two cases of permanent-preserving matrix compressions we’ll distinguish and in the
further let’s understand by Comp(A) the lexicographically least (index-wise) pair- or
triple-compression of A. In the meantime, the compression-closure operator’s definition
won’t change in this generalization of the compression-operator.

Thus the question of determining the structure of the matrix class Comp(U;) becomes
even more intriguing and challenging towards the chief mystery P versus NP. Actually
we can even consider, instead of Uy, the wider class Uy € U, of matrices received
from unitary ones via replacing one row by an arbitrary vector-row (by the Laplace
expansion, the permanent of such a matrix is the sum of the permanents of 1-semi-
unitary matrices and hence polynomial-time computable and if the replacing vector-row
is a linear combination of the matrix’s two other rows then such a matrix is triple-
compressible) and, accordingly, study the class C/oﬁp(U(l)).



It would be also useful to notice that the identity given and proven in the first section of
this paper that links the generalized permanent-minors of a matrix and its inverse is, if
considered only for characteristic 3, merely an application of the pair-compression
operator to certain matrices. Accordingly, the following questions could be raised: what
family of identities may we receive in characteristic 3 when applying the most general
compression, i.e. including the triple case, and, actually, what are the possible analogs
of the permanent-preserving compressions we found in characteristic 3 for other prime
characteristics?

An answer to the former of these two questions might be gotten via studying an
arbitrary (3n)X(3n)-matrix consisting of n linearly dependent triples of rows whose
compression-closure would be of size at most (2n)X(2n). It could also provide us, upon
permuting the matrix’s columns so that a chosen n-subset of its column set will turn
into {1,...,n}, with an opportunity to determine a relation between all the (2n)X(2n)
matrices (thus having equal permanents) we may receive in this way. Let’s call two
(2n)X(2n)-matrices triple-conjugate if they can be received via such a procedure from
one initial (3n)X(3n)-matrix consisting of n linearly dependent triples of rows. By the
way, if we apply the same scheme for a (2n) X(2n)-matrix consisting of n pairs of equal
rows and the pair-compression operator then we’ll receive nXn-matrices that are
partial inverses to each other. Hence, while computing the permanent in char 3, we can
transfer not only to the matrix’s partial inverse, but to its triple-conjugate as well
(however, beforehand we should actually verify that, in fact, a triple-conjugate is
(generically) not a partial inverse but its genuine generalization).

2.3 A wider generalization of permanent-preserving compressions.

Let A be a square matrix such that its first 2k rows form a matrix of rank k, i.e.,
generically, its rows with the indexes k+1,...,2k are linear combinations of its first k rows
with a coefficient kxk-matrix B. Then per(A) is equal to the product of per(B) and the
permanent of the matrix received from A through removing its rows with the indexes
k+1,...,2k and doubling its rows with the indexes 1,...,k. In such a case we’ll receive a
matrix with k pairs of equal rows to which we can apply (k times) the pair-compression
operator in order to reduce its size by k. We'll call such a compression an even
compression.

Let A be a square matrix such that its first 2k-1 (for k>1) rows form a matrix of rank k,
i.e., generically, its rows with the indexes k+1,...,2k-1 are linear combinations of its first k
rows with a coefficient (k-1)Xk-matrix B. Then per(A) is equal to the permanent of the
matrix received from A through removing its rows with the indexes k+1,...,2k-1, doubling



its rows with the indexes 1,...,k, and, afterwards, adding one new column whose entries
corresponding to both copies of the g-th row are —per(B{L-k=1:{L.kNDY for q=1,... k
and all the other entries are zeros. (Please notice that the added column ensures the
matrix remains square). In such a case we’ll receive a matrix with k pairs of equal rows
to which we can apply (k times) the pair-compression operator in order to reduce its
size by k. We’'ll call such a compression an odd compression.

In both the above cases of even and odd compressions, we just should suppose,
naturally, that k is fixed so that per(B) or per(B({1'""k_l}'{l""'k}\q)) correspondingly
could be computed in a polynomial time, or that we, at least, can polynomial-time
calculate these values in some way otherwise. And, apparently, we may speak about
applying to a 2k- or (2k-1)-set of rows of rank k the 2k- or (2k-1)-compression operator
correspondingly (as stated above) upon an appropriate permutation of the matrix’s
rows turning the set into {1,...,2k} or {1,...,2k-1}. We'll call k and k-1 the compression’s
velocity for an even and odd compression correspondingly as they lessen the matrix’s
size by k and k-1 correspondingly. We can also prove that a compression transformation
doesn’t change the matrix’s rank (although changing, possibly, its semi-unitarity class),
while transferring to a partial inverse doesn’t change the matrix’s semi-unitarity but,
nevertheless, may change its rank. Hence, coupled together, the compression operator
and all the partial inversions form a yet more perfect instrument for permanent-
preservingly compressing matrix classes, first of all U(yy. If we define transferring to a
partial inverse as a compression of velocity 0, we might be able to compute the
permanent on a yet more reach class CT)Hp([U(l)).

Actually, it’s easy to notice that the earlier mentioned pair- and triple-compressions are
merely partial cases of even and odd compressions correspondingly (that are, in fact,
their generalizations), and, though strange, the triple-compression itself can be
expressed as a double pair-compression (in a beforehand modified matrix, though).
Hence since now we can start defining the compression of a matrix as its
lexicographically least (index-wise) even or odd compression, with the same notion of
the matrix’s compression-closure.

2.4 A criterion of the permanent’s equality to zero

Let A be a square matrix such that its rows with the indexes k+1,...,k+m are linear
combinations of its first k rows with the coefficient mXxk-matrix B such that all its mXm-
subpermanents (or permanent-minors) are zero. Then per(A) = 0. In characteristic 3, an
example of such a matrix B is the matrix C(x,y) where dim(y) < 2dim(x) and the joint



X
vector (y) is the root vector of a polynomial that is the derivative of another

polynomial. This fact is based on Lemma that is to be given further in the article.
2.5 The partial inverse equivalence and classification
of permanent-preserving compressions.

Lemma 11.2.5.1 (on the permanent of a partial inverse):

over a field of characteristic 3, for A;;, A,, being square,

A7{ ATiA, >
A21A111 AZZ - A21A111A12

A A
) per (u1r are) = dEtz(Aﬂ)per<

The proof of the above formula can be received via the technique applied in proving the
analog of the inverse’s minor formula for permanent-minors in Part 1 of this article.

Apparently, the latter formula is a generalization of the formula for the permanent of a
matrix’s inverse in characteristic 3, i.e., for a square non-singular A, per(A) =
det?(A)per(A1). In the meantime, in a generic prime characteristic p and with the
same technique’s usage, we can even similarly generalize the formula (*) for
permanent-minors via giving to both parts of the formula (**) their row/column
multiplicity degrees:

(o,B)
(***)  per <A11 A12> “P _
Az1 Ap

A7f ATiAq,
A1ATT Ay — Ay ATTAg

- (r a, !) (1_[ By D(= Dyt
1li=1 =1 '

((P-DIn-B.(p-DIn-a)
= detP~1(A;;)per > :

where:

for an nXm-matrix M, an n-vector x and an m-vector y, both vectors having all their
entries from the set {0,...,p-1}, M®Y) denotes the matrix received from M via
repeating x; times its i-th row for i = 1,...,n and y; times its j-th column for j = 1,...,m (if
some row's or column's multiplicity equals zero it would mean that the row or column
was removed, and thus this notion is a generalization of the notion of submatrix);



(All A12>(0L,B) _ A(10;1:B1) A(l‘;pﬁz)
A21 AZZ

A(az’Bl) A(az,gz)), A;; is of size n; X n; and in the right part of
21 22

the equality (***) each block-matrix is multiplicity-degreed correspondingly (while A4,

A11 A12

(a,B)
are square).
Ag A22> quare)

and A(XP) = (

Corollary 11.2.5.2 (in characteristic 3): over a field of characteristic 3, for A;; of size n; X

A11 A12
A21 A22

expressible through its first n; rows (what implies A,, — A,;A7iA,, = On,xn,)- Then

n, and invertible and A,, of size n, X n,, let the last n, rows of( ) be linearly

Aqq A12> 2 AI11 AI11A12
er = det“(A er _
per (2 o2 (Aaper| ) gt

The above corollary can be used for another interpretation of the earlier introduced

Onzxnz

even and odd compressions: if we permute A’s rows so that all the linearly dependent
rows we refer to in the corresponding definitions would form the second block-row in
the received matrix’s block-decomposition then its corresponding (to the block-
decomposition) partial inverse will have the form

( Al AI%A12> or ( A AiiAr;
(B Okxn,;-10)  Opxk B Oa-1xm-10)  Og-1yxk-1)
and, due to B being of size either kxk or (k-1)xk correspondingly, we can permanent-

> correspondingly

preservingly reduce this matrix via the Laplace-expansion for the second block-row
(we’ll call such compressions primitive). If there are several pair-wise disjoint sets of
such linear dependencies we refer to by the definitions, they’ll yield the direct product
of corresponding primitive compressions. Hence even and odd compressions are
equivalent to primitive ones via partial inverse reductions.

But there are yet compressions that are not (at least, so obviously) equivalent to
primitive ones. For instance,

a B a+ B)

per ((Cl Cy C3 A12> = per ((r11a -(li_ rizf rzi0 : 1'22[3) A12)
b; b, bs 0

where ry11p; = by, Iyprpp = by, 11733 + 2l = by + by +bg,

1 0 1
rjge + rppd = per (Cl Ca C3>

by by b;



0O 1 1
r12e+r22d=per<c1 C, c3>

by by bs

a, 3 are vector-columns, A;, is a matrix (of appropriate sizes), all the other values are
elements of the ground field.

All the types of compression we discussed in Chapter 2 of the present article we’ll call
elementary. To summarize, we may, hence, conclude that in characteristic 3 there exists
a whole variety of permanent-preserving compressions of a square matrix which,
together with the set of partial inverse transformations, form the set of permanent-
preserving and polynomial-time computable elementary transformations of a matrix.
The problem of finding and classifying all of them is yet to be solved. And, accordingly,
the compression-closure operator (understood as the closure-limit of those elementary
compressions) is a pretty rich opportunity to reduce the size of a matrix whose
permanent we need to know. Therefore the question of studying the compression-
closure of important matrix classes we can polynomial-time compute the permanent on
like Uy still arises as one of the chief mysteries related to the ever mysterious

indefiniteness of P versus NP.

Besides, the formulae (*), (**), (***) provide us, when applied to a unitary matrix in
characteristic 3, with another variety of linear equations for a unitary matrix’s
permanent-minors of a bounded depth (i.e. its sub-permanents received via removing k-
sets of their rows and columns, with a bounded k) whose non-singularity (for a given
maximum of k) is to be researched as well.

And, at last, it would be worth noting the following simple construction that, actually, is
applicable in any characteristic. Let’s call reducing the permanent via the Laplace
expansion on a set | of k rows (or columns) containing only k or k+1 non-zero columns
(or rows) the Laplace compression on I. If we extend an nXn-matrix whose first row has
only two non-zero entries, one of them equal to 1 and another to -1, by one row and
column so that

the new matrix’s first column would contain only two non-zero entries, 1 and -1,
the Laplace compression on its first column would yield the original matrix,
the original matrix’s first row would be involved in this extension,

and transpose the received matrix afterwards, -- then each time we can involve some
arbitrary row vector as a parameter, let’s call it a Laplace extension vector, while such



an extended matrix we’ll call the elementary Laplace extension of the original matrix by
a Laplace extension vector. Hence a generic sequence of elementary Laplace extensions
will provide us with a matrix whose lower-right corner nXn-submatrix is the initial
matrix or its transpose and whose permanent is the same as of the initial one. Actually
such a sequence of elementary Laplace extensions could be started with an arbitrary
matrix via extending it by one row and column so that the new matrix’s first column
would have only two non-zero entries, 1 and -1, and the new matrix’s permanent would
equal the permanent of the original one whose first row would be involved in the
extension, and transposing the result afterwards (a Laplace extension vector is
supposed here too, and we’ll call it an initial Laplace extension). We’'ll also call the
overall result of an elementary Laplace extension sequence the Laplace extension of a
matrix by a sequence of Laplace extension vectors.

A special interest the Laplace extensions can present in characteristic 3 is the following
question: what is the class of square matrices possessing 1l-semi-unitary Laplace
extensions? If, say, a generic square matrix can be Laplace-extended to a 1-semi-unitray
one then this fact would yet imply, via the neighboring computational principle, the
permanent’s polynomial-time computability in characteristic 3. And, actually, even
though earlier in this paper we somehow paralleled the elementary compressions based
on row linear dependencies and those we’ve now called the elementary Laplace ones,
still we also may investigate the above-defined (i.e. row linear dependency)
compression-closure of the class of Laplace extensions generated by a given matrix or
just a matrix class. We hence may conjecture that, despite the mutual expressibility of
the elementary Laplace and row linear dependency compressions through each other,
their self-generating chains (and, in fact, their compression-closures defined as the
limits of action) pretty might appear to be nonequivalent. However, from the other
hand, if we add the elementary Laplace compressions to the whole set of row linear
dependency compressions (completed by the transpose and partial inverse
transformations) we earlier introduced then we just may receive a much wider variety
of elementary transformations whose compression-closure is to be studied — but,
nevertheless, for the Laplace compression the structure of its corresponding extension
(Laplace extension) perceived as its inverse modification (i.e. aka decompression) of a
matrix is much more clear and can be expressed in a simple manifest form, while the
row linear dependency compressions and their inverses (extensions) are apparently
more difficult to express algebraically.



3. Some formulae for the hafnian
of a symmetric matrix in characteristic 3 and the
Hamiltonian cycle polynomial in characteristic 2.

3.1 The even permanent

The approaches demonstrated and applied in the present article’s first chapter for
proving (in characteristic 3 only) a number of dependencies between the permanents of
matrices received from a unitary one via certain row/column repeat/replacement
modifications were in fact overlapped by the compression techniques and associated
formulas that appeared in the second chapter. Nevertheless, the first chapter’s methods
of proof aren’t yet deprived of some independent meaning as we can also use them (in
characteristic 3 only as well) for proving various facts on the hafnian of a symmetric
(2n)X(2n)-matrix that is a generalization of the permanent of a square matrix. For this
purpose, first of all let’s define for a (2n) X (2n)-matrix A its even-permanent as

2
Pereyven(A) = Znesgeven) [1iZ; Aj,m(i)
n

where Sgiven) is the set of 2n-permutations having only cycles of even lengths.
Theorem 11.3.1.1: let A be a (2n)X(2n)-matrix. Then, in characteristic 3,
Peleyen(A) = ZL,L;{L...,Zn}(_1)|L|det(A(L’L) ) det(ANEAR)Y
Hence, analogically to the permanent,
Pereven(A) = det? (A)pereyen (A7)
Lemma 11.3.1.2: let A be a symmetric (2n)X(2n)-matrix. Then
haf?(A) = pereyen(A)

We may also notice that the even-permanent of A doesn’t depend on its diagonal
entries. Secondly, in characteristic 3, if we represent a symmetric matrix in the form

T
(d b ) where d is an element of the ground field and b is a (2n-1)-vector then

b
haf (d bT) = haf (d b' ) for any scalar coefficient a. The latter fact implies
b M b M+ abb”



the analogical (to the permanent) relation between the hafnians and even-permanents

A11 A12

) and its symmetric partial inverse:
Az Ay

of a symmetric matrix A = (

A11 A_l A111A12 >

A
haf? ( 12) — det?(A,)haf? [ 11
Ay Ay (A1) Ay ATE Ay — Ay ATIAL

and

Aqq A12> 2 ATl AT1Aq,
er = det“(A er
P€Teven (A21 Ay, (Ara)Peleven| p A1 4, — AjuATIAL,

We can expect that, as a generalization of the permanent, the hafnian probably does
possess its own types of compression, some of them analogical to certain types we’ve
earlier found for the permanent, while others, perhaps, not. The one we would call

.y . . . . . Omm A12
primitive is to be applied to a symmetric matrix having the form (A, A ) where
21 22

A15’s number of non-zero columns equals m or m+1.
3.2 The case of characteristic 2: the Hamiltonian cycle polynomial.

Definition: let A be an nXn-matrix. Then its Hamiltonian cycle polynomial (or, shortly,
the Hamiltonian of A) is defined as ham(A): = Yren,, ]_[i“=1ai,n(i) where H,, is the set of

Hamiltonian n-permutations, i.e. n-permutations having only one cycle.
Theorem 11.3.2.1: let A be an nXn-matrix. Then

1) in an arbitrary characteristic:

ham (A) — z det(_A(I,I))per(A({l,...,n}\l,{l,...,n}\l))
1€{2,...n}
2) in a finite characteristic p (not necessarily prime):

ham(A) = (—1)?+1 2y det(AUvID) . det(AUplp)) =
= Z per(A(]lv]l)) .__per(A(]p']p))

J1r)p
where the summation is over all the p-tuples J;, ..., J,, that are partitions of the

set {1,...,n} into p subsets (some of them possibly empty) such that 1€ J;.
Theorem 11.3.2.2 (in characteristic 2):

let A be an nXn-matrix. Then

ham(A): = Yierz,.. ny det(AD)det(AWL-nNLL 0Dy



Theorem 11.3.2.3 (in characteristic 2):

1) let U be a unitary nxn-matrix, i. e. such that UUT = I,. Then ham(U) = det?(U +
I, + C; 1) where Cy ; is the nXn-matrix whose 1,1-th entry is 1 and all the others
are zero.

2) let A be an involuntary nXn-matrix, i. e. such that A = 1,,.

Then ham(A) = detZ(A + 1, + Cl,l) =0 forn>1.

The above theorem implies that, when n > 2, the Hamiltonian of an nXn-matrix having
either three identical rows or a pair of indexes i,j such that its i-th and j-th rows are
identical and its i-th and j-th columns are identical too equals zero.

While the former property generates, in this characteristic, a Hamiltonian-preserving
compression of the Gaussian type (analogical to the simplest pair-compression for the
permanent in characteristic 3 that possesses the same feature), the latter one (specific
only for the Hamiltonian modulo 2) implies the following identity generating a type of
Hamiltonian-preserving compressions applicable to certain structured unitary matrices
(what makes the unitary class Hamiltonian-compressible in characteristic 2 like the 1-
semi-unitary class is permanent-compressible in characteristic 3):

Theorem 11.3.2.4 (in characteristic 2):

\% V+D A v A
1) ham({V+D™* V+D'+D A|)=det(D+D™1) ham(( )) where D is
B B U B U

diagonal, V, U are square;

2) if Uis unitary of size nxn, V is of size mxm, VD + DVT + AAT = [, + D? then
\% V+D A
the matrix (V +D1 V+D1+4+D A) is unitary and
UATD? UATD? U

\V V+D A V+I,+Ciy V+D A
ham((V +D! V+D1+D A)) =det?(( V4+D! V+D 1 +D+l, A )
In

UATD? UATD? U UATD1 UATD1 U+

WEe’ll call the passage of the theorem’s part (1) the (multiple) two-sided pair-
compression.

As, upon multiplying the first block-column of the matrix (UA;,D_l 3) by D,

we’ll receive the matrix (UV[\\/T ‘3) where W = VD whose Hamiltonian is

\Y%

det(D) ham((UATD'l

‘3)) and is hence also polynomial-time computable and



therefore we get the following generalization of the theorem that the
Hamiltonian of a unitary matrix is polynomial-time computable in characteristic 2:

Corollary 11.3.2.5 (in characteristic 2): let U be unitary of size nxn, W, D be of size
mxm, D be non-singular diagonal such that D + D~ is non-singular, W + WT +
AAT =1, + D2. Then

WA WD +1,+Cyy WD 1+D A
_ _ det(D) 2 -1 -1 -1 -1
ham((;j,r ) Sprp Ty e WD D WD +DL 4D+, A ]
UATD? UATD1 U+I,
A1 A
Theorem 11.3.2.6: let A4, | A11 A, | be square matrices, det(A;;) # 0. Then
Ay Ay

A11 A12 A—lA
ham(| A1 Aqz )=det2(A11)ham(< i >)
A,y A, Az1A11A1z + Ap

We’'ll call the theorem’s passage the (multiple) pair-compression.

We can also add that, like the even permanent in characteristic 3, the Hamiltonian of a
square matrix naturally doesn’t depend on its diagonal elements and ham(A) =
det?(A)ham(A™1)

This Hamiltonian-preserving compressibility and variability analogically yields the
conjecture that the compression-closure (defined by the analogy with the permanent in
characteristic 3) of the unitary class (which, as we’ve just showed above, is compressible
unlike the case of the permanent in characteristic 3) is the whole set of square matrices
that likewise implies the polynomial-time computability of the Hamiltonian in
characteristic 2.

Besides, in characteristic 2 the Hamiltonian possesses replacement identities for a
unitary matrix U similar to the earlier introduced relations for the permanent in
characteristic 3.

Definition: for a square matrix X, a pair I,J of equally sized sets of its row-indexes with a

f
bijection f;: I—1>] and a pair K,L of equally sized sets of its column-indexes with a

f f f
bijection f,: K S L, let’s define the I —1>],K 3 L-double-replacement matrix X[I

as the matrix received from X through replacing, for each i € I, its f; (i)-th row by its i-th
row and, for each k € K, its f,(k)-th column by its k-th column.

Theorem 11.3.2.7 (in characteristic 2):



Let A be a square matrix, I,J be sets of its row-indexes and K,L be sets of its column-

f f
indexes, |1|=]J], |K|=]|L], f;, f, be bijections I 5 ], KSL correspondingly. Then

ILL—K

ham(A[“’K L]) = det?(A)ham (((A~ 1)T)[ s ])

f—l 1
where 71, £51 are the inverse bijections ] — I, L — K correspondingly.

Like for the permanent in characteristic 3, the proof of this identity can be received by
means of using the fact that in characteristic 2 (where we have no signs +/-) any minor
of a unitary matrix equals its algebraic complement, with the only essential difference
that a square matrix’s rows and columns can be Hamiltonian-preservingly permuted
only by an arbitrary pair of identical permutations (unlike the permanent that allows
independent arbitrary permutations of rows and columns).

Corollary 11.3.2.8 (in characteristic 2):

Let U be a unitary matrix, |,J be sets of its row-indexes and K,L be sets of its column-

f f
indexes, |1|=]J], |K|=]|L], f;, f, be bijections | 5 I, KSL correspondingly. Then
f1 fp TR ]
-] K= J—LL—K
ham(U[I JK L]) = ham(U )

f—l 1
where f;1,f51 are the inverse bijections ] = I, L 5K correspondingly.

Definition:

Let A be an nXn-matrix, € be a formal infinitesimal. Then we’ll call the matrix formal
power series U = Y27, skUk , Where each Uy is an nXn-matrix over a ground field F,
Uy =1, and U; = A, an &-unitarization of A over F(g) if U(A) is unitary as a matrix
formal power series in €.

It’s easy to see that an e-unitarization U of A exists in characteristic 2 if and only if A =
AT, while for a pair i,je{l,..,n} coefsn-lham(U(\i'\j)) = ham(A(\i'\j)) and thus it’s
#,P-complete as a function in the edge weights of the weighted digraph corresponding
to A which is identically equal to zero if and only if this graph has no Hamiltonian path
between the vertices i and j. Hence, taking into account the fact that for a unitary U the
matrix UOPN) js 1-semi-initary, we conclude that computing the Hamiltonian of a 1-
semi-unitary matrix in characteristic 2 is a #,P-complete problem. It also implies,



likewise, the #,P-completeness of computing the Hamiltonian of a unitary matrix over a
ring of characteristic 4.

If for a an nxn-matrix A we define the matrix H(A) = {ham(AN"\D)} . then we'll
PR
[If—1>],Kf—2>L] —LL5K

receive, based on the above relation ham(U ) = ham(U[ ]), the identity

UHT(U) = H(U)UT.

And we may add that the partial inverse relation also concerns the Hamiltonian in
characteristic 2:

Lemma 11.3.2.9 (in characteristic 2):

For square A;1, A,,,

A A A7l ATIA
ham((All A12>) — detZ(All)ham(< 11_1 11 12_1 >)
21 22 Az1AT1 Az +AzATTAL

It has the following
Corollary 11.3.2.10 (in characteristic 2):

Let X, Y, Z be nXn-matrices. Then

ham (é( ;(xzz) - detZ(X)ham((Ofg“ . ann))

Besides, when speaking about the Hamiltonian in characteristic 2 that is a direct
algebraic representation of a fundamental NP-complete problem, it would be worth
noting the existence of a non-trivial class of digraphs whose arcs could be given non-
zero weights over a field of characteristic 2 making their weighted adjacency matrices
unitary. Let’s call them weight-unitarazable over a ground field F, while such a system
of arc weights we’ll call a digraph’s weight-unitarization over F. Let’s consider several
examples of digraphs weight-unitarizable over fields of characteristic 2.

One partial case is a system of pair-wise vertex-disjoint simple directed cycles whose arc
set is partitioned into pairs of vertex-disjoint arcs (a,b) and (c,d) connected by two
additional arcs (c,b) and (d,a) so that the four arcs form the anti-cyclea - b < c—> d «
a and their weights satisfy the following system of equations:

weight(a,b)weight(c,b) = weight(a,d)weight(c,d),

weight(a,b) + weight(a,d) = weight(c,b) + weight(c,d) = 1.



Those systems are variable-disjoint for different anti-cycles and are solvable in linear
time, while leaving, for each anti-cycle, one independent weight-variable as a
parameter. In the case of its planarity, particularly, such a digraph depicts a city with a
system of two way streets between one way cyclic roads around squares where the
digraph’s vertices correspond to the crossroads.

Another interesting example is the arc-digraph of a digraph (received via taking the
initial digraph’s arc set as the new vertex set, while two new vertices are connected if
and only if they form, as initial arcs, a path of length 2) where some connections
between new vertices (i.e. initial arcs) are removed so that for each initial vertex the
remained connections form a weight-unitarizable digraph. This example generates a
direct algebraic representation of a constrained Eulerian cycle problem where some
passages between adjacent arcs are forbidden.

Tournaments can be conjectured to be weight-unitarizable in characteristic 2 as well.

Moreover, in characteristic 2 the Hamiltonian has a generalization that is also
computable in polynomial time for unitary and involuntary matrices.

Definition: let A be an nXn-matrix, w be an n-vector. Then its cycle polynomial is
cycle(A, w): = ¥res, [eecm( + [liecc Wi) [iz1 @iny Where C(m) is the set of m's
cycles.

Theorem 11.3.2.11: let A be a unitary or involuntary matrix, w be an nXn-vector. Then
cycle(A, w) = det(A*? + Diag(w))

As this function is polynomial-time computable for involuntary matrices as well, we may
analogically (with weight-unitarizable ones) define weight-involuntarizable digraphs.

Hence the cycle polynomial can be considered for digraphs weight-unitarizable or
weight-involuntarizable in characteristic 2 and presumably serve as a direct algebraic
representation of a number of problems on digraphs.

lll. The Schur complement compression
on informationally sparse classes



Given an nXn-matrix class defined by a system of matrix-functions in a set of
parameters, let’s define its algebraic rank as the system’s algebraic rank. And, in case if
the class is defined by an algebraic equation system, we’ll define its algebraic rank as
the difference of n? and the algebraic equation system’s algebraic rank. In both cases
we’ll call it the algebraic n-rank of such a matrix class and we’ll also call such a matrix
class algebraically definable — in fact, it’'s an exact analogy of the notion of a smooth
manifold in characteristic 0. We may also assume that both the above-mentioned forms
of a matrix class’s definition are reducible to each other and yield the same algebraic
rank.

In the present article’s two previous chapters we discussed some matrix compressions
that polynomial-time reduce the permanent of a matrix to the permanent of a derived
matrix of a smaller size, and we dealt with either arbitrary matrices or k-semi-unitary
ones etc., i.e. classes of nxn-matrices whose algebraic rank is either n?+ o(n) or n?/2 +
o(n). Let’s call an algebraically definable matrix class informationally dense if for any n
the ratio of its algebraic n-rank and n? (that we’ll call the informational n-density of the
class) is bigger than a nonzero constant, and informationally sparse otherwise.

In this chapter we’re going to study some informationally sparse matrix classes
(particularly, those of informational n-density 1/o(n)) built via Cauchy and Cauchy-like
matrices, as well as certain matrix compression operators (particularly, the Schur
complement compression) that polynomial-time reduce one function to another on
those classes, while still acting as genuine self-reducing compressions for certain
introduced functions. And, once again throughout the chapter, the neighboring
computation principle is supposed to serve as a chief algebraic instrument the principal
below-introduced polynomial-time reductions would be impossible without. In this
regard, we’ll also need the following related definition:

Definition:

For a field F, a formal infinitesimal ¢, and F’s e-extension F(¢) = {u =

Y keorder, (u) uieX, order, (u) € Z, uy € F for k = order, (u), ..., 0}, let’s define
_ . u, if order,(u) =0

foru € F(e) ?—{% "= |a nonexistent (infinitely big) element otherwise

And we’ll call order, (u) the order of u on & (or, shortly, the e-order of u).



Denotation: for a matrix A, a subset | of its row set and a subset J of its column
set, by Schury;(A) we’ll denote (for the purpose of simplicity) the Schur

complement A/AGD,

Definition:
Let a be an n-vector and b be an m-vector. Then its Kronecker sum is defined as

L a1 Ldim(m) + b
atb:=a®1,+1,®b =
anldim(m) +b

Definition:

dim(u) h
oonwwy= > O || ———pdetrcw | [y
: jiegd liz1 (y; ])p
JIJ|=dim(w) €]
and we’ll call it the Cauchy determinant base-sum, while calling the vector u the
Cauchy base-vector and p the Cauchy base-degree.

Definition: let A, B be two skew-symmetric 2nX2n-matrices. Then

£ (AB) := Z PECALD) PR(BAD)
I€{1,..,2n},|I|l=m
Theorem Ill.1: let A, B be two skew-symmetric 2nX2n-matrices. Then, for an
even m, we define

6m (4, B) = coef,mPE(( 7 20))
2n

Definition: for a rational number r, a natural number k and two vectors z, d of
equal dimension, we define

Nem(z ) 1= Z det" (C(z)) 1_[ d;
L|I|=m i€l
Theorem Ill.2: (in characteristic p)

a1 (z,d) = & (Diag(d*<1/2>)(:(z)Diag(d*<1/2>), C(z*pq))
zom



ij

1)

2)

Definition: for three n-vectors x, a, d, let’s define the skew-symmetric nXn-
block-matrix with 2X2-blocks (i.e. 2nX2n-matrix)

K(x,d,a): = {Kij}nxn

where
K 1= (_01 EZ;) for i=1,..,n
1 9 2 1
Xi =X (a_Xierj@ Xi — X \‘
1 o 2 1 2 9 92
Gx TPy (axi+di@>(a—xj+dj@>ﬁ/

fori #j, i,j € {1,...,n}

In the above-defined matrix, we’ll call d; the differentiation-weight and
a; the absence-weight corresponding to the denominator-value x;.

Definition:

Given two matrices A = {a; j}nxm and B = {bjj}nxm, by A * B = {aj;b; ;}nxm
we’ll denote their Hadamard product.

Given a rational number k, by A*K = {alif]-}nxm we’ll denote the k-th Hadamard

power of A and, given a sequence of rational numbers (ky, ..., Ks), by

Ak
A*&u-ks) we'll denote its (kq, .., kg)-th Hadamard-power [ ... |.

A*Ks
Definition:

For an n-vector x, let’s define C(x) as an nxn-matrix whose i j-th entry is —
=%

ifi #j,1,j € {1,...,n}, and 0 otherwise. We'll call it a Cauchy-wave matrix.

C(x) C(x Z))

For three vectors x, y, z, let’s also define C(x,y,z) := (
C(Y' X) C(Y: Z)

We’'ll call it a Cauchy-waved matrix.

Definition:

T n T
Let dim(x) = n = 0 (mod k). Then WKl (x) = (xT)*(lk G Do)
where 17 denotes the k-sequence all whose entries are 1.



Definition: for a vector y, we denote
(y")° \
Vanldgyy = [ O™
(yT):.(k—l) /
and we also denote Van(y): = Vanldim®-1(y) = witl(y).

Definition: let x, y be two vectors. Then we denote (X,y) = ]_[dlm(x) Hdlm(Y)(xi -y -

Theorem 111.3 (The Borchardt formula, in any characteristic):
det(C*2(x,y))

Let dim(x) = dim(y). Then per(C(X, Y)) = det(C(xy))

Lemma lll.4 (about square Cauchy-waved matrices, in characteristic zero if not
specified otherwise):

1)  fordim(x) > 2: ham (C(x)) =

2) for dim(y) = dim(z) > 0:
dim(x) dim(y) dim(z)

1 1
ham(C(x,y,z)) = ham(C(y,z)) 1_[ ( z Vi — X; Z Zy — Xi)

3) for dim(y)=dim(z):

dim(y) 1  dim(z) 1

per(C(xy,2)) = per(C(y, 2)per(C0) + Diag(Bir® - gim® 1| )
X 2k dim(x)

4) for dim(y) = dim(z):

det(C(x,y,2)) = det(C(y z))det(C(X) Dlag({zdlm@ — - ﬁiﬂ(z) ;} ),
Yi—Xi Zk—Xj dim(x)

__ det(Van(y))det(Van(z))
det(C(y,z)) = o2
5) for dim(x) = 2n:
_ c _,det?(Van(x;))det? (Van(x
Pf(C(X)) _ ZI {1,...2n},|I|=n ( ( I)) ( ( \I))

2det(Van(x))

ZIC{l,...,Zn},Illzn det*(Van(x))det* (Van(x\l))

det(C(x) = (-1)"per(C(x)) = = haf(C*2(x))

2ndet? (Van(x))
~ . _ per’wlzlx) : -
6) Pf(C(x)) = det(Van(x)) in characteristic 3
X
per(WHI((T))

in characteristic 5

Pf(C(x)) = det(Van(x))



7) in a prime characteristic p, for dim(y) = (p-1)dim(x):

detP—1 (Van(x))per(W[p_ 1 )
pol(xy)

per(C(x ® Tp_l, y)) =
Proof:

The proofs of all the lemma’s statements can be based on the first of them (which is
well-known) and the second one for dim(x) = dim(y) = 1, as well as on the Borchardt
identity.

The statement (2) is a key result that implies the statements (3) and (4): we use the fact

that the determinant of a square matrix is the sum, over all its traversals, of the product

)|C1|+1+---+|Ck|+1

of the traversal’s entries multiplied by (—1 where |C4], ..., |Ck| are the

lengths of its cycles.

The first identity of the statement (5) follows from the relation

21j1j=n o(1t(D))det(C(xp,x\1))
2n

Pf(C(x)) =

where for I ={iy,..,ip},1<i; <--<i, <2n,

1.n n+1..2n N
o . A ) where | =
iy g i .. 1

{1,...2n\I = {1, ...,1,}, 1 <1; < - <1, < 2n (this formula is a partial case of the
i jij=n 6(n(D))det(ACD)

2n

o(m(I)) is the sign of the 2n-permutation ©(I) = (

identity for a skew-symmetric 2nx2n-matrix A Pf(A) = ) because

det(Van(xI))pol(xl,x\l)det(Van(x\I))
det(Van(x))

o(m(I)) is also the ratio

Y1 1)=n det? (C(xpx\1))
21’1
a partial case of the identity for a skew-symmetric 2nx2n-matrix A det(A) =
ZI,|1|=ndet2(A(I'\I))
2n )

and its second identity follows from the relation det(C(x)) = (that is

The statement (6) for characteristic 3 is due to the identity (for this characteristic)

[2] T
per? (W[Z] (x)) = per((v\?[rzlf(nx) (WO (x)) >) =

=20 Z det?(Van(x))det?(Van(xy;))
Ic{1,..,2n},|I|=n



And for characteristic 5 it follows from the fact that in this characteristic there holds

y
u

per(WHI(| UTE 1)

u (4] (Y
wrs) POV
det(Van(y))

the identity lim(e and Pf(C(x)) satisfies the same

y
e=0 det(Van(( u )))

u+e¢
functional equation, while Pf(C(x)) is a fraction whose denominator is det(Van(x)) and

- 2 _ -
dim” (x)—2dim(x) that is the

whose numerator is a homogenous polynomial in x of degree

degree of the homogenous polynomial per(W[‘*]((i))).

The statement (7) can be received via multiplying the j-th column of C(x ® Tp_l,y) by

dim(x)
[Ti-y

C(xiTp_l, y), into WP~ (y).

(xi — y;j) and turning this matrix, via linear operations with (p-1)-tuples of rows

Lemma lll.5 (about rectangular Cauchy matrices)

1) In characteristic zero:

1
Yi—Yk

dim(z) 1
o Zk=1

Yj _Zk}dim(y)

per(C(y,z)) = per(C(y) + Diag({Zk,k %] )

X
2) In characteristic 3: per(C(y, z)) = per(C(y, x)) for any vector <y> such

Z
X

that pol” (v, (y)) = 0 (identically as a polynomial in v).
Z
Proof:

The statement (1) follows directly from the Borchardt formula
The statement (2) is implied by the statement (1).
Definition:
Let A be a square matrix, then per, (A) := Y qes, AS( T, ajj
where c(m) is the number of cycles in the permutation 1.

Theorem 1.6 (in any prime characteristic p > 2):
(Ty (1 + d -2))pers (€2 (x) + Diag(a)) = = PE(K(x, d, )
1 4

Proof:



first let’s prove the validness of this identity for the case of a =d = ())n. In an arbitrary
prime characteristic p, let’s consider the expression
X1

p+t1 [ X +€
Yicq,..,2ny (DI P+ det 2 (eT( )1( YADY
n

" . Xp+E
(*) lim
X1
_ X1 + €
that, due to the anti-symmetry of the matrix C( < ) and the well-known fact that
n
Xn + €

the determinant of a skew-symmetric matrix is the square of its Pfaffian, is identical to
the expression

X1

Ticqr,..,any (- DI/ PHOPPHL (T ( X1+e YD)
c,., <
T st = Pr(K(x 0, 00))

e—0 SZn

Let’s show that the former expression (*) is 2"per1(C*?(x)).
4

First of all, we know that for any vector z det(C(z)) = haf(C*?(z)) and, hence, we can
re-write the expression (*) as
X1

p+1 X +e€
Sicq,..2m(- DV PHOhat 2 @282 L D)
n

% % % ; Xp+E€
(**%) lim 2n

Secondly, due to the summation and the limit lir% (producing a “weight” O(g?) for each
E—

infinitely-close pair x;, x; + €),

X1

5 X1+ €
for i = 1,..,n, among the %1 multipliers each of whom is haf(e2C*?( o Y&D
X + €
there should be exactly one where the term ﬁ = 1 isn’t to be taken what hence
implies the appearance (exactly in one of the multipliers) of a cycle € connecting (by the
taken terms (Xi_xjsﬁ) those “untaken singularities” associated with pairs x;, X; + €.

The limit lir% and the denominator of the fraction
E—



X1

p+1 - X1+€
Sic e~ D/ PHDhaf 2 (£2872( L PUD
n

— e turn the product of €’s terms into the product
€
of the corresponding terms SRy The whole expression (***) hence turns into
i =X
X1
X1 + €

(p+1)/2 Ig.1 : o x2 :
211,...,I(p+1)/2 ]_[q:1 haf(A(q q)) where A is the matrix C*“( < ) with all the

n
Xn + €

“infinitely big” entries replaced by zeros and each I is a subset of the set of

(xj—xj—€)?
pairs {(2i — 1,2i),i =1, ...,n}, while the pTﬂ-tuple I1, ., [(p+1)/2 runs over all its
partitions (possibly including empty sets). Besides, the cycle € can be considered as
directed and is, in fact, the corresponding directed cycle in per; ;,(C**(x)) with its

coefficient % that is multiplied, in (*), by 2! (where [ is its length considered as the
number of singularities it connects) because:

(with each denominator-value x; or x; + & we’ll further associate a vertex in the
corresponding weighted graph with the weighted adjacency matrix A; such a vertex is to
“appear” exactly in one of haf(A)’s (p+1)/2 copies)

for [ > 2 @’s direction is determined by the connection of the vertex Xpin) of €'s
lexicographically minimal e-close pair Xpin(g), Xmin(s) + € (i.€. by the e-close pair whose
vertex is connected with Xpin(e) in €), while for each direction (including the case of [ =

2 when there is only one direction) there are 2!~ variants of G-forming systems of
connections (as in the pair Xmin(s), Xmin(s) + € We already cannot choose a vertex, while

in all the other e-close pairs of € we choose one vertex from a pair when coming to it
from the preceding pair while traversing €). Besides, there are pTH = %(mod p) variants
of locating € (independently of other connecting cycles) in one of the multipliers what,
altogether, gives the overall combinatorial coefficient 21_1% = %21 for each connecting

cycle. We just should add that we hence built a natural bijection between the
singularity-connecting directed cycles and the directed cycles of per; /4(C**(x)).

And, as well, it’s easy to realize that the expression (**) is Pf(K(X, 6n,6n )) because in

X1
L[ X1 te eP
the multiplier PfP(eC( < )) we should take all the singularity terms — due

n
Xp + €



to obtaining, in the numerator of (**), “at least” the “weight” 0(g?P~1) otherwise for
each singularity where it’s not taken. Let’s explain it even in the “best” case when in

X1
_ X1 + €
Pf(eC( 5 )) we take the term — for this singularity: those untaken
Xp + €
X1
_ X1 + €
singularities of PfP(eC( < )) would also form cycles with connecting terms of the
n
Xp + €
X1
X1 + €

type O(eP) and, besides, in each untaken singularity in PfP(eC( < )) the edge

n
X, + €

corresponding to X; + € should be replaced by its differential on € to prevent the
“resulting” Pfaffian from having a pair of identical rows and a pair of identical columns,
while in the numerator of (**) for each singularity we’re supposed to get, due to the
limit and the denominator €%", the “weight” not “smaller” than O(g?) (because each
singularity necessarily produces it due to the summation).

And now let’s prove the theorem’s identity for arbitrary a, d.

Fori=1,..,n, differentiating Pf(K(X, 6n,6n )) on the variable x; is equivalent, due to the
Pfaffian’s general nature, to differentiating (with the differentiation weight coefficient
d;) the corresponding (i.e. containing the term x;) blocks of K(x, 6n,6n ) on this variable
as it’s shown in the theorem’s formula (due to receiving the Pfaffian of a matrix having a
pair of identical rows and a pair of identical columns otherwise). And putting a; in the
corresponding diagonal block of K(x,ﬁn,ﬁn) generates the case of “removing” (with
the absence-weight coefficient a;) all the terms containing x; from the Pfaffian’s sum
expansion.

Sparse compressions in characteristic 5

Corollary Il1.7:



in characteristic 5,

(@  (TLi(1+ di=0))det(C2(x) + Diag(a)) = - Pf(K(x, d,a))

Xj
Theorem II1.8:

Let G be an nXm-matrix of a rank unexceeding k, dim(x) = n, dim(y) = m. Then in the
matrix G * C(x,y) the Schur complement of the block lying on a set of rows | and a set
of columns J such that |I|=]J] is a matrix of the form G * C(x\,y\)) Wwhere G is an (n-

[1])X(m-]J|)-matrix of a rank unexceeding k.
Proof:

This theorem can be easily proven by the induction on |I| because the Schur
complement of any block can be represented as the result of a chain of consequent
elementary Schur complement compressions for blocks of size 1x1.

Indeed, let’s consider, for i = 2,..,dim(x) and j = 2,..dim(y), the determinant
0(}‘61 O"{Bi

X1—=¥1  X17Yj

det e oTB where a4, B4, a;, Bj are k-vectors. We can represent it as
iP1 1M
Xi=yV1  Xi7Yj
1 1
Ta T X1-y1  X1=Yj |, alBiofBj—afBialB; 1
o; Brag Bydet| Lt — o
Xi—y1  Xi~Yj
T T T T
_ O(TB O(TB (xj — Xl)(Yj —y1) 1 n o By Bj — o By Bj 1
= ofB,aTB; =
' Txi = y) (X —y1) (X1 _Yj)xi —Y;j X1—™ % Xi —Y;j
X;i—X1 ¥j~Y1
of Brgim oo By (af By Tk—B1 o]

_ 1
(X1-Y1) Xi—Yj

T
/O‘Ilﬁ ag B \
X1-y1  X1-Yj

det|

T
ofB1 % Bj
Xi-y1  Xi-yj/

Xj=y1 X1-Yj

T
o By o B

X1—Y¥1  X17Yj

):

Thus we receive Schuryy¢13(

By of B 1B B
—4= 27 =
Xi-y1  Xi—Yj e
Tp Xi=X1 Yi™¥1 1q o T T _a ~Tha
1 % B+ Xi— Y1 X -, o By + aj (o1 B1lk — B1ap)B; ~

0‘151 Xi — ¥j



1
u;vj + aiT(O(T_B1 (o7 Bili — B1QI))Bj
1

Xi Y
T
OB ximxe YTV by

v Vi T v
“IB1 171 17Y] OLIB1

. 1
Since the rank of the matrix B (o By — B1al) doesn’t exceed k-1 and we hence can
1P1

represent it as A;B; where A; is a kX(k-1)-matrix and B; is a (k-1)Xk-matrix, we get

where u; =

a?(ﬁ (o Byl — Blo(I))B]- = aiTAlBl[Sj and, therefore, the compressed matrix’s
uivj+a;rA1B1[3]-
Xi~Yj

completes the proof.

entries are (where aiTAl is a (k-1)-row and B, B; is a (k-1) column) what

Definition:

We’ll call two elements of a field’s extension by the infinitesimal € infinitely close on ¢
(or, shortly, e-close) if their difference’s order on ¢ is bigger than zero.

Definition: let’s call an nxm-matrix A that can be represented in the form G x C(X,y)
where G is an nXm-matrix of rank k, dim(x) = n, dim(y) = m, a matrix of Cauchy-rank k;
and we also define, for this representation, G as A’s numerator-matrix and x,y as A’s
row and column (or left and right) denominator-value vectors (or sets) correspondingly.
If G = LR, where L is an nXk-matrix and R is a kxXm-matrix, we’ll call the i-th row of L its i-
th numerator-row and the j-th column of R its j-th numerator-column, while x;, y; will
be called its i-th row and j-th column denominator-values correspondingly (fori=1,...n,
j =1,.,m). In case if n = m and for each i = 1,...,n its i-th row-numerator equals its
transposed column-numerator right-multiplied, optionally, by an kXk-matrix M that
we’ll call the multiplication matrix, the i-th numerator-column will be further called its
i-th numerator-vector.

The above theorem hence tells us that the class of matrices of a Cauchy-rank
unexceeding k is closed under the Schur complement compression operator.

We’ll also consider the following generalization of a matrix of Cauchy-rank k:

Definition: let € be an infinitesimal the ground field is extended by, L be a dim(x)Xxk-
matrix and R be a kxdim(y)-matrix and in LR x C(x,y) some row and column
denominator-values form e&-close families, hence forming row- and column-disjoint
blocks whose entries have denominators of e-order 1, i.e. of the type O(¢) (let’s call



them singular entries), while all the denominator-values, numerator-rows and
numerator-columns are of -order O or bigger. In case if the matrix LR * C(x,y) has no
entries of e-order smaller than zero (infinitely big entries) then we’ll call its entry-wise
limiton & ‘lgi_r)rcl)(LR *x C(x,y)) asingularized matrix of Cauchy-rank k.

Theorem I111.8.1 Each Schur complement compression turns a singularized matrix of
Cauchy-rank k into a singularized matrix of a Cauchy-rank unexceeding k, and in such a
matrix any numerator-row and any numerator-column corresponding to equal row and
column denominator-values correspondingly are orthogonal.

A polynomial-time algorithm for computing the permanent in characteristic 5

Definition:
Let A be a 2nX2n-matrix. Then its alternate determinant is
altdet(A) = z det(AQU+1...2n0L{L.\IUD)y
IS{1,..n}
where 1is the subset of {n+1,...,2n} received via adding n to each element of I.

Definition: let P, P be 4xn-matrices, z, g*?, g(12), g1 (22) pe n-vectors. Then

PTMP * C(z) + Diag(gV) PTMP xC(z) + Diag(g(lz))>

in the matrix | - o~
<PTMP x C(z) + Diag(g®V) PTMP « C(z) + Diag(g??)

we’ll call, for j = 1,...,n, the j-th columns of P and P (pj and p; correspondingly) the
numerator-vector and alternate numerator-vector correspondingly and gj(lz) + gj(21)

the absence-weight of the denominator-value z;.

Theorem I111.9 (in characteristic 5):

0 1
e OZXZ _1 0
Let P, P be 4Xn-matrices, t, g be n-vectors, M = 0 1 . Then
_1 O OZXZ

T *~ *5 T "*“' *5
a) altdet(( PTMP  C(t*°) PTMP  C(t )>)

PTMP  C(t*°) + Diag(g) PTMP » C(t*°)



21n coefynPECK((}), (ffl)(g)))

where

fori=1234,j=1,..,n

( ldet (C*Z(x, Vi, tj) + Diag((g))) = r{ Mp;/(v; — t;)°
Za_ det (C*Z(X, Vi:t') + Diag((a))) = riTMf’j/(Vi —t))°

| aade(C(g) + paed(yp)) =

foriy, i, = 1,2,3,4

LN

1 -
Zdet (C*Z(X, Vil,ViZ) + Diag((g))) = riTeriz/(Vi1 — Viz)5 if iy # 1y

where pj, pj are the j-th rows of P, P correspondingly, vy, V5, V3, V4 are generic scalars,
1, T, I3, T, are some 4-vectors, A = det (C*Z x) + Diag(a))
b) the set of functions in x,a,3 that are the left parts of the above system of
equations is a system of functions whose algebraic rank is 11n + 6 and it implies

that the entries of py, Py ..., Pn, Pn is @ system of functions maximally algebraically
independent under the condition p; Mp] = 0 forj=1,...,n (fulfilled for any x, «, 3).

Proof:

Part (1) According to Corollary 111.7, the right side of the theorem’s first part’s equality is

(T ) det@2((})) + Diag(())) =

C*Z (X) + Dlag(a) C*Z (X, t) C*Z (X, t)D (AL\D
= Z det C*2(t, %) C*2(t) C2(6)D
1€7 DC*?(t, x) DC*2(t) + Diag(B) DC*?(t)D

where 7={m+1,m+n+ 1} X ...x {m + n,m + 2n}, I is the set received from I via
taking the other element from each set {m + k,m + n+ k} fork=1,..,n,D =

Diag({a%j}n).

and it’s equal to



C*2(x) + Diag(a) C*2(x,t) C*2(x,t)D
Aaltdet(Schurgy,  my1,..mj C*2(t,x) C*2(v) C*?2®D |) =
DC*2(t, x) DC*2(t) + Diag(B) DC*?(t)D

C*2(x) + Diag(a) C*%(x,t) C*2(x,t)D
= Aaltdet(Schurg,  my1,..m) C*(t,x) C*?@®) C*@®mD |+
DC*?(t, x) DC*?(t) DC*?(t)D

0 0
+ ( . nxn nxn)
Diag(B) Opn)”
where A = det(C*?(x) + Diag(a)).

C*2(x) + Diag(a) C*2(x,t) C*?(x,t)D

The matrix C*2(t, x) C*2(t)  C*2(t)D |is symmetric and of Cauchy-
DC*2(t,x) DC*?(t) DC**(1)D
&im
rank 4 for the denominator-value set {t]’l;}n because for two independent
{th

indeterminates u, v there holds (for M defined in the theorem)

1

v

(1 u 3u? ud)M 3v2

1 (u-v)® v3

-v)2  (u-v)* (u-v)®
1
o 2 .3 v
6u(1 u 3u® ud)M 3v2
0 1 v3
ou (u-v)2 (u-v)s
1
2 . 3ymo| Vv
(1u 3u®u )Mav 3v2
0 1 v3
v (u-v)2 (u-v)s
1
0 2 B3yl Vv
au(1 u 3u? u )Mav 3v2
0 0 1 v3
oudv (u—v)2 (u-v)°

Hence its Schur complement on {1, ..., m}, {1, ..., m} is also symmetric and of a Cauchy-
rank unexceeding 4 for the same denominator-value set and, accordingly, has the form



PTMP » C(t*>) + D;; PTMP x C(t*®) + Dy,
<PTMP * C(t*>) + D,; PTMP % C(t*°) + D,,
D, = D,, and the diagonal entries of PTMP, PTMP, PTMP, PTMP are zeros (asit’s
supposed in matrices of any Cauchy-rank for entries with equal row and column

) where D4, D15, D54, D5, are diagonal,

denominator-values).

Part (2). As, according to Corollary IIl.7, the right side of the theorem’s first part’s
~ x
equality is (H?zlﬁ)det(c*z(()é)) + Diag((B))), let’s consider the following two
j

identities:
x(0) / a® ( )\
i y 27 + g2t
1) lim det(C*?( = ) + Diag( dlmiy ) "
£—0 y+ 81dim(y) 1d1m(y) /
t
= det(DC*Z(( y ))D+ Diag({ v )))
t B
Im,
. : 4
where D = Diag( Dlag({a_yk}dim(y)) )
Iy
and
X(O) a(O)
- (1)
*2 X =
2) det(DT2( X ;) PO+ Diag({ (2) ) =
t B

(0)
< (© / a(l)
xD o

= lirI(l)(sszdet(DC*Z( x@ \)D + Diag(| € *1m, + £2a® |)))
£ -
x® + 31m2/ e, /
¢ B



[ i o)
| . a
mg Dlag({a (1)}m1)
. _ o Xk
g Dlag({axu)}ml) a
where D = Diag( a‘; ), D = Diag( Diag({—(z)}mz) ).
Diag({a(x(z))z}mz)
k Dlag({ (2) }mz)
. \ /
In

dim(x@) = dim(«¥) = m, forq=0,1,2

Hence, for proving the theorem’s second part, it’s sufficient to replace, as by a partial
case of x, a (yielding a generalization, though), its first part’s system of equations by the

following system:

fori=1234, j=1,..,n

( (O 0((0)
—det(DC*Z((X(l)) Vi, t )D + Diag(| ¢ (2) ) = FTMp]/(VI -)5
<@
0
© a(0>
) d t(DC*Z((X(l)) vi, t;)D + Diag(| ¢~ ) = FTMp]/(Vl t;)°
X O(( )
0
X(o) «©
. oD
d et(DC*%( (2) )D + Diag( e )) = g
L tj t; B
foriy, i, = 1,2,3,4
1 x(0) O((O;
Zdet(DC*Z((x(U) vi,,vi,)D + Diag(| ¢ Ne) ) =M, /(vi, —vi,)° if iy #
(2)
X

0



I,

; d
Dlag({axu)}ml)
k

where D = Diag( ), p]-,f)]- are the j-th rows of P, P

Diag({axig)}mz) /

Iy
correspondingly, v, V5, V3, Vv, are generic scalars, rq,r,, 3, ry are generic 4-vectors, A =

<(© a0
det(56*2(<x(1)>)5 + Diag((a(l))))

<@ a®

Now let’s choose a partial case of the vectors (sets) 0((0), 0((1), «® where all of them can

be partitioned into subvectors (subsets) of sizes divisible by 5 each of whom consists of

entries (elements) A /(edy ;) (with Ay distinct for different subsets), where ¢ is a formal

infinitesimal, k is the index of the subset and r is the index of the element in the subset.

We’'ll call each Ay a uniting value, while by U(Ay) = {Xy 1, .-, Xk ju} We’ll denote the
)

subvector (subset) of (X(l)) corresponding to Ay and we’ll call it the family of
(2)
X

denominator-values united by Ay (thus each xy ;. is an entry of either x©@ or xM or x@),
(0)
X

Let’s show that this partial case turns, for a generic fixed (X(1)>, the left parts of our
(2)
X

system of equations into a system of functions in the uniting values Ay and the entries
of B whose algebraic rank is 11n + 6. Because the absence-weight equation for the

variable B;
<x(© al®
10 o e [ x® \ fa®
A at]- det(DC ( X(Z) )D + Dlag( a(z) )) - g]
5 tB;

) al®
is solvable for any fixed (X(1)>, (a(1)> such that A # 0, it’s sufficient to prove that the

(2) ()

X a

algebraic rank of the system of functions received from the above-mentioned system
<(©) (O

ia excluding all the ab ghts 22 derde 2| X2 )b + piagd ©0 1)

via excluding all the absence-weights s et( ( <@ )D + Diag( e ) is 7n +
b tiB



Due to the divisibility of each united family’s size by 5, the derivatives of the functions

<© a(o)
fij(A) = —det(Dc*z((X(l)) v, t;)D + Diag(| @ (2) ) ,
<@
0
O a(°>
(7\) = ——d t(Dc*2(< (1)) Vi, ¢ )D + Diag(| ¢ (2) )
<@
0
O a(°>
and hi1,iz (A) = %det(56*2(<x(1)) Vi, Vi, )D + Dlag( (2) ))
<@
0

on any uniting value Ay are of e-order 1 or bigger. Hence it’s sufficient to prove the

f f
equality rank(lim(e™* J(| 7 |,A))) = 7n + 6 where J({ 7 |,A) is their Jacobian
e-0
h h

matrix on the uniting values.

We’ll say that a uniting value Ay is of auxiliary differentiation order q if U(Ay) is a
subset of x(@, for q =0,1,2. Then we receive for Ay of auxiliary differentiation order q,
fori=1,2,3,4,j=1,..,n:

lim =2 (7)) = 2120 dir g G —s

axkr(V Xkr)z aXkr(xkr t])

NI 00wl g
lsl_l;rol a}\k (8 fl,](}\)) Z kr(axkr(vl Xkr)Z)(anr( kr—t] 2)
T
lim=2- (e~h;. ;. (1) Ekd(aq L )
Im— (& ; ==
-0 Oy i, i £ for 0%y, (Vi, = Xier)?” x| (Xier — Vi,)?

Fori=1,2,3,4,j=1,..,n, the first two above sums are linear combinations of the sums
d d
Z|U0\k)| k' and Z|U(7\k)| kr

r=1 for w=2,3,4,5, while the third one is a linear
(Vi=Xie,r)" (=)™

d d
combination of Zluo‘k)l T and ZlUO‘k)l 5T forw = 2,3,4,5. Let’s consider
Vig —Xir)" Vi, =Xk )V
d d
the case when for each uniting value Ay ZlUO‘k)l¢ = ZlUO‘k)l — KL — 0 forall

(Vi—X,r)W —xk)"



i, j except either exactly one index i(Ax) or exactly one index j(Ax) and for all w except
exactly one degree w(Ay). Let’s call such a uniting value Ay a vj,w-supporting and t;,w

|U(7tk)| dk,l‘ =1 and
(C_Xk,r)w

= 1 if Ag supports tj,w and v;,w correspondingly. Then, forj=1,...n,

supporting uniting value correspondingly. We additionally put ) —

|U(7\k)| dicr
2= (Vi=Xp,r)™

we take

one t;,w-supporting uniting value of auxiliary differentiation order q for each of the
following pairs (w,q): (5,2), (4,1), (3,0), (1,1), (2,1), (1,0), (2,0);

one v4,w-supporting uniting value of auxiliary differentiation order 1 for each of w =
1,2,3;

one v,,1-supporting uniting value of auxiliary differentiation order O for each of w =
1,2;

one v3,1-supporting uniting value of auxiliary differentiation order 0.

Then, upon multiplying its columns by non-zero constants from the set {1,2,3,4},

f
lirré(e_1 3(| £ ],M)) will be the block-triangular matrix
E—
h
/Diag({T(t-)}n) p \
B B
(o B s )
| 1 |
O6x7n I 02x3 {W}; 24 B, I
\ o : /)
\ 1%x3 1x2 (V3 _ V4)3
1
T =ti=1234 A;
. Vi—5)° 2123 . .
where forj=1,..,n T(t]-) = " 1 , Aj is @ 4X4-matrix,
O4x3 {ﬁ}i:m,m
Vi—4)° " 51234

P is an 7nX6-matrix, B;, is a 3X2-matrix, B3 is @ 3X1-matrix, B,3 is a 2X1-matrix.

Taking into account the fact that each of the above matrix’s first n diagonal 8 X7-blocks
is of rank 7 and the last 3 ones are of ranks 3,2,1 correspondingly, we complete the
theorem’s proof.



The above theorem implies that in characteristic 5 we can polynomial-time reduce
computing the alternate determinant of a symmetric singularized matrix of Cauchy-rank
4 such that all its denominator-values are alternate-wise doubled and p; Mp] =0 forj=
1,...,n to computing a Pfaffian via the use of the neighboring computation principle
(because the alternate determinant of such a matrix is a polynomial in the entries of its
numerator-vectors, alternate numerator-vectors and its alternate-wise block-diagonal
entries) and, hence, the alternate determinant of such a matrix is computable in
polynomial time.

Definition:
We’ll call proper a directed cycle that isn’t a loop.

Definition: let dim(y) = dim(g) = n, A be an nxn-matrix, B®, ..., B™ be mxm-matrices.
Then we define the trace-determinant of Aon B, ..., BM™ as

det,, (A, (BV) ) 2 1_[ (- 1)'@'+1tr(1_[ 1B(‘q@)))nam
q=

mEeS,, CEPC(m)

where PC(m) is the set of m's proper cycles, while for each proper cycle C =
(i,(C), ..., i)¢|(€)) € PC(m) (represented with the lexicographically minimal starting

vertex i;(C)) the multiplication order in the matrix product ]_[(llillB(iq(C))z
BA©@  Bc©) is ¢’s order.

In case if A= C(x) + Diag(g), we'll call B® the matrix-weight and g; the absence-
weight of the denominator-value x;. Further we’ll often consider, when dealing with the
trace-determinant, any denominator-value together with these two parameters as the
triple (x;, B(i),gi), while assuming the notions of infinitesimal-closeness and limit on an
infinitesimal only for the values of x; themselves when speaking about infinitesimal-
close denominator-values or/and their limit.

0 1
- 02)(2 _1 0
Theorem II.10: Let P, P be 4Xn-matrices, t, g be n-vectors, M = 0 1
_1 0 OZXZ

Then
deter (€0 + Diag(@), {(pipT + pipTIM}, ) =



PTMP x C(t*® PTMP » C(t*>
= altdet(| 51 ~ :;C(t ) 1 ,\*(E(t*s) )
P"MP x C(t*>) + Diag(g) P'MP » C(t*>)

As a corollary, due the fact that for any 4x2-matrix such that FTMF = 0,,, the matrix
FFT can be represented as ppT + pp! for some 4-vectors p, P such that pMpT = 0, we
get

Theorem 111.10.1:
dety, (fl(t) + Diag(g), {F(i)(F(i))TM}n) is polynomial-time computable for any 4 x2-
matrices FD, ..., F™ sych that (F(i))TMF(i) = 0,4, fori=1,..,n.

Definition: let dim(y) = dim(g) = n, A be an nxn-matrix, B, ..., B™ be mxm-matrices.
Then we define the open trace-determinant of A on B(l), . B™ 35

det,, (A, {B®} ):=
n
(_1)|3’n|+1 | Pl . | .
T[E§n 1|?T[|(?T[)f11(?1'[) q=1 CEPTC(T[) q=1 i=1

where S, is the set on n-permutations where exactly one cycle is considered as broken
and turned into a path P, = (i1(Fy), -, |2, (Pr)) (including, as an option, the case of a

loop P, = (i1(P,)) ), PC(m) is the set of m’s unbroken proper cycles, while the
multiplication order in the matrix product HLCJIB(iq(C)) = Ba©) _ Blici©) s ¢'s
order for each unbroken proper cycle € = (i;(C), ...,ij¢|(C)) € PC(m) (represented
with the lexicographically minimal starting vertex i, (C)) and the multiplication order in

the matrix product ]_[L?:l Bia®) js P,’s order.

Comment: the above definition remains actual also in the case a; (p i (@) = 0 due to
’ g

the presence of the term a; (p ) ijp (Pr) IN [T, aj ;-
) T[ )
Theorem 111.10.2 (in an arbitrary characteristic)

Fori=1,..,n, let x; be a scalar, ¥;, h; be kj-vectors and L(i'l),..., LAk) be mxm-matrices

L(nj)

LG
dety (C(xp)+Diag(e~thy),| .. D
e = 0 fori=1,..n. Then

of e-order 0 or bigger such that lirr(}
E— €

det,(C(x) + Diag({g;}n), (B},) =



L1
dettr(c({xilni + EXi}n) + Diag({s_lhi}n): {( >}n)
1,k

= lim
-0 en—(Ky+-+Kkp)

LG
dety (C(xi)+Diag(e~ hy),| .. ]
L(kj)
1_ki 4

where fori=1,.,n g; =lim
e-0

11D
BY = det(C(x;) + Diag (}gigr(g hi), lgig%< ))
1, i)

Proof:

This statement follows from the definitions of the trace-determinant and the open
trace-determinant because the “common” limit lirr(l) provides, fori=1,...,n, the
E—

“opening” of the weighted sub-digraph corresponding to the €-close denominator-value
family xiTni + €x; (whose arcs are of e-order -1, while all the matrix-weights are of -
order 0), while the i-th absence weight g; is obtained under the “common” limit as the

limit of this sub-digraph’s trace-determinant divided by =i (i.e. via the case of this
sub-digraph remaining “closed” in the trace-determinant’s traversals).

By the above theorem, we hence introduced one more type of compression (actual for
the trace-determinant) when a family of pair-wise infinitesimal-close denominator-
values contracts, via the limit on the infinitesimal, into a new denominator-value that is
their common limit on the infinitesimal and, accordingly, this family generates its limit’s
matrix-weight and absence-weight. Therefore it’s also a compression of a family of
mXm-matrices into another mXxm-matrix. Hence, given a family of mXm-matrices, it
contracts (for all the possible “accompanying” families of denominator-values and
absence-weights providing the corresponding matrix’s trace-determinant’s equality to
zero, i.e. the “opening” of the trace-determinant) into a set of new mXm-matrices
(depending on the chosen families of denominator-values and absence-weights). Let’s
call it the open trace-determinant compression of a family of mXxXm-matrices. Hence,
given a class of mXm-matrices, it generates, via the open trace-determinant
compression of its subsets (families), a wider class and accordingly we can also speak,
once again, about the compression-closure of the class for this operator.



Comment: in the above theorem, the g-orders can also be considered fractional or/and
yield a non-existing (infinitely big) expression.

Theorem lll.11 (in characteristic 5):

Let B(l), v B™ pe symmetric 4X4-matrices such thatfori=1,...,n BWM has not more

0 1
OZXZ _1 0 . .
than two eigenvalues, M = 0 1 . F@O, F™M+D) he 4x2-matrices for i =
_1 O OZXZ

1,..n, t, g be n-vectors. Then
8_1/2g> < {F(i)(F(i))TM}n )

~ X .
detr (C((xii-' s))+Dlag(<€—1/ZTn ) (F(n+D) (F(n+i))TM}n

1) dety, (C(X) + Diag(g), {B(i)M}n) = lim

s—n

({0 7O\ .
Y(l)< 2x2 >(Y(l))T=B(n>
(Z)" Ozxz

wherefori=1,..,n A« (YD) TMY® = ( Oz_xz —Z(i)>
ZDT 0z
L vy = (F(i) F(n+i))

for a 2x2-matrix ZD such that tr(ZW(z®)T) = 0.

The above system of equations for the variables Y&, Z®, F® is solvable for an arbitrary

symmetric 4X4-matrix B® such that BWM has not more than two eigenvalues.

2) this theorem’s Part (1)’s conditions imply (FYTMF® = 0,,, fori=1,..,2n and,
accordingly, dety, (C(x) + Diag(g), {B(i)M}n) is polynomial-time computable for
arbitrary symmetric 4X4-matrices B(l), ...,B(“) such that fori =1,...,n BOM has

not more than two eigenvalues (including the partial case of BOM = F (F(i))TM

having exactly one eigenvalue equal to zero when (F(i))TMF(i) = 0,55).

Proof:

The main formula of this theorem (in Part (1)) is a direct implication of Theorem
[11.10.2 as its conditions imply the “opening” of the corresponding weighted sub-
digraph for each e-close pair of denominator-values x;,X; + €. And now let’s
prove the theorem’s statements on solvability and computability.



) : YAYT =B :
Let’s use the fact that the system of equations YTRY — B for the mXxXm-matrix

variable Y, where A, B are symmetric mXm-matrices and A,Bare skew-symmetric
mXxm-matrices, is solvable if and only if AB and BA have equal eigenvalue
spectrums, while the product of a symmetric matrix and a skew-symmetric one
(of the same size) has the eigenvalue spectrum of a skew-symmetric matrix, i.e.
partitionable into pairs of opposite eigenvalues.

We hence conclude that the eigenvalue spectrums’ equality for the matrices
i _7® i) (7 (DT
Ozlsz Z(l) Ozlsz y/ 1 _ Z(l)(Z 1 ) OZX% . and B(I)M
(Z(l)) 02><2 (Z(l)) Ozxz 02><2 _(Z(l)) Z(l)
is equivalent to the solvability of the system of equations

([0 7O\ .
Y(l)( 22, >(Yo))T:B(l>
(Z%)" Ozx2

. . 0 —7@®
(YOH)TMY®D = | 232
ZO)T 0z,
L vy = (F(i) F(n+i))
for the variables Y®,Z® F®  while the condition tr(ZM (Z®)T) = 0 implies that
2O g
0z —(ZD)TZ0

N

) has not more than two eigenvalues.

Theorem Ill.11.1 (in characteristic 5):

Let B(l), . BM pe symmetric 4X4-matrices such that fori=1,...,n B®M has not more

0 1
OZXZ _1 0
than two eigenvalues, M = 0 1 , FO, . F®™ pe 4x2-matrices, t, g be
_1 0 OZXZ

n-vectors. Then

dety, (C(x) + Diag(g), {BY + FO (KD — tr(K)L,) FD) )M} ) =
_ ®
_ [ xteE ‘(i _{B _M}n
dettr(C(( X >)+Diag( e, [ FOED™], )
x+e —e'1,/  \{FOFED)TM)
n
€~ 2n

= lim lim
£-0¢&,—0

where fori=1,.,n KO = (FOYTMBOMFD



Proof:
This statement follows from Theorem 111.10.2 for the same reasons as Theorem I11.11,

with the only difference that first we take lim0 for to receive, fori=1,...,n, the pair of
&1

equal denominator-values x;, X; with equal matrix-weights and opposite absence-
weights that “make” them to be present and absent only “together”. And, when
“appearing” together, they “join” the denominator-value x; + € for to form an ¢-close
denominator-value family (with two identical “twin”-members) whose trace-
determinant “opens”.

Theorem 111.11.2 (in characteristic 5):

1) dety, (C(X) + Diag(g), {(—B(i) + FOKD — tr(K(i))Iz)(F(i))T)M}n), where fori =
1,..n KO = (F(i))TMB(i)MF(i), is polynomial-time computable if fori=1,...,n B® is an

arbitrary symmetric 4 X4-matrix such that B®M has not more than two eigenvalues

0 1
. . . 02)(2 -1 0
and FW is an 4x2-matrix such that (FO)TMF® = 0,,,, M = 0 1
-1 0 02)(2

2) dety, (C(x) + Diag(g), {G(i)M}n) is polynomial-time computable for arbitrary

symmetric 4X4-matrices G(l), . G,

Proof:

Part (2). This statement follows from Theorem I11.11.1 and the fact that any symmetric
4xA4-matrix G can be represented as —B + F(K — tr(K)I,)FT where B is a symmetric
4x4-matrix such that BOM has not more than two eigenvalues, F is an 4X2-matrix such
that FTMF = 0,,,, and K = FTMBMF.

Let’s also notice that the class of matrices of the form BM, where B is a symmetric 4x4-

0 1
OZXZ _1 O

matrix and M = 0 1 , is closed under the open trace-determinant
_1 O 02)(2

compression operator. Hence above we’ve proven that its subclass of matrices of the



form FFTM, where F is an 4x2-matrix such that FTMF = 0,,, , generates the whole
class via this operator’s closure.

Theorem I11.12 (in characteristic 5): let dim(x) = n, dim(y) = dim(A) = m. Then

per(C*?(x,y)Diag(d)) =

- (]_[A)dettr«:(( N+ Dmg((ﬂ N ({{gxfm))

where
0 0 1 0 0 1 ) 0 -1
M _ 2X2 _1 0 G _ 2X2 /_1 0 ’G _ 2X2 [_1 0
0 1 ’ 0 V-1 ’ 0 -1 0
_1 0 2X2 1 0 2Xx2 1 0 2X2

This theorem hence provides, due to the previous theorem regarding the polynomial-time
computability of det, (C(x) +Diag(g),{G(i)M}n) for any symmetric matrices G® in

characteristic 5, the polynomial-time computability of per(C*2 (%, y)Diag()\))
characteristic 5. Further, in Theorem I11.32, we’ll prove its #sP-completeness.

Lemma I1l.12.1 (in a prime characteristic p):
Let w be a p-vector whose entries are all the elements of GF(p). Then

1) Let f(uy, ..., up_x) be a symmetric homogeneous polynomial in p-k variables of

degree q. Then X cqq,.p} 1=k det (C(wl)) f(oo\l) =0if g <k<p-1;

~1,q=p—1
2) Zp det (C(w\i)) w? = [ 0, qq< pp_ 1 forq=0,..,p-1

Proof:
Part (1). This lemma can be proven via the use of Lemma lll.4 as in characteristic p

det (C(wn)) = det(Clwp) + Diag(Fjerei gy — P — D Tjer g dien)) =

= per(C(wy, w\; & Tp—1)



where {Z]E”il —(p—-1) Zlel }IEI is the |I|-vector indexed by the elements

. This

of I and having, for1 € I, its i-th entry equal to Z]el]il —(p—1) Z;el

vector is zero if w is a p-vector whose entries are all the elements of GF(p).
Let’s also take into account the fact that for independent indeterminates
uy, ..., Uy, there hold the identities

uf

=0ifd<m-1
( )Zr 1wa;tr(ur Uyy)
and
* % uf =1
( ) Zr 1 Hw wer(Ur—Uw)
For proving the lemma’s first part it’s sufficient to consider just a symmetric polynomial
ZT[ESp Kk 1('1[1 u‘?[l;illz

of the form , where q4, ..., p_k are non-zero integers such that q; +

(-19q1!...qp-k!
-+ + gp_k = q, because any symmetric polynomial is a linear combination of such

polynomials. Hence for proving Part (1) it’s sufficient to show that the identity

i q dp-k _
per(C(wy, w\y @ 1p_1) z Wt - wni_k =0
Ig{l,...,p},|1|=k TEESGF(p)\I
(where for a set J Sy denotes the set of permutations on it)

holdsforq<k<p—1.

Due to the above-mentioned facts, for q < k it equals zero because of (*) and for g = k,
because of (**), it's the number of GF(p)’s partitions into subsets of cardinalities q; +
1, ..., qp-x + 1 that is zero when k < p-1.

(Part 2) . It follows from (**).

Theorem I111.14 (in characteristic 5):
let P, P be 4xn-matrices, 5dim(u) + dim(v) + dim(w) = n. Then

(_1)d1m(w) dim(v)
(p5,2 (u, w,V, Y) = W( | | y])'lsl_l’)% Coef}\dim(v)—dim(w)
]:
_C(u®i>5, W)Tdim W)
)) + Diag( }\y*(_l) )'{(piﬁl + plpl )M} )
Odim(v)

_ (uFew
det.(C({

w



0 1
where:w=| 2 ;| M = 0 1 ;
3 02><2
-1 0
4/

all the numerator-vectors corresponding to u+ew are f and all the alternate
numerator-vectors corresponding to ufew are f; all the numerator-vectors
corresponding to w and v are equal to their alternate numerator-vectors and for
w they are f, for v they are f, where f, f are arbitrary 4-vectors satisfying the
relation fTMf = 1

Proof:

In the present proof, with the considered trace-determinant we’ll associate a weighted

\Y%
w

while by the weight of a proper cycle C = (x;, '"’Xi|e|) we’ll understand the cycle’s

utew
digraph whose vertices will be associated with the denominator-values x = ( ),

trace-weight (—1)!¢1+1¢r (]’[lqellB(iq(C)))) ]'['C’| ;, by a loop (xj,)’s weight -- the

q=1xiq—xﬂiq
corresponding absence-weight g; (i.e. the corresponding diagonal entry of the matrix
_ (w¥ew el W), )
C(l )+ Diag( Ay D )), and by a cycle system’s weight -- the
i Odim(v)
product of its cycles’ weights. We'll also call a vertex absent (in a spanning cycle system)
if it’s covered by its loop, and present otherwise.

As we have BD = pif)iT + f)ipiT, the considered trace-determinant is the corresponding
alternate determinant

PTMP x C(t*5) PTMP C(t*5)>

ltdet(( - ; P,
e (<PTMP « C(t*5) + Diag(g) PTMP * C(t*%)

with the numerator-vectors and alternate numerator-vectors p; and p; correspondingly
and the absence-weights g;.



Let’s call the denominator-values (as well as the corresponding vertices of the weighted
digraphs we’re going to build in this proof) of {i = u+ew regular, of w active, of v
passive.

In each transversal summand of the considered matrix, let’s consider its proper cycle
system spanning its set of present vertices. We’ll call a regular vertex busy if it’s located
in a cycle having not only regular vertices (and we’ll call such a cycle non-regular), and
free otherwise (and we’ll accordingly call a cycle regular if it consists of regular vertices
only). Besides, a pair of vertices whose denominator values’ difference’s €-order is
bigger than zero will be called g-close (of a specified e-order, if necessary to detail).

First of all, let’s notice that we can consider only regular cycles of length 2 because the
sum of the weights of all the regular cycles covering a set of regular vertices of a
cardinality bigger than 2 equals zero due to the fact that, for each regular vertex, its
numerator-vector is f and its alternate numerator-vector is f and hence, due to the

theorem’s condition fTMf = 1, the weight of a cycle C covering a regular vertex set {j;

equals ((FTMf)! + (FMfT)! ) I, ECT q, (where [ is the cycle’s length) and hence it
Uiy

is zero when | > 2 because of the earlier proven fact that ham (C(X)) = 0 if dim(x) > 2.
Ll—[dlm(x)(

— (y) =

dim(z) = 1 (that is a partial case of Lemma Ill.4) and the values of the numerator-vectors

Besides, due to the identity ham (C(X,y, z)) =

and alternate numerator-vectors given in the theorem (providing that active and
passive vertices should alternate in any cycle of a non-zero weight if we don’t take into
account the regular vertices between them), any non-regular cycle of a non-zero weight
should contain equal quantities of active and passive vertices and its weight equals the
weight of the cycle received from it by removing all its regular vertices multiplied by

HIEI(ZREK Zle] ) where |, J, K are the sets of its regular, passive and active

vertices correspondlngly. The latter relation will remain true if we replace the word
“cycle” by “cycle system”. Altogether, due to the given absence-weights of our
denominator-values and upon taking the given coefficient at A4mM—dimW) (,r5yiding
exactly dim(w) present passive vertices, while all the active ones are present due to
having zero absence-weights), we receive the expression

dim(k) dim(w)

lim 27 2 det (C(ﬁ\K)) z 1_[( Z F - ]ZE]:Vj E ﬁi))

K LlJ|I=dim(w) i€l k=1




1
- det? (C(W, V])) 1_[ —
leqs,. dime !
Let’s now show that, in the above expression, for each i = 1,...,dim(u) the family of
denominator-values uiT5+£w yields, under this limit, the Cauchy-base multiplier

Zielﬁ multiplied by —1. It follows from Theorem II1.12.1 because the minimal &-
i~V

order we receive for this family is zero and we get it either when four denominator-
values of the family are free and one is busy or when all its denominator-values are busy

. . i 1 1
-- and those two cases together give us the multiplier Zﬁ;‘?(w)m — Zje]m ,
i~ Wk i—Vj

or when all of them are absent, i.e. covered by their loops each of whom has the weight

_ ydimw) 1
k=1 (uj—wp)¥’
We hence obtain, altogether, the expression

1 1

] [ ——mdercwv) ] =

L : i (u; — vj) . Yr

ILIJ|I=dim(w) i€l J€J re{d,...dim(v)}\J
what completes the proof.

Theorem IlI.15 (in a prime characteristic p):
Let A be an nXn-matrix, h be an even number. Then per(A) =

Pp,h (Z®qu‘1' w,v,Y)
where: dim(w) = dim(z) = n, dim(v) = dim(y) > h(n? + n)
C*P%(z,v)Diag(y)C*S(v,w) = O, fors=1,..,h-1
C*P%(z, v)Diag(y)C*P (v, w) = A
C*S(w,v)Diag(y) = 6n fors=1,..,h
while the above system of linear equations for y is nonsingular in the generic case
if p4 > h(n%? +n).
Comment: q)p,h(z®i)pq—1,w, Vv, y) can be polynomial-time computed
as 181_r>r5 q)p,h(z®i)pq—1 + e, w,v, y) where Cis an arbitrary p4~1dim(z)-vector

with pair-wise distinct entries.

Proof:



This theorem is based on the following generalization of the Binet-Cauchy identity
(about the determinant of the product of two matrices), valid in an arbitrary
characteristic:

Let A, ... A(h) be nXm-matrices, h be non-zero even, B be a kXm-matrix. Then
(IT)-1 det((AM) DY) [T, Fjey by =

n m
1) (2 h
0(“(2) ---“(h))ﬂz ('])a( <)2) a( (%)ll_[br]

@), nes i=1 j=1 reR;
(Ry,Rp)EPL ({1,...K})
where P, ({1, ..., k}) is the set of partitions of the set {1, ...,k} into n subsets (some of

them possibly empty) and 0(11(2) n(h)) is the sign of the permutation @ . ),

In our case we have, by the definition, (pph(z®T5q—1 w,V, y) =

= Sy(a,..m) det(Cw, v)P-mD) . det((Cw,v) - [T, Tyey
JI=n

Hence, while considering the entries of the vectors w, z as “constants” and the entries

‘y.
—V; )pq

of the vectors v, y as “variables”, we can say that in our case each expression

Zjﬂlag?a(z()z) (}gl) [Irer, by is a linear combination of the sums Z] 1(Y—V)S with
Y

i=1,.,ns ..,h and Z] 1 _j vy with r = 1,..,n, s = 1,...,p9 . Due to the fact that,

according to the theorem’s conditions, all the former ones are equal to zero, in our case

m W@ 0 Yi
each Z]-:lal] a (2) (n) ]_[rER br] is a linear combination of the sums Z] L z—vys

only and isn’t zero onIy |f R; isn’t empty; hence we can consider only partitions

(R4, ..., Ry) where all the subsets R; are of cardinality 1. Therefore we can consider only

. Yj ) .
the expressions Y% 1 that are linear combinations of the sums
P o W
Yj pq 1(=8)..(=s—t+1) «om Yj . _ .
Z] s " = D= T ZJ:l—(zr—vj)pq—t withs=1,..,h,i=1,..,n,

r = 1,..,n and form a non-singular system of hn? linear functions in the sums

Z] i )pq —withr=1,..,n,t=1,.,p%—1. According to the theorem’s conditions,

the sum ijl = Y is zero when s < h and equals a; . when s = h. The latter
1

q
i—Vj)S(zr—vj)P

case implies w; = -+ =w;_and hence we can consider only the case n® = ... =

n® = (1’ ’E) and, because o(n(z) ...n(h)) =1 in such a case, we eventually get

per(A), while the sums Z] 1% and Z] 1

Vi)

Yi with r, i =1,.,n and t =
(wi-vj)®



0,..,p4 — 1 generically form a nonsingular system of linear functions in yq,...,Ym
provided p? > h(n? + n).

Let’s also formulate the Binet-Minc identity’s generalization we used in this proof, even
in a wider form:

Theorem 111.15.1 (in any characteristic):
Let A, . AW A(+D) A (h+d) ho nsem-matrices, h be non-zero even, B be a kxm-
matrix. Then

h h+d
(1_[ det((AM)-nkDy)( H per((AM) L. “”)Dﬂzbrl
JE{1,...m} v=1 v=h+1 r=1 jej
lJI=n
n m
h+d
= Z o(n® ...n(h))nz 511) a(z()z) a((f;d)l) nbr'j
@, . nhtdeg | i=1 j=1 reRi

(Ry,...Rp)EP ({1,...K})
where P, ({1, ...,k}) is the set of partitions of the set {1, ...,k} into n subsets (some of

them possibly empty) and ()'(1'[(2) n(h)) is the sign of the permutation @ .,

Additionally, we can also formulate

Theorem 111.16 (in characteristic 5): let dim(z) = n, dim(y) = m. Then

(T a+aza t({ Gt B ‘)} + Diag(h)

(zi — Z])S
w (0N (OV\ = PN
Pf(K(<Y+ WE: (£)> (ogm),<(ss1>2(xg) DF (e + e, )))
h
= coefyn glllir})l;l—r% z (—2)n+4mg 2m
g g :
where a; = a(z) = Ype ey x el Bi =B(z) = Z{(‘le fori=1,..n

%k 3k 3k 3k 3k >k ok %k >k 5k %k ok %k >k 5k %k 5k >k >k 5k %k 5k %k >k 5k %k 5k %k >k 5k %k %k >k 5%k %k >k %k 3k %k >k 5%k %k 3k %k >k %k %k %k %k %k *k %k k

Theorem Ill.17 (in characteristic 5): Let dim(x) = n, A be a nonsingular skew-
symmetric 4nX4n-matrix, dim({) = m .Then



per(C(x ® 14,7 ® 1,)Diag(d ® ( ))) =

) yDC()D In
coef,sndet” (Van(x)) Pf(( —1, (Vanl*n! (Z))TAvaan] (<)>)
= Pf(A)

where D = Dlag({ 01((; )} )

Proof:
This statement is due to Lemma lll.4. The numerator of the theorem’s equality’s
right side is

det*(Van(x)) X jj=2n PF(C()))Pf(Vanl*"] (Z]))TAvaan] @ ey _pol_(?,x) =

= det*(Van(x)) z Pf(C(gy))Pf(Van(y)) AVan(Z])l_[

JIJl=2n j€J

pol(ZJ, x)

= det*(Van(x)) ¥ jjj=2n Pf(C(q;))det(Van(3))) Pf(A) [Tjg polé X

det(w[‘”((?)))

— det? :
= det*(Van(x)) ””Z:ZH det(Van(y)) det(Van((;)) Pf(A) 1_[ I(ZJ;X)

— Pf(A) z det4(Van(x))det(W[4]((?))) H% _
1 =en it Pollg;, x

= PE(A) Xy jji=2nPer(C(x ® 10, G ® Tp) Tig(—dy) ,

while the left side is Y jj=2n per(C(x X T4, G Tz) [Tig(—d;)

%k 3k 3k 3k 5k >k ok %k >k 5k %k 3k %k >k 5k >k 5k %k >k 5k >k 3k %k >k >k %k 5k %k %k >k %k %k >k 5%k %k >k >k 5%k %k >k %k %k 5%k %k >k %k %k 5%k %k %k *k %k %k %k %k *k

Theorem 111.18 (the Binet-Minc identity, for any characteristic)
Let A be an nXm-matrix, then

pr@ =00 > [Jean-03" [ ap

PePart({1,..,n}) I€P iel



where Part({1,,...,n}) is the set of partitions of the set {1,...,n} into non-empty subsets.

Sparse compressions in characteristic 3

Theorem 111.19 (in any characteristic). Let dim(z) = 2dim(x). Then

det*(Van(x)) det(Van(z))
pol?(x, z)

det(C**?)(x,2)) = (—1)4m®

Theorem 111.20 (in any characteristic). Let dim(z) = 2dim(x). Then
det(C*23(x,2)) = (1/2)""®per(C((%), 2)det(C*0? (x,2))
Proof:

This statement follows directly from the Borchardt identity as

det(c2((_% ), 2) detc(( %), 2)percc( % ), 2)
det(C*(2’3)(X, Z)) — !él_r)% (_28()351‘;16('2) — Ll_r)% (x+€()_28)dim(x) (X+€) —

per(C((}), ) (DI ®det(C*12) (x,2))
= (—2)dimG)

A conjectured polynomial-time algorithm for computing the permanent in
characteristic 3

Theorem 111.21 (in characteristic 3):

Let A be a nonsingular skew-symmetric 2nX2n-matix, dim(x) = n, dim(y) = m. Then

yDC(y)D Im
—In  (C®D(xy)TACEI (x,y)
Pf(A)

coefyn Pf((

per® (C((,) v)Diag(@)) = 2"

where D = Diag3(d) .

Proof:



per?(W2l(y)))

det(Van(y])) and

The proof of this theorem is based on Lemma I11.4 as Pf(C(y])) =

PR((C* ¥ (x,y)) TAC*®H (x,3) = det(C**¥ (x,y)))Pf(A) =
— on X *(1,2) —
= 27per(C((, ), yy)det(C*@2 (x, y))PF(A) =

det*(Van(x)) det(Van(y]))
pol2(x,y;)

= per(C(() 1) P(A) |

while the numerator of the theorem’s equality’s right side is
%y j1=2n PEC(y IPE(C* 3 (x, y)) TAC ®D (%, y)) TTjgy & =

per? (W2 (y))
det(Van(y]))

det*(Van(x))det(Van(y;)) 1—[ 5
d;

X
per(C((X) Y1) pol?(x,y;)

LIJI=2n j€]

Taking into account the fact that, according to Lemma Il1.4, per? (C((i) yy) =

det*(Van(x))

ool () per?(W2!(y))), we complete the proof.

Accordingly, via the reduction
lim (4™ @per(c(( ), (x + gldim(x)>)Diag((1dim(x))))) =
£-0 X z A

= 24m@®per(C(x, z)Diag(A)), we receive also
Theorem I111.22 (in characteristic 3):
per(C(x,z)Diag(1)) is computable in polynomial time for arbitrary .

Definition: for dim(x) = dim(d) = dim(a),

n 9 i
0(x,d,a) = (Hi:1(1 + di=)det(C(x) + Diag(a))

Theorem I11.23 (in characteristic 3): p(x,d,a) = per(C(x*3, Z)Diag(k))

where C(x*3,2)A*4 = §(q — 1)a — 8(q — 2)(x + d) for g = 1,2,3 and this system of
equations for z, A is generically algebraically nonsingular.

Theorem I111.24 (in characteristic 3):



(imeo aiti)det((:((’t‘)) + Diag ( N B)) = det(C(x) + Diag(a)) -

C(x) + Diag(a) C(x,t) C*2(x,t)
- altdet(Schury C(t, x) Ct)+Dy;  C2®)+Dy D=
—C*2(t,%) —C*2(t) + Dy;  C*3()+D,,
— altdet P1TP2 * C(t*g) + Ell PlT/lsz * C(t*g) + 512 _
PP, x C(t*°) + D,; P[P, xC(t*) + D,,

= dety(C(t) + Diag(g), {p1,iD2; + f’1,ip§,i}n)

where T={1,...,dim(x)}, Pl,’l51, PZ,’IS2 are some nX9-matrices such that fori=1,...n

T AT T o AT o - .
P1iP2i = P1iP2i = P1iD2i = P1iP2i = 0; for k,1=1,2 Dy, Dy are diagonal,

Dy, + Dy; = Diag(B), Dy, + D1 = Diag(g).

Conjecture 111.25: let T={1,...,dim(v)}, Dy be diagonal matrices for k,1=1,2. Then the
class of matrices of the form

C(x) + Diag(a) C(x, t) C*2(x,t)
Schurg, | dim)},(1,...dimx)} C(t, x) C)+Dy;  C2()+Dy; ]
—C*%(t,%) —C*2(t)+D,; C*3(t)+D,,

(where Dy are diagonal for k,1 = 1,2)

is generically the class

PP, x C(t*?) + D;; P[P, xC(t*°) + D,
PP, » C(t*)+D,; P[P, » C(t*°) + D,,

(where P;, P, P,, P, are nx9-matrices, Dy are diagonal for k,1=1,2)

of singularized matrices of Cauchy-rank 9 all whose denominator-values are alternate-

. T . aT _ T A _ aT a _ .
wise doubled and p; ;P2 i = P1,iP2,i = P1,iP2i = P1,iP2i = 0 fori=1,..n.

The above conjecture is an analogue of Theorem II1.9 in characteristic 5 and it’s based
on Theorem Il1I.23. If it's true we can, analogically, generate certain families of
infinitesimal-close denominator-values with their non-symmetric (due to the considered
matrix’s non-symmetry in this case) matrix-weights and absence-weights, while using
Theorem I11.10.2 for compressing those families into denominator-values whose matrix-



weights and absence-weights can be conjectured arbitrary. If the later conjecturing
doesn’t fail too then we can use the fact that in any characteristic we have an exact
analog of Theorem Ill.14 for left and right numerator-vectors and alternate numerator-
vectors (row- and column-numerators and alternate ones) of dimension 9, with any
nonsingular multiplication matrix M. There holds also an analog of Theorem I11.12
providing polynomial-time generating, by the trace-determinant of C(t) + Diag(g) on
C**(y™, y)Diag A™)
arbitrary 9X9-matrix-weights, per that is reducible, as it will
C**(y™, y)Diag A™®)

C3(y™, y)Diag(A™)

further be shown in Theorem I11.31, to per and #3P-complete.

C*3(y™, y)Diag(A™®)
Thus we come to the following conclusion:
Theorem 1il.26:

Over fields of characteristic 3, computing the trace-determinant of (C(t) + Diag(g)) on
arbitrary 9X9-matrix-weights #3-P-complete.

We can comment, however, that in fact Theorem I11.14 can be re-formulated even for
2X2-matrix-weights (i.e. numerator-vectors and alternate numerator-vectors of
dimension 2, with any non-singular skew-symmetric multiplication 2x2-matrix).

Theorem 111.28 (in characteristic p):

Let h be an even natural number bigger than 2 that isn’t a square modulo p. Then

\Y% Y
w
W e 1 - >
' ' (pO,h((D‘ (u)' <u+€ (_1)> ’ <1d1m(ﬁ)® (_11) + EhC(u, W)1d1m(w)® (é)>)
(pp,h(ur w,Vv,Y) = slllrj}) lslj% (2h)dim(w) gdim (@)
0
R 1
where U = u+gq
p—1

Proof:
The proof of this theorem is based on Theorem 111.12.1 and Lemma Ill.4.

The first limit lim turns the fraction in the theorem’s equality’s right side into

-0



1
(Zh)dim(u)

Z]g{l,...,dim(v)} Zl,l(l),...,l(h)(Hie[(hc(ﬁi' W)Tdim(w))) (H2=1 det" (E (ﬁl(q)' w, V]))) Hje] Y;

Ij|=dim(w)

where the summation is over all the (h+1)-tuples 1D, ..., 1™ that are partitions of the
set {1,...,dim({i)} into h+1 subsets, some of them possibly empty.

According to the statement (3) of Lemma Ill.4, this expression is equal to
dim(@)—|1|

1 ~( A~ h ~
T 21 lainG) et am@yh 2 detC(@ )Tl K 7)) det® Cw,v) [Tigy, -
I1=dim (w) o

Therefore, due to the structure of the vector {i, the second limit lim0 provides the
€1

correctness of the theorem’s identity because of the same argument (referring to

Theorem [11.12.1) that was applied in the proof of Theorem IIl.14.

Corollary 111.30:

For an arbitrary prime characteristic p, @o (@, w,v, B) is #,P-complete for any
even h > 2 that isn’t a square modulo p.

Proof: this corollary from Theorem 111.28 is based on Theorem I11.15 proving the
#,P-completeness of (pp,h(u, w,V,Y).

Theorem 1Il.31: let p be a prime number bigger than 5. Then computing
per(C(x,z)Diag(2)) over fields of characteristic p is #,P-complete.

Proof:
For the case when —1 isn’t a square modulo p, it follows immediately from Corollary
[11.30 and the fact that

1
®op-1(8,w, v, *P7D) = per(C(w@Tp_l,v®Tp_1)Diag(x®( )))
p—1
However, this theorem can be proven in a different way (common for all the prime
characteristics bigger than 5) based on the Binet-Minc identity.

We’ll say that the left denominator-value x; is of multiplicity mult(x;) if it's repeated
mult(x;) times in the vector x. Then, according to the Binet-Minc identity for

dim(z) A
j=1 (Xi—Z]‘)S ’

characteristic p, per(C(x,z)Diag(1)) is a polynomial in the values ).

1, ...,mult(x;), r =1, ..., p, that are a system of algebraically independent functions in
z,A upon excluding those of them where r and s are both divided by p. Let’s call the sum



Zdim(z) A

A —— the r,s-row-weight of the left denominator-value x; and the maximum
i7Z]

set {xXy, ..., X, } of pair-wise distinct left (row) denominator-values the left denominator-

(€Y)
value spectrum of C(x,z). When the vectors z,A are presented as (Z(z)) and
yA

€Y
(;(2)> ) dim(z(l)) = dim(A™), we’'ll call z(W, A the main parts of z, A correspondingly

and zM, A the prolonged parts, while a row-weight will accordingly be the sum of its

@)
dim(z) @4y7)°
j=1 (Xi_Zj(z))s'

dim(z) (7L,-( yr

main part )., ——5— and its prolonged part }; and the latter we'll
J (Xi—Z]. )S

also call the prolonged row-weight.

. (2)\mult(x;)
H ing y4im@ 4D 1.4 the oth longed ieh
ence, upon putting ¥;_, P and all the other prolonged row-weights

equal to zero, we receive the relation

o _ Licqr,...my{lier di)per(c({XiTmult(Xi)}iEI,Z(l))DiagO‘(l)))
per (C({Xilmult(xi)}ieb Z)DlagO\)) = &M ¢

i=1

where d; we’ll call the summation weight of x;. If p > 5 this expression polynomial-time
yields, upon taking a number of infinitely close (on some infinitesimal) pairs of left-
spectral denominator-values of multiplicity p-2 and their summation weights of
infinitesimal-order -1, the expression

0 =
(| |a—Xt)per(C(x®1p_2,z)DiagO\))
teT

where T is a subset of {1,...,m}. Let’s now consider, as a generalization of the above
expression (up to multiplying its rows by constants), the expression:

C*V1(x4,2)
per(( ) Diag(1))

C*¥Ym(xp,7)

where v, ..., Ym are natural sequences (Hadamard vector-degrees) which we’ll call the
valences of the left-spectral denominator-values x4,...,X,, correspondingly.

Particularly, the already above-considered expression

(T teT %)per(C({x@Tp_z, z)Diag(1)) can be written as the expression
t

CY1(xq,2)
per(< ) Diag(1)) (multiplied by a constant) where some valences are
C*Ym (Xm; Z)

(Tg_z) and others (i.e. those from the set T) are (Tg_3, 2).



Given a € F(¢g), where F is the ground field and € is an infinitesimal, let’s further say that

we apply the limit technique to a when we compute lim
E—

0 eorderga *

If p> 5 then, due to the algebraic independence of all the r,s-row-weights where rand s
are not both divided by p, we can transform the valence (Tg_3, 2) into (2) via taking the
prolonged 1,1-row-weights of those “differentiated” left denominator-values equal to a
formal variable (while taking all the other prolonged row-weights equal to zero) and
calculating the coefficient at its power of the maximal degree. Then, via the limit
technique, we can polynomial-time receive (for an arbitrary subset of the left
denominator-value spectrum) the valence (ZTIT,_l, ...,ng_l), g = 2,..,p, (via taking
infinitely close denominator-value families of sizes (g-1)(p-1)) which, in turn, can
correspondingly polynomial-time generate the valences (2), (3), ..., (5) (via taking, for
the valence (q), the prolonged 2,(g+1)-weight equal to a formal variable and all the
other prolonged row-weights equal to zero). Each of the above-mentioned steps is
provided by one polynomial-time reduction via calculating either the limit on a new
infinitesimal of the expression multiplied by an appropriate power of the infinitesimal
(i.e. via using the limit technique) or the maximal degree power’s coefficient of a new
formal variable. Eventually, taking into account the non-differentiated denominator-
values whose valences are (TI) which we can turn into (1) via taking the corresponding
prolonged (p-2),(p-2)-row-weights equal to a formal variable, we can polynomial-time
compute, for any left denominator-value spectrum x = {Xi,.., X}, the expression

C™1(xq,2)
per(< )DiagO\)) for any valences whose elements are taken from the set
CYm (X, 2)

{1,....p}

Let’s consider its partial case when the denominator-value spectrum-vector x can be
partitioned into subvectors y(l), ...,y(p) of valences (1),...,(p) correspondingly and y of
valence (p) such that for j = 1,..,dim(y) the 1,p-row-weight of y;jis 1 and its 2,s-row-

weight is }\j(s)oo, s=1,..,p (where w is another formal variable), while all the other row-
weights of all the left denominator-values are zeros (hence y(l), ...,y(p) have all their

row-weights equal to zero). Then, upon calculating the coefficient at w’s power of the

C(y™,y)DiagA®)
minimal degree, we’ll polynomial-time get the permanent per
C(y®,y)Diag(A®)
which, in turn, generates (upon taking infinitely close families of left denominator-



*(1h-1,2)

C(y™,y)Diag(A™")
values of size p) per . If we take yV = .. =y =y
C(y™®, y)Diag(A®)
.
C(v,y)Diag(A(D) *(p-r2)
then we’ll obtain per that is a polynomial in the sums
C(v, y)Diag(A‘P)

5dim@) APy aP)yre
j=1 (vi—yj)®

vj, while correspondingly defining the prolonged ry, ..., rp,, s-row-weight). We can also

(let’s call such a sum, by analogy, the ry, ..., 7}, s-row-weight of

analogically notice that the set of row-weights such that not all of the numbers
ry, ..., Ip, s are multiples of p is an algebraically independent system of functions. And, at
last, upon taking, for a formal variable w, the v;-th prolonged 1,...,1,2p-row-weight
equal to o;wP and all the prolonged ry, ., Tp, (p + 1) —row-weights where one of the
numbers 1y, P and all the others are zeros equal to w (while all the other

prolonged row-weights are to be taken equal to zero), we’ll obtain, after calculating the

coefficient at w’s power of  the maximal degree, the sum
*(1T_
C(vi,y)Diag Ay P
Y[ Tier o) per
C(v, y)Diag(A)

For any prime characteristic, by the limit technique this sum yields, via taking pairs of
infinitely close denominator-values and summation-weights of infinitesimal-order -2
(opposite for each pair), the partial derivative

. 1 *(1,5—1)
: s C(v,y)Diag(A())
(I1,= lm(v) " —)per which is equal (due to Lemma l11.4, and the
’ C(v,y)Diag(A(P)
next passage is due to it too) to the expression

. (1) *(Tg—ﬂ
C(v,y;)Diag(A*)

d
2y |jl=p(p-1)dim(v) PeT Y Sie7=
C(v,yj)Diag(A®) )

*(?—1)
. pol(v®, ) ’
/C(V(l),y])Dlag(A(l) * {W}dim(y))

d
2y |ji=p(p-1)dim(v) Per M ZJEIV =y
pol (v ,y;)} )
pol(v,y;)) 4

(Hq=1 detP~1(Van(v(@)))/ detP®-1)(Van(v))

C(v®),y;)Diag(A® * {




A *(Th-1) gi
C(V(l),y])Dlag(A(l)) p-1) dim(v) 1

- L] 2
Vi = ¥j

Jlil=p(-1)dim(v) C(v®, y)Diag(AP) i=1 o

(for arbitrary dim(v)-vectors V(l),...,v(p)and, because of the arbitrariness of

A AP, arbitrary 7\(1), ...,X(p)). The latter expression is easy to turn, via taking, for
w

€] 7
V\(1,...dim(u)} ® 1p1

an infinitesimal ¢, y of the generic form v ® Tp—l + 0(¢) (with no other
v ® Tp—l
indeterminates involving € ) and applying the limit technique, into
dim(v) 1
*(1T
per(C(u, wy)Diag(a)) (p-2) 1_[ Z
. . —d Vi — W;
JLIII=(p-1)dim(u) i=1 j€J
where u = vV a is the first dim(w) entries of AW
{1,...dim(u)} ’ ’
D dim(w) 1 dim(u) 1 . .
g=12j=1 @ T Lk=1 ya = 0 fori=1,.,dim(v).
1 ] 1
1
Upon putting w = WQ®1,_; and a= a®( ), the latter expression eventually
p—1

turns into @1,p_1(v, u, w, a*(P—1>) (for arbitrary v, u, W, @) what completes the proof.

We can also add that all the above proof’s polynomial-time reductions from

C(y™, y)Diag(A(V)

per to the very end remain valid in characteristics 3 and 5 as

C(y™®, y)Diag W)
well what makes this permanent #,P-complete for any odd prime. This fact is
equivalent to the #,P-completeness of the permanent of a rectangular matrix of

Cauchy-rank p in any odd prime characteristic p.

Hence we’ve shown that the permanent of a “column-weighted” rectangular Cauchy
matrix is polynomial-time computable in characteristic 3 and #,P-complete for any
prime p > 5. In the case of all the column-weights equal to unity (i.e. of a “non-column-
weighted” rectangular Cauchy matrix) this permanent is polynomial-time computable in



any characteristic according to Lemma Ill.1. The question also arises whether in
characteristic 3 there is a likewise polynomial-time manipulation with denominator-
values’ grouping and row-weights that generates the valence (2).

Besides, as it was said earlier, Theorem 11.12 provides the polynomial-time
computability of per(C*Z(X, y)DiagO\)) in characteristic 5. In this regard, let’s prove
the following theorem:

Theorem Iil.32.
per(C*?(x,y)Diag(})) is #5P-complete
Proof:

The expression per(C*2 (%, y)DiagO\)) polynomial-time generates

C(y™,y)Diag(A™")
per via a process analogical to the one described in the
C(y™, y)Diag(A™®)

above proof of Theorem I11.31: first we receive, likewise,

(7 [m
I/C*3(Y(2)'Z) I C*(Zﬂ'3)(y(2),‘z’) |

per(| ¢*(y®),2) | Diag)) = coef,aper(C| (@ z) | piag(R)) =
\C*S(y(4),z) C*(zﬂ,sﬁ,z;ﬁ,s)(y@)j) |
C*S(y' Z) \ C*(Zﬂ’BﬁAﬁ'S) (y’ \Z,) /

()
y@Fea

per(C*? (i y3® iep i ,7)Diag(1))

i)
= coef ja lim yrey

£-0 perhz ((aaT)*(ou 1))pern3 ((SBT)*(014 1, 2))pern3+m((syT)*(oT£ 17,217, 3))

where a, 3,y are arbitrary 5-, 9-, 14-vectors correspondingly, Z = (;), A= (%), d=

4n,+8n3+16n, + 16m,

dlm(z) X]r (Dr_25—3+qforl_1

forq=1,2,3,4 ¥ ; - A)s_ 0,else

@ dim(y(q)) = ng,



dm@ A [wifr=2s=3+4¢q _ , o
=1 —(yk—ij)s 0 else fork=1,...,m, dim(y) = m;

and then we get

forq=1,2,3,4 )

dim(z) A"

C*Z(y(l)’z)
C(y™W,y)Diag(A(V) C3(y®,2)
per = coef 51 . per( C**(y®,z) [Diag(d)
Cy™, y)Diag A®) ’ 5 (y @
’ C*(y?,2)
C*(y,2)

dim(z) A"
=L (D gy

=0 fori=1,..,ng,

Al((q)ifr=2, S=q
wifr=1,s=5 fork=1..,m

Yi—7)3 -
0,else

C(y™,y)Diag(A®)

The expression per generates, also by the technique shown

C(y™,y)Diag(A™®)
in Theorem 111.31’s proof while replacing p by p-1 (i.e. through considering its partial
C(VliiB,y)Diag(A(l)))

C(v¥By)Diag ™)
=0 per4dim(v)((sBT)*(O,OIO,O,l)) ’

*(1,1,1,1,2
C(v,y)Diag(®)\ pef(
= lim

case per where 3 is an

C(v,y)Diag(A®)
arbitrary 5-vector, and putting all its 5,0,0,0,6-, 0,5,0,0,6-, 0,0,5,0,6- and 0,0,0,5,6-
row-weights equal to w and, for i = 1,...,dim(v), its i-th 1,1,1,1,8-row-weight equal to

L w* for computing the coefficient at w*d™M) where w is a formal variable), the

I»

C(vy, y)Diag AM)\~

sum Y (ITier o) per This sum generates, via its

C(v1, y)Diag A™)
denominator-values’ grouping into infinitesimal-close pairs and applying the limit
e
C(v,y)Diag A®)\ ™"

: [0
technique, the sum ZI(HteI%) per where we can put all
t

C(v1, y)Diag A™)

the prolonged 1,1,1,1,5-row-weights equal to a formal variable for computing its



PRI CC)
C(vy, y)Diag(A*)

maximal degree power and receive Y,;([]e @) per . This
C(vy,y)Diag(A™)

sum, in turn, generates (also via its denominator-values’ infinitesimal-close pairing

and applying the limit technique, like it was done for the valence TZ) the partial

. *(1%)

C(v,y)DiagA™M)\ °

dim(v) 0

derivative ([].24 aT)per . The latter expression is the
t

C(v,y)Diag(A®)
sum of Cauchy-like permanents where for each of the denominator-values its
multiple valence (for AP, A, 1) A1) is one of the following four:

((1,1,2),(2,1,1),(2,1,2),(2,1,2)),
((2,1,1),(2,1,2),(2,1,1),(2,1,2)),
((2,1,1),(2,1,1),(2,1,2),(1,1,2)),
((2,1,2),(1,1,1),(1,1,2),(2,1,2)),

what allows to receive the multiple valence ((1,1,2),0, @, @) (via taking, as a formal
variable, the prolonged 0,1,0,0,1-, 0,0,1,0,1- and 0,0,0,1,1-row-weights and
computing the coefficient at its maximal degree power) that, in turn, generates
either ((1),0,0,®) or ((2),0,0,0) via taking, as a formal variable, either the
prolonged 2,0,0,0,3-row-weight or the prolonged 1,0,0,0,1-row-weight
correspondingly (while choosing one of these two options for each denominator-
value) and computing the coefficient at its maximal degree power. Thus we obtain
C*V1(vy, y)Diag(A™))
the expression per for the left denominator-value
C*Ym (v, y)Diag(A™)
spectrum {vy,...,v,} whose valences are either (1) or (2) and this expression
polynomial-time generates, according to the scheme of Theorem 111.31’s proof we
Cy™, y)Diag @)

already referred earlier in the present proof, per that is, as it
C(y®, y)Diag(A®)

also was shown in the referred proof, #;P-complete.



We hence can conclude that the above theorem implies once more, independently

of Theorem 1I.14, the #:P-completeness of the trace-determinant det,, (C(X) +

0 0 1
: 2x2
Diag(g),{G(‘)M}n) (where M = 0 1 1.0 )  for arbitrary symmetric
_1 0 02)(2

GW, ...,GM™ and absence-weights and, eventually, the permanent’s polynomial-time
computability in characteristic 5.

Definition:

Let Xq,..,X, be independent variables, A = A(x) = {a;;(Xj,Xj)}nxn be an nxn-
matrix such that for k = 1,...,n its k-th row and column are functions in the variable xj
and for k = 1,..,n ox = {0u}dim(e) Bx = {Pkv}dim, be non-decreasing
sequences (optionally empty) of natural numbers of lengths dim(ay) and dim(By)
correspondingly.

Then we define the a, B-valence power of A as the (3iL; dim(o;)) X
(Xj=1 dim(B;))-matrix AlB). =

1 g%iu1 aBi,V_l
&

u- — 2 j(Xi, Xj) bu=1,...dim(ay) }i=1,...n
=1V (B o —1) A %iu~L  Bjy—1 GLJ\ED A/ Ju=1, .., dim(a;) S1=1,...,
( iu )(B].V ) axi aX] V=1""'dim(Bj) j=1,..n

and we’ll call ay and By the row and column (or left and right) valences of x (or just
the k-th row and column valences) correspondingly, while the pair val(xy) :=
(o, Bx) will be called the valence of xy, the vectors o = {o},, and B = {Bx}, — the
left and right valence-vectors correspondingly, and the vector {(ay,Bx)}n — the
valence-vector.

This definition implies that all the Cauchy-like matrices we considered in the present
article’s chapter Ill are in fact either the a, -valence powers of a Cauchy-wave
matrix for some left and right valence-vectors «, 3 or can be expressed through them
via the operations of the left- and right-multiplication by diagonal matrices and
vector-composition.

Definition:



Let for k = 1,...,n al((l),.. k) B(l) . ,Bl((tk) be non-decreasing sequences of natural

numbers, dl((l), ...,dl((k) be elements of the ground field and A be an nXn-matrix. Then

we define for variables x4, ..., Xy:

the formal sum vy := valsum(xy) := ¥k d(rk)(a(rk), Bl((rk)) as the valence-sum of xj

rg=1
(or the k-th valence-sum) where d1(< ) will be called the summation-weight of the

valence (a(rk) B(rk))

and

the expression per,(A) = per, _, (A) =

(rp)
=L A dTs(R (dim (o) — dim(BT)) per(Atei n B Iy

Oom==0

1m=0 (and hence the summation is over all the

where for a real number m 6(m) =

. (g 3 By o)
possible n-tuples ry,...,r, making the matrix A n n’ square) as the v-sum
permanent of A (or the valence-sum permanent of A on the vector v that we’ll call the
valence-sum vector of this permanent).

According to the two latter definitions, we can state that perD(C((}zl))) is a

dim(z) Ajr
(yi—z)®

A(@, (1)) + (@, ). This fact provides the opportunity of taking those row-weights

(due to their algebraic independence in characteristic p for all the pairs r,s that are

polynomial in the row-weights Z if for j = 1,..,dim(z) Valsum(zj) =

not both divisible by p) equal to polynomials in a formal variable and receiving, upon
computing the formal variable’s maximal degree power’s coefficient of per, (C((}Z’)))

(as this permanent would become, in such a case, a polynomial in this formal
variable as well), per;(C(y)) where the new valence-sum vector 9 is obtained from
the subvector of v corresponding to y via transforming, for i = 1,...,dim(y), the old
valence-sum of y; in the accordance with the polynomials in the formal variable the
corresponding (i.e. having the denominator-value y;) row-weights are equal to. We
can call such a transformation a prolongation derivative and its partial cases were
actually applied in the proofs of Theorems I11.31 and 111.32 for left-sided (having only
empty right parts in all their valences) valence-sums. Taking into account the fact
that per,(A) = per,-(AT) where v* denotes the valence-sum vector where all the



left and right valences exchanged places in each involved valence, we receive an
option to apply a prolongation derivative to any valence-sum on “both its sides”.

Besides, grouping the denominator-values (i.e. the variables) into infinitesimal-close
families generates, accordingly, a contraction of a family of valence-sums into a new
valence-sum analogical to the contraction occurring in families of matrix-weights for
the trace-determinant of a Cauchy-wave matrix via the open trace-determinant
compression operator that was discussed earlier. Let’s call such a contraction an
infinitesimal-close contraction and we can also notice that quiet a number of partial
cases of this contraction were applied in the proofs of Theorems I11.31 and 111.32.

If we speak about characteristic 3, we can notice that the above-proven polynomial-
time computability of per(C(x,z)Diag(A)) allows, in this characteristic, to
polynomial-time compute the valence-sum permanent of a Cauchy-wave matrix
where the valence-sum vector can contain any singleton (i.e. having just one valence
in its sum) left-sided valence-sum ((1,1, ...,k k), @) for any natural k that is able to
generate, via its various prolongation-derivatives, quiet a complex variety of valence-
sums including a number of two-sided and non-singleton ones. However, as it was
shown in Theorem 1l1.31’s proof, computing the valence-sum permanent of a
Cauchy-wave matrix on a valence-sum vector whose entries are arbitrarily taken
from a set including the singleton valence-sums ((1),0) and ((2),9) is #3-P-
complete and this fact arises the question of determining the closure of the valence-
sum set {((1,1, ...,k k),®),k € N} by all the existing prolongation-derivative and
infinitesimal-close contraction operators.
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